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ABSTRACT SUPERPOSITION OPERATORS ON MAPPINGS
OF BOUNDED VARIATION OF TWO REAL VARIABLES. I
V. V. Chistyakov UDC 517.98

Abstract: We define and study the metric semigroup BV, (I b M ) of mappings of two real variables
of bounded total variation in the Vitali-Hardy-Krause sense on a rectangle I? with values in a met-
ric semigroup or abstract convex cone M. We give a complete description for the Lipschitzian Ne-
mytskii superposition operators acting from BV, (I2; M) to a similar semigroup BV, (I%; N) and, as
a consequence, characterize set-valued superposition operators. We establish a connection between
the mappings in BV, (Ig; M ) with the mappings of bounded iterated variation and study the iter-
ated superposition operators on the mappings of bounded iterated variation. The results of this ar-
ticle develop and generalize the recent results by Matkowski and Mis (1984), Zawadzka (1990), and
the author (2002, 2003) to the case of (set-valued) superposition operators on the mappings of two
real variables.

Keywords: mappings of two variables, total variation, metric semigroup, Nemytskii superposition
operator, set-valued operator, Banach algebra type property, Lipschitz condition

§ 1. Introduction

Let I, M, and N be some nonempty sets. Denote by M’ the family of all mappings from I to M.
Given a mapping h : I x N — M, the operator J# : N' — M acting by the rule (J#g)(z) = h(x, g(z))
for x € I and g € N' is called the (Nemytskii) superposition operator with generator h.

The superposition operator is a classical “simplest” nonlinear operator between function spaces, and
the bibliography devoted to its properties is rather extensive. This operator is studied sufficiently in
the classes of measurable and continuous functions and the ideal spaces as well as the Lebesgue, Orlicz,
Holder, and Sobolev spaces (see [1-6] and the references therein). It turns out that the “nice” properties
of h are not necessarily inherited by 5#. For example, this is so with the behavior of the superposition
operator in the Lebesgue spaces: smoothness and even analyticity of its generator in no way imply
smoothness of the original superposition operator (these and other phenomena are presented in [4]).

Although the action of the superposition operator in most classical function spaces is described
completely, little is known about this operator in the spaces BV of functions of bounded variation even in
the case of a single real variable on an interval I = [a,b] C R for N = M =R [4, §6.5; 7]. In this case the
important class has been more thoroughly studied of the superposition operators satisfying the Lipschitz
condition both univalent [8] and set-valued [9] (in the latter case M is a family of compact convex subsets
of a normed space). In the case of a single variable, the Lipschitzian superposition operators in the classes
of functions and mappings of bounded generalized variation and the classes of Lipschitz functions and
mappings were characterized in [10-23]. For the real functions of bounded variation of two variables
(in the Vitali-Hardy—Krause sense), the Lipschitzian superposition operators were described completely
in [24, 25].

The first result on the characterization of the Lipschitzian superposition operators belongs to Mat-
kowski [10]. Suppose that I = [a,b], M = N = R, and B(I) C R’ is some Banach function space with
norm || - ||. We are interested in the conditions on the generator h : I x R — R under which the
corresponding superposition operator ¢ : B(I) — B(I) is Lipschitzian; i.e., there is a constant L > 0
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such that || g1 — #g2|| < L||g1 — g2|| for all g1, g2 € B(I). Recall that (for L < 1) this operator .7 is
closely connected with a solution g € B(I) to the functional equation .#°g = g by the Banach Contraction
Mapping Theorem. In [10] it was demonstrated that if B(I) = Lip([) is the space of Lipschitz functions
on [ with the usual Lipschitz norm then J# satisfies the Lipschitz condition if and only if h(xz,u) =
f(@)u+ ho(z) for all z € I and u € R, where f and hgy are some functions in Lip(I). Note that such
a representation for h does not hold in the space B(I) = C(I) of continuous functions on I with the
usual sup-norm and in the Lebesgue space B(I) = LP(I) of p-summable with p > 1 functions on I with
the standard norm (for example, h(z,u) = cosu, z € I, u € R).

This result by Matkowski can be interpreted twofold. On the one hand, it demonstrates that the
set of Lipschitzian operators on Lip([/) is rather poor (the generators h of these operators are linear in
the second variable by necessity). On the other hand, the functional equation .#’g = g cannot be solved
in Lip(/) by Banach’s Theorem if the generator A depends nonlinearly on the second argument u € R
(and we should apply a more powerful fixed theorem, for example, Schauder’s Theorem, etc.; see [26]).
Practically the same situation holds for the space B(I) = BV(I) of functions on I of bounded Jordan
variation (see [8] and Remark 6 at the end of §3).

The goal of the present article is an exhausting description for the abstract Lipschitzian Nemytskii
superposition operators in the spaces of mappings of bounded variation of several real variables with
values in metric semigroups and abstract convex cones and also, as a consequence, a description for the
generators of set-valued superposition operators (in this or another context, the mappings of bounded
variation with values in metric spaces were studied in [9;14;23; 27, Chapter 4;28] (the case of a single
variable) and in [22,29-31] (the case of several variables). In this article we only consider the mappings of
bounded variation of two variables as introduced in [22, 31], since here the principal distinction from the
one-dimensional case is most transparent. Moreover, our results extend these of [24,25] and [32, §8.3];
in a short form they were published in [33] and reported in [34]. A much more bulky general case of
mappings of bounded variation of arbitrarily many variables and superposition operators on them will
be published elsewhere.

The present article consists of five sections and splits into two parts. The first comprises §1-§ 3.
In §2 we introduce and study the space of mappings of bounded variation of the Vitali-Hardy—Krause
type with values in a metric semigroup (abstract convex cone) and show that this space itself is a metric
semigroup (abstract convex cone). In §3 we establish a necessary condition for the Lipschitz continuity of
the superposition operator (Theorem 1) which is a two-dimensional analog of a condition in [8]; moreover,
our results are new even for the superposition operators on the mappings of bounded variation of a single
variable (see Remark 6 at the end of the first part). The second part includes §4 and §5. In §4 we
present a sufficient condition (Theorems 2 and 3) that generalizes the Banach algebra type condition
of [25]. In the final §5 we propose another description for the space of mappings of bounded variation
of two variables and study the iterated Nemytskii superposition operator on the mappings of bounded
iterated variation (Theorem 4).

Observe that, in general, our results are not valid in the broader BV space of [30], since this space
does not possess the Banach algebra type property (cf. Theorem 2 of part II). Consideration of our
space of mappings of bounded variation is natural for the reason that it is essentially connected with the
integral representation of continuous linear functionals on the space of continuous functions on a rectan-
gle [35, Chapter 2].

The author is sincerely grateful to A. A. Tolstonogov (Irkutsk, Russia) for an inspiring discussion of
the results of the article and pointing out the reference [37] and to W. Smajdor (Katowice, Poland) for
fruitful exchange of opinions during the author’s visit to Katowice in April, 2000.

