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Abstract We prove the existence of primitive curves and positivity of intersections of
J-complex curves for Lipschitz-continuous almost complex structures. These results are
deduced from the Comparison Theorem for J-holomorphic maps in Lipschitz structures,
previously known for J of class C!"%P. We also give the optimal regularity of curves in
Lipschitz structures. It occurs to be C1L"LP i e. the first derivatives of a J-complex curve
for Lipschitz J are Log-Lipschitz-continuous. A simple example that nothing better can be
achieved is given. Further we prove the Genus Formula for J-complex curves and determine
their principal Puiseux exponents (all this for Lipschitz-continuous J-s).
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1 Introduction

An almost complex structure on a real manifold X is a section of End, T'X such that J 2=
—Id. In this paper we are interested in the case when J is Lipschitz-continuous. A J-holo-
morphic curve in an almost complex manifold (X, J)isaC'-mapu : § — X from a complex
curve (S, j) to X such that du commutes with complex structures, i.e. for every s € S one
has the equality

du(s) o j(s) = J(u(s)) odu(s)

of mappings 7S — T,(s)X. In alocal j-holomorphic coordinate z = x + iy on S and local
coordinates u = (uy, ..., up,) on X this writes as

M Tt —o, (1.1)
x y

i.e. as the Cauchy—Riemann equation.
The goal of this paper is to prove that J-complex curves for Lipschitz-continuous J
possess all nice properties of the usual complex curves.

1.1 Existence of primitive parameterizations

Recall (see also Definition 4.2) that a J-holomorphic map u : § — X is called primitive
if there are no disjoint non-empty open sets Uy, Uy in S that u(U;) = u(U,). Our first
result states that every non-primitive J-holomorphic map factorizes through a primitive one,
provided J is Lipschitz-continuous.

Theorem A Let (S, j) be a smooth connected complex curve and u : (S, j) — (X, J)
a non-constant J-holomorphic map with J being Lipschitz-continuous. Then there exists a
smooth connected complex curve (S, J), aprimitive J-holomorphic map i : (S, 7 — (X, J)
and a surjective holomorphic map  : (S, j) — (§, J) such thatu = i o 7.

Example 1 We would like to underline here that 7 in general is not a covering. Let us give a
simple, but instructive example. As a parameterizing complex curve S consider the interior
of the ellipse {%COSgo +ising : ¢ € (—m, w]}. The structure j on S is standard, i.e. j = Jgt
is the multiplication by i. The almost complex manifold in this example is (C, Jst). The
J-holomorphic map u : § — C (i.e. the usual holomorphic function) is taken as follows:

1 7
u(z) = (52 + 1) .

Since we have an overlapping in the image, this map is not primitive. The Theorem A for
this example states that if one takes as S the image u(S), as # = Id and as the projection
w =utheniu : S — Cis primitive and u = & o  (Fig. 1).

Remark 1 .~1 Let us notice that in the case when S is closed the curve § is also closed and
7 : S — Sisaramified covering, see Corollary 4.2.
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Local properties of J-complex curves in Lipschitz-continuous structures 1161

Fig. 1 On this picture we see the 37
image u(S). It overlaps around
the point —2

1.2 Positivity of intersections

We denote by A, the disc of radius r > 0 in C, A stands for Aj. Further, let u; : A —
(C2%, J),i = 1,2 be two distinct (see Definition 4.1) primitive J-complex discs such that
u1(0) = uz(0). Set M; := u;(A). Remark that for Lipschitz-continuous J the notion of
multiplicity of zero of a J-holomorphic map is well defined. Namely, due to the Corollary
3.1.3 from [13] every non-constant J-holomorphic map u : (A, 0) — (C", J), J(0) = Jst,
has the form

u(z) = voz" + 0 (|z|"*), (1.2)

where 0 # vg € C" is called the tangent vector to u(A) at the origin, u > 1 is a natural
number, called the multiplicity of u# at 0, and 0 < o < 1. Our second result is the following

Theorem B Let J be a Lipschitz-continuous almost complex structure in C* and let uy, us :
A — C2 be two distinct J-holomorphic mappings. Then the following holds:

(i) Forevery0 <r < 1the set{(z1,22) € Af tui(z1) = ua(z2) } is finite.

(1) If ;1 and iy are the multiplicities of uy and us at 71 and z», respectively, withuy(z1) =
u(z2) = p, then the intersection index 8, of branches of M| and M at z1 and z5 is
at least ju1 - no. In particular, §, is always strictly positive.

(iii) 8, = 1 ifand only if My and M intersect at p transversally.

1.3 Comparison theorem

Both results of Theorems A and B are obtained using the following statement, which should
be considered as the main result of this paper. Let J be a Lipschitz-continuous almost com-
plex structure in the unit ball B in C" and let uy, u> : A — B be two J-holomorphic maps
such that u1(0) = u2(0) = 0. Assume that both maps have the same order and the same
tangent vector at 0, i.e. in the representation (1.2) one has

ui(z) = voz* + O(|z|*T%) fori =1,2. (1.3)

Our goal is to compare these mappings, i.e. to describe in a best possible way their difference.
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1162 S. Ivashkovich, V. Shevchishin

Comparison Theorem Let (X, J) be an almost complex manifold with Lipschitz-continu-
ous almost complex structure J and let u; : A — X be J-holomorphic mappings having the
same order and the same tangent vector at 0 as in (1.3).

(a) There exists a holomorphic function yr of the form  (z) = z+ O(z2), an integer v > 1
and a C"-valued function w, which belongs to L}(;f forall2 < p < oo, such that for
somer >0

u2(z) = u1 (Y (2)) + "w(z) forz e A(r). (1.4)
Moreover, the following alternative holds:

(i) either w(z) vanishes identically and then u>(A(g)) C ui(A) for some ¢ > 0,
(i) or, the vector w(0) can be chosen orthogonal to vy, in particular, w(0) # 0 and

1

lpryw@| =C-lz |nm w (@)l (1.5)

(b) Letl #d < ubeadivisorof i, and n = e*™ /¢ be the primitive root of unity of degree
d. Letui(nz) = u1(¥(z)) + 2" w(z) be the presentation provided by (1.4) for the map
u2(z) := u1(nz). Then there exists a holomorphic reparameterization ¢ of the form
¢(2) = z 4+ 0(2?) such that

1) u1(enz)) = u1(¢(2)) in the case when w(z) = 0;
(i) u1(e(m2)) = ui(p(z)) + w0)z" + O(|z|"T¥) otherwise. Moreover; in this case
v is not a multiple of d.

In (1.5) pr,,,w denotes the orthogonal projection of vector w onto the vector vg. Note that
|z Inﬁ = 0(|z|%) for any 0 < @ < 1. In fact, from our proof it follows that the vector w(0)
can be taken to belong to a prescribed (n — 1)-dimensional complex subspace E, of C" trans-
verse to vg, see Remark 3.2. Of course, the choice of E, will affect the reparameterization
function ¥ and the vector-function w(z). This theorem is proved in Sect. 3.

1.4 Optimal regularity of complex curves in Lipschitz structures

Our next result is about the precise regularity of J-complex curves for Lipschitz-continu-
ous J. Recall that a mapping f from a compact set B C R” to a normed space is called
Log-Lipschitz-continuous if

If () = F) 1]
_ < 00,

”f”CLnLip(B) = ||f||L°°(B) + sup 1 X # y € B, |)C — y| <=
|X—y| 'In‘x,y| 2

(1.6)

and in this case || f || cznLip gy 18 called its Log-Lipschitz norm. Usually one takes B to be the
closure of a relatively compact domain D and then one sets | f ll¢czazirpy = || f1] cLaLip(p)-
Without the logarithm in the right hand side (1.6) gives the Lipschitz norm of f, which is
denoted by || fllcir(py-

Theorem C Letu : A — (R, J) be a J-holomorphic map. If J € CLP(R") then u €
chInLip o the differential of u is Log-Lipschitz-continuous.

We show by a simple example that nothing better can be achieved, in particular u need
not belong to C1-£P.
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Local properties of J-complex curves in Lipschitz-continuous structures 1163

1.5 Local and global numerical invariants of complex curves

We also prove the following useful formula relating the local and global invariants of a
J-complex curve, known as Genus or Adjunction Formula. Let M = U?:l M be a com-
pact J-complex curve in an almost complex surface (X, J) with the distinct irreducible
components {M;}, where J is Lipschitz-continuous. Denote by g; the genera of parameter
curves §;, i.e. each M| is the image u;(S;) of a compact Riemann surface S; of genus g;
under a primitive J-holomorphic mapping u; : §; — X. Denote by [M 1? the homological
self-intersection of M and by ¢ (X, J)[M] the value of the first Chern class of (X, J) on M.
These are the global invariants of M. Denote by 6 the sum of all local intersection indices &,
of points p € M. For any singular local branch of M through a point p we define the cusp
index »x,, as the virtual number of ordinary double points (see Definition 6.1) and denote by
x the sum of the cusp-indices of all cusps of M. These are the local invariants of M. These
invariants are related by the following

Theorem D (Genus formula) If J is Lipschitz-continuous and M = U‘;:l M is a compact
J-complex curve, where all irreducible components M j of M are distinct, then

d 2
Sg = MEZ a5 (1.7)
j=1

2

The novelty here is, of course, in the ability to define the local invariants and to prove that they
possess some nice properties (like positivity) under the assumption of Lipschitz continuity
of J only. The local intersection indices §,, are explained by Theorem B. The formula (1.8)
below computes the cusp indices .

1.6 Puiseux characteristics of J-complex curves

In the last part of this paper we provide an analog of the Puiseux series for a J-complex curve
in a Lipschitz-continuous structure J.

Theorem E Let J be a Lipschitz-continuous almost complex structure in the unit ball B C
C" with J(0) = Jst, and let u : A — B be a primitive J-holomorphic map having the
form u(z) = voz* + O (|z|* %), where 1 > 2. Then there exist a uniquely defined sequence
of natural numbers po = u < py < --- p|, a sequence of vectors vy, ..., vy each orthog-
onal to vy, J-holomorphic maps u; : A, — B,i = 0,...,1, and a complex polynomial
0(2) = z + 0(z%) with the following properties:

e The sequence d; := gcd(po, ..., Pi) is strictly decreasing, dy > dy > --- > d; and
d =1
Each map u; : A, — B is primitive;
uo(z) = voz + O(|z)"™), ui(z) = ui—y 4119 4 v; - 2P1/% 4 O(|z| P4+ for i =
1,...,1;

o u(p(2) —ui(z%) = vip1zPH + 0(|2|PH ) fori = 0,..., 1 =1 and u)(2) = u(p(2));
In particular, if 5; = e*™ /4 s the primitive root of unity, then

u(piz)) — u(@2) = (n/"*" = 1) vip1 2P+ 4 0 (|z|P+179) .

We call the sequence of the maps u;(z) a Puiseux approximation of the map u(z), the de-
grees po = 1 < p1 < --- < pp the characteristic exponents, and the numbers d; =
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1164 S. Ivashkovich, V. Shevchishin

gcd(po, - - -, Pj) the associated divisors. The whole sequence (po, ..., p;) is called the sin-
gularity type of the map u : A — B at 0 or of the pseudoholomorphic curve u(A) = M at
0. The exponent py is called the multiplicity or order of u or of the curve M.

In the classical literature [3,5] the characteristic exponents are also called essential expo-
nents or even Puiseux characteristics [27]; the difference pg — p; is called the class of the
singularity, see e.g. [5].

Let us illustrate the notions involved in the Theorem E by an example.

Example 2 Consider a (usual) holomorphic map u : A — C? given by
u(z) = (%2 +z").

Then the vy = (1, 0) is the tangent vector at z = 0 and u = po = 6 is the multiplicity. Fur-
ther, its characteristic exponents—where the common divisor drops—are © = pg = 6, p1 =
8, p2 = 11. The corresponding divisors are dy = pg = 6,d; = 2, dz = 1. Further, v| = e
and vy = ey. A Puiseux approximation sequence for u(z) is:

e up(z) = (z,0),
o ui(x) = (324,
o u(2) = u(2).

Finally, we prove that the following classical formula for the index of a cusp of a planar
curve

1
1
xp =3 > (dj-1—dj)(p;j—1), whered; :=gcd(po. ....p)), (1.8)
j=1

remains valid for J-complex curves in Lipschitz-continuous J.

1.7 Notes

1. In the classical case, i.e. for algebraic curves the Genus Formula is due to Clebsch and
Gordan in the case when the curve in question has only nodal singularities, i.e. trans-
verse intersections, see [4] and Historical Sketch in [25]. For curves with cusps the Genus
Formula is due to Max Noether, see p. 180 in [7].

2. The statements of Theorems A and B and the Genus Formula where proved in [18] for
J € C?.In [26] the description of a singularity type of a J-complex curve for J € C>
was given. For J-s of class C1"L'P the positivity of intersections and the part (a) of the
Comparison Theorem where proved in [24].

3. Our interest to Lipschitz-continuous structures comes from the following facts. First,
a blowing-up of a general almost complex manifold (X, J), with J € C, results to
an almost complex manifold (X, J) with only Lipschitz-continuous J. Such a blow-up
should be performed in a special coordinate system, adapted to J, see [6]. It is not difficult
to see that the ordinary double points and simple cusps can be resolved by this procedure,
as in the classical case, and give a smooth curve. Now the results of the present paper
make possible to work with such curves as with usual complex ones.

4. Second, the condition of Lipschitz-continuity cannot be relaxed in any of the statements
above. We give an example of two different J-complex curves which coincide by a non-
empty open subset for J in all Holder classes, or J inall L7 forall p < oo. In particular,
the unique continuation statement of Proposition 3.1 from [8] fails to be true. In fact in
our example J is “almost” Log-Lipschitz, i.e. is essentially better than () p<co Lhr,

@ Springer



Local properties of J-complex curves in Lipschitz-continuous structures 1165

5. At the same time let us point out that even in continuous almost complex structures
pseudoholomorphic curves have certain nice properties: every two sufficiently close
points can be joined by a J-complex curve, a Fatou-type boundary values theorem is still
valid, see [12]; Gromov compactness theorem both for compact curves and for curves
with boundaries on immersed totally real (e.g., Lagrangian) submanifolds hold true for
continuous J-s, see [15,16].

6. Toour knowledge the first result about J-complex curves in Lipschitz structures appeared
in [20], where the existence of J-complex curves through a given point in a given direc-
tion was proved for J € C“. Further progress is due to Sikorav in [23], see more about
that in Remark 3.1 after the proof of Lemma 3.2.

2 Zeroes of the differential of a J-holomorphic map

2.1 Inner regularity of pseudoholomorphic maps

Let us first recall few standard facts. For 0 < o < 1 consider the Holder space cke(a, Cm)
of mappings u : A — C" equipped with the norm

”D’it(z) — Diu(w) ||
<0

|z — w|*

”u”Ck'O‘(A) = ”u”C"(A) + Supziw,m:k

For k = 0 and & = 1 the space cOl(A,CM) is the Lipschitz space and is denoted by
cLir (A, C"). The Lipschitz constant of a map u € CXP (A, C") is defined as

[u@) —uWw)|l

Li =8su
ipa(u) P z£weA Z W]

We also consider Lipschitz continuous (operator valued) functions on relatively compact sub-
sets of R2" with an obvious definitions and notations for them. Another scale of functional
spaces, which will be used in this paper, are the Sobolev spaces Lk-p (A, C"),keN, 1<
p < 400, with the norm

TIPEREID I

0=lil<k

Lr(A)

3l
ax19y2”
tice the equality Lk°(A, C") = ck~L1(A, C") and the continuous Sobolev imbeddings
LEP(A,C") «— CK LA, CM forp > 2anda = 1 — % We shall frequently use the
following notations: d,u = g—)’z, Oyu := g—; and du = dyu + idyu, i.e. without %

Most considerations in this paper are purely local. Therefore our framework can be de-
scribed as follows. We consider a Lipschitz-continuous matrix valued function J in the unit
ball B of C* = R, i.e. J : B — Mat (2n x 2n, R) such that J2(x) = —Id. Its Lipschitz
constant will be denoted by Lip(J). We are studying J-holomorphic maps # : A — B.le.,
u € CoNLY2(A, B) and satisfies

Let us also no-

where i = (i1, i2), with ij,i» > 0, |i| = i1 + i2, and D'u :=

_ B 0
0 joull := a—u + J(u(z))a—u =0 almost everywhere in A. 2.1)
X y

We can consider J (u(z)) = (J o u)(z) as a matrix valued function on the unit disc, denote
it as J,(z). It satisfies J,(z)2 = —Id and therefore it can be viewed as a complex linear
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1166 S. Ivashkovich, V. Shevchishin

structure on the trivial bundle E := A x R?". The mapping u is a section of this bundle. We
call the operator 9 ., the 3-operator for the induced structure J,, = J o u on the bundle E.

Later in this paper we shall use a similar construction as follows. In the trivial bundle
E = A x R (= A x C") over the unit disc consider a complex structure J (z), i.e. a contin-
uous Mat(2n x 2n, R)-valued function, such that J(z)2 = —Id. It defines on Lll(;f - sections
of E a d-type operator

30 du 7 au
Jui= o + (Z)ay.
Therefore we can interpret (2.1) saying that a J-holomorphic map u is a section of E ,
which satisfies (2.2) with J(z) = J,(2).
In the Proposition 2.1 below we shall see that u satisfying (2.1) is, in fact, of class C-%
forall0 <o < 1.

