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BosabmuncTBo pemienuii KOOIIEPATUBHBIX urp C
TpancdepaberbHbIMET MOJIE3HOCTAMMA (TTI) obs1amaroT
CBOYICTBOM KOBApPUAHTHOCTH OTHOCUTE/IBHO  IOJIOXKUTETbHBIX
JINHERHBIX  [peobpa3oBaHuil  WHIAWBUIYAJbHBIX  I[TOJIE3HOCTEN.
OTO CBOHCTBO, OJIHAKO, HE YYHUTHIBAET MEYKIEPCOHATBHBIX
CpaBHEHNUII TTOIe3HOCTEN NTPOKOB. V13 HEKOBAPMAHTHBIX PEIIEHNI,
VUINTHIBAIONINX TAKUE CPABHEHUsI, HAN0O0J1€e N3BECTHBIM SBJISIETCS
pelienne  orpaHudeHHoro srasmrapusma  Jyrra-Psa  (DR)
[3], oupesenenHoro Ha Kjacce BBIIYKJBIX urp. B crarbe
npejyiaraercs ocJjiabjieHne CBOWCTBA KOBAPUAHTHOCTH, KOTOPOMY
yaosaerBopsier DR-perierne, Tak 49T0 C TPUMEHEHHWEM STOTO
CBOYICTBA, HA3BAHHOTO CAMO-KOBAPWAHTHOCTHIO, TTPUBOIAUTCS IBE
AKCHOMATUYeCKUEe XapaKTepu3alluyd I[ap peleHuil s KJjacca
BRINYKJIBIX UTrp: DR-pemenusa n npen n-anpa, u DR-pemenns n
zaadennd lemmnm.

Karouesvie caosa: KoomepaTWBHasE WIPa, BBINYKJIad Wrpa, pelleHne
Jyrroi—Pas, 3nadenue [lemun, npej n-s11po, cOrjiaCOBAHHOCTD.
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BonbmuHCTBO pelreHnii KOOMepaTUBHBIX UI'P ¢ TpaHcdepadbeTbHBIMI
nosiesnoctsmMu  (TII) obragaroT cBOHCTBOM KOBApHAHTHOCTH, KOTOPOE
03Ha4YaeT KOBAPUAHTHOCTH PEIIeHUs OTHOCHUTEJIBHO TOJOKUTEIbHBIX
JIMHEHHBIX TpeoOpa30BaHmuil MHAMBUIYAJILHBIX ITOJE€3HOCTEHl HUIDOKOB
C OJMHAKOBBIM MHOXKHTEJIeM. HBIMU CJIOBaMH, TOJIE3HOCTH HUTPOKOB
U3MepdITCd B MHTEPBAJBHBIX IIKaJaX € OJAUHAKOBLIM MHOXKHUTEEM
U TPOU3BOJBHBIMU  CJABUTAMH. ODTO CBOWCTBO €CTECTBEHHO /IS
Tpanchepade/IbHOCTH BBIMTPHIIIEH UTI'POKOB, KOIJIA BHIUTPHIIT KOAJIUIUH
NPE/INOJIAraeTCsd PABHBIM CyMMe BBIMTPHIIIEil ee 4wieHoB /leficTBuTe/IbHO,
TOJIBKO CYMMBI BBIATDBIIIEH COXPaHAIOT OTHOIICHUE IIPeAIoYTeHns]
MEXKJY  BEKTOPAMU  BBIAIPBIIEH, HU3MepdeMbIMH B YKa3aHHBIX
UHTePBaJIbHBIX TMKaJaxX. [loaTomy Teopus pereHnii KOOTepaTUBHBIX
urp c¢ rpancdepabe/IbHBIMUA OJE3HOCTIMU Pa3BUBAJIACh, B OCHOBHOM,
N3y4veHneM KOBAPUAHTHBIX PENIeHU.

OHako TaKOH MOJXOM He YINTHIBAET MEYKIEePCOHATBHBIX CPABHEHMIT
BBINTDHINIE  UTPOKOB, TaK KaK  BO3MOXKHOCTBIO  IpUOABIEHHS
OPOU3BOJIBLHOTO  BEKTOPAa  MOXKHO  Bcerja  JIOOUThCA — M3MEHEHUS
B CpaBHEHHH OOJIbIIIE-MEHBINE BBIUTPHINIEH OTJAEJIbHBIX HI'POKOB.
OmnpejesieHre HOBOTO peEIIEHHST 3TAJUTAPHOTO THMA, AaHHOTO JlyTTa
u Psem [4] mag kmacca BBIMYK/IBIX Wrp (gasee HasbiBaemoro DR-
pelieHneM), Jajg0 TOJMYOK K ONPEJENeHUI0 W HCCJIeJTOBAHUIO JIPYIHUX
pemennii, 4yBCTBUTEJbHBLIX B TON MM MHONH Mepe K MEKIEePCOHAJIbHBIM
CpaBHEHUSM WHIUBUYAJbHBIX ToJie3nocTeil. Hampumep, perrenus,
KOBapPHAHTHBIE OTHOCUTEJIHHO OJWHAKOBBIX TOJOXKUTEAbHBIX JIMHEHHBIX
npeoOpPa30BaHU, COXPAHAIOT MeXKIIepCOHAJIbHBIE CPABHEHWS, HO ITOMY
CBOMCTBY YIOBIETBOPLAET JTOCTATOTHO OOTBINTOE MHOZKECTBO PENeHn i, TaK
9TO €ro CJIe0BaJIO Obl YCHIUTh. 3aMETUM, UTO KOBAPUAHTHBIEC PEIICHUS
TaKzKe OCTaBJIAI0T MHUHUMAJBHYIO BO3MOYKHOCTH MEXKIIEPCOHAJIBHBIX
CpPaBHEHHI MpH MpeoOPa30BaHUU CABUTA He HA IPOU3BOJBHBIN BEKTOD,
a& HAa BEKTOD peIleHUus HCXOIHOM WIPBI, KOTOPBI B 0OIeM ciydae
HE COCTOUT W3 OJWHAKOBBIX KOMMNOHEHT. KEcmm cdopmynupoBarh
CBOMCTBO pelieHns ObITh WHBAPUAHTHLIM OTHOCUTEJIbLHO CJIOZKEHHS
XapaKTePUCTUICCKOH (DYHKIUU UT'PBI C BEKTOPOM PEIIeHUsI 3TOI UTPbI, TO
MBI TIOJTy9MM HOBOe, HoJiee caaboe CBOHCTBO KOBAPDHAHTHOCTH, KOTOPOMY
yKe yaoBieTBOopgeT pereHne [lyrTa-P3g. OkaspiBaeTcs, YTO BMecTe
C TPAJAUIUOHHLIMU CBOHCTBAMU 3(MMOEKTUBHOCTH, TMOJOKUTEIHHON
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OJIHOPOJIHOCTH, AHOHMUMHOCTH M COIVIACOBAHHOCTU B  OIPEJIeICHUSX
Hasuca—Mamrnepa unam Xapra—Mac-Komenna oHo pmaeT Ha KJjacce
BBIIYKJIBIX ~HMIP  COBMECTHBIE AKCHOMATUYECKHE  XapaKTepu3aluu
HamboJiee M3BECTHBIX OJHOTOYedHbIX pentenuii TII urp: mpes n-sjapa u
DR-pemienns, a tak:ke 3nadenust [leman n DR-permenns.

2. I3BecTHBIE pPE3YJIbTATDI, ONPEIeICHUS 1 0003HAYECHUS

2.1. Omnpepnenenus pemenuit TII urp m ux cpoiicTBa

Koonepamuenoti uzpoti ¢ mpancgepabesvnvmu nosesrocmamu (TII
uzpoti) nazpiBaercsa napa (N, v), tie N — KOHETHOE MHOXKECTBO HI'POKOB,
v 2V — R — zapaxmepucmureckas GYNKUUA UZPbL COTOCTABIAIONIAS
Kazk 10l koanumuu S C N BemecTBenHOe duca0 v(S)

( mostaraerca v(0)) = 0), Beipazkatoiee cuiy Koanunuu. HMcrodom urpb
HA3BIBAETCA BEKTODP BHIMTphIeil urpokos € RY € X (N, v), re

X(N,v)={z eRV| Y x; <v(N)}
iEN
— MHOYXKECTBO JONYyCmuMbly 66KMoOpPos 6viu2puliiel.
Jns Bektopa © € RY m koammmun S C N 6ymzeM HCHOIb30BaTh

TpaUIHOHHbIe obo3nadenus x(S) = > . ¢, Tg = Prlgsx.

ies

Pewenuem o nna xmacca G TII urp HaspiBaeTcs oToOpazkeHue,
conocra/soniee Kaxoi urpe (N,v) € G HEKOTOPOe 1OAMHOXKECTBO
o(N,v) C X(N,v)

Yepez X*(N,v) 0603HaAIMM MHOKECTBO IPPHEKMUEHBT BEKTOPOB

BBIATPBIIICH:
X*(N.v) ={z e RN | Y 2 = v(N)}.
ieN
Ecmu mns kaxmpoit urpet (N, v) u3 knacca G |o(N,v)| = 1, To pemtemnue

0 HA3BbIBAETCS 3HAYEHUEM.
[Tycts N — IpOU3BOIBHOE YHUBEPCAADHOE MHOKECTBO UTPOKOB. Uepes
Gy GyneMm o6o3HAYATH BCEX WIP ¢ MHOXKECTBAMHU UTPOKOB n3 N :

(N,v) eGy = NCWN.

Ilycts m : N — N — onnoznaunoe ortobpazkenme. OupejenuM Urpy
(m(N),mv) € Gy pasencrBamu v(7(S)) = v(S) aust Becex S C N. s
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moboro ekropa x € RY obosnauum depes y = w(x) Takoil BEKTOD
y € RN, uro y.; = ;4 € N. Urpa (N',w) nassiBaercst usomophnot
urpe (N, v), ecau cymecrByer takoe orobpaxkenue m : N — N’ uro
T(N)=Numv=uw..

Hee wurpst (N,v), (N w) € Gy Ha3BIBAIOTCI CMPAMeELUECcK
IKEUGAAECHIMHBLMY , €CJIU  CYIIECTBYeT TAKOe B3aMMHO-OJHO3HAYHOE
orobpaxkenue ™ : N — N, uro n(N) = N’ u takue ekrop 3 € RY
U TIOJIOKATEbHOe ducao o > 0, aro w = w(v'), rue v/ = aw + .