§ 2. Semigroups and Cones of Mappings

DEFINITION 1. A metric semigroup [22] is a triple (M, d, +), where (M, d) is a metric space with met-
ric d, while (M, +) is an additive commutative semigroup with addition operation +, and d is translation-
invariant: d(u + w,v + w) = d(u,v) for all u,v,w € M. A metric semigroup (M,d,+) is complete if
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(M,d) is a complete metric space. If M contains the zero element 0 € M (so that u+ 0 =0+ u = u for
all u € M) then we put |ulq = d(u,0) for u € M.
For arbitrary elements u,v,w,v € M of a metric semigroup (M, d,+) we have

d(u,v) < d(u+u,v+v)+d(u,v), (1)
d(u+u,v +0) < d(u,v)+ d(u,v). (2)

It follows from (2) that if some sequences {ur} = {ug}tren, {vr}, {tx}, and {v;} of elements of M
converge to elements u, v, , and v of M as k — oo then

Jim d(ug + g, v+ 0) = d(u+ 2,0+ 0); (3)
—00

in particular, the addition operation (u,v) +— u + v is a continuous mapping from M x M to M.

DEFINITION 2. The quadruple (M,d,+,-) is an abstract convex cone if (M,d,+) is a metric semi-
group with zero 0 € M and the operation - : R™ x M — M of multiplication of elements of M by non-
negative numbers defined by the rule (A, u) — Au possesses the following properties for all u,v € M and
Ap€RY AMu+v) =Mu+ v, (A+ p)u = du+ pu, AMuu) = (Apw)u, 1-u = u, and d(Au, o) = Md(u,v).
If (M,d) is complete then this cone is called complete and, as in Definition 1, given u € M, we put
lulg = d(u,0).

Observe that the following equality holds in an abstract convex cone (M, d,+,-):

d(u + pv, Ao + pu) = X — pld(u,v), A\ p€RT, u,ve M. (4)

Consequently, d(Au, pv) < Ad(u,v) 4+ |A — p] - |v|g and so the operation of multiplication by nonnegative
numbers in M is continuous.

The simplest example of a metric semigroup and an abstract convex cone is an arbitrary normed
vector space (Y,| - |) with the induced metric d(u,v) = |u — v|, u,v € Y, and the operations + and -
from Y. If K C Y is a convex cone (i.e., u + v, \u € K for all u,v € K and A > 0) then (K,d,+,-) is
an abstract convex cone complete whenever Y is a Banach space and K is closed in Y.

Let (Y,|-|) be a real normed vector space. Denote by cbc(Y) the family of all nonempty closed
bounded convex subsets of Y with the Hausdorff metric D generated by the norm in Y:

D(P,Q) = max{sup inf [p —q|,sup inf [p—q|}, P,Q € cbe(Y).
peP 4€Q qeQ PEP

For P,Q € cbe(Y), weput P+ Q = {p+q|p € Pqge Q} \P ={\p|pe P}, X\ € R, and
P+ Q = cl(P + Q), where cl stands for the closure in Y. Then the following equalities [36,37] hold

in che(Y): P4 Q=cl(clP+clQ), \P+Q) = AP+ AQ, (A+u)P = AP+ uP, \(uP) = (\u) P, and
D(AP,\Q) = AD(P,Q) for all A\, u € R*. Moreover, since (see [38, Lemma 3; 39, Lemma 2.2])

D(PYR,QYR) =D(P+R,Q+R)=D(P,Q), P,Q,R¢cbe(Y),

(cbe(Y), D, —T—, -) is an abstract convex cone; and this cone is complete if Y is a Banach space (which
follows from the properties of the metric D; for example, see [40, Theorems II-9 and I1-14]). Note that,

by the above, the following two set-valued mappings are continuous: the :——addition operation in cbe(Y)
and multiplication by numbers of R*. Other relevant examples of metric semigroups and abstract convex
cones will appear below.

Suppose that (M, d) is a metric space and [a,b] C R is a closed interval. Recall that the (Jordan)
variation of a mapping ¢ : [a,b] — M is the quantity

V() = up > d(p(ti), (tio1))
=1
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(for example, see [27, Chapter 4, §9;28]), where the supremum is taken over all partitions & = {¢;}1",
of the interval [a,b] (i.e., m € Nand a = tg < t1 < -+ < typ—1 < t, = b). If this quantity is finite
then we say that ¢ is a mapping of bounded variation on [a,b] and write ¢ € BVi([a,b]; M). In the case
when (M, d,+) is a (complete) metric semigroup (abstract convex cone), we can introduce (see [9, 20, 23])
the structure of a (complete) metric semigroup (abstract convex cone) on BVy([a, b]; M), by defining the
addition (and multiplication by nonnegative numbers) pointwise and the translation-invariant metric dy
by the rule

di(p, 1) = d(p(a), () + Wi(p,¥), @, € BVi([a,b]; M),
where the semimetric WP (g, ) called the joint variation of ¢ and 1 is

W (p,¢) = Sgpzd i) +U(tiz1), ¥ () + @(ti-1)). (5)

=1

Correctness of the above construction follows from the properties of W(p, 1) (cf. [32, Lemmas 2.14
and 2.15]).

Lemma 1. Let ¢,v € BVy([a,b]; M). Then

(a) [d(e(t),1(t)) — d(e(s),1(s))| < ( (t) +1(5), (1) + 9(5)) < Welp, ), t,s € [a,b];

(b) d(p(t),¥(t)) < di(p, %) for all t € [a, b];

(¢) [V2(p) Vb(lﬁ)\ < Wb(@ 1/1) < Vi) + VR (@);

(d) Wt(@ V) + W, 0) = Wop, ) ift € [a,b];

(e) if sequences {py} and {¢k} in BVy([a,b]; M) converge pointwise on [a,b] to mappings ¢ and v

W(f(gpv ¢) < h’gn inf W(E(Qﬁk, ?l}k:)

We turn to considering the mappings of bounded total variation of two real variables.

We write the coordinate representations of points x, y € R? in the form x = (21, 22) and y = (y1,y2)
and assume that z < y or z < y (in R?) if these inequalities hold coordinatewise. Suppose that a =
(a1,a2) < b = (b,by) in R? and I} = 12};222 = [a1,b1] x [ag,be] is a basic rectangle on the plane (the
domain of most mappings). Given a mapping f : I” — M and points x1 € [a1,b;] and 2 € [ag, by], define
the two mappings f(-,x2) : [a1,b1] — M and f(z1,-) : [ag,b2] — M of a single variable by the rules:
f( x2)(t) = f(t,x2) for t € [a1,b1] and f(z1,)(s) = f(z1,s) for s € [az, ba].

Suppose that (M, d,+) is a metric semigroup and Ig is a basic rectangle.

DEFINITION 3. The (Vitali) mized difference of a mapping f : I — M on a rectangle I = [z1,91] X
[x2,92] C I, where z,y € I?, x <y, is defined by [22,31]

md(f, I¥) = md(f, I'%2) = d(f(x1,x2) + f(y1,92), f(x1,42) + f(y1, 22)).