(2.2)

Proposition 2.1 Let J be an End(RZ")-valued function on A of class C¥=V-L1P k> 1, and let
R be an End(R?")-valued function on A of class L*P, 1 < p < oo. Suppose that J*> = —Id
and that 3 ju + Ru € L*P(A) for some u € LY2(A,R*"). Then u € L:;tl’p(A, R>") and
forO<r <1

lull Lrs1pagry < Crop (HM + R oy ) + ||u||Lp(A)) : (2.3)

where Crp = C(|Jllck-1.Lip , IR kp » k. p.7) < 00. Moreover, there exists an & =
e(k, p) > 0 such that if

IJ = Jstllgk-1.ipay + IR zop () < €
then the constant Cy,, above can be chosen to be independent of ||J|| and || R||.

For the proof see [19, Theorem 6.2.5]. The condition J2 = —Id is needed in this statement
to insure the ellipticity of the operator 0. We shall use in this paper the case k = 1 only.
Remark that our initial assumption on u is u € LY2(A) which implies that u € LP(A) for
all p < oo. This proposition implies, in particular, that a J-holomorphic map u : A — R>"
is of class Lﬁa’cp (A) for all p < oo provided J is Lipschitz. In particular u € Cll(;g’(A) for all
O<a<l.

2.2 Estimation of the differential at cusp-points

Throughout this subsection we fix some 2 < p < oo and make the following assumption:

(x) J is an almost complex structure in B with J(0) = Jst such that |J — JstllcLip(py is
small enough. u : A — B is a J-holomorphic map such that u(0) = 0 and such that
ldullp1.pp) is small enough.

Let us notice that this assumption is by no means restrictive. Indeed, we can always replace
J(w) by Jr(w) := J(rw) and u(z) by u; (z) := 77 u(rz) with some appropriately chosen
T and ?.

By the Corollary 3.1.3 from [13] (see also Proposition 3 in [24] and the correspond-
ing Corollary 1.4.3 in [14]) we can assign multiplicity of zero to a J-holomorphic map
u : A — (B, J) provided that J is at least Lipschitz. In particular, zeroes of u are iso-
lated, as for the classical holomorphic functions. Moreover, we can represent such u (in the
neighborhood of its zero point, say zo = 0, provided J(0) = Jst) as

u(z) = 2*P) + 22* (2, (2.4)
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Local properties of J-complex curves in Lipschitz-continuous structures 1167

where ;> 1 is an integer (a multiplicity of zero), P(z) is some (holomorphic) polynomial

of degree at most © — 1, P(0) #0and v € Lll(;f (A,C") forall 2 < p < o0, and therefore

veC¥A,C" forall 0 < o < 1. In addition, v(0) = 0. Now we want to derive from (2.4)
some properties of the differential du.
Let us start with the following preliminary estimate.

Lemma 2.1 For any integer p > 1 there exists a constant C = C(u, p) < oo with the fol-
lowing property: for every J-holomorphic map u : A — (B, J), satisfying the assumption
(*) and having the form (2.4) one has

lvliziray < C - lullpipay - (2.5)

Proof We use the fact that every J-holomorphic map u : A — B with Lipschitz-continuous
J satisfies the pointwise estimate

10stu(2)| < Lip(J) - |du(2)] - |u(z)|, (2.6)
see inequality (1.4.4) in [14]. Following [23] define

_ st (2)®ii(2) ifu(z) #0

H(z) := lu(z)[? 2.7
© { 0 ifu(z) =0. @7

Then H (z) is a measurable function with values in Matc (n x n), which satisfies the pointwise
estimate

|H(2)| < Lip(J) - [du(z)|. (2.8)

In particular, || H (z) [l (a) is bounded by some sufficiently small constant by the assumption
(*). The function u(z) in its turn satisfies

st (z) + H(z) - u(z) = 0. 2.9)

Under these conditions Lemma 1.2.3 from [14] insures the existence of a matrix-valued
function F(z) € L''P(A) which satisfies the equation

9stF = —F - H. (2.10)
with the estimate
1F (@) —1dllipay < C - 1H @) Lr(a) 2.11)

Equations (2.9) and (2.10) imply that the function F'(z)-u(z) is holomorphic. Define
1 (z) 1= z7"u(z). It satisfies dst(Fu™ (z)) = 0 and relation (2.4) implies that the func-
tion F(z)-u'™ (z) = z " F(z)-u(z) has no pole at zero and therefore is holomorphic.

Since || F(z) — Id|[L1.p(a) is small we have that for any domain A C A the following
inequality

() ) (W)
Cn Hu ‘Ll,p(A) = HF(Z) “ (Z)‘ LLp(A) = Cufju HLI,p(A)'
Observe that F(z) - u™ (z) satisfies
HF 0 H < ”F L) H (2.12)

Lhra) T LhP(A\AG)
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1168 S. Ivashkovich, V. Shevchishin

This easily follows from the Cauchy integral formula for the Taylor coefficients of holomor-
phic function. Consequently we get

”F ) H <cC. HMW’ (2.13)

LLr(A) —

LP(A\AGD)

This gives us the estimate

|| < Cu -l rna) (2.14)

Lira) ~

because on the annulus A\A(%) functions u and u‘) are comparable. The latter estimate
implies that d(u(z)) = d(z*u'™ (z)) fulfills a.e. the estimate

ldu()| < h(z) - 127 (2.15)
for some non-negative L”-function / satisfying
I2llLray < C - llulipipay - (2.16)
Substituting the relation (2.15) in (2.6) we obtain a.e. the pointwise estimate
|Bstu(2)] < C - 71 - (@) - [u(2)]
with the same function 7 € L”(A) as above. Multiplying it by z~# we obtain
st ()] < C 127 - h(@) - 1™ @)l 217

For j =1, ..., u — 1 define functions u“*7) (z) recursively by the relation
Wt () = <u<u+j—1)(z) _ M(M-H'—I)(O)) /z.

Then the coefficients of the polynomial P(z) from (2.4) are given by a; = u (0 for
j=0,...,n0—1land v(z) = u®*D(z) —ur=D(0).
We claim that for every j =0, ..., u — 1 we have the estimation
(n+7j)
[t HW(A) < Clullpioga), (2.18)

and therefore |a;| < C - |lullz1.p(a)- The proof is done by induction using (2.14) as the base
for j = 0. Thus we assume that for some fixed j € {1,..., u — 1} we have the estimation
of the form ||u /=1 HLLP(A) < C-|lullp1.p(a) and in particular |a;_;| = |u* T =D (0)] <

C - |lullp1.p(a)- From the definition of u#+7) (z) we obtain a.-e. the pointwise differential
inequality
85t ()| = |27 5"V ()| = 2728 P ()] = - =
=1z 3su M @) < € - h(@) - 127 P )l

This gives the estimate

FIAG )] ()
s D@, < Cllblre |1 S Gl @19)

by (2.14) and (2.16). Further

<u+j)H <c-la: H (M+j—1)H .
u ai—1+ ||u <C ully1p
H Liravad) ~ - Lravady) = ! lellztrca)
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Local properties of J-complex curves in Lipschitz-continuous structures 1169

by inductive assumption. Now the standard inner estimates for dst provide the desired esti-
mates

(1+j) . . .
[y € Mlzigsy and la) < € lullpinga

The case j = p — 1 yields the estimate (2.5) on v(z) = u@=D(z) — Ap—1. ]
The following lemma will be used in this paper with various operators A.

Lemma 2.2 Let A be a Lipschitz continuous End(R%")-valued function on B with A(0) =0
and let u be a J-holomorphic map with Lipschitz J as in (2.4). Then for all integers v and
A satisfying v < u + A — 1 the function 27" - A(u(z)) - 7" is Lipschitz-continuous in A with
the estimate

Lipa (Z*V - A(u(z)) -z’\) < C(p)- Lip(A) - llullpr.p(a) - (2.20)
Proof Remark that we have the following estimate
||Z7uu(z) ||LOO(A(%)) =< C- ||u||L]<F(A) . (22])

This is clear because in (2.14) a L7 and therefore a C - norm of u™) = 7~y was estimated.
‘We continue the proof of the lemma starting from the remark that since u is J-holomorphic

with Lipschitz J, it is of class C1'% and therefore itself Lipschitz.
|27 " Alu(z1)zh -z
lz1—22]

. . . VA z5
Now we turn to the estimation of the quantity (233 forz; #22 €

A. In order to do this we consider two cases.

Case 1. %|zl| < |z1 — z2|. In that case |z1| < 3|z1 — z2| and |z2| < 4|z1 — z2]|. Therefore

|e7" Az} — 23" Alu(z2)35 ||
lz1 — 22|
_ [z Az} — 27 "A@O0)zh + 25" A (0)z5 — 25" A(u(22))25 |

lz1 — 22
|Zl|u+k—v + |Z2|M+A—v

< C-Lip(A) ||z7*u@) | = ol

lz1] + |z2] .
——— =< C - Lip(A) lu@l L1ray >
|z1 — z2]

because u+Xi—v > 1.Inthe second line we silently used the fact that A (#(0)) = 0.
Case 2. |71 —z22] < %Izll.ln that case %Izll <|z2| < %Izll.Therefore

<C-Lip(A) |z u@)|

|z Au@))zh — 25" A(u(z2))23 || - |z Au@))zh — 27" Au(z) 25 |

lz1 — z2| lz1 — z2|
lzr"Azzs — 2" Aw@)D| ||z Az — 25" Aw(z2) 25 ||
lz1 — 22| lz1 — 22|
_ e aweyz =51 | e - 5" 1AwG))5|
lz1 — z2| lz1 — z2|
N |2 "TA@GED) — A1 _ L b
lz1 — 22|
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1170 S. Ivashkovich, V. Shevchishin

Let us estimate these terms separately. First:
A—1

- i A—j—1

Lo< il ™ A@E))I D lzfzy 7
j=0

< C-Lip(A) |z "u@)| TV P < - Lip(A) Null e s -

=@y 2l
Second:

. — 2 — 121
L = C-Lip(A) [e7"u@) | o a2y 211" 22l |Z—=

v—1 1
—j ——j—1
% 2’11112( J )’ | |
=0 71 22

< C - Lip(A) lull 1oy et P71 < C - Lip(A) lull s -
And, finally, third:
Iy < C-Lip(A) |z7"u(z) ||Loo(A(%)) 1221712} — 251 |22t

< C-Lip(A) lullprr(a)-

lz1 — z2]

[m}

We need to produce some extra regularity of the rest term zv(z) in the representation (2.4).
In fact we shall prove that 7 - v € Lﬁ;é’ (A) for v from (2.4) together with the estimate of its
decay at zero.

Lemma 2.3 Let J be a Lipschitz-continuous almost complex structure in the unit ball B C
C"* with J(0) = Jstand u : A — B be a J-holomorphic map written in the form (2.4). Then

2,
wel’?

¢ Jor all2 < p < oo. Moreover, for every |z| < % one has

1o < C(p) - 12" - lull ) 2.22)

for with the constant C(p) independent of z, u and J satisfying the assumption (*).

Proof Remark that with v = 24 — 2 in Lemma 2.2 above we have
7V (zv(2)) = u(z) — 7 - P(2). (2.23)

So if we apply 3 Jou to the right hand side of (2.23) we obtain 9 jou(z* P) which is Lipschitz
continuous, in particular, it belongs to L llof forall 1 < p < oo. Elliptic regularity of Prop-
osition 2.1 gives then the L%P -regularity of the left hand side z" - (zv(z)). If ©# = 1 (and
therefore v = 0), then zv(z) = u(z) € Li)’cp (A), and the needed L7 -regularity is already
proved. Therefore till the Step 4 we shall suppose that 1 > 2.

Let us explain the idea of the proof of this lemma. First we observe that

2 [0 + T @(@)0y] 2" (20) = By + 27T ()2"9,)(2v) + 27V (1 + T @) Js)vz"~" (2v).
(2.24)

We see (2.24) as the equation of the form

f@) = (5J(v> + R(”)) (zv(2)). (2.25)
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Local properties of J-complex curves in Lipschitz-continuous structures 1171

After establishing the necessary regularity of /"), R"") and f we shall apply the Proposi-
tion 2.1 and obtain the desired regularity of the solution zv.
Let us start with the right hand side of (2.24).

Step 1. JO) = z7V . J(u) - 2" is a Lipschitz continuous complex structure on E and
Lip(J™) < C- Lip(J) - ull1.pa).

The proof is straightforward via Lemma 2.2: just write JO) = 27 [J () — Jstlz" + Jst
and apply Lemma 2.2to A = J — Jgt.

Step 2. The endomorphism R®™ := z7 . (1 + J(u)Js)vz"~" of the bundle E is Lipschitz
continuous, R (0) = 0 and Lip(R™) < C - Lip(J) - l|ull 1.5 (a).-

This is again true by Lemma 2.2 and because > 2. Note now that the right hand side of
(2.24) is of the form 9 ;) (zv) + R ™) (zv) and that coefficients of this operator are Lipschitz
continuous. Therefore we can apply (2.3) and obtain

lzvllz2pa0/2) < € (ngw) (@) + RV (@v)| + ||zv||Lp(A>) . 26)

LLP(A)

To achieve (2.22) for r = % we need to estimate both terms in the right hand side (2.26) by
lull 1. (a)- For the term zv(z) it was already done in (2.5). In order to estimate the first term
we shall compute the left hand side of (2.24) in another way. Namely, using (2.4) we write

27V [0 + T @)y 2" (z2v) = 27V [0 + J(2)dy] (u(z) — 2" - P(2))
=z7" [0 + J((2))dy] (—2" - P(2))

n—1
27 [ox + Tw@)dy] | D ajzti

Jj=

n—1
AT Is) | D+ Da T = f ).
Jj=0

(2.27)

Step 3. The right hand side f(z) of (2.27) satisfies f(0) = 0 and is Lipschitz continuous
with the estimate

I fllczivay < C N leivay lullprrcay - (2.28)

The worst termis z ¥ (14J (1) Jst) (uaoz” 1), but it s still under control of the Lemma 2.2.
We conclude now by (2.26) and (2.28) the estimate

||d(ZU)||L1~p(A(1/2)) <C- ||M||L1,p(A) . (2.29)
Step 4. The behavior of z v(z) under a dilatation.

For t € [0, 1] and we define 7; : A — A by 7,(z) := t - z. Then for any function w(z) in
the disc 7w (z) = w(rz) is the dilatation of w(z). An easy calculation shows the following
dilatation behavior of the LP-norms of the derivatives:

2
\l|—;

H D! (n;"w)‘

Diw‘

=1

LP(A) LP(A(D)
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1172 S. Ivashkovich, V. Shevchishin

Estimating LP-norm we use the fact that v(0) = 0 and that ||[v][ce(a) < C- [[u(2)llL1.p(a)>
see Lemma 2.1. Hence [v(z)| < C - |z]* - |u(2) || L1.r(a) @nd thus (usinga = 1 — %)

2
|

1
lzv@lLracy < I2v@ 1 e@aey Tr)? < C-r (@) e (a) -

Consequently

|7 o) [ pa) < C P27 - U@L ca) -

Now recall that zv(z) satisfies the differential equation
(3,0 + BV v = £

with f(z) given by the formula (2.27). By Step 3, f(z) is Lipschitz continuous with the
estimate (2.28) and f(0) = 0. This implies that

||7Tr*f(Z) ||CLip(A) <C-r- ”J”CUP(A) ||M(Z)||L1~p(A) .

The same argument yields also

EMCREIA]

S MR A
cLin(ay = H st

CL"I’(A) :

Finally, we observe that
7 (3,0 (zv(2) =r " Dr g (71, (z20(2))).

Summing up, we see that the rescaled function w, (z) := 7, (zv(z)) satisfies a 5-type equation
(9 g0 +7 7RO  w, @) =17 £ ()

in which the norms |r - 7 f () | p1ip 5, are bounded by C - r? - ||u|| 1.5 (a, uniformly in r

(A) -
and the coefficients 7*J ) and r - 7 R") are CL/P-close to those of dst for r close enough
to 0.
From Proposition 2.1 we obtain the uniform estimate
* 2-2
”nr (ZU(Z))”LZ,p(A) =< C-r P ”u”lel’(A)7
which implies

2—

=

ldGr} @ @D o iny < C -7

After rescaling we obtain

: ”u”leP(A)-

ld@v(@)llLeaey < C -1 - llullLipcay
tha—1—1
witha =1 I ]

The estimate (2.22) gives immediately the following

Corollary 2.1 For a Lipschitz-continuous J and J-holomorphic u in the form (2.4) one has
du(z) = d(Z"P(2)) + O (]z|*7*1). (2.30)

forany 0 < o < 1. In particular, for a non-constant u zeroes of du are isolated.
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Local properties of J-complex curves in Lipschitz-continuous structures 1173

2.3 An example

Let us illustrate the statements of this Section by an example.

Example 3 Equation (1.1) can be rewritten as

ou - ou
3 Ou(2))— =0, (2.31)
Z 9z
where
ou 1 [ou u ou 1 (ou ou
Fr =5 (a + Jst@) e =5 (a - Jst@) (2.32)
and
0(J(2) = [J (@) + Jst] ' [Jst = J(D)]. (2.33)

Remark that Q anticommutes with Jgt and therefore is a C-antilinear operator. Therefore
(2.31) can be understood as an equation for C"-valued map (or section) u. Usually it is better
to consider the conjugate operator Q and write (2.31) in the form

ou u
e O, (2))— =0. (2.34)
z 0z

Vice versa, given an anti-linear operator Q in C" = R?", one can reconstruct the correspond-
ing almost complex structure as follows

J(@) =Js(ld+0)- (1d—0) . (2.35)

After these preliminary considerations (which will be used also in Sect. 5), we shall turn to
the example in question. Remark that the vector-function u(z) = (z*, 22y is J -holomorphic
with respect to the structure

Oy, uz) = (gm 8) (236)

In the representation (2.4) we have for this example P = (1, 0)-a constant vector polynomial,
v(z) = z. From here one sees that (2.22) cannot be improved.

