mMSmISmS TS nTS TS niSmiSmiISmIS IS IS niSuiS mISnISnISniSuiSuiS miSniSniS niS niSiiiS miSniSuTSuiSuiSaiSaiSmiSniSniS, niS.2, niS.3, c. 23-48

YK 518.9
bbK 22.18

CAMOKOBAPUAHTCHBIE U
COI'JTACOBAHHDBIE PEIHIEHN A
KOOIIEPATUBHbBIX UT'P C
TPAHCOEPABEJIbHBIMU
ITOJIESHOCTAMMU

EJIEHA B. fdHOBCKASI
HarmumonaabHbIH rccie0BaTeIbCKNnii yHUBEpCUTET BhIcImast
[Ikosia D9konomuku B Cankr-Ilerepbypre
190008, Cankr-Ilerepoypr, yu.Coroza [lewarnukon, 16

e-mail: eyanovskaya@hse.ru

Elena B. Yanovskaya, National Research University at St.Petersburg,
Dr.Sc., prof. (eyanovskaya@hse.ru).

IIpuBoauTcst onpeesienne CBOUCTBA CAMO-KOBAPUAHTHOCTH pe-
IMEHUH KOOTIEPATUBHBIX UI'P ¢ TpaHcdepabesbHBIMU MTOJIE3HOCTS-
MHU. IDTO CBOHCTBO O3HadaeT ocaabiaeHne KOBAPUAHTHCTH OTHO-
CHUTEBbHO CABUTOB WHIWBUIYAJbHBIX IOJE3HOCTEH WTPOKOB JI0
JMOTIYCTUMBIX CJBUTOB TOJBKO HA KpPATHBIE 3HAUEHUS BEKTO-
poB perenus. Jlaercs omucaHWe BCEX HEMYCTHIX, OJHOTOYEd-
HbIX,3(pDEKTUBHBIX, AHOHUMHBIX, CJIa00 W CaMO-KOBAPHUAHTHBIX
pemenuit 11 Kjaacca urp Asyx jwuil. llokaseiBaercs, 4To cpein
HUX CYIIECTBYET TOJIBKO TPU PEIIeHUs], JOMYCKAIOIINE COIJIACOo-
BaHHBIE PACIIUPEHUS HA KJIACC UI'D C MPOU3BOJBHBIM MHOXKECTBOM
HUTPOKOB: 3TO YPABHUBAIOINIEE PEIeHNe, CTAHIAPTHOE peIleHne, 1
perenne, COBIIAAIOIIEE CO CTAHIAPTHIM HA KJacce CyOa i imTuB-
HBIX UT'P U ¢ PEIIeHreM OIPAHUYEHHOI0 ITHAJIMTAPU3MA Ha KJIacce
CYTEepaJUTUBHBIX UTD ABYX Jull. OXapakTepu30BaHbl HEKOTOPHIE
COTJIACOBAHHBIE PACIITHPEHNS TOCTEIHEr0 U3 TPEX PEIeHwuil.

(©2016 E.B.4noBckas
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niSNiSNiISNniSniSniSniSniS niSniSniSniSniS: KoonepaTuBHasg Urpa, Ko-
BapHAHTHOCTH, CaMO-KOBAPHAHTHOCTH, YPABHUBAIOIIEE peIleHHe, CTaH-
JIAPTHOE PeIIeHre, PeleHne OrPAHUuYeHHOTO SraIuTapu3Ma, COrJIacOBaH-
HOE PaCITHpeHte.

1. BBenenune

Hacrosimas craThbs Npomo/zKaeT HCCIeJI0OBaHUE PeIIeHuil Koolepa-
TUBHBIX UTp ¢ TpaHcdepabeabubivu nonesuoctamu (TTI), ymosaerso-
PAIOIIHUX OCIA0JIEHHOMY YC/IOBUIO KOBAPUAHTHOCTH — CAMOKOBAPUAHTHO-
CTH, BBEJIEHHBIM B [2]. DTOMY YCJIOBHIO YIOBIETBOPAIOT MOYTH BCE XO-
poiro uzBectHbie perienus TII urp, He gBiadromuecs KOBaApHAHTHBIMHU:
TO PelIeHHe OIPAHMYEHHOTO SrajJuTapu3Ma, BBegennoe Jlyrra u Paem
|6] Jutst BBIYKJIBIX MID, yPABHUBAIOIIEE DEIICHHUE, JOCTABJISIONIEE BCEM
UrpokaM paBHbIE BoiUrphirmm. Ocjab/enne KOABAPUAHTHOCTH JIO CAMO-
KOBAPUAHTHOCTH JIIsT KOBAPUAHTHBIX PEITeHni 0320 €T TOJIyInTh 60-
Jiee CHJIbHbIE aKCHOMATH3aIlUU STUX PeIleHuil, a s HeKOBAPUAHTHBIM,
HO CaMO-KOBAaPUAHTHLIX PEIIeHHI IMOJYyYUTh HOBBIE aKCHOMATH3AIINH,
CXOZKHe ¢ aKCuoMaTu3anusamMu KopapuanTubix pernienunit. Perenue TTI urp
HA3bIBAETCA CAMO-KOBAPUGHMHBIM, ecan fAjst ao0oit TII urpbr ono mosto-
JKUTEJIHHO OJTHOPOHO U YIOBIETBOPSIET CBOMICTBY KOBAPUATHOCTH CJBUTA
OTHOCHTEJILHO BEKTOPOB PEIIeHHil ¢ MOJOKHUTEILHBIMUA MHOMKHUTEISIMH.
CaMo-KOBapUAHTHOCTH COBMECTHO €O Caboil (OMHOPOIHON) KOBApHAHT-
HOCTBIO cj1abee, YeM OOblYHAsg KOBAPUAHTHOCTH OTHOCHTEJIHLHO HE3BAM-
CUMBIX TIOJIOXKUATETbHBIX JUHEHHBIX Mpeodpa3oBaHuil WHINBH/IYAJIbHBIX
MMOJIE3HOCTEN UIPOKOB.

B crarbe 2| GbLI0 MOKA3aHO, YTO XOPOIIO U3BECTHBIE AKCHOMATH3A-
nuu npeq n-sapa [1] m Bektopa Ilemm [8] Ha Kjiacce BBIMYKJIBIX UID
MOTYT OBITh OXapPaKTEPU30BAHBI C 3aMEHOI KOBAPHAHTHOCTH HA CAMO-
KOBAPHAHTHOCTh W CJa0YI0 KOBAPUAHTHOCTH, MIPUIEM B ODOUX CJIydasx
K XapaKTepU3yeMbIM pelIeHUusAM J00aB/IdeTCs elle ypaBHUBAIOIIee pele-
HHeE.

B jannoii crarbe onucbiBaiorcs see pemenus TII urp aByx Jmuai, yiio-
BJIETBOPSIONTUE CBOHCTBAM 3(PHEKTUBHOCTH, OJHOTOIEIHOCTH, AaHOHUM-
HOCTH, CaMO- W CJaaboi KoBapuaHTHOCTH. [lasiee HaXOmATCs Te U3 HUX,
KOTOpBIE JIOIYCKAIOT COIVIACOBaHHbIE B ompejesnenun /[3Buca—Mariepa
pacIIupeHust Ha MIPBI ¢ ITPOU3BOJIBLHBIM MHOXKECTBOM HUI'POKOB. OKa3bI-
BAETCs, 9TO TOJHKO TPH PEIIeHHs JIOMYCKAIOT TAKWe PACIIMPEHHS ITO
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U3BECTHBIE CTAHJIAPTHOE pelleHHe, YPaBHUBAIOIIEE PellleHHe, U PellleHue,
COBIAJIAIONIEE ¢ PeIeHueM OIPAHHYCHHOTO STAJUTAPU3MA, /I CyHnepa-
AUTHUBHBIX UI'D, U dBJIAIOINEECA CTaHAaPTHBIM JJIgd Cy6aMI/ITI/IBHbIX urp.

Comep:xanne CTaTbU OPTaHU30BAHO CJAEAYIONIIM 00Pa3oM: B pas3jie-
Jie 2 1aroTcd OmpejiesIeHNs] W3BECTHBIX PENTeHNT KOOTEePATUBHBIX UTP W
UX CBOUCTB, a TaKxKe MPUBOAATCS (DOPMYJIUPOBKH aKCHOMATH3AIUU Pe-
meHuil npea n-gapa u permenund [yrta-Pada. B paznene 3 mpusoauTcs
olpe/ieJieHne CBOMCTBA CaMO-KOBAPUAHTHOCTH U ITPUBOJIATCSI IIOJTHASA Xa-
pakTepusanus BCX 3H@PEKTUBHBIX, OJJHOTOUYCTHBI, AaHOHUMHBIX, CAMO- W
c71a00 KOBAPHAHTHBIX PEIIeHUil /i KJacca KOOIEPATUBHBIX UIP JIBYX
sn. Pazgen 4 mocBsimeH coTJIaCOBAHHBIM PACHIUPEHHSAM PeIIeHU# UIrp
JIBYX JINIL, OXapaKTepU3aBaHHBIX B pa3jese 3, a TaKzKe MHOTO3HATHBIX pe-
menunii, 06/1aJAI0NNX TeMH K€ CBOICTBaMU, Ha UTPHI ¢ TPOU3BOJIbHBIMUI
MHOzKeCTBaMH UT'POKOB. B pa3jgesie 5 IMPpUBOAATCA HEKOTOPBIE OTKPBLITHIE
pobJieMbl, CBSI3aHHbBIE C COIVIACOBAHHBIME pelleHusaMu. JloKa3zareabecTBa
OCHOBHBIX pPe3yJIbTATOB JaHbl B IIpuiioxkenuu.

2. IzBecTHBIE PE3YJIBTATHI, ONpPEIaEJIeHUI U 0003HAYEHUS
2.1. Onpepenenus permenunit TII urp u ux ceoiicTBa

Koonepamuenoti uzpoti ¢ mpancgepabesvrvmu nosesnocmamy (TIT
uepoti) naspiBaercs napa (N, v), rae N — KOHEUHOE MHOXKECTBO UTPOKOB,
v : 2V = R — zapaxmepucmuneckas GynKkuuA Uzpb COTOCTABISIONAL
Kazk 10 koasumuu S C N BemectBenHoe qucao v(S)

( mosmaraerca v(()) = 0), Bepazkatomee cury Koamuuu. Hcrodom urpbr
Ha3bIBAeTCA BEKTOP BbIMTpbimeil urpokos z € RY € X (N, v), rie

X(Nv)={z e R[> z; <v(N)}-
iEN
MHOZKECTBO 00NYCMUMDBLT 8EKMOPOS8 Bulu2PpuluLed.

Pewenuem o nns kmacca G TII urp HaswiBaercss orobparkeHne, Co-
nocrapisonmee Kaxjaoid wurpe (N,v) € G HEKOTOPOe MOJAMHOKECTBO
o(N,v) C X(N,v)

Yepes X*(N,v) 0603HaUUM MHOKECTBO IPPHEKMUEHDIT BEKTOPOB Bbi-
UT'DBIIICH:

X*(Nv) ={z € RV | > x; =v(N)}.

1EN
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Ecau pis kaxaoit urpet (N, v) u3 knacca G |o(N,v)| = 1, 1o perienue
0 HA3BIBACTCS 3HAUEHUEM.

[Tycts N — 1pou3BOIBLHOE YHUGEPCAALHOE MHOKECTBO UIPOKOB. depes
Gy Oynem 0603HAYATH TAKOH KJIACC UTP , 9TO

(N,v) eGy = NCWN.

Ilycte 7 : N — N — B3auMHO-0JHO3HAYHOE oToOpazkenue. Oupemsesum
urpy (m(N),mv) € Gy pasencrBamu v(m(S)) = v(S) maa Bcex S C N.
Jlns moGoro Bektopa ¥ € RY o6osnaunm uepes y = m(r) Takoii BexTop
y € R™) | 4o Yr(iy = 5,1 € N. Wrpa (N', w) nazwiBaercs usomophrot
urpe (N, v), ecii CyIecTBYeT TaKoe B3aUMHO-0JHO3HATHOE 0TOOpaZKeHue
7:N—=N,uro n(N)=Nunv=nw..

Htst jii060it urpst (N, v) MAKCUMaALHBIM NPEBOCTOCTNEOM UIPOKA, 1
HaJ UT'POKOM j B YCJIOBUAX BEKTOPA BbH/IprHl[eﬁ X Ha3bIBaE€TCAd BEJINYNHA
5ij(%) = max g=: (v(5) — 2(5).

JBe urpnt (;\7, v), (N, w) € Gy HA3BIBAIOTCS CMPAMELUMECKY IKBUBA-
AEHMHBLMY, , €CJTH CYIIECTBYET TAKOe B3aMMHO-OJHO3HAMHOE OTOOpasKe-
uue 7 : N — N, uro 7(N) = N’ u takue sextop 3 € RY u nonoxures-
Hoe qucyo a > 0, aro w = w(v'), rae v = av + .

