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Abstract. We deal with an initial-boundary value problem for the gen-
eralized time-dependent Schrédinger equation with variable coefficients
in an unbounded n—dimensional parallelepiped (n > 1). To solve it, the
Crank-Nicolson in time and the polylinear finite element in space method
with the discrete transparent boundary conditions is considered. We
present its stability properties and derive new error estimates O(724|h|?)
uniformly in time in L? space norm, for n > 1, and mesh H' space norm,
for 1 < n < 3 (a superconvergence result), under the Sobolev-type as-
sumptions on the initial function. Such estimates are proved for methods
with the discrete TBCs for the first time.
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1 Introduction

The linear time-dependent Schrodinger equation is the key one in many phys-
ical fields. It should be often solved in unbounded space domains. A number
of approaches were developed to deal with such problems using approximate

transparent boundary conditions (TBCs) at the artificial boundaries.
Among the best methods of such kind are those using the so-called discrete

TBCs remarkable by the clear mathematical background and the corresponding
rigorous stability results in theory as well as the complete absence of spurious
reflections in practice. They first were constructed and studied for the stan-
dard Crank-Nicolson in time finite-difference schemes, see [15] and also [213], in
the cases of the infinite or semi-infinite axis and strip. Later families of finite-
difference schemes with general space averages were treated in [412/15]. In par-

ticular, they include the linear and bilinear FEMs in space.
In this paper, we consider the Crank-Nicolson-polylinear FEM in an un-
bounded n—dimensional parallelepiped (n > 1), present results on its stability
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with respect to the initial data and a free term as well as on exploiting the dis-
crete TBCs and mainly derive the corresponding new error estimates O(72+|h|?)
uniform in time and in L? norm (for n > 1) and mesh H! norm (for 1 < n < 3)
in space under the Sobolev-type assumptions on the initial function. The latter
estimate is a superconvergence result. Such estimates are proved for the meth-
ods with the discrete TBCs for the first time. Importantly, the error estimates
contain no mesh steps in negative powers like for other approximate TBCs, see
[6I7], that is one more advantage of using the discrete TBCs.

2 The IBVP and numerical methods to solve it

We deal with the initial-boundary value problem (IBVP) for the time-dependent
generalized Schrodinger equation with n > 1 space variables

ihpDyy = Hop := — B2 div(BVY) + Vb on 1T x (0,T), (1)
¢|an =0, Pli=o = 1/10(55) on II. (2)

Hereafter ¢ = v (x,t) is the complex-valued unknown wave function, i is the
imaginary unit and i > 0 is a physical constant. The = (z1, ..., z,)-depending
coefficients p, V' € L>°(IT) and the n x n matrix B € L (II) are real-valued and
satisfy p(x) > p > 0 and B(x) > BI > 0 on II, where I is the unit matrix
(whereas V can have any sign in general). Here IT := R for n =1 or, for n > 2,
II := R x II5 is the infinite parallelepiped, with II5 := (0, X32) x --- x (0, X,,).
Also Dy = 2 and D; = a%i are the partial derivatives, and the operators div

ot
and V are taken with respect to space variables.

We also assume that, for some (sufficiently large) Xy > 0,
p(x) = poo, B(z) =diag(Bico,- .-, Bnoo), V(x) =V for |zi| > Xo, (3)

where diag (Bico, - - - ; Bnoo) is the diagonal matrix with the listed positive diag-
onal entries. More generally, it could be easily assumed that p, B and V have
different constant values for 1 < —Xg and for 1 > Xy. Let X7 > Xo, and
N=0x=(-X1,Xy)forn=1o0r 2=0x =(—X1,X1) x II; for n > 2.

We consider the weak solution ¢ € C([0,7]; Hi(II)) having Dy € C([0,T];
L?(IT)) and satisfying the integral identity

’Lh(th(a t)v w)Lz’P(H) = Lﬂ(w(a t)v <P) for any ¢ € H(} (H)v on [OvT]a (4)

and the initial condition ¢|;—g = ¥° € H{(II). Hereafter we use the stan-
dard complex Lebesgue and Sobolev spaces (and subspaces), the weighted com-
plex Lebesgue space L?*(G) endowed by the inner product (w, )20 @) =
(pw, @) r2(e) and the H-related Hermitian-symmetric sesquilinear form

Le(w,p) = %2(BVw, Vo)) + (Vw, )12 @), with G =11, 82, etc.

