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Abstract—The free oscillations of coronal loops with a constant density and a variable magnetic field
changing according to parabolic laws are investigated. Using our developed method, we derive the wave
equations with constant coefficients that describe the kink oscillations of symmetric and asymmetric
magnetic flux tubes. For such models, we obtain analytical expressions for the oscillation spectra and
amplitudes as well as the magnitudes and directions of the displacements of the extrema of the fundamental
and first modes relative to their values for homogeneous tubes. For the first mode of an asymmetric loop,
we have determined the dependence of the coordinate displacement for the internal node on the ratios of the
magnetic field strengths in its asymmetric parts and the ratio of the amplitudes at the extremum points.
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INTRODUCTION

The transverse displacements in coronal mag-
netic loops detected by TRACE were the first wave
phenomenon clearly observed in the corona (As-
chwanden et al. 1999; Nakariakov et al. 1999).
These oscillations were interpreted as the fundamen-
tal mode of standing kink waves in magnetic flux
tubes. Subsequently, the first and, not quite reli-
ably, higher-order modes were detected (Verwichte
et al. 2004; Van Doorsselaere et al. 2007; O’Shea
et al. 2007). Transverse perturbations propagating
along the magnetic field were also observed in fibrils
(Okamoto et al. 2007) and chromospheric spicules
(De Pontieu et al. 2007).

The detection of loop oscillations made the subject
matter of coronal helioseismology one of the most
topical in solar astrophysics. Many theoretical works
appeared in which symmetric loop model were pro-
posed and calculations, mostly numerical or approx-
imate analytical ones, were performed for these mod-
els to study the properties of such oscillations (for
a review, see Andries et al. 2009; Ruderman and
Erdelyi 2009; Stepanov et al. 2012; De Moortel and
Nakariakov 2012). Note the paper by Dymova and
Ruderman (2006), in which analytical solutions were
obtained for a model with a constant magnetic field
and a density specified in a parabolic form. Ver-
th (2007) and Verth and Erdelyi (2008) numerically
and analytically studied the oscillations of a coronal
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loop with a constant density in which the magnetic
field was specified by a quadratic function.

In this paper, we consider coronal loop models
with a constant density and a variable magnetic field
that, just as in Verth and Erdelyi (2008), changes ac-
cording to parabolic laws. For a symmetric model, we
derived a refined expression for the spectrum of kink
oscillations and found simple analytical expressions
for the displacements of the extrema of the first-mode
amplitude.

In addition, we consider coronal loop models in
which the magnetic field is asymmetric relative to
the loop tops. The results of our recent studies, in
which we showed that traveling waves that do not
reflect off inhomogeneities could exist in a highly
inhomogeneous medium, formed the basis for our
work. The mathematical method of obtaining such
solutions is related to the transformations of argu-
ments and functions whereby, for example, the wave
equation with variable coefficients under certain re-
strictions is reduced to hyperbolic equations with
constant coefficients, so that the existence of reflec-
tionless traveling waves becomes obvious. In partic-
ular, we did this for internal and surface waves in an
incompressible fluid (Talipova et al. 2009), for verti-
cally propagating acoustic waves in inhomogeneous
compressible atmospheres of the Earth and the Sun
(Petrukhin et al. 2011, 2012a–2012c), and for fast
magnetoacoustic waves in coronal loops (Ruderman
et al. 2013).
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REFLECTIONLESS KING WAVES
IN MAGNETIC FLUX TUBES

Let us investigate the fast magnetoacoustic kink
waves propagating along a thin magnetic flux tube.
Generally, the unperturbed parameters are assumed
to vary only along the tube. Studies have shown
(Van Doorsselaere et al. 2009) that the curvature
with a curvature radius typical of coronal loops af-
fects weakly the dispersion relations for kink waves.
Therefore, we will assume the tube to be straight and
located along the oz axis. Thus, the plasma density
can be defined by the relation

ρ =

{
ρi; r < R (z) ,

ρe; r > R (z) .
(1)

Here, R(z) is the transverse tube radius, ρi and ρe

are the plasma densities inside and outside the tube,
respectively, which are constant quantities in this
paper. The following equilibrium condition should be
met at the boundary of the tube with the surrounding
medium:

B2
i

8π
+ Pi =

B2
e

8π
+ Pe, (2)

where Bi,e and Pi,e are the magnetic field strength
and the gas pressure inside and outside the tube,
respectively. Since the inequality P

B2/8π
� 1 holds

in the coronal plasma (Aschwanden 2005), it follows
from Eq. (2) that

Be ≈ Bi ≈ B. (3)

Spruit (1981), Dymova and Ruderman (2006), and
Ruderman et al. (2008) showed the propagation of
kink waves in such a tube to be described by the wave
equation

∂2u

∂t2
− c2(z)

∂2u

∂z2 = 0, (4)

where u = η
R , η is the transverse displacement of the

tube, and

c(z) =
B√

2π(ρi+ρe)
(5)

is the kink wave speed.
Equation (4) contains the variable coefficient c2(z)

and, hence, its solution generally describes the trans-
formation of an incident wave into waves transmit-
ted and reflected off the medium’s inhomogeneities
and does not break up into two independent solu-
tions corresponding to traveling waves in opposite
directions. The existence of noninteracting counter-
propagating waves is trivial in the case of an equation
with constant coefficients. Therefore, it is important
to find the transformations that reduce Eq. (4) to an

equation with constant coefficients. The basic idea
of this method was discussed in our previous pa-
pers (Petrukhin et al. 2011, 2012a–2012c; Ruderman
et al. 2013). We showed that these transformations
brought the wave equation (4) to the form

∂2Φ
∂t2

− ∂2Φ
∂τ2 = βΦ, (6)

where

Φ(t, τ) = u(t, z)/
√

c(z), τ (z) =
∫

dz

c(z)
(7)

and β is an arbitrary constant. Equation (6) in vari-
ables Φ(t, τ) describes the oppositely traveling non-
interacting waves with the dispersion relation

ω2 = k2 − β, (8)

where ω is the wave frequency and k is the wave
number relative to the new coordinate τ . In this
case, the function c(z) should satisfy, in particular, the
condition

c = M(z + N)2 + β/M, (9)

where M and N are arbitrary constants. The models
of coronal flux tubes described by Eq. (9) can be
divided into two types. The first case, in which M > 0
and, consequently, β > 0, corresponds to a parabola
with upward-directed branches. In this case, the
speed c(z) decreases with height. The second case
(M < 0 and, consequently, β < 0) describes a family
of parabolas with downward-directed branches. At
such parameters, the kink wave speed c(z) increases
with height. In this paper, we consider the first case.

FREE OSCILLATIONS OF A SYMMETRIC
LOOP WITH A CONSTANT DENSITY

Using Eq. (9), let us construct the models of solar
coronal loops that consist of parabolic reflectionless
profiles for the speed of kink waves. We consider only
the part of the tube that is located above the photo-
sphere. The magnetic field lines are closed in dense
subphotospheric layers. Since the density is known
to change abruptly at the photospheric height, we will
assume this level to be a rigid reflecting boundary for
the kink waves propagating in a coronal loop. Let
us choose the oz axis along a tube of length 2L with
the coordinate origin in the middle of it. Let us first
consider the symmetric model with positive M and β.
In this case, N = 0. Denoting c(z = 0) = c0, c(z =
±L) = ct, and α = ct/c0, we obtain

c = co

[
1 + (α − 1)

( z

L

)2
]

, (10)

β = c2
o

(α − 1)
L2

. (11)
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Assuming that

Φ = ψ(τ)eiωt, (12)

we obtain an ordinary differential equation with con-
stant coefficients:

d2ψ

dτ2
+ (ω2 + β)ψ = 0. (13)

The function r(z) defining the transverse displace-
ments of the tube is related to the solution of Eq. (13)
by the relation

r = [c(z)]1/2R(z)ψ(z) = ρ−
1
4 ψ(z). (14)

Given that the density here is assumed to be constant,
the variables ψ and r coincide to within a constant
factor. Therefore, the general solution of Eq. (13) can
be written as

r[τ(z)] = A sin(kτ) + D cos(kτ), (15)

where A and D are arbitrary constants and k is the
wave number satisfying the dispersion relation (8).
The new variable τ is related to the physical coordi-
nate z by Eq. (7) and for the kink speed profile (10)
under consideration is defined explicitly:

τ(z) =

z∫
0

dz′

c(z′)
=

L

c0

√
(α − 1)

(16)

× arctan
( z

L

√
α − 1

)
.