Remark 2.1 (a) The fact that for J € C! zeroes of a differential of a J-holomorphic map
are isolated was first proved by Sikorav in [23].

(b) We shall crucially need this fact for Lipschitz-continuous structures in this paper. It is
stated in Proposition 3 of [24], but, unfortunately, the proof of [24] uses the expression
(dJ.f"), see the first line after the formula (2.3) on page 363 of [24]. Here the Author
means the pointwise scalar product (dJ (f), f'). ButdJ(f) cannot be defined for Lips-
chitz J and no explanations of how one might give the sense to this expression are given.
Therefore, in our opinion, the proof of Proposition 3 of [24] goes through only in the
case J € C! and this was already achieved in [23]. Remark that this problem—absence
of the chain rule for Lipschitz maps—makes the issue quite delicate.

@ Springer



1174 S. Ivashkovich, V. Shevchishin

3 Local structure of J-holomorphic maps
3.1 Uniqueness for solutions of d-inequalities

We start with a generalization of Lemma 1.4.1 from [14]. Recall that for a complex structure
J(z) in the trivial bundle £ = A x R2"(= A x C") over the unit disc we defined the operator
3, by the formula 3 ju = 3 + J(z)g—;, see (2.2).

Lemma 3.1 Let J be an almost complex structure in the trivial C"-bundle over the disc
A which is LY-P-regular for some 2 < p < oo and such that J(0) = Jg. Suppose that a
Sfunction u € Lllc;g(A, C") is not identically 0 and satisfies a.e. the inequality

[0 ul < h-|ul 3.1)
Jfor some nonnegative h € L{;C(A). Then:

i) ue Lllo’g(A), in particular u € C%C(A) witho :=1— %;
(i1) for any zo € A such that u(zo) = O there exists u € N—the multiplicity of zero of u in
zo—such that u(z) = (z — zo)* - g(2) for some g € Lllc;g(A) with g(zo) # 0.

Proof We reduce the case of general J to the special one in which J = Jgt. For this purpose
we fix a (Jgt, J)-complex bundle isomorphism F : A x C* — A x C" of regularity L7,
sothat F~1 o J o F = Jg. Then any section u(z) of A x C" has the form u(z) = F(v(z))
and u(z) is Ll’”-regular if and only if so is v(z). Moreover,

dyu(z) = 0y + J(2)0y) F (v(z2))
=F(@+F ' J@ Fiy)v@ + @F+J(@0F)v().
Consequently, (3.1) is equivalent to the differential inequality

13stv] < |[F 1@ u@)| + | F (3 F + J(2)8,F) v(2)|

<h- [F 7 ul+ 1 F7 0 F + T @3, F) v(2)] < hy - v (32)
with anew h; € LP(A).
The statement of the lemma is reduced now to Lemma 1.4.1 from [14]. O

Lemma 3.2 Let J be a Lipschitz-continuous almost complex structure in the unit ball B
in C" and uy,uy : A — B two J-holomorphic maps such that u1(0) = uy(0) = 0 and
u1 # uy. Then there exists an integer v > 0 and v(z) € LYP(A,C"), v(0) # 0 such that
ui(z) —uz(z) = z"v(2).

Proof Setv = uj — uy and let us compute 510”1 (W) = (Ox + J(u1(2))0y)v(2):
510111 (v) = (O +J (uy) - 3y)(”1 —up)=(0x+J (uy) - 8y)(ul —u2)+ (0 + J(u2) - 8y)”2
= (J(u2) - 0y — J(u1) - dy)uz = (J(u1 —v) — J(u1)) - dyus.

By the Lipschitz regularity of J and dyu> € LP(A) we obtain a pointwise differential
inequality

19 Jouy (V) ()] < h(2) - [V(2)]
for some i € L?(A). Now we apply Lemma 3.1. O

Remark 3.1 The statement of this lemma implicitly appeared for the first time in [23]. Really,
the proof of Proposition 3.2.1 (i) clearly goes through under the assumption of Lipschitz con-
tinuity of J only.
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3.2 Proof of the part (a) of the Comparison Theorem

In the proof we use the abbreviation “L"?-regular” instead of “L!?-regular for any p < c0”
and a similar abbreviation for “L?%P-regular”.

(a) Denote by E the a trivial C"-bundle over A, E := A x C". Equip E with linear
complex structures J; := J o u; as it was explained at the beginning of Sect. 2. Observe that
the maps u and u; are sections of E, and u; satisfy the equation §],. u; = (3 + J;0y)u; = 0.
Without loss of generality we suppose that ©1 has no critical points, possibly except 0.
Claim 1. The image E of the differential du; : TA — E is a well-defined Ji-complex
line subbundle of the complex bundle (E, Ji) over A \ {0}. It extends to a Jj-complex line
subbundle of E of regularity L7 over A such that du; : TA — E; is L'"P-regular.

The claim is trivial in the case when u«{ is an immersion and © = 1. Otherwise we use
(2.4) and write u; in the form

u1(z) = 2 P) + 22 w(z) = 2 P(2) + 2* - 2 1w (z). (3.3)

Notice that now & — 1 > 1 and hence z*~'v(z) is Lz’p—regular by Lemma 2.3. It fol-
lows that du; (z) has the form z#~' H(z) for some L7 -regular real bundle homomorphism
H : TA — E with H(0) = P (0). For z # 0 consider the homomorphism H; :=
dujo ') : T.A - E given by w € T,A — dui(2)(z' =" - w) € E.. Observe that
in the formulas above the multiplication of a vector w € E, = C" with z is understood as
(x + Jsty) - w. On the other hand, du is Ji-linear, and consequently

Hi(2) = (x + Jst)* Lo (x + 1)) ™" 0 H(2).

The proof of the claim will follow if we shall show that (x + Jst)* N x4+ J1(z)y) ' H is suffi-
ciently close to the identity map. For this is it sufficient to show that (x + Jsty) (x + J1(2) y)~!
is sufficiently close to the identity map. More exactly, thatitis 1 + O(|z]). Really, if that is
proved then for every k > 1 we shall have

x + I (x + @) = 0+ Ja) A+ 0z (x4 S (2)y) TR
= (x + Jst) T (x + S () y) K
+ x4+ Je) oz (x + Ji(2)y) T+
and the second term is of order |z|¥!|z||z| %*! = O(|z|). Therefore the induction will do

the job. Now let us turn to (x + Jsty) (x + Ji (z)y)’l. It will be easier to estimate an inverse
expression (x + J1(2)y)(x + Jsty)~!. Here we obtain

X+ N @&+ Ty = (r + S @) (x — Jety) - (62 + yP) 7!
= (3 +xy (N1 (D) —Js) —y2 (Id+ 11 (2) Jsp) - (6% + yH 7

So we can conclude the pointwise estimate
|+ h@y @+ Jse)™ = 1| < C- st — @I < C -zl

and the claim follows. L!-?-regularity of du is clear because u is L>?-regular by Propo-
sition 2.1. N

Fix an L]'p—regular (J1, Jst)-linear trivialization ® : (E, J;) —> (A x C", Jst) such that
E| = dui(T A) is mapped to the subbundle A x C! C A x C" with the fiber consisting
of vectors of the form (a, 0, ..., 0). Then, denoting by C"~! the subspace of C" of vectors
the form (0, ay, ..., a,), we obtain the bundle E, := o ((C”_l) which is a complementary
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1176 S. Ivashkovich, V. Shevchishin

bundle to E; in E, i.e. E = E| & E;. Notice that £ and E» are Jj-complex subbundles
of E.

The idea of the proof consists of three steps:

First, to represent u5 in the form

u2(z) = u1 (Y (2)) + w(z)

where w(z) is a L!P-regular section of E5 and ¥ : A(r) — A an appropriate L'-?-regular
“reparameterization map” defined locally near the origin.

Second, to show that w(z) satisfies a differential inequality of the form (3.1).

Third, to prove that ¥ can be chosen to be a holomorphic function.

Define an “exponential” map exp : A x A x C"~! — E by

exp: (z, ¢, w) = (2, u1(Q) + @~ (Dw). (3.4)

The map exp is well-defined, L'-?-regular in z, L>P-regular in ¢ and linear in w. In par-
ticular exp is continuous in (z, ¢, w). Moreover, for a fixed z #% 0 € A the linearization of
exp, := exp(z, -, -) with respect to variables ¢, w at {, w = 0 is an isomorphism between
Tr—A® C" ! and E.. Thus for z # 0 the map exp, is an L>”-regular diffeomorphism of
some neighborhood U, C {z} x A x C"~! of the point (z, 0) onto some neighborhood V; of
the point u;(z) in E, = C".

We need to estimate the size of V. In order to do so let us consider the rescaled maps

uy(z) ==t uy(t-z) withr € 0, 1].

Claim 2. The family ut1 (z) is uniformly bounded in ¢ € (0, 1) with respect to the L?P-norm
and the limit map lim\ o u’l(z) is u(l)(z) = voz*, where vg = P(0). The limit is taken in
L*P-topology.

The C%-convergence up = u? is clear from the representation (3.3). To derive from
here the L>?-convergence remark that u} is J;-holomorphic with respect to the structure
Ji(w) == J(@"* - w), w € B, and that J; converge to Jst in the Lipschitz norm. This implies
the L>P-convergence.

Further, define the rescaled exponential maps

expl (¢, w) == u} (£) + @t - Hw with € [0, 1]. (3.5)

Claim 3. There exist constants ¢*, ¢1, & > 0 such that for every z € {|z]| = ¢} and ¢t €
[0, 1]expL (¢, w) is an L?P-regular diffeomorphism of U, = {(¢, w) : |¢ — z| < c1, |w| <
c1} onto a neighborhood VZ’ of u’l(z) in E; which contains the ball {|§ — u;(2)| < c*}.

Moreover, the inverse maps (exp;)‘l : VZ’ — U, are L2p -regular, their L%P_norms are
bounded by a uniform constant independent of z € {|z| = ¢} and ¢, and the dependence of
(exp;)_1 onzis L7,

This claim readily follows from the facts that K = {|z| = ¢} x {t € [0, 1]} is a compact,
the function exp‘z (¢, w) is a local L%P -regular diffeomorphism for every fixed (z,t) € K,
and depends continuously on 7 € [0, 1] and L'-P-regular on z € {|z| = &} with respect to the
L%P-topology.

Without loss of generality we may assume that ¢ = 1. This can be always achieved by an

appropriate rescaling.
Claim 4. For arbitrary z € A\{0} there is a neighborhood V, > u(z) containing the ball
B(u1(2), c* - |z|*) with the constants ¢* from the Claim 3 such that exp, is an L7 regular
homeomorphism between some neighborhood U, of (z, 0) in the fiber {z}xC" and V,. In
particular, ¢* is independent of z.
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Here by L'?-regular homeomorphism we understand a homeomorphism which is L!-7-
regular and its inverse is also L!*?-regular.

In order to prove this claim fix some 0 < |z| < % and set 7 = é, Z‘ = I%I’ D =
|z|. Then according to Claim 3 we have a homeomorphism

oxp’s : {1 — 2 < i, ] < 1} = V2 D {Ig — @] < ).

Butexp’s (¢, W) =t Huy (18) + S (¢ = t*u1 () + P~ (2)w] = t*exp. (¢, w) and
this map is a homeomorphism between {I% - él <cy, % < cl} and some V containing

(1€ = u1(3)| < ¢*}. Therefore exp, is a homeomorphism between
{lg =zl < cilzl, 0] < clz]*} < V. D {IE —u1 ()| < c* - Iz]"}.

Claim 5. For z sufficiently small, u3(z) = u1(¥(z)) + w(z) for some Ll’p—regular function
Y¥(z) in A and some w € L"P (A, E»).

Since up(z) —u1(z) = O(|z|**%), for z small enough we obtain us (z) € B(u;(z), c* |z|*).
Define (¢(z), W(2)) := eXp;1 (u2(z)) where eXp;1 : Vz — Uy is the local inversion of the
map exp, which exists by Claim 4. Set ¥ (z) 1= ¢(2), w(z) := o1 (z) W(z). We obtain the
desired relation

uz(z) = u1 (¥ (z)) + w(z), (3.6)

which holds in some small punctured disc A,\{0}. Making an appropriate rescaling we may
assume that (3.6) holds in the whole punctured disc A\{0}. Moreover, ¥ (z) and w(z) are
Lllc;g-regular in A\{0}.

To estimate the norm ||| 1., (5, We define the rescalings ub(z) ==t Hur(t2), ¥'(2) :=
t~1(tz) and w'(z) := r"“w(tz). Then we obtain ub (2) = ul (Y (z)) + w' (z) which is the
rescaled version of (3.6). Consequently, these function satisfy the rescaled relation

W' (), U)W’ (2)) = (xp) ™" (Wh(2)).

By Claim 4 the family of maps (exp’z)*l is continuous in # and L!-?-regular in z with respect
to L*P-topology. Claim 2 applied to u3(z) gives us the uniform L?”-boundedness of the
family utz(z) int. As a consequence, we conclude that the functions ¥/ (z) satisfy the uniform
estimate

”lbt ||lel7(A\A(%)) <C

with the constant C independent of 7. Making the reverse rescaling we conclude the estimate
||d1// || LP(A(Z*"’I)\A(Z*")) =< C-272k/p.

Now the summation over the annuli A(2_k_l)\A(2_k ) gives us the desired estimate
ld¥ll L) < ()V/P-C. The LyP-regularity of w(z) in A follows from the relation (3.6).
The Claim is proved.

Consider the pulled-back bundles E’ := ¥*E, E{ := ¢¥*Ej and E} := ¢*E; over A.
Equip E’ with the complex structure J{ := ¥*J; = J(u1 o ). Let pr,, be the projection of
E’ onto E), parallel to E{. Consider the following expression

pra (Bx + Ji - 3y)w(2)) = pry ((3x + Ji - 3y) (u2(z) —u1 (¥ (2))) - (3.7
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1178 S. Ivashkovich, V. Shevchishin

Let us treat the terms in (3.7) separately. The second term on the right hand side

0y + -11/ : 8y)ul(W(Z))

is the Cauchy—Riemann operator 8 7 applied to the composition /| = uj o .

Claim 6. Lety : A — Abea L'"P-map and let u : A — C”" be a J-holomorphic curve.
Then

37w o V) =duody, 3.8)

where 3 is the standard d-derivative of the function /.

The expression 3 ; (u o ¥) computes the J-antilinear component of the differential d (u o
Y) = duodi. Since du is J-linear, the antilinear part of du o dyr will be du of the antilinear
part of dy which is 3. Therefore we conclude the relation (3.8). The claim is proved.

In our case this gives

51{(14,- o) =duj o d. (3.9)

Further, observe that du; o 9y takes values in the pulled-back E{ = Y*E;. So
prh(d J; (1 0 ) vanishes identically.

The next term to estimate is (0, + Jl’ - dy)uy. Subtracting the equation 0 = djuy =
(dy + J ouy - dy)up we obtain

(Jl/ —Joup)dyup = (Jouyoyr —J ouy) - dyus.

The L*7-regularity for uy provides the L' P-regularity of dyuz, whereas the Lipschitz con-
dition on J yields the pointwise estimate

[Jouioy(z) —Jouz)| < Lip(J) - [w(2)]. (3.10)

Therefore the right hand side of (3.7) is estimated by 4 - |w| with some h € L?(A).

Now, let us rewrite the left hand side pr’2 ((Ox+Joujoyyr-dy)w)of (3.7)asa d-type operator
of w. Consider the restriction pr} : E; — E} of the projection pr}, onto E,. Using the facts
that 1 (z) is continuous and ¥ (0) = 0, we conclude that pr,(z) : (E2); — (E}); = (E2)y ()
is a bundle isomorphism over a sufficiently small disc A,. So setting w(z) := pr’zw(z) we
obtain a pointwise estimate

1/C - w@| = [w@)| = C-|w)l (G.1D)

in the disc A, > z with uniform constant C.
Similar to pr} define the projectiog pr from E onto E| = Y*E;. Denote V, := pr} o
9y o pry and Vy := pr) o dy o pr,. Using this we obtain

prh ((3x + J{ - dy)w) = (Vi + J{ - Vy) (pryw) + H(w) (3.12)

with some L?-regular endomorphism H. Summing up, we conclude a pointwise differential
inequality

(Ve + Jf - V) (@)| < hlib| (3.13)
with J{ := J ouy o ¢ and an LP-regular function h. If we fix some L'-P-trivialization
el,...,e,_q of E/2 and remark that in (any) such trivialization V, = 0y + Ry and V, =

dy + R, with some Ry, Ry € LP(A, End(E'z)). This gives us the following estimate
|(0x + J{0y)W| < h - || (3.14)
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Observe that w(z) can not vanish identically since otherwise the image u>(A,) would lie in
up(A).

Now we can apply Lemma 3.1 and conclude that w(z) either vanishes identically or w(z) =
2" f(z) for some f(x) € L'P(A,, C"~!) with £(0) # 0. The integer v must be bigger than
i, because uz(z) — u1(z) = o(|z|*™*). Since the projection w(z) — w(z) 1= pri(w(z)) is
an L'-P-regular isomorphism, we obtain the same structure for w. Finally, observe that f(0)
lies in the fiber (£7)o which is J(0) = Jgt-transverse to (E1)g = Cvg. Therefore we obtain

uz(2) = u1 (Y (2)) + 2" w(z), (3.15)

where v > u and w(0) linearly independent of vg.
Claim 7. There exists a holomorphic i satisfying (3.15).