We say that a pair (£,7) is a (net) partition of IY if there exist m,n € N such that & = {t;}!", is
a partition of [a1,b1] (see above) and 7 = {s;}}]_ is a partition of [ag, bz]. Then the mixed difference
md(f, I;;) on the rectangles

Il] = I“ [tifl,ti] X [ijl,sj'], = 1,... ,m, j = 1,.‘. , T, (6)

—1,85—-1

which constitute this partition is calculated by the formula
t'L7
md (f, I, Sf,sj ) =d(f(tic1, sj—1) + f(ti, 55), f(tim1, 55) + f(ti, s5-1)).

DEFINITION 4. The double variation of a mapping f : IS — M is defined by the rule (Vitali [41]
for M =R)
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where the supremum is taken over all partitions (&,7) of the rectangle I? of the above form. The total
variation (in the modification of Hardy and Krause, see [42] if M = R) of a mapping f is the quantity

TVa(f,13) = Vi (f(a2)) + Va2 (f(ar, ) + Va(f. 43), (7)
and the class of all mappings of finite total variation is called the space of mappings of bounded variation
(in the Vitali-Hardy—Krause sense) and denoted by BV (I b M )

Observe that the notion of total variation (7) was effectively applied to proving the Helly selection
principle in BV, (I}l’; M) in [43, §II1.6.5; 44, Theorem 3.2] (for n = 2 and M = R), [45, Theorem 4] (for
n € Nand M = R), and [31, Theorem 2] (for n = 2 and a metric semigroup M).

The main properties of the double variation V(- ) are as follows: Additivity in the second argument;
i.e., for every above-indicated partition (£,7) of the rectangle I? generating subrectangles {I;; }anil, we
have

Va(£,10) = 32 3 Valfo L); (8)

i=1 j=1

and (sequential) lower semicontinuity in the first argument; i.e., if a sequence of mappings f : 1, 3 — M
converges pointwise on I? in the metric d to a mapping f : I — M then the following inequality is valid:

Va(f,1g) < liminf Vo (fi, 17). (9)

Using additivity in the second argument and lower semicontinuity in the first argument of the Jordan vari-
ation V?(-,-) (for example, see [28, §2]), we find that (9) remains valid if we replace Va(-, ) with TVy(-, ).

If f € BVo(I%; M) then f(-,5) € BVi(lai,b1]; M) for all s € [ag,bo] and, similarly, f(t,-) €
BVi([ag,bs]; M) for all ¢ € [a1, b1]; moreover, the following inequalities hold [25, 31]:

Vazyll (f(v S)) < Vazyll (f('aa2)) + ‘/2(f> 1—31322), T, € [alabl]a x1 < Y1, (10)

VE(f(t,) SVE(f(ay, )+ Va(f, I02,), @2,y € lag, ba], x2 < yo. (11)
Given f € BVy (IS;M), the function v¢(z) = TVd(f, Iff), r € I, is called the function of total
variation of f on I? and possesses the following properties [25,31]:
AF (). @) < TVa(£22) < vylo) = vs(@). vy eIl a<y (12)
Va(vy Ig) = Va(fIy) and TV vy, 13) = TVa(f, 12);
the function vy : I — R is completely monotone; (13)

i.e., vf(-,az) is nondecreasing on the interval [a1, b1], vf(a1, -) is nondecreasing on [ag, bo], and v¢(z1, z2)+

vi(yL y2) — vp(21,42) — vp(y1, 22) > 0 for all points z,y € I, = < y.
In the case when (M,d,+) is a metric semigroup (abstract convex cone) the structure of a metric
semigroup (abstract convex cone) on BVy(I2; M) is defined as follows [32, §8.3]:

DEFINITION 5. Let f,g € BV (Ig;M). The addition operation + (multiplication by a nonnegative
number A) in BV, (I5; M) is introduced pointwise: (f + g)(z) = f(z) + g(z) (Mf)(z) = Af(z)), = € I,
and the translation-invariant metric ds on BV (Ig; M) is defined by the rule

da(f.g) = d(f(a),g(a)) + TWq(f,9.10),

where the joint total variation of f and g is

TWd(fygaIg) - ngl (f('7a2)7g('7a2)) + WCIZQQ(f<a17 ')7g(a17 )) + WQ(fvg7Ig)'
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Here the first summand on the right-hand side is the quantity (5) calculated in the metric d for the
mappings t — f(t,a2) and t — g(t¢,a2) on the interval [aj,b;], the second summand has a similar
meaning, and the joint double variation Wo ( fr9.1, ) of the mappings f and g is defined in the notations

of (6) by the rule
WQ(f797 SupzzmdQ f7g7 z]
&m) =1 j=1

where the supremum is taken over all partitions { = {t;}]" and n = {s;}]_, of the respective inter-
vals [a1,b1] and [ag,bs] (m,n € N) and the joint mized difference mds(f,g,I¥) on the subrectangle
I¥ = w1, 1] x [x2,30) C I is
mdy (f, g, I41%2) = d(f (w1, 22) + f(y1,92) + 9(x1,92) + g(y1, 2),
g(@1,2) + g(y1,y2) + [ (@1, 92) + f(y1, 22)).

Correctness of the definition of operations in BV, (I b M ) is verified immediately by using (2):

TVa(f +9,10) <TVa(f, ID) + TVa(g. 1) (TVa(Mf 1) = ATV,u(£,12)).
The further verification of correctness of Definition 5 relies upon the main properties of the semimetric

TWd( ) a) as given in the following

Lemma 2. If (M,d,+) is a metric semigroup and f,g € BVy (Ig; M) then

() 1d(F (), 9(0) — d(F (@), g(2))| < TWa(f, g, I¥) for all 2,y € I, = < y;

b) |TVa(f, 1) — TVa(g, 1) | < TWa(f,9,15) < TVy(f, I5) + TVa(g, 15);

(c) if {fr},{gx} C BV2(IY; M) and d(fi(x), f(z)) — 0, d(gi(x),g(x)) — 0 as k — oo for all z € I}
then TWy(f, g,1%) < liminfj_.oo TWy(fr, gk, I2).