HamoMunM HeKOTOpBIe M3BECTHBLIE CBOMCTBA TEOPETUKO-UIPOBBIX Pe-
]l[eHI/II'?'I7 HUCIIOJIB3YEMBIX B BHUAEC aKCHOM IIpU XapaKTepu3alun TexX HWJIN
WHBIX PeIIeHU.

Pemenne o ay1a knacca Gy Ha3bIBaeTCs
— ne nyemoim, eciin o(N,v) # 0 nas Beex (N, v) € Gy,

— afppexmusnvim, ecu Y. Pi(N,v) = v(N) maa moboro every T €
o(N,v) u s m060i urpet (N,v) € Gur;

— cummempusHbLM, ecar Jits Jirboit urpel (N,v) € Gy cummemn-
puunble u2poky i,j, mus koropeix v(S U {i}) = v(S U {j}) ans
Bcex S ¥ 4, j, moayvaior noposHy: z;(N,v) = x;(N,v) n1a Bcex
x € o(N,v);

— aHOMUMMBLM, eCar Jyis JIo0bIX urpel (N,v) € G U UHBEKTUBHOIO
orobpaxkenus w: N — N, anst koroporo (7N, mv) € G, BeINOIHS-
ercs pasenctBo o(wN,mv) = m(o(N,v)). 3mech XapakTepHCTHIe-
ckas GyHKIUS v onpenessercda paencrsaMu wu(mwS) = v(S) mas
Bcex S C N;
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— NOAOAHCUMENDHO 00HOPOIHBILM, €CJIH JJid Jiroboro duciaa a > 0 u
urpsel (N,v) € G (N,av) € Gn
o(N,av) = ac(N,v);

— KOBAPUAHTNHOLM OTVHOCUMEAbHO CO8U206, eCJd I JII000H Urpbl
(N,v) € Gy mwancaa b (N,v+b) € Gy,

r€oa(N,v) = zeo(N,v+b),
rae (v +0)(S) = v(S) +b as seex S G N, u (v +b)(N) = v(N);

— RosapuaHmHovlmM , €CJIM OHO I10JIO2ZKUTECJIbHO OAHOPOJIHO U KOBApPHU-

AHTHO OTHOCHUTEJIbHO CABHUIT'OB;

— €060 KOBAPUAHMMHBLM , €CITH OHO TIOJIOKUTEILHO OJHOPOHO U eCJIn
auist o060it urpst (N,v) € G u uncna 8 € RY (Njv+ ) € Gu
BBIIIOJTHAETCH PABEHCTBO

o(N,v+ B) = a(N,v) + 3, (2.1)

rie (v 4 B(S) = v(S) + B|S| ans Beex S C N, B = (8,5, ..., B);

— C02AaCO08aHHbM , ecau s JI00oi urper (N,v) € Gy, Koaau-
mun T C N, u Bektopa = € o(N,v) ee pedyuyuposarnas uzpa
x
(N\T, v 7), HosIyueHHasl IOCIe yXola HIPOKOB 13 Koatumuu 1’ ¢
BBIUTDBIIAMA X;, 1 € T, TakyKe TPUHAJIEKUT Kjaaccy Gy u

r=(xnmr,2r) € 0(N,v) = anmr €o(N\T, vj%\T). (2.2)

— ¢Aab0 C02AGCO8AHHVLM, €CIH TIPEJIbIIAYINEe CBORCTBO BBIOJIHIETCS
TOJIBKO JIJI peynnpoBanubix urp apyx qui ([N \ T'| < 2;)

Bamernm, 4To U3 onpejeseHus (2.2) ciaenyer, 9To CBOKCTBO COLIACO-
BAHHOCTHU MOYKET OBITH OIIPEIEICHO TOILKO JIJId KJIACCOB UT'P, 3AMKHYTBIX
OTHOCHTEIBHO PEJAYHUPOBAHUS, T.€., JJld KJIACCOB UI'P, KOTOPHIM, HAPLALY
¢ urpoit (N,v), npunamaexar Bce urpel (N \ 7T va\s),T C N gis Jmo-
0Oro BeKTOpa BLIMIPBINIEH o ucxoAHoil urpbl. CyIIecTBYIOT pasjndHble
OIpeIeIeHUs PeLyIUPOBAHHBIX UI'P U COOTBETCTBYIOIIUX UM IIOHATHI CO-
[JIACOBAHHOCTH perreHuii. B 3Toii paboTe MBI MOJb3yeMCsd OIpeeIeHIeM
Jssuca—Marmiepa |5|:



28 E.B. dnosckaga

Penynuposaunoit urpoit (S, vE) urpst (N, v) Ha MHOKECTBO HI'POKOB
S OTHOCHUTEIBLHO BEKTOPA BBIMIPHINICH  HaspiBaercda TII urpa co creny-
IO11ell XapaKTepucTuiecko dyHkimeit:

Ux(T): ’U(N)—{L’(N\S), GC.HI/ITIS7
° W(TUN\S) ~ Ciems@i(TUN\S),0), ecmn TGS,
(2.3)

rae T'U (N \ S),v) nog-urpa urpst (N,v).

Ecau paccmarpuBaTrh onpe/ieieHne UTPhl JABYX JIUI B KAYECTBE aKCH-
OMBI JIJIsl €€ PelIeHusi, TO HEKOTOpbIe U3 HUX XapaKTePH3YIOTCsS KaK pa3
9TON aKCHOMOIT U COTVIACOBAHHOCTHIO. Cpeu HUX UMEIOTCS CJIeTyTOTne
OHOTOYEYHBIX PEIIEeHHS: ITO YPABHUBAIOIIEE DEIleHre /il KJIaca BCex
TII urp u pemtenue Jlyrra—Pag jas kiaacca BoInyKJIbix urp.llpes n-gaapo
TaKzKe UMeeT MMO00HYI0 XapaKTePU3AIUIO Ha KJIACCe BBIMYKJIBIX HTD, TaK
KaK Ha 9TOM KJIacCe OHO COBHAIACT C TPE/T k-siIPOM, & HOCTIeIHee T HMeeT
AKCHOMATHU3AIUIO C MOMOIIBIO CTAHJAPTHOIO PEIICHUs JIJIs UI'D JIBYX JIMIL
M CONJIACOBAHHOCTH B onpesesnennn [Ispuca-Mantnepa [11]. TIpusenem

OTIpEJIeJIEHNS] STUX U JIPYTAX U3BECTHBIX PENIEHUI.

2.2. PaccmarpuBaembie pemenus TII urp m mx akcmomarmdie-
CKHIe XapakKTepus3anuu

Ypasnusarwee pewenue s awoboit TI1 urpel genur obuiwii BuIMI-
PBIII TIOPOBHY MEXKIY BCEMH UIPOKaMU. IDTO perieHue 3hdekTHBHO, 0/1-
HOTOYEYHO, AHOHMMHO U COIJIACOBAHO.

[Tycrs (N, v) — npoussosbhas TIT urpa, x € X (N, v), e(S, x)- sxcrnece
KOAJIMIINH OTHOCHTEJIBHO BeKTopa x, ({e(S, )} SSN — BEKTOD 3KCIECCOB.
Yepes 0(z) € R?" 0603Ha41M BEKTOP, KOMIOHEHTH KOTOPOTO COBIIAIAI0T
¢ KOMIIOHeHTaMu BeKTopa {e(S, z)} SCN, HO PACTIONIOZKEHHBIME B TIOPSJIKe

yObIBAHUS:

0'(z) = max mine(S, x). (2.4)
Tc2N SET
ITI=t
[lycTh >, — OTHOIIEHHE JIEKCHKOrPahUIECKOrO YIOPSJIOYeHHs B

HPOU3BOJBHOM BEKTOPHOM IpocTpancTe R™ :

T2l Y < x=yum 3l <k < m, Takoe 910 T = Y U T; > Y; s 1 < k.
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IIped n-adpom PN (N, v) urpst (N, v) [12] HasbiBaeTCs e IMHCTBEHHbILIH
3 beKTUBHBIN BEKTOD BBIMIPHIIIEH, HA KOTOPOM JIOCTUTAETCS JIEKCHKO-
rpaduvecKkuil MUHUMYM MHOXKeCTBa BeKTOpoB 0(y), y € X (N, v) :

0(y) >iex O(PN(N,v)) nast Beex y € X*(N,v). (2.5)

ITpex n-aapo ue mycro st awoboit TII urper. Ha kimacce urp aByx
JIMI] OHO COBIAJAeT co cmandapmuvim pewernuem (ST), onpeaensemMbim
JIJIST KazKJI0M MTPBI JABYX JIMIL CJIEIYIONIIM 00Pa30M:

STH(N,v) =

v(N) | v(id)  v(ad)
2

5 5 , toe N = {i,j}. (2.6)

Oba BoIlIe onpeeeHHbIX penieHns 3PPEeKTUBHDI, OJTHOTOYCYHBI JIsI
kjaacce Bcex TII urp, aHOHUMHBI ¥ KOBapPUAHTHBI.

Deanrumaproe pewenue Jymma-Pas (DR-pewenue) 6], onpemeneno
Ha KJacce BRIMYKALIX T1I urp, oHO comocTapiasgeT KazK o BeImykaoit T11
Urpe eMHCTBEHHBIH BEKTOP U3 C-Aapa, JOMUHEpYommil 10 JIopenity Bce
OCTAJIbHBIC BEKTOPLI U3 C-AJPa.

JIng cymepaJiuTHBHBIX MI'P JABYX JIAI, 3TO PENICHHE COBIIAJIACT ¢ pe-
MIeHHeM ozpanuyernozo searumapusma (CE). Ilyers N = {i,7}. Torma

/N
=
2
=
=2

20,40, ccn o({i)), ({5} < 10,
CE(N.v) = § (u({i}). v(N) —v({})), econ  v({i}) > "0,

(0(N) = v({}), v({5}), ecan  v({j}) > 2.

(2.7)
DR-pemienue na KJjacce BBIMYKABIX UI'P 3PHEKTUBHO, OHOTOYEYHO,
AHOHUMHO, HO HE YJIOBJIETBOPSET aKCHOMEe KOBAPUAHTHOCTU,0HO Y/IOBJIE-
TBOPSIET TOTBKO aKCHOMe cJIa00il KOBADHAHTHOCTH.
[IpuBenem akcmoMaTHYeCKHE XapPAKTEPU3AIUU BBINIE OMpPeTeJeHHBIX
perennii.

misSoiSTISTISTISniSniSTiSTiSTiSuiS 2.1. Vpasnusaruiee pewenus
ABAAEMCA eQUHCMBEHHUM peweHuem oas kaacca ecex TII uzp 6 npo-
UBBOALHBIM YHUBEPCANDHBIM MHOMCECTNBOM UZDOK08, 1YJ08AEMBOPAIOULLE
AKCUOMAM HENYCMOMDL, OOHOMOUEWHOCTIU, COZALCOBAHHOCIN U COBNADA-
ouLee ¢ YPasHUBAIOULUM PEULEHUEM HA KAGCCE U2D 08YL AU,
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Jlokasamenvemeo. O49eBUIHO, YpaBHUBAIONIEE DELIEHUE YIOBJIETBOPSET
BCEM NPUBEIEHHBIM aKCHOMAM.

IIycrs Tenepp @ — npou3BoOJIbHOE pellleHue, YIOBJIETBOPSIONIEE PU-
BesleHHBIM akcnomaM, (N, v) — npoussosibHas urpa u © = $(N,v). Pac-
CMOTPHM PeyIIPOBaHHYIO HTPY ({7, j}v; Ha MHOKeCTBO HTPOKOB {i, j}

OTHOCUTEJIBHO BEKTOPa BHIUTHIIIeH x. Torma, mo cormacoBAaHHOCTH pe-
Tiu+T;
5.
Tax kaxk mnocjiegHee PaBeHCTBO BBLINOJLIHAETCH JUIOS JIIOObIX 4,5 € N,

menus ® (v, z;) = ®({i,j},vf;), u, caenosarenvuo, r; = r; =

MBI IOJIyuaeM paBeHCTBa T; = T; JJid Beex ¢,j € N. [lo onpenenenuto

peiynuposannolt urpst vy;({i,j}) = v(N) — >3, 2 = x; + ;. llo-
cJIeTHee PABEHCTBO CIe70Bat0 u3 yhdekrupaocTrt ® | n MBI moTydaem
®(N,v) = (2, ..., z), tne . = 220 O

n

Teopema I [Sobolev, 1975] Eduncmeennvim pewenuem 0as KAGCCa 8CET
TII uep ¢ beckoHeuHLLM YHUBEPCAALHBIM MHOHCECMBOM UPOKOS, YO08Ae-
MBOPANULUM GKCUOMAM HENYCIMOMDBL, 00HOMOYEUHOCTIU, AHOHUMHOCTIU,
KOBAPUGHMHOCTIU U COZAGCOBGHHOCTU, ABAAECMCA NPed N -AIPO.