We define a non-uniform mesh in 1 on R containing the points +X; and be-
ing uniform with a step 0 < hy < X; outside [—X1+h1, X1—h1] D [— X0, Xo]. We



also define non-uniform meshes in xo, ..., x, respectively on [0, Xs],...,[0, X,]
(containing the ends of the segments). They induce the partition of IT into finite
elements that are rectangular parallelepipeds without common internal points.
Let |h| be their maximal diagonal length. Let S}, (IT) be the (infinite-dimensional)
subspace of functions in HE(IT) that are polylinear over each element. Clearly
Sp(IT) C C(IT) N L2(II). Let Sy, be the restriction of Sy, (II) to £2.

Let wj; be the non-uniform mesh 0 =ty < ... < tpr = T with steps 7,,, 1=
tm—tm—1. We put Tmax := Maxi<m<nr Tm and 7, 1= T’"Jr% forl<m< M-1
and 7o := 5. We define the time mesh operators

_ ym _ mel R Yerl —_ym mel ym
gym.—1 — Y pym._2 T Y  gym TV

T T 2

We introduce the Crank-Nicolson-polylinear FEM approximate solution ¥:

wi; — Sp(II) satisfying the integral identity
iR(OW™, p) 20y = L (52¥™, ) for any p € Sp(II) and 1 <m < M, (5)

compare with (@), and the initial condition ¥|;—g = ¥° € S}, (II), where ¥° is an
approximation for 1°.

Let £ () be a conjugate linear functional on S, (IT) that we add to the right-
hand side of ({) to study stability in more detail and to derive error estimates.

Proposition 1. Let (7 (o) = (F™, @) 2y with F™ € L*>(IT) for 1 <m < M.
Then there exists a unique approximate solution ¥ and the following first stability
bound holds

max 10" 2 (my < 190\ L2e ) +

M
0<m<M Z ||Fm||L211/p(H) Tm- (6)
o m=1

St

We introduce also the “energy” norm such that
”wH?H-i-ﬁp;H =L (w,w) + 77Hw||2szp(n) 2 5||w||%21n(n) for any w € H&(H), (7)

with some real numbers ¢ and § > 0. Inequality (@) is knowingly valid for & so
large that " BAo + V(x) + (9 — 8)p(x) > 0 on £2 with Ao := p_, (&) (here
Ao = 0 for n = 1). We define also the corresponding dual mesh depending norm

lwll g1y = _ max w, )| < ellwllg-1m
D ces () Iplinsop =1 ()

where (w, ) 7 is the conjugate duality relation on H = (IT)x HJ (II) and H=1(IT) =
[HY(IT)]*. Hereafter ¢ and c; are generic constants independent of the meshes,
any functions and T whereas ¢y denotes absolute constants (fixed numbers).



Proposition 2. Let (7 (p) = (F™, @)y with F™ € H-Y(II) for 1 <m < M
and F° € H=Y(II) be arbitrary. Then there exists a unique approximate solution
¥ and the following second stability bound holds

Ogn;lnaSXM|‘WmHH+ﬁP§H S HWOH’)-L}»'D;);H

M ~
> (Bh' P 2 P L [ RO
m=1

Method (B) cannot be directly used in practice because of the infinite number
of unknowns at each time level. Nevertheless it is possible to restrict the method
to 2 provided that 9 € Sop, := {p € Sp; (x) = 0 on 2\ 2}, where 2 :=
02x,—hy Xs,.... X, , and Wy, is uniform with the step 7 = % Let both assumptions
be valid up to the end of the section.