PRrOOF. (a) Applying (1) thrice, using the invariance of d under translations, and given z,y € I?,
x <y, we find that

[d(f(y1,92), 9(y1,y2)) — d(f (21, 22), 921, 22))|
< d(f(y1,y2) + g(z1,22), 9(y1, y2) + [ (21, 22))
< d(f(y1,y2) + g(z1,22) + f(y1,22) + g(y1, ¥2), 9(y1, y2) + f(21,22) + f(y1,92)
+9(y1,72)) + d(f(y1, 22) + 9(y1,92), f(y1,92) + 9(y1, 72))
< d(f(y1,22) + g(z1,22), 9(y1, 22) + f(21,22))
+d(f(z1,92) + g1, 22), g (21, y2) + f(21,22)) + d(g(z1, 22) + g(y1,y2) + f(z1,92) + f(y1,22),
f(@1,22) + f(y1,92) + g(w1,92) + g(y1, 72))
SWE(f(5x2), g(, w2)) + WE(f(21,-), 9(1,-) + Wa(f, 9, 1Y) = TWa(f, 9, 1Y)
(b) Note first that

Va (£, 1) = Va(g. 10)| < Wa(f,9.17) < Va(f. 17) + Va(g, 1) (19)
Indeed, for every subrectangle I C I? we have
md(f, I¥) < md(g, I¥) + mda(f, g, I}), (15)

since, by (1),

md(f, 1Y) = d(f(z1,z2) + f(y1,y2), f(21,92) + f(y1,22))
< d(g(z1,22) + g(y1,92), 9(x1,y2) + 9(y1,2))
+d(f(z1,72) + f(y1,v2) + g9(21,92) + 9(y1, v2),
9(@1,22) + g(y1,y2) + f(x1,42) + f(y1,22)) = md(g, I¥) + mda(f, g, I¥)
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and, similarly, by (2),
mda (f,g,1¥) < md(f, I¥) + md(g, I}). (16)

From (15) and (16) we derive (14). From (7), Lemma 1(c), and (14) we obtain

|TVa(f, 1) — TVa(g, 1)| < [VEH(F (- a2)) — V2 (g(+, a2))|
Va2 (flar,-) = Vi (g(ar, )| + [Va(f, 17) = Va(g, 1) |
<WE(f(a2),9(, a2)) + WE(f(a1,-), glax, ) + Wa(f, g, I}) = TWq(f, 9, I2)
SVI(f(a2) + VI (g( a2)) + V2 (f a1, ) + Vi (g(ar, ) + Va(f, 18) + Va(g, 13)
=TVy(f,10) + TVy(g. I2).

(c) Suppose that § = {t;}]" and n = {s;}_, are partitions of [a1, b1] and [az, bo] and I;; are generated
rectangles (6). It follows from the definition of Wy that

0 mda(frr gk, Iig) < Wa(fro gk, I0), k€N,

i=1 j=1

Passing to the limit inferior as £k — oo and using the pointwise convergence of fi to f and gi to g together
with (3), we find that

> > _mdy(f.g.Lij) < liminf Wa(fi. g, ),
i=1 j=1

whence Wa(f,g,10) < liminfj_ o W (fk,gk,lg). Recalling Lemma 1(e), we obtain (c): we should use
the inequality
liminf(ag 4+ Bx) > liminf o + lim inf G

for all real sequences {ay } and {8k} where the right-hand side is not of the form Foo or +oo. (Moreover,
observe that Wa(-,-) possesses the additivity property of the form (8).) O

Lemma 3. If (M, d, +) is a (complete) metric semigroup (abstract convex cone) then so is (BVa(I%;
M) ,ds, +) .

Proor. Let f,g € BVy (Ig; M) It is clear that if f = g then da(f,g) = 0 and if da(f,g) = O then,
by Lemma 2(a),

d(f(x),9(x)) = d(f(a),9(a)) =0, z €Iy, x#a;
i.e., f = g. The symmetry of da, the triangle inequality for dz2, and the invariance of do under translations
follow from the corresponding properties of d.
Let us establish completeness. Suppose that {fx} C BVa (Ig; M) is a Cauchy sequence; i.e., da(fk, f;)
— 0 as k,j — oo. Then from Lemma 2(a) we find that {fi(x)} is a Cauchy sequence in M for all x € I?;
therefore, there is a mapping f : I? — M such that d(fx(z), f(z)) — 0 as k — oo for all 2 € I?. By
Lemma 2(c),

TWa(fr, f,10) < liminf TWy(fr, f;,I5) < lim do(fy, f;), k€N
j—00 j—00
Since { f} is a Cauchy sequence in BV, (12; M), we have

limsup TWy(fi, £, 1) < lim lim da(fx, f;) = 0;
k—o0 j—00

k—o0

whence da(fx, f) — 0 as k — oo. It remains to note that f € BV, (Ig; M): by Lemma 2(b), {TVd (fk, Ig)}
is a Cauchy sequence in R; therefore, it is bounded and convergent and, by (9), for T'Vy(+,-) we find that

TVy(f. I2) < Jim TVi(fe, 1)) <oc0. O
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Let (N, p) be a metric space and let (M,d,+) be a metric semigroup (abstract convex cone). As
usual, an operator T': N — M is called Lipschitzian if its (least) Lipschitz constant is finite:

L(T) = sup{d(Tu,Tv)/p(u,v) | u,v € N, u # v},

and the set of all these operators is denoted by Lip(N;M). This set is closed with respect to the
pointwise addition (multiplication by A € R™), since L(T' + S) < L(T) + L(S) (L(AT) = AL(T)) for
T,S € Lip(N; M) by (2). Given a fixed ug € N, the translation-invariant metric dy, on Lip(N; M) is
defined by the rule (for example, see [16])

dL(Ta S) = d(Tu07SUO) + d@(Tv S)v T,S € Llp(Na M)7 (17)

where
de(T, S) = sup{d(Tu + Sv, Su+ Tv)/p(u,v) | u,v € N, u # v}.

In the following lemma we give the properties of the translation-invariant semimetric dp :

Lemma 4. The following hold for T, S € Lip(N; M):

(a) |[d(Tu, Su) — d(Tv, Sv)| < d(Tu+ Sv,Su+ Tv) < do(T, S)p(u,v) for u,v € N;

(b) [L(T) = L(S)| < (T, S) < L(T) + L(S);

(c) if {Tk, Sk} C Lip(N; M) and d(Tpu,Tu) — 0, d(Sku,Su) — 0 as k — oo for all u € N then
dg(T, S) S lim infkﬂoo dg(Tk, Sk)

Thus, (Lip(N; M),dr,+) is a metric semigroup (abstract convex cone) which is complete if (X, d, +)
is complete.

Let (N,p,+) and (M,d,+) be two metric semigroups. An operator 7' : N — M is called additive
if it satisfies the Cauchy equation: T'(u + v) = Tu + Tv for all u,v € N. Denote by L(NN; M) the set
of all Lipschitzian additive operators from N to M. If, in addition, N and M contain zeros (denoted
by the same symbol 0) and 7" € L(N; M) then T(0) = 0, for T(0) = T(0 + 0) = T(0) + T'(0) and
d(0,7(0)) =d(T(0),7(0) +T(0)) = 0. In this case dj, = dy (see (17) for ugp = 0) is a metric on L(N; M)
and the equality L(T) = dr(T,0) = |T'|4, is valid.

If (N,p,+,-) and (M,d,+,-) are two abstract convex cones then every additive continuous operator
T : N — M also possesses the property T'(Au) = ATu for all A € Rt and v € N. Indeed, let {\;}
be a sequence of positive rational numbers converging to A as k — oo. Additivity of 7' implies that
T (Ayu) = A\gTu and continuity of 7 implies that d(T'(Au), T(Agu)) — 0 as k — co. By (4),

d(T(A\gu), \Tu) = d(A\Tu, \Tu) = |\ — A|d(T'u, 0)
and therefore

A(T (M), \Tu) < d(T(Mu), T(Aguw)) + d(T(Agu), \Tu) — 0 as k — oo.

