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BoruncimresbHble TEXHOJIOTHH B €CTECTBEHHBIX HayKax.
MeTtoapl CYNEPKOMIIBIOTEPHOI0 MOJCIUPOBAHUA

CoopHUK TpynOB
Poccus, Tapyca, 17—19 nosops 2015 r. ITon pen. P. P. Hasuposa, JI. H. IIlypa

B c6OpHUMK BOILIM CTaTbu, OCHOBaHHBIE Ha MOKJIAlax, MPeACTaBIeHHbIX Ha KOHMepeHIMH «MeTombl
CYIMEPKOMITBIOTEPHOTO MOJAEIMPOBaHUsI», KOTopas mpoxommna 17—19 Hos6ps 2015 r. B Tapyce Kamyxckoit
obsiacTi Ha 6a3e roctuHULBl «MTHTepKocMoc» MHCTUTYTa KOCMUYECKUX UccaenoBaHuii Poccuiickoii akane-
muu Hayk (MKW PAH). D10 MeponpusiTue yXe TpeThe B CEpUU PACIIMPEHHbBIX KOHGMEPEHIIMIA 1 CEMUHAPOB,
TIe JenaeTcsl aKIleHT Ha MeToNax CyMepKOMITBIOTEPHOTO MOJETMPOBAHUS U UX TMIPUMEHEHUU B €CTECTBEH-
HBIX Haykax. Mepornpusitusi nposonsitcst ¢ 2009 r., Ha MEPBOM U3 HMUX PACCMATPUBATIUCh BOMPOCH KOM-
MBIOTEPHOTO MOAETMPOBAHMS aKTyalbHbIX 3aia4y GU3MKU U MexaHUKHU. BTopoit cemuHap ObUl MOCBSLIEH
00CYXIeHNI0 (HDU3NUECKUX M METUIIMHCKHMX ACIIEKTOB MCCIIEIOBAHUS CJIOXHBIX HETMHEWHBIX (PU3NIECKUX
MpoLeccoB B opraHu3Me yesnoseka. Ha TpetbeM o6cyxaanuch MpobieMbl KOMIBbIOTEPHOTO MOAETUPOBAHUS
3ama4y 6uosyornu U xuMun. Ha 4eTBEpTOM — MPOGIEMBI TEXHUIECKOTO 3peHusl. Ha msitom — BoImpockl Mo-
NIeJTMPOBaHuUsl COOBITUI T00aIbHbIX MaciuTaboB. IllecToit ceMuHap ObLI MOCBSIIEH MCCIETOBaHUSIM B 00-
JIACTU TIEPCTIEKTUBHBIX KOMIBIOTEPHBIX CUCTEM, C aKLIEHTOM Ha OOCYXIeHMEe KOHLENTYaJbHBIX MOIXOAOB,
pa3paboTKe HOBBIX METONOB U YCTPOMCTB. Ha cempbMoM ceMuHape paccMaTpUBAIKMCh alTOPUTMBI M METOIBI
B 00JIaCTM BBIYMCIUTENbHON (DU3UMKU, TIPUUEM OCOOBIM aKLIEHT Aeialcs Ha OOCYXICHUU HOBBIX (hu3nye-
CKUX pe3yJbTaTax. MaTepuaibl 3TOTO CeMUHApa MOXHO HAaWTH Ha CTpaHUIaX ceMuHapa http://www.iki.rssi.
ru/seminar. BocbMoii monyunn Ha3zBaHue «MHGDOKOMMYHUKAIIMOHHBIE TEXHOJOTMM B HAyYHBIX MCCIIEI0BA-
HUSIX». JIeBATOE U JecsToe MEpPOIPUSITUSI, KaK U HbIHEIlIHee, ONMHHAAIATOe, TIOTyYlIn Ha3BaHue «MeTombl
CYIEPKOMITHIOTEPHOTO MOJIEIMPOBAHUSI», UTO CBSI3aHO C TOIIEPXKKOM CEMUHAPOB C TAKOW TeMaTUKOM
B paMKax BBIITOJHEHUSI HayYHbIX McciaenoBaHuii mo mpoekry PH® Ne 14-21-00158 «Pa3paboTka aaropur-
MOB U METOJIOB JIUIST 3a]a4 MaTeMaTHUeCKOTO MONIEIMPOBAHUS Ha CYNIEPKOMITBIOTEPHBIX CUCTEMAaX, BKITIOYAs
TUOPUIIHBIC».

Karouesvie crosa: MaTeMaTruecKkoe MOIEIUPOBAaHUE, THOPUIHBIE KOMITBIOTEPHBIE CUCTEMBI, MOJEIUPO-
BaHUE Ha CyIePKOMIThIOTEPAX, METONBI ¥ AJITOPUTMBI TAPAJIIETTbHBIX BEIUUCIICHUN.

Computer Technoligies in Sciences.
Methods of Simulations on Supercomputers

Proceedings
Russia, Tarusa, November 17—19, 2015. Eds. R. R. Nazirov, L. N. Shchur

This issue is the collection of the papers based on the talks presented at the extended workshop “Methods
of simulations on supercomputers”, which was held at 17—19 November 2014, in Tarusa hotel Interkosmos of
the RAS Space Research Institute. It is the Conference in the series of extended workshops and conferences,
devoted to the computer technologies in natural sciences. The first workshop was devoted to computer simu-
lations of the actual problems in physics and mechanics and papers was published in the issue 1, the second
workshop was devoted to the discussion of the physical and medical aspects of the research of the complex non-
linear processes in the human body, the third workshop was devoted to the computer simulations in biology
and chemistry, the fourth was devoted to the discussion of the computer vision in control systems of the mobile
objects. The fifth workshop was devoted to the simulation of events of global scale. Sixth workshop was devoted
to the investigations of promising computing systems, with emphasis on the conceptual approaches and on the
development of new methods and tools. Algorithms and methods in computational physics was discussed at
the seventh workshop with the special accents on the physical results. Eighth workshop was transformed into
the conference “Infocommunication technologies in scientific research” with the papers published in the dou-
ble volume issue of journal Information Society. Ninth and tenth scientific events, as the current one, named
“Methods of simulations on supercomputers”. The name is connected with the fact that workshops are sup-
ported within the research program the grant by Russian Scientific Foundation No. 14-21-00158 “Algorithms
and methods for mathematical simulations on supercomputing systems, including hybrid ones”..

Keywords: simulations, hybrid computing systems, simulations on supercomputers, methods and algo-
rithms of parallel computing.
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METO bl CYNEPKOMIMbIOTEPHOTO MOAEJTMPOBAHWUA
(BMECTO NPEOUCIIOBUA)

YuraTenmo mnpemiaralorcss mM30OpaHHbIE CTaTbW, HAMCAaHHBIE HAa OCHOBE ITIPH-
mIAlEHHBIX ToKiIanoB Ha KoHbepeHuru «MeTombl CyIepKOMIIBIOTEPHOTO MOJIEH-
poBaHus», npouennein 17—19 Hos6ps 2015 r. Ha 6a3e roctuHubl «MHTEpKOCMOC»
HMHcTtuTyTa KocMUuYeckux uccienoBaHuii Poccuiickoit akagmemuun Hayk. Kak um mipe-
JBITYIIME 1BA MEPOIIPUSITUSI, KOH(epeHIns Obljla MOCBSIIEHAa METOAAM M TIPAaKTUKE
pa3paboTKU 1 MPUMEHEHUSI METOIOB MOACIMPOBAHMS Ha CYIIEPKOMIIbIOTEepax ISl pe-
IIEeHMS 3a7a4 B pa3IMYHBIX O0JIACTSX €CTECTBEHHBIX HAyK, a TAKKe BOIpPOCaM TTpUMe-
HEHMSI HOBBIX MH(OPMALIMOHHBIX U TeJIEKOMMYHMKAIIMOHHBIX TEXHOJIOTUU TIPU TIPO-
BEJIEHUM MCCIeIOBAaHUI B 00JIACTU €CTECTBEHHBIX HayK. Ocoboe BHUMaHUE YIEIsIOCh
HOBBIM pa3paboTKaM, MIesIM U MeToIdaM, a TakKe SpPKUM pe3yJibTaTaM, TOOUThCS KO-
TOpBIX O€3 MPUMEHEHUs] COBPEMEHHBIX METOJOB MPOBEACHUS MOJAEIUPOBaHUS U 0e3
WCITOJIb30BaHUSI HOBBIX MH(MOPMAIIMOHHBIX U TEJIEKOMMYHUKAIIMOHHBIX TEXHOJIOTUIA
ObL1O0 OB 3aTPYIHUTENILHO WU JaXKe HEBO3MOXKHO.

Oco0eHHOCTDb TPOBOIMMBIX HAMU HayUYHBIX MEPOIpUATHii [ 1—9] COCTOUT B aKTUB-
HOM y4YacCTUU B HMX MOJIOJbIX HAYYHBIX COTPYIHUKOB M aCIMPAHTOB, YUCJIO KOTOPHIX
COCTaBWJIO MPUMEPHO TMOJOBUHY AOKIaTYMKOB. JIpyrasi o0cOOEHHOCTh — B UX paMKax
MPOBOIMJIMICh HAYYHO-YUYEOHbIE CEeMUHAPHI C MPUMIAIIEHHBIMU CTYIEHTAaMU, KOTOPBIE
JeJaloT TIepBbIe IIard B HAYYHBIX HMCCIECIOBAHMAIX 110 TeMaTuke ceMuHapa. Eimé omHa
OCOOEHHOCTh HayYHBIX MeponpusaTuil. HaumHas ¢ neBsToli KOHGEpeHIIMN UX TTPOBe-
JeHue 6nputo nmoaaepxkaHo npoekroM PH® Ne 14-21-00158 «Pa3paboTka ajropuTrMoB
¥ METOOB JUIS 3a/1a4 MaTeMaTUYEeCKOTO MONIETMPOBAHMS Ha CYITePKOMITBIOTEPHBIX CH-
cTeMax, BKiodas TuopuaHeie» (pykosoaurenb — lyp JI. H.)

Ha xoHdepeH1IMu, MaTepraibl KOTOPOH MyOJIMKYIOTCSI B HACTOSIIIIEM COOpHUKE,
TpeacTaBieHo 23 YCTHBIX U CTEHAOBBIX JOKJIAIa.

Cotpynauk MHcTuTyTa KOcMuueckux ucciaeqoanuii PAH (MockBa) MouceeHKO
Cepreii I'puropbeBud TipeacTaBui Aokian «M303HTponuyeckue ,yaapHble BOJIHBI®
MpYU YUCJIEHHOM MOJEIMPOBAHUU B acTpodusnyeckux 3amadax» [10], B koTopoM pas-
BUT YMCJICHHBII METOJ, OCHOBAHHBI Ha COXPAHEHUU SHTPOIIUH, NMO3BOJISIOLIUNA TTOJTY-
YUTb Pe3yJIbTAThI B TEX CIyYasiX, KOTJa METOIbI, OCHOBAaHHBIM Ha COXpaHEHUU SHEPTUH,
HeycToituuB. Takue pe3yabTaTbl, OMHAKO, UMEIOT HEOOJBIIYI0 TOYHOCTb U MOTYT OBIT
WCTIONIb30BaHBI TOJIBKO IIJIST KAUeCTBEHHOTO TTIOHUMAaHUST MOJEJIUPYEMBIX acTpodu3nye-
CKUX ITPOILIECCOB.

Hoxnan Peibakuna bopuca Ilerposuua [11], corpynHuka MI'Y um. M. B. Jlomo-
HocoBa (MockBa), ObUT ITOCBSIIEH MOIEIMPOBAHUIO TIPOLIECCOB (pparMeHTALIMA MOJIe-
KYJISIpHOTO o0Jiaka ymapHoi BoiHO#. [IpoBenéHHbIe pacu€Thl MO3BOMMIA OOOCHOBATH
00pa3oBaHUe BUXPEIl M UCCIIeI0BATh a0JISIIIMIO BEIIECTBA MOJIEKYJISIPHOTO 00J1aKa.

HpyxunuH Omner Anekcanaposud (MHctuTyT npukiagHoil ¢usuku PAH,
Hwxunit HoBropom) mpuBEN pe3yabTaThl MPSIMOrO0 MOIEIMPOBAHUS TYpOYJIEHTHO-
ro TOTPAaHUYHOTO CJIOSI HaJ TIOBEPXHOCTHIO OKeaHa, B KOTOPOW OOHApyXeHO ycuJe-
HHUE CKOPOCTHU BO3MYIITHOIO ITOTOKA 3a CUET OTPhIBA BOTHBIX Karlejlb OT ITOBEPXHOCTHU
BoJIH [12].



AcniupaHTKa Kadenpbl TeopeTUuyeckon GU3UKM GU3NIECKOro akyabTeTa
Hwuxeroponckoro rocynapctseHHoro yHuBepcuteta Hatanbs BukrtopoBHa depbeHeBa
[13] mpencraBuiaa AOKJIAO O MOAEIMPOBAHUM JIETUPOBAHUSI HAHOKJIACTEPOB KpeM-
HUs. DTa paboTa MMeeT TMEPCNEKTUBHl B CBS3W C MOWCKOM HOBBIX MaTepUaioB IS
3JIEKTPOHUKH.

Hoxnan acriupanTa Kadeapsl TeopeTudeckoit dbuzuku dhuzndeckoro (akynabreTa
Omckoro rocygapctBeHHoro yHuBepcuteta MBana Cepreesuua [TornoBa Obu1 ocHOBaH
Ha TIOJITOTOBJICHHOW MM KaHIUIATCKOW MUCCEPTAINU, TIOCBAIEHHOW YUCIEHHOMY WC-
cienoBaHuio MeTonoM MoHTe Kapio cTpyKTypHO HEYNOPSIIOUEHHBIX CITMHOBBIX MOJIE-
Jieii. UccnenoBaHus ObUIM MPOBENEHBI C UCTIOIB30BAHUEM POCCUMCKUX CYMEPKOMITBIO-
TepoB, TakuX Kak «JlomoHocoB» (MI'Y) u «Ueonmen» (HHI'Y) [14].

TpamuiimoHHO B TIEPBBIN NeHb KOH(MEPEHIINM TTPOBOAUTCS JOKIAM BO BpEMS YKH-
Ha. BpeMs noknana popmanbHO He orpaHmdeHo. Jlokiaa, Kak ImpaBUIo, UMeeT 0030p-
HBII XapakTep 10 WHTEPECHOI M BaKHOU TeMaTuKe. bbuta BeIOpaHa Tema, CBsI3aHHas
C KBAaHTOBBIMM BBIUMCIICHUSIMM. 3aBeIyOIIMii Kadeapoii TeopeTudyeckon pusuku du-
3nueckoro ¢akyiapreta HHI'Y mpodeccop Caranun Apkaauii MuxaiiaoBuy Hadail go-
KJ1all ¢ UICTOPUYECKOTO aHaIn3a pa3BUTUSI BBIYMCIUTEIbHON TEXHUKHM, OT abaka 10 aHa-
JIOTOBOTO KBaHTOBOTO KomiibloTepa D-Wave. Coymarean MOJyqdmsid BO3MOXHOCTh
O03HAKOMUTHCSI C OCHOBHBIMU MIESIMM KBAaHTOBBIX KOMITbIOTEPOB, KAK OCHOBaHHBIX Ha
KBAHTOBBIX OMEpalUsIX, TAK U HA aHAJIOTOBBIX MpUHIMMAX [15].

Hoxnan I'meizuna Ceprest IMuTprueBrYa ObLT MOCBSILEH M3I0XEHUIO MOJCTU IS
ABTOBOJIHOBBIX IPOLIECCOB B KOJIBLIEBBIX 1ienoukax [16]. Ha ocHOBe 3TOro gokjama Ha-
nmucaHa ctaTbs cOopHuka [17]. B cOopHMK BKIIOYEHa CTaThsl KOJIJIEKTMBA, KOTOpas
ObUIa IOJOXEHA Ha MpebInylleM HaydHoM Mepornpusituu B Tapyce B ampene 2015 r.,
HO He BOIIIJIa BO BTOPYIO YacTh COOpPHMKA O TEXHUYSCKUM MTpU4YrHaM [31].

B pabore xoHdepeHumu npuHsa ydactue rocte HayyHoro mnentpa PAH
B UepHoronoske n3 CrnoBakunm Muxan bopoBckuit. OH mponeMOHCTpUpPOBaI yCIel-
HocTb MeTona Parallel Annealing m1st HaX0XIeHUSI OCHOBHOTO COCTOSIHUST (DPYyCTpUpPO-
BaHHOM aHTU(PEePPOMarHuTHOI Moaenu M3mHra Ha CTOIKe TPEyroabHBIX PEeIIETOK, B TO
BpeMsI KaK TpaaulIMOHHbIe MeToasl MoHTe Kapsio He Mo3BOJISIIOT MOTyYUTh OCHOBHOE
cocrosiHue [18].

JleB IOpbeBnu Bapair n3 YepHOTOIOBKM MOAEIIUIICS OMBITOM UCTIONb30BAHUS TEX-
Hosorun OpenACC 1151 HanmucaHUsl MPOTrpaMM C UCIOJIb30BaHUEM YCKOPUTEJICH BbI-
yuciaeHnid. TeXHOJIoTusT TOauTCs TSl paboThl ¢ TpaUUECKMMM YCKOPUTENISIMU BCEX
MPOU3BOAUTENEH, a TaKKe 151 yeKopuTes TexHonoruu Xeon Phi pupmer MuTens [19].

Actimpant  @ponenko MBan  OmeroBuu  (SlpociaBckuii  TOCymapCTBEH-
Heiii yHuBepcuteTr uM. II.I. JlemumoBa) mipeacTaBusl OOKJIAA Ha TEXHUYECKYIO
TeMy — «JleKOMITO3UIMS BBIUUCIUTENBHBIX CETOK IS TETEPOTEHHBIX KIIACTEPHBIX
apxutekTyp» [20].

Mornonoii corpynHuk HUBIL MTY um. M.B. JlomoHocoBa Cepreit XKymaruit
caeaaa MHTEPECHBI NOoKJIam o0 CUCTEMHOM IpPOrpaMMHOM oOecIieueHUM, paspada-
THIBAEMOM JIJISI OTITUMU3AINY 3aTPY3KU CYNEPKOMIThIOTEpOB «JIoMoHOCOB» U «JIoMO-
HOCOB-2» [21].

Mapar l'anuMoB npenctaBui 0630p MPOBOAMMBIX KOJUIEKTUBOM HCCIIEAOBaTENEH
n3 Kazanckoro ¢eaepaabHOTO YHUBEPCUTETA paboT MO pa3paboTKe CyNepKOMITbIOTEP-
HOTO KOMIUIEKCa UIS pellieHUs] O0paTHBIX 3afa4 cericMopasBenku [22].

[IpoGnemam pelnieHUs] TpaHCHOPTHOM MpoOJeMbl Topoga MOCKBBEI ObLT TTOCBS-
EH nokian Asekces OpyapnoBuda BopoObeBa, corpynHuka MHcTuTyta ['eHIutaHa
MockBBI. YYaCTHUKM KOH(EPEHLIMHU C MHTEPECOM MO3HAKOMUINUCH ¢ (paKTUUYECKUMU
JAHHBIMU O TPAHCIIOPTHBIX MOTOKAX W TEMU MOJENISIMU, C TIOMOIILIO KOTOPHIX TIIaHU-
pyeTcsl pa3BUTHE TPAHCIIOPTHOM CUCTEMBI CTOJTUIIBI [23].

B cepuu nmoxiamoB aciMpaHTOB M CTYIEHTOB SIpOCIaBCKOTO TocyqapCTBEHHOTO
YHUBEPCUTETA OOCYXIAINCh METOABI U IONXONBI MCCIENIOBAaHUS HEJIMHEMHBIX 3a1ad
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¢ 3anasnpiBaHneM [24—26]. OpurnHaabHbIE MOIXOMBI YCIEIIHO pa3padaThIBAlOTCI KOJI-
JIEKTUBOM B TIOCJIEIHUE TOABI M C MHTEPECOM MPUHUMAIOTCS YIaCTHUKAMU CEMUHAPOB
¥ KOH(epeHLIUI.

IMocnenuuit neHbp KOHMbEpeHIMU ObUT MOCBIIIEH TMpobieMaM pa3paboTKU Mpo-
TPaMMHOTO OOECITeUeHUsI ISl UCIIOIb30BaHMS B HayYHBIX MCCIeI0BaHUAX. BeHuaMmuH
BoprcoBnu KoHorieB n310XWmI moaxo KojuleKTuBa MHCTUTyTa KOCMUYECKUX UCCIIe-
JOBaHUI K XpaHEHUIO U 00pabOTKe AKCHEPUMEHTANIbHBIX JAHHBIX OOJILIIOTO 00BEMa
[27]. Anekcannp ITaBnoBuu KprokoB moaenwics onbsiToM Kojuiektuea MI'Y mo paspa-
6oTke BeO-1matdopmbl [28]. Bacunuit HukonaeBuy XpaMmylIMH MOApPOOHO M3IOXKWUI
CBOI MOAXOM K pa3paboTKe MpOrpaMMHOTO O0EeCTIEeYeHUST TSl UCCIIEMOBAHUS 3a1a4 TH-
IPOIMHAMMKY CYIOB [29].

Pabora koHdepeHIIMY 3aBepiniach qokiuaaoM JIkBa Hukonaesuua Ilypa, B Ko-
TOPOM OH MpoaHaIu3upoBa MpobiaeMy coxpaHeHuss UKT uHdpacTpyKTyphl yapexae-
Huit PAH u e€ ucnoyib30BaHUU 1151 CO3AaHMs pacIipeae€HHON MporpaMMHO-arnapar-
HoIt TIaThopMBbI IS pabOThI C JaHHBIMU 0oJIbIIoro oobéMa [30]. YyacTHMKM KOHbe-
PEHIIMY TIOIEPXKAJIU TIpeyIaraeMbie B TOKJIA/Ie METOIBI PEIIEHUS TTPOOIEMBI.

C MOJHBIMU MYJIbTUMEIUMHBIMU BEPCUSIMU TOKJIAIOB MOXHO O3HAKOMUTBHCS Ha
cTpaHulle ceMuHapa [32].
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KAYECTBEHHASA CTPYKTYPA MPOLIECCA PACTIPOCTPAHEHMA BO3MYLLEHUN
B YPABHEHWUW KOJIMOTOPOBA-NETPOBCKOT0-MCKYHOBA
C OTKJIOHEHWEM NO NPOCTPAHCTBEHHOW NMEPEMEHHOU

C. B. Anewiun

fipocnaBcKkmin rocyaapcTBeHHbIn yHuBepcuteT um. IN.T. emngosa (Apl'Y nm. MN.T. Jemngosa)
HayuHbin LeHTp Poccuinckon akagemnn Hayk B YepHoronoske

B pabote paccmarpuBaeTcs 3anaya pacnpoOCTPAaHEHMS BOJIHBI TUIOTHOCTU B JIOTUCTUYECKOM
YpaBHEHUU C OTKJIOHEHMEM IPOCTPAHCTBEHHOTO aprymeHTa u auddysueit (ypaBHeHuUe
®uiepa-Koamoroposa-Ilerposckoro-ITnckyHoBa ¢ oTkioHeHHeM). IIpoBenéH 4ucieH-
HBIl aHAJIU3 Mpoliecca PacIpOCTPAHEHUS BOJHBI. BbliesieHbl 3HaUY€HUsI OTKJIOHEHMUSI, IS
KOTOPBIX XapaKTEepPHbI KAYECTBEHHO pa3MYHbIe MPOCTPAHCTBEHHO-BPEMEHHBIE pacripese-
JICHUSI peLICHUIA.

WUccnenoBaHue BbIMOJMHEHO moaaepxke Poccuiickoro HayyHoro ¢oHmga (IIpoekT
No 14-21-00158).

Karuesvie caosa:  ypaBHenne Dumrepa-Komnmoroposa-IlerpoBckoro-ITnckyHoBa,
nuddy3usi, OTKIOHEHUEe, YPAaBHEHMSI C 3ara3iblBaHeM, HOpMaJibHbIe (POpMbI, YUCTIEHHBIE
METO/IbI.

BBEOEHWE

OgHuM U3 Haubosiee MPOCTHIX HEJWHEWHBIX YPaBHEHUM B YaCTHBIX IPOU3BOIHBIX,
MOICIUPYIOIINX PACIPOCTpaHEHNE BOJIH IUIOTHOCTH pACIpeIecHUST M3ydaeMOoil
BeNMYUHBI, sABgeTca paccmorpeHHoe A.H. KonmoroposeiM, U.T. IlerpoBckum
u H.C. ITuckyHoBbIM B cTaThe [Kommoropos u ap., 1937] noructuyeckoe ypaBHEHUE
¢ nupdysueit
2

Ou_01 | 1—w), (1)

ot 8x2
KOTOpoe HUXe OyaeM Ha3biBaTh ypaBHeHHeM KIITI. DTo ypaBHeHMe ObUIO UCTIONB30BA-
HO aBTOpaMu ISl OIMCAHMSI TIpollecca paclpOoCTpaHEHUsS TeHHOM BOJHBL. 3aech
u(t, X) — TUIOTHOCTH paclipeleieH!s Yrciia ocobeil, 00Ianaommux JOMUHAHTHBIM Te-
HoMm; t>(0 — BpeMeHHas IlepeMeHHas; X €E(—00,+00) — TNPOCTPAHCTBEHHAs.
PaccmarpuBaetcst 3amaya pacnpocTpaHeHUs BOJHBI INIOTHOCTUA YMCJIEHHOCTU OT HEKO-
TOPOTO HEHYJEBOrO HavaJlbHOTO YycjaoBus. IloyTu omHOBpeMEHHO ¢ paboToit
[Konmoropos u np., 1937] nmosiBumnack cratbs P.A. @umepa [Fisher, 1937], Takke 1mmo-
CBSIIIEHHAS] aHAJIU3Y BOJH TJIOTHOCTU YMCIIEHHOCTU B ypaBHeHMU (1), B CBA3M C 4yeM
€ro 4acTo Has3biBaloT ypaBHeHUeM Dumiepa wiu Pummepa-Kommoropona-IleTpoBcko-
ro-ITuckyHoBa.