By definition, the discrete TBCs are conditions at the artificial boundaries
x1 = £X; allowing to accomplish the restriction (they are non-local in s, . .., z,
and t). To write down them explicitly, for clarity, we confine ourselves by the
case of the uniform mesh in xz; with the step hy = )f—lf, for 2 < k < n, and define
the related well-known direct and inverse discrete sine Fourier transforms

Jp—1 .
2
p(Q):(]:kp)(q) = ZPjsinWJ—q], 1<g¢< I, —1,
i=1

Iy !
kal 7rq3
Py = (F'PY) =Y PW sin—=, 1<j<Ji—1L
g=1

The related eigenvalues of the 1D linear in xzx FEM counterparts of the operators
—D? and the unit one (for zero Dirichlet boundary values at 2, = 0, Xj) are

2 . wqhg\2 2 . 5, mqhyg 1
NO= (_ ) (M) — 1 — 2 gin? (_ 1).
b I sin 20X, ) 04 3 sin 29X, S 3

Denote by w7 the internal part of the introduced uniform mesh in ﬁT and define
the related mesh inner product

Ja—1 JIn—1
U W)y =3 oo D Upp 5 Wy i ha oy for n>2

Jj2=1 Jn=1

or set (U, W)Whi = UW?™ for n = 1, where W* is the complex conjugate for W.
Recall that the discrete convolution of mesh functions R, Q: wj; — Cis given
by (R* Q)™ =31, RPQ™ P for 0 <m < M.
Proposition 3. The restriction ¥|g of the above approzimate solution obeys
the integral identity on {2
ih(O™, ) r20(0) = LoGP™, @)

2 m 2 m m
_%Bloo(sgf!pxl,@|mlle )""hi + %Bloo(sref!prlv@|I1:—X1)whi (9)



for any p € Sy, and 1 <m < M, and the initial condition
Uli—o = ¥ 5 € Sh. (10)

Here 7'y = {!I/O‘ m| } is a vector-function.

IlziX17-'-’ Ilzﬂ:X1

The operator Syet in the discrete TBC has the form
Sue™ = F L Fot o (2)...0’51:)Rq*€pq}m on Bl (11)
for any ®: w,3 x Wi — C such that &° = 0, where ®™ = {P°,...,d™},

P9 = (Fp ... (F2®) @) . ) @) and q = (g2, ..., qn). Here the kernel Ry can be
computed by the recurrent formulas

m  2m—3 — m—3 .
Rg = Ciq> Ra = —CiqRqlq> Rq = T“quRq 't T“qu 27 m > 2,
with the coefficients defined by
/2 .
Clq = — |O‘CI| e—z(argaq)/27 g = _ezargaq7 lq = ﬁq c ( 1, 1), (12)
2 |ag]
1 1
Qq = 2aq + ghfag #0, argaq € (0,2m), Bq =2Reaq+ §h§|aq|2,
Vie 1 AP AN 2p0
- 4~ oL Bnoo_n) )
% Biooh? * 2B1 ( 2 og) et a,gjj) T ThB1co

The next lemma is important to prove stability results for method (@), (I0).
Lemma 1. The operator S satisfies the inequalities [2]3]

Z (Srer®',5:2),, 720, Z er @', (100, + 05,)2'), T >0

onwjy, for any b: w7 x Wi — C such that #° =0 and © > —X—*”" (see @)).

Let £™(¢) be a conjugate linear functional on Sy, that we add to the right-
hand side of (@) to study stability in more detail.

Proposition 4. Let (™ (p) = (F™,¢)2(0) with F™ € L*(2) for 1 <m < M.
Then the solution to (@), [IQ) is unique and satisfies the first stability bound

L P L PR ZHF’”HW r(13)

We introduce the “energy” norm on {2 such that

~ 2
[l o 0 = Laalw,w) + 0 /Bl e ) > 0, (14)



for any w € H'(2) := {H(2); w|(—x, x,)xom,. = 0} except for w = 0, and some
real number o > —XT"S. In particular, for © so large that h—zﬁ)\o—l—‘/(l')—l—f)p(x) >0
on {2, (I4) is valid. Define also the respective dual mesh depending norm

ol = . max Jwg)el < clulaow, HQ) = @),
h PESh: lell+op; 2=1
where (w, ) is the conjugate duality relation on H~1(£2) x H(12).