Since the problem is symmetric relative to the coordi-
nate origin, the boundary conditions can be specified
at one of the tube ends, for example, at z = L and in
the middle of it (i.e., at z = 0). For the fundamental
mode and for all modes with an even number of nodes,
we assume that

r[τ = τ(L)] = 0,
dr

dz
[τ = τ(0)] = 0 (17)

and for odd modes

r[τ = τ(L)] = 0, r[τ = τ(0)] = 0. (18)

Satisfying the boundary conditions (17) and (18), we
obtain the spectrum of free kink oscillations of the
tube

Ωn =
√

(α − 1)

√
n2

(arctan
√

α − 1)
2 − 4

π2
, (19)

n = 1, 2, . . .

Here, Ωn = ωn/ω0, ωn is the eigenfrequency of the
nth-mode oscillations and ω0 = πc0/2L is the fre-
quency of the fundamental mode in a homogeneous
tube of length 2L whose kink speed is c0. The
value of the parameter α equal to one corresponds
to a medium with a constant speed c. In this case,

either the plasma density and the magnetic field are
constant or they vary, compensating each other. The
eigenfunctions for the eigenfrequencies can be writ-
ten as

rn =

⎧⎨
⎩An cos

Dn sin

⎫⎬
⎭

[
πn arctan(z

√
α−1
L )

2 arctan
√

α − 1

]
(20)

×

⎧⎨
⎩n = 1, 3, . . .

n = 2, 4, . . .

⎫⎬
⎭ ,

where An and Dn are arbitrary constants. The upper
and lower expressions in curly brackets correspond to
the even and odd modes, respectively.

The sign and magnitude of the deviation of the ex-
trema of the oscillation amplitudes in a medium with
variable parameters from their values in a homoge-
neous plasma are important characteristics in using
the results of theoretical studies in helioseismology.

Verth (2007) and Verth and Erdelyi (2008) investi-
gated the shape of the amplitudes for the fundamental
and first modes of tube oscillations for the model
under consideration. They showed that the oscilla-
tion amplitudes for the fundamental mode are located
inside the cosine graph defining the oscillation ampli-
tude in a homogeneous medium, while the extrema of
the amplitudes for the first mode are displaced relative
to the extrema of the sine function to the coordinate
origin.

Equations (20) allow simple formulas for deter-
mining the displacements of the extrema for the first
oscillation mode to be derived. Setting the argument
of the sine function in the segments [−L, 0] and [0, L]
equal to ±π

2 , respectively, we obtain( z

L

)
extr

= ± 1
1 +

√
α

, (21)

where the plus and minus refer to the right and left
halves of the loop, respectively. The deviation of the
extrema from the middles of the segments is(

�z

L

)
extr

= ± 1 −
√

α

2(1 +
√

α)
. (22)

Since α > 1 in the model under consideration, the
influence of a magnetic field inhomogeneity causes
the extrema of the amplitudes for the first mode to
be displaced to the coordinate origin, i.e., in the di-
rection of decreasing kink speed (10), as follows from
the numerical studies by Verth (2007) and Verth and
Erdelyi (2008).
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FREE OSCILLATIONS OF AN ASYMMETRIC
LOOP WITH A CONSTANT DENSITY

Consider the model of a coronal loop filled with a
homogeneous plasma and consisting of two asym-
metric parts that are connected at the top (z = 0)
and rest on active regions with magnetic fields whose
strengths differ. Let us specify a magnetic field in the
form

B(z) =

{
B1(z)
B2(z)

(23)

= B(0)

{
1 + (α1 − 1)

(
z
L

)2
, −L ≤ z ≤ 0

1 + (α2 − 1)
(

z
L

)2
, 0 ≤ z ≤ L,

where

α1 = B1(−L)/B(0), α2 = B2(L)/B(0), (24)

β1,2 =
[B(0)]2

2π(ρi + ρe)
(α1,2 − 1)

L2
.