Teopema II [Dutta 1990]. Eduncmeernvim peweruem 0aa KAGCCA Gbi-
NYKABT U2D C NPOUSBONOHUM YHUBEPCAALHOIM MHOMHCECMBOM U2POKOS,
Y00BAELMBOPAIOUUM GKCUOMAM HENYCINOMbL, 00HOMOYEYHOCTNU CO2AACO-
BAHHOCMU U COBNAOAIOWUM C PEULEHUEM 02DAHUMEHHO20 F2AAUMAPUIMA
Ha KAacce u2pul 06YT auy, Asasemca pewenue Jymma—Paa.

Pemenune /Tyrra—P3s anoHuMHO, HO He KOBAPHAHTHO, OHO YIOBJIETBO-
pseT TOJILKO aKCHOMe CJ1ab0il KOBAPUAHTHOCTH.

Ha kitacce BBIMYKJIBIX UTD TPeJ N-siIpO UM UMeeT aKCHOMATH3AINIO,
cx0oXkKyIo ¢ nmannoit B Teopewme 1I:

Teopema I'. Eduncmeentvim snavenuem oas xaacca evnykavs TIT uep
C NPOUIBONOHUM YHUBEPCANOHULM MHOHCECMBOM UPOKO8, YI08AEMEO-
PAOUUM GKCUOMAM HENYCTMOMDBL, CMAHIGPMHOCTIU 0AA U2p J6YT AUY, U
cozaacosannocmu no Jssucy—Mawnrepy asasemcs nped n-a0po.

JloKazaTe/bCTBO CJIe/yeT U3 COBLAJEHUs IPeJ| n-siipa U upej k-sapa
HA KJIACCE BBINMYKJIBIX HUID W U3 XapakTepusaruu npej k-gapa, JaHHON|
[Teserom [11].

Takum 06pa3oM, Mbl HOJYIUIN XAPAKTEPH3ANUIO TpPeX pelleHuii:
YDPABHHUBAIOIIEro, pej n-siipa u pemtenust Lyrra-Pas (nBa nocsemmaux
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TOJILKO JIJIsl BBIIYKJIBIX UTP) — €IUHBIM CIIOCOGOM € MOMOIIBIO COTIACO-
BAHHOCTH W W3BECTHOT'O peIeHUs I WTP JBYX JHI. DTOT pPe3yJabTaT
MOZKHO PacCMaTpuBaTh KaK CYILeCTBOBAHUE COIVIACOBAHHbIX PacllupeHuii
Ha KJIACC BBIIYKJ/IBIX UT'D TPEX PelreHuil /s Kjacca urp aByx Jmil. /la-
Jiee OYyT HaliJIeHbl Jpyrue PereHnst Uurp JIBYX JIHI, YIOBJIETBOPSIONINE
ocabeHHON aKCoMe KOBAaPHAHTHOCTH M JIOMYCKAIOIINE COTTIACOBAHHBIE
PACIIUPEHN HA UT'PHI ¢ TPOU3BOJBLHBIMA MHOXKECTBAMHA UT'POKOB.

3. Camo-koBapuaHTaHocTb perrnennii TII urp

3.1. Onopepenenune

Bsenewm emme ommo ocaabiaeHne — OQHO U3 HUX ABJILETCI CIa0OH KO-
BAPUAHTHOCTBIO — AKCHOMBI KOBAPUAHTHOCTH OTHOCUTEIHLHO CJIBATOB JIJIST
onnorodeqnoro TTI pemenus (3HaueHus) ¢ :

Suadenne @ s Kjacca urp § HAa3bIBACTCS CAMO-KOBAPUAHMHBLM OT-
HOCHTEJIHLHO CJIBHWIOB, €CJIu st J00oro uncia A > —1 BBIMOIHAIOTCS
paBeHCTBA

O(N,v+ Ap(v)) = (A+ 1)p(N,v) (3.1)

atst Beex urp (N,v) € G.

B nannoMm omnpe/iejieHn# CIBUT XapaKTEPUCTUYECKUX (PYHKITUI TO3BO-
JISIETCST TOJBKO JIJIsI TPOU3BOJABHO KPATHBIX BEKTOPOB PEleHns] HCXOIHOM
UIDBl U He MeHSIONUX 3HAKW BBIMIDBINIEH B cIBUHYTON urpe. llocren-
Hee ycJIoBHe ObecriedmBaeT COXPaHEeHHe 3HAKOB OOJIbIIe-MeHbITe MeZK Ty
BBIUTDHINIIAMHI UT'POKOB B MCXO/HON M CABUHYTON HIPaX.

Hazosewm pernienune ¢ camo-K08aPUGHMHO , €CJIM OHO TOJIOKUTETHbHO
OJITHOPOJIHO ® CaMO-KOBAaPHAaHTHO OTHOCUTEJILHO CJBUTOB.

niSoiSoISmISmISniSniSuiSniSuiSuiS 3.1 (2). DR-pewenue ydosre-
meopaem c60lUCMeyY Camo-Ko8aAPUAHMHOCU Ha Kaacce swnykaus TIT
uzp.

3.2. Camo-KOBapuUaHTHbBIE PEIIeHUS UTr'P ABYX JIHIL
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3.2.1 Omnpenenennd u obuii B caMO-KOBAPUAHTHBIX PeIie-
HUA JJd9 UTP JABYX JIWIL

B sToM mynkTe OyayT oxapaKTepuzoBaHbl Bce dh(PEKTUBHBIE, OIHOTO-
JedHble, AaHOHMMHBIE, CJ1a00 U CaMO-KOBAPHAHTHBIE PENIeHUs /I KJIac-
Ca BCEX HUI'P ABYX JIMI C IIPOU3BOJIbHBIM YHHBEPCaJIbHBIM MHO2KECTBOM
urpokoB. Tak kak OygyT pacCMAaTpUBATLCI TOJHLKO AHOHUMHBIE DeIe-
HUSI JJIsI 9TOTO KJIACCA, JOCTATOYHO OTPAHWYHUTH WX OIPEIeJIeHUus JJIsT
urp ¢ GUKCHPOBAHHBIM MHOXKECTBOM UTPOKOB {i,j}. BBegem ymporato-
mue obosuatenns v({i}) = v, v({j}) = v;. Jloboit kIacc urp ABYX JuI
COCTOUT U3 IOJKJIACCOB JIUTUBHBIX, CTPOr0O CyOaJIMTUBHBIX U CTPOIO
CynepaJdiuTUBHBIX HUTD. TaK KaK JOIIyCTHMBbIC HpeO6pa30BaHI/IH NHIUBU-
JyaJbHBIX TOJE3HOCTEH, TPUMEHSIEMBIX B ONPeIeIeHuAX CJIadoi u camo-
KOBAapUAHTHOCTH, HE IEPEBOIAT UTPY U3 OTHOIO IMOJKJIACCA B APYTOH, MBI
OyIeT ompeesaTh YKa3aHHBIe PEIIeHUs B KaxKJIOM M3 TPeX MOIKJIACCOB
otsesnbHO. C1abas KOBAPUAHTHOCTH PEMIeHUl MO3BO/ISIET PACCMATPUBATH
TOJIBKO UT'PDBI C HYJIEBbIM 3Ha4Y€HUEM 60ﬂleOﬁ KOoaJIunun ABYX JIHMII.

HauneMm ¢ noaxaacca and AJIUTUBHBIX ULP ABYX JIUIL CO 3HAYEHUAMU

v({i,j} = 0.

miSmSOISTiSoISniSmiSoiSuiSmiSniS  3.2. Cywecmsyom moavko

S“d , ydosaemeoparusue akcuomam NE, EFF,

dsa pewerun dra xracca G
ANO, WCOV u self-COV . 9mo ypasnusarousee pewenue, daroujee Hy-

A€80T GHLUZPOIUL 000UM UZPOKAM, U PEUWEHUE Ging(V) = .

Jlokasamenvemeo. OdeBUIHO, 06a PELIEHU YI0BJETBOPAIOT BCEM aKCH-
OMaM, YKa3aHHBIM B T€OpEMe.

IlycThb ¢ — HpO W3BOJILHOE OJHOTOYETHOE PermeHne aada Kiaacca Gyod,
VJOBJIETBOPSIONIAS BCeM akcHoMaM Y TBepxKaenus. Ecan ¢(v) = 0 as
HeKoTopoit urpel v # (0,0), TO MO MOOKUTETLHON OJTHOPOTHOCTH U AHO-
numHOCTH permenns ¢ ¢(v) = (0,0) aas Beex urp v € G99,

Ocraercst pacemorpersb ciy4aii, koraa ¢(v) # (0,0) g Beex urp
v # (0,0). Torga ¢(v) = (x,—x) = v st HEKOTOPHIX T, # 0, u u 3
TOJIOYKUTEJLHO OJHOPOJAHOCTH W AHOHUMHOCTH ¢ CJeyer, 9ro ¢(v) =
av g Beex v € G99 V3 caMo-KOBApDHAHTHOCTH PeIeHUd ¢ IOoJIydaeM
o(v+ av) = 2¢(v) = ¢(2v), a MO MONOKUTETBHOI ogHOPOIHOCTH (U +
av) = (14 a)é(v). N3 uByx nocsepanux pasencts ciaepyer ol + a)v =
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a(20). Caenosarensio, o = 1, u ¢(v) = ¥ auga Beex v € Gy, Te.,

¢ = ¢ind~ O

OTH JBa PeIIeHHs MOXKHO JIEFKO PACIPOCTPAHUTH Ha KJIAcC alau-
THBHBIX WTD JBYX JIHI ¢ TPOU3BOJbHBIME 3HadeHusMu v({i,j}) ¢ 1o-
MOIIILIO AKCHOMBI ¢J1a00i KoBapuaHTHCTH. Torjna ypaBHHBAIOIIEe pelie-
HHUe olpeeasdeTcs s Jo00i aJIuTUBHONR UIPHI JBYX JIMI] PABEHCTBOM

ES(v) = <@, @) . Pemenune ¢;,4(v) = 0 He u3mensercs.

Paccmorpum Tenepsb Kiace Gy ¢TPOro aiiuTHBHBIX UID ABYX JIHIL C
MHOZKECTBOM UTPOKOB {4, j}, M C HYJIEBBIM BBIUIPHINIEM GOJIBITON KOAJIN-
mun v({i,j}) = 0. OupemeauM 71 9TOTO KIACCA OTHOMAPAMETPHIECKOE
ceMelcTBO HemyCThIX, 3G MEKTUBHBIX, OJIHOTOUYEUHBIX U AHOHUMHBIX De-
menuit g, k € (—1,1]. BBrjy aHOHEMHOCTH JOCTATOUHO OIPEAETUTD HX
TOJIBKO JJId UT'D U C v; < Vj.

(0,0), ecsn v; = vj, or v; < kv,
(V) = kv, — v, v; — kv,
(( 1+kj)i’< ]1_|_]<; )J)’ ecan v; > kv;.
(3.2)

Ouesuno, s a06oro k € (—1, 1] ¢y, aBasercsa HenycTbiM, 3bdek-

TUBHBIM U aHOHUMHBIM peEIleHUEeM.

Jlna k = 0 permenne @y COBNAIAET C PEIleHNeM OTPAHUIEHHOTO 3Ta-
JIHTAPU3MA.

Hna k=1 ¢ — crangaproe perieHue;

Hnst k = —1 pemenne p_; He onpeaesnero pasecrBamu (3.2). OgHako
Korga k — —1, 1o mst moGoit urpet v € GYP, obmactb v; > kvy, v +v; <
0 mepexonuT B noaynpsamyio v; +v; = 0,v; < 0, m gya a1000it Urper v
limy_, 1 x(v) = (0,0).

[Tosromy ompeaeuM @1 JIJIsd KJIacca CTPOro CYNEPATTUTUBHBIX UT'D
JBYX JIUII, KaK YPaBHUBAIOIIEee PEIEeHUE.
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.%'i—f—SEj:O

X2

Pucynok 1. Cayqait’'k > 0.

Ha pucynkax 1 u 2 »KUPHBIMH JUHUSAMH H300PazKeHbl reoMeTpude-
CKHe MeCTa TOYeK 3HAYeHHil oy JUls PasHbIX 3HAYeHUH v;,v;),v; < v; U
v(N) = 0. . OriejbHO HOKA3AHbI CJLyYau HOJIOKUTEJbHBIX U OTPULATE b

HBIX 3HAYEHUi mapaMerpa k.
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k(/U) 1’1 et 3’;2

X2

Pucynok 2 Cayuqait k£ < 0.

Jst (vy, v2), pPACIOTIOKEHHBIX BHYTPH YIUIa (v IO 06€ CTOPOHDI OT J(Ha-
ronasn 3xHadenne @i (N,v) = (0,0).

Bamernm, ato ays k > 0 pererus g 06,1a7a0T CBONCTBOM WHMBHU-
JIyAJIbHON PanMoOHAIbHOCTH, a JIjId OTPHUIATEIbHBIX k — HeT.