Proposition 5. Let (™(p) = (F™, ) with F™ € H7Y(Q) for 1 <m < M
and F° € H=Y(0) be arbitrary. Then the solution to @), [IQ) is unique and
satisfies the second stability bound

OSTE%XM ”me”H-H”JP;-Q < HWOHHJr'[)p;Q

M.
0] -
4 Z (|_h| ”Fm”H;?l(Q) + HatFmHH,jl(Q))T +4 HFOHH;I(Q) : (15)
m=1

Propositions [[HA and Lemma [l in the quite similar cases of the semi-infinite
IT = (0,00) (n=1) and I = (0,00) x (0, X3) (n = 2) were proved respectively
in [4] and [12I15] (see also [16]), where families of finite-difference schemes with
space averages depending on a parameter 6 were treated covering, in particular,
the linear and bilinear FEMs (for 6 = é) For the presented improvement in
formulas (I2), see also [T4]. For n = 1, the results are as well particular cases
of those from [I3] (given specifically for general FEM). The case n > 3 can be

treated in the same manner as n = 2 (for such an example, see [11]).
The numerical results for the method can be found in [4II5I16].

3 Error estimates

Let condition (7)) be valid and ow be the elliptic projection of w € Hj(IT) onto
Sk(IT) such that

L (ow, @) + 0(ow, @) 20y = L (w, ) + 0(w, @) 2.0 (1) (16)

for any ¢ € S,(II). Note that ow exists and is unique. We also assume below
that B € WH°°(II) and then the following error estimate holds

= 0wl 211y < el (Hp + 0)wll 2y for any w € H(IT) 0 HA(IT). (17)

We consider H, := %’H, as an unbounded operator in L??(II) with D(H,) =
H?(IT) N Hy(IT). Assume below that ¢° € D(H3).
Proposition 6. The following first error estimate holds

0Smen 1 = )" 200y < NP° = 09|l 200 m)

oL+ T) {mnax Hpw° | 2oy + 1B (IHZ0 2w my + 190200 (my) - (18)
Here o° can be replaced by 9°.



Proof. 1. For y € L'(0,T), define the average (the projection on the time mesh)
)™= L [ y(t)dt, 1<m < M, and notice that

Tm Jtm—1

M T
S " lnr < [ bl (19)
m=1

where || - |B = || - [|z2.(mm) O || - [[40p; 7 and w € L*(0,T;B), and

W™ — 5™ < (D2, 1<m< M, for ye W>'0,7).  (20)
2. Applying [-] to identity (]), we get
i([Dyb)™, @) 2wy = L ([W]™, ) for any ¢ € Hy(II) and 1 <m < M. (21)
Then for any 1: Wy, — Sy, (1) from identities (B)) and (ZI)) it follows that
ih(@: (& =)™, 0) 2oy — L (5:(W — )™, )
= ih(([De)] — Ben)™, @) 2o (1) — L1 (([Y] —5em)™, ) for any ¢ € Sy (II).
Let n™ := o¢™, 0 < m < M. By identity (I8) and [D;y] = 0y we get
ih(pdy (¥ — o)™, @) r2(mm) — L (5:(¥ — op)™, ¢)
= ih(p([Dep]™ — [Drop]™), 0)r2(my — L (0] —3:4)™, 0)
+0(p5e(Y — o)™, )2y =1 (Fyp) 2y forany 1 <m < M,  (22)
where (after rearranging the summands)
F = —([Hy] = 5:HY) + ihp[Di(yp — o¢)] + 0p5:(¢p — o9)). (23)
Let now on /i = 1. Proposition [Il together with (I9) lead to the bound

M
plnax (@ — o)™ | L20(ry < 100 — 09| 20011y + 2 2—31 1F™ | L2010 (1) Tm
M
<@ — 09| 2oy + 2 Z [([Hot] = 5eH o) " [ L2.0 (11) T
m=1

T
+2/0 1De(vh = o)l 20 (1) dit + 2|@|T0§T{1%XM (% = o)™ || 2.0 (a1 -
The formula ¢ — ¥ = ¢ — o) — (¥ — o¢p) and estimates (IT7) and 20) imply

o nax, (v — &)™ L2y < 1¥° — 04| L2on ()

T T
te{ i [ VDB sy 4 10 [ 1Dty + 000 i

~ 2 AN,
HU+ DITRE | max |y + 00" 2o | (24)



Under the above assumptions, the solution to problem (), () satisfies the
bound

Jmax IDE (| 20y < 1(DFD)i=0ll 2o (ry = [Hpt° L2000y, 0 <k <3, (25)

and the property DFyp = D~ (—iH,)!p for 1 <1 < k. Therefore

jmnax (=)™ L2001y < 100 = 09| 20ar) + ¢ { T IHEV° | L2200 (1)