Assume that we have w(z) = 0 and therefore u;(z) = u1 (¥ (z)). It follows from (3.9)
that

duyody = 51{(”1 oY) =0d;uioy) =0dus=0

and therefore that 31/ (z) = 0. So ¥ (z) is holomorphic.

Assume now w(z) is not identically 0. In this case we are going to construct recursively a
sequence of complex polynomials ¢; (z) and an increasing sequence u < vy < vp < --- < 1
of integers with the following properties:

9i(2) =2+ 0(z%)
ur(z) = u1(g;i(2)) + z%v;(z) with some v;(z) € L"7(A, C") such that for j < [ the
vectors v;(0) are proportional to vy.

Lemma 3.2 insures the existence of the desired v > w and v(z) with ¢1(z) = z. Assume
that we have constructed such sequences t < vgp < v < vy < --- v and v1(2), ..., Vk(2),
and that v1(0), ..., v (0) are proportional to vg. Observe that for any integer m > 2 and any
a € C we have

ur(@r(2) +az™) = u1(gr(2)) + du(pr(z)) o dgg(az™) + O (")
= u(r(2) + nek " @(2) - a" v + 0T
= u1 (g (@) + p" vy + 0.

Set my := vy — u + 1, defined a from the relation
wm-a-vo+wg(0) =0
and put

Ore1(2) = @i (2) +az™*.

Then us(z) — u1(@ry1(z)) = O(|z|"™ THT*). Now we can apply Lemma 3.2 to u3(z) and to
u1(¢r+1(z)) and obtain a new vy > m + [ > v and a new vg1(z2).

Compare the obtained presentations u3(z) = u1(¢; (2)) + 2" v; (z) with the decomposition
(3.15). Notice that for a fixed bundle E> the decomposition (3.15) is unique. This implies
that at some step we obtain v; = v and v;(0) = w(0) with v and w(z) from Comparison
Theorem. At this step v;(0) = w(0) is not proportional to vy and the recursive procedure
halts.

All what is left to prove is (1.5). In Sect. 6 we shall prove that J-holomorphic mappings
in Lipschitz-continuous J are CLLnLip gnd therefore the subbundle E| = du (T A) is a
cLnLir _regular. This implies the same regularity of the projection pr,, . Since pr, w(0) = 0
this gives (1.5).
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1180 S. Ivashkovich, V. Shevchishin

This finishes the proof of the part (a) of the Comparison Theorem.

Remark 3.2 As we claimed in the Introduction the vector w(0) can be chosen in any given
complex hyperplane transversal to vg. Really, if E5(0) is such a plane, then we chose ¢
(after the end of the proof of Step 1) in such a way that E>(0) = &~ 1(C"1). Then in the
remaining part of the proof of the Part (a) of the Comparison Theorem we established that
the vector function w in question takes its values in the bundle E. Therefore, in particular,
w(0) € E»(0).

3.3 Proof of the part (b) of the Comparison Theorem

We continue the proof of the Comparison Theorem.
Claim 8. This claim we shall state in the form of a lemma.

Lemma 3.3 Letd > 1 be an integer and n be a primitive root of unity of degree d, and r a
holomorphic function in the unit disc A of the form ¥ (z) = z + O(z%). Then there exists a
holomorphic function ¢ of the form ¢ (z) = z + O(z>) defined in some smaller disc A, such
that n¢(2) — ¥ (@ (nz)) = 241 - y (%) with some function y holomorphic in A,.

Proof Roughly speaking, the lemma claims that making an appropriate reparameterization
one can eliminate all the terms of the Taylor expansion of v (z) except those of degrees
kd + 1.

We want to apply the implicit function theorem. For this purpose we need to fix certain
smoothness class of holomorphic functions, the concrete choice of such a space plays no role
in the proof. Denote by H the space of holomorphic functions in A which are C* smooth up
to boundary.

Replacing the given function v/ (z) by its appropriate rescaling ¥ ) (z) := r~ 'y (tz) we
may assume that the norm || (z) — zll¢1(a) is small enough.

Forl = 0,...,d — 1, denote by H; the subspace of H consisting of functions ¢ (z) of
the form ¢ (z) = zlq)l (z%). In other words, the Taylor series of ¢(z) € H; contains only
monomials of degree m = [(modd). The space H; is the kernel of the operator ¢ (z) >
¢(nz) — nlqb(z). Clearly, we obtain the decomposition H = 69;1:_01 ‘H;. Denote by 7—{1l the
complement to H; in this sum, i.e. Hll = @x1'H;, and by nll the projection on this space
parallel to . Finally, let V be the Banach subspace of Hf‘ consisting ¢ (z) € Hf— satisfying
$(z) = O(z?) and (z + V) the shift of V in H by the function z. Thus ¢ (z) lies in (z + V) if
and only if ¢ (2) = z + ¢1(z) with ¢1(2) € V.

Now consider the map Fy : (z +V) — Hf‘ given by

Fy:¢@) € @+V) — 7 1¢() — ¥ ($(02)),

in which v is considered as a parameter, varying in the space of holomorphic function defined
in some larger disc Ay, so that Yy € H(A4,). Then Fy (¢) takes values in V, is holomor-
phic in ¢ € (z + V), continuous (in fact, also holomorphic) in ¥/ (z) and its linearization in
¢ at point (Vo(z) = z,¢ = 0) is

DFyy0: ¢~ (nd(2) —dn2)).

Then D Fy, is an isomorphism on V since its restriction on each ; is the multiplication with
the non-zero scalar n — 7.

Now the implicit function theorem applies and for every ¥ close to ¥(z) = z gives a
function ¢ € z 4+ V (i.e. of the form ¢ (z) = z + O(z?)) such that n¢(z) — ¥ (d(nz)) € Hi,
i.e. is of the form zy (z¢) as required. O
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Claim 9. We shall prove the following:

Proposition 3.1 Let J be a Lipschitz-continuous almost complex structure in the unit ball
B C C" with J(0) = Jst,u : A — B a J-holomorphic map such that u(z) = voz"* +
O(|z|*) with vy # 0 € C",d # 1 a divisor of u, and n = >/ the primitive root of
unity of degree d. Let u(nz) = u(y(z)) + z"w(z) be the presentation provided by the part
(a) of the Comparison Theorem.

Then there exists a holomorphic reparameterization ¢(z) of the form ¢(z) = z + 0(z%)
such that

o u(p(nz)) = u(¢(z)) in the case when w(z) =0,
o u(p(n2)) —u(p(z)) = w(0)z" + 0(|z|"™®) otherwise. Moreover; in this case v is not a
multiple of d.

Proof Let ¢(z) = z 4+ O(z2) be the function constructed in Lemma 3.3, so that n¢(z) =
V(p(n2))) + 2771y (z9). Substitute the latter relation into the comparison relation u(z) =
u(¥(z)) + z"w(z) and obtain

u (V@) + 2y ) = g (@) = uW @) + 8" @) - W), (B.16)

Denote u(y(¢(z))) by i(z), this is a reparameterization of the map u(z) in the new coordi-
nate, such that the old one is given by the formula ¢~ ' (¥~ (2)) (notice that we use the same
notation z for both).

We want to rewrite the (3.16) in this new coordinate. Let us start from the left hand
side. Assume that y (z) is not identically O and denote by k the order of vanishing of y (z)
at z = 0. Then z%t 1y (z%) = az*+Dd+1 L O (zk+D4+2) Since ¢ (z) and ¥ (z) are repa-
rameterization of the form z + O(z2), one can rewrite Y(p(nz)) + Z4+! y(zd) in the form
Yl (nz 4+ z* D441 5 (2))] with holomorphic function 7 (z) satisfying 7 (0) = a. In the other
case Y (z) = 0 we obtain a similar relation with y(z) = 0.

As for the right hand side one can rewrite the expression ¢" (z) - w(¢(z)) in the form

W' @) vy (2)

with a new function w(z) of the same regularity L1-? such that % (0) = w(0). So we conclude
that the reparameterized map i1 (z) = u(y (¢ (z))) satisfies the relation

n (nz + Z(k+l)d+1]7(z)) — ﬁ(Z) + ZU . IZ)(Z)

Finally, using ii(z) = voz"* + O(|z|**%), we obtain ii(nz) = i(z) + 2" - W(z) — upt~!
7(0) vkt 4 O (|z|kd+rta),

Now assume that kd + & < v or that ¥ (z) = 0. In this case #(nz) = ii(z) +w’ - K+ +
O (|z|*¥+1+2) with some non-zero vector w’. Then, using the equality n** = 1 (since d is a
divisor of )

0= (a's) —a/~'9) =d w4 0 (lfHre) @)
j=1

which is a contradiction.
Observe that we obtain the same contradiction in the case when kd 4+ @ > v (including
the extremal case y (z) = 0) and v is a multiple of d, so that " = 1.

@ Springer



1182 S. Ivashkovich, V. Shevchishin

From this contradiction we can conclude the following:

e In the case w(z) = 0 we must have y(z) = 0, and so the function ¢(z) := ¥ (¢(z)) is
the desired reparameterization.

e In the case w(0) # 0 we must have v < kd + 1 and d can not be a divisor of v. Again,
¢©(2) := Y (¢(z)) is the desired reparameterization. ]

Comparison Theorem is proved.

4 Primitivity and positivity of intersections

In this section we shall prove the important regularity properties of J-complex curves with
Lipschitz-continuous J-s, i.e. Theorems A and B from the Introduction.

4.1 Definitions

We fix an almost complex manifold (X, J) with J € CLiP. Let (Si, ji),i = 1,2 be two
Riemann surfaces with complex structures j; and j>.

Definition 4.1 Two J-holomorphic maps u1 : (S1, j1) — X and us : (2, jo) — X with
uy(ar) = uz(ay) for some a; € S; are called distinct at (a1, ap) if there are no neighborhoods
U; C S; of a; with u1(Uy) = uz(Uz). We call u; : (S;, ji) — X distinct if they are distinct
at all pairs (aj, az) € S1 x Sy with ug(ay) = uz(az).

A related notion is the following

Definition 4.2 A J-holomorphic map u : (S, j) — X is called primitive if there are no
disjoint non-empty open sets Uy, U C S with u(U;y) = u(Us).

Note that a primitive # must be non-constant. Let B be the unit ball in C2 and uy, us :
A — B two C'-regular maps with the following properties: both images y; := u(dA) and
y2 = u2(dA) of the boundary circle dA are immersed real curves lying on the boundary
sphere 9B = S°, the origin 0 is the only intersection point of the images M| := u(A) and
M> := up(A). Let A;Ii be small perturbations of M; making them intersect transversally at
all their common points.

Definition 4.3 The inter:vection zzumber of My and M at zero is defined to be the algebraic
intersection number of M and M>. It will be denoted by §o(M;, M>) or, §g if M1 and M»
are clear from the context.

This number is independent of the particular choice of perturbations M;. We shall use the
fact that the intersection number of M| and M, is equal to the linking number 1(yy, y») of
the curves y; on $3, see e.g. [21]. M| and M, intersect transversally at zero if the tangent
spaces Top M1 and Ty M, are transverse. In this case 8o(M1, M>) = £1.

4.2 Proof of Theorems A and B

We turn now to the proof of Theorems A and B. It is divided into several steps, some of them
will be stated as lemmas for the convenience of the future references. Let M; are J-complex
discs in (C2, J),i =1, 2. By (2.4) we have the following presentations

ui(z) = 2" (0) + O (1)

4.1
ur(z) = 2"2v2(0) + O([z|"2**) @b
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with non-zero vectors vy, v2 € ToB = C? and integers ©; > 0 and with some o > 0.
Moreover, by (2.30) for both curves we have

dui(z) = 2" v (0) + O(JzH 1), 4.2)

(4.1) and (4.2) imply the transversality of small J-complex discs u; (A(p)) to small spheres
S3. More precisely, there exist radii p > 0 and R > 0 such that for any 0 < r < R the
J-curves u; (A(p)) intersect the sphere Sf = {Jwi]® + |wa2]? = r?) transversely along
smooth immersed circles y;(r). In fact, the asymptotic relation (4.1) provides that for any
0 € [0, 27] there exists at least one solution of the equation lu; (piel?)| = r with p; < p,
and that for any such solution p; the quotient p; / (m) 1/ must be close to one. Then one
uses (4.2) to show that the set y; (r) := {z € A : |u;(z)| = r} is, in fact, a smooth immersed
curve in A, parameterized by 6 € [0, 2], and that u; : y;(r) — Sf is an immersion with
the image y; (r).

Taking an appropriate small subdisc and rescaling, we may assume that p = 1 = R.
Note that the points of the self- (resp. mutual) intersection of y; (r) are self- (or resp. mutual)
intersection points of u#; (A). Let us call » €]0, 1[ non-exceptional if curves y; (r) C Sf are
imbedded and disjoint. Thus r* €]0, 1[ is exceptional if Sf* contains intersection points of
u; (A)

Lemma 4.1 and Corollary 4.1 provide that any such intersection point is isolated in the
punctured ball B = {0 < |wi|> 4+ |wa|> < 1}. This implies that either there exist finitely
many exceptional radii #* €]0, 1[, or that they form a sequence r;; converging to 0.

Denote M;(r) := u;(A) N B(r). For non-exceptional  we can correctly define the inter-
section index of My (r) with M, () as the linking number of y; (r) and y»(r).

Step 1. In this step we shall prove that two distinct J-complex curves intersect by a discrete
set.

Lemma 4.1 Let J be a Lipschitz-continuous almost complex structure on a manifold X and
let uy : (S1, j1) = X and uy : (S2, jo) — X be two distinct non-constant J-holomorphic
maps. Then:
(1) The set {(z1,22) € S1 X S» : u1(z1) = uz(z2)} is discrete in S1 x S».
(i1) The intersection index at every p = u1(z1) = uz(z2) is at least 1 - na, where p; is
the multiplicity of zero of uj, i =1, 2.

Proof The claim is local so we may assume that (Sy, j1) = (52, j2) = (A, Jst), X is the
unit ball B in C2, J(0) = Jst, and 1 (0) = ur(0) =0 € B.

Write each map in the form u; (z) = v;z* + O(|z]**%). We must consider three cases.
Case 1. The vectors v (0) and v, (0) are not collinear.

It is easy to see that, in this case, 0 € C? is an isolated intersection point of u;(A) and
uy(A) with multiplicity exactly w1 - 2. In particular, intersection index in every such point is
positive. In fact, consider the dilatations: J;(w) = J(t*1*2w), u’l (z) =t~ H1H2y (t#2z) and
u’Z(z) =t M2y, (t*17) for a small ¢t > 0. u§ are J;-holomorphic and converge to x;-times
taken disc in the direction of v; (0). The rest is obvious.

Case 2. The vectors v1(0) and v, (0) are collinear and 1 = up = 1. In other words, u(A)
and uy(A) are non-singular tangent discs.

Rescaling parameterization of u; and rotating coordinates in C2 we can suppose that
v1(0) = v2(0) = e1. Applying the Comparison Theorem we see that

i2(z) — (Y (2)) = z"w(z) (4.3)

where w(0) = e> and ¥ (z) = z + O(z?) is some holomorphic reparameterization. Con-
sidering intersections we see that for r > 0 small enough the circles y;(r) := u1(A) N Sf
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and y2(r) ;= uz(A) N S,3 are imbedded and, as we go along y; (1), y2(r) stays in the tubular
neighborhood of y; (r) of radius p = 2r” and winds v times around y(r). This shows that
the linking number I(y; (r), y2(r)) is v.

Case 3. The vectors v1(0) and v, (0) are collinear and p1, o are arbitrary.

The discs u1(A) and u(A) are immersed outside the origin 0. The consideration from
Case 2 show that the intersection points of u1(A) and us(A) are discrete in u1(A)\{0}. In
particular, for any sufficiently small » > 0 there are finitely many intersection points in the
spherical layer B, \B,. In particular, there exists a sufficiently small » > O such that the
circles y1(r) ;= u1(A) N Sf and 2 (r) ;= u2(A) N S;” are immersed and disjoint.

In Theorem 6.1 below we show that for a given r > 0 small enough there exists a J-holo-
morphic perturbation i (z)of the map u,(z) such that it (z) = v;z% + O(|z|#T%) with v
different from but arbitrarily close to v» = vy. Moreover, the map 15 (z) is arbitrarily close to
u3(z). In particular, the circle p>(r) := w2 (A) N S;” remains disjoint from y;(r) and homo-
topic to y»(r) in Sf\yl (r), the linking number [ (y; (), Y2 (r)) remains equal [k (y; (r), y2(r)),
and i1 (A) N B, remains immersed outside the origin. Now using first two cases we conclude
that there are finitely many intersection points of u#{(A) and i2(A) in B,, the intersection
index in 0 is i1 - ;o and that all other intersection indices are positive. Since [(y; (), y2(r))
is the sum of these indices we conclude the part (ii) of the lemma. ]

Remark 4.1 Let us point out that the statements (i) and (ii) of Theorem B are proved. The
proof of (iii) is now obvious. Really, if §, = 1 then ;| = up = 1, i.e. u; are not singular.
If they are tangent then v > 1, but we proved that §,, = v, contradiction. This finishes the
proof of Theorem B.

We continue the proof, now of Theorem A and, therefore, turn our attention to a single
J-holomorphic mapping u# : S — X. The following step in the case of multiplicity u = 1 is
trivial and therefore we suppose that ¢ > 2. We will also use (4.1) and (4.2) as holding true
for C"-valued maps (which is, of course, so in (2.4) and (2.30)).

Step 2. Multiple J-holomorphic mapping # with multiplicity of zero equal to  can be locally
represented in the form u(z) = i (z%) with some J-holomorphic i and some integer d.