HamoMHUM HEKOTOpBIE M3BECTHBIE CBOMCTBA TEOPETHKO-UIPOBLIX
PelIeHni, NCIOAb3YeMBIX B BUJE aKCHOM IIPH XapaKTePU3AIMH TeX HJIN
WHBIX PEIIEHUN.

Pemenne o jays xiracca Gy Ha3bIBAETCS

~ ne nyemuim, ecin o(N,v) # 0 s Beex (N, v) € Gy

— afpexmusnoim, ecimn Y . v xi(N,v) = v(N) mna moboro x €
o(N,v) u mst m060it urpst (N, v) € Gur;

— AHOMUMHVLM, ecau st To0bX urpsl (N,v) € Gy, Urpoka i €
N u orobpaxenus m : N — N wurpa (7(N),7v) € Gy u
or@)(m(N),mv) = 03(N,v)

— cummempuyHbim, ecan i aoboit urpel  (N,v) € Gu
cumMMmempuHbe ULPOKY 1, J, 171 KoTopbix v(S U {i}) =v(SU{j})
st Becex S F i, j, nosydator noposny: z;(N,v) = z;(N,v) pus
Beex = € (N, v);

— 00HOMOUEUHbIM, WK 3HAUEHUEM , eciu Jis JioOoi urpel (N, v) €
gj\/ ’U(N,’U)’ = 1;

— NOAOHCUMENLHO 00HOPOOHBLM, €CITH A aoboro uncaa « > 0 n
urpsot (N,v) € Gy (N,aw) € G u o(N, av) = ao(N,v);

~ YIOBJIETBOPACT UHSAPUAHIMHOCTIU OMHOCUMEALHO CO8U2A, CCIIH
Jist Ji000i urpbt (N, v) € Gy w ancaa b (N v+ by € Gy, u

x€o(N,v) = x€o(N,v+b),

rae (v +0)(S) = v(S) + b ms Beex S G N, u (v +b)(N) = v(N);
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— KoeapuaHIrHbiM, ecJIn OHO ITOJIOZ2KHUTECJILHO OJIHOPOJHO n
HHBapHaHTHO OTHOCHUTEJIBHO CABHUTA;

— cAab0 KOBAPUGHMHLM , €CJIH OHO IMOJIOKHUTEJIHLHO OJHOPOJIHO U
UHBAPHAHTHO OTHOCUTEIHHO CJIBUTA HA JII00O0# BEKTOp b ¢ paBHBIMHI
KOODJIUHATAMU;

— C02AGCO8AHHBILM , €CJN I JI000H UIph (N,v) € Gy, KOAJHIII
T C N, n Bektopa x € o(N,v) ee pedyyuposannas uepa (N \
x
T, UN\T), MOJIydeHHad IMOcJe yXoJa WIPOKOB W3 Koaaunuu 1 ¢
BBIUTPBIIIAMHA T, ¢ € T, TaK:Ke TPUHAIIEKUT KIaccy Gy U

r = (xnmr,27) € 0(N,v) = xnmr € o(N\T, v%\T). (2.1)

— OUAAGMEPANLHO  CORAACOBAHHBILM, €CTU  TPEABIIYINee CBOUCTBO
BBIIIOJTHSIETCST TOJBKO ISl PEJAYIMPOBAHHBIX WID JABYX Jui //

(IN\T]=2)

3aMeTuM, YTO B  OIpEJEJICHHU  COIVIACOBAHHOCTH  PelleHuit
PeIyIUPOBAHHDBIE UIPBI HE ONPEIEISIOTCS OJHOIHAYHO HUCXOIHONU HUIPOi
u pemrenneM. CyImecTBYIOT PA3JIMYHBIE OIPEIEICHUs PeIyIHPOBAHHBIX
WP, WM, COOTBETCTBEHHO, PAa3JWYHBIE  COOTBETCTBYIOIHE WM
oIrpeiesIeHus COIVIACOBAHHOCTHU PeEIeHHil.

B nanmnoit pabore Mbl paccMaTpuBaeM JBa OCHOBHBIE OIIPeIe/IeHUs
PeAyIIUPOBAHHBIX WIP, NPHHAJIEXkKAIINEe, COOTBETCTBeHHO, /[laBucy mu
Mariepy [2| u Xapry u Mac-Komnenry [5].

Pedyyuposarnot uepoti B oupenenenun [ssuca-Mamuiepa (.S, v%)
urpel  (N,v) Ha MHOMKECTBO WIPOKOB S OTHOCHTENBHO BEKTOPA
BBIMI'PBIIIECH & Ha3bIBACTCA UIPa CO CJACAVIONICH XapaKTepUCTUYEeCKON

dyuKIHE:

v(N) —z(N\S), ectn T =S,

maxgen\s(v(T'U Q) —x(Q)) AT OCTATBHBIX KOATHUIA .
(2.2)

JInst  KOPPEKTHOTO ONIpeJie/ieHnsl COTJIACOBAHHOCTH 10 /JI3Bucy—

V(T =

Marmiepy pelneHus cjeyeT paccMaTpUBaTh TOJBKO Ha KJjaccaxX HIP,
KOTOpBIe, BMeCTe ¢ JI000H WIpOil, cojepzKaT BCe ee pelylHpPOBaHHBIE

UI'DHI.
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Xapr wu Mac-Komemnr onpenensim  peaylupOBaHHYIO  UTPY
OTHOCHTEIHHO TIPOU3BOJBHOTO OJHOTOUEUHOIO PellleHns (3HAYEHNUS).

Pedyyuposannot uepoti B onpenenennn Xapra u Mac-Kouemra (S, v%)
urpbl (N,v) Ha MHOXKECTBO HIPOKOB S OTHOCHTEIHHO 3HAYECHHUS
HA3bIBAETCA UT'PA CO CJCYIONIEil XapaKTepucTuIecKoil (pynkmeit:

V(T = {U(N)—x(N\S), ectu T'= S,
s V(TU(N\S)) =2 iems pi(TU N\ S),v), eanT%S,)
2.3

rae (TU(N\ S),v) — nog-urpa urpst (N, v).
Ecyu 3navenue ¢ 3pdekTuBHO, TO peyupOBaHHAS UT'PA UT'PHI TTOC/IE
yX0/1a OHOTO 4-I'0 UT'POKA 3AIUIIETCS TaK:

Vi (8) = (S U{i}) —@i(S U {i},v)

qist Beex S C N\ {i}, tme (S U {i},v) — nom-urpa urpst (N, v).

DTO olpejeeHrne TOAUTCA I PeIieHUuil KJIACCOB UIP, KOTOPBIE
BMecTe ¢ J000iH Urpoil M3 3ITOr0 KJIAacca CcoaepKaT Bce ee IO-
UIPBI, W BCE PEAYIUDPOBAHHBIE UIPHI OTHOCHUTEIHHO ITOTO PEIIeHUS.
Jling  OuarepasjibHOMl  COTVIACOBAHHOCTH  JIOCTATOYHO, YTOOBI  BCe
peyIupOBaHHbIE UI'PBI HA MHOXKECTBA U3 JIBYX MUTI'POKOB IPUHAIICKAJIH
paccMaTpUBaAEMOMY KJIACCY.

2.2, PaccmarpuBaemble pemenus TII urp uw wux
aKCmoMaTHUYeCKNe XapaKTepu3alun

Buauenne lermm (Sh) [11] ompemensiercst ist TPOM3BOIBHOI
KootepaTuBHON urpel (N, v) dopmy.ioii

Shi(N,v) =Y

SCN
i€S

(n—s)!(s—1)! (v(S) — (S {@})), Vie N. (2.4)

n!

IIycts (N,v) — npoussosbhag TII urpa, z € X(N,v), e(S,x) =
v(S) —x(S) — sKcmece KoATHIHI OTHOCUTETBHO BeKTOpa T, ({e(.S, x)}S;N

2N
— BekTop vKcreccoB. Yepes () € R* 0603Ha4uM BEKTOP, KOMIOHEHTBI
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KOTOPOT'O COBHAIAIOT ¢ KOMIOHeHTamMH BekTopa {e(.S, x)}s;zw HO
PACIOIOKEHHBIMU B MOPsiJIKe YObIBAHUSI:

t . .
0" (z) = grié;%gﬂg%_le(s, x). (2.5)
T|=t

IIycts >je; — OTHOIIEHUE JIEKCUKOTPADUIECKOrO YIOPJI0YeHU B
NPOU3BOJIBHOM BEKTOPHOM mpoctpancTse R :

T2y < x=ywuwm 3l <k <m, takoe 910 Tp = Y U T; > Y; s i < k.

IIped  n-adpom PN(N,v) wurpsr (N,v) [12],|7] wnasviBaerca
eIMHCTBEHHBIH 3] (DEeKTUBHBIA BEeKTOP BBIMIPHIIIEH, HA KOTOPOM
JOCTHUTAETCST JIEKCUKOTpadUIeCKUl MHUHUMYM MHOXKECTBA BEKTOPOB

0(y), y € X(N,v):
0(y) >1ex O(PN(N,v)) pyst Beex y € X*(N,v). (2.6)

Kak u 3nagenue [lennu, mpem n-sgapo ve nycto s seex TII urp. Ha
KJIacce UI'p JIBYX JIUIL 9TU PEIIeHUs COBIAIAIOT U PABHBI CMaHIGDMHOMY
pewenuto (ST), koTopoe ajst Kaxkaoit urpsl aByx Jui (N, v), |[N| = 2,
otrpeaessercs (bopMyJIoit

N . .
STi(N,U) _ U(2 ) + U({;}) . U<{2]}>7 rie N = {Z,j} (27)

O06a Bbitiie onpeieeHHbIX perrennst 3PHEKTUBHBI, OTHOTOYETHBI IS
kjaacce Bcex TTI urp, aHOHUMHBI 1 KOBAPUAHTHBHI.

Deanumaproe pewenue Jymma-Pas (DR-pewenue) |4] oupeneneno
Ha Kjacce BuIyKAbX TTI urp, ono comocrapiisier KazK o Buimykaoit TTI
Urpe eJMHCTBEHHBIH BEKTOP U3 C-Aapa, JOMUHEPYOMMi 110 JIopeHily Bce
OCTAJIbHBIE BEKTOPBI U3 C-APa.

st cynepaJJuTHBHBIX WUI'P JBYX JIMIL 9TO PEIIeHHEe COBIAIAET C
pererueM ozparusenozo szasumapusma (CE). llyers N = {i, j}. Torna

CE(N,v) = (v({i}),v(N) = v({i}))
(v(N) =v({7}), v({s})

S~— -
@
s}
=
=
(w4
—
—
<.
—
S~—
V
M‘
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DR-pemrenne Ha Kjacce BBHIIYKJIBIX UTP 9GMOEKTUBHO, OIHOTOYETHO,
AHOHHMHO, HO He VIOBJIETBOPAeT aKCHOMe KOBapPHAHTHOCTH, OHO
YJIOBJIETBOPSIET TOJILKO aKCHOME C1ab0il KOBAPUAHTHOCTH.