Takum ke 00pa3OM MBI MOXKET ONPE/IENUTH PEIIeHus ) JIJs BCeX
CTPOTO CHEPAIUTHUBHBIX UI'P JABYX JIUI[ ¢ NPOU3BOJILHBIMU 3HAYCHUSIMU
v({7,7}). Onnako napamerp k B paciimpeHusiX TAKHX PeIeHnil MoxKeT 3a-
BrceTh OT v({4,j}), 9T0 MpUBegET K Ype3MEPHOMY YCJIOKHEHWUIO ODIIEro
BHJIa CaMO-KOBApPUAHTHBIX pemtenunii. IloaTomy Mbl Oy/eM HCIOJIB30BATDH
AKCHOMY CaMO-KOBAPHUAHTHOCTH BMECTE C eIlle OJHONW aKCHOMOM cj1aboii
KOBAPUAHTHOCTH.

Torpa pacirupenune penenus @y Ha CJIydail MpOU3BOJIbHBIX 3HAYCHUT
v({7,7}) Gyaer umers coenyomuii Bu:

v({ig}) v{ig})

5 5 ,  €CJIN v; = v;, WK v; — kv;
AR TH )= Pulisg)) = o+ kol Ko({isd) + vy = ko,
] , E 1 nHaYe.

(3.3)

1’1+£EQ:O

(0:0) tg(f —a) =k

< (1 _ l{:)”({;’j}),
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[IpuMmeHUTEIPHO K QIIATHBHBIM HIpaM 3Ta (OpMyaa 1aeT
ox({i,7},v) =0 nng Beex k € (—1,1].

Jlnst cTporo cynepajuTuBHBIX UID T; 7 U;, Mbl nojxydaem u3 (3.3)
dopmysry st napamerpa k :

_ (@k({%j}a U))j — Uy
S P e ey (3.4

Takum obpazom, napaMmerp k paBeH TaHI'€HCY YIVIA MEXKJy IO-
PU3OHTAJIBLOA OCBI0O U HOPAMOH, MIPOXOALIIEH dYepe3 TOYKH U U
(r({is 71, 0)is (ou({i 7}, 0)) # (M52, 2lgh) )

Hnst k = —1, xkax u B cnyqae v({i,j}) = 0, nonaraem ¢_1({i,j},v) =

v({id}) v({ig}) T }

5 5 JJIS BCEX CTPOTO CYNEpaJUTUBHBLIX ATD. lemepn perre
HHUS ), ONIPEIEJEHBI [Tt BCETo Kaacca G,' CTPOro Cynepal/IuTUBHBIX UID,
U 9TU pelleHns aHOHUMHBI U ¢J1ab0 KOBAPDUAHTHHI.

niSTiSmISHiISHiS 3.1. Pewenus oy camo-kosapuanmmuss 6 kaacce Gob
dan ecex k € [—1,1].

[TpuBenem akcHOMATH3AIMIO DelteHuil ¢y, 11 Beex k € [—1, 1].

oiSmSOISTiSoiSniSmiS 3.1. Fcau pewenue ¢ 6 kaacce cmpoz2o cy-
nepaddumusnus uep Gs' ydosaemsopsem axcuomam NE, EFF, ANO,
WCOV u self-COV, mo ono asasemcsa pewenuem O 0AA HEKOMOPO20
k € [-1,1]. Ecau x momy oice ono undusudyaivoro payuoraibHO, Mo

k € [0, 1].

niSniSniSniSniSniSniSniSniS 3.1. Pemenus py dbopmynamu (3.3) onpe-
JIeJIeHbl TaK Ke W s aIATUBHBIX Urp ABYX Juil. OJHAKO, KO/ MBI
OIKCBIBAEM MHOYKECTBO BCeX 3(DEKTUBHBIX, OJHOTOYEUHBIX, AHOHUMHBIX,
cs1abo M CaMO-KOBAPUAHTHBIX PEINeHMH /I KJacca BCeX MI'P JBYX JIMIL,
MBI JOJIZKHBI OTAEJBbHO OIMUCATh UX JJId BCEX TPeEX IMOAKJJIaCCOB adAUTHUB-
HBIX, CTPOTO CYIEPAJINTUBHLIX U CTPOTO CYOa IJIMTUBHBIX UTP, TaK KaK
JIOIYCTUMBbIE [IPeo0pa30BaHusl HHIMBUIYAIbHBIX MOJE3HOCTEH, B aKCHO-
Max ¢1a00#f U caMO-KOBapUAHTHOCTH He BBIBOAAT UTPY U3 MOAK/IACCA,
KOTOPOMY OHa& HPHHA/JIEYKHUT.

O6paTuMed Tellepb K KJIaccy CTPOro cyGaJIUTUBHBIX HIDp G5 aByX
JIMIL,
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Urpa aByx Jsiu v crporo cybajauTuBHa, ecan v; + v; > v({i, j}).
Pacmupenue enrennsi orpaHIYeHHOrO raJATapH3Ma Ha KJace cybaiim-
TUBHBIX UI'D JIBYX JHI[ ObL 1aH B crarbe Apuna u Mnappa [3]. dus moboit
cyOaIUTUBHON MTPBI OHO OMPEJIEISIETCS CJIEIYIONUM 06pa30M:

ufig)) v({;j})) ecm v >
CEW{i,j}v) = q (v, v({i,j}) — v;), ecrm v < M <w;, (3.5)
(v({,5}) = vy vy), ecan vy < il <oy

v({i,i})
2 )

Pemenne CE s cybamamrusabix urp (3.5) sammimaer "Oegno-
ro"urpoka ¢ MEHBLIIUM HAYCHHEM XapaKTePUCTHYECKOH (DYHKIMH, TaK
JKe KaK M B CIydae cynepajanTuBHbIX urp. leiicreuresnro, permenne (3.5)
b0 1aeT 060MM UTPOKAM paBHBIE BBIMIPHIIIH, J1u00 "OeaHbIi " UrpoK co-
XpaHseT CBOe 3HAYEHHE, a 3a OOIIMHA IPOUTPLIII PACILIAYUBACTCI TOJIBKO
JApyroit, 6osiee 6OraThl UIPOK.

Taxum o6pazom, bopmyast (2.7), (3.5) u ypaBHHBAIOIIEE PeIIeHne IsT
aJIATHBHBIX UT'D OIPEIEIAIT pelleHrne OrPAaHMYEHHOIO SrajuTaphu3Ma
JUIS BCero Kiacca urp asyx Jui. Ha Pucynke 3 :kKupHoil nuHuneii n3obpa-
JKeHO TeoMeTprdeckoe MecTo Todek pemenusa CE a1a ¢dbukcupoBaHHBIX

snadenuii (v, v;), v; > v; 1 Beex 3uadenuit v({i, j}).

z; +x; = v({i,j})
z;
T'(v)

vle

(0,0

Pucynok 3. OrpannveHHo 3raJuTapHOe PerreHne

['eomeTpudeckoe MeCTO TOYEK JIJId CTAHJIAPTHOIO PelleHus H300pa-
JKeHO NMyHKTHUpHOi#l Jmaueit. Tak Kak oba 9TUX pelieHnit aHOHUMHBI, HA
JIPYTOi TIOJIyIJIOCKOCTH U; > ¥j OHU N300parkaloTcd aHaJo0rn4Ho.
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AHAJIOTUYHO pEIleHUsIM (), ONPEJIEIUM OJIHOIIAPAMETPUUECKOE Ce-
MeHCTBO AHOHMMHBIX DeIllleHuil Jisi cTporo cyGaj uTuBHbIX urp. Kak-
JI0€ DelIeHue P U3 ITOro CceMefcrBa OLPEeAesercs s llapaMerpa
l € (—o00,—1)U[l,00) caemyromum o6pa3om:

v({i,j}) v({i,j}) (1 —Dv({i,j})
. 2 2 2 ’
{71 v) = 9 Pu(li ) — v + lvi) (lv({i,j}) +u; — lvi)

, ecam v — lv; <

[+1 [+1
(3.6)
Bamernm, uro dopmyra (3.6) mouru copmagaer ¢ dopmymoii (3.3).
Pasnuna Mexk1y HEMH COCTOMT JIMIIL B PA3JIMYUd 00JacTell mapaMeTpoB
k., w xapakrepuctudeckux dyuknuii: k € [—1,1], 1 € (—oo, —1)U[1, 00);
uv; +v; <v{{i,j}) B (3.3), v; +v; > v({i,j}) B (3.6).
Pasencrso (¢;({#,7},v)); = v; BO3BMOXKHO TOJBKO JJIsT aJIHTHBHBIX
urp, mosromy u3 (3.6) ciemyer paBeHCTBO

= W) — v

(Vi(v))i — v (3.7)

(0,0

2+ a; = o({i, j})

Pucynok 4. Perenne v,

Ha Pucynke 4 xupnasi juHusg n300pazkaer reoMeTrpudecKoe MecTo
To4eK pemenus ¢y, | > 1 masg pasmmansix snadenuit v({i,j}) < v; + v;.
[Tapamerp [ paBeH TaHTeHCY yIyIa MeZK Iy TOPU30HTAIBHON OChIO U JIyIOM
U3 TOYKH (V;,V;) U HPOXOJSIIEM Yepe3 TOUKy 1y (v).

YTON § COOTBETCTBYET Mpeaety limy 4o 1 U COBIIAIACT ¢ PEIICHAEM
OrpaHIYeHHOrO Srajurapu3ma. [losromy Mbl mostaraem ¥4 (v) = CE(v).

nHayde.
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Hust | = 1 ), aBiisgeTcs cTaHIaAPTHBIM pellleHueM,
Ecm | — -1, to lim,_q¢(v) = (M, M) g 1000
cTporo cyOaJTUTHBHOM Wbl v, modToMmy mnosaraem ¢_1({i,j},v) =
(v({@j}) v({i,jn))

2 7 2 :

[To anonmmHuocTu perrennii 1, dbopmyna (3.6) U ee JONOJHEHHUsS JJIsT

[ = —1,1 = 00 MOJHOCTBIO ONMpPEIEIAIOT pernerust ¥ s | € [—oo, —1] U
[1, 00].

Pemenns 1 ma kaacce G5 yIOBIETBOPSIOT TeM Ke aKCHOMaM, Xa-
PAKTEPU3YIONINM PEITEHUS ), JIJIsT KJIACCa CyTepaINTUBHBIX Urp B Teo-
peme 3.1: OHE He MyCTBI, OJHOTOYECUHBI,AHOHUMHBI U CJ1a00 KOBAPHAHT-
uel. IlepenuceiBast jgokazarenbcTBo JlemMmbr 3.1 ajis permenuit 1y, Jer-
KO 110Ka3aTh, 4TO OHH CAMO-KOBAPMAHTHLI Ha Kjacce G5° mia Beex | €
[—o0, —1] U [1, 00].

[Tpusenem anasor Teoopembr 3.1:

oiSmiSoiSaiSaiSniSuiS 3.2. Fcau pewenue ¢ das kaacca cmpozo cyb-
addumuenviz uzp deyr auy, G ydosaemeopaem axcuomam NE, EFF,
SV, ANO, WCOV u self-COV, mo ono asasemca pewernuem P, 0A8 Hexo-
mopoeo | € [—oo, —1] U [1, o0].

Tak Kax Bce UT'PHI IBYX JIUIL SBJISIOTCS JTUOO CYIepaIIuTUBHBIMHA, JIH-
60 cy0a I IMTUBHBIME, ceMeficTBa 3HAUYEHUIT Yy, Y OLpeIeJIdioT Bee ¢1abo-
KOBapI/IaHTHbIe7 CaMO—KOBapI/IaHTHbIe 1 aHOHHUMHBIC 3HaYeHUA OJI49 KJIaC-
ca urp aByx Jmmil. MIMenHo, omrpeiesinM JIByXTapaMeTpHuIecKoe ceMeiicTBO
snavenuii ¢ k € [—1,1],1 € (—o0, —1] U [1,00) caemytomum obpazom:

vk, ecaum urpa ({i,j},v) cynmepaiaurusHas |

ou({i,j},v) = (3.8)

Yy,  ecaw urpa ({i,j},v) cybanauruBHas .

Beumy Toro, uro s ammuruHbix  urp  (N,v) pp({i,j},0) =
oi(v({i,7},v) = (vi,v;) ana Beex 3Hadennii mapamerpos k, [ # —1, a
vo_1({i,7},v) = Y_1(N,v) = (M,ML oupesesienne (3.8) Kop-
PEKTHO.

Hnsa aggurusabix urp ¢ ({7, 7}, v) = ¢ima({i,j},v) = (vi,v;) mns
Beex k,l # —1, a ¢_1_1({i,j},v) aBasgerca ypaBHUBAOIIUM DEIIEHHEM.
3aMeTuM, YTO 3TH JIBA PEIIeHUs] MOTYT OBITH MIPOU3BOJIBHO CKOMOUHUPO-

BAHbBI C PEIICHUSIMU JIJIsl Hea IUTUBHBIX urp (3.8).
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leoMeTpraeckoe MeCTO TOUEK PEIIeHust Pk 17151 (PUKCHPOBAHHDIX 3HA-
qennit (v;,v;), v; < vj, k # —1,0,1,1 # oo, —1,1 u 11 mepeMeHHBIX
snavennit v({7, j}) npuBejeHo KupHOi JsuHuelr Ha Pucynke b.