Lemmad4.2 Letu : S — X be a J-holomorphic map with J € CL'P and let p € S be a
critical point of u of multiplicity u > 2. Then there exist a neighborhood W C S of p, a
holomorphic map w : W — A, and a J-holomorphic map u : A — X such that

e 1T is a covering of some degree 1 < d < u,d|u, with p being a single branching point
(d = 1 corresponds to the trivial case when u is an imbedding itself);

e Uom =ulw;

e themap u : A — X has multiplicity 1 at zero and is a topological imbedding.

Proof Choose local complex coordinates (wy, . .., wy) in a neighborhood of u(p) € X such

that the complex structure Jgt defined by (wq, ..., w,) coincides with J at the point u(p).

Let z be a local complex coordinate on S in a neighborhood W C S of p. We may assume

that (wy, ..., wy) (resp. z) are centered at u(p) (resp. at p). By (2.4), after an appropriate
rotation and rescaling of coordinates wyi, ..., w, in C", we can write u in the form

u(z) = e1z"* + 0(|z|" ). (4.4)

Let p; : C" — C be the canonical projection onto the coordinate plane (e;). Then u(z) :=
(p1ou)(z) is aramified covering of degree u at the origin. Really, from (2.4) and Lemma 2.3
we have that

u(z) =21+ g(2)
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where g € ler;f and g(z) = O(]z]). From this we obtain that 1 4+ g(z) is an imbedding in a

neighborhood of zero and it admits a root of degree u, i.e. 1 + g(z) = (1 + f(z))* for some
fe L*? and f(z) = O(|z]). Therefore we can write

loc
u1(x) =241+ f)H* 4.5)

and

1
ui tz—z(1+ f(2) (4.6)

is an imbedding. If u|w is an imbedding for some neighborhood W > p then the Lemma is
trivial with d = 1. Suppose now that u#|w is not an imbedding for any neighborhood of p.
Take z1 # z2 near p = 0 such that u(z1) = u(z2). This implies u#1(z1) = u1(z2) and the
latter reads now as

A A+ fla) =25 1+ fah. 4.7)

We supposed that this happens for any W and therefore we can find two sequences z1 ,, # 22,1,
both converging to 0 and such that u(z1,,) = u(z2,,). Therefore, after extracting a subse-
quence, in view of (4.7) we have

2t (14 fin) = 1¥ 220 (L + f(z20)) (4.8)

forsome 0 < k < u — 1, where n = e%. If £ = 0 then from (4.6) and (4.8) we obtain that
Z1.,n = 22, for all n and this is not our case.

Therefore we have that 0 < k < u. We consider z(1 4+ f(z)) as a new holomorphic
coordinate in a neighborhood of p. Therefore for u in this coordinate (4.8) means that for
some sequence z, — 0 one has

(' z) = u(zp). (4.9)
From Proposition 3.1 we obtain that there exists a holomorphic reparameterization ¢ such
that in new coordinates u(1*z) = u(z), i.e. u is multiple of multiplicity d = u/k. O

Let us remark that proving the last lemma we also proved the following

Corollary 4.1 Letu : A — (X, J) be a primitive J -holomorphic map with J € C'P. Then
forevery 0 < r < 1 the set {(z1,22) € A% 121 # 20 and u(z1) = u(z2)} is finite.

Proof Suppose not. Then there exist two sequences z1 , # z2,, converging to z; and respec-
tively to zp, both in A, such that u(z; ,) = u(z2,,) for all n.
Case 1. 71 # zp. In that case the statement of the Corollary follows from the Theorem B,
just proved, applied to the restrictions of # onto a non intersecting neighborhoods of z; and
z2. Really, let V1 > z; and Vo > z» be such neighborhoods. Set u1 := uly,, u = uly,.
After translation and rescaling we can suppose that both u| and u, are defined on the unit
disc. Theorem B now applies and implies that | and u; are not distinct. Therefore u is not
primitive. Contradiction.
Case 2. z1 = z». This case was considered in the proof of Lemma 4.2. In that case u occurs
to be non-primitive. Contradiction. O
Step 3. Construction of the surface Sanda primitive map i : S— X.

Consider the set ¥ of pairs (V, uy) such that V is an abstract complex curve and uy :
V — X isaprimitive holomorphic map with the image uy (V) lyinginu(S). We write V € ¥
meaning (V, uy) € ¥ Take the disjoint union Liy ¢y V and define the following equivalence
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1186 S. Ivashkovich, V. Shevchishin

relation on S: points p; € Vi € ¥ and py € V, € ¥ are identified if there exist V3 € 7,
a point p3 € V3 and holomorphic imbeddings ¢ : V3 — Vi, ¢y : V3 < V,, such that
%i(p3) = pi and the both compositions uy, og; giveuy, : V3 — X.Define S = UyeyV/ ~,
denote the natural projections V < S by v, and equip the set S with the quotient topology
whose basis form the images 7y (V) C S with V € . It follows from the construction of
S that there exists a continuous map i : S — X such that ii o my =uy : V — X for any
Vev.

The primitivity of the map i : S — X follows from the definition of . S.

Step 4. S is Hausdorff and there exists a natural complex structure j on S such that for every
V € ¥ the projection v : Vy — Sis (j, )- holomorphic and such that the map « : S—> X
is J-holomorphic.

Let p; and p, be two distinct points on S. Fix their representatives p; € V; € V. If
u(p1) # u(pa), then there exist disjoint neighborhoods u(pl) e Wi € X and u(p2) €
W> C X. Since i : § — X is continuous, the pre-images U; := i~ (W;) are open in S.
Then U; are desired disjoint neighborhoods of p; and p».

Now assume thatii(py) = t(p2). Then by Step 2 there exists neighborhoods p; € U; C V;
such that i(p1) = #(p») is the only intersection point of &#2(U;) and it (U,). It follows from
the definition of the topology on S that U; are desired disjoint neighborhoods of p; and p».

By the construction, for every V € ¥ the map 7y : V — S is an open imbedding so
that each V is an open chart for S. We claim that the complex structures on V € ¥ induce a
well-defined structure j on S. For this purpose it is sufficient to consider the case V| C V.
Since the map i : Vo — X is C'-regular, the complex structure on V| is determined by the
structure J on X at each point p € V, with di(p) # 0. Thus the inclusion V| C V3 is
holomorphic outside the set of critical point of iz, which is discrete. Now we use the fact that
the extension of a complex structure over an isolated point is unique (if exists).

Finally, we observe that ii : § — X is (j, J)-holomorphic.

Step 5. Construction of the projection 7 : S — S. Consider the set #/ consisting of pairs
(W, Tw) in which W is an open subset in S and 7wy : W — Sisa holomorphic map such
thatu o Ty = ulw : W — X. Since u : § — X is non-constant, it is locally an imbedding
outside the discrete set of critical points of u. Using the fact of the primitivity of i : S—> X
we conclude that 7ty : W — Sis unique if exists. In particular, 7w, and 7y, must coincide
on each intersection W; N Wz so that there exists the maximal piece Wmax := U; W; with
the map mmax : Wmax — S. By Step 1, Wmax is the whole surface S. m]

4.3 Corollaries

The same proof gives the following variation of Theorem A:

Theorem 4.1 Let (S1, j1) and (S2, j2) be smooth connected complex curves and u;
(Si, ji) = (X, J) non-constant J-holomorphic maps with J € C*P_ [f there are non-empty
opensets U; C S; withuy(Uy) = uy(Uy), then there exists a smooth connected complex curve
(S, j) and a J-holomorphic map u : (S, j) — (X, J) such that uy(S1) U uz(S2) = u(S)
andu : S — X is primitive.

Moreover, maps u; : S; — X factorize through u : S — X, i.e. there exist holomorphic
maps g;i - (Si, ji) = (S, j) such that u; = uo g;.

In the case of closed J-complex curves we obtain the following:

Corollary 4.2 Let (S, j) be a connected closed complex curve and let u : (S, j) — (X, J)
be a non-constant J-holomorphic map into an almost complex manifold X with Lipschitz-
continuous almost complex structure J. Then there exists a connected closed complex curve
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Local properties of J-complex curves in Lipschitz-continuous structures 1187

(S, ), a ramified covering w = S — S and a primitive J-holomorphic map it : S — X such
thatu = iiom.

The following corollary is immediate.

Corollary 4.3 Letu; : S; — (X, J),i = 1,2 be closed irreducible J-complex curves with
J € CLP_ such that uy(S;) = M, # ur(S2) = Mjy. Then they have finitely many intersection
points and the intersection index in any such point is strictly positive. Moreover, if (11 and
o are the multiplicities of uy and uy in such a point p, then the intersection number of M
and M» in p is at least 11 - (2.

5 Optimal regularity in Lipschitz structures

In this section we shall prove the Theorem C from the Introduction.

5.1 Preliminaries

Consider the Cauchy—Green operator Tcg = ﬂi * (+):

1
(Tequ)@) = 5 - u@)
C

d; AdE. (5.1

Tcc is a bounded operator from cha(A, C to CkHLe (A C"y for0 <o < 1.In particular,
there exists Hy o (the norm of T¢) such that

||TCGM||ck+1-a(A) < Hio ||u||ck:u(A) (5.2)

for all u € C*(A).
We shall need also the Calderon—Zygmund operator

u(t)

(Tezu)(2) := p.v. 7/ - )2d§ AdE. (5.3)

It is a bounded operator in spaces k% (A) and L*¥P(A) and its norm in these spaces will be
denoted as Gy o and Gy, correspondingly.
Next consider the Cauchy operator

M(C)

(Tcu) (z) = ;

de. (5.4)

Tc is a bounded operator from CH(IA) to CHY(A). For_all these facts we refer to [17]. We
have the following Cauchy—Green Formula: foru € C'(A) and z € A

u(z) = (Tcu) (z) + (TCG ) (). (5.5

Via the Cauchy—Green formula the differential equation (2.34) is equivalent to the fol-
lowing integral one:

En
M=HM+RGQAQD£- (5.6)
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5.2 Approximation by smooth curves

We fix J-holomorphic u : A — R?" supposing that #(0) = 0 and that u is defined in a
neighborhood of A. Let B be a closed ball containing the image u(A). Remark that since
J € C%forany 0 < < 1 then by the standard regularity of J-complex curves u € C*(A).
We also suppose that J(0) = Jst. Considering dilatations Js(u) = J(éu) we can suppose
that Lip(J) is as small as we wish. Rescaling u by us . := %u(az) be also can suppose that
C1*(A)-norm of u is as small as we wish with u staying to be Js-holomorphic. The proof will
be achieved via approximation of J in Lipschitz norm by smooth (of class C!%) structures.

Lemma 5.1 There exists an ¢ > 0 such that if Lip(J), llullcre(ny < € then for any almost
complex structure J of class ¢V on B, standard at origin and such that ||J~ —Jletingy <€
there exists a f—holomarphic i : A — B such that ii(0) = 0 and

1 - i
u(z) = (Teu)(z) = (Tcu)(0) + Tcg [Q(J(b?))az} (2) = Tce [Q(J(ﬁ))az} ©). &7

Proof Actually (5.7) implies that i is J -holomorphic and #(0) = 0. Therefore all we need
is to construct a solution of (5.6). In order to do so set ug(z) = u(z) and define by iteration

duy,
0z

Un11(2) = (Tew) () — (Teu)(©0) + Teg [Q(J(un)) } (@) - Teg [Q(J(Mn))auz} ).

(5.8)
We want to prove that u, converge to a solution of (5.6). First we need a uniform bound on
]

litn o) and ”

Un
9z CD‘(A).
Step 1. Estimate of [luy||ce(a)-

Setq = ||Q”EndRMat(2n><2n,]R) and write
Ollp1 - Ju
‘ a’—’ < Cllullgracay + |Tez QU (un)) ——
Z llLra) LP(A)
du,
< C||M||cla(A)+q6‘Gp 3
Z LP(A)
2 oup—1
= Cllullgraca)y +9eGpC llullcraay + (qeGp) >
< lLea)
! ou
< ... = Cllullcraga) Y (qeG ) +(qeG )"t P <Clulleraa)
k=1 - IILP(A)
if ¢ > 0 was chosen small enough, i.e. g¢G, < % At the same time from (5.8) we see
. . 1 < ‘ Sy, < ..
immediately that ‘ TN q¢ | %2 Ly S Cqe llull¢rua)- Taking into account

the fact that u,, (0) = 0 we obtain from the Sobolev Imbedding LY'P(A) C C*(A) the desired
bound

lunlicaay = Cllullcraa) (5.9)
with C independent on n. Here p > 2 should be taken at the very beginning satisfying
a=1-2

P
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Step 2. Estimate of ‘ du .
P 0z C*(A)
Oy ~ du
‘ % < Cllullgraay + Gau || QU (un)) 3 :
SRLIIEN ca(a)
u
< Cllullgracay + GaqsC llullcraca) 8—'
Z C(A)
Up
<C ||M||C1-'1(A) 1+ Gagqe
Z C(A)

oy
< Clullgraa | 1+ CGage lullcracay + C lullcea) (Gage)? 3#
Z Co(A)
n+1
<+ = Clulleracay D [1+C(Gage)* | = Clullcraca (5.10)
k=1

for ¢ > 0 sufficiently small.
Step 3. Convergence of approximations.

< Cife > 0and [lullcrea) were taken small

We proved that [u,|lce(a) , H BBLZ"

C*(A)
enough. Now we can write
- uy - 0y
Nttt = ttnlleros) < 2He | QT ) ot — Q(J (tn-1))
0z 9z | .
- 0 17
< 2H, [0 ) | o - T
0z 0z
CO{
= = Outpy—1
+2H, || QU @) — QU 1)) 5
an

< 2CHuqe llun — un—tllcraca)y + 2CHoge llun — ttn-tllca(a) -
(5.11)

For ¢ > 0 small enough we obtain
lunt1 — u,1||C1,a(A) <rluy — Mnfl”cl-a(A) (5.12)

with some fixed 0 < r < 1. Therefore {u,} converge in C La(A) to a solution i of (5.7).
Lemma is proved. O

Lemma 5.2 Let {J,} be a sequence of almost complex structures on B of class C Le stan-
dard at origin, converging to J in CY'P(B). Let u, be some solution of (5.7) for J,. Then
||un - u”cl,u(A) — 0.
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Proof Since u also satisfies (5.6) we can write

lley — ullere
ouy u
<2H, Q(Jn(un))T -0 () —
Z 0z ca
ouy du
< 2Hy [|Q(Jn ()l ce 5 .t 2Hy || 1QUn)) — Q(J @)l
Z 9z co co

< 2Haq8 ”un - ””Cl-‘i +C ”Jn - J“C“‘ .
And this implies

lun —ullcre = [/ = Jllce — 0.

= 1—2H,qe

Remark 5.1 Remark that u,, have regularity C>*.

5.3 Log-Lipschitz convergence of approximating sequence

Lemma 5.3 Let u, and J, be as in Lemma 5.2. Then {u,} are uniformly bounded in
Cl,LnLip(A).

Proof To prove this statement we need to recall one useful formula. For a smooth function
A on an almost complex manifold (X, J) the 1-form d$2 is defined by

djr(v) = —dr(Jv) (5.13)

for every tangent vector v. If J is of class C! then dd§ is then defined by usual differen-

52

tiation. As usual, A = = + ayzz will denote the Laplacian on the plane C. The notation

axZ T 9y?
d¢ = djst is relative to the standard complex structure on C. So for a function A defined on
an open set of C : d°A = —%dx + %dy. Therefore dd°A = Ardx A dy.

This can be generalized to the functions on X as follows. Let J be a C!-regular almost
complex structure defined on an open set  C R*" and let A be a C> function defined on
(as A we shall take coordinate functions uy, . .., us, in R*" to deduce the needed regularity
ofu:A—RM™).Ifu:A— (Q,J))isa J-holomorphic map, then:

d 0
AGvou)(z) = [dd5Alue (%(2), Ju(z)i(z)) . (5.14)

For the proof we refer to [11].
Apply the formula (5.14) to the J,-holomorphic mapping u,, obtained above:

. ouy,
A0 )(2) = [dd§ My o (%(zx I (@) 5

it (z)) . (5.15)
a
Since J, converge to J in Lipschitz norm their first derivatives are uniformly bounded on
B and therefore the right hand side of (5.15) shows that for any smooth function A on R2"
Laplacians {A(X o u,)} are uniformly bounded on A for all n. Lemma 1.7 from [11] gives
now that {A o u,} are bounded in C LLnLip(A). As A we can take any coordinate function u
on R?" and obtain the desired statement.

To finish the proof of Theorem C all is left is to remark that if #,, — « uniformly and {u,}
stay bounded in C1- 2P (A) then u € C1EMLIP (A). O
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Remark 5.2 If J is of class C! then the following statement holds true, see [14]. Letu : A —
X be a J-holomorphic map and let (E, J; := u*J) be the induced bundle. Then this com-
plex vector bundle has a natural structure of a holomorphic bundle and du is a holomorphic
morphism of holomorphic bundles TA — E.

The approximations made in the proof of Theorem C permit to extend this statement to
the case of Lipschitz-continuous J. Really, for a given J-holomorphic u# : A — X of class
clInLip (A we constructed a sequence J, of smooth structures converging to J in Lips-
chitz norm and a sequence of J,-holomorphic u, : A — X converging to u in the space
¢LnLip (A). That means that holomorphic structures constructed in [14] will converge and
du, will converge to an analytic morphism of sheaves du.