O6ozHaunM yepes Gy KIace cynepaIiTUBHBIX (BBIIYK/IbIX) HIP JABYX
mur, (N,v), N ={1,2} ¢ v(N) = 0.

HpI/IBe,ILeM N3BECTHBIE aKCUOMATUYECKHNE XapaKTepU3allul BCEX Tpex

pelIeHuii ¢ UCIOJIb30BAHUEM CBOWCTB COIVIACOBAHHOCTHU.
Teopema I [Sobolev [1]]. Fduncmsennvim snavernuem 0as kaacca
gcex TII wuep ¢ 0ECKOHEYHLIM — YHUBEPCANLHUIM — MHONCECTLBOM
ULPOK08,1Y006AEMBOPAIOULUM GKCUOMAM HENYCMOMbL, KOBAPUGHIHOCTIU,
AHOHUMHOCTIU, U coz2aacosanHnocmu no seucy—Mawnepy Asasemcs
nped n-a0po.

Teopema II [Hart, Mas-Colell [5]]. B xaacce ecex TII
u2p € NPOU3BOALHBIM — YHUBEPCAALHUIM — MHONCECTNEOM  U2POKOS,
eQUHCTNBEHHDIM 3HAMEHUEM, YdoBACMEBOPAIOULUM aKCUOMAM
HENYCMOMbL, CMAHOGPMHOCTIU OAA U2D 08YT AU U CO2AGCOSAHHOCTU
no Xapmy-Mac-Konreany, seansemes auaverue Ilenau.

Teopema III [Dutta [3]]. B xaacce swnyxavx TI uep ¢ npoussosvrvim
YHUBEPCANDHBM  MHONACECTNEOM  UZPOKOE  €OUHCTNBEHNIM  3HAYEHUEM,
YO0BACTMBOPAIOULEM — GKCUOMAM — HENYCTMOMbL,  COLAACOBAHHOCTIY N0
Assucy-Mawnepy u 02panuiento2o 22aA/Umapu3me 0aq uzp 08yx Aul,
asasemcs DR-pewenue.

Teopema IV [Dutta [3]]. B xaacce svnyrxavz TII uep ¢ npoussosvrvim
YHUBEPCAADHBIM  MHONHCECTNEOM UZPOKOE EOUHCTNEEHHbM  3HAYEHUEM,
YO0BALTNEOPAIOUUM  GKCUOMAM HENYCTNOMBL, CAGOOT CORAGCOBAHHOCTNY
no Xapmy-Mac-Koaeary u 02panuuennozo 52aAumapusma 0as uzp 068y
auy, asasemcea DR-pewenue.

OTH dYeTbIpe TeopeMbl XapaKTepPU3yIOT TPH CAMBIX H3BECTHDLIX
saadennsa jid TII wrp. VX xapakTepu3alud B CTPYKTYPHOM CMBICTE
Osm3KU (KpoOMe 1ePBOH TEOPEMBbI ): HCIIOJIb3YETCs OHO U3 JIBYX CBOHCTBO
COTJIACOBAHHOCTHU W PEIeHre JIjIsi UT'P JBYX JIUIl U3 PacCMaTPHUBAEMOTO
KJIACCA MPUHUMAETCS B KAdeCTBe akCuoMbl. Kpome Toro, xapakrepu3aliust
DR-pemenng nmaHa 1 Kjacca BBIIYKJIBIX HUIP, a XapaKTepu3alluu
npen n-gapa u 3Hadenmd Illemnmm — ama xaacca Bcex TII wmrp, Ho,

COOTBETCTBEHHO, C OECKOHEYHBIM U IIPOU3BOJIbHBIM  YHHBEpPCaJIbHBIMU
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MHOZKECTBAMH HUT'POKOB.

Hng mpencrosmieii YHUMDUKAIANT STUX PE3YIBTATOB OTPDAHUIHMCH
KJIACCOM BBIIIYKJIBIX UTI'D COOPMYJIUPYEM U JIOKAZKEM ILIEPBBIE JIBE TEOPEMbI
JJIsI KJ2aCCA BBITYKJBIX UTP.

Teopema TI'. Eoduncmeernvim 3HAGUEHUEM O0AA  KAGCCA  GONYKADLT
TII uep ¢ NPOU3BONLHUM YHUBEPCANDHBIM  MHOACECTNEBOM U2POKOS,
YO0BAEMBOPANOWUM GKCUOMAM HENYCMOMDBL, CMAHIGPMHOCTIU OAS UZD
dsyx auy u coanacosarnocmu no laseucy—Mawnepy ssasemcsa nped n-
A0po.

Jloxazameavemeo. BBugy Toro, 9ro mnpeg N-sApO NPHHAIIEIKHT C-
SAAPY B CIyYae HeMyCTOTHI MOCJICIHEro, a pelylnpoBanube no JIspucy—
Mariepy Urpbl BEIIYK/IBIX TP OTHOCATEIHHO BEKTOPOB U3 C-S/IPa TAKZKE
BBIIYKJIBIE, JOCTATOYHO JOKA3aTh TOJBKO €IAHCTBEHHOCTH 3HAYEHUS (O,
VIOBJIETBOPAIONICIO BCE aKCHOMAM, YKA3aHHBIM B T€OPEMe.

[Iycrs (N,v) — mpouwsBoibHasi BeiMykaas urpa, © = (N, v).
Paccmorpum  pegynuposantbie  urpbl  ({i,j},v%) wurper  (N,v) Ha
MHOXKecTBa UIPOKOB {i, 7}, i,j € N OTHOCHTENLHO BEKTOpA T :

U(N)_'T(N\{Za]})? eCﬂI/IS:{Z',jL

vi(5) = . .
maxgen (i} ({1} U Q) —x(Q), ecmm S = {i}.

(2.8)

BBI/I,ZLy COIVIACOBAHHOCTU 3HAYEHUA ©

Ti = @i(Nav) = ¢i({i>j}’vw>7 @j(NvU) = (:Oj({i7j}’vx)'

Tak kKak @ CTaHAaPTHO [IJid UI'D ABYX JIKII, BBIIIOJIHAIOTCA PaBEHCTBaA

vy (i) — 2 = vin g (03 — 25 (2.9)

s Beex 1,7 € N. IoacraBisis BblpakKeHUs Jijisd XapaKTePUCTHIECKOi
dbyukIKM penynupoBanHoii urpbl w3 (2.8) B (2.9) , nosyunm paBeHCTBA

max (v(S) — z(5)) = max (v(S) — z(9))

SCN SCN

53i,5%j 535,5%i
s Beex i,j € N, Koropele o3HavawT , 9to © € PK(N,v). Beuay
TOTO, UYTO B BBIIYKJIBIX UI'DAX MpeJ k-sIpo COBIAIAET C TpPe N-sapoM,
nostydaem © = PN (N, v). 0
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Teopema II'. B xaacce swnykavie TII uep ¢  npouseosvHbim
YHUBEPCANDHDILM  MHONHCECMBOM  UPOKOS, COUHCTNEBEHHBIM 3HAYEHUEM,
YI0BAEMBOPAIOWUM GKECUOMAM HENYCMOMDBL, CMAHIGPMHOCTIU OAL UD
deyxr auy u  caabotli  coanacosarnocmu  no  Xapmy—Mac-Koaeany,
asaaemces 3navenue Illenau.

oxazameavcmeo. Hnss  Toro  9TOOBI OPUMEHHTH  OPUTHHAIBHOE
Jlokazare/ibcTBo Teopembl IV K Kijaccy BBIMYKJIBIX HUIP, JOCTATOYHO
noKazaTbh, 4TO peayiupoBannas no Xapry—-Mac-Kogemwry wurpa mna
MHOZKECTBO [IByX WIPOKOB JIO00I BBIMYKJIOH HUIPHl OTHOCUTEJHHO
3HaveHus [llermmu gaBigercd cynepaJIuTUBHOMN, T.e. BBIMYKJIOM.

[Tycrs (N,v) -upousBosibHasi BbllykJas urpa, © = Sh(N, v).
Paccmorpum  peayumuposannyio  urpy  ({i,j},vf"), 4,7 € N. Tlo
OITpeIeICHUIO  PEIYIIMPOBAHHON WIPHI B olpejeiennn  Xapra—Mac-
Konenna

vir i) = o(N\{G}) = Xhewmpiy SN\ {5}, 0) = Shi(N \ {j},v),
v ({7} = vNA{i}) = Ppenppis StV \ {i},v) = Shi(N \ i}, v),
vir({i. 1) = v(N) = Xemgigy Shr(N, ),

(2.10)

rie (N \ {i},v), (N \ {j},v) — coorBercTByIOIIE NOI-UTPBI

urpel  (N,v). Ilo cBoiictBy wmonoToHHOCTH 3Hadenus Illemm mo

MHOZKeCTBY UIPOKOB (population monotonicity) [6],[10],[13] cipaBexiusst
HEPABEHCTBA

Sh(N\ {j}.v) < Shi(N,0),

Shy(N\ {j}.v) < Shy(N,v), (2.11)

orkyza u3 (2.10) u addexkrusnoctn 3uadenus [llemnn caemyer
HEPABEHCTBO

v () + o7 (}) < ot ({d, 5))-
Jlajiee J10Ka3aTe/IbCTBO YTBEPKJICHUS COBIAIACT C JI0KA3ATETHCTBOM
Teopemsr IV 0

Teopembr 17,234 pazaudaioTcss TOJBKO PEIIEHHsIMU Ha  KJIacce
BBITYKJIBIX WI'P JIBYX JIUI, W COIIACOBAaHHOCTDHIO. Pemrennii Bcero
JIBa: CTAHJAPTHOE W OTPAHUYCHHOIO STATUTAPU3MA, U OIpeIeeHHi
COIJIACOBAHHOCTH TOXKe JiBa: B ompejenenusx J[3suca—Mamnriepa u
Xapra—Mac-Kosenna. Bceero Bosmoxkuo 4 Bapuanta pasudyHbIX



Axkcuomaruzanuga npexn n-sgapa n pemenud yTTei—Paga 11

COYETAHUNA ITUX CBOKUCTB, U3 KOTOPBIX ABa C OJJHUM W TE€M K€ CBOUCTBOM
OTPAHUYEHHOIO STAJUTAPU3MA LI UI'P JABYX JIHI XapaKTePU3YIOT OIHO
pelieHue.