€T; + Ij = U({’L,j}

v Pk Zaj}vv)

z(U

(0,0

x5 = o({i 5}

Pucynok 5. Perenune ¢y;.

Crenytormias TreopemMa sBasiercss oobeanaerneM Teopem 3.1 n 3.2.

miSmSOISTiSoiSniSmiS 3.3. Ecau pewenue ¢ das kaacca écex neadu-
musnotr uep 08yxr auvy Go ydosaemsopaem arcuomam NE, SV, EFF,
ANO, WCOV u self-COV, mo ono asasemca pewernuem ¢p oaa k €
(—=1,1],1l € [o0,—1),[1,00] and k =1 = —1.

3ameTnM, 9T0 00a peleHns /s 8 IIATUBHBIX TP, OXapaKTePU30BaH-
Hble B YTBEPXKJAEHUH 3.2, MOI'YT PACCMAaTPUBATHCA COBMECTHO C JTIOOBIM
pernienueM Teopembr 3.3. Takum 06pa3oM, Mbl HOJIy4aeM MHOYXKECTBO Pe-
IMEeHN, YIOBICTBOPLAIONIMX YCI0BUAM Teopembl 3.3, jJid BCEro KJjacca
UTPBI JIBYX JIUII.

4. CorsacoBaHHBIE pacCIIUpPeHud cjaab0 M caMO-KOBAapMAaHTHBIX
pelreHnii urp AByX JINIT

B srom paznene 6yayT Haiijernl Te 3Hadenus k, [, 1151 KOTOPHIX CyIiie-
CTBYIOT HEMyCThIe COTJIACOBaHHBIE pacimupenust Ha kaacc Bcex TII urp,
JIJIST KOTOPBIX PeIeHus JJIsd UI'P JABYX JIMI] COBIAIAIOT C (k. OUeBUIHBIM
npuMepoMm sipisgercd k = | = 1. Pemenue ¢, sBjisgeTcs cTaHIAPTHBIM,
H OHO COBIIaJaeT C COIVIaCOBAHHBIMU DCIICHUAMU IIPpEd N-AAPpOM W IIPEI



CaMoOKOBapuaHTHBIE I COTJIACOBAHHBIE PEMIEHNA KOONEPATUBHBIX UTp 41

k-g1poM JIId UI'p JABYX JUI. Ipyrum npumepom, HO YK€ HEBO3MOXKHO-
CTH, ABJACTCA @) . MHOTO3ZHAUHOE pellleHne, KOTOpoe COBNAJAET C Qg oo
Ha HMI'paX /JIBYX Jinl U COIVIaCOBAHO, Ha3bIBACTCHA IlaJIMTaAPHBIM MHO2KE-
CTBEHHBIM DpeIIeHneM, KOTOpOe paccMarpuBaaoch Apunom u Muappoii.
B crarbe [4] wMu OBIIO MOKA3aHO, YTO OHO MOMKET OBITH MYCTHIM JIJIsI
HEKOTOPBIX Urp. Haxomer, pelenne paBHBIX BBIUI'PHIIIEH HEIYCTO U CO-
IJIACOBAHO, OHO BJseTcs pertenneM ¢_; _j. [losromy MbI cpasy Oymem
paccMarpuBaTh Ciaydau, Korja oba 3uHadenus k,l # —1. Ecau TogbKO
OJHO U3 HUX DPaBHO —1, TO AJid aAAUTHUBHBIX UI'D MbI IIOJYYUM JBa 3Ha-
genus: (v;,v;) U (M, @) Tak Kak Mbl pacCMaTPHBAEM TOJBKO
OJIHOTOYEYHBIE PEIICHUs JABYX UIP, 9TOT CJIVYall TaKKe HeBO3MOMKEH.

[Touck nopxoadamux 3Hadenuit k u [ OyaeM HpPOBOJUTH HCKIIOYCHH-
eM HeIOAXONAINNX 3HAUYEHUI Ha IpHUMepax BO3MOXKHBIX 3HAYEHUH IJIs
TP TPeX JIMI[, XapaKTepucTuiecKas (pyHKIHS KOTOPHIX aJINTHBHA Ha
JBYX3JIEMEHTHBIX Koajunusax. JIjsg urp Tpex Jmn uMeioTcs Tpu pejy-
IIUPOBAHHBIE UTPHI JABYX JIMI. B KaxKa0#t M3 HUX pelreHue @y I0JKHO
COBIIAJIATH C OJHUMH M TeMu ke k u [ . Eciu coBnajenuit ne mosydaercs,
TO COOTBETCTBYIONINE 3HAUCHHUA k U | UCKIIOYIAIOTCH.

oiSmiSOoiSaiSoiSniSuiSoiSuiSuiSniS 4.1. Oba pewenus dis addu-
MUBHLLE U2p 08YT AUY, onpedesernvie 8 Ymeeporcdenuu 3.2, donyckarom,
CO2AACOBAHHBLE PACUUPEHUA.

Zaa neaddumusHulx uzp 06YT AUl eOUHCTNEEHHBLMU 3HAYEHUAMU Na-
pamempos k,l, 0aa KomMopwvlr peutenus Qg MO2Ym UMEMb CO2AACOBAH-

noe pacwuperus na kaaces ecer TIT uep, asasomes k = {0,1}, 1 = 1,
uk=10=-—1.

Caenyitomas Teopema IMOKa3bIBaeT, YTO COIVIACOBAHHBIE PACIIHPEHUS
pereHuit ¢g; A1 3Hadenuit k, [ , yKasaHHbIX B Y TBep:xKiaenuu 4.1, neii-
CTBUTEJHHO CYIIECTBYIOT.

oiSmiSoiSaiSoiSniSuiS 4.1. Fduncmeennvimu  nenycmuimu, -
pexmuenoimu,  00HOMOYEUHBMY,  GHOHUMHLLMY,  CAGDO U  CAMO-
KOBAPUAHMHLMY, ~ PEUEHUAMUY  U2p 08YT AUY, JONYCKAOUUMY  CO-
2aaco8atMble pacwupenus Ho kaace ece TI uep, asaaromces:

1) emandapmuoe pewenue dq1,

2) pewenue Po1 02PAHUMEHHO20 2aAUMAPUSMA OAA CYNEPAIOUMUCHHLT
uzp u cmandapmmnoe pewerue daa cybaddumusnvir uep ;
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3 )ypasrusarousee pewerue 1 1.

niSNiSNiESNiSniSniSniSniSniS 4.1. OrMeTHM, 9TO 37eCh MBI IPEMEHsSIEM
PeIIeHnst @11, Pg; TAKKe U I KJIACCA aJIUTHBHBIX UTP , CM. 3aMeda-
aue 1. JleiicTBuTe/ ibHO, HEBO3MOXKHO PACIPOCTPAHUTD DEIEHHE (g /151
HEAIJUTUBHBIX UTD JABYX JINI[ BMECTE ¢ YPABHUBAIOIIUM PEIleHueM 11
AJIATHUBHBIX UI'P HA UIPHI ¢ GoJee 4eM JBYMs HIPOKAMH (CM. JIOKa3a-
TenbeTBO Teopembr 4.1).

Tax kak mapamerpsi k, [ MOTYT OBITh BHIPAYKEHBI Ye€pe3 FKCIECCHI CO-
OTBETCTBYIONIUX UTD JBYX JUIl: k,[ = 2—’ ecad T; > ¥, U, TaK KaK MaK-
1
CUMAaJIbHBIE MTPEBOCXOJCTBA B UTPAaX N JIAIL
sij(2) = max (v(S) — z(S)) (4.1)
53i,5¢j
HE U3MEHHIOTCS 1P UX PeJAylupoBaHuu, Bropoit ciydait Teopembr 4.1
MOKHO C (bOpMy/IUPOBATH CJeyIOM 00pa3oM:

miSTiSTISTISTiSTiSTiSTiSTiS 4.1. [lycms ¢ — coeaacosartoe pacuiu-
penue pewenus Gy wa Kaace ecex TII uep. Toeda dasa aobwux uzpw, (N, v)
u eexmopa © € ¢(N,v) s;j(x)sji(x) > 0 daa scex i,j € N, u aubo
sij(x) = sj(x) > 0, aubo x; = x;, aubo x; > x;, u sj;(x) =0,s;;(x) <O.

oxasameavemeo. Ilycrb HekoTOpOe pelleHne ¢ yIOBIETBOPIET BCEM
yeaosusam Caencrsus, (N,v) — npousBoabHas urpa, © € ¢(N,v). U3
olIpeiesIeHUsI 3HAUEHNH MapaMeTpoB k, [, OpeJeasiomux peieHne ¢, de-
pes sKkcrecchl (3.7), W onpe/ieSieHuii SKCIECCOB eIyIIMPOBAHHBIX UI'D HA
MHOKECTBO J[BYX UTDOKOB Yepe3 MaKCHMasIbHbIe IPeBocxoacTra (4.1), He
MEHSIOIIIeCs] TIPU PeJIyUPOBAHUU UTPBL, U3 € ¢(N,v) ciaeayer, 9To

kor [ = %) (4.2)

sij ()
Tak kak k = 0 wm 1, u [ = 1, paBencTro (4.2) J0Ka3bIBaeT yTBEPIKICHUE
CJIEJICTBHS. O

[Ipumenum Temnephb yTBEpP:KJIEHWE K OIPEJICJEHUIO HOBOT'O perieHus
KOOTICPATUBHBIX UIP.

DddekTuBnoe pemrenne P misg knacca G seex TII urp massiBaercs
seanumaproim nped k-adpom (EPK), ecau juist miobbix urpsl (N,v) u
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BekTOopa * € ®(N,v) BbIIOHAETCS HEPABEHCTBO S;i(x)s;i(x) > 0 mas
mobbIX 4,7 € N, u au60 BBIIOJIHAETCS CTPOrOe HePaBEeHCTBO S;;(x) =
s;ji(x) > 0, a B cityuae pasencrsa aubo x; = x;, 10O U3 T; > T; CAEAyeT
Sji(x) = 0, Sij<l’> S 0.

smallskip

Tepmun "sraaurapHoe mnpe k-gapo’ 00yCcIoBIeH ABYMs ero CBOHCTBa-
mu. Bo-mepBoix, BeKTOp Buurpbimeit x € O(N,v) npuHAIIEKUT TpeT
k-anpy PK(N,v), eciu s;;(x) > 0 mas Becex ¢, € N, u, BO-BIODBIX,
OH MPHHAJJIEKUT TAJUTAPDHOMY MHOXKECTBEHHOMY perneHuio [3], ecu
sij(x) <0 mas Beex 7,5 € N.

Onpeneserne SraauTapHOro mpen k-sapa, Tak »Ke KakK H OIIpejeJie-
HUs TpeJ k-gapa U 3raJHTapHONO MHOYKECTBEHHOTO PEIleHHs, OMpe e Is-
10T 3TU PEIIeHHs C TOMOIIHIO HEKOTOPHIX PABEHCTB M HEPABEHCTB MEZKJIY
KOMITOHEHTAMH BEKTOPa PeNIeHnit 1 MeKJIy COOTBETCTBYIOIUMU 3HATE-
HUSIMH MaKCHMAJIbHBIX MPEBOCXOACTB. Tak Kak IOcje Hie 3HAYeHUs He
U3MEHSIOTCS MPH PeIyIUPOBAHUU WIPHI, BCe TaKHe eIeHHUs COTIacOBa-
uel. bosee. Toro, onn 06/1a1a10T CBOKCTBOM OOPATHON COTJIACOBAHHOCTH.
JTokazkem 3TOT (pakT JJId raJuTapHOrO npes k-gaapa.

miSmSOISTiSoISniSmSOiSaiSoiSniS 4.2. Jzarumaproe nped k-sadpo
obaadaem ceoticmeom 006pamHoOT CO2AUCOBAHHOCTIU.

Jlokasamenvemso. Tlycrs (N, v) — npousBobaas urpa, © € X*({i,j},v),
" JJid BCEX PEeAYHUPOBAHHBIX UI'D ABYX JIUI OTHOCHTEJILHO BEKTOpa T UX
pemenus (v, ;) = EPK({i,j},vf;). . Tax kax 3HadeHns MaKCHMATb-
HBIX MIPEBOCXOJCTB S;;(7) B PeyIUPOBAHHBIX NTPAX JBYX JII, TAKHE JKe,
KaK M B UCXO/JHOMN UIrpe, OJIydaeM, 4TO BEKTOP T YIOBJIETBOPSET yTBEP-
xaenanto Caencrsus 4.1. O

PaCCMOTpI/IM enre OJHO perneHne KOOIMMepaTUBHBIX UT'D — IHOJIOZKUTEJIb-
Hoe c-sizipo [10]. Ono me mycro u kommakTHO juis t06oit TII urpsr, u
COBIIAJIAET ¢ C-sIZIPOM UTPBI B CJIydae, ecid oHo He mycto [10].