§ 3. Lipschitzian Superposition Operators. A Necessary Condition

The central result of this section is Theorem 1 which gives a necessary condition for Lipschitz con-
tinuity of a superposition operator J# between abstract convex cones BVs (I 3 i M ) To state it, we need
the notion of left-left regularization of a mapping in BV, (I b M ) and two auxiliary lemmas (Lemmas 5
and 6).

If (M,d,+) is a complete metric semigroup then we define the left-left reqularization f~ : IS — M
of a mapping f € BV (I2; M) by the rule [25]

lim fy1,y2) ifar <zy < b and ag < x2 < by,
(y1,y2)—(z1—0,z2—0)
lim f(y17y2) if a1 < Iy S bl and X9 = a9,
(21, 20) = (y1,y2)—(z1—0,a2+0)
, lim fy1,92) if 21 = a1 and az < w9 < by,
(y1,y2)—(a140,z2—0)
lim f(y1,y2) if 1 = ay and 9 = as.

(y1,y2)—(a1+0,a2+0)
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We should note that the condition (y1,y2) — (z1 — 0,22 — 0) (shortly, y — = — 0) is understood in the
sense (y1,y2) € Ig, Y1 < 21, Y2 < T2, and (y1,%2) — (21, 72) in R?; the other three limits are understood
similarly, and the limits themselves are calculated in the metric space M. Existence of all these limits
will be proven below in Lemma 5.

A mapping f : I? — M is called left-left continuous if

lim fly1,y2) = f(z1,22) for all x1 € (a1,b1] and x9 € (ag, bo).
(y1,y2)—(21—0,22—-0)

Denote by BV (Ig;M ) the subspace of BV (IS;M ) constituted by left-left continuous mappings on
(al, bl] X (CLQ, bg].
Lemma 5. If(M,d,+) is a complete metric semigroup and f € BVy (Ig; M) then f~ € BV, (Ig; M);

moreover,

Va(f7,10) < Va(f. 1) and  TVy(f~,15) < 3TVi(f,ID).

PRrROOF. 1. Let us show that the mapping f~ is defined correctly. Using (13), from [43, § II1.5.3] we
obtain existence of the left-left regularization v I — R of v¢. Let us prove the existence of the limit
f~(x) € M, for example, at a point x = (z1,x2), where x; € (a;,b;], i = 1,2 (the other three possibilities
are considered similarly). Take y',y"” € I? such that 3/ < z and v < x. If ¥ < y” or ¥/ < %/ then,
by (12),

d(f (), f") < lvr (W) —vr (@) = vy (@) —v; (@) =0 asy,y" — a.

If y{ <y} and y) < y4 then, using again (12), we obtain

d(f (), f(") < d(f (W1 wa), £, 92)) + d(f (w1, 92), f (T )
< vp(Whv2) — vrWi,va) + ve(yr, v2) — vy v2)
—vi(@) vy (@) +v(z) —vy(z) =0 as v,y — .

Similarly, we examine the case when v} < y{ and y§ < y5. Thus, d(f(v'), f(v")) — 0 as ¥/,y" — =z, and
we are left with applying Cauchy’s criterion for existence of the limit of f(y) as y — = — 0 in a complete
space M.

2. Let us show that f~ is left continuous at all points = € IY, a < 2 < b. By [43, §1I1.5.4], all
discontinuity points of a completely monotone function vy lie on at most countably many lines parallel
to the coordinate axes. Then (12) implies that this property is enjoyed by the discontinuity points of f.

Therefore, there is a sequence {y;} C I? of continuity points of f such that 3, < z for all £ € N and
yr — x in R? as k — oo. Hence,

lim f7(y) = lim f~(yr) = lim f(ye) = lim f(y)=f"(z) in M.
y—z—0 k—o0 k—oo y—x—0

3. Let us prove that f~ lies in BVg(IS;M). Suppose that a1 =ty < t1 < -+ < tjp—1 <ty = b1,
ag = 89 < 81 < -+ < Sp1 < S, = by, and € > 0 is given. By the definition of f~, there exist points
i€ (timyti), i=1,...,m, s; € (sj-1,85), j = 1,...,m, t € (a1,1]), and s; € (az, s7) such that

d(ff(ti,sj),f(té,s;-)) <e/(dmn), i=0,1,...,m, j=0,1,...,n.

Then, applying the triangle inequality and (2) together with (6), we obtain

md(f7, Lij) = d(f~ (tim1s sj—1) + [~ (i, s5), [~ (tio1,85) + [~ (i s5-1))
<d(f(t;y, 5371) + f(t;, 3;‘)7 f(tiq, 33) + f(t;, 3971))
+d(f (tim1,s5-1), f(ti-1,85-1)) +d(f ™ (ti, 55), f(t, 55))
+d(f (i1, 55), f(tioq, 85)) + d(f ™~ (ti;85-1), f(t, 85-1)) < md(f, ;) + ¢/ (mn),
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where I, = [t;_;,t;] x [sj_q,8%], i = 1,...,m, j = 1,...,n. Summing over these i and j, taking the
supremum over all partitions of I?, and using the arbitrariness of ¢ > 0, we find that V5 ( f*,Ifl’) <

VQ(fa Ig)
To show that V21 (f(-,a2)) < oo, take ay = tg < t1 < +++ < tp_1 < t, = by and € > 0. By the
definition of f~, we find ¢, € (t;—1,t:), ¢ = 1,...,m, t{, € (a1,t}), and sy € (az, b2) such that

d(f~(ti,az2), f(t;,s0)) <e/(2m), i=0,1,...,m.

From the triangle inequality for ¢ = 1,...,m we obtain

d(fi(tia a?)v fi(ti—la a?)) < d(f(t/w 80)’ f(téflv SO)) + d(fi(ti)(m)a f(t/i7 80))
+d(f_ (ti*ba?)a f(t;'—lv 80)) < d(f(t;, 50)> f(t;—la 50)) + (e/m)

Summing over i and applying (10), we find that

m

Zd(f_<ti7a2)a F(tic1,a2)) S VI(f(s0)) +& < VE(f(a)) + Va(f, I0050) + e,

i=1
whence V21 (f~(-,a2)) < V2(f(-,a2)) + Va(f,12). Using (11), we similarly obtain the following estimate:
Vaz (f~(a1,) < Vg (f(ar,) + Va(f 1g) - O

Some particular cases of the following lemma for operators T with compact convex values were also
established in [46, Theorem 2; 47, Theorem 5.6]:

Lemma 6 [17, Theorem 1 and Corollary 2]. Suppose that (N,+) is a commutative semigroup with
zero and division by 2 and (M,d,+,-) is a complete abstract convex cone. Then a mapping T : N — M
satisfies the Jensen functional equation

2T<u—;—v> =Tu+Tv in M for all u,v € N

if and only if there exist a unique additive mapping A : N — M and a constant hy € M such that
Tu= Au+ hg for all u € N.