B dopwmynrupoBkax 3THX TeopeM He HCIHOJB3YIOTCA aKCHOMBI
AHOHUMHOCTH (MJIM CHMMETDHUH) ¥ COIJIACOBAHHOCTH. DTH CBOHCTBA, €C/IH
perieHue UM 00J1JIaeT, HACJEAYIOTCS CBOHCTBAMH COTJIACOBAHHOCTH
OT WP JBYX JIMI, TJ€ sIBHBIH BHJ PeIleHHs YyzKe JaeT HaJIudue WJIH

OTCYTCTBHE 3TUX CBOHCTB.

3. HekoBapumaHTHBbIE€ pPEIIEeHUHA UT'P ABYX JIHIL

3.1. Ocnabaenne cBoiicTBA KOBapUAHTHOCTH

Bynem 11t mpocTOTBI TOJ, KOBAPHMAHTHOCTBIO TMOHUMATH TOJIBKO
KOBAPHAHTHOCTL ~ OTHOCHTEIBHO capura  (translation covariance),
OrOBapUBad OTIEJIBLHO IOJOKATEIbHYIO OTHOPOJHOCTD.

Pemenne o mia mexkoroporo kiaacca TII urp G naswiBaercsa caabo
KoGapuaHmubLM eci 1 moboit urpel (N,v) € G n umcaa € RY
(N,v+ ) € G u BBIIOJHSIETCS] PABEHCTBO

o(N,v+0)) =0o(N,v)+ 3, (3.1)
rie (v+ B(S) = v(S) + B|S| nng secex S C N, 3= (3,5, ..., B).

B »sTOoM ompeneneHuHM pelleHne ¢  GBISETCS KOBAPUAHTHBIM
OTHOCHUTEHHO 00UHAKOBVLL ahPUHHBIX peodpas3oBaHumit
WHIUBUIYAJIBHBIX MMOJe3H0cTell urpokoB. Ormerum, uro DR-pemrenne
VIOBIETBOPsIeT 3TOMY cBoiicTBy. (OJIHAKO €ro HeIOCTATOYHO ISt
XapaKTePU3aIUd YTOI0 PEIIeHHs ¢ IOMOIIBIO0 OCTAIbHBIX TPAIAIHOHHBIX
AKCHOM: AaHOHUMHOCTH M COTJIACOBAHHOCTH.

Beenem eme omHO  ociabsenne  aKCHMOMBI  KOBApUAHTHOCTHU
onuorodeunoro TII perrenns (3navenus) ¢ :

Buauenue ¢ Jyuis Kjaacca Urp G Ha3bIBACTCH CAMO-KOBAPUAHTTHDLM
(Self-COV), ecan nig moboro uncaa A > —1 BBIOIHSIIOTCS DABEHCTBA

o(N,v+ Ap(v)) = (A+ 1)p(N,v) (3.2)

Jutst Beex urp (N,v) € G.

B pganHOoM ompeneseHUM CABUT XapaKTEPUCTUUECKUX DYHKITH

IIO3BOJIAETCAd TOJIBKO B HallpaBJICHUHU, 3a/aHHOM BEKTOPOM DpelleHudg
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ucxoguoit urpel. Orpanmdenne A > —1 M[M03BoJIIeT COXPAHUTH
MeJKIIEPpCOHAJIbHOE  CpaBHEHWE  WHJIWBHUAYAJbHBIX  TOJE3HOCTel B

pemeHunax I/ICXO,ZLHOfl U CABUHYTBIX UI'D.

IMpennoxxenue 3.1. DR-pewenue ydosaemsopaem ceolicmey camo-
KOBAPUAGHMHOCYU Ha Kaacce suinykavix TII uep.

Jlokasameavemso. (N,v) « = DR(N,v). Torma Bektop =
Ipe/ICTaBIAETCS B CJIeAyIomeM Buje [3]:

ZL':(Cl,l,...,al,gg,...,agj...&m...,a@), (3.3)
T T, T
v(S) _ v(Th) v (S) _ o (Ty)
rie a; = max = a; = max =
Posen IS ml Y semuoin IS T3]

J—1 Jj—1 Jj—1

v (S) = v UEUS —v UTi ;LﬂﬂSCN\UTZ-. (3.4)

i=1 =1 =1

3nech koayuiuu 17,15, ... ompeaendioTcs KaK MaKCHMAaJbHBIE
10 BKJIIOYEHUIO KOAJWIUU, Y/IOBJETBOPAIONIME YKA3aHHBIM CBOHCTBAM
MaKCUMaJIbHOCTH HOPMHUPOBAHHOTO TI0 YHCJAY WIPOKOB 3HAYEHUI

XapaKTePUCTUICCKON (DYHKIINH.

W3 mepaBeHCcTB T(T—ﬁ > ”‘(SS‘) n1d Bcex S C N u a; > aj J1d Beex
j = 2,...,m, paserctBa DRy (N,v) = (ai,...,a1) U TPUHAITCIKHOCTH

DR-permnenns c-sapy cjieiyloT HepaBeHCTBA
(A+1)-a; > (A+1)-

JIs BceX Koanunuit S C N, oTKyzIa MoJydaeM HepaBeHCTBO

T, ¢ argmax v(S)+ A-DR(S)(N,v)

max 5] VS C N, (3.5)

i 1) — MakCcHMasbHas MO BKJIIOYCHUIO M3 KOAIHINH, HPUHAIEKATINX
arg max B (3.5).
Paccmorpum renepnb urpet (N \ Ty,0'), (N\ Ty, (v+ A- DR(N,v))!).
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ITo onpenenennio urpst (N, v') (m urpst (N, (v + a; - DR)'), nmeem

Ul(S) = U(Tl U S) - (11|T1‘,
(v+ A-DR(N,v)"(S) =v(TiUS) + A-a|Ty| +A-DR(N,v)(S)— (1+A)-a|Th| =

W(TiUS) + A-DR(N,v)(S) — a1|Ti| = v(S) + A- DR(N,v)(S).
(3.6)
Beuny pasercTtB (3.6) W OPUBEJIEHHOIO BBIIIE JOKA3ATEIbCTBA

MaKCHUMAJIbHOCTH BBIMIPHIIeil B DR-pemennn obenx urp Ha KOAJUIIHUH
v(S)+A-DR(S)(N,v
SUADRSNG -y,

MaKCUMaJIbHad 110 BKJAIOYEHUK) W3 BCEX I(Oa.)_II/I]_[I/IIU/I7 IIpuHaAJeKaliux

Ty, wmoaywaem, uro Ty € argmaxgcn\m

COOTBETCTBYIOILIEMY arg Maxgcn\Ty -
Hasee 10Ka3aTeJbLCTBO MPOBOJUTCS OYCBHIHON HMHAYKIHEH 1o
kouuecTBy Koamunuii T;,i = 1,2, ...,m B npeacrasiennu (3.3). 0

3.2. ¢ — peuieHud CynepaaauTUBHBIX UTD ABYX JIUIL

Pacemorpum Kinace GY cynepaJyIMTHBHBIX UTP ABYX JIAIL ¢ HYJCBBIM
OOIITUM BBIUTPHIIITIEM:

(N,v) € Gy <= [N|=2,N={i,j}, v(N) =0, v({i}) + v({j}) < 0.

Jasee g HPOCTOTHI OyIeM MOJIb30BATHCA OOO3HAYECHUSIMH U; =
v({i}),v; = v({s})-

Onpenennm caeayromniee OJHOIAPAMETPHIECKOe CeMeiicTBO 3HaYeHHT
or, k € [—1,1] s xknacca Gy : Tlyers (N, v) € GY - npoussosibHas urpa.

Ecmn v; = v;, 10 9 (N, v) = (0,0) mas Beex k € [—1,1].

ITycTs ana onpegnenennocru v; > v;. Torma v; < 0,

Ecan v; < kv;, 10 (N, v) = (0,0);

Ecmn v; > kv;, To

o= ((F5),Cy) e

Jlerko Bugern, uro st kaxgoro k € [—1,1] ¢p — sddekrusnoe u

AHOHUMHOE 3HAYECHHUC.

ITpu k£ = 0 ¢y coBmaIaeT ¢ peneHueM 02paHUYeHH020 I2GAUMAPUIMG
(CE), wnu, B T€OPeTUKO-UI'POBON TEPMHHOJIOTHH, ¢ pelenneM Jlyrra—
Pa4. IIpu k =1 1 — cTangapTHOE pelleHne.

[Ipu k = —1 310 ypasrusarousee pemenne, 06a UTPOKA, MOy IAIOT 110
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HYJIIO.

[IpowsttocTpupyeM BUJl 3HAYeHUI ) € TOMOIIBIO JHUHUI TOCTOSHCTBA

3HAYEHUN:

1. Coyuait k > 0.

2. Cnywait k < 0.

T <

€T; :JIJ
Q) (040) tg(f —a) =k
$i+ZL‘j =0
‘le'j
Puc.1
ex(v) -
T, = Ty

/ ( ) ) tg(g_O‘
x; + Q?j =0

Puc.2
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st v = (v;, v;), PACIOIOKEHHBIX BHYTPHU YIVIA (v IO 00€ CTOPOHBI OT
nuaroxasu 3uadenue pi(N,v) = (0,0).

Bamerum, uro i k> 0 pemenus @ 00/aJa10T CBOWCTBOM
HH,ZLHBH,ZLyaJIbHOfI pPamluOHAJIBHOCTH, a AJId OTPpUIaTE/JIbHBIX k — HET.

PacupocTtpanuM  3Ha4YeHWs (@ HA HMIPHl € IIPOU3BOJIBHBIMU
sHavenugMu  v(N), HCTONB3ys caabyl0 KOBAPUAHTHOCTH, T.e. [

npoussoabaoro v(N) ¢p(N,v) = @o(N,v — eyn)) + eyw), L€
Co(N) = (@,,@) ¢ ucnosb3oBanueM obosnadenuii (3.1). Torma

3HAYEHUsI © OIPeJIeJIeHbl I KJjacca Gy BCEX CYNEPaIIUTHBHBIX WD
JIBYX JIUIT, U 3TU perieHus 00/1aJa0T CBORCTBOM ¢1ab0it KOBApUAHTHOCTH
U TOJIOZKUTEJIbHON! OJHOPOJHOCTH.