AT AP IO 20y + (L [BIT) IR (170 | 20 (1) + [0119° | 200m)) } -

Note that for o = 0 the estimate is simplified.
The following multiplicative inequality holds

1,00 T 20 my < IGO0 2wy [ H 90 L2y for 1=1,2. (26)

Using (7)) for w = 9" together with (Z6)) for [ = 1, we complete the proof. O
Corollary 1. Let ¢°(z) = 0 for |z1| > Xo, ¥° € Sop, and @}, be uniform. Then
for the solution to @), Q) the following first error estimate holds

02X, () — &)™ 202 < 10 — 0| 20 ()

+e(1+T) {2 Ho U 2o ) + R (IHG | 202 + 190|200 (2) } -

The result immediately follows from Proposition [l Notice also that, for 1 <
n < 3, for the interpolant si° in Sy for 1, the following error estimate holds

1s0® =90l 20(a) < clhP(I1H° | L20(2) + 100l 220(2)),

thus one can set simply W9 := s¢/%. Other possible choices of ¥9 with the same
error estimate, for any n > 1, are the L?(§2y) (possibly with a weight like p)
projection of ¥ onto Sy, or its elliptic projection onto Spp, like (I8) (with IT
replaced by 2y and any ¢ € Sop).

Remark 1. Importantly, all the above results can be essentially generalized rather
easily. For example, in the 2D case, the problem in an unbounded domain IT of
general shape with smooth boundary and several half-strip-like outlets to infin-
ity can be treated by using combined linear triangle elements inside II except
outlets and bilinear rectangular elements inside outlets.

Let B € W2°°(II) and p,V € W1 ().

Proposition 7. Let H3y° € Hg(II), 1 < n < 3 and ¥° := sy°. Then the
following second error estimate holds

gmax lsp™ =" |3 < o1+ T){Tiax(||7'l§¢0||n+ﬁp;n + 1724 | etp; 17)
HRE (10 2oy + 160 z2e(m)) }- (27)

Here sy™ is the interpolant in Sy (II) for ™, 0 <m < M.



Proof. 1. Let first n > 1. Inequality (@) implies

lpwl gy < 672wl 2oqmys wllzzean < 072 wlsopm.  (28)
Then setting ¢ := 1+ ‘%l, we also get
1Hwll =1y < NH A+ 0p)wll g1 7y + 10l pwll g1 () < llwliregopm (29)

For y € L*(0,T), define two more averages (projections on the time mesh)

1 tm+1 1 tm+1
Yz = 5 y(t)dt, (y)™ = 3 y(em(t)dt, 1<m< M -1,
2Tm tm—1 Tm tm—1
0 1 0 2 h
WS = ' ) = 2 / y(B)eolt)dt,
T1 0

where e, (t) is the “hat” function linear on all segments [t;—1, ;] and such that
em(tm) =1 and ey, (t;) =0 for all I # m.
Notice that the following relations hold

QY™ = (D)™, (BFy)™ = [Deyly', 1<m <M —1, (30)
' = y(0) = D). G —y(0) = FDwy)', for y e WH(0,7), (31)

M-1
I m < [ ol Z s tm < [ ol @2
m=0
where || - || = || - [|L2.0(m) and w € L' (1T x (0,T)), and

)™ — [y]5'] < C()T [|Dty|]2 , 1<m<M-—1, for ye W2’1(O,T). (33)

2. Let first 0 € Sj,(II) be arbitrary. We go back to the error identity [22).
Applying Proposition 2] now we get

maxM ||(W - Uw)m”HJr'f)p; o< ||WO - UU)OH’HJrf;p; 7

0<m<
M-1 M
4 NOF™ | gty o + 410 Y NE™ g1 oy T + AF N gy (34)
m=0 m=1

where the right-hand side is slightly transformed and F' is given by (23]). We
introduce the decomposition

F=Fr+pFy, Fri=—([HY] =5HY), Fi:=ilDi(y —o)] + 05:(¢ — o¢))

as well as set F :=0 and F = iDy(¢p — otp)|s—o + 0(¢p° — op0).