6 Perturbation of a cusp
6.1 Inversion of a d-type operators

We shall perturb a cusp of a J-holomorphic map ug : (A, 0) — (C", 0), which we suppose
to be given in the form (2.4):

uo(z) = 2*v(2), wvo :=v(0) #0,

where v € L ll mp ,2V € lel;f . We shall use perturbations of cusps in several different ways in
this paper. Our first aim is to perturb u¢ in such a way that the perturbed map u stays to be
J-holomorphic and has no cusps. For that aim we should search for a perturbation u of ug
in the form

u(z) =uop(z) +z-w(z), 6.1)

where w(0) = wo # 0 and wy is not collinear to vy. Such perturbations will be used in the
following section for the proof of the Genus Formula. Later, for deriving an “essential part of
a Puiseux series” we will need to perturb uo adding a term of an arbitrary degree and along
a tangent which may be collinear to vg. Of course, we are interested only in J-holomorphic
perturbations. We start with the following

Proposition 6.1 If, under the assumptions of Proposition 2.1 (for k = 1), the sum of the
norms ||J — Jstllcriv(ay + IR 1.0 a) Bs sufficiently small then:

(1) There exists a linear bounded operator TJOR s LY“P(A) = L%P(A) such that (37 +
R)o TﬁR = Id and (T}Ru)(O) = 0foreveryu € L7 (A);
(ii) The same operator acts also from C*(A) to CLe(A) with the same properties.

For J/ = Jst and R = 0 the operator in question is T})Sho(u) = Tcgu — (Tcgu)(0),
where T¢¢ is the standard Cauchy—Green operator. For general J, R the operator Tﬁ R can
be constructed as the perturbation series:

[e.¢]
TPpi= > (=1)"T} 00 (@7 =)+ RoT) o). (6.2)
n=0

6.2 Proof of the main result

Let us state and prove the main result of this section.
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Theorem 6.1 Let J be a Lipschitz-continuous almost complex structure in the unit ball
B C C" with J(0) = Jst and let ug : A — B be a J-holomorphic map. Let v > 0 be an
integer and wog € C" be a vector. Then there exists a J-holomorphic map u : A, — B,
defined in a smaller disc A, such that

u(z) =upz) +z" - w(z), (6.3)

Lp

with w(0) = wo and w € L),

forany p < oo.

Proof Let us apply the Cauchy—Riemann operator to #(z) in the form (6.3):

0= djouu = Oy + J(u)dyu = dxu + (J () — J (1)) dyu + J(uo)dyu
= Oyutg + J (u0)dyuo + 05 (z"w) + J (u0)dy (2" w) + (J (u) — J (u0)) dy (uo + z"w)
= 0 Joupt0 + 9 Jouo (2" w) + (J () — J (o)) (dyuo + 8y (z"w)) .

Therefore we need to solve the equation
3 Joup (2" w) = (J (o) — J (W) (dyuo + 9y (z"w)) . (6.4)
Multiplying by z~" we obtain
270 oug (2" w) = 277 (J (o) — J () (Byuo + 3y (z"w)) . (6.5)
The left hand side of (6.5) can be transformed as follows
270 oup (2 w) = (3 + 27" T (u0)z"dy) w4+ vz (27 + T(uo) Jstz" ) w
= (0 + 27T (u0)z"dy) w4 vz~ (1 + J (o) Js) 2"~ ' w
=10 Wy W + RWw,

where J ) := 77V J (ug)z" is Lipschitz-continuous by Lemma 2.2 and R(") admits an obvi-
ous pointwise estimate |[R") (z)| < vLip(J) |luollc1.«. Therefore the left hand side of (6.5)
has the form

Dy (W) =3 ;0w + RMw, (6.6)

for a Lipschitz-continuous J) and a bounded R™ with || RW || 1o small. The right hand
side

FY(z, w) i= 27" (J (o) — J W) (3yuo + 8y(z"w))

of (6.5) admits the following estimates:

[P, = CLip() olera ol 6.7)
[P, = CLipU) lollciags Iwlleraqs) (6:8)
) ) i
[ w0 = FOG |, < Lip) ol Ty = wall 1 o -
(6.9)
Our goal is to solve the following equation

DJ(V),uow = F(V)(Z, w),

[ i) e (6.10)

@ Springer



Local properties of J-complex curves in Lipschitz-continuous structures 1193

We can apply Newton’s method of successive approximations by setting

W = Ty g [ FO@wa) |+ wn, 6.11)

where w; is to be found as a solution of the following system

6.12)

DJ(V),qul =0,
w1(0) = wo.

le.,

0
wi(z) = wo — TJ(V),R(U) (DJ(V>7u0wO) .

Estimates (6.7), (6.8), (6.9) guarantee the convergence of the iteration process. The proof is
very similar to that of the previous section. As it was explained there we can suppose that
Lip(J) aswellas |[ugllc1.e(a) are as small as we wish, less then some & > 0 to be specified in

the process of the proof. We can also suppose that H R™ || Lira) S € [lwo || will be supposed

also small enough. Finally, we shall suppose inductively that [|wy || ;1.pa) < %

As in the proof of Lemma 5.1 we start with estimating first the L? and then C*-norms of
derivatives.
Step 1. There exists a constant C, independent of 7, such that [|wy[[ce(a) < C llwoll.

Owy 41 = =
= |3,,w = {350 wn11 + st = 7O @)y w14
H = P 10 sy wn+1 HLP(A) JOWnt1 + (Jst (u))dywy 41 Lo
= @0 + B wis = RO + st = 1O @ |,
<¢ ||wn+1||Lp(A)
v) ; )
HFOG |, LT [0 42w ) 1V o)
< & lwpt1 ||Lp(A) + Ce ||lwy ”Ll.p(A) .
Further
owya1) Jw 0
HT+ - H E3 H 32 T g [F @ wn)
© leeeay © llLeeay < Lr(A)
[ (- )
= FTJ(V),R(")[DJ(”,MUU)O] + FTJ(”),R(")[F (z, wy)]
< LP(A) z LP(A)
) 3 )
<C HDJ<">,L¢ow0||Lp(A) + HF Y (z, wy) Ly = C H(E)Jm + RY )wo‘ Lra)
+Ce ||wn||L1~p(A) < Cellwoll + Ce ||wn||L1-p(A)~
Taking into account that w,1(0) = wo we obtain
”wn-H”leP(A) =C (”wO” +¢€ ||wn||L1-p(A)) s (6.13)
From (6.13) we obtain
n
lwatillziocay < Cllwoll D (Ce)* + (Ce)" ! flwoll < C flwoll, (6.14)

k=0

@ Springer



1194 S. Ivashkovich, V. Shevchishin

with C independent of n. This justifies our inductive assumption that ||wp [l 1.p(a) < % and
implies in its turn the needed estimate

lwasilleaay = C llwoll - (6.15)

Step 2. There exists a constant C independent of n such that |V (wp)[lce(ay < C lwoll.
Using computations of the Step 1 write

a(w
(7n_+l) = HF(V)(Z, Wp) + HR(U)wn + H(-’st - J (”))aywn
07 |eua ca(a) ce(a) ca(a)
< Lip(J) lluolice(ay lwnllcreay + € lwnllcaay + Lip(J) llwnllgrea)
< ¢llwnllgrecay - (6.16)

Analogously to L?-case write further

owya1) Jw 0
” i = Hfl - H =T g [F @ wa)]
3Z Ce(A) aZ Ce(A) BZ ’ Co(A)
L0 Dyl | T o lF )
= oz T ROEIO uo 0 97 JW.RW Z, Wn
C*(A) Cu(a)
) P )
< D00l sy + | F e ) com =€ @500+ ROy s
+Ce |lwnllgraay < Ce lwoll + Ce lwnllcre(a) - (6.17)
From (6.16) and (6.17) we obtain
IV (wat D llcacay < Ce (Ilwoll + 11V (wa) llce(a)) (6.18)
and therefore
IV Wnr D lleqay < C lwoll + Cs lwoll + € 1V (wae )l ugay < -+ <
= ClIVwo)llee(ay = C llwoll - (6.19)
We conclude these two steps with the estimate:
IV(wa)llceay = C llwoll (6.20)
with C independent on n, provided Lip(J) and and [|wg| are small enough.
Step 3. Convergence of approximations.
Write
w1 — wallereay = C HF(”)(z, wn) — FY (2, wa—1) o)
<C-¢ ”wn - wnfl”CIvﬂ(A) (621)

by (6.9) with ¢ > 0 as small as we wish. This gives us the desired convergence of w, to a
solution w of (6.10). O

Remark 6.1 Let w’ and w” be solutions of (6.10) with initial data w’(0) = wé) and w”(0) =
wa. Then, as in (6.21), we have

[ = 0" ety = oo = wi] + € [P e, w) = Pz, w)

C¥(A)

< Hw(’) - wOH +e|w - w””CW(A)'
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And therefore
1
||w’ - w””Clﬂ(A) = 1_¢ H wy — w(')’” , (6.22)

i.e. a solution zw of (6.10) continuously depend on the initial data w(0) = wy. In particular
we have

1
lwlereay < 1—% lwoll , (6.23)
—&
for the solution with w(0) = wy.

In the following lemma we suppose that u(z) = z*v(z) with v(0) = vp = €.

Lemma 6.1 Let Lip(J) anda € C be small enough. Set wg = aes. Then the J-holomorphic
curve u(z) = uo(z) + zw has no cusps, where zw is a solution of (6.10) with v = 1 and
initial data w(0) = wy.

Proof In an appropriate coordinates we have ug(z) = z"e; + 22~ 'v(z). After making a
dilatations J5(z) := J(6*z) and ug(z) = s%uo(éz) we can suppose that Lip(J) < e—as
small as we wish. Moreover, (2.22) gives us the behavior of [zv|l ;2.5 (a(-) and therefore we
can estimate the differential of u¢ in the following way:

. N 1
du(z) = pz"'e; + R(z) with |[R(2)| < e|z|*F* for|z] < o (6.24)

Let zw be a solution of (6.10) with w(0) = wgpe,. Remark that it satisfies (6.23), i.e.
lzwllgreay < C llwoll (6.25)
and therefore its differential can be written as
d(zw) = wpez + P(2), (6.26)

where || P(2)[| < C |lwoll |z|*.
With these data we need to show that the differential of the J-holomorphic map u(z) =
up(z) + zw(z) does not vanishes in A 1 Let us write this differential:

du(z) = pz" 'e; + R(2) + woes + P(2). (6.27)

We use the following notations: R(z) := Rj(z)e1 + Ra(z), where R»(z) takes values in
the subspace spanfes, ..., e,} of C". And the same for P(z). First of all, since || P(z)| <
C |lwo]l |z]* we see that there exists 0 < rg < % such that

llwo + Ra(2) + P2()l = llwoll (1 = Clz|* = Clz]*~'**) > 0 (6.28)

for all |z] < ro (independently of wq!). This gives us that the second coordinate of the
differential is not vanishing for |z| < rp. At the same time

1

"N+ Ri@) + Pi(@)| = prl T —e— Cllwoll > 0 (6.29)

if wy and & where taken sufficiently small. Therefore the first coordinate of the differential
does not vanishes for |z| > rg. m]

This lemma permits us to define the cusp index of a cusp point of a J-complex curve.
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1196 S. Ivashkovich, V. Shevchishin

Definition 6.1 Let ug(z) = z#vg + O(|z|*1%), u > 1, vy # 0 be a J-complex curve and
let u be a small perturbation of #¢ as in Lemma 6.1 which has no cusps. The cusp index g
of ug at zero is defined as the sum of intersection indices of self-intersection points of such
a perturbation u.

In the following section we shall see that this number doesn’t depend on a perturbation
(provided it is sufficiently small).

7 Genus formula in Lipschitz structures
7.1 Local numeric invariants

To state the Genus Formula we need to define local numeric invariants of J-complex curves
and to insure that these invariants are positive (otherwise such “formula” will be useless). The
problem is that we need to do this in the case when J is only Lipschitz-continuous. The first
invariant—the local intersection number—was introduced in Definition 4.3 and in Theorem
B it was proved that this number is always positive and is equal to 1 if and only if the local
intersection in question is transverse. The second—the cusp index for a cusp point—was
defined at the end of the previous section, see Definition 6.1. Now we need to prove that it
does not depend on perturbation. It will be done by relating it to the Bennequin index. Much
more details of this approach can be found in [13] and we suggest that the interested reader
has the latter preprint in his hands while reading this section.

7.2 The Bennequin index of a cusp

Let u : (A,0) — (C2,0) be a germ of a non-constant J-complex curve at zero (and J
is Lipschitz). Without loss of generality we always suppose that J(0) = Jst. Taking into
account that zeros of du are isolated, we can suppose that du vanishes only at zero. Further-
more, let wi, wy be the standard complex coordinates in (C2, Jst). We already used several
times in this paper the following presentation of « and its differential du:

u(@) =z" -a+ 0(zI"™) and du(z) = pz"a+ 0(z|* ). (7.1)

Here a is a non-zero vector in C2, u>2and0 <a < 1.

For r > 0 define F, := TS? N J(TS}) to be the distribution of J-complex planes in
the tangent bundle 7'S? to the sphere of radius r. F, is trivial, because J is homotopic to
Jst = J(0). By F we denote the distribution U,~oF, C U,>0TSf C T B*, where TB* is
the tangent bundle to the punctured ball in C2. Set M = u(A).

Lemma 7.1 The (possibly not connected) curve y, = M N Sf is transverse to F, for all
sufficiently small r > 0.

Proof Since J =~ Jg for r sufficiently small, Ty, is close to Jstn,, where n, is the field of
normal vectors to Sf. On the other hand, for sufficiently small r, the distribution F; is close
to the one of Jgt-complex planes in TSf, which is orthogonal to Jstn,-. ]

This fact permits us to define the Bennequin index of y,.. Namely, take any non-vanishing
on Sr3 section v of F, and move y; along the vector field ¥ to obtain a curve y,. We can make
this move for a small enough time, so that y, does not intersect y;.

Definition 7.1 The Bennequin index b(y,) is the linking number of y, and y,.
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Local properties of J-complex curves in Lipschitz-continuous structures 1197

This number does not depend on » > 0, taken sufficiently small, because y, is homotopic
to yr, for ri < r within the curves transverse to F', see [2]. It is also independent of the
particular choice of the field . For the standard complex structure Jet in B C C? we use
vst(wy, wp) := (—ws, wy) for calculating the Bennequin index of the curves on sufficiently
small spheres. For an arbitrary almost complex structure J with J(0) = Jst we can find the
vector field vy, which is defined in a small punctured neighborhood of the origin, is a small
perturbation of vst, and lies in the distribution F defined by J.

The following statement is crucial for proving that the quantity »y = is a well
defined and non-negative numerical invariant of a cusp. Denote by B, ,, the spherical shell
Br2\1§,1 forr; < rp.

b(y)+1
2

Lemma 7.2 Let T" be an immersed J-complex curve in a neighborhood of Erl .ry Such that
all self intersection points of " are contained in By, ,, and all components of the curves
V=10 Sfl_ are transverse to F,, fori = 1,2. Then

b(yr) =b(yr) +2- D b (72)
xeSing(I")

where the sum is taken over self-intersection points of I.

Proof MoveT alittle along v to obtain '*. By Yr,» ¥r, denote the intersections '* NS, fl , N
5,32, which are of course the moves of ¥r; along vy. We have L(Vrys y,‘i) — (Y yfl) =
int(T, ['?), where (-, -) is the linking number and int(-, -) is the intersection number, see
[21].

Now let us calculate int(T", I'). From Theorem B we know that there are only a finite num-
ber {p1, ..., pn} of self-intersection points of I". Take one of them, say p;.Let My, ..., My
be the discs on I with a common point p; and otherwise mutually disjoint. More precisely
we take M to be irreducible components of I' N B, (p1) for p > 0 small enough. Remark
that M are transverse to v, so their moves M ¢ do not intersect them, i.e. M iNM £ =g.
Note also that for k # j we have int(My, M;) = int(M, Mj?) for ¢ > 0 sufficiently
small. Therefore int(" N B, (p1), T*NB,(p1)) = zlikqidint(Mk, M;) +int(M;, M;) =

2215k</§d int(My, M;) = 268, This means that int(l, ') =2 - Z?’:] 8p;- O

Now we are ready to describe the cusp-index in a different way. Let u be a parameteri-
zation of M near p. Take a small ball B, (p) around p = u(0) and a small disc A centered
at zero such that u(A) = M N B.(p). More precisely u(A) is the irreducible component
of M N B-(p) containing the cusp p. We take r > 0 small enough, such that A contains
no other critical points of u#|a then the origin and that #(A) has no self-intersections. Let
yr = u(A) N dB,(p) and b, be the Bennequin index of y,, defined in Definition 7.1.
Lemma 7.2 together with the obvious fact that the Bennequin index of a smooth point is —1
tell us that the number

%p = (bp + 1)/2

is well defined, non-negative and is equal to the number of double points of a generic per-
turbation.

Let us define the local invariants of a J-complex curve M in an almost complex surface.
From Theorem B and Corollary 5.1 it follows readily that a compact J-complex curve with
a finite number of irreducible components M = U?: 1 M; has only a finite number of local
self-intersection points, provided J is Lipschitz-continuous.
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1198 S. Ivashkovich, V. Shevchishin

For each such point p we can introduce, according to Definition 4.3, the self-intersection
number 8, (M) of M at p. Namely, let S; be a parameter curve for M, i.e. M; is given as an
image of the J-holomorphic map u; : S; — M ;. We always suppose that the parameteriza-
tion u; is primitive, i.e. they cannot be decomposed like u; = v; or where r is a nontrivial
covering of §; by another Riemann surface. Denote by {x1, ..., xy} the set of all pre-images
of p under u : |_|f1=1 §; — X, and take mutually disjoint discs {D1, ..., Dy} with centers
X1, ..., xy such that their images have no other common points different from p. For each
pair D;, Dj,i # j, define an intersection number as in Definition 4.3 and take the sum over
all different pairs to obtain &, (M).