Jlemma 3.1. 3uauenus @ camo-xosapuarnmus, 6 kaacce G 0Af 6CEx
ke |-1,1].

Joxaszamesvemeo. BBuay cnaboil  KOBApUAHTHOCTH — 3HAYEHUN (O,
JIOCTATOYHO Jl0Ka3aTh yTBep:JeHHe JeMMbl g Kiacca Gy. U3
olpeeseHusl 3HAYCHHE o U, ocoberno, m3 Puc. 1 u 2 cienyer,
qTO Ha IUIOCKOCTH 3HadeHuil (v;,v;) 0OJACTH MOCTOSIHCTBA 3HATCHMI
©r(IN,v) : 970 OO 3aMKHYTHIH YyroJ ¢ BEDIIHHON B Hadale KOODIUHAT,
JubO0 TOJYyIpAMBIE C OJHUM KOHIIOM Ha HpPIMON 3HAYEHUN (o
(eri(N,v); + (pr(N,v)); = 0.

Jna urp (N,v) € GY ¢ mynesbimu suavenusmu @p(N,v) = 0
YTBEPKJICHUE JIEMMBI CIIPABEIINBO.

[Iycrs (N,v) € GY — npousBosbHag urpa ¢ v; > v; 1 @x(N,v) # 0.
Torga v; > kv;. Pacemorpum noayupsamyio z; = v; + k(z; — v;), x; <0,
BBIXOJIANILYI0 W3 TOUKH (N, v) M MPOXOJAILYI0 Yepe3 TOUKY v (CM.
Puc.1,2). Torga mna Bcex Todek * = (x;,%;) 9TOH HOJYHIPAMON /s
AJIUTHBHBIX Urp (N, x) 1O Ompee/eHUI0 3HAYCHHN ), BBITOJHSIIOTCSI
pasencTBa @i (N, x) = pr(N,v). g Touek 9To0i mpamMoii ¢ z; < v; IMeeM
PaBEHCTBO

v =px)r+ (1= B(x))er(v), (3.8)

rae G(z) € (0,1) B(z) —z——o 0. I3 paBerctB pp(x) = @i(v) u (3.8)
CJIeJlyeT BBINOJHEHHE DABEHCTB

o (v+ (8= VeV, 0)) = Ber(o) (3.9)
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st Beex 3 € (0,1). [onarag f—1 = A, noydaem yTBep:KIeHEe JEMMBI.

Ul
3.3. Axkcuomaruzanusa p-3HaAYEeHUI

Pemenune Tyrra—Paga juia knacca Buinykabix TII urp comocrasiiser
KaXK/I0H BBINYKJIO UI'pPe BEKTOp U3 C-4Jpa, JAOMUHUDPYIOIIUHA [0
JlopeHIly ocTanbHble BEKTOPBHI U3 c-sjpa. las cynepaJIuTUBHBIX HIP
JBYX JIMI[ OHO COBIAJIAET C PelleHHeM OrPAHUYEHHOTO STaJuTapu3Ma,
T.e. C PeIeHueM (. ITO peleHne WMeeT JiBe aKCHOMATHYECKHe
XapaKTepW3aluu, WCIOAb3YIONHe ero COBIAJEHWE ¢  PelreHueM
OTPAHUYEHHOI'O STAJUTAPU3Ma B BHJIE AKCHOMBI, W OJIHY H3 aKCHOM
COIVIACOBAHHOCT: B ompejeienun /Iasuca—Marnniepa win B onpeae/eHun
Xapra-Mac-Kouesna [3].

Pemtenne orpaHnaeHHOTO STauTAPU3Ma, sl CYIEPaIIuTHBHBIX UT'D
JIBYX JIAI COBMAJAeT ¢ METOJIOM YPAaBHHUBAIONNX MPUOLLIE i 3a1ad
pacmpejeeHuss NTpuObLIeil. DTOT METOJ HMeeT aKCHOMAaTHYEeCKHe
xapakrepuzanuu |8, [14], omHako, coOTBeTCTBYMONIHE AKCHOMBI
(HE3aBHCHMOCTH OT IIYyTH, HUZKHSS I'DAHUIA) HE HMMEIT TeOPETHKO-
UIPOBBIX WHTEPIPeTAluil Jjigd urp ¢ OOJBIINM HYHCJIOM HIPOKOB.
JIast  TeopeTHKO-UTPOBONl  AKCMOMATU3AINK  CJEAYeT HUCIOJIb30BaTh
TPaJMIIMOHHBIE JIJId TEOPUHM UI'P AKCHOMBI, TaKue Kak 3(PPeKTHBHOCTD,
AHOHUMHOCTD, KOBAPHAHTHOCTb, MOHOTOHHOCTb M T.J. OcTaHOBHMCA Ha
koBapuanTHocTH. Kak yzke ObLIO OTMEYEHO, pelleHre OrPAHHYEHHOIO
rauTapu3Ma He 00J/1aJaeT CBOWCTBOM KOBapHAHTHOCTH, HO 00/1a12eT
TOJIBKO CBOHMCTBOM ¢J1ab0ft KOBaApMAHTHOCTH, T.e. KOBAPUAHTHOCTH
OTHOCHUTEJIBHO OJMHAKOBBIX ad@UHHBIX Ipeodpa3oBaHUil I0OJIe3HOCTEI
UTPOKOB. YCUJIEHHE 3TOH aKCHOMBI — aKCHOMA He3aBHCHUMOCTH (TOUYHee,
KOBADHAHTHOCTH) OT  OJAMHAKOBBIX  MODSJKOBBIX — MpeobpasoBaHumii
MOJIE3HOCTEH WTPOKOB OBLIA WCIOJIh30BAHA B AaKCHOMATHKe, HO 3Ta
AKCHOM TaKKe IPHUI0IHA TOJBKO JI/Id PEIleHuil urp JABYX JIHIIL.

MozkHo, HaobOpOT, OCJAOUTL AKCHOMY KOBAPHAHTHOCTH B JPYLOM
HAIPABJICHUU, MMEHHO, IIPEJIO/Iararb KOBAPUAHTHOCTH OTHOCUTEHHO
CBUTA, HE I JI000T0 BEKTOPA BBIUTPHINIEH HIPOKOB, & TOJBKO OT
HEKOTOPBIX, TaK WM WHAYE CBSI3aHHBIX C M3Y4aeMbIM PEIeHueM. JTO
u ObLIO caenaHo B mnaparpade 2, rae OblLia oOIpejejeHa aKCHOMA
CaMO-KOBAPHAHTHOCTH, OJJHOTOYEYHOTO PellleHus (3HAYCHUs ) JII KIacca

Beex TII urp. C wucnosib3oBanuemM 3TOH AKCHOMBI MOYXKHO MOJIYYUTH
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ele Oy aKCUHOMAaTHUYIECKYIO XapaKTepU3aluio pEIleHud OI'DAaHUY€HHOIO
raJuTapu3Ma.

Teopema 3.1. Ecau 3nauenue @ Ha KAGCCE CYNEPAOUMUBHBIT U2p 08YT
auy, Gy ydosaemeopsaem axcuomam ANO, EFF, HOM, wCOV u Self-
COV, mo ono asasemcs p-3navenuem, k € [—1,1]. Ecau ono ewe
undusudyarvro payuonarvno, mo k € [0, 1).

Jlokazamesvemeo. OueBugano, dro 3Hadenus ¢p, k€ [—1,1]
yaosiaersopsiior akcuomam EFF, ANO, HOM u wCOV. B semwme
1 6bLI0 MOKA3aHO, 9TO OHHU YA0BIETBOPAIOT akcuome Self-COV.

[Tycth  Temepb ¢ - NpPOU3BOABHOE 3HAYEHHE IS KJacca
CYIepaIMTUBHBIX UI'D JBYX JIHI[, YJAOBJETBOPAIOIIEEe BCEM YKA3aHHBIM
akcroMaM. Tak kak MHOzkecTBO HTpokoB N = {i, j} 31ech dbukcupoBaHo,
OyaeM JijIg IPOCTOTHI 00O3HAYaTh HMIPYy HpocTo OYyKBoi v. /Jlokaxkem
CHAYa/a YTBep:KJICHHE TeopeMbl s Kiacca Gy. Ilyers v € GY —
upoussosibHas urpa. lorma v; + v; < 0. Ilycrs maa onpenenennoctu
vj > ;.

Ecmu ¢(v) = 0 ang Beex v € GY, 10 0 = ¢_1.

[Tycrb Tenepn @(v) Z= 0. Paccmorpum urpy v, mis Kotopoit ¢(v) #
0. ITo akcmome pCOV p(v + A - p(v)) = (A + 1)p(v) masa Bcex A >
—1. U3 storo pasencrsa ciemyet, 9to o(w) = @(v) AIsd BCEX UTP W
, IPUHAJJIEZKAIIUX JIyqy, BBIXOJAIIEMY U3 TOYKH (V) U HPOXOSIIEMyY
qepe3 v . Y paBHEHUE dTOH MPAMOit

(V) — v
R e T
[Mokazkem, aro @;(v) # v;. lpeanonoxum, aro ¢(v) = (v;, —v;). Boszbmem
TouKy U = (v;,v;). Torga o anonmmuoctu ¢(v) = 0.

C apyroii ctoponsl, v = av+ (1 —a)p(v)) ana wekoroporo a € (0, 1),
OTKY/Ia (0 = (U + (o — 1)p(v) ). Tak kax a < 1, no akcuomam HOM u

wCOV momyuaem ¢(0) = ¢(v), © MBI IPHILIA K TPOTUBOPEYIHIO.

O6o3raunM k = w
Lpl(’u) U5

k < 1. Ouarb npeamnoao:kumM, 94to 370 He Tak u k > 1. Torma nHaiimercs

. Torma w; = kw; 4+ v; — kv;. Ilokaxkem, 910

TOYKa Ha auaroHamn (w,w),w < 0, jJexkamas Ha upamoit w; = kw; +
v;—kv;)
-k
roukamu w u p(v), moaromy v = aw + (1 — a)p(v) st HEKOTOPOTO

v; — kv; : IMeHHO, W = . Touka v Je:KUT HA STOW TPAMON MeKITy
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a € (0,1). CrenoBaresbHo,
aw = v+ (o — 1)p(v),

u, no akcuomam Self-COV u HOM ¢(w) = ¢(v), 9ro nmpoTuBopedut
o(w) = 0 mo akcuome ANO.

Takum obpasoM, 3HadeHuss @(v) JJisi MOCTOSHHBL JJisl BCEX W

JeXKamuX Ha NOAynpaMeix w; = kw; + (1 4+ k)a, a > 0, u paBHBI
p(w) = (a, —a).
Iokaxem, 4ro qsa v = (v;,v5), kv; > v; > v @(v) = 0.