In this case, the kink wave speed is proportional to the
magnetic field strength:

c1,2(z) ∝ B1,2 (z) . (25)

Taking this into account, conditions (24) can be
rewritten as

α1 = c1(−L)/c0, α2 = c2(L)/c0, (26)

β1,2 = c2
0

(α1,2 − 1)
L2

.

Making transformations in Eq. (4) for this model
similar to those made in the previous section for a
symmetric tube, we obtain

d2ψ1,2

dτ2
1,2

+ (ω2 + β1,2)ψ1,2 = 0, (27)

where the indices 1 and 2 correspond to the segments
[−L, 0] and [0, L], respectively. The new variables τ1,2

are related to the physical coordinate z by Eq. (7) and
are defined explicitly as

τ1,2 =

z∫
0

dz′

c1,2
(28)

=
L

c0

√
(α1,2 − 1)

arctan
( z

L

√
α1,2 − 1

)
.

Since the plasma density is constant, the functions
ψ1,2 are proportional to the transverse displacements
of the tube r1,2. Therefore, the general solution of
Eq. (27) can be written as

r1,2[τ1,2 (z)] (29)

= A1,2sin(k1,2τ1,2) + D1,2 cos(k1,2τ1,2),

Here, A1,2 and D1,2 are arbitrary constants and k1,2

are the wave numbers that, given the dispersion rela-
tion (8) and β1,2 (26), are

k1,2 =
c0

√
(1 − α1,2)

L
Q(1,2), (30)

Q(1,2) =

√
Ω2π2

4 (α1,2 − 1)
+ 1, Ω =

ω

ω0
. (31)

We will assume the tube ends to be stationary. In
addition, we will require that functions (29) and their
first derivatives be continuous at the conjugation
points (z = 0). Satisfying these boundary conditions,
we find the dispersion relation for standing waves

tan(Q(1)
n

√
α1 − 1) cot(Q(2)

n arctan
√

α2 − 1) (32)

= −Q
(1)
n

√
α1 − 1

Q
(2)
n

√
α2 − 1

.

Here,

Q(1,2)
n =

√
Ω2

nπ2

4(α1,2 − 1)
+ 1, Ωn =

ωn

ω0
. (33)

The amplitudes corresponding to the oscillation
eigenfrequencies are defined by the formulas

rn = Cn (34)

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin
[
Q

(1)
n (arctan

√
α1−1+arctan( z

L

√
α1−1))

]
sin

[
Q

(1)
n (arctan

√
α1−1)

] ,

−L ≤ z ≤ 0,
sin

[
Q

(2)
n (arctan

√
α2−1−arctan( z

L

√
α2−1))

]
sin

[
Q

(2)
n (arctan

√
α2−1)

] ,

0 ≤ z ≤ L,

where Cn are arbitrary constants.

The Model of a Loop with a Constant Magnetic Field
in Half of It

Consider the model of an asymmetric loop in the
left half of which the magnetic field does not vary, i.e.,
α1 = 1 and in the right half decreases from the foot-
points to the top. Denote α2 = α > 1. In this case,
the dispersion relation (32) and eigenfunctions (34)
can be rewritten as

tan
(

πΩn

2

)
cot(Qn arctan

√
α − 1) (35)

= −πΩn

2
1

Qn

√
α − 1

,
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Fig. 1. Frequencies Ω1,2 of the fundamental and first modes versus parameter α.

Qn =

√
Ω2

nπ2

4(α − 1)
+ 1,

n = 1, 2, ....

rn = Cn (36)

×

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

sin πΩn
2

(1+ z
L

)

sin(πΩn
2

)
,

−L ≤ z ≤ 0,
sin[Qn(arctan

√
α−1−arctan( z

L

√
α−1))]

sin[Qn(arctan
√

α−1)] ,

0 ≤ z ≤ L.