Hamomuum onpejesienne jomuunponaunus 1o Jlopenmy. Ilycrs x,y €
R™. O6ozuaaum gepe3 0(x),0(y) € R™ BeKTOp, KOMIOHEHTHI KOTODPO-
IO COBIAJAIOT ¢ KOMIIOHEHTAMM BEKTOPOB T, Y, HO CJa00 YHOPAIOTCHBI
110 BO3pacTanuioo. Bekrop x domunupyem no Jlopenuy BeKTOp Y, ecau
maiierca takoe wncio k = 1,..,m, uto b 0i(x) > S5 6i(y), n
Zgzl 0;(z) = Zgzl 0;(y) nis Beex j = 1, ...,k — 1. Bekrop Bolurpsbiiieii ©
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urpbl (N, v) HA3BIBALTCA MAKCUMAALHBLM N0 JIOpEeHUY B IONTOKATETBHOM
c-anpe, ecu x € PC(N,v), u m060ii Bektop 2z € PC(N,v) He 10MUHH-
pyer x no Jlopenmy. Tak Kak I[OJIOXKUTEJBHOE C-SIJIPO KOMIAKTHO JIJIsi
KayK/I0# MTPbl, MHOXKECTBO MaKCHUMAaJIbHBIX 10 JIOPEHIly BEKTOPOB B HEM
PClo-(N,v) ue mycro st mo6oii TTT urper (N, v).

Takum 06pa3oM, MBI MOKeM paccMaTpuBaTh MHOKeCTBO PCr, (N, v)
KaK MHOYKeCTBeHHOe He 1rycroe penienue st TII urp.

miSoiSoISmISniSoiSmSuiSoiSmiSni'S 4.3. PCro(N,v) C
EPK(N,v) daa moboti TIT uepw (N,v).

Jlokasamenvemso. Tlycrs (N, v) — nponsBoabras urpa, £ € PCry.(N,v).
ITo omnpejie/IeHNIO TOJOKUTEILHOTO C-51JIpa  BLITOJIHAIOTCA PaBeHCTBA
sij(x) = sj;(x) ms Beex 4, j € N, 1151 KOTOPBIX S;5(x) > 0.
Ipepmosoxum, uro s;;(x) < 0, ecim x; < x;. Torna no oupeaesnenuio
JoMmuHupoBanus 1o Jlopemmy ne cymectByer Takux rpancdepos (s, y;),
aro Y +y; = i + 2, (2[|lyi,y;) € PC(N,v) u sexrop (z[|yi,y;) 1o-
MUHEpYeT 110 JIOpPEHIy BEKTOp . DTO MOXKET CIYYHUTLCS TOJIBKO €CJIU
s;ji(x) =0, orkyga caexyer PCpL,.(N,v) = ¢o1(N,v) ajst Bcex urp AByX
s, uian, kBuBajsenTno, PCp..(N,v) C EPK(N,v). O

OISmISaiSoiSoiSaiSniSniSaiSaiSaiS 4.4. Pewenue PCr,, coeaaco-
saro 6 kaacce ecex TII uep.

Jloxazameavemeo. Tak Kax MOJIOKUTEIBHOE C-s1/1PO 00.J1a/1aeT CBOHCTBOM
noarsepxkaenus (RCP) [10] mokasaresbeTBo COBIAIALT € ¢ OKA3ATEb-
crBoM Jlemmbr 2 cratou [9). O

Yreepxkaenus 4.3 u 4.4 nokaswBaior, uro pemenne PC,, aBasercs
HEIYCTBIM COIVIACOBAHHBIM IOJPEIIeHueM 3TaJIuTapHOro mnpes k-sapa, u,
CJIeI0BATEIbHO, HEIMYCTHIM COTJIACOBAHHBIM IIOJIPEIIeHNEM PEeIIeHus (o1 .

[Tocsiequnii pe3yabTaT ONMUCHIBAET MAaKCHMAaJIbHOE 110 BKIIOYEHUIO CO-
IJIaCOBaHHOE PACIIUPEHNE PEIeHNs g1 B TEPMUTHAX YCJAOBHIT Ha SKCIECCHI
BEKTOPOB, IPHHAJJIEIKAIIUX PEIIeHHIO.

oiSoiSoiSoiSoiSoiSaiSaiSaiSaiSnaiS 4.5. Makcumanrvroe no 6xat0-
YEHUIO CORAGCOBAHHOE PACULUPEHUE DeuteHUs Qg1 0as kaacca ecex TII
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uzp ¢ GECKOHEUHBLM MHONCECTBOM U2POK08 Ak Kaxncdol uepvs (N, v) sa-
daemces CACOYOULUMU COOMHOUEHUAMU:

r € P(N,v) <= s;(x) =sji(x) >0 uaru

4.3
Ti > T; — Sij(ﬂi) = O,sz(l’) <0. ( )

Jlokasamenvcmeo. Tlepsasi crpoka dopmyst (4.3) xapakTepusyer craH-
JIapTHOE peIIeHue Ha MHOYKECTBE CyOA/INTUBHBIX UIDP JBYX JIUIL, & BTO-
pasg CTPOKa JlaeT pelleHre OIPAHHIEHHOIO STAJUTAPU3MA I CYIepa-
JUTUBHBIX WUI'P JABYX Juil. Tak Kak 3HAUEHUsS MAaKCHUMAJIbHBIX IPEBOC-
XOJICTB He MEHSIOTCsI pH peayiupoBanuu, dbopmyna (4.3) omuchiBaer
BCE COIIACOBAHHBIE PACIIUPEHUS PEIIeHmil ¢y . n

5. 3akiaruyenue

N3 pesyabraToB pasnaenoB 3 m 4 MOXKHO BBISIBUTH HEKOTOPHIE OT-
KpBITbIe TPOOJIeMbl , KacalONuecs PelIeHu# COIVIaCOBAHHBLIX pacIIupe-
HUil perieHud ¢; . g Kaacca BLIIYKJIBIX UT'P CYIIECTBYeT eIUHCTBEH-
HOE COTJIACOBAHHOE PACIIUPEHHE PENIeHUs] OTPAHMICHHOI'O STaJIuTapu3Ma
— 910 pemenne Jlyrra-Pag [7]. Tag kaacca Beex TII urp maxcumaiib-
HBIM COIVIaCOBaHHBIM PacCIlTUpeHneM pelneHnd OrpaHnvYeHHOro araJnTa-
pu3Ma, ABJideTcd srajautapuoe npen k-giapo. Ero noamuoxkecrso PCr,,
UMeeT 10 MeHbIIell Mepe JBa OJHOTOYEUHBIX cejekTopa. st aoboit ur-
pbl (N, v) OHE ONPEJEIAIOTCS KAK BEKTOPBI, MAKCUMAJIbHBIE 110 OTHOIIe-
HHUIO JIEKCUMWHA W MHUHUMAJIBHBIE IIO OTHOHIIECHUIO JIEKCHUMaKCa Ha MHO-
xkectBe PCp,.(N,v). JlokazareabcBro 3T0oro (akra COBIAJAET B JTOKA-
3aTeJLCTBOM AHAJOTUYHOIO YTBEPXKIACHUS s COAJAHCUPOBAHHBIX HIP
[13]. Beraer 3amaua onucanus kinacca TII urp, He gBJSIONIEroCs MOJI-
KJIACCOM BBIMTYKJIBIX, TAKOTO YTO JJIsI JTIOOOH UIPBI U3 9TOTO KJIACCa Cy-
IECTBOBAJT ObI €IMHCTBEHHBIIT COTJIACOBAHHDBI CE/IEKTOD U3 3TAJTUTAPHOTO
npen k-saapa. Takoit Kjmace MOr ObI CTATh STAJIHTAPHBIM AHAJIOIOM KJIacca
BBIIIYKJIBIX HUTP.

XOpOIHO U3BECTHbLIC OJHOTOYEYHbIC DElICHUA — 3HaYCHUEC meHﬂI/I n
perienne JIlyrra—Pasg MoryT ObITh OXapaKTepu30BaHbI MX OIPEJIC/ICHH-
eM JId Urp JABYX JIMIL U CBOIICTBOM COTJIACOBAHHOCTH: B onpejgeJieHnn
JsBuca—Mamnuiepa s pemennsd Jlyrra—Pas u B onpenenenun CobosieBa
[1] nuneitnoit cornacopannoctn nist 3uadenust [emnmu. Ogaako mpes n-
SIIPO elle He uMeer MoJ00HON akcnmomaru3anuu. HewssecTHo, sgBjseTcs
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JI1 CBOMCTBO KOBAPUAHTHOCTH HE3aBHCUMBIM OT CBOMCTB CTaHIAPTHOCTH
st aeyx mn, cumverpun (ETP) u cornmacoBansocTH.

6. IIpunoxkenue

Joxaszamenrvcmeo Jlemmuo, 3.1. O4eBUIHO, ITO PENTEHUS (), TIOJTOKUTEThH-
HO OJHOPOIHEI.

JocTraTouno g0Ka3aTh CaMO-KOBAPHAHTHCTD PEIICHUI (), TOJBKO I
KJIacca ggsp ¢ (bUKCHPOBAHHBIM MHOYKECTBO UTPOKOB {i,7} . OueBnmno,
9TO ypaBHHUBAOIIEe PelleHne ¢ camo-KopapuanTHo. [lycrs ({i,j},v) €

9 — mpomssombHas urpa. Bemn o(v) = (0,0), T0 yrBepskaenue JleMmbr
crpaseyuBo. [Ipeanosoxkum teneps, ato ¢k ({i, 7}, v) # (0,0). Toraa u3

paBeHcTB (3.2) moydaem

o —v; + kv, v; — kv;
ol ) = (T R

k+1 7 k+1

Borancanm ennanny o ({4, 7}, v+ Apr({i, 7}, v)) maa A > —1. O6o-
saaguM i (v + App({i, 7}, v) = (m;, m;).

U3 pasencts (3.2) caeayer, aro (¢ip({i,7},v))i < wr({7,7},v)); ana
Beex k € [0,1]. CnenoBarensno, for A > —1 m; < m;, 1 MBI IOTy4aeM
PaBEHCTBO

.. - —m; kml _ (Y5 k"Ui
sok({z,]},v + Asak({m},v)) gt v ’(1 + A+ %) (6.1)

(1+ A) = = (14 A)(on(v))ie

AHaI0THIHO MOXKHO HPOBEPHUTDH, UTO
o ({17} v+ Agu({i.7)0)) = (A+ D(eul{i 1), 0); 0

Joxazamesvemeo Teopemv, 3.1. OueBuUIHO, pPelTeHust ©y, VIOBIETBO-
paor akcuomam NE, EFF, SV, ANO and PH. Jlemma 3.1 moka3biBaer,
9TO OHH YIOBJETBOPAIOT TaKzKe CaMo-KOBapuaHTHOCTH. Bosee Toro, mo
OLPEJEJCHUIO OHU YJI0BJICTBOPAIOT CJA00H KOBAPUAHTHOCTH.

[TycThb TEneps ¢ NpOU3BOJIbHOE pentenne Jyist Kiaacca Gs', ya0BIeTBO-
psIoIee BCeM aKCHOMaM, YKa3aHHBIM B (popMyanpoBke TeopeMbl.

JloKazkeM CHadaja eIMHCTBeHHOCTD JUIs K1acca Gy’

Iycrs ({4,},v) € Gy — npoussosbnas urpa. Torma v; + v; < 0.

Eciu ¢o({7,7},v) = (0,0) mua seex ({i,5},v) € GY, 1o p = p_;.
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IIpemonoxRnM Temepb, 49ro cymecrtsyer urpa ({i,j},v) € G5

st koropoit p({i,j},v) # (0,0). U3 ompenenenns (3.1) camo-
koBapuanTHcoru cieayer, aro o({i,j},w) = ¢({i,j},v) ans Becex urp
({7,7},w), B KOTOPBIX XapakTepHcTHUECKass QYKIHs W MPEICTaBAMA B
BUIE

w=pv+(1—-05)e({i,j},v) s wekoroporo 5 > 0. (6.2)

[Tokazkem, uro napaverp k(v) = %
YAOBIETBODAIONIX HepasencTsaM v; < v 1 @({i,7},v") # (0,0). Tpes-

Osp
2

OJIMH U TOT Ke JJIsd BCex v,

1I0JTOZKHM, 9TO HaiiayTca ase Takue urpwl ({i,7},v'), ({i,7},0%) € G
nng xkoropeix o({i, 7}, v), o({i,j},v?) # (0,0), m k(v') # k(v?). [IycT
k(v') > k(v?).

