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INTRODUCTION

Ordinal Social Choice problem is defined for a finite
number of alternatives, over which a finite number of
agents have preferences. Individual preferences of each
agent are binary relations on the set of alternatives.
Solution to the problem is a rule determining an alter-
native (alternatives), which is (are) the “best” to the
group. The so called Condorcet winner [1], an alterna-
tive that is more preferable for the majority of agents
than any other alternative in pairwise comparison, is
usually regarded as the best choice. However the condi-
tions, under which a Condorcet winner exists, are
extremely restrictive [2], and a Condorcet winner is
absent in general case.

Numerous attempts were made to extend the set of
chosen alternatives up to a certain always non-empty
subset of the universal set, defined through majority
relation |, where alternative a is preferred to an alterna-
tive b, if majority of actors prefers so. Being different
incarnations of an idea of optimal social choice this
solution sets enable one to compare and evaluate social
choice procedures. Also, when there is a connection of
a solution set with a particular procedure, this solution
helps to reduce the number of potential collective
choices, i.e., enables one to make predictions with
respect to choice results.

In the present paper for such class of majority rela-
tion [ as tournaments (complete (Vx, y = xly Vv ylx)

1 The article was translated by the authors.

¢ State University “Higher School of Economics,”
ul. Myasnitskaya 20, Moscow, 101000 Russia
b Trapeznikov Institute of Control Sciences, Russian

Academy of Sciences, ul. Profsoyuznaya 65, Moscow,
117997 Russia; e-mail: asubochev@hse.ru

and asymmetric (V(x, y): (x,y) ¢ L = (3, x) € W) rela-
tions), three solution concepts are considered: dominant
set [3—6], weakly stable set [7], uncovered set [35, 8]. It is
demonstrated that a hierarchy of dominant sets might
be regarded as a macrostructure of a tournament. A cri-
terion to determine whether an alternative belongs to a
minimal weakly stable set is established. As a result it
is shown that for tournaments an uncovered set is
always a subset of a union of minimal weakly stable
sets. Then the concept of stability is employed to gen-
eralize the notions of weakly stable and uncovered sets.
The concept of k-stable alternatives is introduced. Their
properties and relations with aforementioned solution
concepts are determined.

MAIN CONCEPTS

A finite set A of alternatives is given,1 A, |A]l> 2.
Agents from a finite set N = {1, 2, ..., n}, |N| > 1, have
preferences over alternatives from the set A. In general
case these preferences are arbitrary binary relation. In
Social Choice Theory they are usually assumed to be
weak orders P,, i € N, i.e., relations, where it is always
possible to say about any two alternatives that either
one is more preferable than the other or they are of
equal value.

Formally, strong preference relation P; satisfies anti-
reflexivity (xP; x), transitivity (xP;y & yPz = xPz) and
negative transitivity (x1_3,~y & yl_’,-z = xP,z). Indiffer-
ence relation [;=A X A\(P; U P;) for P, where P; = {(x,
| (v, x) € P;}, is an equivalence relation, i.e. reflexive
(xI;x), symmetric (xI;y = yl;x) and transitive relation.

! The terminology, definitions and notation given in this Section are
derived mainly from [7]. Lowercase letters (except CW) denote
alternatives; capital letters denote sets of alternatives.
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Majority relation is a binary relation [, L C A X A4,
constructed such that (x, y) € W if x is strongly preferred
to y by majority, whichever defined, of all agents. For
absolute majority x\ly < card{i € N, xP;y} > card{i € N,
y(P; U I)x}. If xpy then it is said that x dominates y, and
y is dominated by x. By assumption [ is asymmetric:
(r.y)e n= (.2 ¢ L.

A relation p is called a tournament if it is complete,
ie., (v, x) € L= (x,y) € W In the present paper only
tournaments are considered.

An ordered pair x = y (x > y & xLy) is also called
astep. Apathx >y, =2y = ... 2 22> W1 =Y
from x to y is an ordered sequence of steps starting at x
and ending at y, such that the second alternative in each
step coincides with the first alternative of the next step.
In other words a path is an ordered sequence of alterna-
tives X, y1, Y2, --+» Yk _2, Vi _ 1» J» Such that each alternative
dominates the following one: xLLy;, iy, ---» Yi_2WVi_1s
Vi _1y. The number of steps in a path is called path’s
length. An alternative y is called reachable in k steps
from x if there is a path of length k from x to y.

Lower contour set of an alternative x is a set L(x) of
all alternatives dominated by x, L(x) = {y € A: xuy}.
Correspondingly, upper contour set of an alternative x
is a set D(x) of all alternatives dominating x, D(x) =
{ye A: yux}. Since W is a tournament L(x) U D(x) U
{x} =A.

A Condorcet winner CW is an alternative dominat-
ing all other alternatives, Vx: x # CW = CWLx.

A set D C A, is called a dominant set (also “majority
set” [3]) if each alternative in D dominates each alter-
native outside, i.e., D is a dominant set D (& (V(x, y):
(xe D&ye A\D) = (x,y) € W) [2, 3]. A dominant set
MD is called a minimal dominant set (‘“undominated
(Condorcet) set” [6], “GETCHA” [9]; “weak top cycle”
[10]), if none of its proper subsets is a dominant set [5,
6, 10]. MD always exists and is unique [6].

We say x covers y, if xlty and D(x) € D(y) [5, 8]. Thus
x is uncovered & (Vy: yux = Jz: (xuz & zy)). The
uncovered set [8] UC is comprised of all alternatives
that are not covered. UC is always non-empty and is a

subset of MD, UC # @, UC c MD [8].