For this model, the thick lines in Fig. 1 plot the rel-
ative frequencies of the fundamental and first modes
against the parameter α. The plots of functions (19)
for symmetric models are shown for comparison. The
dashed lines are for the argument α and the dash–
dotted lines are for the mean loop inhomogeneity
parameters, i.e., 0.5(1 + α). Finally, the thin solid
lines are constructed for the functions [Ω1,2(α) +
Ω1,2(1)]/2, which are the mean values for the fre-
quencies of the homogeneous and corresponding in-
homogeneous symmetric models. It can be seen from
the figure that the oscillation frequencies for both
fundamental and first modes of the asymmetric model
are lower than those for the above symmetric models.
In addition, at identical parameters α, they are also
lower than [Ω1,2(α) + Ω1,2(1)]/2.

Figure 2 plots the amplitudes of the fundamental
mode (36) for an asymmetric loop for α from 1 to 4
with a step of 1. At α = 1, the loop is symmetric
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Fig. 2. Amplitudes of the fundamental mode (36) for α
from 1 to 4 with a step of 1. The thick line is a cosine
wave (α = 1).
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Fig. 3. Amplitudes of the first mode (36) for α from 1 to 4
with a step of 1. The thick line is a sine wave (α = 1).

and homogeneous; the graph of the amplitude of its
fundamental mode is a cosine wave. In Fig. 2, it is
highlighted by the thick line. It can be seen from
these plots that the maxima of the amplitudes of free
oscillations for the asymmetric tube are displaced to-
ward a weaker magnetic field, with the displacement
increasing with parameter α. It is also interesting to
note that, just as in the symmetric model, the curves
are located “inside” and “outside” the cosine wave in
the right inhomogeneous and left homogeneous parts
of the plot, respectively.

An analytical expression for the coordinate at
which the amplitude of the fundamental mode is
at a maximum can be easily derived from Eq. (36)
for −L ≤ z ≤ 0 by setting the argument of the sine
function equal to π/2:( z

L

)(1)

max
=

1 − Ω1

Ω1
. (37)

Figure 3 presents the amplitudes of the first mode (38)
for the same parameters as those in Fig. 2. The sine
graph is highlighted by the thick line. The extrema
of the amplitudes for the first mode are known to
be symmetric relative to the coordinate origin in the
symmetric model. In the asymmetric case, the picture
is qualitatively different.

First, the graph of the amplitude is asymmetric.
The internal node is displaced from the coordinate
origin leftward, i.e., toward a weaker magnetic field.
In this case, the node coordinate can be easily deter-

mined from Eq. (36):( z

L

)
node

=
2 − Ω2

Ω2
. (38)

Second, the displacements of the extrema are asym-
metric relative to the node; in this case, in contrast
to the symmetric case, they are displaced from the
middles of the segments −L ≤ z ≤ 0 and 0 ≤ z ≤
L in the same direction. Analytical expressions for
these displacements can also be easily found from
Eqs. (36). The deviation of the amplitude minimum
from the middle of the segment −L ≤ z ≤ 0 is(

�z

L

)
min

=
2 − Ω2

2Ω2
. (39)

Since the frequency of the first mode Ω2 > 2, the
minimum of its amplitude is displaced toward the left
footpoint of the tube. As follows from Fig. 3, the
deviation of the maximum corresponding to the part
of the loop with a variable magnetic field exceeds
appreciably in magnitude the displacement of the
minimum. The maximum point can be determined
using the expression

( z

L

)
max

=
1 − tan ϕ2√

α−1

1 +
√

α − 1 tan ϕ2
(40)

∼= Ω2 − 1
α − 1 + Ω2

,

where ϕ2 = π
2Q2

. Here, in addition to the exact for-
mula, its approximate value is presented (the rela-
tive error for the inhomogeneity parameters α under
consideration is less than 8%), which allows a simple
dependence of the deviation of the amplitude maxi-
mum from the middle of the segment 0 ≤ z ≤ L on
frequency and parameter α to be written:(

�z

L

)
max

∼=
Ω2 − (α + 1)
2(Ω2 + α − 1)

. (41)

Using the dispersion relation (19), it can be shown
that Ω2 (α) < α + 1; therefore, the displacement of
the right maximum, just as the left one, is negative.