Now put § = ZpeD(M) 8, (M), where the sum is taken over the set D(M) of all local
intersection points of M, i.e. points which have at least two pre-images. Consider now the
set{p1,...,pL} C U”jl:] S; = S of all cusps of M, i.e. points where the differential of the

appropriate parameterization vanishes. Set x := ZiL=1 x®.
Numbers § and x are the local numerical invariants of M involved in the Genus Formula.

7.3 Genus formula for J-complex curves

Denote by ¢ (X, J) the first Chern class of X with respect to J. Since, in fact, ¢ (X, J) does
not depend on continuous changes of J we usually omit the dependence of ¢;(X) on J.

Lemma 7.3 Let M = U?Zl M be a compact immersed J-complex curve in a four-dimen-
sional almost complex manifold (X, J) with Lipschitz continuous J. Then

> +d—é. (7.3)

: [M]? = 1 (X)[M]
2.8 =
j=1
For the proof see, e.g. [13, 18], or any other text.

The proof of the general Genus Formula (1.7) will be reduced to the immersed case via
perturbations. To do so we need the following “matching” lemma from [13]. Let B(r) be a
ball of radius r in R* centered at zero, and J; a Lipschitz continuous almost complex structure
on B(2), J1(0) = Jst. Further, let M} = u;(A) be a closed primitive Ji-complex disc in
B(2) such that #1(0) = 0 and M, transversely meet S,3 for r > 1/2. Here Sr3 = 0B(r) and
transversality are understood with respect to both TS,3 and F,.

By B(ry, r2) we shall denote the spherical shell {x € R*:r < x|l < r2}. In the lemma
below denote by D the pre-image of B(1 + ) by u.

Lemma 7.4 For any positive § > 0 there exists an ¢ > 0 such that if an almost com-
plex structure Jo in B(1 + &) and a closed Jy-holomorphic curve M» parameterized by
uy @ Digs — B(1+9) satisfy 12 — Jillerg4sy < € and luz —uillprpp,,s) < & then
there exists an almost complex structure J in B(2) and J-holomorphic disc M in B(2) such
that:

(a) Jpa—s = L2lpa-s) and Jpa+s2) = Tilpa+s.2)
(b) Mlg_sy=M>N B —8)and M N B(1+38,2) =M N B(l+8,2).

Proof We have chosen the parameterization of M to be primitive. Thus, u is an imbedding
on Di_s 145 = u]_I(Bl_(;,l_H;). Let us identify a neighborhood V of u(D_s 5) in Bi_s,1+5
with the neighborhood of the zero-section in the normal bundle N to u(Dj—s 1+s5). Now
us| D_s, CAN be viewed as a section of N over u(D_; ) which is small i.e. contained in
V. Using an appropriate smooth function ¢ on Dj_s,14s (or equivalently on u(D1—5,1+s)),
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Local properties of J-complex curves in Lipschitz-continuous structures 1199

W\B(l—a)mDHs =1, <p\aD1+5 = 0,0 < ¢ <1 we can glue uy and u; to obtain a symplectic
surface M which satisfies (b).

Patching J; and J> and simultaneously making M complex can be done in an obvious
way. O

Proof of the Genus Formula. Using Lemma 6.1 we perturb every irreducible component M ;
near each of its cusp and using Lemma 7.4 we glue perturbed pieces back to compact curves
and denote them again by M ;. The perturbed structure will be still denoted as J. The sum &
of local intersection indices did not change and by Lemma 7.2 each cusp p with cusp-index
%, produces a finite set of intersection points with the sum of intersection indices equal to
%p. Now the Lemma 7.3 gives us the proof of the general case. O

8 Structure of singularities of pseudoholomorphic curves

In this section we define an analogue of the Puiseux series for primitive J-holomorphic
curves in Lipschitz-continuous almost complex structure J.

8.1 Puiseux series of holomorphic curves

It is known that for a germ of an irreducible complex curve C in C" at the origin O there exist
a local holomorphic reparameterization of C" and a parameterization of C by a non-multiple
holomorphic map u : A — C" such that the first component of u(z) is z”°, whereas all
remaining components have order > pg. In other words u(z) writes as

u(Z)Z(Z"O,vlz”l +vzzp2+---), 8.1)
with some non-vanishing v; € C"~! and pj4| > p; for i > 0. Introducing a new variable
t := zP0 we can write u(t) = (t, fo(t'/P0), ..., f,(t'/Po)), or simply

u(t) = (t, f(t"/70), (8.2)

where f is a holomorphic function with values in C"~!. The representation (8.2) is called
the Puiseux series of u at 0 € A. We refer to [5], Book II, Chapter II for a nice exposition on
Puiseux series. Another reference is [7], Chapter 7.

The following consideration explains the idea for the generalization of the notion of
Puiseux series to the case of pseudoholomorphic curves. The exponents (po, pi, .. .) of the
non-vanishing terms v;z” determine the topological type of the singularity of C at 0. In
particular, making non-vanishing deformations of the coefficients v; we obtain an equisin-
gular deformation of the curve C = u(A) such that 0 = u(0) remains the only singular
point and the cusp index xg persists. However, some of exponents p; are non-essential for
the singularity type. That means that the type and the cusp index xp remains unchanged if
the corresponding v; vanishes and the term v;z”’ disappears. The other exponents, called
characteristic or essential exponents of the singularity 0 € C, admit the following two
criteria.

The first criterion is: p; is a characteristic exponent in a sequence pg < p; < -+ < py
if and only if the sequence d; := gcd(po, ..., p;) decreases after d;, i.e. di11 < d;. The
second criterion is as follows: consider approximations of the parameterizing map u(z) of
the form u(z) — ii(z?) = O(z?) such that ii(z) : A, — Cisa primitive holomorphic map
in some (small) disc and p > po,d > 1 are integers. In particular, aiz%) is a d-multiple
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holomorphic map. Call such an approximation extremal if there exist no other approxi-
mation u(z) — i’ (z%) = O(ZP/) with the same multiplicity d and higher degree p’ > p
and no other approximation u(z) — i” (zd”) = O(z”) with the same degree p and higher
multiplicity d” > d. It is not difficult to show that the degree p; of such an extremal approxi-
mation is exactly one of the characteristic exponents, and then the corresponding multiplicity
is di—1 = gcd(po, ..., pi—1). This second characterization follows immediately from the
Puiseux series.

Remark 8.1 Strictly speaking it is not immediately clear that extremal approximations do
exist. We shall prove their existence in the following subsection, see Lemmas 8.1 and 8.2.

8.2 Multiple approximations J-complex curves

We use the second criterion for extremal exponents of the Puiseux series as a model for our
constructions in pseudoholomorphic case. Till the end of this section J will be a
Lipschitz-continuous almost complex structure in the unit ball B € C" with J(0) = Jst
and u(z) : A — B a primitive J-holomorphic map, written in the form

u(z) = voz + 0(|z|*t) withp >2 and vy #0 e C". (8.3)

Further, the relation f(z) = O(|z|**%) will be understood as “f(z) = O(|z|*T¥) for every
0 < o < 17. Similarly, notation “w(z) € L'P(A, C)” will mean “w(z) € L"P(A, C) for
every p < 0o”. We start with the following easy statement.

Lemma 8.1 Letii : A, — B be a J-holomorphic map such that
u(p(@) — @) = 2% + 0(|z|"+),

for some holomorphic function ¢ of the form ¢(z) = z + 0(z2), some d > 1, and some
we C". If p> wuthend is a divisor of . In particular, d < .

Proof Withoutloss of generality we may assume that ¢ (z) = z. Really, we can consideru; :=
uog instead of u. Remark that v in (8.3) for u; will be the same. Let  := e2™1/d e the primi-
tive root of unity of degree d. Then u(nz) —u(z) = i(n%z?)—i(z%)+0(z”) = O(z”).Onthe
other hand, u(z) = voz" + O(|z|*T®) and hence u(nz) —u(z) = vo(nt — Dz* + O (|z|*T*).
Since p > w, this implies that n* = 1. Therefore d is a divisor of . O

Lemma 8.2 Let d be a divisor of i, n a primitive root of unity of order d, and

u(p(12)) — u(@(2)) = w(0)z" + 0 (|z|"**) (8.4)

the presentation given by Part (b) of the Comparison Theorem. Further, letui : A, — B (for
some r > 0) be a J-holomorphic map and ¢(z) a holomorphic function in a neighborhood
of zero of the form ¢(z) = z + O(z%). Assume that

u(p(2)) — i(z) = 2w + 0(|z|P ), (8.5)

with some w # 0 € C" and some p € N. Then p < v.
Moreover, in the case p < v either the vector W is proportional to vg or p is a multiple

of d.

Proof Recall that by the Comparison Theorem v > . This gives the proofin the case p < u.
Thus we may suppose that p > . In this case Lemma 8.1 says that that A = % and

i(z) = 2'vo + O(|z]+1%).
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Recall that 7 is the primitive root of unity of degree d. Then
u(p(n2)) — u(p(2) = ) — HwzP + 0(|z|"*). (8.6)

We want to compare this relation with (8.4). The assertion of the lemma holds if ¢(z) = ¢ (z)
so we assume that this is not the case. Define y (z) from the relation ¢(z) = ¢ (z(1 + v (2))).
Then y (z) is given by the formula y (z) = (¢_] o@(z) —z)/z, where d)‘l (z) is the inverse of
#(2), ¢~ 'op(z) = z. It follows that y (z) is a holomorphic function in some disc A, (r > 0)
which is not identically zero and satisfies y (z) = O (z).

Consider first the case y (z) = y1 (zd). Set{ =z(14+y(z)).- Then¢ =z + O(zz), 0(2) =

¢(¢), and p(nz) = ¢(nz(1 + ¥ (2))) = p(n¢) since ¥ (nz2) = y1(n?z%) = 1) = ¥ (2).
Consequently,

ulp(12)) = u(@(@) =u(@ M%) — (@) =w0)¢" + 0" =w(0)z" + O (Iz|"**)

since £ = z + O(z?). Comparing this relation with (8.4) we conclude the desired inequality
p < v. Moreover, in the case p < v we also conclude the relation n” — 1 = 0. The latter
means that p is a multiple of d which gives us the second assertion of the lemma.

Consider the remaining case. Then y (z) = y1 (z%) + bzF + 0 (1) with some holomor-
phic y1(z) = O(z),some b # 0 € C, and some k > 0 which is not a multiple of d. The latter
fact is equivalent to r)k — 1 # 0. As above, set { = z(1 + y(z)). Then again ¢ = z + 0%
and ¢(z) = ¢(¢). On the other hand,

nz(1+y02)) — nz(1 + y (@) =nzb((n)* — 25 + 0 =nb(* — D + 0(F+2),

and hence
o(nz) = ¢ (n; + ﬂb(nk — 1)§—k+1 + 0(§k+2)) '

(Here we use the fact that all three functions ¢(z), ¢ (z) and ¢ (z) behave like = z + 0(z2).)

At this point we use the following
Claim. Let u : A — B be a J-holomorphic map of the form (8.3) and a(z) some func-
tion such that a(z) = O(|z|'T¥) with & > 0. Then u(z + a(z)) — u(z) = vouz"* 'a(z) +
O(la|-|z[*= ).

The claim follows from (2.30). Really

1
u(z+a)—u@z)=a / Vu(z + ta)dt = avouz"~" + 0 (2|~ *¥al).
0

Let us apply this claim to u o ¢(¢) instead of our original map u(z). This gives us

ulp2)) — ulp(@) = u (¢ (n¢ +nb* = DI + 0 D)) —u (@)

=u (9 (ng + mbaf — D + 0(*Y))

—u(p0)) + u(d () — u(d ()
= vz pb(* — D+ w(©0)z” + 02T + 0 (2" ).
(8.7)

We see that (8.4), (8.6), and (8.7) are contradictory in the case p > v, because wq is non-zero
and orthogonal to vg.
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Moreover, in the case p < v we conclude the equality of the terms

2P0 = vouz" b (nf — <!

which gives us the desired proportionality & = unb(n* — 1)-vy. O

Definition 8.1 Let1 < d < pbeadivisorof . A multiple approximation of u of multiplicity
d is a primitive J-holomorphic map & : A, — B such that

u(p(2) — i(z) = 2o + 0 (|z|P ), (8.8)

for some holomorphic reparameterization ¢ of the form ¢(z) = z + O(z?) and such that
p > /L.

The degree p in (8.8) depends, in general, on ¢ but by Lemma 8.2 does not exceed v.
Therefore we can give the following:

Definition 8.2 The maximal possible p in (8.8) is called the degree of the multiple approx-
imation u.

Now let us define the principal notion in our approach.

Definition 8.3 An approximation i of multiplicity d and degree p is called extremal if there
exists no other approximation of the same multiplicity d and higher degree p4 > p, and no
other approximation of the same degree p and higher multiplicity d+ > d.

From Lemmas 8.1 and 8.2 it is clear that extremal approximations do exist.

In the case of integrable J the map u(z) itself and any its multiple approximation #(z)
are holomorphic and thus are given by converging power series. Moreover, making local
coordinate change one can eliminate some non-characteristic terms in the expansion (8.1). In
the case of non-integrable J, for two given maps u1(z), u2(z) one can in general define solely
one term of their difference u(z) — u2(z) = z'v + o(z"). In particular, setting u,(z) = 0,
one should expect that at most first non-trivial term of the expansion of u(z) is well-defined.
Our construction insures that all characteristic terms are still well-defined.

8.3 Proof of Theorem E

The proof of the theorem is based on the following lemma, which explains how one constructs
extremal approximations explicitly.

Lemma 8.3 Under hypotheses of Theorem E, letd > 1 be a divisor of u, n the primitive root
of unity of degree d, and v > p the number given by the part (b) of Comparison Theorem.
Then there exist r > 0 and a multiple approximation u : A, — B such that

u(¢(2)) — iz = wz" 4+ 0(|z["**) (8.9)

with some reparameterization ¢(z) of the form ¢(z) = z + 0(z%) and some non-zero vec-
tor w € C" orthogonal to vy. In particular, u(z) is a multiple approximation of u(z) of
multiplicity d and degree v.

Proof Recall that u(z) = voz# + O(|z|**%). By Theorem 6.1, there exist » > 0 and a J-ho-
lomorphic map ity : A, — B satisfying uy(z) = voz + 0(z)'). Set it1(z) := ito(zH/9).
Then u(z) — i1(z%) = Wz? + O(|z]91*) with some ¢ > p.
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Consider the following more general situation. Let #Z; : A, — B be a J-holomorphic
map such that

w(g;(2) — iz = w;z? + 0(z)91%) (8.10)

with the same divisor d, some ¢ with u < ¢ < v, some w; # 0 € C" and some holomorphic
¢;(z) of the form ¢;(z) = z + 0(z%). Assume that (8.10) does not satisfy assertion of the
lemma. We are going to describe the construction which shows that an appropriate deforma-
tion of i; and ¢; refines the situation, such that the iteration of this construction yields the
desired result.

Consider y(z) =z- (1 +a-z97*)witha e Cand set ¢;11(z) :=¢;(z- (1 +a-z97H)).
Thenu(¢;(y(2))) —u(p;(z)) = voauzd + O(|z]9%%), see the Claim in proof of Lemma 8.2.
Consequently, for an appropriate choice of a € C we obtain u(¢;+1(z)) — it (z?) = W}z +
0(|z]97*) where W] is either vanishing or non-zero and orthogonal to vg. Notice that the
corresponding a € C and ¢ ;1 1(z) are defined uniquely.

In the case when II); vanishes we obtain a new approximation u(¢;4+1(z)) — u'(z%) =

II}j+1Zq/ + 0(|z|‘1/+"‘) with with ¢’ > ¢. In this case we repeat the above procedure.

In the case when 11);. is non-zero and orthogonal to vp and ¢ = v our approximation
u(pjr1(z) — ﬁj(zd) = w;z? + O(|z]97%%) has the desired form.

It remains to consider the case when 11/, is non-zero and orthogonal to vy, and ¢ < v. In
this case by the second assertion of Lemma 8.3 ¢ must be a multiple of d, ¢ = d-I. Then
by Theorem 6.1 there exists a J-holomorphic map ii; | : A, — B which is defined in
some (possibly) smaller disc A, and satisfies i 1(z) — i j(z) = u”);»zq/d + O(|z|7/4te).
Then u(¢4+1(2)) — it j1+1(z%) = O(1z]97%) and hence u(¢;11(2)) — it j4+1(z%) = w4129 +
O(|z|97*) with ¢’ > ¢. So this time also we can repeat our procedure.

Since ¢ is bounded from above by v, after several repetitions of the procedure we obtain
the desired approximation of the form (8.9). O

Remark Notice that for given i(z) and ¢;(z) satisfying (8.10) the construction ¢;(z)
is unique, whereas i ;1 (z) is unique up to a higher order term O(|z|?/4+*). Furthermore,
modifying ¢ (z) at each step we add a term a - 7%/ —#+1 whose degree increases at each step.
Consequently, in all approximations (8.10) we can replace all ¢;(z) by the final function
¢ (z) without decreasing the degree of the approximation.

Proof of Theorem E Let u : A — B satisfies the hypotheses of Theorem E. In particular,
iz = voz* + O(|z|*T¥). Set po = dyp = p and let ny = e>*/% be the
primitive corresponding root of unity. Let vy be the exponent given by Part (b) of Com-
parison Theorem. Set p; := vo. Then by the previous lemma there exist J-holomorphic map
uo(z) of the form ug(z) = voz + 0(|z|1+"‘) and a holomorphic function ¢p(z) such that
u(@o(2)) — up(z®) = viz”' + 0(|z|"' ).