VpaBHeHue (1) HaXOAUT MPUMEHEHME B LIUPOKOUN 00JACTU TPUIOXKEHUI, CBSI-
3aHHBIX C PACIIPOCTPAaHEHUEM B IIPOCTPAHCTBE BOJIH PA3IMUHON MPUPOIBI OT KOHIIEH-
TpalMy HEKOTOPOTO Pearupyloliero BelecTBa 10 BOJTH TUIOTHOCTH MOy, B pa-
oorax [Konmoropos u np., 1937; Fisher, 1937] paccMoTpeH BOIIPOC O TaKMX HEOTPU-
LaTeTbHBIX peleHusX u(f, x), JUIsl KOTOPBIX MPU KaxkmoM ¢ > () BBIOJTHEHBI YCIIOBUS:

Anemmmn Cepreit BnanuMUpoBUY — aCCUCTEHT, CTaplluii JabopaHT-ucciaenoBaTenb, fktiby@yan-
dex.ru
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u(t, x) > 1 npu x — +oo u u(t, x) - 0 npu x — —oo. I[lokazaHo, YTO MPU JTOCTATOUHO
OospIIMX ¢ PYHKIUS u(f, X) IPUHUMAET HEKOTOPYIO (GPUKCHUPOBAaHHYIO (hopMy.

O6061eHus1 ypaBHeHUs (1) MOTyT OBITh CBSI3aHBI C YYETOM 3aBUCUMOCTEHN He-
JIMTHEWHBIX CJIaTaeMBIX 3TOTO YpaBHEHMUS OT CABUIOB ITO IIPOCTPAHCTBY U IO BPEMEHMU.
B pa6otax [Konecos, Konecos, 1993] noructuyeckoe ypaBHeHue (1) ¢ pasnuuHbIMUA
KpaeBBIMM YCIOBUSIMHU M 3alla3IbIBAIOIIMM apTyMEHTOM ObLIO IMPUMEHEHO K MOIEH-
POBaHUIO TMHAMUWKY TUTOTHOCTH TTOITYJIsIiiny. Heckonbko 6osee oOIIniA TOaX0 Mpo/ie-
MOHCTpUpPOBaH B ctathe [['ypim u np., 2003], roe maHa pa3BEpHyTast IOCTaHOBKA 3aja-
Y1, B KOTOPOI M3ydyaeTcsl IPOCTPAHCTBEHHOE pacIipe/ie/ieHe TUIOTHOCTH TIOMYJISIIIAMN.
B wacTHOCTH, IpemTaraeTcs MCIOIb30BaTh CIAEAYIOIIee YpaBHEHHUE (CM. TakKe padboTy
H. bpurona [Britton, 1990]):

ON(t, x)
ot

rae N(t, X) — IUTOTHOCTD MOMYJISIIIMA B MOMEHT BPEMEHH f B TOUKE X apeajla OOMTaHMS;
Bepaxenue 1+aN(,x)—(1—a(gxN)(, x)) onpenenser U3BMeHEHUs IUIOTHOCTU YUC-
JieHHocTu; A — onepatop Jlamnaca; GyHKIIMS g XapaKTepu3yeT IMPOCTPAHCTBEHHO Bpe-
MeHHBIE HeomHOopomHocTH. B crarbe [Britton, 1990] mpemraraercs cienyomuii BUI

CBEPTKU (g*N)

=AN (1, x)+ N (&, x)(1+aN (1, x)— (1 - a)(g = N)(t, x)), )

t

*Nt,x)= [ [gt—7,x=yN(x, y)dydr, 3)
—00 Q

rae Q — obaacTh pacnpenesieHus Moy, OyHKIINS g TOJKHA YIOBIETBOPSITh YC-
JIOBHIO HOPMUPOBKH (g*1)(¢, x) = 1. B mipenenpHOM CiIydae, KOraa g IIPEACTABISIET CO-
6011 nenbTa-(QYHKIINIO, COCPEIOTOUCHHYIO B Hauaje KOOPIWHAT, MOJIydacM ypaBHEHME
®umepa-Konmoropoa-Ilerposckoro-ITuckynosa (1). Ecau Touky cocpemoTodeHUsI
CABUHYTH IO OCH BPEMEHM, TO ITOJIYUYUTCSI YpaBHEHUE C 3aMa3dblBaHUEM, MOIPOOHO
pPacCMOTPEHHOE B CTaThe aBTOPOB [AJemnH 1 ap., 2015], ecm ke TOYKY cocpeioTode-
HUSI CIBUHYTH IO IIPOCTPAHCTBEHHOM MTepeMEHHO, TO TOJIYIUTCS YpaBHEHHE C OTKIIO-
HEHUEM IO IIPOCTPAHCTBY.

Paccmorpum  o6ob6menue ypaBHenuss KIIIT (1), comepxalnee OTKJIOHEHHE
T10 TIPOCTPAHCTBY

2

04 _ O\ ufi—utt, x—h). @)

ot Px?

BenmnuuHy A mpoOCTpaHCTBEHHOTO OTKJIIOHEHUS OyaeM CYMTATh IOJI0XUTEIbHBIM
YHCIJIOM, TTIOCKOJIBKY B TIPOTMBHOM CJIydae MOXXHO ITOMEHSITh TIEpEMEHHYIO X Ha —X, UTO
MPUBOIUT K CMEHE 3HaKa ITapaMeTpa OTKJIOHEHUS.

HccnenoBanne KaueCTBEHHOTO MMOBEICHUS pelIcHUIA ypaBHeHUS (4) OTKpBIBaeTCS
B TIIEPBOM pa3jesie CTaTbU aHAJU30M ypaBHEHUS MPO@UIIS BOIHBI, IJI1 KOTOPOTro Hali-
JIEHBI YCIIOBUS BOZHUKHOBEHMS KOJIEOATETbHEBIX PEXXKIMOB.

3ateM, BO BTOPOM paziejie, IpoaHaIM3upOBaHa COOTBETCTBYIOIIAS YpaBHEHUIO (4)
KpaeBas 3a7aJa ¢ TeproINIeCKIMM YCIIOBUSIMU, TSI KOTOPOM M3ydeHa IMpobiieMa 1mo-
TepU YCTOMYMBOCTU MPOCTPAHCTBEHHO OAHOPOTHOTO COCTOSIHMSI paBHOBECUSI U Hali-
JIeHbI OTBETBIISIONINECS OT HEro IMpPOCTPAHCTBEHHO HEOTHOPOIHEBIE KoJiebaTeTbHEIS
PEXUMBI.

YuuteiBast, 4TO TSI MHOTHMX NPWJIOXKEHUI IPEACTaBISET MHTEPEC 3amada O pac-
MPOCTPAaHEHUM BOJIH KOHIICHTpALIMU B 3amade (4), B IOCIeIHE YacTh paboThl IIpUBe-
JIeHBI Pe3yJIbTAaThl YUCIIEHHOTO MOAETMPOBAaHUS 1T ypaBHeHMS (4) B Cilydae HEOrpaHU-
YEeHHOU 10 X 00JIaCTU.

10
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HEKOTOPbIE CBOVMICTBA BOJTHOBbIX PELUEHVIA 3AHAYN

B pa6ore [KonmoropoB u ap., 1937] Obl10 mokazaHo, 4To B ypaBHeHUM (1) BOJIHBI
pacIpoOCTPaHSIIOTCS BOOJb HampaBieHU 2¢+x = const U ObIT omnpenenéH TMpopuiIb
BOJIHBI, TIPUBOMSIIEH K TIEPeXomy OT HYJIEBBIX 3HAUCHUU MEPeMEHHON K ¢IMHIYHBIM.
Kax u B padore [AneminH u ap., 2015] BeimoaHuM B ypaBHeHUHM (4) 3aMeHy B Buje Oe-
ryueit BonHbl BUaa u(t, x) = w(2t+x) u mepeitiéM K HOBO BpeMEHHOI IMepeMeHHOMI
s = 2ttx, Torna mis mepeMeHHOR w(s) MeeM clieylolliee ypaBHEeHUEe BTOPOToO MopsiIKa
C 3ara3bIBaHUEM:

w” —2w' + w(l—w(s —h))=0, (5)
rie TpUXoM oOO3HaYeHa MPOU3BOAHAS 10 mepeMeHHOoM s. CBoiicTBa yCTOMUYMBOCTHA
HYJIEBOTO pellleHUsT ypaBHEHUS (5) He 3aBUCST OT /4, 3TO pellleHue MpeAcTaBisieT co0oit
HEYCTOMYMBBIN y3eJ ¢ KpaTHBIM KOpPHEM, paBHBIM eauHuIe. CBOICTBA YCTOMUYNBOCTHA
€NMHUYIHOTO COCTOSTHHSI PABHOBECHS OTIPEIEIISIIOTCST PACTIONOKEHNEM KOPHEH XapakTe-
PUCTUYECKOTO KBa3UIIOJIMHOMOMA

P(A) =M — 2\ —exp(—hL). (6)

Jloka3aHbl CJICAYIOIINE YTBEPXKIACHUS.

Jlemma 1. Keasunoaunom P(\) umeem npu 0 <h<h' posno mpu éewecmeennbix kop-
HA: 00UH NOAONCUMEAbHbIE U 064 OMpuyamenshvix, a npu h>h — eduncmeennwlii noao-
ocumenvhbiil 6eujecmeentbiil kopers. 30ece b =—(2\, —2) / (A% —2A,)=1,12154; A, s6-

Aslemes KopHem mpancyendenmioeo ypasherus N — 2\ —exp((2 — 27»)/ (A=2))=0.
Jlemma 2. Bce xopuu keaszunoaurnoma P(N) Kpome 00H020 euiecmeenHo2o NoaouCU-
menvrozo aexcam npu 0 <h <M @ ae6oil komnaekcroil nosynaockocmu. 30ech
_arceos| 542 3,72346, )

J5-2

Mpu h=1; 0 i = i ;
pu HA MHUMYI 0Cb 8blX00UmM napa 4ucmo MHUMbIX KOpHeu _l(DO, npu1em

w, =5 —2 ~0,48587. (8)

B okpectHOCTH pemeHus w(s) = 1 HalileHa aCUMIITOTHKA IIMKJIA, OTBETBIISIOIIETO-
cs1 0T 9TOTO pentenus npu h=Hhy +u, rie 0 <pu<1. B aToM ciydae BepHO crieayioliee
YIBEpXKIEHHUE.

Jlemma 3. IIycme h= hz* +Uu, ede 0<u <1, moeda cywecmeyem marxoe w, > 0, umo
ons ecex 0 < <, ypasuenue (5) umeem OUXOMOMUMHBLL YUK, HEYCMOUHUB0E MHO2000~
pasue Komopoeo 00HOMEPHO, 4 ACUMNIMOMUKA 3a0aémcs popmynoi

w(s,u)=1+ \/;(z(T)exp(iu)Os) + Z(T)exp(—imos)) +uw, (s, T)+ u3/2w2(s, +...,
T=us, wj(s, 7 (=1, 2), 6 komopoii Komniekchas amnaumyoa z(T) 3ameHeHa
BbIPAICEHUEM

_Re(oy) | ies(Im(@y)Re(¢) — Re(gy)Im(g,)] L
Re(,) Re(p,) '
2m2(—l+im ) 1 [m2 + 2iw, }2 -
u @0:¥; QO =— 2(1)3[1—(1)(2)—2@0]4—[3 0 0 ;
Plio,) Pilioy) 71/[(1)(2) + 2i(1)0]
(1)(2) +2im, }
B: > 5 Y — NPOU360AbHAS KOHCMAHmMA, onpede/z;ziomaﬂ ¢a306’bll/l

4033 +4io, —i—[wé + 2iw0]
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cosue 6donb yukaa. Ilpubnauxncénnvie 3snavenus Kodgppuyuenmos caedyouwue: @, ~
~0,136807 — 0,20660i, @, = —0,04429 — 0,03664i.

BOJIHOBbIE PELLEHWA B 3A0AYE C MEPUOOUNYECKNMW YCITOBUAMU

B aToM paszaene paccMOTpUM JOTUCTUUYECKOE ypaBHeHUE ¢ Auddy3ueit 1 OTKIOHEHU-
eM (4), IONOJIHEHHOE MEPUOANYECKIMY KPaeBbIMU YCIOBUSIMU

u(t,x)=u(t,x+T), )

rae 7> 0 — nepuon. B aToit cutyarum ¢pa3oBbIM IIPOCTPAHCTBOM 3amadu (4), (9) oymem
CYUTaTh COOOJIEBCKOE MPOCTPAHCTBO T-NEPUOANYECKUX (DYHKIIUI W22 0, 7). dna uc-
CJICIIOBAHUSI YCTOMYMBOCTY COCTOSIHMST paBHOBecus u(f, x) = 1 XpaeBoit 3agaun (4), (9)
JIMHeapu3yeM e€ Ha 3TOM pelIeHUHM, IPUXOAMM K KpaeBoil 3amave (aHaJIOTMYHbIC Ieii-
CTBUS IJI 3afa4yy C 3ama3abIBaHMeM BBITIOJNHSUIMCH B pabotax [[mei3uH, 2009, 2010;
I'nbBun u np., 2010; Kamenko, 1987, 1990; Glyzin, 2013; Kashchenko, 2013; Wu,
1996]).
2

WOV x—h), Wt x)= vt x+T). (10)

ot 9x?

Ecnu B BeipaxkeHmsx (10) BBITTOTHUATE Pa3IOKEHHE IO IIPOCTPAHCTBEHHBIM MOJIaM,
TO Ha KaXJI0W U3 MOJ, TTOC/ie 3aMeHBI V(7, X) = eXp A-eXp iwX MPUXOAUM K YPaBHEHUIO

2

A=—w" —expinh. (11)

HetpynHo BuaeTh, 4TO IIpY AOCTAaTOYHO MajbixX 4 BenuunHa Rel < 0. Haitném mep-
BOE MOJIOXUTEbHOE 3HaUeHre MmapamMeTpa A, npu KotopoMm Rel = 0. g aToro Heob-
XOIUMO PEIINTD AIreOpPanIecKylo CUCTEMY

—? —coswh =0, —2w+ hsinwh = 0. (12)

Dra cucteMa CBOIUTCS K TPAHCLIEHIEHTHOMY YPaBHEHUIO

—oh = 2ctg(wh), (13)
pelrasi KOTOpoe OTHOCHUTENIBHO W/, TIOy4aeM pelreHne cuctemsl (15):

h*=2,791544, o" =0,88077. (14)

HetpynHo 3amMeTuTh, uTo nipu A< h" coctosHme paBHoBecus u(t, x) = 1 KpaeBoit
3anauu (4), (9) acumnToTuuecku ycroitunso. [peanonoxum Teneps, uto 7 =21/ 0", a
h=Hh"+¢&, rae € NONOXUTENILHO M MaJIO, U BBISICHUM XapaKTep MOTEpH YCTONYMBOCTH
3TOTO COCTOSTHUS paBHOBecHs. [ 3Toro BeIOIHUM B (4), (9) cTaHmapTHYIO 3aMEHY
MeTOoJIa HOpMaJIbHBIX (hOpM

w(t, x,€) = 1+e -uy(t, T, %) + e, (1,7, %) + € 2y (1,71, ) + ..., (15)
TIE T = &f — MEIJIEHHOE BPEMS;
o, =sinwA"; uy(t,1,x)= z(r)exp[i(wot + w*x)} + Z(T)exp[—i(wot + w*x)].

IIpupaBHUBas KO3(GGUIIMEHTHI TP OXMHAKOBBIX CTEIICHSIX \/g W OTBICKUBAsI
uj(t, 1, x),j = 1, 2 B BUIe TPUTOHOMETPUIECKIUX MHOTOUJICHOB II0 ¢, HA BTOPOM IIIare I10-
JiydyaeM (pyHKIIUIO

u(t,x, €)= —2| z |2 cosw A + [z2w2 exp[2i(m0t + (n*x)} + K.C.}, (16)
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rae moa K.cC. nmoapasymeBacTCd BbIpaXXCHUE, KOMIIJIEKCHO COl'lprKéHHOC C JaHHbIM

-1
B TOI e CKOOKe; W, = —[20)01' +4o" +exp(=2iw*h")| exp(—iw*h").

Ha TpeTbeMm 111are BBINMOJIHEHUSA alrOPUTMa B KpacBoi 3ajiade I u,(Z, T, X) U3 yc-
JIOBHIT €€ pa3pelIMMOCTH B KJIacCe TPUTOHOMETPUICCKIX MHOTOUJICHOB TI0 f TTOJTydacM
clenyloliee yKOpoueHHOe ypaBHEHE HOPMaIbHOM (DOPMBI:

S=ezteldf (17)

rae @, =io" exp(—in*h");

@, =2cosw" i (1+exp(—iw*h")) —(exp(—2iw"h" )+ exp(iw h*))w,.

Hcronb3yst nmoirydeHHOE TipeacTaBieHue u dopmyny (14), HEeTpyIHO HAWTH TIPU-
OMMXKEHHbBIE 3HAYEHUsT KOI(DMUIMEHTOB HOPMATBHOU (opmbl: ¢, = 0,5558 — 0,6833i,
¢, =—0,1701 +0,59i.

IMony4yeHHBIE pe3yIbTaThl MO3BOJISIIOT CHOPMYIMPOBATH CIIEAYIONIEE YTBEPXKIACHUE.

Jlemma 4. IIycmv h=h"+¢, moeda cywecmeyem makoe € >0, umo odna ecex
0 <e<eg, kpaesas 3adaua (4), (9) umeem opOoUMANLHO ACUMRMOMUMECKU YCMOUUBHLL

YUKA, acumMnmomuxa Komopoeo 3adaémcs gopmynoii (15), ede medrennas nepemeHHas 7
3aMeHeHa BbiPadICeHUeM

| Re(y) _ [ier(Im(ey)Re(p))—Re(@y)Im(e))]
T\ Retop P Re(@,) I 19

(Y —npouseonvHas koncmanma, onpedeasiouiast pazoswlit cogue 6004b YUKAQ).

YUCNEHHbIAN AHAJIU3 YPABHEHWA KOJIMOTOPOBA-METPOBCKOIO-MNCKYHOBA
CNPOCTPAHCTBEHHbBIM OTKNNOHEHVEM

YucneHHoOe MCCeqOBaHUE PACIpOCTpaHEeHUs! BOJH KOHLIEHTpalluu B ypaBHeHUU (4)
OT JIOKAJIM30BAaHHOTO IO IIPOCTPAHCTBY HAYaTbHOTO BO3MYIIIEHUS BEITIOIHSUIOCH HA He-
KOTOpOM OTpe3Ke [a, b]. TIpu a1oM pasHuua |a—b| BeiOMpanach 1O0CTATOUHO GOJIBLION
IIJIST TOTO, 9YTOOBI MOKHO OBLIIO TIPOCIICIUTD 32 PacCIpOCTPaHEHNEM BOJTHBI OT HAYaJIbHO-
ro MOMEHTa 10 MOMEHTa BCTpeur (ppoHTa BOJHBI C I'PaHULIAMU @ WIM b. YUUTBIBAs, UTO
paccMaTpuBaeTcs 3amada O pacIpoCTpaHEHUHU JIOKAJILHOTO BO3MYIICHHUS, 3aJaaM Ha
rpaHMLIaX OTpe3Ka HyJeBble KpaeBbie ycaoBus u(t, a) = u(t, b) =0

IlepeitnémM K omMCcaHMWIO BBIYMCIMTENBLHOW Mpoueaypbl. BTopyio Mpou3BOAHYIO
IO MPOCTPAaHCTBEHHON TepeMEeHHOI1 B MpaBOii YacTU ypaBHEeHUs (4) 3aMEHUM KOHEY-
HOM Pa3HOCTBIO BTOPOTO TTopsiaKa. JIJist 3Toro oTpe3ok [a, b] pa3oo6béM Ha N paBHBIX
yacTeil u HOCTpOl/lM CETKY y3J0B ¢ maroMm Ax=(b— a)/ N Tak, uytO x,=a +jAx, taoe
j=0,. — 1. O603HaUMM Uepe3 u (t) 3HaueHue (pyHKUUU U(t, x) B COOTBCTCTByIO].L[I/IX
y3J1ax CGTKI/I B utore moayyum CﬂGﬂytOLLlle CHUCTeMY OOBIKHOBEHHBIX nucdhepeHIIu-
aJTbHBIX YPaBHCHMIA:

u, ,—2u. +u,
iy =L IS (l—u gy, j=0,..,N—1, (19)
(Ax)

roe k= Vl/ AxJ OTBEYAcT 3a IIPOCTPAHCTBEHHOE OTKIIOHEHUE (31eCh H 0003HaYeHa IIe-
Jiast yacThb yucia). s yuéra KpaeBbiX ycnoBuii mosaraeM u_ (1) = u,(1) =0

YuCIeHHBIM 3KCIepUMEHT BBITIONHSUICS Ha BBEIYUCIUTEIBHOM Kitactepe SplyY
(MexnyHapoaHOIt HayYHO-MCCeA0BaTeIbCKOM JJabopaTopum «JlycKpeTHast U BBIYMC-

13



C.B. Anewur

nuTenbHast reomerpusi> uM. B. H. enone). OnHoBpeMeHHO pemaniock ot N = 1,810°
mo N= 1,8'106 OOBIKHOBEHHBIX IHddepeHINaNbHBIX ypaBHEHW. [ BBIYMCIIEHUI
ucnojibs3oBaicss Meron Jopmana-IIpuHua TSITOro TMopsiika ¢ IMEepeMEHHOU UTMHOMI
1ara MHTeTPUPOBaHUs. AOCONIOTHAST W OTHOCHUTEIbHAsl TIOTPEITHOCTH aJropuTMa
ObUTY MPUHSTHI PABHBIMU 10~!2. HavasbHblif mar VHTETPUPOBAHUS B3SIT PABHBIM 1073.

HavanpHbIe yc1oBUSI BBIOUPATNCH B BUIE TIPSIMOYTOJIBHOTO UMITYJIbCca BBICOTHI 0, 1
U eIUHUYHOM ILIMPUHBI, PacCMOJOXEHHOIO B LIEHTpe oTpe3Ka [a, b]. B wactHocTH, ns
ciydas x €[0,1800]:

0,1, ecmu j€[89950,90050
u,(0)= /€l : (20)
0, eciu uHaue.

7151 MoceAyIoero aHaam3a u rpapmIeckoro oToopakeH!sI ITOTyIeHHbBIC JaHHBIC
TIPOPEKUBAJIUCE.

IlepeiinémM K pe3yiabTaTaM YUCICHHOTO MoAeaupoBaHusA. OIMcaHue MOBEICHUS
peleHui ypaBHeHUs (4) ¢ OTKJIOHEHHEM MPOCTPAaHCTBEHHOM MTepeMeHHOM OyIeM Mmpo-
BOAUTH B cpaBHEeHMU C KiaccuueckuM ypaBHeHueM KIIIT 6e3 orkinoHeHusi. Ha puc. 1
TIPENCTaBICHO PACIPOCTPaHEHNE BOJHBI TIOCTOSIHHOM BBICOTHI OT HAYaJbHOTO BCILJIE-
CKa eMUMHWYHOUW MmmpWHBI M BHICOTH 0,1 mpu 4 = 1,2. CKOpOCTh pacIpoCTpaHECHUS
BOJIHBI coriacHo ctaThe [KonmMoropos u np., 1937] paBHsinach n1ByM (Ha COOTBETCTBY-
IOIIMX PUCYHKAX CKOPOCTh PacIIpOCTPAaHEHMSI paBHA YTy HAKJIOHA TIPOMWIIST BOJIHBEI).
HerpynHo 3amMeTnTh, YTO TPU 3TUX 3HAYEHUSIX OTKIOHEHMS TpaduK Ipoliecca pac-
TIPOCTPAaHEHUSI BOJHBI IJIST 3alaYyd ¢ OTKIIOHEHHEM M 0e3 OTKJIOHCHUS MPaKTUIeCKH
HEe OTJInJaeTcs.

ITpu yBenmmueHNM TTapaMeTpa /4 MOXHO BBIICIINTH HECKOJIBKO 3TAIlOB KAYECTBEHHO
Pa3IMYHOrO MOBEACHMUS pelieHuit cucteMsl (19).

1. TIpu OTHOCUTEIHLHO MAJIIOM 3HAYEHUHU / HA IPOMEXYTKE OT HyJis 10 /4 mosene-
Hue cucteMbl (19) mpakTruyecku HeoTaAnurumMo oT noseneHus cucteMbl KITIT 6e3 oTki0-
HeHus. BenvunHa /' OrpaHMYMBAET NAHHBIA MPOMEXYTOK, MO-BUIMMOMY, B CBSI3U
C TeM, YTO pellleHus ypaBHeHUs (5) Ha YCTOMYMBOM MHBAapMaHTHOM MHOTO0O0pa3uu
€IUHUIHOTO COCTOSIHMSI PAaBHOBECHSI MOHOTOHHO CTPEMSITCS K 9TOMY COCTOSTHUIO (CM.
puc. 1 ipu h = 1,2).

2. Mpu i <h<h" HpoHT pacnpocTpaHeHNsl BOMHbI IPUOIMKAETCS K eIMHUYHO-
My 3HaYeHUI0 KosiebaTeabHbIM 00pa3oM. Ha puc. 2 moka3zaHa Takasi BojHa npu h = 2,7.
B stoMm ciyyae makcumanbHasl aMmMIUIMTYyIa BCILUIeCKa paBHa IpuMepHo 1,5, a mocie
MPOXOXIEeHUS (PPOHTA BOJHBI 3HaUeHUE u(?, X) ObICTPO MPUOIMKAETCS K €IUHULIE.