HeitctBurenbro, ecn 661 p(v) # 0, TO OTPE30K, COeTUHSIONIHA TOUYKH U U
©(v) , mepecekas Obl IpsAMYIO ¥; = kx; B HekoTopoii Touke w # 0. Torxa
w = av+ (1 — a)p(v) nag vekoroporo a € (0,1), u no akcnomam Self-
COV u HOM mosxuo 651710 Obl BBIIONHATBCS paBeHCTBO ¢(w) = ¢(v),
410 nporuBopednt (w) = 0.

Urak, 3naueHusd  onpeJejeHsl Jjd Beex v @ v; > v;, v; +v; < 0, Te.,
VUIUTBIBas AHOHUMHOCTD (0, 9TO 3HAYEHHE MOJTHOCTHIO Opeiesieno. JIerko
BH/IETH, YTO OHO COBIAJAET ¢ DENICHUEM (.

IlycTh Temephb 3HaYEHUE ( WHIUBUIYATBHO panuonaibno. Torma k =
(V) — v
pi(v) = vi

N3 ¢, 3nHavenunit mamboiee MU3BECTHBIMH W PACCMATPUBAEMBIMU B

> (), ¥ JI0Ka3aTe/IbCTBO 3aBEPIIEHO. 0

JIAHHOH padoTe PEeIeHusIMEU CyIePaINTUBHBIX UTD JBYX JIUI ABJISTIOTCS
pelnierne orpaHudeHHOro sraaurapusma (kK = (), a Tak:Ke pereHwus,
onpejiesieHHble i Kaacca Beex TII urp: cranpaprHoe pernenue (k= 1)
u ypapHuBamomiee pemenne (k = —1). [lonbiTku g06aBIeHHsT AKCHOM K
akcmomaM Teopembl 3.1 ¢ Meabi0 XapaKTepU3allUUd TUX PEITeHuil, Kak
IPABUJIO, TPUBOAAT K COBMECTHBIM XaPAKTEPUAIUIM JIBYX U3 HUX.

Hampumep, nerko 3aMeTuTbh, UTO U3 BCEX (o -3HAUYEHWH mid k €
[—1,1] ToapKO CTaHAApTHOE W ypPAaBHUBAIOIIEE 3HAYEHHS AJTUTHBHBI.
[Tosromy npuseem neppoe ciencteue u3 Teopembr 3.1:

CaenctBue 3.1. Ecau snauenue ¢ daa xaacca cynepaddumueroi uzp
dsyx auy, ydosaemeopaem axcuomam Teopemw, 3.1 u addumuero, mo oHo
ABAAEMCA AUOO CAHIGPMHBIM, AUO0 YPAEHUBGHOULUM.

Crenyromme aBa yTBEP:KICHUSA TaKyKe OUEBUIHHI.
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CuenctBue 3.2. Ecau snavenue ¢ daa xaacca cynepaddumueroux uezp
dsyx auy ydosaemeopaem axcuomam Teopemvr 3.1 u das 40600 uepoi
(N,v) € Gy cv; > v; p(N,v) ne 3asucum om v;, Mo OHO ABAAEMCA AUOO
PEULEHUEM 02PAHUMEHHO20 I2ANUMAPUIME, AUOO YDABHUBAIOULUM.

CraenctBue 3.3. Fcau s3nauvenue @ 0aa Kaacca cynepadoumueHuy uzp
dsyx auy ydosaemeopaem akcuomam Teopemvr 3.1 u undusudyanrvro
PAYUUOHAADHO, TR0 OHO ABAACMCA AUOO CTNAHIGPMHBIM, AUOO DEWEHUEM
02PAHUYEHH020 I2AAUMAPUSMA.

W3 mocaeiHUX TpeX CAeJCTBU MOYKHO TMTOJYUYHTh U aKCHOMaTHIECKTe
XapaKTepu3allul KaxKJI0TO0 W3 TpeX pelleHni, OJHAKO, BO3MOXKHO,
M30bITOYHBIE, T.e. HEM3BECTHO, OY/AyT JIM COOTBETCTBYIOIIAE AKCHOMBI

JIOTHYECKHU HEe3aBUCHMBIMH.

Pacemorpum Tenepn 6osiee cuabaoe yeaosue, dem Self-COV. Bynem
TOBOPHTB, UTO 3HAUEHHUE ( HA KJIACCE UI'D JBYX JIHIL 00JaI3eT CBOHCTBOM
cuavnol camo-kosapuanmuocmuy (SSelf-COV), ecin pasencro (3.17)
BBITIOJIHACTCA OJId BCEX YHUCEJI A .

Xors 9TO YCAOBHE CHJIbHEE CaMO-KOBApDHAHTHOCTH, OHO ciabee

OOBIYHOfI ~ KOBApMAHTHOCTH  OTHOCHTEJIbHO  casura.  Hampuwmep,
v(N)

ypasuusaiomee pemenne @f (N,v) = 2= s seex @ € N obiajaer

ceoiictBoM SSelf-COV, HO He gaBIseTCS KOBAPHAHTHBIM.

CnenctBue 3.4. Ecau 3nauvenue @ 0aa xaacca cynepaioumueHvls
uep deyxr auy Gy aPPexmusHo,  GHOHUMHO,  TOAOHCUMENDHO
001OPOOHO, UHIUBUIYAADHO PAYUUOHGADHO U 00AG0GEM CUNOHOT CAMO-
KOBAPUAHMHOCTDBIO, MO 0HO AGAAEMCS CMAHIAPTMHLLM PEULCHUECM.

Joxasamenvcmeo. 113 TeopeMbl 3.1 caemyer, 9To ¢ = @y, 119 HEKOTOPOTO
k€ [0,1]. Paccmorpum, Kak ¥ paHee, TOJbKO HUIPHI H3 KJAcca
GY, 3roro JocTaTouHO 1O C€/1a00ii KOBApMAHTHOCTH U IIOJOMKUTEJIHLHOM
OJIHOPOJHOCTHU 3HAUCHUS (0.

[Iycrs (N,v) € GY — upousBosibHag urpa ¢ v; < v;, v; +v; < 0O..
[Tpomo/KuM 0TPE30K, COeJUHSIONMA TOYKH U 1 U — ¢(v), B CTOPOHY, HA
KOTOpOit OyayT jaexars Toukun v — A - p(v) mia A < —1 (em. Puc.3).
Moz moGoro k € (0,1), re. aaa moGoro yria o € (0, F) naiigercs Takoe
ancao A < 0, ato (v — A - ¢i(v)); > (v — A - pi(v));. Torma (cm. Puc.3,
e A= —2) gyv+ A~ gi(v)) # (A+ (o).
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X1

_Qk ) $1+l‘2:0

X2

Puc.3

Jnst npusenennoii Ha Puc. 3 urpst i (v — 295 (v)) = 0 # pp(—v) =
—r(v).

Ocraerca cay4ait k = 0, korga g = 0. I[Tycrs v; > 0. Torna DR(v) =
(—vj;,v;). Boibepem A Takmm, 910

Ui—AUj >’Ui—|—AUj, ”UZ'—A”UJ' > 0.
Toraa mo onpenenennio DR-permenns
DR(v+A-DR(v)) = (v;—Avj, —v1+Av;) # (A+1)(—vj,v;) = (A+1)DR(v).

TakuM 06pa3oM, [Jist 3HAUCHUI ©f, OCTACTCS ¢ THHCTBEHHAST BO3MOKHOCTD
BBITIONIHEHUsT paBencTBa (3.17) mist Becex A: sro k = 1, me. maa
CTaHAPTHOTO PEIeH s, KOTOPOoe JazKe KOBADHAHTHO, T.€. YI0BJIeTBOPSIET
Gostee cuabHOMY ycsoBuio, 4eM (3.17) mas Bcex A. 0

B owmunme OT KJIACCHYECKOH XapaKTepU3aIld CTAHIAPTHOTO
pemieHnsd KakK JJid BCEX TII urp, Tak 1 Jajid KJiaCCa CyluepalluTHBHbIX
Urp JIBYX JIMI[ C TOMOIIBIO aKCHOM 3(MD(MEKTUBHOCTH, OJIHOTOYCYHOCTH,
AHOHUMHOCTH ¥ KOBapumaHTHOCTH, B mpubenennom Chencreun 3.4
KOBApPHAHTHOCTHL 3aMeHseTcs 0oJjee cJiaboiti aKCHOMOM CHJIBHOR caMo-
KOBAPHAHTHOCTH, HO 3aTO JOOAB/AETCS elle aKCHOMa WHIHBHIYaTbHOM
PaIMOHAIBHOCTH.
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Tem e menee, DR-pelnrenue Ha Kjacce BBIIYKJIBIX TP He 0bJiajaer
CUJTBHOH caMo-KoBapuaHTHOCTHIO (SSelf-COV), mostomy B naibHeiinem,
BBUy TOro, uro DR-pemnienune OyjieT ojlHUM U3 UCCJIE/YEMbIX pelleHuit,
sTa akcuoMa 6oJIbiie ynorpedadaThes He Oyier.

3.4. CorjacoBaHHbBIE PACHINPEHNI ()-3HAYECHUIT

3.4.1 CorunacoBanHocTs no JI3Bucy—Martiepy

B »srom nymkTe Oymer mpoBepeHO, KaKue 3HAYCHUS @ JIONYCKAIOT
cormacoBanHble 1o Jl3sumcy-Mamiepy — paciimpeHnss HAa  WTPHI
C TPOU3BOJIBHBIM MHOXKECTBOM HUTrPOKOB. (UeBHIHO, YTO g
k = 0,1 TakoBBIMEU SBILIOTCI Tpel n-sapo u perrenne Jlyrra-Pas
COOTBETCTBEHHO.

Tak Kak 3HAYEHUS Q) OBLIN OMPEETCHBI U 0XapaKTePU30BAHBI TOJIHKO
JUIST CYNMEPAIUTUBHBIX WTD JBYX JIAI, TO TAKOBBIMU JOJZKHBI OBITH
peayIupOBaHHbIE UTPHI HA UTPHI ABYX JIUIl OTHOCUTE/IBHO 3HATCHUI (D).