The main result of the present section is the following

Theorem 1. Suppose that (N, p,+,-) and (M,d,+,-) are two abstract convex cones such that M
is complete and a mapping h : I? x N — M is the generator of a superposition operator 5 for I = I?.
If # € Lip(BV2(1}; N); BV (1Y M)) then h(z,-) € Lip(N;M) for all z € IS and there exist two
mappings f : IS — L(N; M) and ho : 10 — M such that f(-)u, hg € BV, (I5; M) for all w € N and the
representation h™(x,u) = f(x)u + ho(z) holds for all z € I’ and u € N, where f(-)u acts by the rule
x +— f(x)u and h™(-,u) is the left-left regularization of the mapping h(-,u) for each fixed u € N.

PRrROOF. The Lipschitz continuity of # and Definition 5 of the metrics ps and ds on BVy (Ig; N )
and BV, (IS; M) yield the inequality do(# g1, 7 g2) < L()p2(g1, g2) for all g1, g2 € BVy (Ig; N) whose
expanded form is

d((Ag1)(a), (Hg2)(a)) + W (A 91) (-, a2), (# g2) (-, a2))
+W2 (A1) (ar,-), (Hg2)(ar,-) + Wa(H g1, #ga, 1)
< L(A) (p(91(a), g2(a)) + W2t (91(-, az), ga(-, a2))
+W(g1(a1,-), g2(as, ) + Walgr, g2, 13)). (18)
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1. Show first that h(xz,-) € Lip(N; M) for all x € I”. (Observe that the arguments of this step can
be applied for every metric semigroup M.) For a point x = (z1,x2) € [, g we observe the following four
possible cases:

(i) a1 <x1 <byand ay < 19 < bg;

(ii) a1 < 21 < by and z9 = ay;

(iii) 1 = a1 and ag < 19 < bQ;

(iv) 1 = a1 and z9 = as.

Define the functions ¢, 3 € Lip(R; [0, 1]), where o, 3 € R and o < (3, by the rules

0 ift<a,
Capt) = (t—a)/(f—a) ifa<t<p, (19)
1 if t > 3.

Let uy, ue € N be arbitrary.
CASE (i). Define two mappings g1, g2 € BVs (Ig; N) by the rules

1
gk(ylny) = 5((&1@1 (yl) + Ca2,z2 (yQ))ukv Yk € [ak7b/€]v k=1,2,

and note that gx(a) =0, k =1,2. By (4),
1
ngl (gl('a a2)v92('7 a2)) = §Vaf711 (Cal,ftl)p(ulvu?) = p(ulvUQ)/2

and similarly W(fg (g1(a1,+), g2(a1,-)) = p(uy,usz)/2; moreover, Wy (gl,gg,lg) = 0; therefore, pa(g1,92) =
p(u1,usz) on the right-hand side of (18). Recalling that

(*%pgkxah a2) = h(aha%gk(ala a2)) = h(a17a270)’ k=1,2,

and using (1) and the invariance of d under translations, from (18) we find that

d(h(z,u1), h(z,u2)) = d((H g1) (21, 22), (H 92) (21, 22))
d((H 1) (w1, a2) + (K g2) (a1, a2), (H g2) (21, a2) + (Hg1)(a1, a2))
+d((Hg1)(ar, x2) + (Hg2) (a1, az), (H'g2)(ar, x2) + (Hg1)(a1, az))
+d((Hg1)(a1,a2) + (A g1)(x1, x2) + (Hg2) (a1, x2) + (Hg2) (21, az),
(A g2)(a1, a2) + (K g2)(x1,22) + (Hg1) (a1, 22) + (Hg1) (1, a2))
SWR((A9) (- az), (Hg2) (- a2)) + WE(H g1)(ar, ), (Hg2)(ar,-))
A Wo (A g, H g2, 1D) = da( A g1, A0 g2) < L(H)pa(91, g2) = L(H)p(u1, uz)

IN

and thereby arrive at the claim in this case.

CAsEs (ii) and (iii). In Case (ii) we put gx(y1,y2) = Cahxl(yl)uk for all yy € [ag, b, K = 1,2. Then
gk(a) =0,k = 1,2, W2l (g1 (-, a2), 92(- a2)) = plur, uz), Wi2(g1(as,-), g2(a1,-)) = 0, and Wa(g1, 92, 1) =0;
therefore, pa2(g1, gg) = p(ul, ug). Since gg(x1,a2) = ug, k = 1,2, from (18) we find that

d(h(x1,a2,u1), h(z1,a2,u2)) = d((Fq)(x1,a2), (Hg2)(z1,a2))
= d((Hg1)(x1,02) + (A g2)(ar, a2), (A g2) (1, a2) + (H g1)(ar, az))
< Wl (1) a2), (H g2) (-, a2)) = do(H g1, # g2) < L(H)p(ur, uz).
In Case (iii) we put gx(y1,vy2) = Cao,20 (Y2)uy for all yi € [ag, by], k = 1,2, and argue similarly.
CASE (iv). Putting

1
=(2 = Cay.by (W1) = Cagibo (W2))uk, Yk € [ag,bi], k=1,2,

ak(y1,y2) = 5
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we obtain gx(a) = ug, k= 1,2,

Wi (g1(-,a2), g2(- a2)) = W (g1 (a1, ), g2(a1,-)) = p(us, us)/2,

and Wg(gl,gg,lab) = 0; therefore, pa(g1,92) = 2p(u1,us). Recalling that (Fgx)(b1,b2) = h(b1,be,0),
k=1,2, from (18) we find that

d(h(a1, az,u1), h(a1, az, u2)) = d((Hg1)(a1, a2), (€ g2) (a1, az))
< d((Hg1) (b1, a2) + (Hg2) (a1, az), (#g2) (b1, a2) + (#g1)(a1, az))
+d((Hg1)(a1,b2) + (H g2) (a1, a2), (H g2)(a1,b2) + (H#g1) (a1, a2))
+d((Hg1)(a1, a2) + (Hg1)(b1,b2) + (Hg2)(a1,b2) + (Hg2) (b1, az),
(A g2)(a1, a2) + (Hg2) (b1, b2) + (# g1) (a1, b2) + (Hg1)(b1, a2))
SWR((A9) (- az), (Hg2) (- a2)) + W2 (A g1)(ax, ), (Hg2)(ar,-))
AWa (g1, H g2, 12) < do(H g1, 7 g2) < 2L(H)plur, uz),

which completes the proof of the first assertion.