3. Cnenyloliee cylieCTBEHHOE M3MEHEHUE B PaclpoCTpaHEHUU (PPOHTA BOJHBI
ypaBHeHus (4) Habmomaerca mpu /> h*. CyliecTBEeHHON OCOGEHHOCTBIO PELICHMUS
B OTOM cJiy4yae SIBJISIETCSI TO, YTO OHO IIepecTaéT yOOBJIETBOPITH ypaBHEHUIO (5). BTo
MPOUCXOIUT B CUJTy TOTO, UTO pelleHue u = 1 neproanueckoit KpaeBoii 3agauu (4), (9)
K0J1e0aTeIbHO TepsieT YCTOMIMBOCTh M OT HETO OTBETBIISICTCS OPOMTATIBLHO aCUMIITOTH-
YECKM YCTOMYMBBIN, TPOCTPAHCTBEHHO HEOTHOPOMIHBIN IIUKJI. YKa3aHHOE OOCTOSITEIb-
CTBO IIPUBOIUT K TOMY, YTO B MPABOI YaCTH OOJIACTH PACIIPOCTPAHEHUS BOJHBI ITOSIB-
JIIeTCsl pacIIMPSIONINIICS C TeYeHUEM BPeMEeHU Y9aCTOK C MHTEHCHBHBIMU ITPOCTPaH-
CTBEHHBIMM KoJeOaHusMH. Ha pwuc.3 mokasaHO pacIpocTpaHEeHHEe BOJHBI IIpU
h=2,81, npu 3TOM Ha puc. 4 ipuBeaeHa 3aBUCUMOCTb u(t, x) npu t = 4500 u usmeHe-
HUM IIPOCTPAHCTBEHHOM IepeMeHHoi1 x B ripeaenax ot 0 go 18 000. Ctpykrypa Konxebda-
TEJILHOTO TIpoliecca, TPeACTaBIeHHOTO Ha JaHHBIX rpadrKax, BUIUMO, SIBJISIETCS yCTa-
HoBuBIIEHca. Bo BcakoM citydae, K MOMEHTY BpeMeHU ¢ = 4500 aMrminTyna KojaebaHuit
He pacTET C POCTOM ! M B 1IEJIOM COXPaHSETCs HOBOJBHO CJIOXHAsS MPOCTPaHCTBEHHAS
CTPYKTypa pemieHus u(t, x).

14
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witx)

1+ -
'/ 425 Tty
g ;

1
uft,x)
0
0

P

X

180 0 1800

ab

Puc. 1. Pemenue cucremsl (19) ¢ HayanbHbIMU yenoBusiMu (20) ripu oTKJIOHeHUU /1 = 1,2:
a — pacrpocTpaHeHHWe BOJIHBI Ha TIJIOCKOCTH (X, f); 6 — paspe3 npu ¢ = 420

1.8
1.8 |
16
1.4 )
18 425 1.2 uitx) |l
1
u(tx) 038
t 0.6
o i
0
X

1801 0 1800

ab

Puc. 2. Pemenue cucremsl (19) ¢ HauanbHbIMU yenoBusiMu (20) pu oTKIIOHeHUU /1 = 2,7:
a — pacrpocTpaHeHHe BOJIHBI Ha TIJIOCKOCTH (X, f); 6 — paspe3 npu ¢ = 420

0

] . 18000

Puc. 3. PacnpocTpaHeHue BOJIHBI B CUCTEME Puc. 4. I[IpocTpaHcTBeHHOE pacrpeneieHue
(19) npu A = 2,81 peweHust cucteMbl (19) mpu = 4500 u ot-
KJoHeHuu h = 2,81

425

i)

* mocP 65 . 1800
Puc. 5. PacnpocTpaHeHue BOJIHBI B CHUCTEME Puc. 6. IIpoctpaHcTBeHHOE pacmpenese-
(19)npu h =3 HUe peueHust cuctemsl (19) mpu =425

M OTKJIOHEHUU h = 3
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4. YucjieHHBbI 3KCTIEPUMEHT HE YAajJoCh MPOMOJIKUTH ISl 3HAYEHWI OTKJIOHE-
HUS h, CyIIECTBEHHO oTnuatommxcst or 4. Tak, yxe npu & = 3 B paBoii 4acTu rpa-
(buka pacnpocTpaHeHMs] BOJTHBI BO3HUKAIOT BeChMa MHTEHCUBHBIE KOJIEOAHUSI, TOCTH-
rafoiye npu ¢ = 425 sHaueHust okoiio 9. Ha puc. 5 moka3zaHo pacipocTpaHeHME BOJTHBI
npu h =3, mpu 3TOM Ha puc.6 TpuBeAcHA 3aBUCUMOCTb u(f, x) Tipu (=425 u
x €[0,1800].

HanbHelee N3MeHEHUEe OTKJIOHEHHUSI TIPUBOAUT K PE3KOMY YBEJTMUSHUIO aMIIIH -
TyObl KOJIEOATEJIbHOTO PeXXuMa, YTO C OAHOI CTOPOHBI, BIEUET HEOOXOAUMOCTD IpodJie-
HMS 11ara 10 BPEMEHHU ISl COXpaHEHMSI TOYHOCTH BBIYMCIICHWI, a ¢ IPyroil — 3HauYM-
TEJIbHO 3aMeIJIsSIeT BBIYUCIUTENbHBIN Tpoliecc. 1o yKazaHHBIM IMPUYMHAM BBIYMCIH-
TEJIBHBIN KCIIEPUMEHT He ObUT paciipoCcTpaHEH Ha OOJIbIIIME 3HAYSHUST OTKIIOHEHUSI.

3AKJTIOYEHUE

PacnipoctpaneHve BO3MyIlleHUSI B aKTUBHOUW Cpefie MpU YyIE€Te OTKJIOHEHUS IO TIPO-
CTPaHCTBEHHOI MEpEeMEHHOM MpeACcTaBIsieT cOO0M CIOXKHBIN Mpoliecc. DTa CI0XKHOCTh
00ycNaBIMBaET HEOOXOAUMOCTh TTPUMEHEHUST PAa3IMUHBIX COYETAHUN aHATUTUYECKUX
Y YUCJIEHHBIX METON0B. Ha 3TOM MyTH ObLIH MOyYEHBI CEIYIOIINE PE3YIbTaThl.
M3yueHue ypaBHEHUSI paclpOCTpaHEHUsT BOJHBI (5) TO3BOJIWIO HAWUTU KPUTH-
YyeckMe 3HAYeHUs MapameTpa 3anas3iblBaHusl, IPU KOTOPbIX MEHSIETCS BUJA MPOCTPaH-
CTBEHHOTO pacTpeesieHNs pEelIeHUS 3a1a4u.
JI71s1 BBISICHEHUSI HEKOTOPBIX OCOOEHHOCTEN KaueCTBEHHOTO MOBEACHUS pEelICHU
ypaBHeHusi KIIIT ¢ oTkiioHeHWeM ObIJIO M3yuyeHO ypaBHeHUE (4) ¢ MepuoanyecKuMu
KPAeBbIMU YCIOBUSAMK BOJIM3M COCTOSIHMS PABHOBECHs U, = 1. DTO MO3BOJIMIIO BbIsIC-
HUTH XapakTep MOTepU YCTOMIMBOCTHU MPOCTPAHCTBEHHO OIHOPOIHOTO PEIIEHUS ITOM
3a1a4M M HAWTU aCUMIITOTUKY PEXMMOB, BOBHUKAIOUIMX MTPU 3TOM. YUCIEHHBIN aHa-
JIN3, BBITIOJIHEHHBIN C yYETOM aHAJMTUIECKUX PE3YbTATOB, MO3BOJIMI BBIICIUTD ClIe-
JYIO1LIK€ TTPOMEKYTKY 3HAYEHU OTKIIOHEHUS:
* Ha KOTOPBIX MMOBEJCHNE PEIIeHN YpaBHEHUS C OTKJIOHEHUEM OJIM3KO K UX T10-
BEIEHMIO B 3a1a4e 0e3 OTKIIOHEHUS;

* TIpU KOTOPBIX HA JIEBOM (DPOHTE 001ACTU PACTIPOCTPAHEHUST BOJTHBI TIOSIBIISTIOT-
Csl y4acCTKHU € KOJIEOAHUSIMU, 3aTyXalOIIUMU K EAVNHULIE;

* TIpU KOTOPBIX BCSI OOJIACTh PACMpPOCTPAHEHMS] BOJHBI 3aTIOJHSIETCS WH-
TEHCUBHBIMU KOJIEOAHUSIMU PELIEHUS] CO CJIOXHBIM TPOCTPAHCTBEHHBIM
pacripeneieHueM.

ABtop BEIpaxaet 6maromapHocTh [me3uay C.JI m Kamienko C.A. 3a TTOCTaHOBKY
3aa4M U 00CYXKIeHHUE TOJyYeHHBIX PE3yJIbTaTOB.
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QUALITATIVE STRUCTURE OF PERTURBATIONS PROPAGATION PROCESS
OF THE FISHER-KOLMOGOROV EQUATION WITH A DEVIATION OF SPATIAL VARIABLE

S. V. Aleshin
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BBEOEHUE

B HacToSIIMIf MOMEHT pa3BUTHE CYITEPKOMITBIOTEPHBIX BEIYMCIICHHI TOCTUTIIO O9epe-
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OJIrOmaeTCs CeTOMHS JTUIIB B KPYITHBIX KOPIOPAIUSIX Y CTPATETMIECKIX OTPACISIX.

B cratbe paccMOTpeHBI MPOOJEMbl BHEIPEHUS CYNEPKOMITBIOTEPHBIX TEXHOJO-
T B TPagTUIIMOHHEIE CEKTOpa IMMPOU3BOACTBA. B KauecTBe mprMepa IIpeACTaBIeH OITBIT
pa3paboTKU M 3KCIUIyaTalluyd CYIePKOMIIBIOTEPHOIO KOMILIEKCa IS Te0(hU3NIECKOM
KOMIIaHWH.

Bupsnbues EBrenmii BacuiabeBMY — TeHepalbHBIA OUPEKTOp, KAHOWUAAT TEXHWYECKHUX HayK,
igenbir@ya.ru

TlammoB Mapar Pa3ugoBuy — 3aM. reHepajlbHOTO AUMPEKTOpPa, KAaHIMIAT TEXHUYECKUX Hayk,
glmvmrt@gmail.com

Jemunos Jlenuc EBreHbeBUY — CTapIINii HAYYHBINA COTPYOHUK, KaHIUAAT (PU3UKO-MaTeMaThye-
CKMX Hayk, denis.demidov@gmail.com

EnuzapoB Anekcannp MuxaitoBud — 3aBenytoniuii Kadbenpoit UMM K®Y, mokrop dusnko-
MaTeMaTU4YeCKUX Hayk, mpodeccop, nupektop Kazanckoro otnenenuss MCL PAH — ¢wimana
GHIL HUMCU PAH, amelizarov@gmail.com

18



OnbiT paspa6on<|/1 N 3KCnNyaTaymi cynepkoMnblOTEPHOrO KOMNNEKCa ANA peLleHns 06paTHbIX 3aflay celicMopasBeKu

1. BbICOKOMPOW3BOAUTEJIbHBIE BbIYMCIIEHNA
B CEMCMOPA3BEKE

CerogHss HedTerazobasi IPOMBIIIICHHOCTh XapaKTepHU3yeTCs] aKTUBHBIM ITOMCKOM
M BHEIPEHUEM HOBBIX TEXHOJIOTHMM, UTO OOBSCHSIETCSI, B YaCTHOCTHM, IOCTOSIHHBIM
¥ 3HAYMTEIbHBIM YBEIMICHUEM CTOMMOCTH Pa3BeIKU M TOOBIIM YIJIEBOIOPOIHOTO ChI-
pbsi. B aT0li cuTyalluu NMpoUCXOaUT MTOMCK HOBBIX METOMOB I'eojioropa3Benku, adex-
TUBHBIX ¥ OMTHOBPEMEHHO MaJIO 3aTPaTHBIX, KOTOPHIE IMMO3BOJIMIN OBl YBEIMYNUTh Kade-
CTBO T'€0JIOTMYECKOIo MPOTHO3a W 3KOHOMUYECKYI0 OOOCHOBAHHOCTh MPUHUMAEMbIX
TEXHUYICCKUX PEIICHMIA.

Cpenu TnepcreKTUBHBIX METOI0B MOJEIUPOBAHUS B T€OJOTMU MOXHO BBIAEINUTH
TEeXHOJIOTY ToTHOBOTHOBOM MHBepcum [Haffinger, 2013], koTopble MO3BOJISIOT BOC-
CTaHaBJIMBaTh CBOMCTBA Cpelbl B JIOOBIX I€OJIOTHYECKUX YCIOBUSIX, B OTIUYUE OT TeX-
HOJIOTHIT, OCHOBAaHHEIX Ha 0a30BOM cItocobe coBpeMeHHOIt ceiicmopasBenku OI'T (06-
1LIei TTyOMHHOI TOYKHU), KOTOpbIe 3(MEKTUBHBI TTPU TJIOCKOMNApasIelbHON CTPYKTYpe
HCCIIEAyeMOM TeOJOTUIeCKOM cpembl. YacTHBIM CiIydaeM ITOJTHOBOJHOBOW WHBEPCUM
MOXHO CUMTaTh pa3paboTaHHYIO B Poccuu TEXHOJOTMIO MAaCCUBHOW HU3KOYACTOTHOM
ceiicmopa3Benku Hedty u rasa [[Ilabanuna u ap., 2013], mpu KOTOpOil aHANTU3UPYIOT-
Csl UBMEHEHUS XapaKTepUCTUK €CTECTBEHHBIX MUKPOCEMCM Hal HedTera3oBbIMU 3aJie-
KaMU. DTa TeXHOJIOTHSI OCHOBaHA Ha pacdyEéTax pacIpOCTpaHECHUS CEMCMUYECKUX BOIH
B CJIOXKHBIX T€0JIOTUYECKUX CpelaX Ha CETOYHBIX MOJAEJISIX C pa3MEPHOCTSIMU (B HACTO-
sIIee BpeMs) 10 10°. 1151 IPOMBILIEHHOTO €8 MPUMEHEHUS] HEOOXOLMMO PeaTn30BbI-
BaTh pacU€Thl YMCICHHBIX MOJIEJIeil TAKOI Pa3MEPHOCTU CO CKOPOCThIO, COMIOCTaBUMOM
C TEMIIOM BHITIOJTHEHUS TIPOM3BOACTBEHHBIX PaOOT (HECSITKM YacoB), U SKOHOMUYE-
CKU ONTUMAJIbHBIM criocoOoM. s peluieHust 3Toi 3amayn cnenvanuctel KazaHckoit
reodmsngeckoir Kommannu 3A0 «I'pagmeHT» coBMecTHO ¢ Kazanckum dummanom
®enepanbHoro HayyHoro neHtpa «HWUUW cuctemubix uccnenopanuii PAH» (HUMCHU
PAH) m nayuyHo-Tipom3BoacTBeHHOI KommaHueir OOO «['pammeHT TEXHOIOMIKI»
(Kazanp), HaunHas ¢ 2005 r., poBeau UccAeaoBaHMs IO MOUCKY Haubosee 3hheK-
TUBHBIX ITPOTPAaMMHO-AIIAPATHBIX CPEACTB UIST BHITIOJTHEHUS MAacCCOBBIX MaTeMaTH-
YeCKUX BBIYMCJICHUN MPU MOJEIUPOBAHUU B Teojiornu. PaccMaTpuBaiuch pasanyHbie
armapaTHBIe ¥ TIporpaMMHBIe TIaT(GopMbl. Belo pa3paboTaHO crielMaIM3UPOBAaHHOE
MporpaMMHoOe 00ecIieueHUsI ISl pacu€ToB, B TOM YHMCJIE, C UCIOJIb30BaHUEM KJIaCTEPOB
GPU. PesynbraTomM padoT CTayo co3maHWe ABYX IMPOrpaMMHO-aIMapaTHBIX KOMILIEK-
COB Ha OCHOBe Tpaduueckux yckoputeein kommnanuu AMD. TlocnegHuii U3 HuX, He-
JABHO IMoKa3aBIKii o Linpack-tectam mpousBoauteabHOCTh B 35,6 Tdiaomn/c, yener-
HO UCIIOJIb3YyeTCsl reo(U3NUecKoii KOMIaHUeH-3aKa3dyMKoM, a TakKe 3aHsl 38-e MecTo
B peitturare Top 50 cymepkommbiorepoB CHI™ (28.09.2015). Kpome Toro, B peiiTmHre
JaHHBIA KOMILJIEKC XapaKTepU3yeTcsl MaKCUMAabHOUW MPOU3BOAUTEbHOCTbIO Ha BbI-
YUCIUTENbHBINA Y3€/1, a HaIM4Yue JUIIb 6 BIMUCIUTENbHBIX Y3/10B ¢ 24 rpadrueCKUMU
KapTaMU MO3BOJISIET CYUTATh €ro KOMMAKTHBIM U 9KOHOMUYHBLIM. ONBIT pa3paboTKU
¥ BHEIPEHMST KOMIUIeKCa TT0Ka3al, 9YTO CO3MaHHas armapaTHasi 6a3a B HACTOSIIIEe Bpe-
MsI TOTOBa Ul TPOMBIIJIEHHOTO BHenpeHus. HermocpeacTBeHHBIN Mpoliecc COOpKU
BBIYHCIIUTEBHBIX MOIITHOCTEM, pa3BEPTHIBAHUS M HACTPOMKM 0a30BOTO IIPOTPaMMHOTO
obecrieyeHMsT He MPenCTaBlisl 0c000i cioxHocTu. Kpome Toro, B HaCTOSIIIUI MOMEHT
Ha poccuiickoM WT-perHke mipucyrcrBytoT npousBomgutenu (T-ITnatdopmser, Meijin,
IntellectDigital, ARBYTE SC, STSS), koTopble TOTOBbI Ha 3aKa3 MpPOM3BECTU cOOp-
Ky KJacTepa OIpeneI¢HHON BBIYUCIUTEILHONM KOHMUTYpPALIM, CTOMMOCTb KOTOPOTO
BIIOJIHE JOCTYIHA [JIsI TIPOMBIIUIEHHOIO CeKTopa. Takke CYyIIeCTBYET BO3MOXHOCThb
apeHIbl HEOOXOMUMBIX BBIUMCIMTEIBHBIX MOIITHOCTEM, B ToM uncie ¢ GPU, B o6mau-
HBIX cUcTeMax (HampuMep, Amazon).
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CoznaHve NpUKIAAHONW 4YacTU MOCJEAHEro M3 MepPeUYMCIeHHBIX MPOrpaMMHBIX
KOMIUIEKCOB, peaJIM3yIolieli MaTeMaTHUYeCKOe MOICIMPOBAHUE pPaCIIPOCTPaHCHUS
CeCMUYECKUX BOJH U UX CTaTUCTUYECKOE COIOCTAaBJIEHUE C TOJEBbIMU AAHHBIMU,
OBLIO 3aBEPIIICHO HECKOJIBKO JIeT Ha3am. CeromHst MpONCXOIUT pacIIMpeHne ero QyHK-
LIMOHABHBIX BO3MOXHOCTel. B TO ke BpeMsl KIIMEHTCKOe MPUJIOXKEHUE B YaCTU BU3Y-
aJM3alliy, BBOJA M BBIBOJA JAHHBIX, MIPEI- M IMOCTOOPAOOTKY, aHAIM3a M MHTETPAIluN
JIAaHHBIX TTOKA HAXOAUTCS B COCTOSTHUU pa3pabOTKU.

IIporpamMmMHoe obecrieyeHre MISI TIPOMBIIUICHHOTO TIPUMEHEHHUS CBOIUTCS
He TOJbKO K MOIEJMPOBAHUIO B COCTaBe MPUKJIAAHOTO MPOTPaMMHOIO KOMILIEKCa,
KpOMe COOCTBEHHO MOJEIbHBIX PACYETOB, HEOOXOIUMO 00eceYnTh 3(PPEeKTUBHOE BhI-
MOJIHEHUE CAEAYIOMIMX (PYHKLIWIA:

* yIpaBjeHUe TaHHBIMU OOJIBIIOTO 00BEMA (COTHU TUTA0ANT U Tepabaiir);

* TOCTOOPaOOTKY MOAEAbHBIX JAHHBIX COBMECTHO C JaHHBIMU HATYpPHBIX

9KCIIEPUMEHTOB;

* TpeAcCTaBlieHHE pe3yJbTaTOB MOJb30BaTEIsSIM B BBICOKOKAUYE€CTBEHHOM Tpadu-

YeCKOM BHUIE KaK C UCITOIb3oBaHMeM 2D -, Tak 1 3D-BuU3yanu3anuu;
*  KOJUIEKTUBHYIO pabOTy C BO3MOXHOCTBIO OpraHU3alllK yIAJIEHHOTO JOCTYIIA.

B HacTOg1IMiT MOMEHT BpPEMEHHM CYIIECTBYIOT IMPOrpPaMMHbBIE TEXHOJOTWH, IO-
3BOJISTIOIIME PEIIUTh BCE 3TH 3aJayd. DTO TEXHOJOTMH: OPTaHW3AIlUM pacIpeneeéH-
HbIX BbluuciaeHuit MPI, OpenMP; BbicOKONPOU3BOAUTENbHBIX BBIUMCIEHUI Ha rpa-
dmueckux mponeccopax NVidia Cuda, OpenCL; peanm3anuu TpEXMepHOI TpaduKm
OpenGL u DirectX; pacnipenenéHHsie ¢aitnoBbie cucteMbl NFS, Samba u T. . OgHako
Ha3BaHHBIC TEXHOJOTUM JOCTATOYHO HU3KOYPOBHEBBIC, W TIPA COBMECTHOM MCITOJIb30-
BaHWUM TPeOYeTCs pelaTh BOIMPOCH MX ONTUMAJIbHONM WHTETPALIMM MPU PEIICHUH KOH-
KPETHBIX 3a/a4, OTBJIEKASICh OT CO3MaHUs IPUKIIATHOTO Koaa IJisg oOecTieueHUsI Ipo-
U3BOJICTBEHHOTO Mpoluecca. BaxkHbIii MOMEHT TakxKe 3aKJI04aeTcsl B TOM, YTO MCIOJIb-
3yeMBIe METOIUKM TTOJTHOBOJTHOBOI CEMCMUKM ceiiuac HaXOmsATCS B CTAIUN aKTUBHOTO
pa3BUTUS, ClIeAOBATEIbHO, MIPOrpaMMHOE obecrieueHue JOKHO ObITh JIETKO MOIAU(MU-
LIMPYEMBIM MO HOBYIO TpeOyeMyro (PYHKIIMOHAIBHOCTb. JJI 3TOTO HOKHA OBITH TIpe-
JIoCTaBJieHa ynoOHas ¥ rMOKas MporpaMMHas cpefa, KoTopasi mo3BoJisiyia Obl MPOU3BO-
IATHh U3MEHEHMST C MUHUMAJIBHBIMUA BpEMEHHBIMU 1 TPYIOBBIMU 3aTpaTaMMu.

Takum 00pa3oM, AJIsi CO3MaHUS MOJHOLIEHHOTO MPOMBILIJIEHHOTO TTPOrpaMMHOTO
KOMIUIEKCa HEOOXOIMM COTJIaCOBAHHEIN BEIOOD TTPOTPAMMHBIX 1 aIlllapaTHBIX TEXHOJIO-
Ui ¢ MUHUMAJIbHOM CIOXHOCTBIO B OCBOSHUU W MCITOJB30BAaHUM, TTOKPBIBAIOIINX BCE
COCTaBHBIC YAaCTH MPHUKIATHOTO IIporpaMMHOT0 obecrnieueHust. Himke maH 0030p mme-
JOIIMXCS TTPOTPAMMHBIX M arllapaTHBIX TEXHOJIOTMIA, KOTOPbIE MOTYT MCIOJIb30BaTh-
Csl TSI PEIIeHMST TTOCTaBJICHHON 3amaul — ITOCTPOCHUS CIICHIMATIM3NPOBAHHOTO IIPO-
rpaMMHOI0 KOMILJIEKCa.

2. MHTETPUPOBAHHBbIE MPOTPAMMHbBIE KOMIUTEKCDI

B HedTerasoBoil oTpaciu, KaKk U BO MHOTMX OPYTMX OTPACIISIX, CYLUIECTBYET OOJBIIOE
KOJIWYECTBO MPOTPAMMHBIX MPOAYKTOB, peanusyiomnx 2D- u 3D-Busyanuzauuio:
Petrel, Landmark, GeoSoft Target, CoViz 4D. Psxa cucteM obecriednBaeT MOIACPKKY
HCIIOJIb30BaHMUST HECKONIBKUX rpadmueckux KapT (Multi-GPU) — Paradigm VoxelGeo,
TerraSpark-InsideEarth, ffA-GeoTeric. Hekotopsie u3 Hux, B uvactHoctu, Petrel
[Getting Started..., 2014; Ocean Wizards..., 2013], npeacraBisiioT co00i paciiupsieMbie
KOMIUTIEKCHBIE TIaTOpMbl: pa3paboOTUMK Ha X 0a3e peajn3yeT TONbKO (DyHKIIMOHATb-
HYIO YacCTh U CBSI3bIBAET €€ ¢ miaaT(opMoii cormacoBaHHBIM obpa3oM. OgHAKO 3TU pe-
IIeHUsI OPUEHTUPOBAHBI Ha apXUTEKTYpy (poH HelimMaHa u He MoaIep:KUBaIOT apXUTEK-
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TYpy pacnupenenéHHbIX cucteM. Kpome Toro, pazpabaTeiBaeMoe MporpaMMHOE o0ecTie-
YeHME TOIKHO (PYHKIIMOHMUPOBATh B paMKaxX (PMPMEHHBIX ITPOTPAMMHBIX KOMIUIEKCOB,
CTOMMOCTb KOTOPBIX KpaliHe BhICOKA.