Kak yxe ObLIO OoTMeYeHO paHee, Ha KJIacce CyNEpPaJIUuTHBHBIX
Urp JBYX JINI[ 3HAYEHUE (7 COBIAIAET CO CTAHIAPTHBIM PEIeHueM, a
3HadeHne g — ¢ permenueM lyrta—Pagd. [Tlocnennee pemrerne cormmacoBano
B KJIacce BBIMYKJBIX UTD, a MPe/T N-s/IpO, COBIA/IAIONIee cO CTaHIapTHBIE
pelieHueM B KJiacce UI'p JIBYX JIMIl, COIJIacoBaHO B Kjiacce Bcex TII urp.

B »sTom moamyHkTe OymeT MOKa3aHO, YTO TOJIBKO W3 BCEX (D
3HAYEHUN TOJBKO ITU B 3HAYEHHUS MOTYT OBITH PACHPOCTPAHEHBI HA

COIJIACOBAHHBIE 3HAYEHUS JIJI KJIACCOB UI'P ¢ YUCJIOM UTI'POKOB, OOJIBITUM

JBYX.

IMpennoxkenue 3.2. B xkaacce cynepaddumusHur uzp 068Yr auy
eduHCMBEHHUMU cpedu 3Havenul py, k € [—1, 1], xomopwe mozym 6vimo
PACTIPOCTPAHEHDL HA, KAACC COGAGHCUPOBAHHYLT (BWNYKABL) UZD € YUCAOM
ULPOK06, OOALUWUM 08YL C BHINOAHEHUEM CEOTUCEA COLAACOBAHHOCTIU
no osucy-Mawnepy, acasomes cmandapmuoe pewenue, k = 1, u
PEULEHUE 02PAHUYEHH020 d2asumapusma, k = 0.

Jlokxaszamensvemeo. 3amMeTnm, 94TO eCJIu €J1aD0 KOBAPUAHTHOE 3HAUEHHE (O
Ha KJjacce cOAJTaHCHPOBAHHBIX WM BBIIYKJIBIX HID HE IIPHHAIIEIKUT C-
SIIPY, TO OHO He MOKeT OBITh COIVIACOBAHHBIM, TaK KaK I/ HEKOTOPBIX
UI'D U3 PACCMATPUBAEMOIO KJACCa HAMIYTCS PeaymupPOBAHHBIE HIPbHI
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JIBYX JIAI, OTHOCUTEIHHO BEKTOPA 3HAYEHUH UCXOMHON UIPBI, KOTOPhIE He
ABJISIOTCA CYIepaIlIdTHBHBIMU.

[TosToMy BO3MOXKHBIMU JIJIs PACHPOCTPAHEHUS 3HAYCHUST ), JTOJIZKHBI
ObITh ¢ kK > 0.

3 yrKe U3BECTHBIX PABEHCTB IS CYNEePaIIATUBHBIX UTD ABYX JIWII:
wo(N,v) = DR(N,v), ¢1(N,v) = ST(N,v) = PN(N,v) = Sh(N,v)
CJIeJIyeT, 9TO JOCTATOYHO IOKA3ATH HEBO3MOXKHOCTH PACIPOCTPAHEHUS
pemmennii ¢, ¢ k € (0,1) Ha X0Ts1 GBI OJHY BBIIYKJIYI0 HIDY (OHA Ke
SIBJIsIeTCs COATAHCHPOBAHHOM ) TPeX JIHIL.

Paccmorpum  Beimykiayio urpy tpex aun, (N,v),N = {i,j, 1},
COOTBETCTBYIOILYIO  3ajladye  pacnpelesieHdsl  3arpaTr, B  KOTOPOi
JIByX3JeMenTHble anautuBner: v({r,t} = v, + v, maa scex r,t € N,
v; + v + U <U(N).

JlocTaTouHo paccMoTpeTh ciaydait v; > v; > v;. g 1pou3BoIbHOrO
ke (0,1] pacemorpum smagenme (N, v) = (oF, oF ¢f)
[IpeamosioykuM, 4TO 3Ha4YeHHe () coriacoBaHo 1o Jlasucy-Maruiepy.
Pemynupyem urpy Ha MHOKECTBO {7, j } OTHOCUTEIHHO BEKTOPA 3HATCHUI
©r(N,v). Torma xapakrepuctudeckast HYyHKIMs PeLYIMPOBAHHON UIPBI

<{Z7 j}a 'U{(ilj]}) paBHa

vty {i3}) = o(N) = ¢, oty (i) = oo, ({(G)) = v (3.10)

k
TaK KaK 10 OLPEICACHUIO 3HAYCHUS vf{‘; j) MHJMBU/LYAJIbHO PAIHOHAIIBHBI.
[TpeamooKkuM ere, 9T0 Bce KOMIIOHEHTH BeKTOpa 3HadeHui ¢ (N, v)

v(N)
ormmanbl 0T —3~. Ilo onpenenenmo s3wauenns @y Aua Kaxjaoro v(N)

HallIyTcs Takue v; > v; > U, YTO 3TO YCJIOBHE OyJEeT BBIIOJHEHO.
Torma , npumensiss dbopmyay (3.7) u ycaoBue oNpejieeHusl 3HAYCHHUST
©r 10 cj1aboii KoBapuaHTHOCTH Jijist urp ¢ v(N) # 0, wosydum, 410 B
peLynupOBaHHON Urpe

v(N)—pf v(N) =}
kv; — E—(v——5)  u(N)—¢f
o Ok - i 2 J 2 L

(90k({17]}7v{i,j})> - 1+ k - 2 ‘

%

Ilo corslacoBaHHOCTH 3HAYEHUS Pk

or{is 7,08k = (¢, o). (3.12)
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Peayrnupyem Tenepsb urpy (N, v) Ha MHOXKeCTBO {i,l} OTHOCHTEIHHO
BekTOpa (N, v). Torma, amamornano (3.11) u (3.12), moay<aum

ko = ) — (0 = ) (V) -

- 1+ k& 2
(3.13)

(eldis )

T[IpupasHsenm Temeph 3Hauenne @F n3 mpasbix Jacteil pasencts (3.11)
u (3.13):

v(N)—pF v(N)—pF
1+k 2 '
v(N)—pF v(N)—pF
Ko = ") — (0 = ) () —
1+k 2
U3 pasencrsa (3.15) nosygaem
of — b =u —v; (3.16)

AHaJIOrN9HO, PACCMATPHUBAs PEJLyIMPOBAHHYIO UIDY HAa MHOXKeCTBO {j, (}
W OJHY W3 BHINMIE PACCMOTPEHHBIX PEJAYIHUPOBAHHBIX WUIP, ITOJYYAM
paBercTBa Buja (3.16) 1 Jisi OCTATBHBIX AP UTPOKOB. DTU PABEHCTBA
O3HAYAIOT, YTO PeIIeHHe @ SBAGETCId pacIIdpeHueM CTaHIapPTHOrO
pemtenus, T.e. k = 1. 0

Teopema 3.2. B xaacce swnykavxr TI uep ¢ npouseosvHbim
YHUBEPCANDHBM MHOHCECTEOM U2POKOE eJUHCMBEHHVLMU 3HAYEHUAMU,
ydosaemesoparowumu axcuomam ANO, EFF, HOM, wCOV, Self-COV u
CONS no /seucy—Mawanepy , asasomes snavenus ¢ = PN ¢ = DR.

Joxaszameavemeo. V3BecTHo, d9TO  TpeJ  N-AJApPO  yJIOBJIETBOPSET
akcuomam EFF, ANO, HOM, COV, u CONS na kmacce Bcex TII
urp. 13 Teopemsr 1’ ciieyer, 970 OHO yI0BIETBOPSIET COTJIACOBAHHOCTH
o I»Bucy-Marnuiepy u B KJ1acce BBITYKIBIX HIP. OcTalbHbIE aKCHOMBI,

O4Y€BUIHO, BBIIIOJIHAOTCA AJId BbIIIYKJIBLIX UI'D.
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DR-pemrenne yaosnersopser akcuomam EFF, ANO, wCOV, CONS
no JIssucy—Manurepy B KiIacce BBHIIYKJABIX urp (3|, a YrBepikienue
3.1 nokasbiBaer, uro DR-pemienne obsasaer cBoiicTBOM — caMo-
KOBapHUaHTHOCTH.

[Tokarkem e TMHCTBEHHOCTD ITHX 3HaUeHU. Teopema 3.1 yTBep:K1aer,
9TO TAKUMH 3HAYEHUSIMU MOTYT OBITb TOJBKO (Qp-3Ha4YeHUS jjisd k €
[—1,1]. Tamee, uz Ipennoxkenus 3.2 caenyer, uro k = 0 wm k = 1.
Jns cayuast k = 0 yreepxienune Teopembr ciaenyer u3 Teopemsr I a s
k =1 yrBepxaenue Teopembl 04€BHIHO. 0

3.4.2 CoraacoBanHocth 1m0 Xapry—Mac-Koaeanxy

Teopemsr II w IV  galor akcmoMaTudecKme  XapaKTepHU3aluu
coorBercrBennno 3uadenus Illemyn ma kjacce Bcex TII urp u DR-
3HaUYeHud Ha KJaCCe€ BbIIYKJIBIX HUI'D C HCIIOJb30BaHUEM CBOICTBA
COIVIACOBAHHOCTHU 3HadeHud 10 Xapry—Mac-Kosemy.

OrmeruM, 9TO JH0KA3aTEJHCTBA 00EHX TEOPEM HCIOJIb3YIOT TOJbBKO
OuIaTepaibHYI0 COIJIACOBAHHOCTb.

OTH BechbMa CXO0XKHE XapaKTepU3allud OTJHYAIOTCS He TOJbKO
pemeHnsAMUr Ha UI'paX ABYX JIML, HO U KJIaCCaMH PpaCCMaTpUBAa€MbIX UI'D:
suavyenne Illemim xapakrepusyercst Ha kJacce Bcex TII urp, a DR-
3HAYEHN — Ha KJIACCE BBHIMYKJBIX UTP, TAe OHO OMPEEIIEHO.

B stoMm moanyHkTe OymeT moJydeH aHAJIOr TEopeMbl 3.2, B KOTOPOM
Oyaer maHa euHas xapakrepusaius 3uadenust [emnun u DR-pemenus na
KJIaCCe BBINIYKJIBIX UI'D C UCIIOJb30BaHUEM COIJIACOBAHHOCTH II0 XapTY*
Mac-Konemnny.

Jokaxkem  anajor IIpemroxkenuss 3.2 ¢ 3ameHoii B  HeMm
cornacoBannoctu 1o JlpBucy—Mariiepy corsiacoBaHHOCTBIO 1O XapTy—
Mac-Konemnny.