2. Now, establish the representation for h~(x,u). We first take x = (1, x3) € I, where 21 € (a1,b1]
and 73 € (ag,b2]. Also,let m €N, a1 <1 <B1 < <2< <ap<fBn<zranda < < f <
Qg < fo < -+ < @ < B < 2. Inequality (18) and Definition 5 imply in particular that

m

> (A 91)(8i, a2) + (H o) (i, az), (H92) (B, az) + (A g1) (e, a2))

=1

+3 d(Hg1) (a1, B) + (Hga)(ar, &), (# g2) (a1, B;) + (Hg1) (a1, @)

=1
+Wo (g1, 92, 15) < L(A)pa(g1, g2).- (20)

Let G : [a1,b1] — [0,1] and (, : [az, b2] — [0,1] be the two Lipschitz continuous functions defined as
follows:

(0 ifap <t <o,
s (t ifo; <t<pBi=1,....m,
Gn(t) = i%ﬁé;)%(t) ifﬁZ;t;cﬂyzH,i:l,...,ml, (21)
1 if B <t < by,
(0 if ao < s < g,
_ Car 3 (8) ifa;, <s<p, i=1,...,m,
Gnls) =19 4 —Chan,(s) HBi<s<amy, i=1...m—1,
1 if B < s < by,

where (, g are defined by (19). Given ui,us € N, y1 € [a1,b1], Y2 € [az,b2], and k = 1,2, we put

1

1(2 - Cm(yl) - Zm(y2))u2 + §uk

k(w1 2) = (Gnly2) + Gl +

Since p(g1(y), 92(y)) = p(u1,uz)/2 for all y € I°, we have pa(g1, g2) = p(u1,uz)/2. The following inequal-
ity holds for all i = 1,...,m:

d(A91)(Bi, Bi) + (Hg2) (v, @), (A g2) (B, Bi) + (A 91) (v, @)
< d((Hq1)(Bi, a2) + (Hg2) (i, az), (F92) (Bi, az) + (Hg1) (i, az))
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+d((Hg1)(ar, B) + (0 g2) (a1, &), (A g2)(ar, B;) + (1) (a1, @)

+d((Ag1) (i, a2) + (A1) (Bi, Bi) + (H g2) (0w, Bi) + (A 92) (55, a2),
(A 92) (i, a2) + (H92)(Bi, Bi) + (A g1) (eu, Bi) + (£ 91)(Bi, az))

+d((Hg1)(ar, ;) + (Hq1) (i, Bi) + (Hg2) (a1, B) + (Hg2) (c, &),

(A g2) (a1, @) + (Hga2) (e, Bi) + (A g1)(ar, Bi) + (A 91)(u, &)

therefore, summing over ¢ = 1,...,m, by (20), we find that
> d(H91) (B, Bi) + (A g2) (i @), (H 92)(Bi, Bi) + (A 1) (i, &)
i=1

< do(Hgr, Hg2) < L(H)p(ur, uz) /2.

Since g1(6i, i) = w1, 92(Bi, Bi) = (w1 + u2)/2, g1(ew, @) = (ur + ug)/2, and ga(ei, @) = uz, we can
rewrite the last inequality as

- Z _ 7 UL+ U2 _ U1t ug
> d | h(Bi, Biyur) + (o, @iy ug), b Bis iy —5— | + b { @iy diy ——
i=1

< L(%)W. (22)
Using the fact that 5 maps BV, (I b N ) to BV, (I b M ) and that the constant mappings of two variables
lie in BVy(I5; N), we find that h(-,u) = #(u) € BV2(I%; M) for all u € N. Then, by Lemma 5, the
left-left regularization h~ (-, u) in the first two variables belongs to BV, (I%; M) for all u € N. Passing to
the limit in (22) as (a1,a1) — (21 — 0,22 — 0) and using completeness of M, the definition of the left-left
regularization h~(-,u) of x — h(x,u), and continuity of 4+ in M, we obtain

d <h_($1,$2,u1) + h™(z1, 09, u2), b~ <{E17(L'27 ! ;‘ “2> e (xl,xQ, Uy —;—m))

< L(%)W.

Hence, letting m — oo, we come to the following equality valid for all uy,us € N:

d <h_(x, wt) + h (2, uz), h™ <x “”2”‘2> Y ho <3: h ;“2» — 0. (23)

Since d is a metric on M and M is a convex cone, we conclude now that

h™(x,u1) + h™ (x,us) = h™ (x, il —;W) +h” (x, “ ;W) =2h~ (:r, “ ;W) .

Thus, the operator h™(z,-) : N — M satisfies the following Jensen functional equation:

2h~ <x i ;“2> = h~(z,u) + h~(z,u2), ur,us € N. (24)
Now, let a1 < 21 < by and 23 = a2. If m € N, a1 <oy < 1 < -+- < ay < B < 21, and

ag < @1 < f1 < -+ < @y < P < be then the above arguments yield estimate (22). Passing to the limit
in this estimate as (a1, Bm) — (21 — 0, az + 0), we obtain (23) and hence (24). Similarly, we consider the
cases in which 1 = a1 and as < 9 < by or 1 = a1 and zo = as.

Consequently, the Jensen equation (24) holds for all = € I°.
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By Lemma 6, for every o € I°, there exist an additive operator f(z)(-) : N — M and a constant
ho(x) € M such that
h™(x,u) = f(z)u+ ho(z), we€ N. (25)

Since f(x)(0) = 0, it follows from (25) that h™~(x,0) = ho(x) for all € I?, however, as observed above,
h(-,0) € BV, (Ig;M); therefore, by Lemma 5, we find that hy = h7(-,0) € BV5 (Ib M) At step 1 we
demonstrated that

d(h($,U1),h(l‘,U2)) < 2L(%)p(ulvu2)¢ T e Iga Ui, U2 € N;

therefore, taking the left-left regularization, we find that this inequality is valid with A~ instead of h.
By (25), we find that

d(f(x)ur, f(z)uz) = d(f

(z)ur + ho(z), f(x)uz + ho(z))
=d(h™ (z,u1),h™ (z,u2)) < 2L(H)p

(ul,ug), ui, us € N,
so that f(z) € L(N; M) and hence f : I> — L(N; M).

We are left with showing that if u € N then f(-)u € BV, (Ig; M) Since the mapping A(-,u) lies in
BV, (Iab; M), by Lemma 5, the mappings hg and A~ (-, u) lie in BV (Ig; M) In the inequalities below we
use (1) and (25) several times. If z,y € I? and = < y then

md(f()u7 I?xJ) = d(f(xla :1:2)” + f(yla 3/2)“; f(x17y2)u + f(yla xZ)u)
< d(h_(l‘l,.'L'Q,’lL) + h_(y1>y27u)7 h_(l‘l, Y2, U) + h_(y17 ZL‘Q,U))
+d(ho(z1,2) + ho(y1,y2), ho(z1,y2) + ho(y1, 22)) = md(h™ (-, u), I¥) + md(ho, I¥),

whence

Vo (f()u, I2) < Va(h™(-,u), I2) + Va(ho, I2).
By analogy, if ¢, s € [a1, b1] then

d(f(tv a’2)u7 f(sv a2)u) < d(h_(tv a27u)7 h_(87 a27u)) + d(ho(t, a2)7 hO(Sa ag)),

whence

‘/;zbll (f(v CLQ)U) < Vabll (h_(') az, u)) + Vabll (hO(') CLQ)),
and a similar estimate holds for V.22(f (a1, -)u). Thus,

TVi(f(u, I) < TVa(h™ (-, u), IL) + TV (ho, IY).