CyliecTByeT IporpaMMHO-TexHUUeckoe peunieHre kommaHnum NVidia — IndeX
[NVIDIA IndeX..., 2014; Nienhaus et al., 2013]. OTta niaar¢opma MO3BOJSET OCY-
LIECTBJISATh B peajbHOM BpPEeMEHU MAaCILUTAa0MpPyeMYI0 BU3yaluU3alnio OObEMHBIX U I10-
BEPXHOCTHBIX JTaHHBIX 3a CUET pacIpeleI€eHHOTrO peHiepuHra. bojbliioe BHUMaHMe
yaesIeTCsl MHTEeTpallui C BBIYMCIUTEIbHBIMU KJIaCTepaMu, TIO3TOMY CYIIECTBYET BO3-
MOHOCTh OObEIMHEHMST PACUETHBIX LIMKJIOB C IIMKJIaMU Bu3yanu3amuu. [1pu Busyanm-
3allMU HE MCITOJB3YIOTCS MeTonbl armmpokcuManuu naHHbIX (Level of Detail), uro ra-
PaHTUPYET MX TOCTOBEPHOCTb U OTCYTCTBHE apTedaKTOB, CBSI3aHHBIX C X UCKAKEHUSI -
MH. 3a yIpaBJIeHUEe paclpeaeIcHUeM TaHHBIX B CUCTEME, TIJIAHMPOBAaHUEM U 3aITyCKOM
BBIYUCIUTENbHBIX 3alay OTBevyaeT mporpammHas riatgopma Distributed Computing
Environment (BeicokoypoBHeBas ansrepHaTBa MPI) [DiCE TM 3.0..., 2009], xoto-
pas TTO3BOJISIET pa3pabaThIBaTh MPWIOXKEHUS, MaciiTabrupyembie Ha Thicsiuu CPU-saep
n GPU-ycTpoiictB. Pa3zpaboTKy MOXHO BeCTH TOA pa3IUYHbIE OTNepallMOHHbIE CUCTE-
mbl (Windows, Linux), HO npeajaraetcst UCIoab30BaTh TobKo C++ API.

ITporpaMMHBIM pellleHneM, KOTOpOe JOCTATOYHO MOJIHO OXBATHIBAET BCE ACIIEKTHI
pa3paboTKU BHICOKOITPOU3BOAMTEHHOTO ITPOTPAMMHOTO obecriedeHu s 1utsl Hedreraszo-
BOI1 oTpaciu, MoxXeT paccmaTpuBatbest HueSpace — mporpaMmmHasi turatrcdopmMa Komira-
aun Hue AS (http://hue.no/sites/default/files/Hue Brochure US_ web.pdf), [Walker,
Buch, 2012]. 9rta miatdopma mo3BoisieT ONepupoBaTh OOJIBIIMMHU OOBEMAMU Celic-
MMWYECKWX NaHHBIX, TIPOU3BOIUTHh UX 00pabOTKy M Bulyanuzaumio. [lommepkuBaercs
BO3MOXXHOCTh OpPTaHU3AallMM BBIYMCICHUI Ha rpaduiecKux Ipolieccopax. Pa3paboTky
MOXHO BECTU TOJ pa3jIMuHble onepaluoHHble cuctembl (Windows, Linux) ¢ ucrosb-
30BaHMEM HECKOJIbKUX SI3BIKOB TporpammupoBaHusi (C++, .Net, Java). CymectByer
MPUMeP MCITOIb30BaHUST CUCTEMBI B ITyOJMYHOM 0bJ1ake Amazon, 4To MO3BOJISIET Opra-
HM30BaTh BeleHUEe pa3padOTKU IPOTPaMMHOI0 o0ecrieyeH!s Ha apeHIyeMbIX yIaI€H-
HBIX BBIYUCIIUTEITBHBIX MOIITHOCTSIX.

O0e ynmoMmsHyTble TUIATOOPMBI TOMIEPKUBAIOT paciiupeHne (GYHKIIMOHATBHO-
CTH sIIpa, a TaKKe WHTErpalMio ¢ pa3pabaTbiBaeMbIMU TpUioXeHusIMU. [Tnardopmbl
CUUTAIOTCS IPONIPUETAPHBIMU, IIO3TOMY UX ONHUCAHKNE B OTKPHITBIX UCTOYHUKAX HOCHUT
B OCHOBHOM WHGMOPMAIIMOHHBIM XapakTep. B yacTHOCTM, HeCMOTpSl Ha 3asiBIIEHHOE
ucroyib3oBanue miaatgopMmel HueSpace B mporpamMmmHuoMm mpoaykte Roxar RMS, cre-
MeHb TOTOBHOCTH IOCJIETHET0 K MacCOBOMY IIpUMeHEHUIO He sicHa. Kpome Toro, rrar-
(opMBI TOCTPOEHBI Ha 0a3e MporpaMMHO-TEXHUUECKUX peleHnii komnanuu NVidia.
ITocTpoeHHbIt HaMU KOMIUIEKC Oa3upyeTcsl Ha rpadudeckux yckoputenasx AMD —
ONTUMAJIBHBIX CETOMHS IO YPOBHIO amIlapaTHBIX CPEICTB U IMPOrPAMMHBIX TEXHOJIOTHIA
OpenCL.

Takum o00pa3oM, pa3pabOTKy COOCTBEHHOIO MPOTPAMMHOIO TIPOJAYKTA HEIb-
351 OBIJIO OCYIIIECTBUTh HA OCHOBE OMHON KOMILUIEKCHOH IIaT(OPMbl — HEOOXOIUMBI
OBUIM BBIOOP M MHTETPALIMS IIPOTPAMMHBIX PEIICHU, TTpeIHA3HAYCHHBIX IJIS PEIICHUS
OTIENbHBIX (DYHKIIMOHAIBHBIX 3a1a4. KpoMe Toro, ObLT MPOBENEH aHAIN3 CUCTEM BH-
3yaJu3allii 1 YIIPaBIeHUS XpaHeHUEM OOJBIIMX JAHHBIX IJIS BRIOOpA ONTHUMAIbHOTO
pelieHus.
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3. BU3YANTIM3AUMA MOJENbHbIX JAHHbBIX

Haubonee moaxonsiieii 1yisi pelieHus 3a1a4y BU3yaanu3aiuy MOAEIbHBIX JaHHBIX, 1O-
JIy4aeMBbIX Ha KJIACTEPHOM CYIEPKOMIIbIOTEPE, TIPEACTABISIETCS pacIpeneJéHHast BU3Yy-
aJn3alus Ha TeX XKe y3J1aX U JaHHBIX, KOTOPbIe MUCITOIb30BAIMCH JJISI MOIEIUPOBAHMSL.
3amava pacnpenea€éHHON o0pabOTKM M300pakeHUI B HACTOSIIIMI MOMEHT pellIaeTcs
C TIOMOIIIBIO TTapaJIJIEIbHOTO peHJepUHTa rpadvKuy, UIST 4YeTo MCIOJIb3YyeTcsl 0OJIbIIoe
KOJIMYECTBO MPOTrPAaMMHBIX MPOAYKTOB. TpamuIIMOHHO PEHISPUHI IPOU3BOAMICS Ha
CTAaHIAPTHBIX IEHTPAJIbHBIX IPOIeccopaX, HO B HACTOSIIEe BpeMs HAUYMHAIOT aKTUB-
Ho ucnonb3oBath GPU-ycTpoiicTBa, TaK KaK MOBbBIIIEHHAS] TPOM3BOJUTEILHOCTh OCO-
OeHHO BaXkHa TIPU MPUMEHEHUU TEXHOJIOTWII (PM3MYECKU KOPPEKTHOTO PEHAECPUHTA.
PaccMoTpuM HEKOTOpble M3 TaKMX TEXHOJOTUIl ¢ BO3MOXKHOCTBIO pacIpeneJ€HHOTrO
(bYHKIIMOHUPOBAaHUS.

NVIDIA Iray Server — HOBoe mporpaMMHoe pelieHue ot komnanuu NVidia, ko-
TOPOE JIOJKHO 00eCTIeunTh BO3MOXHOCTHY pacripeneieHHOTro peHaeprHra Iray Ha cere-
BBIX MaIlIMHAX. DTOT MPOTPaMMHBIN MTPOIYKT OOBEAUHSIET IPYIIITY CEPBEPOB B EAMHYIO
peHnepuHr-dgepmy u obecreunBaeT o0pabOTKY M300paXkeHUiIl Ha BCeX Mpoleccopax
u GPU-ycTpoiicTBax, DTOCTyIHBIX KiacTepy. sl KODUpOBaHUS BUAECO HCIIOJB3YeTCS
H 264 xonex.

Equalizer — oTkpbITasg miatgopma s CO3NaHUs M Pa3BEPTHIBAHUS MHOTOIOTO-
koBbiXx OpenGL-npunoxenuit. [Tporpammusbii naket npeaoctasasier C++ APl misg
CO3IaHUsI COOTBETCTBYIOIIMX MPMIIOKEHUI, KOTOPhIE MOTYT Jajiee MCIIOJHSThCS B pa3-
JINYHOM aIllapaTHOM OKPYKE€HUU: OT OHWHOYHBIX PA0OYMX CTAHLIMI MO KPYITHBIX KIa-
CTEpOB, B TOM YMCJIE C UCMOIb30BaHMEM Bo3MokHocTeil Multi-GPU.

ITpumep npyroro nmoaxona — mporpaMMHbIid makeT Chromium, KoTopseiil obecrie-
YUBaeT MEXaHW3M BCTpaMBaHMS IMapajljIeIbHOTO PEHAEPUHTra B CYIICCTBYIOIIUE TPU-
JioxkeHus. BctpanBaHue obecrieunBaeTcs 3a CUET ocylecTBieHus nepexsara OpenGL-
BBI30BOB, KOTOPBIE TepeHAIIpaB/IsIIOTCS Ha KiacTtep peHnepuHra. HecMoTpst Ha To, 4TO
MOJOOHBIN MOAX0 MOXET ObITh MeHee a(pdekTuBHBIM [Staadt et al., 2003], Ha 6a3e Ha-
3BaHHOTO I1aKeTa CO3IaHO HECKOJIbKO KOMMEPUYECKUX MaKETOB M UCCAEAOBATEIIBCKUX
KJIACTEPOB PEHIEPUHTA.

PacrnipenenéHHbINM peHAESPUHT TTPOM3BOAUTCS HE TOJBKO Ha JIOKAJIBHBIX, armapar-
HO CWJIbHO CBSI3aHHBIX KJIacTepax, HO U B pacIipelleIEHHBIX TPUIl-CUCTeMaX, HallpuMep,
Ha ocHoBe ratdopmbl BOINC — Ha Heit noctpoeHsl cuctemMbl BURP u Electric Ship.
CTOUT OTMETUTb, YTO 3T CUCTEMBI HE TIPETEHIYIOT HAa BU3yaau3allMio B peabHOM
BPEMEHMU.

M3BecTHBI TakKe pabOTHI MO MCITONIL30BaHMIO TapagurMbl Map/Reduce skocu-
creMbl Hadoop mist peanuzanuy pasTnyHBIX aITOPUTMOB pacIpeae ¢ HHON BU3yaan3a-
uuu gaHHbix [Howe et al., 2009; Stuart et al., 2010; Vo et al., 2011]. BTto HanpaBiieHUe
BechbMa MEePCIEeKTUBHO, TaK KaK SBJISIETCS albTepHATHBHBIM BaprMaHTOM IIPOrpPaMMHOM
m1aThopMbl BU3yaIu3alluy, HO B HACTOSIIIUI MOMEHT IPOBOISITCS JINIIIh HAYYHBIE KC-
CJIeIOBAHUS B 3TOM HaIlpaBJICHUM.

Cpenu cyliecTBYIOIIUX TJ1aT¢hOpM HepacnpeneJ€HHONH BU3yalu3alid MOXHO
BeigeuTh Open Inventor (http://www.openinventor.com/backoffice/wp-content/up-
loads/Openlnventor-OilGas-Mining-Geosciences FEI-VSG_BR.pdf; http://www.
openinventor.com/backoffice/wp-content/uploads/Openlnventor-RemoteViz_FEI-
VSG_DS.pdf) or komnanuu FEI VSG — MHCTpyMeHT IJIsl CO3MaHUST TTPOTPAMMHBIX
MPOAYKTOB €O cloxkHo# 2D- u 3D-rpadukoii. [Tnardopma conepKuT MMpoKuii Habop
CPENCTB U METOIOB BU3yaU3allMy U aHaI13a JaHHBIX ISl HeTera3oBoil IpOMBITIIEH-
HOCTM M aKTUBHO HCIIOJIb3YeT BO3MOXHOCTH TexHojorun GPU mist BeICOKOIIPOM3BO-
JIUTEIbHON BU3yalu3alluu, a TakXKe WMEET BO3MOXHOCTU paboOThI C OONBIIUMU O0b-
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€émamu naHHbIX. [logmepXuBaloTcst 06JladHble, HACTOJbHBIE 1 MOOWJIbHBIE BapUAHTHI.
Pa3paboTrka MoxXeT BecTHMCh Ha si3bIKax IporpammupoBanus C++, C# (.NET) wunu
Java. JlaHHBIIT MHCTPpYMEHT TpeaoCTaBIsieT OOJbIIME BO3MOXHOCTU IJIs pa3pabOTKMU
rpacdrIecKoro MporpaMMHOTO 00ecTiedeH s, HO B HEM OTCYTCTBYIOT CPEICTBa IIJIST Op-
raHW3alyd pacTpeneIEHHBIX BBIYMCIEHUH. V3BeCTHO NMpUMEHEHNe 3TOM MporpamMM-
HOM TUIaTOpMBI B pa3paboTKe IpOrpaMMHBIX pellleHuii KoMmaHum Schlumberger
[Yrke, Heck, 2015].

Kommanus INT co3pmana mimargopMy BU3yalM3alMU UM pa3pabOTKU ITpOrpamMM-
Horo oOecrreueHust  INTViewer  (http://www.int.com/images/int/intviewer/doc/
INTViewer5.1.pdf) mng aHanms3a ceiCMUYECKUX TAHHBIX W KOHTPOJISI MX KadyecTBa.
B ocHoBe cuctembl JeXuT IUlaTGopma pa3paboTku Java Swing OpuIoOXeHUd —
Netbeans Rich Client Platform. Pazpa6oTka MoXeT BeCTHUCh Ha sSI3bIKaX IMPOTPaMMUPO-
BaHus Java u Python, Bo3aMoxxHa nHTerpauusi ¢ Matlab. ObecrieueHa roaaepxka pas-
JIMYHBIX onepanoHHbIX cucteM (Windows, Mac, Linux, UNIX). IIpenocrasisitorcs
WHCTPYMEHTHI ISl pa3paboTku BeO-npuiioxkeHuil. [IpoaexiapupoBaHa BO3MOXHOCTh
paboTHI ¢ JaHHBIMHU JIFOOOTO pa3Mepa, OMHAKO TeXHUYECKasT peaan3alus He TIPUBOINT-
cs, TaKXe He sICHa BO3MOXHOCTb ucnojib3oBaHuss GPU u pacnipenenéHHoil 06paboTKu
JAHHBIX.

M3BecTHBI Takke CUCTeMbl, OPUEHTUPOBAHHBIE Ha BU3YyaJIU3allMI0 B IpPEAMET-
HO-OrpaHMYeHHON objactu. OCOOEHHO BOCTpPeOOBaHA BBICOKOIIPOM3BOIUTEIbHAS
BU3yaJu3alvsl HayYHbIX JaHHBIX. 31eCh TEXHUYECKUE CJIOXKHOCTU CBSI3aHBI C 0OJIb-
MM O00BEMOM HAHHBIX (TepabalThl), KOTOpHIE TpeOyeTcs TrpaduyecKu OTOOpa3uTh
nmoJjb3oBarenno. M3BecTHbIe TTpOrpaMMHBIE PEIIeHUsST B OCHOBHOM TIPEICTABIISIIOT CO-
0011 MOJIHOIIEHHBIEC ITPOrPaMMHBIE TIPOAYKTH ¢ MHCTPYMEHTaAMU BU3yaau3alluy 1 aHa-
JIv3a TaHHBIX M ONMIIMOHAJIBHONW BO3MOXHOCTBIO paciiMpeHus] (PyHKIIMOHATLHOCTH 3a
CYET CUCTEMBI pacimpeHuii (IutarnHoB). OmHa 13 HanboJee N3BECTHBIX CUCTEM TaKOTO
pona — mporpaMMHbIi NpoayKT Paraview. OH moanepXuBaeT KJIMEHT-CEPBEPHYIO ap-
XUTEKTYPY IUISI OpTaHM3aIMN YIAJIEHHON BU3yaIu3allii MACCUBOB TaHHBIX U MCTIOJb-
3yeT METOA M3MEHEHUWsl YPOBHS JeTauu3aluy Uil TONACPKKU BU3yalIu3alvu OOJIb-
IMX O0BbEMOB HAHHBIX B MHTEPAaKTUBHOM pexume. Ha ero ocHoBe B yHMBEPCUTETE
WnnuHolica paspabateiBaeTcs nmporpammHoe penieHre RVA (Reservoir Visualization
and Analysis) [RVA..., 2015] mna 3D-Bu3yanu3aluny JaHHBIX B 00J1aCTA MOIEIMPOBA-
HUST He(PTIHBIX 3aJieXei U aHanu3a reogaHHbIX. OTMETUM HaJIMuWe ITOTOJHUTEIbHBIX
KoMmItoHeHT ParaviewWeb, KOoTophIe IMO3BOJISIIOT OTOOpaXKaTh JaHHBIE C MCIIOIb30BaHM-
em texHosoruit HTML 5.0 1 WebGL B 6pay3sepe.

Cpenu OIpyrux aHAJOTUYHBIX ITPOrPAMMHBIX IMAKETOB, IIPeIHA3HAYCHHBIX IS T1a-
paJIJIEIbBHOTO PEHICPUHTAa M BU3yaau3aluy OOJBIINX JaHHBIX, BBIIEIUM IPOTPaAMM-
Hble nakeTbl Vaa3D, Vislt u Fiji. MccnenoBaTenu peanu3yloT Ha UX OCHOBE IPOTpaMM-
HbIe pelleHUs I OTOOpaKeHUsT OOJIBIIUX MAHHBIX B PA3JIMYHBIX OOJIACTSIX HAYKH,
Harnpumep, BigDataVisualizer [Pietzsch et al., 2015] (rurarun x Fiji) — wHCTpyMeHT
JUISL TIpPOCMOTpa TepabalTHBIX TocienoBarebHOCTell 3D-n300paxkeHnii, TOMTydYeH-
HBIX C TTIOMOIIBIO cBeTOBOM MuKpockonuu; Vaa3D-TeraFly [Bria et al., 2015] (mnarun
K Vaa3D) — nng mpocMoTpa U aHaiu3a O0JbIINUX TaHHBIX OMOJOTMYEeCKUI UCCIenoBa-
HUiA. 3BeCTHBI TaKoKe PEICHMS ISl BU3yaaIu3allui JAHHBIX aCTPOHOMUYECKUX UCCIIe-
noBaHuii [Hassan et al., 2012].

AKTHBHO pa3BUBAETCS TAKOE HAIpaBJICHUE BU3YyAIM3alluU, KaK «BUPTyaJIbHas pe-
aJbHOCTh». [IprMepOM CITY>KUT OHO U3 MHTEPECHENIITMX HATIpaBJIeHWI B MOIEIMPOBa-
HUM BUpTYyanbHBIX MUpoB — cucTteMbl CAVE (Cave Automatic Virtual Environment).
Cpenu TIporpaMMHO-anmapaTHbIX KOMITIEKCOB, HanboJjiee MPUOIMKEHHBIX K paccMa-
TPUBAcMOIl HAMM TeMaTHUKe, OTMETUM perieHre Kommnanuu TechViz [http://www.tech-
viz.net/techviz-xl], Kotopoe npenocrasisieT «apaiiBep» (TechViz XL) n mporpaMMHyI0
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oubnuoteky (TVZLib API), no3sossioniue npo3payHo TpaHciaupoBaTh 3D OpenGL-
MIPWIOXKEHUSI B «BUPTyaJIbHOE» OKpyXeHue. [IpemMyInecTBOM 3TOrO peIIeHUs SIB-
JigeTcs Aekjaapupyemasi BO3MOXHOCTh IPO3PavyHOrO MCIIOIb30BaHUST (MHTErpalivm)
¢ OOJIBIIIMM CITMCKOM CYIIECTBYIOIIETO ITPOrPaMMHOTO O0ecIiedeHMsT KaK M3 00JIacTh
3D-Busyanuzanuu, Tak U U3 HedTerazoBoit odsactu. Takke MOXHO OTMETUTDH pellle-
Hue MiddleVR ot kommanuu VisBox — B HEM pean3oBaHa MHTETPALMS C IIPOTrpaMM-
HbeIM rTakeToM Unity cozgaHus 3D-npuioxeHuii u Urp (B TOM 4yuciie, B BeO-caiTax).

EcrecTBeHHBIM TIPENCTABICHUEM CETOYHBIX MOIEJCH SIBJISIETCSI BOKCEJIbHAsST MO-
nenb rpagpuueckux gaHHbix [Kaufman et al., 1993]. Dtu Moaeau Xopolilo NoAXOAT A4St
MOIEIMPOBAHMST HETIPEPBIBHBIX Cpel U TIOJIei 3HAYeHUI, YTO XapaKTepHO, HaIIpuMep,
JUTSI CEICMMYECKUX U psiia MeIUIIMHCKUX JaHHBIX. TeM He MeHee, BOKCelbHas rpadu-
Ka, HanboJee eCTECTBEHHO MMOIXOMSIIAs IS TIPEACTaBICHUS JaHHBIX YMCICHHOTO MO-
JeTMPOBAaHUSI, HAXOMUTCS JIMIIIL Ha paHHel ctamuu pa3BuTvs. MI3BeCTHBI OTHENbHBIC
SKCIEPUMEHTBI M 3aKPBITHIC PEIICHMSI, B TOM YHCJIC B 00JJACTU TE€OJOTUU M MEIULI-
HBI, YTO MOKAa3bIBAET MPAKTUYECKYIO0 MPUMEHUMOCTD 3TO MOIEIU ST MPEACTABICHUS
CJIOXKHBIX ITPOCTPAHCTBEHHBIX MTAHHBIX, OMHAKO OTIYXIAEMbBIX PEIIICHNI, KOTOPHIE MOT-
JI OBI TIOCTTYKUTh 0a301 TSl TPUKJIAAHOM CUCTEMBI, TI0OKa HET.

B MenuimHe, Kak U B TE€OJIOTUH, CYIIECTBEHHOE 3HAUCHUE IJIS aHAIM3a U MHTEP-
TIpeTaIlMy JaHHBIX UTPAET OIBIT UCCIIENOBaTENsI, U TpeOyeTCsl KaueCTBEHHAsT U IeTajlb-
Hasl BuU3yanu3alusi odobekTa HaOmomeHus. Co3maHHOE IPOrpaMMHOE OO0eCITeueHME
HCIIONIb3yeT KaK 0a30Bble OMOIMOTeKM Bu3yanuszauuu, Harpumep, VIK, Tak u Gonee
CleMaJNn3UPOBaHHbIE MHCTPYMEHTBI — OubOmmnorekn MeVisLab, MIPAV u npyrue
[AugpeeBa, MapkuHa, 2013; Caban et al., 2007]. Cneuuanu3upoBaHHble OMOAMOTEKU
(ITK) mpumeHsIoTCs 11 00pabOTKU M TIPEABAPUTEIBLHON TTOATOTOBKY M300pakeHMUIA.
BoxkcenbHast Tpacduka 1OCTaTOYHO AABHO WCITOJNB3YETCS B KOMITBIOTEPHBIX UTpax, HO,
ITOCKOJIBKY ATOT aJbTePHATUBHBIM METON BU3yaIM3allMy M3HAYAJIBHO 0oJiee pecypco-
€MKUIi, YeM MCITOIb30BaHME CTaHIAPTHBIX MOJIMTOHATBHBIX MOAENel, B Apyrux obia-
CTSX €r0 pachpocTpaHeHHe ObLIO orpaHmyeHo. OmMHAKO B HACTOSIIIIUIA MOMEHT C IIO-
SIBJICHWEM HOBBIX BBICOKOIIPOU3BOAUTEABHBIX cpeacTB, Hanpumep, GPU [Panteleev,
2014], BokcenbHas rpadyka HaYMHAET aKTMBHO MPUMEHSThLCS Ha TpaKTUKe, HATpU-
Mep, B rpadudeckoil miardbopme kommnanuu OTOY u psige mpomnpueTrapHbIX Mpo-
IPaMMHBIX PeIleHUI IS aHaIn3a TeOJOTUISCKUX U Teo(U3NIECKUX TaHHBIX, B YacT-
HocTtu, B cucteMe VoxelGeo komnaHuu Paradigm. Pengep Octane Render Cloud
ot komnanun OTOY uMHTEpeceH TeM, YTO y HEero CyIIecTBYeT obJiauHasi GeTa-Bepcus
MPOTPAaMMHOTO TTPOAYKTa. BO3MOXHO (DYyHKIIMOHUpPOBaHUE KaK B IyOJIMYHOM OOJIaKe
Amazon, Tak u Ha cooctBeHHOM GPU-kmacrepe koMnanum. JIjist TpaHCISIUMY BUIEO
rucnonb3yercs nponpuetapHbiii ORBX Bumeokonex.

ITpakTruecku Bce TepeInCICHHBIC BBIIIE CHCTEMbI pACCUUTAHBI HA BU3YaIN3alINIO
TPAIULIMOHHBIX TpaUUECKNX HAHHBIX, IMPEACTABICHHBIX IMOJUTOHAILHOM MOMIEIbIO.
Pe3ynbraThl Xe YMCIEHHOTO MOICIMPOBAHMS MMEIOT MPUHIMITMAIBHO APYTYIO TIPU-
POy — 3TO CTaTWYeCKKe WIM TMHAMWYECKUe 3HaUYeHUST (PU3NIECKUX BEJIMUMH B y3J1ax
CETKH, KOTOPBIE HEOOXOMMMO TIEPEeBECTU B TpapuiIecKre BETMIMHBI (ONTUYECKasl TUIOT-
HOCTb, 1IBET) U BU3yaJIM3MpOBaTh. /{7151 UCIOIb30BaHUSI MOJTUTOHALHOW BU3yaInu3alun
TpebOBAMCh TMHAMMYECKOE TTpeodpa3oBaHie 3HAUCHU TTapaMeTPOB MOIEIMPOBAHUS
B y3JlaX CeTKM B HaOOp IMOJMTOHOB M BBIAEICHUE MO HUX OTAEIHHOTO IMOAMHOXECTBa
y3J10B o1 peHaep-depmy. Takoe pelreHre HeONTUMAIBHO I10 3aTpaTaM Ha Ipeo0paso-
BaHUE JaHHBIX.
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4. YOANEHHBIN JOCTYN

Benencteue crnenmduku gestenbHOCTH HedTEra3oBbIX KOMMAHWI, B YaCTHOCTH, €€
pacnpenei€HHOTO XapakTepa, IpelnjaraeMbie IporpaMMHbIE KOMILIEKCHI UISI 00pa-
0OTKM, aHaNIM3a W BU3YaJIM3allMM TPOU3BOJCTBEHHBIX NAaHHBIX JTOJKHBI UMETh BO3-
MOXHOCTh (DYyHKIIMOHUPOBaHUS B yOaI€HHOM pexxume. Kpome Toro, mpolenypa aHa-
J3a uHQOpPMAMU U TIPUHSTHUS PEIIeHUi XapaKTepu3yeTcsl KOJUIEKTUBHOW paboToi
CIIeIIMAIMCTOB, a 3TO TakKe HaKJIaabIBaeT TPeOOBAaHMSI HAa OpPraHU3ALMIO YOAJIEHHOTO
JOoCTyTa.