[peanonoxum, uro o({i,j},v?); > ©({i,j},v');. Torma jayun us
rouek p({i,7},v') u p({i,j},v?), MpoxoagAIEE COOTBETCTBEHHO wepes3
toukn v',v? | mepecekarorca B Touke (u;,uj), u; < uj, A KOTOPOH
u;+u; < 0. Torga u3 pasencrsa (6.2) monydaem pasencrsa ¢ ({7, 7}, u) =
o({i,7}vY) = p({i,7},v?), 4ro UpOTUBOPEUUT NPEIOIOKEHUIO.

Ecmu o({i,5},v1); > ¢{i, 7}, (v*);, To paccmorpum urpy av', e a >
0 jmocTaTouno majoe uuciao, Tak uro ¢({i,j}, avt); = ap({i,j},v); <
©({i,7},v?);. Torga, Kak U B IPEABLIYIIEM CIydae, Mbl moaydaeM k(v?) =
E(avt), u k(av') = k(v') mo monokuTeapHoi 0IHOPOIHOCTH pentenus of
©.

Takum obpazom, MbI MOMYUWIN €MHCTBEHHOCTH napamerpa k, ornpe-
JIeJIAIONIEro perrenne ¢ = @y aag urp v ¢ p({4,j},v) # (0,0).

Pacemorpum  Temeps  urpbl  ({4,7},v) ¢ HyJZeBBIM pelleHHeM
o({i, ) = (0,0).

U3 pasencrra (6.2) caenyer, aro ¢({i,j},v) = (0,0) masa Bcex urp
({7,7},v), Iis KOTOPBIX BEKTOP ¥ PACIOJIOZKEH HA JIyde T; = kx;, x; < 0,
BBIXOJAIEM U3 HyJaeBoil Toukn. Pacemorpum urpy ({7,7},v) ¢ v; < kv;.
[peamonoxum, aro ¢;({i,j},v) < 0, Torma mupsiMas, COeIUHSIOMIAST
roukn v u @({,j},v), nepecekaer upsamyio r; = kx;, u, LO CaMo-
KOBApHAHTHOCTH pertteHnst ¢, Mbl noixydaem o({i,j},v) = (0,0), uro
POTHBOPEYUT HpeAnoaoKenuto, aro ¢;({i,j},v) < 0. Ipeanonoxnm
renepb, uro ¢;({i,j},) > 0. Torma Jsiy4, BBHIXOASNMA U3 TOYKH U U
npoxojsmuii aepes touky ({i,j},v), mepecekaer IAUATOHAJIL B HEKO-
ropoit Touke W = (w,w),w < 0. Tak ak. 110 AHOHUMHOCTH DPEIICHUS P,
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o({i,j},w) = (0,0), u3 (6.2) Mt mosygaem, aro ¢({i,j},v) = (0,0), ato
ONSATH IPOTHBOPEYHT MPENOIOKEHHUIO.

Crenosarensuo, ¢({i,j},v) = (0,0) mrs Bcex urp v ¢ v; < v; H
v; < kv;, B, MBI OIIATH JIOKA3AJIH, ITO = ), 1A HeKoToporo k € (—1,1]
U 14 Beex urp u3 G,

[IycTs Teneps 3navenune ¢ WHANBHIYAJIbHO pamnuonaabuo. Torna k =
90]'({27 j}u U) Y
902{27]}7 (U) — Ui

Zoxazameavcmeo Teopemvr 3.2 aHATOTUIHO JTOKA3aTeIbCTBY Teope-

> (), 1 J1I0Ka3aTe/IbCTBO TEOPEMBI 3aBEPIIEHO. 0

MbI 3.1.

okasameavcmeo Ymeeporcderusa 4.1. Y paBHUBaIOIIee PellleHHe U pe-
menne Giq(N,v) = {v; }ieny 1 anauTuBHbIX Urp 3hHEKTUBHBL, OTHO-
TOYEYHBI, AHOHUMHBI, CJ1a00 ¥ CAMO-KOBAPHAHTHBI U COIIACOBAHBI.

Paccmorpum Tereph periienne ¢y ISl KJacca HEQINTUBHBIX WP
JIBYX JIMIL U YIOBJIETBOPAIONINX CBOMCTBaM, YKa3aHHBIM B Teopeme 3.3.
Haiinem mapamerpsl k, [, IpH KOTOPBIX peIIeHHE ¢y HE MMeeT COLIACO-
BAHHBIX pacmmpenuil Hpa Kjaacc urp Gso Tpex JHI, OIpeNeIaeMbIX CJle-
JIYIOIAM 00pa3oM:

(N,v) € Ggp ecmu |[N| =3, v; > 0,v({i,j} = v; + v; n1a Bcex 4,j €
N, . s npocrorsr nomaraem N = {1,2,3}. He orpannuuBast o61tHOCTH
Mbl MOYKEM IPEJIIOJI0KATh, 9T0 V] < vy < w3. IlycTh ¢ coryiacoBanHOe
pacimpenne Kakoro-aun6o peutenust ¢y, s moboit urpet (N,v) € Gs g
obosnauum G(N,v) = (x1,x,x3). PaccMoTpuM BCEBO3MOKHbBIE CJIYUYaH
COOTHOTIIEHUH MeKJIy 3HaUYeHWuIMH v;, T;, ¢ = 1,2,3 1 x1,T9, 3. Hamee
OyjeM yirorpedssTb obo3nadenue e; = v; — x;, © = 1,2, 3.

Eciu permenune ¢ corsiacoBano, To Jijis JI000H peyIupoBAHHON UT'PHI
({i,7},v;) ee xapaxkTepucTHIecKas (GYHKIH ONPeIAEIALTCS CIeIyIo-
M Opa3oM:

Vi, if€t§07
vi+e  ife,>0,t€{1,2,3},t#14,j].

T y _
v ({i}) = (6.3)
W3 onpenenenns pemnieHnuit ¢ I UTP JABYX JIMI] CJIEAyeT, UTO ITH pe-
MIeHUs COXPAHLIOT HEPABEHCTBA MEXK/Ly UHIMBUIYAJbBHBIMA 3HAYCHUAMU

XapakrepucTudeckoil gynkuuu: s urpst ({i, 7}, v)

v >v; = ¢;({i,j},v) > ¢;({7,5},v). (6.4)
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Taxkum obpasom, u3 (4.3),(6.4) u HepaBeHCTB 1 < X9 < X3 CJIEJyeT,

qT0
€5
k orl o ter
e;+et

ecan e; < 0,
(6.5)

uHaue ,
rae v; > v, 4,5,t = 1,2,3, u k win | BoiOupaioTcad B 3aBUCUMOCTH OT
criep- Wil Cy6-aJIUTUBHOCTH PelyUpoBanHoil urpht ({1, j}, v§;).

Jlng caydast HepaBeHCTB V] < Vg < v3 U 1 < Ty < X3, PACCMOTPUM
BCe BO3MOYKHOCTH HEPABEHCTB MEXKIY V; W X;, ¢ = 1,2, 3, m Mexay v; +
Vg +vg 1 v(N).

1. v +ve +v3 > v(N).
1-1. e; < 0,e9,e3 > 0.

Torma peynupoBaHHast Urpa HA MHOXKIECTBO HTDOKOB ({2,3}) cy6-
QJUINTHBHA, W MBI TTOJTyqaeM | = 2.

a) e; + es + 2e3 > 0.

Tak kak e3 > ey, U3 HEPABEHCTBA €1 + €3 + 2e9 > 0 c/eayeT HepaBeH-
CTBO €1 + e9 + 2e3 > 0.

Torma obe pejynupoBaHHBIE H UTPHI HA MHOXKeCTBa UTPOKOB {1,2} u
{1,3} cybasauTuBHBI, U MBI TIOJYYaeM DABEHCTBA

l—62+€3 _62+63_63
€i+e3 e t+e €

W3 3TuX paBeHCTB CJIEIyeT PABEHCTBO €9 = €3, U €IMHCTBEHHAT BO3MOXK-
HocTh aaga | —sro [ = 1.

b) e1+ ez + 2e; < 0.
B srom ciayuae peaynuposannas urpa ({1,3},vf;) cynepamiurusHa.

CrietoBaTeIbHO,
€3 + €2
k=——.
€1+ e

Tak kak k € [—1,1], u3 mocjeHero paBeHCTBA CIEIyeT ez < €1, UTO
NpOTUBOpednT HepaBeHCcTBaM e1 < 0, e3 > 0.

[Momcnyuan a) u b) oxBarbBaOT Bech caydai 1-1.

1-2. vy + vy +v3 > v(N), eq,ez, e3> 0.

B sToMm ciydae Bee penylMpOBAHHBIE UTPHI HA MHOXKECTBA JBYX HI-
poKoB cybamauTuBHbL. Cle1oBaTeIbHO,

l_€2+63_63+62_63+€1

)
€1+62 €1+€2 62+€1




50 E.B. dnosckaga

OTKY/Ia TOJIy4aeM e; = ey = e3, | = 1.
1-3. v+ vy +v3 > 0(N), e; <0,e9 <0,e3 > 0.
a) e; +e3 >0, es + e3 > 0. Kak u B mpepIayIem caydae Mbl MOJIy-
JaeM, 9TO BCe PeYIUPOBAHHBIE UTPBI JABYX JIAI CyOaIUTHBHBI, 1
e: e: e 1 é:
ep ey e;+tes
b) e1 +e3 > 0, es + e3 < 0. Pexymuposannsie urpot ({1,3},073) u
({1,2},v{,) cybaqInTHBHBI, CIEIOBATEIBHO,

l—63—€2+63

€1 e1 +es
OHaKO 5TO PaBEHCTBO HEBO3MOXKHO, TaK KaK € + €3 < €3,€1 + €3 > e1.
HesBozmoxkuocTh citydas e + e3 > 0,e1 + e3 < 0 noka3piBaeTcsi aHa-
aornaHo ciaydaro b). Tak kak e; + ey < 0, cayqait 1-3 paccMOTpeH moJi-
HOCTDIO, U3 HErO MBI IIOJIy4YaeM €JIUHCTBEHHYIO BOBMOXKHOCTD [ = 1.
Bee cayuan e;,e; < 0,6, > 0,4, 7, = 1,2, 3 paccMaTpuBaloTCs aHaJI0-
rudno caydaio 1-3. Takum obpasoM, ciaydail 1 paccMOTpeH HOJHOCTBIO.

2. v1 + v +v3 < v(N).

2-1. ey, e9,e3 < 0. B 3ToM cirydae Bce peIyIMpOBaHHBIE UT'PHI JIBBIX JIHI]
CyIepaUIMTUBHBI, CJIEI0BATEBLHO, MBI MMOJYyYaeM CJEYIONe 3HaYeHUd
s ko

€3

Y

€2 €3
F=—2==

ey ey e
OTKYyJ1a cjejayer, 910 k = 1.
2-2.e1 < 0,e9 < 0,e3 > 0.

a) e + ey + 2e3 < 0. Torna pexyrmmposannas urpa ({1,2},v7,) cy-

ex+tes
ei1tes’

a-1) e; +e3 > 0. Torma es + e3 < 0, U pemynupoBaHHas HIPA

nepaIuTHBHA, U k =

({1,3},v{3) cybanaurupna, a urpa ({2,3},v53) cynepagnurusna. Cie-

JIOBATEJIHHO,
€3 €3
=, k=—.
€1 €2
[IpupaBuuBas BbIpakKeHus s k, moaydaum k = z—g = % OHako

BBUJIY TOTO 4UTO €3 > e + e3, ea < 0 < ey + eg, Mocjie/iHee PaBeHCTBO

HEBO3MOZKHO.
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a-2) ey + e3 > 0. Torma e; + e3 < 0, ¥ aHAJIOTHYHO CJIydaro a-1)

HOJIyIaeM
=2 k=2, (6.6)

€2 €1

[IpupaBuuBas BbIpazkeHus Jjisd k, moJjiydaem

k:eﬁ:w (6.7)

7
€1 €1 + €3

OTKyJIa caeyer es = ejep. Jamee, k = \/g—f Tak xak |l| > |k|, n3 (6.6)
caenyer es > ey, a u3 |k| < 1, ciaeayer, ato pasenctBo (6.7) Mozxer
BBLIIIOJIHATBCS TOJMBKO €CIIH €] = €3 = €3, YTO HeBO3MOZKHO.

a-3) e1 +e3 < 0,e3 +e3 < 0. Kak w B mpempiayiiem Ciy-

_  extes
yae, Mbl IIOJydaeM BbIpaxkeHue [ = eites PenymupoBaHHBIE WUTPBI

({1,3},v73), ({2,3},v5 3) cymepasuTHBHEIL, CIeI0BATEIBHO,

€3 €2
= 22— =

€1 €1
OTKYy/a ToJiydaeMm €1 = eg, u k =1 = 1.
[Moncnyaail 2-2a) paccMOTPEH MOJTHOCTHIO.

b)er + ey + 2e3 > 0. Penynuposannas urpa ({1,2},v{,) cybammmr-

extes
e1+es’

b-1) e; + e3 > 0. Tak kKak e; + e < 0, pemynupoBaHHas HIPA

TUBHA, U [ =

({1,2},07,) cybammrupna, | = . Anajorucno cjiyvaio a-2), npupas-
HUBas JIBA BBIPAXKeHUs A [, MBI IOJIYYaeM PaBeHCTBO | = :—? = %,
KOTOPOe HEBO3MOKHO.

b-2) e; + e3 < 0, oTKya caemyer e; + ez > 0. AHAIOrHYTO TPeIBITY-
UM CJIydasiM, [10JIy4aeM

€3 €3 € t+ €3
k=—l=—=—"—"—.
€1 €9 €1+ es
Tak kak |[| > |k|, u3 3TuX paBeHCTB ciegyer e < es.