The left-left continuity of f(-)u follows from the fact that, for every point z = (x1,z2), where
ry € (ag, b], k = 1,2, letting I > y — x — 0, we obtain

d(f(y)u, f(x)u) < d(h™ (y,u), h™ (z,u)) + d(ho(y), ho(x)) — 0.

Theorem 1 is proven completely. [
Closing this section and the first part of the article, we make some remarks and complements to the
main result.

REMARK 1. An assertion similar to Theorem 1 is valid for the right-right, right-left, or left-right
regularization of the mapping h(-,u), u € N. However, in the representation h~(x,u) = f(x)u + ho(x),
we cannot replace h~ with h in general: an appropriate example is constructed in [25, Theorem 3].

REMARK 2. Suppose that I = [ay,bi] and Py(Ix; N) C N'* is a family of mappings possessing
the property: for all uj,ueo € N, m € N, and a < a1 < 1 < -+ < ayp < B < bg, the mapping
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I, 3t — Gu(t)us + ug € N belongs to Pg(Ix; N), where k = 1,2 and the function (,, has the form (21).
Put P(I}; N) = P1(I1; N) + Pa(I2; N) and endow this set with the metric ps of BV2(I%; N). Then the
conclusion of Theorem 1 remains valid, if we replace the assumption of Lipschitz continuity of J# with
the condition % € Lip(P(I5; N); BVy(1; M)).

REMARK 3. Suppose that the conditions of Theorem 1 are satisfied. Denote by B(NN; M) the set of
all bounded additive operators from N to M. From the proof of Theorem 1 we see that the following
result is valid: if the superposition operator 7 acts from BVq (IS; N) to BVs (Ig; M) and is (globally)
bounded; i.e., there is a constant C' > 0 such that do(5#g1,.7#g2) < C for all g1,92 € BV, (IS;N) (see
also Remark 2), then h(x,-) € B(N; M) for all z € I” and there is a mapping hg € BV (Ig;M) such
that h~(z,u) = ho(x) for all x € I® and u € N. Indeed, there exist mappings f : I? — B(N; M) and
ho € BV, (18 M) for which h™(z,u) = f(z)u + ho(z), x € 1%, uw € N. Since d(h(z,u1), h(z,us)) < C
for x € I? and u1,us € N, we have d(f(z)u1, f(z)uz) = d(h™(z,u1),h~ (z,u2)) < C. Consequently, for
an arbitrary rational A > 0 and every u € N we have

M(f(z)u,0) = d(Af(x)u, 0) = d(f(x)(Au), f(2)(0)) < C,

so that f(z)u = 0 and hence f(z) = 0 for all x € I°.

REMARK 4. Assume that h : N — M in Theorem 1 (i.e., h is independent of the first argument
x € IY). The following assertion is valid: The superposition operator ./ generated by h maps BV (I b N )
to BV (I5; M) and satisfies the Lipschitz condition if and only if there exist f € L(IN; M) and hg € M
such that hu = fu+hg in M for all u € N. Indeed, it follows from Theorem 1 that h(u) = f(z)u+ho(z),
whence h(0) = ho(z) for all z € I°. Moreover, if z,y € I then

d(f(x)u, f(y)u) = d(f(x)u + h(0), f(y)u + h(0)) = d(h(u), h(u)) = 0;

therefore, f(z)u = f(y)u for all u € N and hence f(z) = f(y) in L(N;M). Sufficiency follows from
Theorem 2 of part II of this article.

REMARK 5. Let (Y,|-|) be a real normed vector space. A set-valued operator 7' : N — cbc(Y') from

an abstract convex cone (N, p, +,-) to cbe(Y) is called linear if it is T -additive (e, T(u+v) =Tu T
for all u,v € N) and nonnegatively homogeneous (i.e., T(A\u) = XTu for all A € Rt and w € N). Note
that if T is linear then 7'(0) = {0}. Denote by L(N;cbc(Y)) the abstract convex cone of all linear
Lipschitzian set-valued operators from N to cbc(Y) endowed with the pointwise operations (for which
we keep the notations of the operations on cbe(Y')) and the metric Dy, = Dy:

Dp(T,S)= sup D(Tu + Sv, Su + Tv)/p(u,v).
u,vEN, u#v

Hence, we see that Theorem 1 remains valid if (M,d,+) = (CbC(Y),D,‘?), (Y,]-]) is a Banach space,
and L(N; M) is replaced by L(V;cbe(Y)). Moreover, if N is a vector space then the operator f(z)(-) for
every = € I? is univalent (so that f: I? — L(N;Y)); this is a consequence of the fact that if u € N then

(—u) € N; therefore, by jt-additivity of the operator f(z)(-), we find that

F@)(w) + @) (—u) = f(@)(u+ (—u)) = f(2)(0) = {0},

Moreover, if N is real then we can consider L(/N;Y') as the usual space of all bounded linear operators
from N to Y.

REMARK 6. An analog of Theorem 1 is also valid for mappings and superposition operators of a single
variable if we put I? = [a,b] C R, replace BVy everywhere with BV; (see also Remark 2), and assume
that h™(z,u) = limy_—.,—0 h(y,u) for a < z < b, h™(a,u) = limy_qyoh™ (2,u) in M for all u € N, and
BVy (I b M ) is the subset of BV (I b M ) constituted by the left continuous mappings on (a, b]. Following
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the proof of Theorem 1, we only sketch the main steps of the proof in this case. For g1, g2 € BVy (I b N )
the Lipschitz condition for .## has the form

d(A g1)(a), (H g2)(a)) + W (A g1, g2) < L(H) (p(g1(a), 92(a)) + Wy (g1, 92))-

In particular, if m e Nanda < a1 < 1 < ag < B2 < -+ < ap < B < b then

> d(h(Bi g1(8:)) + hlavi, g2(u)), h(Bi, g2(B)) + hlevi, g1 () < L(A)p1(g1, g2)-
i=1
Hence, for m = 1 and «a; = a we see that d(h(z,u1), h(z,uz)) < 2L()p(u1,u2), x € la,b], uj,ug € N,

if we put /1 =« and gr(y) = (o z(y)ug for a <z < band 1 = b and gi(y) = (1 — (up(y))ug for = a,
y€la,bl, k=1,2. fa<z<b, a<ay, and B, <z then, putting

1 1 1
9uly) = om(hur + 31 = Cnluz + gy € [a Bl k=12
we find that
2 (h(ﬂi’“” + ha, ua), h (ﬂi, “1;“2) “h <a Ul?@))
=1

< L)) (“12’ u),

whence, letting vy — x — 0, we standardly find that

d <h_(x, uy) + h™ (z,u2), h™ (x, ul—;uz) +h™ (x, U1-2FUQ)>

< L(%”)W.

The remaining part of the proof is the same as in Theorem 1.
The result of the above remark generalizes the results of [8,9] (in the set-valued case we should put

(M, d,+) = (cbe(Y), D, +)).
Remarks 1-5 with due changes can be translated to the case of the functions in BV([a, b]; M) and
superposition operators of a single variable.
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