KiaccuueckuM BapuaHTOM co30aHuUsl YIAJIEHHOTO cepBepa AOCTyNa K JaHHBbIM
MOXHO CUWTaTh BUPTYIM3alMI0 PabOYMX CTOJIOB C TTOMOIIbIO CIENUATN3UPOBAH-
HOTO IPOrpaMMHOrO obOecreyeHUsl. DTO HalpaBJIeHHE Pa3BMBACTCS JaBHO, XOPOIIO
W3BECTHO W TOANEPXKUBAeTCsS BeoyluumMu MUpoBbiMU BeHaopamu (VMWare, Citrix,
Microsoft). OgHako mojroe BpeMsl TaKOil TOIXOJ He JaBajl BO3MOXHOCTU PaOOThI
¢ «Tskenoii» 3D-rpadukoit U ObUT MpenHa3HAYeH ISl pabOThl ¢ OPUCHBIMU MPOrpam-
mamu. CuTyalus U3MEHWIACH ITOC/Ie MOSIBJIEHUS alllapaTHbIX CPEACTB, 00eCIeunBalo-
IIMX YCKOpeHue 00paboTKu rpaduKy B BUPTyaIM3UpOBaHHOU cpene. CyliecTBYIOT pa3-
JINYHBIe BapuaHThl JaHHoro MexaHu3ma: GPU pass-through (omun GPU Ha onnHy Bup-
TyanbHylo MaliuHy), Shared GPU (nmporpammuas suptyanusanus GPU), Virtual GPU
(armmapartHas Buptyanu3auust GPU). HaubGonee 3¢p¢GeKTUBHBEIM U OBICTPOAEHCTBYIO-
muM cuutaetcss MexanuaM VGPU. DT BO3MOXHOCTH MPEAOCTABISIOTCS BUJEOKAPTa-
mu NVidia GRID K1 un K2 [Currid, 2014], a Takke TTOAAep>KUBAIOIINMU TEXHOJOTHIO
AMD Multiuser GPU cepBepubie kapThl FirePro S-series. [laHHbIe ycTpoiicTBa 00sa-
JIaI0T BO3MOXHOCTBIO HACTPOMKM pa3IMYHbIX npoduieit BuptyaabHbix GPU B 3aBuCH-
MOCTHU OT TPpeOOBaHUI MCIIOIb3yeMOTO TPOrPaMMHOTO 00ecTieueHUsT U HEOOXOIMMOTO
KOJM4ecTBa Iosb3oBaresieil (1o 16). CoBpeMeHHbIE cepBepa CIIOCOOHBI OPraHM30BaTh
BBICOKYIO TUIOTHOCTh KOMITOHOBKM MOAOOHBIX KapT (HecKojbko BuaeokapT B 1U) u,
3HAYUT, BBICOKYIO arIapaTHYIO MOIITHOCTb.

TexHuueckoe pellleHWe IS TPEAOCTaBIeHUs] YHIaJEHHOTO MOCTyrnma K CepBe-
paM, B TOM 4YHCJIe K CMCTEMaM BUpTyalM3alMu, Tpemnaraer kommnanus Teradici.
Pa3zpaboranHas e TexHosorusi PColP mo3BoJisieT ocCyllecTBAATb YAAJIEHHBINA H0-
ctyn K pabouum croiaM. IIporokon PColP mpemycmarpuBaer cxkatue, mmdppoBa-
HUe U KoaupoBaHUe MHopmaluu ob 3KpaHHOM Oydepe, obecrieunBaeT mnepeaady
PColP-ycTpoiicTBaM TOIbKO JaHHBIX 00 U3MEHUBIIMXCS TTUKcensax. [ToaaepxxuBalorcs
nepenaya M300pakeHnsT BHICOKOW YETKOCTU M 0oJjiee BBICOKOTO pa3pelieHus], a TaKxke
4yacToTa KaApoB, MPUTOoAHas Ijs1 paboThl ¢ TpExMepHoil rpacdukoii. [Togmepxka maH-
HOTO pelIeHUs] TTPOU3BOAUTCSI B HACTOSIIIMIA MOMEHT W BEHIOPAaMU — IPOU3BOINTE-
JIIMUA BUIEOKAPT, HAIIpUMeEp, TaKasi BOBMOXHOCThb peajnu3yeTcs ¢ MOMOIIbIO JIMHENKU
nponyktel AMD FirePro R5000 Remote Graphics. Mi3BecTHO, UTO Ha MPOU3BOAM-
TEJIbHOCTb CUCTEMBI MPU BU3yaTU3alMM JAHHBIX OKa3bIBaeT BIMSHUE LIEHTPAIbHBIN
TPOILIECCOpP, KOTOPHIM 3aHMMaeTcsl KOAMPOBAHWEM BHUICOMOTOKA IS OTIPABKU €ro
KJIMEHTY. DTO N00aBIIsSIeT CYLIECTBEHHYIO Harpy3ky Ha cucteMy. B TakoM ciyyae no-
MOJIHUTEIbHOE UCIIOJIb30BaHUe YCTpoicTB Teradici mo3BoIsieT 3HAUUTENBLHO YBEIUYUTD
MPOU3BOIUTENBHOCTbD.

JpyruM BapuaHTOM OpraHW3alMU YOAJIEHHOTO IOCTyNa MOXHO CUWUTaTh WC-
MOJIb30BaHNE TEXHUYECKOTO IMOIX0Ma, NMPUMEHSIEMOro B MHTEPHET-CEpBUCAX IIPEHO-
CTaBJICHUs M TPaHCISALUK MTOTOKoBoro Buaeo 1 aynno (YouTube, Netflix u 1. 1.) Ha
YCTpOICTBAa KOHEYHOTO ITI0JIb30BaTessl. Takoil MOAXOd CTal TakxKe MCIIOJb30BaThCS
B cepBUcax U(POBOIl TUCTPUOYLIMU KOMIIBIOTEPHBIX UTP W U3BecTeH Kak Gaming
as a Service i Games on Demand [Kushner, 2009; Ojala, Tyrvainen, 2011; Ross,
2009]. TexHW4YeCKM WUTPOBOM MakKeT pa3MellaeTcs W UCIONHseTCs (0OpabaTbIiBaeTCs)
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Ha CTOpPOHE YIAJIEHHOTO CEpBepa, a MOJIb30BaTEe/IsIM MOCTABJISTIOTCS JIUITL PE3YIbTUPY-
IOIKMe TaHHbBIC (BUACO M 3BYK) Yepe3 MHTEPHET-COSAMHEHNE. DTO TTO3BOJISIET ITPOM3BO-
TUATEIIM WUTP TIPAKTUYECKU HE OIISIIBIBATHCSI Ha arllapaTHbIe BO3MOXHOCTH ITOJB30-
BaTebcKUX MalvH. C IPyroil CTOPOHBI, MPOSIBASIETCS OOJblllasi 3aBUCUMOCTh OT Ka-
YecTBa M CKOPOCTU COEAVHEHMSI C MTPOBBIMM cepBepamu. OmmcaHHOe HarpaBiieHHe
KOPPEIUPYET C KOHLENUUEN CO3JaHUsl U peaiM3alluid UHTEPAKTUBHOW TPEXMEPHOM
KOMITbIOTEPHOM rpadK1 B peaJIbHOM BpeMeHU, KOTOPYIO pa3BUBAaEcT, HAIIPUMEDP, KOM-
nmanusg AMD B pamkax npoekra Cinema 2.0. E€ cyTh cOCTOUT B cO3MaHUU TTOJIHOCTHIO
VHTEPAKTUBHBIX KOMITBIOTEPHBIX UTP W APYTUX MPWIOKEHUN C KUHOPEATHCTUYHOMN
rpacukoil. Buzyanmzanus naHHBIX B 00J1aKaX, 00JJaYHBI PEHASPUHT 1 00JaTHbIC UTPHI
B HACTOSIIIINIA MOMEHT BPpeMEHHU aKTUBHO Pa3BUBAIOTCS, M U3BECTHO TOCTATOYHO OOJTb-
110€ KOJIMYECTBO IMPOTrPaMMHO-TEXHUIECKUX PEIICHU U COOTBETCTBYIOIINX BEHIOPOB
(OTOY, G-cluster, PlayStation Now). MrpoBbie cepBUCHI MOTYT MpPeAOCTaBIsTh KaK
TIepCOHAIBHBIE KOMITBIOTEPHI, TAK 1 MOOMJIBHBIE YCTPOMCTBA, a TAKXKE UTPOBBIE KOHCO-
s, KOHTEHT MOXET pacrpoCcTpaHsThCs KaK yepe3 O0IIe0CTYITHbIE MHTEPHET-KaHaJIbI,
Tak 1 yepe3 TeJeBU3UOHHbIe KadenbHble U IPTV-ceTu.

Jns opraHM3alMy TEXHUYECKON BO3MOXHOCTU peaiu3aluy yaaJdéHHol o0padboT-
KJ U TPAHCISIIIUM Ka4eCTBEHHOU BUIeorpaduKu TpeOYIOTCS COOTBETCTBYIOIINE arllia-
paTHBIe pelieHUs. B HacTosmmii MOMEHT HEOOXOonMMOe 000pyIOBaHUE TIPEIOCTABIIS -
foT kKomnanun NVidia 1 AMD: y NVidia sTo nunetika rpadmyeckux kapt GRID K340
u GRID K520, noctpoeHHbIx Ha apxutektype Kepler; ay AMD — cepust rpaduueckux
kapt Radeon Sky Ha apxutektype Graphics Core Next (GCN). C ucnonb30BaHUEM CO-
otBeTcTBYOIIMX TexHosoruit NVidia GRID u AMD RapidFire peanusyeTcsa Bo3MOX-
HOCTh BU3yaJW3allMM M IOTOKOBOW Iepelauyd UTp Ha pPa3IuIHBIC BBIYMCIUTEIBHBIC
ycrpoiicTBa. B 0CHOBHOM Ha3BaHHBIE TEXHOJIOTMM HE HaIlpaBJeHbl Ha pacrpeneieH-
HBI peHIEPUHT, TO €CTh Ha 00pabOTKY KOHTEHTA HECKOJIbKUMMU YCTPOHCTBAMU, HA000-
pot, TpacdruecKre yCKOPUTEIU OCYIIECTBIISIOT TTapaJlieJIbHYI0 00pabOTKY HECKOJBKUX
urpoBbix noTokoB (10 6 B HD(720p) kayectBe mist Radeon Sky).

K momojHUTETbHOMY TIPEMMYIIECTBY OINMMCAHHBIX TEXHOJIOTMA MOXKHO OTHECTHU
MTOBBIIIEHHYIO 0€30MacHOCTh MAHHBIX, UTO OCOOEHHO BaXKHO B KOMMEPYECKHUX IIPO-
IrPaMMHBIX PeLIeHMSIX UTsI He(TEra30BOro CeKTopa: MoJib30BaTeNI0 MepenasTcsl TOIbKO
BUIeOMH(OpMAIINS, yTeUKa NCXOMHBIX JaHHBIX MUHUMHU3UPOBaHA.

HTak, TexHoJOrMM OpraHM3alluM YAAJEHHOTO MOCTyNa JaBHO HWCIOJIb3YIOTCS
B IIPOMBIIIJICHHOCTH, YTO TTO3BOJISIET TOBOPUTH O BHICOKOM YPOBHE MX 3PEIOCTH.

5. YMPABJIEHUE BONIbILINMW JAHHBIMIW

BaxXHbIM BOIIPOCOM CYMTAeTCs YIpaBjieHUE OOJIBIIMMU HaHHBIMM, BO3HUKAIOIIUMU
Kak B IIpoIlecce MOIETUPOBAaHUS, TaK M B HATYPHBIX SKcIIepuMeHTax. [1oeBbie JaHHBIE
C JaTYMKOB IMPU IJIUTSIBHOM MOHUTOPMHIE MOTYT JOCTUTaTh OT HECKOJBKUX IO CO-
TeH Tepabaiit. [lepemaya TakuX JaHHBIX BHYTPU CUCTEMbI 3aHMMAET HECKOJIbKO MUHYT
Jaxe o cersaM Infiniband, BHemIHss apxuBauusl MpaKTUUECKM HEBO3MOXHA. «Y3KUM
MECTOM» CTAaHOBUTCS MHTepdEC K AUCKOBOM MOACUCTEME, CO CKOPOCThIO IIOTOYHOIO
cuutbiBaHus gaxe B RAID-cuctemax — He 6osee 1—2 I'6/c. OueBUIHBI MeXaHU3M
paspeleHusT MpooJIeMbl — pacIpene€éHHOe XpaHeHWe NAHHBIX, IIPU KOTOPOM CKO-
POCTh JOCTYIIAa KO BceMy (aiity, Hampumep, Ip¥ KOMMPOBAaHUM, YBEJIMUMUBACTCS MPO-
MMOPLIMOHATIEHO KOJIMYECTBY YCTPOMCTB XpaHeHUsI. Jpyroit acekT mocTymna — Heo0Xo-
JIMMOCTb MHIEKCHOTO TOCTyIa K YacTy haidia IjIsl BU3yaau3aluy WIK aHaIu3a, YTOObI
M30eXaTh MOCIIeA0BATEILHOTO TIONCKA B (haiiyie. YUUTBIBAsI CJIOXKHYIO CTPYKTYPY CETOU-
HBIX MOJIeJIell, MOXKXHO YTBEPXIaTh, YTO 3TO — HETPUBUATbHAS 3aa4a.
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OrtnenbHas npobiemMa — obecrieyeHUe HaAEXKHOCTU XpaHeHus. JlaHHble Momenu-
poBaHUSI TPEOYETCST pe3epBUPOBATh BHYTPU CUCTEMbI, OMHAKO CTeIIeHb M30BITOUHOCTH
JAHHBIX HEOOXOIMMO pEeryJupoBaTh. ToTaabHOE ITyOIMpOBaHUE AAaHHBIX TPEICTaBIIs-
eTCA M3OBITOYHOM MEpOM IS JIETKO BOCIIPOU3BOIMMBIX HAaHHBIX COOCTBEHHO MOJIE-
JIMPOBaHMS, TOTJA KaK IMOJIeBbIe JaHHbIE, MOTEPs] KOTOPhIX HEBOCIIOJHUMA, TpeOyeTcs
pe3epBUPOBATh MHOTOKpaTHO. TakuM o00pa3oM, JaHHbIE BHYTPU CUCTEMbI HEOOXOAUMO
MoABEpraTh YIIPaBIsIEMOMY Pe3epBUPOBAHUIO.

B Hacrosiiuit MOMeHT BpeMeHU paboTta ¢ OOJbIIMMU MacCMBaMU JaHHBIX TIPOUC-
XOIUT B paMKax pa3BuBaeMoil mapagurmel BigData. Hanbosnee u3BecTHass U pacnpo-
cTpaHEHHas TIporpaMMHasi TeXHOJIOTHS B 3Toit obsactu — Hadoop [Kerzner, Maniyam,
2013]. Dta nardopma 06agaeT IIUPOKO Pa3BUTON IKOCUCTEMOM, aKTUBHO UIET MPO-
1IeCC KOMMEpLMAIU3alUN TEXHOJOTUU — DSl KOMIIAHUI CTPOUT CBOW OU3HEC LieU-
KOM Ha CO3JaHMM KOMMEpUYECKUX mUcTpuOytrnBoB Hadoop m yciayr mo TeXHWYeCKOu
noamepxkke. M3HauanbHO TexHosoruss Hadoop mpemHasHavyasach B OCHOBHOM LTSI
obecrieyeHns] BHICOKOHArPY>KEHHBIX TPOIIECCOB, CBA3aHHBIX ¢ (PYHKIIMOHMPOBAHUEM
BeO-1aTpopM, HO MPOUCXOIUT BHEAPEHUE B IpyTUE OTPACIU, B TOM YHUCIHE, B HedTe-
ra3oByto. [TocnenHsiss O4eHb CepbE3HO OTHOCUTCS K TIEPCTIEKTUBAM UCTIOJIb30BaHUSI Ha-
3BaHHOI TexHoyioruM [Feblowitz, 2012; Holdaway, 2014; Priyadarshy, 2015]. KpymnHbie
MporpaMMHBIE BEHIOPHI TIpeiaraloT CBOM PpELIeHMS JIsSi XpaHEHUsSI, WHTeTpaluu
u aHanusa gaHHbIX (IBM BigData, SAP BigData u 1.1.). Ho 2ttt mporpamMmMHBbIe mIpo-
JIYKThl B OCHOBHOM HalleJIeHbl Ha aHaJu3 JaHHBIX. VI3BECTHBI U TUOPUIHBIE CUCTEMBI
[Mitchell et al., 2011], B koTopsix Hadoop mncronb3yercs mis XxpaHeHUsI JaHHBIX, a TTPO-
rpaMMHBII makeT Paraview ocyIecTBIsIeT X BU3YaIU3alIUIo.

B oGnactu 06paboTKM JaHHBIX CEMCMUYECKUX MCCIIENOBAHUM TaKxXKe BemyTcCsl pa-
00THl O M3ydyeHUto 3¢hdeKTUBHOCTU ucnoab3oBaHuss Hadoop. Hampumep, Seismic
Hadoop mo3BossieT mpou3BoaUTh 00pabOTKY CEMCMUYECKUX TaHHBIX C TTOMOILBIO Ma-
kera Seismic Unix B Hadoop-okpyxeHuu ot kommnanuu Cloudera. Takxe paccMaTpu-
Baetcd [Li et al., 2015] BO3MOXHOCTh XpaHEHUsSI CEMCMMYECKUX TaHHBIX (MOIMMUII-
poBaHHbIli SEG-Y ¢dopMar) Kak B CTaHIAPTHBIX pachpenenéHHbIx xpaHunuinax (Fast
DEFES), Tak 1 B XpaHWIMIIaxXx COOCTBEHHOIN pa3pabOTKM, TAKKe IPOBOASTCS CpaBHE-
Hust ¢ HDFS. Ho moka mpoaHanu3upoBaH AOCTYI K (paiijaM HeOOJbIIUX pa3MepoB.
OpHako HeobXxomuMocTh M 3(P@PeKTUBHOCTh HcIoiab3oBaHusT Hadoop-riatrdopmbl
B KauecTBe yMpaBJeHUs] JaHHBIMU U1 HA3BAaHHOW CUCTeMbI He odyeBMIHAa. Bo MHOTOM
3TO CBSI3aHO C OTJMYMEM B IapagurmMe oOpabOTKM M XpaHEHWUSsI HAaHHBIX, IS pabOThI
C KOTOpBIMU cHUCTeMa TpelHa3Hayajach W3HAYajJbHO, OT TapaaurM, HCIOJIb3YyeMbIX
B HayYHBIX M TIPOMBINUICHHBIX BBIYMUCICHUsX. Hampumep, MomenbHBIE BBIYUCICHUS
B OCHOBHOM XapaKTepHU3YIOTCSI WHTEHCUBHBIMU JIOKAIBHBIMM pacuéTaMu, TeHEpH-
pyIOILIUMU OOJblIMe OOBEMBI JaHHBIX TEKYIIEro COCTOSIHMSI Ha KaXXIOW UTepalvu.
CoxpaHeHUEe COCTOSTHUS Meskay Imaramu Map/Reduce TtpeGyeT 3amucu B (paiiJIoByIO
CHCTEMY, UTO SIBJISIETCSI OYeHb BpeMsI3aTpaTHOM omepalriieil. Takke UCTIONIb3yeMbIe al-
TOPUTMBI TPEOYIOT MPSIMOTO B3aMMOJEHCTBUS MEXIY y3JIaMU, YTO HE TTOIIePKUBAETCS
nHdpacTpykrypoii Map/Reduce. B urore HeKoTOpbIe MCClIeAOBATEIM KOHCTaTUPYIOT,
YTO WCIONb30BaHUe TutaTpopMbl Hadoop st HaydHBIX BhIUMCIEHUM B 95% ciydaeB
MOXET MPUBECTU K 3aMeJICHUIO TTPOU3BOIUTEILHOCTH Ha 1—2 mopsiaka [Stonebraker,
Kepner, 2012].

HcnonwdyeMas B aiinoBoit cucteMe Hadoop HDFS 6aiitoBast moTokoBast Monesib
JaHHBIX 3(DGEeKTUBHO (YHKIIMOHUPYET Ha MacCUBe HECTPYKTYPUPOBaHHON MH(opMa-
MY TEKCTOBOTO hopMaTa, HO HE ONTHMAJIbHA IIPpU PadboTe C BRICOKOCTPYKTYPHUPOBAH-
HBIMU OMHapHBIMU (popMaTaMu (haiijIoB, B KOTOPHIX OOBIYHO MPEACTABIISIOTCS TaHHbIC
Hay4YHBIX MCCJIETOBAaHUI Y IMPOU3BOJACTBEHHBIX ornepanuii. DpdextuBHasg pabora HDFS
BO3MOXHa, KOTJIa pean3yeTcsl ObICTpoe Mo0JI0uHOoe YTeHue (DailioB, ¢ BO3MOXHOCTBIO
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OCYIIECTBJIEHHS Tapajjie/IbHBIX Oolepanuii Hax HUMHU. Eciu ke OMHOBpEMEHHO TOo-
0J104HOE UTeHHE U 00pabOTKAa HECOBMECTUMBI, YTO XapaKTepHO IJIs1 OOJbIIUX U CUIb-
HO CTPYKTYPUPOBaHHBIX (haiiJIoB, TO OYyIET MPOUCXOAWTh PE3KOe MaleHHe MPOU3BO-
nuteabHOoCTH. OCOOEHHOCTBIO MacCHBa MOICIBHBIX TAHHBIX KaK pa3 SBJISIETCS TO, YTO
3[eCh UMEIOT JeJI0 He TOJIBKO C OOJIBIIION COBOKYITHOCThIO HEOOIBIIMX (DailioB, HO U €
OOJIBIIION COBOKYITHOCTHIO (DAliioB TMTaHTCKUX pa3MepoB. CHCTEMBI, 110 YMOJTIAHUIO
paccuuTaHHble Ha XxpaHeHue daitioB cpeaHux (Hadoop) uau HeGOMbIIMX pa3MepoB,
MOTYT OPTraHM30BaTh XpaHEHWE M OOJBIIMX (hailJIoB, HO HE ONTUMAJIbLHBIM CITOCOOOM
(mpoucxoauT pa3dbrBKa Ha OJJOKM Oe3 yuyéTa BHYTPEHHEN CTPYKTYphl), YTO B OOIIEM
cilydae CHM3UT CKOpOCTh mx obpadorku. [Insg Hadoop mekmapupoBaHa pa3paboTka
BO3MOXHOCTH WCITOJIb30BAaHUSI TEXHOJIOTUM AVrO-KOHTEHHEPOB IJIsT 00eCTIeueHusl oI~
TuMu3upoBaHHoro xpaHenuss HDF5-gaiinoB (oguH u3 pacnpocTpaHEHHBIX CTaHIap-
TOB XpaHEHUs TaHHBIX B HAyYHBIX MCCIIEIOBAHUIX) HEOOJBIINX U CPEIHUX Pa3MEPOB
[Heber et al., 2014]. bonpmme ¢aitnpl (0obire pa3Mepa 010Ka) MOTYT OBITh pa30MThI
Ha BpeMEHHbIEe CEPUU ISl Pa3IMYHbBIX JIOKAIIW U XPaHUTLCS B TAKOM BMIE, YTO 00e-
CIIEYUT OBICTPOE MpeACcTaBlIeHe MH(POPMALIMK OTPeOuTe 0. B cirydae reonornuyeckux
JMAHHBIX WJIM TaHHBIX MOJEIUPOBAaHNsI, KOTOPBIE MPEACTABIISIOT CO0O0I BpeMEHHbIE Ce-
PUH, 3TO BBIIJISIAUT XOPOIIMM BapUAHTOM PEIICHUS TTPOOJIeMBbI, XOTSI 1 BHOCHUT JIOTOJI-
HUTEJIbHOE TIpeoOpa3oBaHMe JaHHBIX, OMHAKO OMMMCAaHHAs TeXHUYecKash BO3MOXHOCTh
elé He peanu3oBaHa. JIpyroe Bo3MOXHOe pelleHUMe BuauTcs B co3ganuu Hadoop-
miaruHa — SciHadoop [Buck et al., 2011], KkoTopsiii 1O3BOMSIET OPraHU30BBIBATH JIO-
TUYEeCKHE 3aIIPOCHl K MOJEISIM, TaHHBIE KOTOPBIX OPTaHM30BaHbI B BUIIE MacCUBOB. JIJIst
XpaHeHMs1 MaHHbIX ucnojb3yercs popmar NetCDF-3, ocHOBOU pelieHus sBsieTCS
byHKIIMST IpeoOpa3oBaHMS JIOTUIECKUX KOOPOMHAT 3JIEMEHTOB JAHHBIX B CMEIICHHUE
B (puzuueckom daiisie. CyiliecTByeT M Ipyras BO3MOXHOCTb, HallpuMep, MCIOJIb30Ba-
nue HDFS5 Virtual Object Layer. Takum 00pa3oM, TTOMCK TEXHUYECKOTO pellieHUs Be-
NETCS, HO MOKa BapvaHTa TSl TIPOMBIIIIJIEHHOTO UCITOIb30BaHMS He MPEIJIOXKEHO.