Ilpennoxxenue 3.3. B xkaacce cynepaddumueHur uzp 06Yr Auy,
eQUHCMBEHHBLMU cpedu 3Havenul vy, k € [—1, 1], xomopuie mozym Guimo
PACTIPOCTPAHEHDL HA, KAGCC COGAGHCUPOBAHHYT (BWUNYKAVE) UZP € YUCAOM
U2POKOG, OOALWUM OBYL € BVINOAHEHUEM CEOTCTNEA COAACOBAHHOCTNY NO
Xapmy—Mac-Koneany asaaromes cmandapmmoe peuwsenue, k=1, u DR-
pewenue, k = 0.

,ﬂO%CLSGm&/L’bCWLGO. ZLOKaBaTeJIbCTBO cieayer A0Ka3aTCJIbCTBY
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yrBepxKIeHus 3.2. 3 Hero ciejyer, 4YTO JOCTATOYHO JOKa3aTh
HEBO3MOYKHOCTh PACIPOCTpaHenus 3Hadenuii oy, qis k € (0,1).

ITpekae BCero OTMETHM, YTO YPABHUBAIOIICE PEIICHHE COTJIACOBAHO
no Xapry—Mac-Konemny ma xmacce Bcex TII wurp. Oxpnako B
KJIACCaX CYNEPAJIUTUBHBIX W BBIIYKJBIX HUTP OHO HE SABJIACTCS
COIJIACOBAHHBIM, TaK KakK pPeIylUpOBaHHbIE HUIPbl  OTHOCUTEJHHO
YPaBHUBAIOIETO 3HAYEHMsI, €CJIM OHO He NPUHAIIEKHUT C-AIPY, MOIYT
He [PWHAJIEKATH COOTBETCTBYIONNM KjaaccaM. [lo3TomMy MOXKHO
OrpaHUYNTHCS 3HAYEHUAME @k, k € (—1,1].

Pacemorpum  Beimykayio urpy tpex gun (N,v), N = {i,j, 1},
COOTBETCTBYIOIIYIO ~ 3ajiade  paclpejeleHus 3arpar, B  KOTODOii
JIByX9/IeMeHTHble ajanTuBeel: v({i,j}) = v; + v; aua Beex 4,5 € N,
u v +v,+v < vN), v >v; > v. Hia opoussonsuoro k € (0,1]
paccmorpuM 3Hadenne @r(N,v) = (gpf,gpﬁ,gpf.) [Mpemonoxum, 4910
3HaveHue (, corjacoBano 1o Xapry-Mac-Konaenny. Pemxymupyem
UIPY HAa MHOXKECTBO {i,j} OTHOCHTEJBHO BeKTOpa 3HaueHuit ¢p(N,v).
Bamernm, 9TO Jas JaHHON urpel (N, v) Bce ee TMOI-UTPBI C UHCIOM
HIPOKOB, PABHBIM JBYM, aJJIMTUBHbIE. B TakuX Wrpax 3HAUYCHHS
ope(N \ {j},v) = (vi,v) mna Bcex k # —1 um Bcex HEPECTAHOBOK
urpokos. Torma xapakrepuctuaeckas (QyHKIUS PEJTyIUPOBAHHON HIPBI

<{Za j}a U{ilj]}) paBHa

vy (i)
vt (i
vt (i)

U({Z7l}) - (@k({i7l}vv))l = U,
v({7,1}) = ({7 1}, 0))i = vy, (3.17)
v(N) = (¢r(N,v)) = v(N) — ¢f.

Jlerko Bugern, uro 9sra pemyrmuposanHas wurpa ({1, j},vfi’“j})
COBIAJAeT ¢ DeIyIUpOBaHHOW urpoif, omnpenenenHoii B  (3.10).
Takum obpasom, gajiee J0Ka3aTeabCTBO YTBEPIKJIEHHS COBIAIAeT C
noxkazaresbeTBoM [Ipenaoxennsd 3.2. 0

Taxum obpazom, kak u B n.2.1, u3 Teopemsl 1 u YrBepxkaenusa 3.3
HoJTydaeM CJaeyIOMuil pe3yabTaT:

Teopema 3.3. B xaacce swnyxavr 11 uep ¢ npoussosbHbim

YHUBEPCANOHBM MHOHCECMBOM UPOKOE EOUHCMBEHHBMU 3HAMEHUAMLU,
ydosaemeoparouumu axcuomam ANO, EFF, HOM, wCOV, Self-COV u
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buaamepasvroti coeaacosannocmu no Xapmy—Mac-Koneany, asisomes
anavenua ¢ = Sh u ¢ = DR.

4. 3akJjarodyeHue

TpeMst OCHOBHBIMU OJIHOTOYEYHBIMH DENICHUsIMU (3HAUCHUSIMHU) JIJIsT
KOOTIEPATUBHBIX UI'P ¢ TpaHChepabebHBIMU TOE3HOCTSIMA SIBJISIOTCS
suauenne lllemnn, npem n-spo, onpejeseHHbIEe W HEIYCTHIE JIJIsT BCEX
TII wurp, m pemenne /[lyrTa—P3d, KoTOpoe ompeaenreHO TOJIBKO s
KJacca BBINYKJIBIX UTP. JIBe akcmomaTwsanuu MOC/eHero pelleHus —
C 1IOMOIIBIO COIVIACOBAHHOCTU B oupejeienusax Jlasuca—Manuiepa, u
Xapra-Mac-Kosienia — omm4aioTcs OT acuoOMaTH3aIuil 1peji n-gapa
n 3uadenuns I[llemmm Ha Kaacce BBIMYKJIBIX WTD TOJBKO PENIeHUSIMU
JUId KJacca CYTMepaJJUTUBHBIX UTD MBYX JHI, ONpeJeseHns KOTOPBIX
OPUMEHSIOTCS B KadecTBe akcuoMm: 3HaveHue [llerniu u npex n-gaapo g
9TOTO KJIACCA COBIAJIAIOT CO CTAHJIAPTHBIM pereHueM, a pemerne Jlyrra-
P34 — ¢ pentennem orpaHnyeHHOrO rajuTapuann3Ma. e crangaprHoe
peleHre  caMo  JIONYCKAeT aKCHOMATHYECKYI0 XapaKTepPU3aluio ¢
HOMOIMIBIO AKCHOM  OJHOTOYEIHOCTH, 3IPDEeKTUBHOCTH, AHOHUMHOCTH
U KOBAPHUAHTHOCTH, TO HEKOBAPUAHTHOCTH DEIeHUs] OTPAHMYEHHOTO
raUTAPUAHU3MA HE MMeeT 0 HACTOLAIIEr0 BPEeMEHH aKCHOMATHIEeCKON
XapaKTepW3alun B TEOPETUKO-UTPOBBIX aKCHOMAaX, B OTJIUYHE OT
€T0 XapaKTepu3allud B TepMUHAX MeTOJ0B pacIpejieJieHus 3aTpaTr U
HpHOBLIei.

B crarbe upejgaraercda ocjabjeHue CBOHCTBA KOBApPUAHTHOCTH
perieHuit 710 “caMO-KOBapUAHTHOCTH , KOTOPOE O3HAYAET BBINOJHEHUE
TpebOBaHUs  KOBAPHUAHTHOCTH  TOJBKO OTHOCHUTEIbHO CABATA B
HAIMPABJIEHUH, 33/[aBAEMBIM BEKTOPOM DPeIlleHrs] UT'Phl. ITOMY CBOMCTBY,
C OJHOW CTOPOHBI, yAOBJeTBOpsieT perienune Jlyrra-Pad, a, ¢ apyroit
CTOPOHBI, HU3BECTHBIE AKCHOMATHIECKHE XAPAKTEPU3AIWH 3HAYEHUS
[Mlerim w mpem n-siapa HA KJIAaCCe BBIMYKIBIX HUIP, B KOTOPBIX
KOBApPUAHTHOCTH OCJAbJIgeTcss 10 CaMO-KOBAPDUAHTHOCTH, MPHBOJISAT
K COBMECTHOH XapaKTepH3alliW STUX pelleHuil BMecTe C pelleHueM
Hyrra—Pag.

CrenytonmM — maroM  JIOJKHO — OBITh — HAXOXKJIEHWE  AKCHOM,
HO3BOJISIONINX PA3/IEIUTh 3TU Maphl pereHnil.

KpOMe TOro, MOZKHO HCIIOJIb30BaTbh aKCUOMY CaMO-KOBAapUAHTHOCTU
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U JJid PelleHui, onpejeJeHHbIX Aad Kiaacca Bcecex TII urp. U3
HU3BECTHBIX HEKOBAPMAHTHBIX PEIIeHUNl 9Ta aKCHOMA BBITOJIHACTCI JIJIsT
YPABHUBAIOIIEI'O PELIeHUs, KOTOPOe, B CBOI OYepe/ib, Y/JI0BJIETBOPSET
HOYTH  BCEM  CBOHCTBAM, TPUMEHSAEMBIM JIjid  XapaKTepH3alluu
permennit TII wurp. [lpakTuveckass HEMTPUMEHHUMOCTH ITOTO PeEIIeHHS
00yCJIOBJIMBAaEeTCs,  TJIABHBIM  00pa3oM,  OTCYTCTBHEM  CBOHCTBa
HHIUBUIYAJIBHON — PAIIMOHAJIBHOCTH  JJIs  CYHEPAIIUTHBHBIX  HIP.
[Tocnennee  cBoficTBO — sBjdeTCd OJHUM M3 OCHOBHBIX  CBOMCTB,
npebapiagemMbrx K pertenuam TTI urp, ogHako, oHO He TPUMEHAIOCH
OpA KX AKCHOMAaTHYECKMX XapaKTepU3alUaX C HCIOJIb30BaHUEM
AKCHOM COIVIACOBAHHOCTH, TaK KaK KJacC CYIEepPaJIUTUBHBIX HUIP, He
3aMKHYT OTHOCHTEJIBLHO PEeIyIUPOBAHUS OTHOCUTEJHHO ITPOU3BOJIHLHBIX
UH/IMBU/IYAJIbHO PAIMOHAJIbHBIX BEKTOPOB BbiUrpbiiiei. Jlobapienue
CBOMCTBA WHIANBUIYIbAHON PAIMOHAIBHOCTH BEKTOPOB PEIIeHUS I
CYNIEePaIUTUBHBIX UI'D VIAJIUT U3 KaH/IHJIATOB ypPaBHUBAIOIIEE PellleHue,
U, BO3MOXKHO, IPHUBEJIET K HOBBIM XapakrepusanusMm 3uadenus [lerim
U Ipen n-gaapa aasd kiaacca Bcex TII urp.
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