N3 nocsieiaero paBeHCTBA ClleLyeT e§—|—6163 = 6%4—6263, OTKY/1a IIOJIY-
qaeM HepaBeHCTBA eg > e% > 6%, OJIHAYaIOIIIIIe, YTO BBUAY HEPABEHCTBA
|k| <1 equHCTBEHHON BO3MOYKHOCTBIO ABSIsIETCS €3 = —eq, T.e. k = —1,
e1t+e3=0 — ey =0. CrenoBarenabHo, e; + €3 + €3 = 0 9TO IPOTUBO-

peduT yCJA0BUAM cJydas 2.
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b-3). e1+e3 < 0,ea+e3 < 0. 113 cynepaIuTUBHBIX PELYIHPOBAHHBIX
urp ({1,3},1}%73), ({2,3},1};",3) HOJIy IaeM

€3 €3
k====

€1 62'

[TociieHee HEPABEHCTBO IAeT €] = ey, OTKyaa k = 1.
Ecjin pestynuposannast urpa ({1,2}, vf 5) cynepajiurusna, T0 Mbl 110-

JiydaeM BbIpazkenue g k eme pa3. Eciam ke ona cy0ajuTuBHA, TO

| = e2tes
e1+es ’

Takum 06pa3oM, paccMOTpeHHe TOJCAyYas 2-2B) 3aBepIlieHo, W BCe
BO3MOYKHOCTH TtepedpaHsbl. 113 3T0ro mepebopa caemyert, 9To JAJd UTP Tpex
JIUI, PACCMOTPEHHBIX B CJyYadX 1-2, OTHOTOYEYHOe COIIaCOBAHHOE aHO-
HUMHOE pellleHHe ¢ COBIIaJaeT C ¢y Ha UIPax JABYX JIUI Ha Pelylupo-
BAHHBIX WI'DAX OTHOCHTEIHHO BeKTopa perrerns r = ¢({1,2,3},v), u
v, —x; 0,1 =1,2,3, 1JIsT e IMHCTBEHHBIO BO3MOKHBIX 3HAUEHWIT Tapa-
MetpoB k, [ : k,[ = 1.

Ecnu HeKoTOpBIEe U3 9KCIECCOB PABHBI HYJIIO, TO TapaMeTpsl k, [ MOTYT
npuuHuMaTh 3uadennd k = 0 u [ = oco. ITokaxkem, 4T0 Bropoe paBeHCTBO
[ = oo meBo3MOxkHO. PaccMoTpum npumep cybaiuTUBHON UT'PHI Tpex
JIMI U3 CTaThu [3]:

N ={1,2,3}, vy = vy = 1,03 =0, v({1,3}) = 1.4,
v({2,3}) = 1.3,v({1,2}) = v(N) = 2.2.
Ilyctsb y = @i (N, v). Torga MakcuMaIbHOE TPEBOCXOACTBO HIPOKA i HAJ
HIPOKOM j B BekTOpe y paBHO S;;(y) = max{v({i}) — y;, v({i, k}) — (v +
uk)}s i, 5,k € {1,2,3}.

Pexymupys sty urpy za ,ZLByXSJIeMeHTSHE()I? MHOYKECTBa UT'POKOB OTHO-

ig \Y

85i(y)
Cravasa moxazkeMmc 4to S;;(y) > 0 g Beex 4, j € N. Pacemorpum

CUTEJILHO Y, TToayIuM, 910 k( nmr )l =

, €CII ;> ;.

BCE TIapbl HT'POKOB.

1) s12(y) < 0. Tak kak k = 0 wn 1, 10712KHO OBITD S12(Yy) = S91(y) < 0,
OTKYyJa CIeayIoT HepaBeHCTBA y1 > 1,y1 +y3 > 1.4, yo > 1, ys +y3 >
1.3, u ycrnoBue 3pdeKTUBHOCTH Y1 + Yo + y3 = 2.2 DTHU HePABEHCTBA U

paBeHCTBO HECOBMECTHBI.

2) s13(y) = s31(y) < 0. Torma y; > 1,y; + y2 > 2.2. U3 nocaeanero

nepasencTBa caeayer yz < 0. Oxnako u3 s31(y) < 0 caenyer yz > 0, u mbl
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nosrydaeM ys = 0. V13 HepaBencTBa 42 + y3 > 1.3 caemyer yo > 1.3, u 310
HEPABEHCTBO BMECTE C HEPABEHCTBOM Y1 > 1 HECOBMECTHO C PaBEHCTBOM
apdekTuBHOCTH Y1 + Yo = 2.2

3) s93(y) = s32(y) < 0. He Tpyamo mpoBepuTbH, 9TO CHCTEMA HEpPa-

BEHCTB
y2 > 1, y1+y2 > 2.2,
y3 >0, y1 +y3 > 1.4, (6.8)
y1+y2tys =22
HEeCOBMECTHA.

CrietoBaTeIbHO, BCE PEAYIIMPOBAHHBIE UTDHI IBYX JIHI Cy0aIIuTHB-
HbI, U TTapamMeTp [ Jijis perienus 1, MOKeb PUUMATh TOJIHKO JBa 3HaYe-
Hug [ = 1 wiu [ = oco. llepBoe 3HadeHNe HEBO3MOXKHO, TaK HOKA3BIBAIOT
BBIIIIE pacCMOTpeHHble caydan 1)—3). Bropoe 3HaueHue 03HAYAET, YTO

y; >y, = sj(y) >0, us;(y) =0.

HeBo3MOKHOCTD 9TOr0 COOTHOIIEHHST ObLIa MOKA3aHA B CTaThe ApHHA 1
Nnappsr [4]. 0

okazameavcmeo Teopemol 4. 1. CHagaI TOKAKEM, UTO CYIIECTBYIOT CO-
riaacoBaHHble pactupenns pertenwnit 1)-3). Tlpen n-sapo coBnagaer co
CTAHJAAPTHBIM peIleHueM Ha KJacce Urp JIBYX JIHII, T.€., ¢ PEIIeHHEeM @11 .
OHO cor1acoBaHo, T.€. sIBJSIETCS COIVIACOBAHHBIM PACIITHPEHUEM ITOTO Pe-
IIMeHn4d.

Haiinem corsiacoBanHoe paciiupeHue perteHust ¢gi. st mpou3Bosib-
Hoii urpsl (N, v), obosuauum depe3 C(N,v) ee c-siipo, a gepe3 PC(N,v)
— ee noJjoxkuTeabHOe c-s11po. [locennee ne nycro mrs Jjiro6oit TII urpor
[10]. ma kmacce cyGaJIMTUBHBIX UTP JBYX JIUIL TOJOKATEIBLHOE C-sITIPO
COBITQIAeT C IpEeJ] N-AJpPOM, & Ha KJacCe CyNepaIMTUBHBIX UID JIBYX
JIVT] OHO COBITQIAET C C-SIIPOM.

Pacemorpum pemmenne PCleppmin, conocrapigmoniee kaxkaoit TII urpe
BEKTOP BBIUTPHIIIEH U3 MOJOKUTETBHOIO C-SIIpa, a KOTOPOM JOCTUTAeT-
¢ MAKCUMYyM OTHOIIEHHS lexmin. DTo pemienue He IIyCTo, OJHOTOYEIHO,
AHOHMMHO, M Ha KJiacce cOaaHCHPOBAHHBIX MI'P COBHAaJaeT ¢ lexmin c-
simpom (3], [13]|. CrenoBarenpro, Ha Kiaacce cyOagIuTUBHBIX HID JBYX
JIMIL OHO CONAJAeT C IPeJ N-saIpoM, a Ha KJIAcce CYIepaJiIMTUBHBIX UI'D
coBnajaer ¢ pemenneM C'F orpaHHYeHHOTO rajJHaTpu3Ma, TaKuM obpa-
30M, a KJjacce Bcex urp ABYX Jull PClepmin = Po1.
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HoxkazareabcTBo corsacoBannoctu perneHnsd PClepmi, MOXKeT OBITh
HpPOBEIeHO HeOOJIBINON MOAMpUKAIINEHl COOTBETCTBYIONIETO JI0KA3ATEIb-
crTBa JIst COAJIAHCUPOBAHHBIX U B [13].

[IycTs Tenepb ¢ — NpoOU3BOJBHOE DEIeHUEe, YIOBJIETBOPLIONIEE BCEM
ycaoBusim Teopembl. Y paBHUBAOIIEe pelieHne onpeaeneno ajst seex TTI1
UID U YJIOBJIETBOPSET BeeM yciaoBusiM Teopembl (cuM. YTBepxKenue 3.2).

Ecmu ¢ # ES, 10 ¢ = ¢p;, k, |l # —1 Ha Kiaacce HEAIIUTUBHBIX UI'P
asyx ur (Teopema 3.3), u e uHCTBeHHOCTH 3HavYenuil k = 0 wim k = 1,
[ =1 pig Kinacca HeaIMTUBHBIX UI'D JIOKa3aHa B YTBep:kjaeHun 4.1.

[Toxkazkem Ternepb, 9TO st 000 A TMTHBHON UTPHI JIBYX JIUIL U Pe-
menne ¢({i,j},v) = ¢ina({i,j},v) = (vi,v;). da sroro ciaexyer mose-
PUTDH, YTO PelleHUs — YPABHUBAIONIEE WIH PEIleHHEe (g Ha KJIACCE aJIH-
TUBHBIX UTP JABYX JIHI[ — MOT'YT OKa3aThCAd HECOBMECTHBIMH € PEITeHUIMUI
(11 ¥ Qg1 HA KJacce HeaIIMTUBHBIX UI'D JBYX JIHIIL.

Pacemorpum npen n-aapo. OHO cOBHAIAET ¢ PeIIeHneM ¢, Ha KJIAC-
Ce BCeX UTrp ABYX JIMIIL. TaK KaK CYHI€CTBYIOT BBINIYKJIBIE UT'D C YUCJIOM
UI'POKOB OOJIBIIMM TPeX, JJIsd KOTOPBIX IO Kpalineit Mepe oIHa pempyIiu-
pOBaHHAsA UIpa HA JABYXIJIEMEHTHOE MHOYKECTBO HUIPOKOB OTHOCHTE/Ib-
HO 2TOI'0 pemeHusd aJIuTHUBHA, Mbl IIOJyYacM, 4TO He CymecTrByeT CO-
TJIaCOBAHHBIX pe]l[eHI/IIU/I7 OT/INYalOIMUXCA OT CTaHJAPTHOI'O peIleHHud Ha
KJacce aJIMTUBHBIX UTP JBYX JIUI, TaK KaK JJId JI000H Takoil UTpbl
ST({Z7]}7 U) = (Uh Uj) = ¢znd({lv ]}7 U)'

Pacemorpum teneps perenne PClepmin € PC. s 11060it aa1nTuBH-
poii urpst aByx Jjui v PC ({4, j},v) = v. Tak KaK H0J0KHATETBHOE C-51/IPO
COTJIACOBAHO, MBI TIOJYYIAEM , UTO ¢ = (P;pq JJIs1 JTIOO0M A IUTUBHONR HI'PHI
JIBYX JIMII,

Takum 06pazoM, TOJIBKO PEIIeHHE (g MOXKET OBITH CKOMOMHIPOBAHO
C COIVIACOBAHHBIMU PACIIMPEHUSIMHU PEIIeHu ¢11 U Pgq. 0
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SELF-COVARIANT AND CONSISTENT SOLUTIONS OF
COOPERATIVE GAMES

12pt

E46£t7“]act: A weakening of covariance property for solutions of
cooperative games with transferable utilities — self-covariance — is
defined. Self-covariant solutions are positively homogenous and satisfy
a 'restricted"translation covariance such that feasible shifts are only
the solution vectors themselves and their multipliers. A description
of all nonempty, efficient, anonymous, self-covariant, and single-valued
solution for the class of two-person TU games is given. Among them the
solutions admitting consistent extensions in the Davis—Maschler sense
are found. They are the equal share solution, the standard solution, and
the constrained egalitarian solution for superadditive two-person games.
Characterizations of consistent extensions of these solutions to the class
of all TU games are given.

Keywords: cooperative game, covariance, self-covariance, equal share
solution, standard solution, constrained egalitarian solution consistent
extension.