B 1enoM HeoOOXOIMMO OTMETHTh, YTO BOIIPOC ONTHUMAJBHOTO B3aMMOMECTBUS
¢ nanubiMu B HDF5-dopmMare Bo3HUKaeT ¥ pU UCTOJIb30BAHUU APYTUX PACTIPENETIEH -
HBIX CHCTEM XpaHEHUsI, HallpuMep, U3BECTHBI DKCIIEPUMEHTAJIbHBIC PAaOOTHI IO YBe-
JIMYEHUIO B ECITKU pa3 CKOpOCTU paboThl ¢ Takumu (aiimamu B Lustre File Systems
[Howison, 2010].

Ei€ ogHa nmpobyiema — u30bITOUHOCTB NaHHBIX. Jlo Hadoop ewig He Ob11u pacnpo-
CTpaHEHBI U IUPOKO JOCTYIHBI ObICTpEIe ceTn Ha ocHOBe 10G Ethernet m Infiniband,
3TO OOYCJIOBWJIO DPSii apXUTEKTYPHBIX OCOOEHHOCTEN CHCTeMbl. B 4acTHoCTH, maHHbBIE
XpaHSTCS B OCHOBHOM TaM, TOe¢ TeHepHpYIOTCS (2 3K3eMIUIsIpa KOIMUK), W JIMIIb OIHA
KOTIWSI XpaHUTCS Ha yHaJ€HHBIX cepBepax. Ceilyac ke CKOPOCTh COBPEMEHHBIX CeTeil
MIPEBBIIIAET CKOPOCTh 3aIMCH Ha TPYIIIY OMCKOB, 3HAYUT, MOXHO IPEUMYIICCTBEHHO
peayM30BbIBaTh yIAJIEHHOE XpaHEHWE W XPaHWUTh NaHHbIE TaM, TIe OHUW TOJKHBI OBbITh
HCTIOJIB30BaHbBI. DTO IMO3BOJISIET TaKXKe MCIIOJIB30BaTh 00Jiee CIIOKHBIC CXEMBI XpaHe-
HUSI, HO YCKOPSITh TIPY 3TOM 3aITMCh W TOBBIIIATh HAIEXHOCTh. [IpuMepoM Takux cH-
CTeM HOBOTro TokojeHus ciyxuT Quantcast File System, B KoTopoil mcrnoib3yeTcs
konupoBaHue Puma—CojoMoHa mis XpaHeHMsS TaHHBIX OMHOBPEMEHHO B 9 MecTtax
1 BOCCTaHOBJIEHMSI IO JIIOOBIM 6 O10KaM. DTO IMOBBIIIAET HANEXKHOCTh JAHHBIX, a U3-
OBITOYHOCTh XpaHEHUsI COCTaBIgeT TOJAbKO 50 %. OnmHako B 3TOM cilydae pa3OMBKa Ha
OJIOKM TIPOU3BOAUTCS Oe3 ydéTa JIOTUYECKOU CTPYKTYPHI (paiiia, 4ToO MOXET TTPUBECTH
K OLIyTUMOMY CHUXKEHUIO TTPOU3BOANTETHHOCTH.

AnprepHatuBoit Hadoop mMoryT craTh mporpaMMHBIE peIlIeHUs], OCHOBaHHBIE Ha
00BEKTHO-OPUEHTUPOBAHHBIX pacIipeneI€HHbIX (paiiIoBBIX CUCTeMaX M TI03BOJISIONINE
CTPOUTH CPAaBHUTEIHLHO HEIOPOTve, MacITaOMpyeMble M CaMOBOCCTAHABIMBACMBbIC
XpaHWIWILA TaHHBIX. B HacTOSIIIMIT MOMEHT OHM UCTIOJIB3YIOTCS JIJIST XpaHEHUS TaHHBIX
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TakuMu KoMnaHusiMU, Kak Facebook, Spotify, Dropbox. IlpuMepamu Takux cuctem
cayxar Swift, Ceph Storage System.

IlepBoHauanbHO WHCTpyMeHTH Hadoop Oa3upoBaiuchk Ha dailioBoil cucteme
HDFS, onnako pabora ¢ nTaHHBIMM Ha YpoBHe (DaiiJIoBOIi CHCTEMBI He BCerna ynoOHa.
J71sT BBITTOJTHEHUST MHOTMX BEICOKOYPOBHEBBIX (DYHKIIMI aHAIN3a M 00paOOTKM TaHHBIX
MPEAITOYTUTEILHBIM SIBIISICTCSI MCITOJIb30BaHME 00JIee CIIOKHBIX ITPOTPAMMHBIX KOM-
TUIEKCOB 1 6a3 maHHbIX. OTMETUM, YTO B TaHHOM HaIlpaBJIeHUM TTPOMCXOIUT Pa3BUTHE
skocucteM Hadoop u Big Data, T.e. oT monbp3oBaTeneit CKpbIBalOTCS CJIOKHOCTH (PYHK-
monupoBanust Map/Reduce 1 HDFS 3a cuér npenocrasneHust 6oJiee BHICOKOYPOBHE-
BBbIX MHCTPYMEHTOB, Takux Kak HBase, Hive, Pig u Impala.

B HacTosiiee Bpems1 CyliecTBYIOIIME paclpocTpaHEHHBIE 0a3bl JaHHBIX HE OYeHb
XOPOIIIO MOAXOMIT IS MOAEJIBbHBIX JaHHBIX, TaK KaK ITOCICIHNWE B OCHOBHOM IIpEI-
CTaBJISIIOT OO0 MHOTOMEPHBIE MAaCCHBBI OTPOMHBIX pa3mMepoB. CyIIeCTBYIOIIUE TeX-
HUYECKME BO3MOXHOCTH TPATUIIMOHHBIX 0a3 JTaHHBIX 00ECIIEUNBAIOT TOJIBKO XpaHEHHUE
(Hanpumep, ¢ noMoliblo BLOB-00beKTOB), HO HE rapaHTUPYIOT ONTUMAJbHOIO H0-
CTyITa K JaHHBIM UISI aHAJIM3a W He MPEIOCTaBIISTIOT CPEACTBA ISl THOKOTO OTIIepUpOBa-
HUS JaHHBIMMU. Takue BO3MOXHOCTHM MOTYT OBITh MPENOCTaBIeHbI CUCTEMaMU YITpaB-
JIeHus 6a3aMu JaHHBIX HAa OCHOBe MaccuBoB (array-based DBMS), koropsie onmrumu-
3UPYIOT XpaHEHWE MHOTOMEPHBIX NAaHHBIX W O0ECNeYMBAIOT HaJW4Yue CTaHAApPTHOTO
sa3pika (QL) padoter ¢ HuMu. K takum cucremam otHocsitess SciDB [Cudré-Mauroux
et al., 2009] u Rasdaman [Baumann et al., 1999]. OtmeTuM, uto SciDB m3HavaibHO
pazpabaTpiBajlach KaK CUCTeMa ISl XpaHEHUSI U OOpaOOTKM MTaHHBIX HAYYHBIX MCCIIe-
JMOBaHW M OCHOBaHA Ha TapaaWTMe XpaHEHWSI HAHHBIX B BUIE MHOTOMEPHBIX BJIO-
JKEHHBIX MacCUBOB. OMHAKO ITOKA TaKWe CUCTEMBI YIIPABICHUS TAaHHBIMU HE SBIISTIOTCS
pacnpoCcTpaHEHHBIMU.

Kak MBI oTMewanu, pellieHue 3amady YIIpaBJIeHUs] OOJIBIIMMU TaHHBIMU PE3YJb-
TAaTOB MOJEJMPOBAHUST TPeOyeT OMHOBPEMEHHO MHIEKCHOTO JOCTYIA, pacIpeneicH-
HOTO XpaHEHHWS M ONTHUMAJBHOTO pe3epBUpoBaHUs. KoMIUiekcHasT cucTema yIpaB-
JIEHWSI, YIOBJIETBOPSIONIAs OJHOBPEMEHHO BCEM TpPEM TpeOOBaHUSIM, OTCYTCTBYET.
HMmMerommecs B HacTosIIee BpeMsl JOCTYITHBIE CUCTEMBI YIIPaBACHUST TaHHBIMU OPHCH-
THPOBAaHEI Ha BHITIOJTHEHNE KAKOW-TO OMHOM U3 3TNX (PYHKIWIA, U MX MHTETpaLvs Tpe-
OyeT HeIpHeMJIEMbIX HAaKJIaTHBIX PACXOIOB.

3AKIOYMEHUE

B cBsI3u ¢ OTCYTCTBMEM Ha pbIHKE HEOOXOAMMON KOMILJIEKCHOM MpOrpaMMHO# IiaT-
(bopMBI IS IPUKITATHBIX CUCTEM Ha 0a3¢ YMCICHHOTO MOIEIUPOBAaHUSI, HAMU MOCTPO-
€H MporpaMMHO-aImnapaTHbIli KOMILIEKC, KOTOPbI BO MHOTOM SIBJISIETCSI KOMITPOMMCC-
HBIM pellleHUeM W BHYTPEHHHUM IIPOTPAaMMHO-TEXHOJIOTHYECKUM MojiuroHoM. C Harei
TOYKU 3pEHUs, B 3TOM KOMIUIEKCE TOCTaTOUHO 3(PDEKTUBHO pellIeHbl 3a1auM ITOCTPoe-
HUSI allIlapaTHOTO CJIOSI, CJIOSI OPTaHU3AalM BEICOKOTIPON3BOIUTEIBHBIX BEIUUCICHUH,
a TaKKe obecrieyeHa BO3MOXHOCTh YIaJAEHHOTO TOCTYIIa MOJIb30BaTe et U TpaHCISILIUN
BUICOJAHHBIX C TTOMOIIBIO CHCTeMbI BUpTyaiau3auun. [loacucrema XpaHeHUsT JaHHBIX
M pacrnpeneJéHHbIA peHIePUHT MHTePaKTUBHBIX 3D-1300pakeHuii — 4yacTh KOMIUIEK-
ca, KOTOpEIe TpeOyYIoINe JaTbHeHIIei pa3paboTKHU.

B Hacrosmuit MOMEHT 3(h(HeKTUBHOCTD MOACUCTEMbI XpaHEHUs 00ecreYnBaeTcs
C TIOMOIIIBIO amnmnapaTtHoi TaatdgopMbl. st aToit uean ucnonndyercss RAID-Maccus,
COCTOSIIIMI U3 BHICOKOCKOPOCTHBIX IMCKOB, a TakXe opraHuzoBaH SSD-kemi. B kaue-
cTBe (hailIOBOI MOACUCTEMBI BEIOpaHA OMHA M3 CaMBIX IMPOCTHIX, HO 3(D(EKTUBHBIX, —
NFS, 4yto ¢ yyé€ToM ILIeHTpaIM30BaHHOIO OHUCKOBOTO MacCHMBa M OpPraHM30BaHHOM
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Infiniband-ceTu Mo3BOJISIET OCYIIECTBISATh JOCTATOUHO OBICTPOE COXPAHEHME AAHHBIX
BBIYMCIUTEIBHBIMU Y3JIaMU. DTO TakKXKe OOECIIeUMBACTCS CPABHUTEIBHO HEOOJBIINM
KOJIMYECTBOM BBIYMCIUTEIBHBIX MPOILECCOB (He Oosiee 24), KOTOpbIE OCYIIECTBISIOT
3armch nHdopmaiuu. OgHAKO MPH JaJbHEHIIe MOIEPHM3AIMKN KOMILIEKCa 1 POCTe
KoJr4ecTBa mpoueccoB 3(pPeKTUBHOCTb BBOAA/BbIBOIA HAUHET CHMXKATHCS, U CTaHET
HEOOXOIMMO PacCMOTPETh BO3MOXKHOCTh MCITOJIB30BAaHMSI PACTIPEICIEHHON CHCTEMBI
xpaHeHus (daiinosoit unu CYB/).

Bmrkaiimmeit 11eap10 COBEPIICHCTBOBAHUS Pa3pabOTAaHHOrO KOMIUIeKca OymeT
pa3BUTHE CJIOSI pacIpefesIEHHOW BU3yaIM3allMi AaHHBIX. B HacTosSIuUii MOMEHT BU-
3yaJin3alysl JAaHHBIX ITPOUCXOAUT C UCIIOJb30BaHUEM BO3MOXHOCTel KapT NVidia K2
B BupTyanbHoii cpene Citrix Desktop. OgHako 1Mo UMeIOLIMMCS OLIEHKaM CKOPOCTb BU-
3yanu3auuy OyleT HelloCTaTOYHA yxXKe B OivKaiiieMm OymylleM MpU OTOOpaxkeHUU pe-
3yJIbTaTOB Te0(MU3NYECKUX UCCICNOBAHUI W YMCIEHHOTO MOACJIMPOBAHUS OOJIBIINUX
MECTOPOXIECHUM.

Takum obpa3oM, co3gaHKWe CHEUUATU3UPOBAHHON KOMIIJIEKCHOW BBICOKOIPOU3-
BOJIUTENIHHON MPOrpaMMHOM TUIAaT(OPMEI SIBJISIETCS aKTyaJlbHOM 3agadeii. E€ pelrenne
MO3BOJIUJIO Obl YMEHBIIUTh CIOXHOCTh CUCTEMHOTO W TMPUKJIAAHOIO MPOrpaMMHOTO
obecrieyeHMsI, 00ECIIeUNTh MAaCIITaOMPYEeMOCTh B 3aBUCHMOCTU OT IIPEHbSIBISEMBIX
TpeOOBaHUIA U afanTaluio Mo OyaylIKe MPorpaMMHO-TEXHUUECKUE PELLIEHUST U B UTO-
r'e CHU3UTh CTOMMOCTh BHEAPECHUS M SKCIUTyaTalluy CyIIePKOMITBIOTEPHBIX KOMIUIEKCOB
B MPOMBILLIJIEHHOCTH.

C y4€ToM OOBIINX 0O0BEMOB MCIIONb3YEMBIX TAHHBIX ONTUMAIBHBIM IIPEICTABIIS-
€TCsl TOCTpoeHUe MIaTdhOPMbl HA OCHOBE €AMHOI MOAEIN JaHHBIX /I BU3yalu3aliuu,
pPacyYETOB U XpaHEHUS [UIST COKPAIICHUSI 3aTpaT BRIYMCIUTEILHBIX PECYPCOB Ha MPeo0-
pa3oBaHMs JaHHBIX B Mpolecce paboThl U MUHMMU3ALIMKU 3aHUMaeMOI TaMsITH.

HoctymHas nporpaMMHast Iatdopma st IOCTPOSHMS IIPUKIIATHBIX CUCTEM C HC-
MOJIb30BAHUEM CYIIEPKOMITBIOTEPHOTO YMCJIEHHOTO MOJEJIMPOBAHUS TO3BOJIWIA ObI
YBEJIMIUTH KOJWYECTBO HAYYHO-TEXHOJOTWUYECKHUX CTApTaIlOB, PEaU3YIOIINX HOBBIE
TeXHUYECKHUE TOAXOAbl B MPOMBILLIEHHOCTH, MPUYEM CO3JaBaeMble MMU PpeIEHUs
ObLIM Obl COBMECTMMbBI Ha MPOTPAaMMHOM YPOBHE UM MOTJIU Obl ObITh MHTETPUPOBAHBI
B €IMHOM OU3HeC-Tpoliecce MPeaPUsITUA.

JINTEPATYPA

[AunpeeBa, MapkuHna, 2013] Audpeesa A. /., Mapxuna C. 5. O630p iporpamm Jijist BU3yaiu-
3allUY MeTULIMHCKUX TaHHBIX // Mononoit yuénsrit. 2013. Ne 3. C. 512-516.

[berenun u np., 2007] bemeaun B. b., Beauxos FE. Il., Kywnupenko A. I. MaccoBbie cynep-
KOMIIBIOTEPHBIE TEXHOJOTMHU — OCHOBAa KOHKYPEHTOCITIOCOOHOCTH HAIlMOHAJIbHOM
skoHoMuku B XXI Beke // MH(pOpMALIMOHHBIE TEXHOJIOTUM U BBIYUCIUTEIbHBIC CH-
crembl. 2007. Ne 2. C. 3—10. URL: http://www.jitcs.ru/index.php?option=com__
content&view=article&id=17.

[[Ma6anuu u op., 2013] lllabaasun H. 4., Peixcos B. A., Bupsavyes E. B. TlaccuBHasi HU3Ko4a-
CTOTHas ceficMopa3Benka — MUdbI 1 peaibHOCTD // [Ipubopsl 1 cucTeMbl pa3Benoy-
Hoii reodmsuku. 2013. Ne 2. C. 46—53.

[Baumann et al., 1999] Baumann P. et al. Spatio-temporal retrieval with RasDaMan
// VLDB. 1999. P. 746—749.

[Bria et al., 2015] Bria A., lannello G., Peng H. An open-source VAA3D plugin for real-time
3d visualization of terabyte-sized volumetric images // Biomedical Imaging (ISBI), 2015
IEEE 12'" Intern. Symp. 16—19 April 2015. P. 520—523. URL: http://home.penglab.
com/papersall/docpdf/ 2015 _ISBI_Terafly.pdf.

30



OnbiT paspa6on<|/1 N 3KCnNyaTaymi cynepkoMnblOTEPHOrO KOMNNEKCa ANA peLleHns 06paTHbIX 3aflay celicMopasBeKu

[Buck et al., 2011] Buck J. B. et al. Scihadoop: array-based query processing in Hadoop
// Proc. 2011 Intern. Conf. High Performance Computing, Networking, Storage and
Analysis. ACM, 2011. P. 66.

[Caban et al., 2007] Caban J.J., Joshi A., Nagy P. Rapid development of medical imaging
tools with open-source libraries // J. Digital Imaging. 2007. V. 20. No. 1. P. 83—93.

[Cudré-Mauroux et al., 2009] Cudré-Mauroux P. et al. A demonstration of SciDB: a science-
oriented DBMS // Proc. of the VLDB Endowment. 2009. V. 2. No. 2. P. 1534—1537.

[Currid, 2014] Currid A. Delivering high-performance remote graphics with NVIDIA
GRID virtual GPU // SIGGRAPH. 2014. URL: http://on-demand.gputechconf.com/
siggraph/2014/presentation/SG4119-Delivering-High-Performance-Remote-Graphics-
NVIDIA-GRID-Virtual-GPU.pdf.

[Da Costa et al., 2015] Da Costa G. et al. Exascale machines require new programming para-
digms and runtimes // Supercomputing Frontiers and Innovations. 2015. V. 2. P. 6—27.

[DiCE TM 3.0..., 2009] DiCE TM 3.0 Functional Overview. White Paper, mental images
GmbH. 2009. URL: http://www.nvidia-arc.com/fileadmin/user_upload/PDF/DiCE _
White Paper.pdf.

[Feblowitz, 2012] Feblowitz J. The big deal about big data in upstream oil and gas // Paper and
Presentation, IDC Energy Insights. 2012. URL: https://www.hds.com/assets/pdf/the-
big-deal-about-big-data-in-upstream-oil-and-gas.pdf.

[Getting Started..., 2014] Getting Started with Ocean for Geoscientists and Software Devel-
opers. Published by Schlumberger Information Solutions, San Felipe, Houston Texas.
2014. URL: https://www.ocean.slb.com/~/media/files/developer/getting%20started/
gettingstartedwithocean-2014-1.pdf.

[Haffinger, 2013] Haffinger P. R. Seismic broadband full waveform inversion by shot/receiver
refocusing. TU Delft, Delft University of Technology, 2013. URL: http://repository.tu-
delft.nl/view/ir/ uuid%3Ad2d8d264-5037-4573-8418-a079afa8d 1e7.

[Hassan et al., 2012] Hassan A. H., Fluke C.J., Barnes D. G. A distributed GPU-based frame-
work for real-time 3d volume rendering of large astronomical data cubes // Publications
of the Astronomical Society of Australia. 2012. V. 29. No. 03. P. 340—351.

[Heber et al., 2014] Heber G., Folk M., Koziol T. Big HDF FAQs. The HDF Group. 2014.
http://www.hdfgroup.org/pubs/papers/Big. HDF_ FAQs.pdf.

[Holdaway, 2014] Holdaway K. Harness Oil and gas big data with analytics: optimize explora-
tion and production with data driven models. John Wiley and Sons, 2014. URL: http://
www.sas.com/storefront/aux/en/spbigdataoilgas/66509 excerpt.pdf.

[Howe et al., 2009] Howe B. et al. Query-driven visualization in the cloud with MapReduce
// Proc. of the Fourth Annual Workshop on Ultrascale Visualization. 2009. URL: http://
citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.464.9186 &rep=rep 1 &type=pdf.

[Howison, 2010] Howison M. Tuning HDFS5 for Lustre file systems // Workshop on Interfaces
and Abstractions for Scientific Data Storage (IASDS10). Heraklion, Crete, Greece, Sep-
tember 24, 2010. URL: https://www.hdfgroup.org/pubs/papers/howison_hdf5_lustre
iasds2010.pdf.

[Kaufman et al., 1993] Kaufman A., Cohen D., Yagel R. Volume graphics // Computer. 1993.
V. 26. No. 7. P. 51—-64.

[Kerzner, Maniyam, 2013] Kerzner S. M. M., Maniyam S. Hadoop Illuminated // Hadoop II-
luminated LLC. 2013. URL: http://hadoopilluminated.com/hadoop_illuminated/ha-
doop-illuminated.pdf.

[Kushner, 2009] Kushner D. Game developers see promise in cloud computing, but some are
skeptical // The IEEE Spectrum March. 2009. URL: http://spectrum.ieee.org/compu-
ting/networks/game-developers-see-promise-in-cloud-computing-but-some-are-skep-
tical/1.

[Lietal., 2015] Li J., Pan C., Lu M. A seismic data processing system based on fast distributed
file system // Intern. J. Computers and Technology. 2015. V. 14. No. 5. URL: http://cir-
world.com/journals/index.php/ijct/article/view/4045/pdf 586.

31



E.B. bupaneyes, M.P. [anumos, J. E. [lemudos, A. M. Enuzapos

[Mitchell et al., 2011] Mitchell C., Ahrens J., Wang J. Visio: enabling interactive visualization
of ultra-scale, time series data via high-bandwidth distributed i/o systems // Parallel and
Distributed Processing Symp. (IPDPS). 2011 IEEE Intern. IEEE, 2011. P. 68—79.

[Nienhaus et al., 2013] Nienhaus M., Mensmann J., Radig S., Thamm T. NVIDIA indeX — le-
veraging GPU compute for interactive large-scale data visualization // GPU Technology
Conference. 2013. URL: http://on-demand.gputechconf.com/gtc/2013/presentations/
S3415-indeX-Interactive- Data-Visualization.pdf.

[NVIDIA IndeX..., 2014] NVIDIA IndeX, version 1.2. Whitepaper, NVIDIA Advanced
Rendering Center. 2014. URL: http://www.nvidia-arc.com/fileadmin/user_upload/in-
dex_2014/documents/nvidia_index_whitepaper.140505.A4.pdf.

[Ocean Wizards..., 2013] Ocean Wizards and Developer’s Tools in Visual Studio for Geosci-
entists and Software Developers. Published by Schlumberger Information Solutions, San
Felipe, Houston Texas. 2013. URL: https://www.ocean.slb.com/~/media/files/develop-
er/getting%20started/oceanwizardsanddeveloperstools2013.pdf.

[Ojala, Tyrvdinen, 2011] Ojala A., Tyrviinen P. Developing cloud business models: A case
study on cloud gaming // IEEE Software. 2011. V. 28. No. 4. P. 42—47. URL: http://
www.computer.org/cms/Computer.org/ComputingNow/homepage/2011/0711/T_SW_
DevelopingCloudBusinessModels.pdf.

[Panteleev, 2014 Panteleev A. Practical real-time voxel-based global illumination for cur-
rent GPUs // SIGGRAPH. 2014. URL: http://on-demand.gputechconf.com/
siggraph/2014/presentation/SG4114-Practical-Real-Time-Voxel-Based-Global-I1lumi-
nation-Current-GPUs.pdf.

[Pietzsch et al., 2015] Pietzsch T. et al. BigDataViewer: visualization and processing for large
image data sets // Nature Methods. 2015. V. 12. No. 6. P. 481—483.

[Priyadarshy, 2015] Priyadarshy S. (2015) The 7 pillars of Big Data // Petroleum Review.
2015. URL: https://www.landmark.solutions/Portals/0/LMSDocs/Whitepapers/
The_7 pillars_of Big_Data_ Whitepaper.pdf.

[Ross, 2009] Ross P. E. Cloud computing’s killer app: gaming // Spectrum, IEEE. 2009.
V. 46. No. 3. P. 14—14.

[RVA..., 2015] RVA: A Plugin to ParaView 3.14 for Improved Reservoir Visualization and
Analysis (2015): User manual version 2.5.2, September. 2015. URL: http://rva.cs.illinois.
edu/downloads-vl/RVAmanual v252.pdf.

[Staadt et al., 2003] Staadt O. G. et al. A survey and performance analysis of software plat-
forms for interactive cluster-based multi-screen rendering // Proc. Workshop on Virtual
environments 2003. ACM. 2003. P. 261-270.

[Stonebraker, Kepner, 2012] Stonebraker M., Kepner J. Possible Hadoop trajectories.
Communications of the ACM, Blog. 2012. URL: http://cacm.acm.org/blogs/blog-
cacm/149074-possible-hadoop-trajectories/fulltext.

[Stuart et al., 2010] Stuart J. A. et al. Multi-GPU volume rendering using MapReduce //Proc.
of the 19th ACM Int. Symposium on High Performance Distributed Computing. ACM.
2010. P. 841—848.

[Vo et al., 2011] Vo H. T. et al. Parallel visualization on large clusters using MapReduce
// Large Data Analysis and Visualization (LDAV). 2011 IEEE Symp. 2011. P. 81—88.
[Walker, Buch, 2012] Walker K., Buch D. Integrated GPU acceleration with real time visual-
ization of terabyte data. NVidia GTC, Hue AS/Hue Technology North America. 2012.
URL: http://hue.no/sites/default/files/S0436-Integrated-GPU-Acceleration-RT-Visu-

alization-of-Terabyte-Data_0.pdf.