From this moment we proceed recursively constructing at each step an approximation of
the form

(@i (2)) — ui (2%) = vip12P+ + 0(|z]P 1) 8.11)

satisfying the assertion of Theorem E. Since the starting case i = 0 is already obtained, we
need only to establish the recursive step (i) = (i+1). Forthe divisord; > 1of u = pg = dp
let v; be the number given by Comparison Theorem. Then by Lemma 8.3 the number v;
equals the exponent p; | in the ith approximation (8.11). Further, by the Comparison Theo-
rem p;4+| = v; is not a multiple of d;. Put d; 4| := ged(d;, pir1) = gcd(pPo, P1, - - - Pi+1)-
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Inthecasedi+1 = 1 weputl :=i+ 1, p(z) := ¢;(z) (the function obtained in the previous
step (1)), put u; (z) := u(¢(z)), and terminate the recursive procedure.

Otherwise we have dj 1 > 1. Let ni4; = e2™/4i+1 be the corresponding root of unity,
and let v;11 be the number given by Comparison Theorem for the divisor d = d;41. Then
Vi4+1 is not a multiple of d;41, and we set p;;2 := v;11. Then Lemma 8.3 provides the
desired approximation u(g;+1(z)) — Ui 1(2%+) = v 122”2 + O(|z|Pi+2+). This gives us
the recursive step of the procedure.

Let us notice that applying the recursive construction in the proof of Lemma 8.3 we can
start from the i-th approximation (8.11). As we have notice above, constructing ¢; 1 (z) from
@i (z) we add only higher order terms, and hence ¢; 1 1(z) — ¢;(z) = O (zPi+1T17H), As the
result we can conclude that we can replace all ¢;(z) by the final function ¢(z) = ¢;—1(2)
without destroying the approximations (8.11).

This finishes the proof of Theorem E. O

Remark The sequence of the maps u; (z) constructed in Lemma 8.3 is essentially an analogue
of Puiseux series. Indeed, in the case of integrable J there is no need to apply Theorem 6.1 in
order to obtain a deformation with desired properties: one could simply add an appropriate
monomial vz to the perturbed map. As the result, each successive approximation u; (z%)
will be a polynomial consisting of certain initial part of the Puiseux series of the holomorphic
map u(z).

Proposition 8.1 Under the hypotheses of Theorem E for any extremal approximation u(z)
of multiplicity d and degree p one has d = d; and p = pjy1 for the uniquely defined
i=0,...1 —1, and then i($(2)) — u; (z%) = wzPi+! + O(|z|Pi+17%) for an appropriate
w € C*H and an appropriate holomorphic function ¢ (z).

Proof Let d > 1 be a divisor of u. Let v > p be the number given by the part (b) of
Comparison Theorem. Then v is not a multiple of d. Further, Lemmas 8.2 and 8.3 ensure
that this number v is the best possible approximation degree for the multiple approxima-
tions of multiplicity d. In particular, for any element d; > 1 in the sequence of divisors
(do = p,dy,...,d; = 1) there exists an extremal approximation of multiplicity d; and
degree pi+1.

Now assume that d > 1 is a divisor of w such that there exists an extremal approxi-
mations of multiplicity d and degree p. Find the smallest d; from the sequence of divisors
(do = p,dy, ...,d; = 1) which is a multiple of d. Such d; exists because d and all d; are
divisors of i and dy = . The case d; = d was considered above, so we assume the contrary.
Then d; = d-I with some integer [ > 1. Then u*(z) := u; (z)is an approximation of multi-
plicity d having some degree p. By our extremality assumption p > p;1. The equality case
P = pi+1 1s impossible since then d < d; would be not extremal. Consequently, p > p;y1.

Now let ; = ¢?71/4 be the primitive root of unity of degree d;. Then 77,l~ is the primitive
root of unity of degree d. Besides u(¢(n;z)) — u(¢(z)) = vi(nl.p"“ — DzPiH1 4+ O (Jz|Pit1 )

by Theorem E. Put w; := vi(nPHI — 1) for simplicity. Let us consider u(¢(nz)) — u(¢(z2)).

1
Since n = nf, we obtain

-1 -1

u(pn2) —u(p@)=>_ ulphm! ) —utp! )= > 0" ) wiz+ + 0(z|P1+e).
j=0 =0

Observe that w; is orthogonal to vy and p;1 is not a multiple of d, since otherwise d; | =
gcd(dj, pi+-1) would be also a multiple of d in contradiction to the choice of d;. Now the
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second assertion of Lemma 8.2 implies that zl/-_:]o nij Pi+1 vanishes. This can occur only in

the case when /- p; 41 is a multiple of d;. But then p; ;| must be a multiple of d = %, and
again d;+1 = gcd(d;, pi+1) would be a multiple of d. The obtained contradiction shows that
we must have d = d;. ]

8.4 Singularity type of pseudoholomorphic curves

Finally, we define the notion of singularity type of pseudoholomorphic curves and show that
every such singularity type can be realized by an appropriate J-holomorphic curve.

Definition 8.4 A singularity type of pseudoholomorphic curves is a finite sequence of inte-

gers (po, - .., p1) with the following properties: 1 < po < p1 < --- < pj, the sequence
d; := gcd(po, ..., pi) is strictly decreasing, d;_; > d;, and d; = gcd(po, ..., p1) = 1.
The numbers d; = gcd(po, ..., p;) are called associated divisors of the singularity type.

Remarks 1. More precisely, the notion in our definition is the fopological singularity type.
For a finer notion analytic singularity type of analytic or algebraic curves (especially for
plane ones) see e.g. [10] and [9].

2. In the higher-dimensional case n > 3 there is some additional part of the topological
structure of a cuspidal curve C = u(A) not covered by the characteristic exponents
po < p1 < ---. For example, the condition “vy and v are linearly dependent” is left
behind. Since our primary interest lies in almost complex surfaces we leave this topic to
the interested reader.

Proposition 8.2 Let J be a Lipschitz-continuous almost complex structure in the unit ball
B in C" and (po, ..., p1) a singularity type of pseudoholomorphic curves. Then for any
sequence of vectors vo, ..., v € C" there exists a sequence of J-holomorphic maps u; :
A, — B defined in the disc A, of some radius r > 0 such that ug(z) = voz + 0(z|'*)
and ui(z) = uj_1(Z%-1/%) 4 v; . ZPildi 4 Q(|z|Pi/dite) fori =1,...,1. In particular, if
V1, ..., vy are orthogonal to vy, then u;(z) has singularity type (po, ..., p1).

Proof The existence of u;(z) with the desired properties follows from Theorem 6.1. O

8.5 An example

Let us consider the following example to the Theorem E.

Example 4 Consider a (usual) holomorphic map u : A — C? given by
u(z) = (212 420,22 4 0 0 Ay z47) )

Then the vp = (1, 0) is the tangent vector at z = 0 and u = po = 12 is the multiplicity.
Further, its characteristic exponents are u = pg = 12, p1 = 30, p» = 44, p3 = 47, and the
corresponding divisors are dy = po = 12,d; = 6,d, = 2, and dp = 3. On the other hand,
the map u(z) is a finite series polynomial which includes also the exponents g = 24, g = 36
and g = 44, however they are non-essential (non-characteristic). A Puiseux approximation
sequence for u(z) is:
uo(2) = (2, 2% = vo-z + 0(z?) with u(z) — uo(z'?) = 0(z*) and vy = (1, 0),
uiz) = @ +2. 2+ 2 + 28 +77) = ugW/y 4 vyzP1/4 4 0PN with
v1 = (1, 1) and u(z) — u; (z%) = 0(z*%),
o ur(x) =0 22+ 28 4 2 4 2B) =y (2N R) 4 vy P2/ 4 O (P22 with
v2 = (0, 1) and u(z) — u1(z?) = 0(z*),
o u3(2) = u(z) = up(z®/%B) 4 v3-2P3/% with vy = vy = (0, 1).
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8.6 Equisingular deformations and cusp index formula

In this subsection we prove the formula expressing the cusp index of a planar pseudoholo-
morphic curve via characteristic exponents at the singular points. Let B be the ball in C2,
J a Lipschitz almost complex structure in B with J(0) = Jst,u : A — B a J-holo-
morphic map with u(z) = voz* + O(|z|*T¥) such that & > 2 and vy # 0 € €2, and
(po = u, p1, ---, pr) the topological type of u at 0.

Lemma 8.4 Let J; be a family of Lipschitz-continuous almost complex structures in B
depending continuously on s € [0, 1] such that Jo = J and Js(0) = Jst. Then there exists a
Sfamily of Js-holomorphic maps ug : A, — B defined in some smaller disc of radius r > 0
depending continuously on s € [0, 1] such that uo(z) = u(z), us(z) = voz* + O(|z|*+%),
and such that (po = |, p1, - .., p1) is the common singularity type for each us(z) at z = 0.

Proof Letd; := gcd(po, ..., pi) be the sequence of associated divisors. In Theorem E we
have constructed a sequence u;(z) of multiple approximations of u(z) such that u;(z) =
u(p(z)) and u(p(z)) — u;(z%) = v 1127+ + O(|z|P+1+¥) fori = 0,...,1 — 1 with an
appropriate holomorphic reparameterization ¢(z) and v; € C2. We are going to include these
maps in a sequence of families of Js-polymorphic maps u; ;(z) satisfying similar relations
with the same numerical and vector-valued parameters p;,d; € N, v; € C2. Let us formally
set u_y,5(z) = 0, this is the constant family of constant maps u_; s : A — B. Then each
family u; ;(z),i =0, ..., [ can be considered as a solution of the equation

B, (im0 + iy (@24 = 0

on the family of unknown functions w; 5(z) € LLrP(A, C?) satisfying w; (0) = v; 5. Asis
the proof of Theorem 6.1, we want to obtain the needed functions as the limit of the Newton’s
successive approximation procedure of the form (6.11).

To insure the convergence of the Newton’s procedure we need to make our initial data
sufficiently small. For this purpose we make the rescaling (dilatation) as in the proof of
Lemma 6.1. Thus we may assume that || J; — JstllcLip(py < € and [lu;(2)llcre(ay < € with
some ¢ K 1.

Now let us fix some i in the interval 1, 2, ..., [. Setv; := % Define the structures, opera-
1
tors, etc Ji(‘;), Rl.(vy), TO(V) ) Fl.(‘;) (z, w) by the same formulas as in the proof of Theorem 6.1
5 5 J R 5

is *7N,s
substituting J instead of J, u;_1 g (z%-1/4i) instead of uo(z), v; instead of v, and so on. Use
index n for numeration of successive approximations w; s ,(z) in the procedure. In this way
we obtain the formula

Whstl = [F @ wisn@) ] + i1 @), 8.12)

0

7 R
The only difference from the procedure (6.11), which is the key idea of the proof of the pres-

ent lemma, lies in the choice of the initial data w; g 1(z) of the approximation. Recall that by

Lemma 3.2, u; (z) = u;_1(z%1/%) + w;(z)z"/% with some function w;(z) € L'"P(A, C?)

with w; (0) = v;. We use this function instead of the constant function = wy in (6.12). This

means that now w; 5 1(z) is defined by

wi,s,l(Z) =w;(z) — T;)_(u) F) (DJ.(V),u,',l S(Zd,-,l/d,-)wi (Z)) . (8.13)

i,

Since our initial data (8.13) were made small enough, the Newton’s approximation pro-
cedure (8.12) converges for every s € [0, 1]. Moreover, for s = 0 the iteration (8.12) is
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constant, w; 0.,+1(2) = Wi 0x(z) = ... = w;0,1(z) = w;(z) since such was our choice of
the initial data w; 5 1(z).

Now, substitute the limit functions w; s o (z) in the relations u; s(z) = u;—1 ¢ (z%-1/diy 4
Wi 5.00(2)zP1/% successively fori =0, 1, ..., 1, and set us(z) := u; s(p~" (z)). The obtained
family u; (z) fulfills the requirements of the lemma. m}

Proposition 8.3 Let (X, J) be an almost complex surface with Lipschitz-continuous struc-
ture J andu : A — X a J-holomorphic with a singularity at 7 = 0 of the type (po, - . ., p1)-
Then the cusp index of u(A) at u(0) is given by the formula

1 m
x=2 > i —d)(pi =), (8.14)

i=1

Proof Without loss of generality we may assume that X is the unit ball in C2, u(0) = 0 € B,
and J(0) = Jst. Define a family of Lipschitz structures J; in B, s € [0, 1], by the formula
Js(wy, wy) = J(swiy, swy). Then J; depends continuously on s € [0, 1], J; = J, and
Jo = Jst. By Lemma 8.4, there exists a family u;(z) of Js-holomorphic maps defined in
some small disc A, and depending continuously on s € [0, 1], such that each u; has the
singularity type (po, ..., p1) at z = 0. Fix some sufficiently small p > 0 and denote by y;
the intersection us(A,) with the sphere Sg of radius p. Then y; is an isotopy of knots in Sg
each transverse to the induced contact structure Fy := TS?, N JS(TSE,) on Sg. Consequently,
each y; has the same Bennequin index b related to the cusp index of each us(A,) by the
formula » = (b 4 1)/2. In particular, each us(A,) has the same cusp-index at 0.

Since Jy = Jst, it is sufficient to consider the case of integrable structures. In this case
the formula is well-known, see [27, page 85 and Exercise 6.7.2]. O

Remark It is proved in [27, Section 5] that the Alexander polynomial of the link y, =
Sg N u(A) of the singularity determines the whole set of characteristic exponents of the
singularity. In particular, u(A) is non-singular at O if and only if the corresponding link is
unknot. Notice that the Alexander polynomial of a knot in an invariant of the smooth isotopy
class; in contrary, the Bennequin index is an invariant of transversal isotopy class of a knot.

9 Examples and open questions

Example 5 There exists an almost complex structure J on a domain X C R* which belong
to ﬂ1<p<oo LYP(X,EndgrT X) and two J-complex curves M; which coincide by an non-
empty but proper open part.

The first curve will be the coordinate plane M; := RER* with coordinates xj, y1. The
second—~M,—is defined by equations

1
v
y2=0, xp»=4¢€ " ifx1 =0, 9.1)
0 ifx; <0.
-3 o o+
Since x,(x1) = (e " )Y = — kkﬂe ‘1, we see that the vector (1,0, —%ﬂe 1,0) =
X1

1
kel w3
(1,0, —xz(—lnxz)%, 0) is tangent to M at every point (x1, y1, e o ,0) € M,. Extend it
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to a vector field

k+1
_ ] (I, =x2(=Inxp) ®) ifx; =0,
v(x1, ¥1, X2, = . 9.2
(x1, y1, %2, y2) [(1’0’ 0.0) ity <0, 9.2)
in X :=R? x (—o0, 1) x R. The structure J is now defined by
J— 0
[ oy ©3)
ooyt

Both M; and M; are clearly J-convex. The regularity of J is that of v, i.e. is Ln1+%Lip.

. . 1+1 .
Since, obviously ¢t *Lir < ﬂ1<p<oo L7 we are done.

Example 6 We shall construct an example of a Lipschitz-continuous almost complex struc-
ture J in R* and a J-holomorphic map u : A — R* which is exactly from CLL"LP(A).

Consider the following function u(z) = z2In(|z[). Set v(z) = du(z) = £ € CLP(A).
Remark that du(z) = 4zln|z| + z € CL"LiP(A). Therefore u € CLL"LiP(A). Let us interpret
the vector function (u, z) as a J-holomorphic curve for certain Lipschitz J. Namely let us

take

0 —1 1%) —V1
I 0 —v —v
J= R 9.4)
00 0 -l
00 1 0

where v] +ivy = v constructed above. One readily checks that J is an almost complex struc-
ture and (u, 1) is J-holomorphic. J has the same regularity as v, i.e. is Lipschitz-continuous.

We would like to finish with an open question close to the topics considered in this paper.
For an arbitrary (continuous) R-linear endomorphism A = A(z) of the trivial C"*-bundle over
A, define the operator d 4 on Lllc;é-sections of C" by the usual formula

Qau = (0y + A dy)u. 9.5)

Remark 9.1 One can rewrite this example using operator Q as in (2.33). The corresponding

0 has the form
2
0 2
Q(Ml,uz)Z(O ‘E)Z) (9.6)

Open Question 1 Let A be a continuous endomorphism of the trivial C"-bundle over A
such that |A(z) — Jet| < c - |z|P with some ¢ < 1and 0 < B < 1. Letu € Lllo’é(A, C") be
not identically 0 and satisfy in the weak sense the inequality

|0aul < h - ul. 9.7
or some nonnegative h € LY (A) with2 < p < % Prove that there exists u € N such
loc 1-8
that u(z) = 2" - §(2) for some g € Ll (A) with g(0) # 0.
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This tirr_le let A be a Lipschitz-continuous Mat g2n, R)-valued function on the unit disc
A and let 94 be defined by (9.5). We suppose that d4 is uniformly elliptic, i.e. its spectrum
s(A) is separated from R in C. Let u be a solution of a differential inequality

oaull = C llull. 9.8

Open Question 2 Suppose that for some z, — 0 one has u(z,) = 0. Does it implies that
u=0?

If n = 1, i.e. for C valued function this is so and it follows from Theorem 35 of [1] via
the trick explained on the page 101.
And the last question, which closely related to the first and second ones.

Open Question 3 Let J be an almost complex structure in R*" of class C* for some 0 <
o < landletu : A — R be J-holomorphic. Suppose that for some sequence z,, — 0 one
has u(z,) = 0. Does it implies that u = 0?

Remark 9.2 Very recently a considerable progress in the direction of these questions was
made by Rosay [22].
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