WEAKLY STABLE SET AND STABLE
ALTERNATIVES

A set WS is called a weakly stable set [7], if it has
the following property: if x belongs to a weakly stable
set, then for any alternative y outside the weakly stable
set, which dominates x, there is an alternative z in the
weakly stable set, which dominates y; i.e., WS is weakly
stable & (Vx, y: (x € WS & y € AWS & yux) = 3z:
(z € WS & zuy). In terms of D(x) and L(x) WS is weakly
stable & (Vy: (y ¢ WS & WS N L(y) # @) = WS N
D(y) # @). A weakly stable set MWS is called a minimal
weakly stable set if none of its proper subsets is a
weakly stable set. If such set is not unique, then the
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social choice is defined as a union of these sets [7],
which will be denoted UMWS.

It also follows from the definitions that any domi-
nant set is at the same time a weakly stable set.
Thus non-emptiness of MD implies non-emptiness of
UMWS.

Lemma. Any weakly stable set is a subset of MD,
MWS c MD.

Corollary. Since UMWS and UC are always non-
empty, then if there is a Condorcet winner CW, sets
MD, UMWS and UC coincide and contain only one
alternative—CW, MD = UMWS = UC = {CW }.

The definition of a minimal weakly stable set given
in [7] is global. For practical calculations one needs a
criterion to determine whether an alternative belongs to
a minimal weakly stable set or not. Theorem 1 formu-
lates such a criterion.

Theorem 1. An alternative x belongs to a union of
minimal weakly stable sets UMWS iff (1) either x is
uncovered or (2) some alternative from x’s lower con-
tour set L(x) is uncovered, i.e., x € UMWS < (x €
UCv3dy:(ye L(x) &ye UQO)).

Corollary. The uncovered set is a subset of the
union of minimal weakly stable sets, UC < UMWS.

Consequently, all sets considered in the present
paper are related through inclusion: UC ¢ UMWS c
MD c A. It is possible to demonstrate that there are
tournaments, where all inclusions are strict, UC <
UMWS c MD c A.

It is possible to generalize the concepts of the
uncovered and weakly stable sets if we consider the rel-
ative stability of alternatives and sets of alternatives. An
alternative x will be called generally stable (or simply
stable) if every other alternative in A is reachable from x,
otherwise x is unstable. Every alternative in A is reach-
able from x iff x belongs to a minimal dominant set [6],
thus all alternatives of a minimal dominant set and only
they are generally stable.

Since A is finite, if y is reachable from x, then there
is a path from x to y with a minimal length. Let /(x, y)
denote a minimal length function. The function I(x, y)
has the following property: I(x, y) > 1 = I(y, x) = 1.

For x and y, such that x € D,y € A\D, where D is a
dominant set, [(y, x) is not defined, as x is not reachable
from y. For such cases let I(y, x) = co. If x belongs to a
minimal dominant set, /(x, y) is defined and has a finite
value for all y € A\{x}. Let I(x, x) = 0 for I(x, y) to be
defined on the whole set A. In terms of /(x, y) x is gener-
ally stable when Vy: ye A = I(x, y) <ee.

Let [, (x) denote a function of x defined as [, (x) =
max/ (x, y). If [ ,,«(x) = k < oo then it is possible to reach
ye A
any alternative in A from x in no more than k steps, but
there is at list one alternative reachable from x in less
than k steps. Let the value of /,,(x) be called a degree
of stability of x. If the degree of stability of an alterna-
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tive x 1s k, k < oo, x will be called k-stable.? Let SP,
denote a class of k-stable alternatives in A, x € SP, <
lmax(x) = k'

If follows from the definition that an alternative x
has the degree of stability x = 1 iff x is a Condorcet win-
ner, x = CW. Therefore SP;, = {CW}. It is also evident
that if SP;, # @, then all SP.. |, = @, since CW is not
reachable from any other alternative in A.

If follows from the definition of covering relation
that an alternative x has the degree of stability k = 2 iff
X is an uncovered alternative, i.e., SP,, is an uncovered
set, SP,, = UC.

Theorem 2. 3m: (1) SPy, = @, Vk: k>m; (2) SP,, #

By construction the classes of stable alternatives do
not intersect, i # j = SP; N SP; = @. Since all alterna-
tives that are generally stable belong to a minimal dom-
inant set MD, and all alternatives from MD are gener-
ally stable, MD is a direct sum of all classes of k-stable
altematives, MD = SP(l) + SP(z) + SP(3) + ...+ SP(k) +....
Since A is finite, there is a generally stable alternative
(at least one), the degree of stability of which is maxi-
mal m = max [, (x).

xe MD

Theorem 3. (Non-emptiness of classes of k-stable
alternatives.) If there is no Condorcet winner, each
class of k-stable alternatives with the degree k equal or
less than maximal is nonempty, except SP,;,, VSP, # @,
2<k<m= max /[, (x).

xe MD

Finally, let P, denote a set of those generally stable
alternatives, from which it is possible to reach any
given alternative in A in no more than k steps. By defi-
nition Py, = SP;) + SP) + ... + SP,. Therefore the fol-

% The greater the order of stability of an alternative, the less it is
stable.
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lowing system of subsets emerges in a minimal domi-
nant set.

(2) Py = UC # @, an uncovered set;
(3) P(l) C P(2) C P(3) ... C P(m—l) C P(m) = MD,

m = max [, (x), all inclusions are strict according to
xe MD
Theorem 3.
In a similar to k-stable alternatives way it is possible
to define concepts of generally stable sets, minimal .-
stable sets and classes of minimal k-stable sets.
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