Applying sequentially relations (29), (30), 20), (33), (I9) and B2), we obtain

M M-—1
Sr =101 D NE g oy + D NOF 0 ()P
m=1 m=0
M M-1
< é(|?7| D ) = 5 st mTm + Y 1 (De) = (D)) ™ eops 7m
m=1 m=1

1) = 506) o)
M M-1
< oo (101 D2 NP s ops 7im + > NIDFVUE lrttis 17m

m=1 m=1

+IDEY o0 11)

T
< tcart { (D0 icollessgirn + [ (01026 Nocssn i + 2Dy dt}.
0

(35)
The left inequality (28] implies
M M-1
Sh = [0] Z ||PFIT||H;1(H)Tm + ”pr?HH;l(U) + Z ||P8thT||H;1(U)7A'm
m=1 m=0
R M M-1
< 57215 S0 I s o+ IF s + 3 IOF iy ) (36)
m=1 m=0

and further the error estimate (I7) leads to

| F N 2o ry < |1 De(¥ = o) ool 2.0 (my + [0][|0° — 09° || L2 ()
< | (|| De(Hy + 0)|i=ol| 2.0 1y + 0| (Hp + D)0 || p2e0(11))- (37)

Applying sequentially relations (30), @B1I), (I'0) and B32), we also obtain

M—1
> NOET | 2o (r) T
m=0

-1

< ) (KD — o)™ 2wy + 1OII[De (¥ — o)]5 |20 (17)) T
0

-1

< e Y (IKDF (Hp + 0)9) ™20 (my + [ [De(Hp + 0) P15 || 120 (11) ) T

m=0

T
< C|h|2/0 (IDF(Hp + 0)¥ 2oy + [0l De(Hp + 0)¢l|20(m)) dE. - (38)



Inserting into (34) all the estimates ([B)-([B8) together with the estimate for
2%21 | 3| 2.0 (11 Tm used in the preceding proof in [24)), we derive

OSIE%XM (& — U‘/’)mHHJrﬁp; n < ||WO - U‘/)OHHJrﬁp; m+ 45, +485),

T
< e { DR ol + | (OUIDE bl + [ DFles o)
0

T
2 )5 5 02 0)h™
+elnf{ o] / | De(Hy + 0|2 oy i+ 0°T xmax [[(Hy + 0)4™ |20
HIDe(Hy + 0)li=oll 20 (1) + 191l (Hp + 0)¢" | 220 (1)

T
+ [ UDEty + 0l + 01D, + 020 ).

Once again for v = 0 the estimate is essentially simplified.
Under all the above assumptions, the solution to problem (), (2] satisfies
the bound

e [DFYllpessnn < NDFOliollpessn i = [HE Do, 0< k<3

This bound and (25)) and the property Dfv = DF~ (=it )b, 1 <1 < k, imply

0 0
a0 = o) sige i < 00 =00 foeripem

3
< o1+ D) e (2 s 11+ IH s 1) + 1R D IHEV 12 |-
k=0
(39)

3. Let now 1 < n < 3 and V¥ = s¢°. Similarly to [9], Lemma 5.1 for n = 1
and [I0], Theorem 2.1 for n = 2 and 3 (see also [§]), the following elliptic FEM
error estimate holds

lsw = owlsropn < el (3 ID2Dwl 2an + Y 1 D2wl o)

PF#q p=1

< Cl|h|2(||pr||H+ﬁp;H + ||w||H+ﬁp;H)

for any w € D(H,) such that H,w € H}(II), taking into account the above
regularity assumptions on B, p and V', where the first sum is taken over all p
and ¢ from 1 to n excluding p = ¢q and disappears for n = 1. This estimate allows
to pass from ([B9) to the final estimate (27) by the triangle inequality together
with inequalities (26]) and

1M igo0 1 < NN (Hp + 0)HY° 20 () | H° | 20y, 1= 0,1 O

Corollary 2. Let 9°(z) =0 for |z1| > X0, 1 <n <3 and ¥° = s¢° on 2 and
wji; be uniform. Then for the solution to @), Q) the following second error



estimate holds

o lnax |s0™ = ™| 340p; 0 < (1 + T){TQ M arops 2 + IH |40 2)

BRI 22 + 10N 2 0(e) §-

The result immediately follows from Proposition [7l
Note that the norm || - [|344,; 2 is equivalent to || - [| g1 (o) and [|s - || g1 () is

actually the mesh counterpart of the latter norm.
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