[Yrke, Heck, 2015] Yrke O., Heck M. How Schlumberger leverages NVIDIA GPUs using
the open inventor toolkit // GTC. 2015. URL: http://on-demand.gputechconf.com/
gtc/2015/presentation/S5329-Michael-Heck-Oyvind-Yrke.pdf.

32



OnbiT pa3p660TKI/1 N 3KCnNyaTaymi cynepkoMnblOTEPHOrO KOMNNEKCa ANA peLleHns 06paTHbIX 3aflay celicMopasBeKu

HPC CLUSTER DEVELOPMENT AND OPERATION EXPERIENCE FOR SOLVING
THE INVERSE PROBLEMS OF SEISMIC PROSPECTING

E.V. Biryaltsev', M. R. Galimov", D. E. Demidov?, A. M. Elizarov**

! “Gradient Technology”, Kazan
Kazan Branch of Joint Supercomputer Center of the Russian Academy of Sciences
3 Lobachevskii Institute of Mathematics and Mechanics of Kazan Federal University (IMM KFU)

The experience of creating an integrated hardware and software solutions for high-perfor-
mance computing in solving the problems of modern geophysical techniques based on full-
wave inversion is described. Problems creating a mass of high-performance software systems
for a wide use in industry are discussed. Review of existing software and hardware solutions in
this area is given.

Keywords: graphics general-purpose computing, numerical simulation, distributed com-
puting, full-wave inversion, GPU cluster, geophysical surveys, high-performance computing
platform.

Biryaltsev Evgenij Vasil’evich — general director, PhD, igenbir@ya.ru

Galimov Marat Rasifovich — deputy general director, PhD, glmvmrt@gmail.com

Demidov Denis Evgen’evich —senior researcher, PhD, denis.demidov@gmail.com

Elizarov Alexander Mikhajlovich — doctor of physical and mathematical sciences, professor IMM
KFU, head of the Kazan Branch of Joint Supercomputer Center of RAS, amelizarov@gmail.com



YK 532.511,519.688

TPEXMEPHA TEH30PHASl MATEMATUKA BbIYUCIUTENBHbIX
JKCNEPUMEHTOB B TMAIPOMEXAHUKE

A. B. bozoaHos, A. b. flezmapes, B. H. Xpamywun

CaHKT-TMeTepbyprcknin rocyfapcTeeHHbIn yHusepcuteT (CM6IY)

ApXuTeKTypa IMGPOBOTO BLIYUCIUTEILHOTO KOMIUIEKCA OMpenelisseT TEXHUIECKYI0 OCHO-
BY YHM(UIIMPOBAHHOTO MAaTeMAaTHUYECKOTO SI3bIKA TSI CTPOTOTO apu(PMETHUKO-TOTTIECKOTO
ONMCAHMS SIBJICHUI M 3aKOHOB MEXaHWKM CIUTOIIHBIX CPE JJIST TIPUKJIAIHBIX 3a1a4 THIPO-
MeXaHUKHU U pusnueckoii Teopun mossi. CoBepIlIeHCTBOBAHME COBPEMEHHBIX KOMITbIOTEPOB
CTOWT Ha TyTU BOBJICYEHUST BBIMUCIMTEIbHBIX OMepallnii B BeChMa BOJIbBHBIE (hopMajn3a-
LMY MHOXECTBA JIOKAJIbHO-CBA3HBIX HHU(MPOBBIX I'e€OMETPUUYECKUX OOBEKTOB, HE3aBUCH-
MO CYIIECTBYIOIIUX M TpaHC(HOPMUPYIOIINXCS B OKPYKEHUU aHAJOTUYHBIX BUPTYaJbHBIX
CYLIHOCTE!, M IO COBOKYIHOCTM MOZAEJIMPYIOLIMX PEajbHble B3aUMOACHCTBUSL CMEXHBIX
YaCTUIl CIUIONTHOMN cpenbl. [yboKoe pacrapauleIMBaHue BBIYUCIUTEIBHBIX TPOIECCOB
CIIY>XUT BO3POXICHUIO Ha HOBOM TEXHUYECKOM YpPOBHE MPUKIATHOTO (DYHKIIMOHAJTHLHOTO
MPOTPaMMUPOBaHUSI, OOECTICUNBAIOIIETO CKBO3HOM KOHTPOJb BBIYMCIMTEIbHBIX ITpOIliec-
COB C aBTOMATUYECKUM MTPUMEHEHNEM pa3HOMACIITaOHbIX THOPUIHBIX CXEM U aTalTUBHBIX
MaTeMaTUIeCKNX MoJeieil I TOCTOBEPHOTO BOCIIPOM3BEACHUS (DyHIaMEHTATBHBIX 3a-
KOHOB (DM3WKW W MEXaHWKHU CIUIOIIHBIX cpel. TeH3opHas hopMaiu3alys YUCIOBBIX 00b-
€KTOB U BBIYMCIUTEIbHBIX OMEpaIuii CIYKUT MPOCTPAHCTBEHHOW MHTEPIOJSAIIMYU TapaMe-
TPOB PEOJIOTMYECKOTO COCTOSIHMSI M 3aKOHOB TMAPOMEXaHUKHU B KAUECTBE MaTeMaTUYECKUX
MoJeseil B JJOKaJTbHBIX KOOPIWHATAX 3JIEMEHTAPHBIX YUCIOBBIX STY€€K — KPYIMHBIX YaCTHI]
KUIKOCTH.

PaGota yactuuHo nommepxkaHa Poccuiickum ¢oHIoM (yHIaMeHTaJbHBIX MCCIEI0Ba-
Huii (mpoekT Ne 13-07-00747-a) u Cankr-ITeTepOyprckumM rocynapcTBeHHbBIM YHUBEPCUTE-
ToM (mipoekT Ne 9.38.674.2013). MccaenoBaHust IpOBeAEHBI ¢ UCITOIB30BAaHUEM 000PYIOBa-
HUSI pecypcHOro neHTpa «Berancaurenbabiii meHTp CII0IY ».

Katouesvle crosa: BHIUVCIUTENbHBIN SKCIEPUMEHT, TEH30pHAas MaTeMaThKa, TMIpO-
MeXaHMKa.
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MPEANCITIOBUE

Hctopust cranosinennst CFD mpoxonniia B BUIEHUN TIEPCIIEKTUB MHTEHCUBHOTO POCTa
BBIYMCJIMUTEIbHBIX PECYPCOB U MEPUOIMUECKMX OILIEHOK, CKOJIBKO Tepa- WM 3K3adJIoI-
COB ITOHAIOOUTCS, YTOOKI PEIINTh BCe TTPOOJIEMBI 3TOI HAYKN BeChMa apXaldYHBIMHU Ma-
TeMaTudecKuMu MetogamMu. Ha atom dhoHe pe3kuM IMCCOHAHCOM BBITISIACIN MOTIBITKI
poccuiickux y4é€Hbix [JopomHulibiH, 1997] BepHYTCS K MOCTAHOBKE BBIYMCIUTEIHLHOMN
3aa4d Ha OCHOBE CUHTE3a UCXOMHBIX (PU3UUECKUX PUHIIAIIOB, MTOJONTHA C HOBBIX ITO-
3UIUN K IMTPOSKTUPOBAHUIO BEIYMCIUTEILHBIX SKCIIEPUMEHTOB 1 BHIXOIUTH Ha TIPSIMOE
MOJEIMpPOBaHUE TeUEHUI. DTO, OMHAKO, CIIUCHIBAJIOCH HA HEXBATKU BBIYMCIUTEIbHOMN
TEXHUKHU Yy TaKUX MCCIIemIoBaTesicii, a Bce CUJIbl BHOBb M BHOBb OpPOCAJICh HAa CO3MaHME
MOpPAJIbHO yCTapeBaroIIMX MAaKeTOB CTAHAAPTHBIX IIPOrpaMM, ¢ He BCEraa aaeKBaTHBIMU
aJTOPUTMAMU, W Ha CO3JaHME MAJEKUX OT WHXKEHEPHBIX BUICHUNM MHCTPYKLMI IO UX
HCIIOIb30BaHUI0. TO, YTO TH MaKeThI IIPOrPaMM He BCeraa KOPPEKTHO OMUCHIBAIN (U~
3U4YeCKOe SIBJICHNE M 0€3BO3BPAaTHO YTPAUMBAIN CBI3b C MHXKEHEPHBIMU JOCTUKCHMSI-
MM B apXUTEKTYpPe BBIYMCIUTEIbHBIX CUCTEM, IO MHEPLUU CIIMCHIBAETCS HA HEXBATKY
pecypcoB, 1 TOToMy coBpeMeHHbIe KHUTH 110 CFD cMoTpsATCS MMEHHO KaK ONMUCaHUs
COOTBETCTBYIOIIMX CTAHAAPTHBIX IIpOrpaMM 0e3 JOJKHOM B3aMMOCBSI3U ¢ UX MPUKIIAI-
HBIM TIpemTHa3HadeHWeM. BIipodeMm, TIIyOOKWII aHaW3 YMCTO (PU3MUCCKUX IIPOOIEM
B CO3JaHMU MaTeMaTUYECKUX MOJejIeii U MPOSKTUPOBAHUM MPUKIIATHBIX aJTOPUTMOB
B CFD Ob11 BeiNoJIHEH ell€ B 1974 r. [Astarita, Marrucci, 1974].

IlepBbie NpenocTeperale CUTHAIBI MPO3ByJYaid B Havyalle BeKa, KOIma oKa3auoch,
YTO GOJIBIIMHCTBO CTAHIAPTHBIX IIPOrpaMM, €CJI U TTIOPTUPYIOTCS Ha CepBEPHI ¢ MHOTOSI-
JIEPHBIMU TTPOLIECCOPaMU, TO, BO BCSIKOM CJTydae, OueHb IUIOX0 MaciTabupytotcs. B HacTo-
sIIiee BpeMsI, KOTa Bce OOJIbINNE BBIYMCIIATEIIBHBIC KOMITICKCH TeTepOTreHHbI, HUKAKNX
unei no nepeHocy Ha Hux craHgaptHeix CFD nporpamm He mpocMarpuBaercs. IlpuunHa
3TOr0 MOHSITHA — 3aa4y IMHAMMKU 3JIEMEHTapHOTO 00bEMA U €€ reoMeTpruIeCcKHe acrek-
Thl TaK CHMJIBHO 3aBSI3aHBI, YTO B IIPOLIECCE BBHIUMCICHUI HAa KaXIOM TaKTe HEOOXOIUMO
OOMEHUMBATHCSI TAKMM KOJIMUYECTBOM Pa3HOPOIHOM MH(MOpPMAIM, KOTOPOE CPaBHUMO CO
BceMM 00pabaThiBaeMbIMU TaHHBIMU. HO HU OmuH TMOPUIHBIN ITPOLIECCOp HE CIOCOOEH
obecrreunTh 3Toro. K HacrogieMy BpeMeHM CTaja OYEBMIHON HETOCTaTOYHOCTH (hop-
MaJIbHOTO pacrnapajUleIMBaHUSI C TTOMOIIBbIO BEKTOPM3ALMN BBIUMCIUTEIBHBIX ITOTOKOB,
YTO OOYCJIOBIEHO HEOOXOMMMOCTBIO TOBCEMECTHOTO KOHTPOJST M TMOPUIHOM IIepeHa-
CTPOMKM BBIYMCIUTEIBHBIX ITPOLIECCOB B 3aBUCMMOCTH OT (bM3UYECKOIO COCTOSIHUSI MO-
JETMPYEMBIX XKUAKOCTE. Pa3BuTie KOHTMHYaJTEHO-KOPITYCKYJIIPHBIX METOIOB Ha OCHOBE
poccuiickoro «MeToma KpyImHbIX YacTull» | benonepkoBckuii, laBeino, 1982], mpusonut
K BBIYMCIIATESIIEHBIM MOZEJISIM TEH30pHON MaTeMAaTHKU C He3aBUCUMBIM KOHTPOJIEM CO-
CTOSTHUSI KQX/IOM pacy€THOM SIYEHKU-YaCTULIbI KUIKOCTU. BhIUMCIUTENbHBIE AJITOPUTMBI
¥ (PyHKIIMOHAITEHAS JIOTHKA CHHTe3a (PM3MIECKUX SIBJICHUI W TIPOLIECCOB IJIST STOU STJeii-
KU1 00ecrieuynBaeTcs apauieIbHO padoTaOIIMMU apU(PMETUKO-TTOTHYECKUMMU SIPaMU, YTO
B TOYHOCTY COOTBETCTBYET TEHICHILIMSIM Pa3BUTHS BEIUUCIUTEILHOMN TEXHUKH TT0 3arIpocam
rpaduyeckoii BU3yaau3aly TPEXMEPHBIX MPOCTPAHCTBEHHBIX SIBJICHUI ¥ TMHAMUYECKUX
MPOIIECCOB ¢ HUMH. MIMEHHO MCITOJIb30BaHKE TEH30PHOM aIreOphI TS TIPSIMOTO MOIIEIIH-
poBaHUsT (UBNIECKUX SIBIEHUIT U TIPOLIECCOB B COCTaBe 0OOOIIEHHOI TEH30PHOI MaTeMa-
TUKU, TT03BOJIIeT 3(P(EKTUBHO CUHTE3UPOBATHh TMAPOIMHAMMUYCCKIE U TEOMETPHUICCKUE
aCIeKThI BRIYMCIUTEIBHOTO TIpolLiecca B IIEJIOM. DTO NaBHO ITOHSIM B TeOpUU Tojis1. Takast
nporpaMma JUisi KBAaHTOBOI IpaBUTallMKM ObUla HamedyeHa B pabote [XpamyiuuH, 2005],
U Onectsie peanr3oBaHa B ctaThe [Wesseling, 2001]. ITpo6nemsr B CFD nMeroT Ty e npu-
pomy, TTO3TOMY €CTECTBEHHO ITPUMEHSIT U 31eCh ITOIXO0II, OCHOBAHHBIN Ha TEH30PHOM Ma-
TEMaTHUKe, a TIOCTPOCHUE aJITOPUTMOB JIJIs1 paOOTHI C TEH30PHBIMU YMCIIOBBIMU OOBEKTAMU
Ha COBpEMEHHBIX THOPUIHBIX CUCTEMAaX PeaTN3yeTCs €CTECTBEHHBIM 00pa3oM.
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K/TIOYEBbBIE OMPEAENEHNA

AJropuTMHUYEcKasi peaiu3alus MpsSMOro YMCIEHHOTO MOAETUPOBAHUS HeCTallMOHap-
HBIX MPOIIECCOB B TMIPOMEXaHMKE C MCIOJb30BAaHMEM SIBHBIX CXEM MMeEET IpeKpac-
HBII ucTopuyeckuii aHanor B (opme ucuncienus dmoxcuin Mcaaka HrloToHa, uyTo
B COBPEMEHHBIX aJTOPUTMax IMPEICTABISECTCS YMCIOBBIMU OOBEKTAaMM TPEXMEPHOTO
MPOCTPAHCTBA C BUPTYAJbHBIMU KOHTEKCTHBIMU CBSI3SIMU [UISI peayiu3alluv 3aKOHOB
TUAPOAdPOMEXaHUKU U (PU3NYECKO TEOPUM TIOJISI HAa OCHOBE OIepaluii TeH30pPHOM
MaTeMaTUKHU.

WUcuncnenue pmokcuii® co3gaér ocHOBY Kiaaccudyeckoil MmexaHuku HbroToHa s
JIBVKEHUSI B BEKTOPHOM ITPOCTPAHCTBE U CKAJISIPHOM BPEMEHU LSFHMT, 2008]. B xkune-

MaTHUKe TepBOil (DIIOKCHENH CTAHOBUTCS CKOPOCTh ABMXKeHMS V' [M/c], Kak pa3HOCT-
HbIl nuddepeHuan (no Heromony — momenm) B IPOU3BENCHUM C IIIarOM BO BpeMe-
“—

HU Af unu nipocto ¢ [c]. Ui MoaBMXKHOI TOYKU d [Mfz], BMOPOKEHHO B XXMIKOCTb,
KMHEMATUYECKOe ypaBHeHUE BKIo4aeT auddepeHunan (Momerm) CKOPOCTEH IBIKE-
HMS U BPEMEHM B €IMHOI aOCOIIOTHOM CHCTeMe KOOPAMHAT, TaK Xe KaK W BHYTPHU JIO-
KajJbHOTO IedopMuUpyeMoro 0asuca, CBSI3aHHOIO ¢ KOHKPETHOW KPYITHOM YacTULEH
KUAKOCTU — BUPTYaTbHBIM UMCIIOBBIM OOBEKTOM™;

- 5 o — A A — A A
YA=R+V-t+a-(x+v-i)+ o (r+ v [m], (1)
- -
rge W — CKOPOCTb CMELICHMSI TOYKU BHYTPU YaCTULIbI 2KUJIKOCTH,, + A — HOBO€ IT10JIO-

N
2KE€HUE KOHTpOHLHOfI TOUKM B aOCOJIIOTHOI CUCTEMe KOOpAWHAT, R — Mecromnoioxe-
A

HHE JIOKAJIBLHOTO 0a3uca B aOCOMIOTHOM cucTeMe KOOpAMHAT, ¥ — TEH30p BpallleHUI
A

u gedopmarium 6a3MCHBIX oceil TeH30pa (hOPMEI F.

Ha conpstk€HHOM 3Tarne BIYMCIUTEIBHOTO 9KCIIEPUMEHTA UCTIONIb3YIOTCSI OOHOB-
JIEHHBIE MIPOCTPAHCTBEHHBIC IT0JISI CKOPOCTEl U HecopMaiuii, HeOOXOTUMBIE UISI KOH-
TPOJISI IMHAMUYECKOTO COCTOSIHUS U TIEpeonpee/IeHUST PEOJIOTMYECKUX XapaKTepUCTUK
KUIKOCTU B (hOpMe CKaSIPHBIX, BEKTOPHBIX U TEH30PHBIX HEPA3PhIBHBIX (hU3NIECKUX
MOJIei CIAeNYIOIIEro pacuyETHOIO NHTEpBajla BO BpeMeHU. B COBpeMEHHBIX MHTErpasib-
HBIX BBIYUCIUTEIBHBIX MOMENSAX aHAJTOTUYHbIE TUIPOAUHAMUYECKE OCOOEHHOCTH ac-
COLIMUPYIOTCS C MPOCTPAHCTBEHHBIMU PACIPECICHUSIMU TOJISIPU3OBAHHBIX JIUTIOJb-
HBIX S7I€p, ¢ MPOU3BOAHBIMUA OT HUX BUXPEUCTOYHUKAMU HA MOBEPXHOCTAX pa3pbiBa
CILTOIIHOCTU WJIA YCTOMYMBOCTU TEYEHU I peabHOM BI3KOM, YIIPYTOil U CXUMaeMon™***
XKUIKOCTH.

* @moeHTH! (fluens, fluentis — Texymuii) — GYHKIWU X, Y, Z TI0 apTyMEHTY BpeMeHU 7,
Omokenu (fluxio — ucrteyenue) — X, ¥, Z MPOU3BOIHBIE X, ¥, Z TIO BPEMEHM 1.

+A :DAX+

X

x y 24
V.+v,a +v,a’ +v a ]t,

** B cKaJIIpHOM 3aIliCH: +Ay =4, +[Vy +v,a v, a’+ vyzath;

+ __ 0 X y 4
Az— Az Jr[Vz +v,a +v,a’+v, a }t.
**% B TeH30pHOW MaTeMaTHUKE OIPEIEISIOTCS PEOJIOTMYECKHE XapaKTePUCTUKY JIJIST BA3KOM

nu pryI‘OfI AKHUIOKOCTHU, 3aBUCAIIME OT CKOPOCTU U BEJIMYMHDLI JIOKAJIbHOW IIC(l)OpMaHI/II/I, COOTBET-
CTBCHHO.
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FEOMETPUYECKOE OBOBLUEHWE BbIYNCITTNTENTIbHBIX OBbEKTOB
N CBA3AHHbIX AJITOPUTMNYECKX ONEPALINNA

I'eoMeTprueckoe MOCTPOCHUE TTPOCTPAHCTBEHHOM 3a1auyM BKIIIOYAET CKAJSIpHBIC, BEK-
TOPHBIE W TEH30PHBIE YMCIIOBEIE OOBEKTHI C OMpeneIEHHBIM BBIOOPOM aJrOpUTMMYE-
CKHX TIporenyp W apudMETUKO-JTOTMUESCKMX OIepallnii, B pa3MEepHO (U3MIECKOI
dopMe 1 ¢ MPUBI3KOM YMCIOBLIX OOBEKTOB K MHTEPIOJSLIMOHHBIM 0a3rcaM B TEH30p-
HOM™ CETOYHOM IIPOCTPAHCTBE.

DJleMeHTapHbIEC YHUCIIOBBIE 0OBEKTHI 00Pa3yIOTCSI CUMILIEKCAMU HEKOMITJIaHAPHBIX
0a3MCHBIX BEKTOPOB (CM. pHUC. 1), MCIIOIB3YyeMBIX B KAYECTBE TUMHEHHBIX MHTEPITOJISIII -
OHHBIX OTEpaTOPOB — PA3HOCTHBIX InddepeHIINaIoB B TPEXMEPHOM EBKIIMIOBOM

MPOCTPAHCTBE /¥ ; W CIyXaT Ui HOCTpOCEI/ISI HEPa3pbIBHbLIX (1)I/I3I/I‘ICCKI/IX noJjeun

B OKPECTHOCTU CMEXHBIX CETOUHBIX y3JIOB gR U LEHTPOB MacC ® JJIsI COMPSIKEHHBIX
C HMMHU KPYIHBIX Ie(hOPMUPYEMBIX M TMOABUXKHBIX YaCTUIL[ CIUIOIIHOM Cpebl.
ITpousBeneHre BEKTOPHBIX U TEH30PHBIX BEJIMYMH BBIMTOJHSIOTCS CO CBéILFKOE 7 CyM-
MHPOBAaHMEM HEMBIX WHACKCOB B OIXHOWICHHOM HpOI/IBBe,I[eHI/II/I:* a=ar wm
-«
a’ = air’7 "~ IIpM Mepexofie B JIOKAIbHbI 0a3uc, 1 00paTHO — 4 = a-F Wi a, = ajrjk —
MpU BO3BpaTe K aOCOJIOTHBIM KOOpAMHATAM (meH30p A0KAAbHO20 6a3uca — cnpasa
om 8eKmopa).
» Jlesblil 6epxHuil uHdekc OTMEYaeT TeKyllee BpeMsl, KOTOpOe MOXKET 0003HaYaTh-
Cs1 TIPOITICHOIT GYKBOH ' B aGCOMIOTHOM M3MEPEHNH, WIN PACYETHBIM IIATOM
BO BpEMEHH 'R, WIM 3HAYKAMH ' M ~® — ISl CCBUIOK HA CJIEAYIOLIMii MIH
MPEObITYIINIT MHTePBaJI BO BpEMEHMU;

o Jleebiii HuxcHUil uHOeKC — MECTOTIOJOXEHUE B CETOYHOM MPOCTPAHCTBE
A A

{X,Y,Z}r, wiin cchUIKM Ha CMEXHBIE Y36l {+}F WIM LEHTPH Macc YacTHIL
\Y

KNIKOCTU {—}V Ha CO]'[pﬂ)KéHHBIX 9Tarax BbIYMCINTCJIbHOTO OKCIICPUMEHTA.

Puc. 1. TeomeTpus r106aTbHOTO CETOYHOTO TIPOCTPAHCTBA {2} ¥ MHOXeECTBA JIOKAJIBHBIX 6a3u-
A

coB {r(w)}; i,j, k — eNMHUYHbIE OPTHI B CBA3aHHO CUCTEME OTCYETA

* TeH30pHOE WU EBKJIMIOBO MPOCTPAHCTBO U3HYTPU OMIMPAETCSI HA OPTOTOHAIBHYIO IeKap-
TOBY CUCTEMY KOODIMHAT C OPTaMU B MaclluTabe NCXOAHBIX 0a3MCHBIX BEKTOPOB.

ok TeH30pHOC IPOU3BCACHUE CIIYXUT AJId CMEHbBI COHpH)KéHHbIX KOOPAMHATHBIX 6331/ICOB,
WA 1J11 U3MEHECHU A (bnanecm/[x CBOICTB TIPOCTPAHCTBEHHBIX YHUCJIOBBIX 00BEKTOB.
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IIpasvle unoekco: CBSI3BIBAIOT BEKTOPHBIE W TEH30PHBIE KOMIIOHEHTHI B abCo-
JIIOTHOM M JIOKAJIBHBIX 0a3ucax, 4YTO CJAYXKUT CTPOrOMY OIpeIeaeHUI0 TUHAMM-
K1 1 1e(hopMaIii YMCIOBBIX STYeeK — YaCTUI] CTUTOLIHON CpebI.
*  Huorcnue npasvie unoexcol, TEH30PHBIA «TIOMHUK» W CTPEJIOYKA BIIPABO IMOKA3bI-
BaloOT HpI//\IHaI[IIC)KHOCTB eIMHOM abCOMIOTHOI crucTeMe KoopAauHat (cM. puc. 1).
-

Tensop » [M’] cobupaeTcst Mo CTOIGLAM U3 GA3UCHBIX BEKTOPOB 7, B MaTpuLe
-  « A

reoMeTpuYeCcKUX Mpeodpa3oBaHuil TUIIA d = a-F [M].

*  Bepxnue npaevie uHdexcol — TIPOSKIIUY BHYTPHM TPUBEKTOPA TIOABIDKHON U Je-
GhopMUpyeMOii CETOUHOM STYEHKU, TAe 0TOOpaKeHUE OPTOB aOCOMIOTHBIX KOOP-
IUHAT JIOXUTCS BevKTopaMH—CTpoAKaMH B MaTpulie 0OpaTHBIX KOOPIWHATHBIX

“—
npeoOpa3oBaHUl ¥ = F I= pk = p~1 [M_3], (V)TMeqaeMblx TEH30PHOU «Tajou-
— o
KOI» Y1 BEKTOPHOM CTPEJIOYKOM BJIEBO A = A F [M_z].