Third, the maximum values of the amplitudes in
the left and right parts of the same curve are unequal.
The left extremum exceeds the right one in absolute
value and their ratio is∣∣∣∣ r2[( z

L)min]
r2[( z

L)max]

∣∣∣∣ =

∣∣∣∣∣sin [Q2

(
arctan

√
α−1

)
]

sin (πΩ2
2 )

∣∣∣∣∣ , (42)

and this difference increases with parameter α.
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Fig. 4. Displacements �z/L of the nodes and extrema of the fundamental and first modes from their values in homogeneous
tubes at constant α2 = 2.676 versus parameter α1. Curve a is for the fundamental mode, curves b and c are for the minima
and maxima of the first mode, respectively, and curve d is for the internal nodes of the first mode. The solid and dashed curves
represent the exact and approximate values, respectively.

The Model of a Loop with a Variable Magnetic Field
over Its Whole Length

Consider an asymmetric tube with a variable mag-
netic field in each of its halves. Let the inhomogeneity
parameter be α1 and α2 in the left and right parts of
the tube, respectively. To be specific, we will assume
that α2 > α1. It has been shown above that higher
relative frequencies Ω correspond to larger values of
the parameter α. It follows from Eqs. (30) and (31)
that this property will be also valid for the wave num-
bers

k(α2) > kn(α1, α2) > kn (α1) , (43)

where kn(α1,2) are the wave numbers corresponding
to the oscillation eigenfrequencies (19) for symmetric
tubes. This implies that the wave in the half of the
tube with a smaller α1 is shorter than that in its other
half. Therefore, the maximum of the amplitude for the
fundamental mode will be displaced from the coordi-
nate origin toward negative values of the argument,
i.e., toward smaller magnetic field strengths. The
magnitude of this displacement can be obtained by
setting the argument of the sine function in (34) in
the segment −L < z < 0 equal to π

2 . As a result, we
find that

( z

L

)(1)

max
=

tan ϕ
(1)
1√

α1−1
− 1

1 +
√

α1 − 1 tan ϕ
(1)
1

(44)

∼=
ϕ

(1)
1 − arctan

√
α1 − 1√

α1 − 1
,

where ϕ
(1)
1 = π

2Q
(1)
1

. Our estimates show that for the

most interesting (for observations) cases where the
parameters α1,2 vary within the range from 1 to 4 (i.e.,
the transverse radius of the coronal tube increases
from 1 to 2), ( z

L)(1)max � 1 and the exact and approx-
imate values of (44) virtually coincide. This can be
clearly seen from Fig. 4, where the plots of these
functions are represented by curves a, which merge
into a single line. The displacements of the maxima
decrease in absolute value with decreasing difference
of the parameters α2 and α1 and become zero at their
equality. Let us determine the coordinates of the
internal node and the extrema of the first mode. It
follows from inequalities (43) that the node ( z

L)(2)node
will be displaced from the middle of the tube leftward.
The magnitude of this displacement can be obtained
by setting the argument of the sine function in (34)
in the segment −L < z < 0 equal to π. Thus, the
coordinate of the internal node of the first mode will
also be defined by Eqs. (44), in which ϕ

(1)
1 should be

replaced by ϕ2 = π

Q
(1)
2

. The merging plots of these

functions are designated by curve d in Fig. 4.
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Fig. 5. Plot of the curve F (α1, α2) = 0, where α1 and α2 are the values at which the minimum of the oscillation amplitude for
the first mode (34) is −0.5z/L. The MINUS and PLUS fields are the negative and positive displacements, respectively. The
+ sign marks the parameters for which the plots in Fig. 6 were constructed. The shaded region is α1 > α2.

The extrema of the amplitudes are defined by rela-
tions similar to Eqs. (40):
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where the + sign and the index 1 refer to the left
minimum, while the − sign and the index 2 refer to the

right maximum and ϕ
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2 = π
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. The magnitude

and direction of the displacement of the extrema for
the amplitude of the first mode are affected by two
factors. First, the extrema are displaced to the loop
top, because the magnetic field is nonuniform. For
a symmetric tube, this displacement is defined by
Eqs. (21). Second, loop asymmetry leads to am-
plitude deformation, which is manifested as a devia-
tion of both extrema toward a weaker magnetic field.
Thus, both factors act in the same direction in the half
of the tube with a stronger magnetic field, while their
actions in the part of the tube where the magnetic field
is weaker are opposite. In particular, in the half of the
tube with a weaker magnetic field for certain relations
between the parameters α1 and α2, these two types
of displacements can completely cancel each other

out. Figure 5 presents a diagram that shows the
curve F (α1, α2) = 0. The coordinates of the points
lying on this curve correspond to the values of α1

and α2 at which such cancelation occurs. A fairly
accurate (with a relative error of ∼1%) expression
for the eigenfrequency corresponding to such values
of the parameters can be easily derived using the
approximate formula (45). It has a simple form:

Ω2
∼= α1 + 1. (46)

The fields of the diagram to the left and the right of the
curve contain the parameters at which the amplitude
minimum is displaced relative to the point −0.5z/L
in the negative and positive directions, respectively.
In this case, the frequencies are lower than (46) in
the left part and higher in the right one. The shaded
region of the diagram corresponds to the values for
which the inequality α1 > α2 holds.

Figure 6 shows the oscillation amplitudes of the
first mode (34) for the loop model for α1 changing
from 1 to 1.6 with a step of 0.2. For all curves (except
the thick line), α2 = 2.676. For the dash–dotted
line, α1 = 1. The dashed line (α1 = 1.4) corresponds
to the amplitude whose minimum lies at the point
−0.5z/L. For comparison, the thick line represents
a sine wave (α1 = α2 = 1). The + sigh in Fig. 5
marks the points corresponding to the parameters α1

and α2 for which the plots of the amplitudes were
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Fig. 6. Amplitudes of the first mode (44) for α1 from 1
to 1.6 with a step of 0.2. For all curves (except the
thick line), α2 = 2.676. For the dash–dotted line, α1 =
1. The dashed line corresponds to the amplitude whose
minimum lies at the point (−0.5z/L, 0). The thick line is
a sine wave (α1 = α2 = 1).

constructed. First of all, note that the extrema of the
amplitudes of the first mode for the asymmetric model
have different values. In the part of the loop where the
magnetic field is weaker, the amplitude is larger. The
ratio of the amplitudes at the extrema is defined by the
formula∣∣∣∣∣ r2[
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z
L

)
min]
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max]
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∣∣∣∣∣ . (47)

It also follows from Fig. 6 that the the displacement
of the node and extrema is largest for the loop model
in which the magnetic field does not change (α1 = 1)
in one of its halves. If the magnetic field is variable
over the whole length of an asymmetric tube, then
the absolute value of the displacement of the internal
node and the right maximum relative to their values
in a homogeneous medium increases with increasing
difference of the magnetic fields at its footpoints. A
similar picture is also observed for the extremum in
the part of the tube with a weaker magnetic field. In
this case, however, the displacement is measured not
from −0.5z/L but from the negative value of (21) that
is the coordinate of the minimum in a symmetric loop
with an inhomogeneity parameter equal to α1.

CONCLUSIONS
We carried out mostly analytical studies of the

free kink oscillations in symmetric and asymmetric

coronal loops with a variable magnetic field filled with
a homogeneous plasma. The method of reflectionless
wave propagation that we proposed, which allows
the wave equations in inhomogeneous media to be
reduced to equations with constant coefficients at
certain restrictions, formed the basis for our studies.

For symmetric models, we obtained a refined spec-
trum of free oscillations and found simple formulas
defining the magnitude and direction of the displace-
ment of the extrema for the first mode relative to their
values for a homogeneous model.

We investigated the oscillations of asymmetric
loops resting on regions with magnetic fields differing
in absolute value. Two models were considered. In
the first model, it is assumed that the magnetic field
is constant in one half of the loop and changes in the
other half, decreasing from the footpoints to the top.
In the second model, the magnetic field is variable
over the whole tube length. For each case, we derived
the dispersion relations and investigated the shape of
the amplitudes for the fundamental and first modes.
We derived exact and simple approximate formulas
describing the displacements of characteristic points
(extrema and nodes) for the oscillation amplitudes
from their values for the homogeneous model. The
oscillation amplitudes of the first mode in the asym-
metric model were shown to differ in magnitude, with
the amplitude in the part of the loop with a weaker
magnetic field being larger.
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