* [lponucHoimu Oykeamu OTMEYaloTCsl OOJIbIIINE YMCIOBBIE BETUUMHbBI, U3MEpSsIE-
MbI€ B MacIITAOHO 1IKaJie TJI00aJTbHOTO MPOCTPAaHCTBA 2 U eIMHOTO abCOIIOT-
Horo BpemeHHU T

*  CmpouHbiMu — CYIIECTBEHHO MaJjible BEJIMYMHBI MM KOHEYHBIE Pa3HOCTH, CO-
U3MEpPUMBbIE ¢ (PU3NUYECKUMU pa3MEePEHUSIMU JIOKAJbHBIX 0a3MCOB 3JIeMEeHTap-
HbIX YaCTUI] CIIJIOIIHOM Cpebl 0, U B UHTEPBAJIE TEKYILETO 1l1ara BpeMEHHU f.

AbcomoTHOe BpeMst 7' MOXET comepKaTh I0JIMAHCKYIO 1aTy M BpeMs OT Havaja Cy-

Tok* *T=T+ kt, Tak Xe KakK U aOCOJIIOTHbIE OTCUETHl B IPOCTpaHCTBe™*
- o« A

A= R+ a-r [M] — reorpaduueckre u Ipyrve 000OMEHHBIE KOOPAMHATEL. B cbamaH-
CHPOBAHHBIX YMC/ICHHBIX CXEMaX UCKIIOYAeTCs HEOOXOUMOCTh BOBJICUEHMUS a0COIIOT-

. T o

HBbIX OTCYETOB B IIPOCTPAHCTBEC QR 1 BpEMCHHU T, TaK KaK Ha BCEX 9TaIrtaX BbIYUCICHUU

JOCTAaTOYHO MCITIOJb30BaHMA YMCJIOBBIX BECJIMYMH B Yy3jJ1aX M LIEHTpax MaccC COHpH)KéH-
A - >

HBIX CETOUHBIX STYCEK — BUPTYAIbHBIX KOpIycKyl # = R—°R [m’]
pTy priyckyn r =_R— R [m’].

Puc. 2. TeH30p U3MeHEHUsI CKOPOCTE ® [M3/C] obpasyeTcst 1e(pOpMALlMOHHBIMU JABUKEHUSIMU
6Ga3MCHBIX BEKTOPOB pACYETHOM SUYEKM B IPOCTPAHCTBE, Ha (POHE X CMEIICHUS B IIPOCTPAHCTBE
A A A

vt [M3] 3a uHTepBan BpeMeHM ? [c] (TeH30oppl ® W V MOTYT OBITH BBIPOXIECHHBIMH, a MX
obpalleHne — HEKOPPEKTHO. )

* McruHHOe BpeMs 3amagrcest yncioBoii ctpykTypoit Event ¢ tonmnanckoit natoii: D (ot 4713 1.
IO H.D.), ¥ IOKAJIbHBIM BPEMEHEM B yacax oT Hayaia cyTok T.

** B mporpaMMHOIi cpejie TOUKH B IJT0OabHBIX KooparHaTax: Point — pasnesneHbl co cBOOOI-
HBIMU BEKTOpPaMH B JIOKAJbHBIX 6azucax: Vector, 4To yHUGMUIIMPYET BEIMUCIUTEIBHBIE OTepaIiun
C TEH30PHBIMM YKMCJIOBBIMU 00beKTamMu: Tensor u Basis.
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KnnemaTtnika BHYTpEHHUX ITOTOKOB 3aJa€TCS PAa3HOCTHBIM TEH30POM CKOPOCTH
(puc. 2) mo cMeIaeMbIM BO BpeMeHH 0a3UCHBIM BeKTOpaM (hOPMBI YaCTUIIBI KUIKOCTH:

A — - - -

vr=vet=in = n=an v, 2

A

rae TeH30p V [MB/C] 3a1a€T TeKylIle CKOPOCTU CMeEleHUs 0a3MCHBIX OPTOB YaCTUIIbI
KHMIKOCTH B JIOKAJTBHOM MacITabe (cmpourvie Oykenvt), N3MEPEHHBIC B TIPOCKIINH TJI0-
OayibHOI cUCTeMbl KoopnuHat (uxdexcot cuu3y). IlpeobpasoBaHUEM CUCTEMBI OTCUYETA

TEH30pa CKOPOCTeH™ K JIOKATbHOMY 0a3MCy KPYITHOI YaCTHUIIBI XXUIKOCTH (eeomempuye-
< AV

ckas Hopmaausauyus) v =v-¥ [1/c] momydaercs He3aBUCUMBIM TEH30pP KOHBCKTUBHBIX
<

CKOPOCTEi, XapaKTepH3YIOIINl TOKAJIbHOE IBUXKEHME XKUAKOCTU. TeHsop v [1/c] co-
JIEep>KUT paclIMpPEeHHBbI HabOp KMHEMaTUYECKUX BJIEMEHTOB CUCTeMbl AU depeHLIr-
aJIbHBIX YPaBHEHUI C TIEPEKPECTHBIMM ITPOU3BOIHBIMU KOMIIOHEHTAMU IBWKCHUS Ie-
(opMUpyeMOl YACTULIBI XKUIKOCTH:
<
y =
ANV

_ xx x x Xy »y Y
N
14 Vyxl’ + vyyr + vyzr Vyxl‘ + vyyr + Vyzl‘ vyx

XX »x 2x Xy »y 2y Xz vz z
v+ Vol + Vit v+ Vil + Vit Vol + Vil + Vil
XZ hZ4 Z
r 4 Vil + Vi
Jk _ Xx yx o Xy yy by Xz ¥z béd
v/t =
i Vol +vzyr Jrvzzr Vo F +VUI" +var Vo Jrvzyr +var

HMHuaue TaKer a[pOHSBEHeHHe MOKHO TIPEACTaBUTh B (popme momHOTO muddepeH-
< d d

LMpOBaHusL ¥ =v/r zévl. / UA)ri, HCIIOTHIEMOTO 0e3 MCKYCCTBEHHBIX MCKITIOUCHUI «Ma-

JIBIX» WJIM KOHBEKTUBHBIX 3JIEMEHTOB B IMPUOIMKEHUSIX CYOCTaHIIMOHAIBHBIX ITPOU3BO-

IHBIX, ¥ TIPA KOPPEKTHOM (bM3NUECKOW MHTEPIIPETAIINN PEOJTOTHMUCCKIMX XapaKTepH-

CTUK >XMIKOCTM M YCJIOBUM CYILIECTBOBAHUS TEUEHUIN, C BO3MOXKHOCTHIO

ACHMITTOTUICCKUX I SMIIUPUUCCKUX YTOTHEHNI YMCICHHBIX MOICIICH.

MATEMATUYECKAA OOPMANTU3ALNA KOHTUHYAJIbHO-KOPMYCKYNAPHOIO
MOJENMPOBAHWA B TMAPOMEXAHNKE

TenzopHast MareMaTHKa** OpHEHTHMPOBAHA HA CO3JAHME IIPSIMBIX BBIYMCIMTEIIBHBIX
SKCIIEPUMEHTOB B DEIIEHUW TMPUKIIANHBIX 3a4ay runpomMexaHuku. KoHTHHYanbHO-
KOPITYCKYJISIPHEIN TTOAXOI CTPOUTCS II0 YMCIIEHHBIM CXEMaM IEePBOTO MOpPSIKa C I0-
cJIenoBaTeJbHBIM Pa3HOCTHBIM MHTETPUMPOBAHUEM 3aKOHOB IBMKEHUSI Ha COIPSIKEH-
HBIX 3Tamnax 1o CKaJIsIpHOMY apryMEHTy — BpeMeHU. Pa3nelleHne 3TanoB BHIYMCICHUI
M0 COBOKYITHBIM (bM3MUYECKMM IpolleccaM NaéT BO3MOXHOCTb CKBO3HOTO KOHTPOJISI
¥ THOPUIHOTO TEPECTPOCHUSI MaTeMATUIECKNX 3aBUCUMOCTEH IO TEKYIIIUM OIICHKAM
COCTOSIHUSI MOJEIMPYEMOI CILIOIIHON Cpelbl ¢ YYETOM MHTEHCUBHOCTU (bU3MUECKO-
0 B3aMMOIEHCTBHMSI CMEXHBIX KOPIYCKYJ, KaK BUPTYaJBHBIX YHCIOBBIX OOBEKTOB.
KanoHnueckoe mpencraBiieHMe 3aKOHOB IMAPOMEXaHUKM IMO3BOJISIET CTPOro UM OIHO-
3HAYHO CBSI3BIBAaTh YUCJIOBEIE OOBEKTHI C apU(METHKO-JIOTUYSCKUMU OIEePallASIMU
M CJIOXHBIMU T€OMETPUUYECKUMU AJITOPUTMaMM, B TOM YHUCJIE C MCITOJIb30BaHUEM ObI-
CTPBIX MHTEPIIOISILIUIA 11T HEPETYISIPU30BAHHBIX CETOUHBIX IIPOCTPAHCTB.

* 3ar[peT TIOBBIIICHUWA paHra B OoIi€palugaX MPpOn3BEACHU A ITO3BOJIACT UCITI0JIb30BAaTh aBTOMA-

TUYECKUEC epECTaHOBKU COMHOXMUTEJIEH B T€OMETPUYCCKUX npeo6pa30BaH1/I${x
N N =V AV — < >

va=v(a-r)y=vra=va [m/c].

** MareMaTHKa — HayKa O KOJMYECTBEHHBIX OTHOIICHUSIX U MPOCTPAHCTBEHHBIX (popMax
JIeCTBUTEILHOIO MUpa.
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Puc. 3. PasneneHue 9TamoB BBIYMCICHUIA Puc. 4. Ha xopItycKyIsipHOM 3Tarie BEIYUCIIN-

Mo (GU3NYECKNM TIpolieccaM BKIIIOYAET TEH- TEJIBHOTO AKCTIEPUMEHTA BBITIOTHSIETCST OLIEH-
> Ka TeKYILEro peoJOTUYECKOro COCTOSIHUS

CIIONTHOM Cpe/ibl B MCXOMHBIX Y3J1aX pacyéT-
HOW CeTKN

30pPHYI0 Maccy M B KauyeCTBE IeOMETpHUE-

CKOTO OlepaTopa, KOPPEKTUPYIOIIETO IBHUKE-

HME 4YaCTUL[ XUAKOCTH IO XUBBIM CHJIAM

M MHEPLIUU HA COMPSKEHHBIX 3Tarax MoJesIn-
pOBaHUsI BO BpEMEHU

IMocnemoBateabHOE TIPOCTPAHCTBEHHOE MHTETPHUPOBAHIE TIEPBOTO MTOPSIIKA 3aaeii-
CTBYET CETOUYHBIEC U KOPIYCKYJISIPHbIC MOIXOAbI, (hopMaM3yeMble C TIOMOILbIO TEH30pa
>

WHEPLUMOHHOM Macchl M = m,’C [kr] B KayecTBe YMCIOBOro 0OBbEKTA M1 (hHKCcaAIMU Ipe-
IBICTOPUU — WHEPIINH B IBYDKCHUH M JIOKATBHOU AeOpMaIIiy MOICITNPYEMBIX YaCTHII
JKMIKOCTH, YTO 00pa3yeT aJropuTMUIECKYIO ITOCIeN0BaTeIbHOCTh COaTaHCUPOBAHHOIO
MPOTHO3a Y KOPPEKUUHU IBUXKEHUS TTO0 KPUBOJUHEHUHBIM TPAeKTOPUSIM YaCTULL KUJIKO-
CTU C IMHAMMWYECKU U3MEHSIOIIECICSI BHYTPEHHEN SHEPIUEH. >

BHelwHas MaccoBas cuiia B abCOJIIOTHO#M cucteme KoopauHar f [KF'M/Cz] B GeK-
mMopHOUI mpakmogke émopoeo 3akoHa Heromona mpencrapiisieTcsl TPOU3BOIHOMN >nplx[pa—

-

LIEHMs] KOJMYECTBA IBUXEHUs (cmpounas Oykea 6 0003Hauenuu ckopocmu) V-m/t BO
BpEMEHU:

;- t= : ;1 [kr-m/c].

Ha KOHTHMHyaJlbHOM 3Tale BbIYMCIUTEIBHOTO SKCMepuMeHTa (puc. 3, 4)
[Xpamymus, 2005] mis Kaxaoro TPOCTPAHCTBEHHOTO CETOYHOTO y3Jla Q ii' [M] yTou-
HSIIOTCSI BEKTOPHBIE TT0JIs1 a0COMOTHBIX V' [M/C] 1 TOKAIbHBIX (_(IKOpOCTeﬁ v [mM/c], Ha-
XOMSIIIUXCS B OJIMZKAMIIIMX OKPECTHOCTSIX PACUETHON SIYSKU a [M_z] ¢ yuétom necdop-

<
MALNM ¥ M3MEHEHHs] BHYTPEHHEH KMHETUYECKOH sHepruu @ [c!] rion JneicTBUEM
-
BHELIHUX MACCOBBIX CUI f [KF'M/CZ] Y TIOBEPXHOCTHBIX HAMPSLKEHUA f [H~M2], nen-

CTBYIOLIMX B YCJIOBMSIX AKTMBHOIO BIMSIHUS BHYTPEHHEW OSHEPruM W HWHEPLUU
> VA A

m=op-r [Kr] KOHKPETHOIl YacTULBl 7 [M’] B MPOM3BENCHNM C TEH30POM ILUIOTHOCTH

\

[ [Kr/m3], dopManu3yIoM TIPEALICTOPUIO NEeHCTBUS OOBEMHONM CUIbI WHEPLUU
¥ TIOBEPXHOCTHOTO KOMIUIEKCA KUBBIX CHJI — COOCTBEHHOU BHYTpEHHEH SHEPTUHT KU~
KO KOPIYCKYJIbI:
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I < > 5 AA < ? 2|
A= Ry ST Hw;m' Tl . 3)
N
e A [M] — MecTomojiokeHHMe TOYKM B HOBOM pPacu€éTHOM Illare BO BpPEMEHW;
§ [M] — wucxomHOe MeCTOIOJIOXEHUE ILIeHTpa OTCYéTa s qgcnomﬁ STYCHKU;

V' [M/c] — ckopocTb CBOOOIHOTO ABMXKEHMS YacTULbl kuakoctu; f [H] — BHewHss
A

o0béMHag cuna; f [H'Mz; KF‘M3/CZ] — TEH30p MOBEPXHOCTHBIX HAIPSIKEHU, TIpeao-

npeaenéHHbli U3 TPAaHUYHBIX YCJIOBMI. B ciiyyae MCHOAb30BaHUS CIIELMATIbHBIX IIPO-

CTPAHCTBEHHO Pa3HECEHHBIX CETOYHBIX IIAOJOHOB, UHTEPIOJSILIMOHHbBIE MOMPAaBKU Ha
—

JIOKQJIbHOE MECTOIMOJIOKEHUE LIEHTpA Macc da [M_z] MOTYT CTaThb MPEHEOPEXUMO
MaJTbIMU.
ConpsX€HHBINM KOPIYCKYJISIPHBIA 3Tall BHIYMCICHUI MOoydaeT 0OHOBIEHHOE KU-
A

HeMaTHIecKoe TI0JIe TPUBEKTOPOB JIOKAIBHBIX CKOPOCTeil U [M>/c] ¢ yrouHeHMeM e-
A

(OPMALIMOHHBIX CMELLEHMI OTHOCUTEIBHO MOABIKHBIX KOPITYCKYJ € [M°] Iist 06part-

HOTO WHTEPIIOJIMPOBAHUS — BTOPMYHOTO pPAa3HOCTHOTO WHTErpHpoBaHUsS (puc. 4)
<

¢ dukcauyeil HanpsoKeHUn O [Krm2/c?] B GIIMKAMIINX OKPECTHOCTSX BUPTYATbHBIX

YHCJIOBBIX OOBEKTOB:

< ANV ANV

o=(e-x+v-Mx\ [Hwm], 4)
\ \Y
rae % [H/M3] — TEH30PHBII MOAYJIb yIIpyrou nedopmanuu; M [H'C/M3] — TEH30p KO-
5 OULIMEHTOB BA3KOCTH; A [M] — MacmTaOHBI KO3(PPUIIMEHT, XapaKTepU3yIOIInii

JUCTAHUMIO MEXAY B3aUMOACHCTBYIOIIMMU BUPTYaJIbHBIMU SHEPIETUYECKUMU OOBEK-
TaMU — KPYITHBIMUY YaCTULAMU XUIKOCTHU.

3aMeTUM, YTO TE€H30pbl HAMPSKEHUI U JIOKAIbHBIX CKOPOCTEel MOTYT ObITh BbI-
poxneHHbIMU. be3 BO3MOXHOCTU X 0OpalleHUs c%evHa §a3I/ICOB BBITIOJIHSIETCST TOJIBKO

B OIlepalMsIX IPOU3BEACHUS ¢ TeH30paMu (OPMBI V-F =V [c’l], JINOO TIyTEM aliTOPUT-
MUYECKOro CHUHTe3a [0 MHTEPIOJSUMOHHBIM OLIEHKAM COCTOSIHUSI OKpYKarollei
KMIKOCTH.

I1o ananoruu c pa6oroit [Briaut, 2008], BHYTpb NOABUXKHBIX YACTULL XKUIKOCTU BO-
BJIEKAeTCs CKasIpHas (PYHKIIUS paclpeneeHusT TeMIepaTyp, PacTeKaroIIuXCsl MEXIY
CBOOOJHBIMM YaCTULIAMU TTO OTPULIATEIbHBIM T'PaMEeHTaM; WU CBSI3aHHOE CKOPOCTHIO
3ByKa M3MEHEHME IUIOTHOCTH YIIPYroro rasa B (yHKUMHU OT AUBEPreHIIMA CKOPOCTH
W BEJIMYMHBI AABJI€HUS, B TOM YKCJie C YTOUHEHUSIMU T10 3aKOHY BepHy/un u ¢ yuétom
BHYTPEHHEN TETIOBOI SHEPIUM, YTO B COBOKYITHOCTH CMHTE3UPYET PacIIMPEHHOE pe-
LIeHWE MTPUKIIAAHOM 3a1a4U a3POTMAPOMEXAHUKMU.

B kauecTBe OCHOBHOIO ILIMKJIA B BBIYMCIUTEIBHOM 3KCIIEPUMEHTE NMPUHUMAETCS
MOCAe10BaTebHOCTb AJITOPUTMOB JIJISI COIIACOBAHUSI KMHEMAaTUUYECKUX U PeoJiorhue-
CKHUX XapaKTEePUCTUK (PU3NUECKOIO IOJIS B SIBHBIX YMCICHHBIX CXeMaX, CBOIUMBIX K pe-
JKMMY TIOC/IeA0BaTeIbHOTO YCTAHOBJIEHUS HECTAlMOHAPHBIX BBIYMCIUTEIbHBIX MPOLIEC-
COB, TIPOMCTEKAIOIIMX 10 MAaTEeMAaTUIECKIUM MOJIEJISIM IS BSI3KUX, YIIPYTUX U CKUMae-
MBIX XKUAKOCTEH.
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TEH3OPHOE MNPEACTABJIEHVE OCHOBHbIX 3AKOHOB T'MAPOMEXAHUKIN

DopmanbHOE TTocTpoeHNEe (GU3NIECKUX OOBEKTOB U OTIEpaluii B TEH30PHOI MaTeMaTh-
ke [XpamynH, 2005] mpuBOOUT K CTPOTUM OIpEASTICHUSIM JIJIsl CBOEOOPa3HOM «MOJe-
JI MUPa» BBIYUCIUTETbHON THIPOMEXaHUKU:

* KOHTMHYaJIbHO-KOPIYCKYJIsIpHas BRIUMCIUTEIbHAS MOJeIb MeTona «KpymHbIx
yacTtull» [benouepkoBckuit, daBbiioB, 1982] B TeH30pHOI 3amucu CBOAUTCS
K IBOWHOI JIMHEWHON pa3sHOCTHOUN MHTEPHOJSLMU (DU3NYECKUX IMojiel (eme-
CMO UHME2PUPOBAHUSL YPABHEHUI 08UICEHUS 8MOPO20 NOPAOKA);

* JIBIDKEHUE Y B3aMMOIEHCTBUE KPYITHBIX YACTHUIL KMUIKOCTU CTPOUTCS B OIepa-
LUSIX TIPOU3BEACHUsSI, YTO OO0Jiee COOTBETCTBYEeT (DM3MKE MPOCTPAHCTBEHHBIX
MPOLIECCOB (Hem oepanuteHull no masocmu Oup@epeHyUaIbHbIX AnNPOKCUMAYUIL);

* WCIOJIb30BAaHUE SIBHBIX YUCJIEHHBIX CXeM M JUCKPETHBIX YMCIIOBBIX TTOJIEH CITy-
JKUT TIOBBIIEHUIO 3(POEKTUBHOCTU TIPSIMBIX BBIYMCIUTEIBHBIX 3KCIIEPUMEH-
TOB, U HE UCKJTIOYAIOT BO3MOXHOCTU KOHTPOJISI KOPPEKTHOCTHU U, TI0 HEOOXO-
IUMOCTH, 3aIeICTBOBAHUS TMOPUIHBIX CXEM JUISI TOCTIDKEHUSI aleKBaTHBIX MH-
>KEHEPHBIX Pe3yJIETaTOB MPSIMOTO YUCJIEHHOTO MOJIEJTMPOBAHUS.

3aKOH IBVXKEHUS 1J1s1 CBOOOAHOM YaCTULIbI CTUIOIIHOM cpenbl (CM. puc. 3):

- 5> S VA

f=wm=w-p-r [H, krm/c’]; 5)
TeH30p BA3KUX HANIPSIKEHUI B MOTOKE JIOKAJbHBIX CKOPOCTEl (cM. puc. 4):
< A \Y < <
fu=van/hA=van/\ [H/Mm]. (6)
TeH30p ynpyrux HalpsKeHWH Ipu TeopMaliii KOPITYCKYIIbI™:
< ANV < <
fr=vrwt/A=v wt/\ [H/m], (7)
A - -
rie TeH30p JIOKAIbHBIX CKOPOCTei V:iVi—ZVi [M3/c] (cM. puc. 2); peosiornyecKue
> VA A
TEH30pbl: M=QF [KIr|] — TEH30p MacCbl—MHepLuu; ¥ [M3] — TeH30p (opMBI;
\

0 [Kr/M>] — «yCIOBHASI ILIOTHOCTb» COXPAHEHHSI TIPEIbICTOPHH AEBUALINI — BHYTPEH-
>
HUX «KHBBIX CHJI» MOIBIKHBIX KOPIYCKYJ;, M [Kr/c/M’] — TEH30pbI AMHAMUYECKOI
>

BSI3KOCTH U KECTKOCTU % [KF/M2] peasbHOM XUAKOCTU, A [M] — mUCTaHLIMSA OJIVMKHETO
B3aMMOJCCTBUS CMEXHBIX YACTHUII.

BoruucnurenpbHas Monenb CONEPXKUT PEOJOTUYECKUE CBOMCTBA XUIKOCTU: BSI3-
KOCTb W YIIPYTOCTbh, TIPU 3TOM COOTHOIIIEHNE UHTEHCUBHOCTEN MOTyJaloIINXCsl HApsi-
KEHUI omnpenesisseT BOSHUKHOBEHUE KPUTUYECKUX PEXUMOB TEUEHUS ¢ 00pa3oBaHUEM
CTpPYii, BUXPEBBIX CIOEB M KaBUTALIMOHHBIX pa3pbiBOB. [lon meiicTBuemM TeH3o0pa BHY-
TPEHHUX HAIPSDKEHU, YacTUIa XXUAKOCTH MOJIydyaeT MprpalieHue CKOPOCTU BHYTPEH-
HEro (3aMKHYTOTO) IBVWXXKEHUS, TPAAULIMOHHO TMPEICTABISIEMOrO C MOMOIIBIO TPEX AU-
HaMMWYECKUX COCTOSTHUM:

< AV NV ANV

f:v0~£~t+vH~u/}\+vl.~x~t/7x=f0+fH+fl- [H/™m], )

* Peoyornueckue rmapaMeTphl KUAKOCTH B TEH30PHOM MaTeMaTHKe He COXPaHSIoOT (popMy
TPagULIMOHHBIX BEIPAXKEHUI, U TSI COIJIaCOBaHMS (PU3MYECKMX pa3MEPHOCTEN BBEIEHA XapaKTep-
Hasl cKaJisipHasi TMCTaHLM A [M] B 3aIKMCsIX 3aKOHOB BSI3KOCTH U YIIPYTOCTH.
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< <

e TeH3opsl f, — naBieHue; € — KoabduLMeHT cxarus. [Toayyarommuiics: xapakre-
PUCTUYECKUI TIOJTMHOM MOXET MCTIONIb30BAaThCs B OIIEHKAX COCTOSTHUS KUAKOCTH, TIe
peosioThYecKue mapaMmeTpol MPOSIBISIIOTCS] B BUJIE TIaBHBIX MHBAPUAHTOB TEH30pa KOH-
BEKTHUBHBIX CKOPOCTEii:

<

v, : I # 0 — cXUMaeMOCTb —~ KagumayuoHHbLil paspule NAOMHOCHIL,

<

vy : II # 0 — noBopoT —~ o6pasosanue c60000HOI cMpYU UAU MYPOYAEHIMHO0 BUXPSL;

<

vp : III # 0 — nedopmanus, YucTass — €CIM APyrue UHBAPUAHTbI TEH30POB PaBHbBI
HYJTIO.

Tak, ecnu pacu€THas siyeiika ¢ MPUCOEAMHEHHBIM BUXpEM OOpalllaeT B HYJb Je-
TEPMUHAHT BHYTPEHHETO TI0JIsI KOHBEKTUBHBIX CKOPOCTEN B CMEXHON TOUYKE — B TOU-
Ke LIEHTpa Macc CBOOOAHON COMPSIKEHHON YaCTHUILIbI KUIKOCTHU, YTO MperoIpeaesieT
3apoXIeHNe CBOOOTHOTO TypOYJIEHTHOTO BUXPST BHYTPY KPYITHOUW YaCTUIIHI XKUIKOCTH.
Takoit rMOpUIHBIA aJITOPUTM MOXHO MCITOJIb30BaTh 3a IpeneiaMu arimpoKCUMAaIIMOH-
HOTO pa3penieHusi Ha OTHOCUTENbHO TPYOBIX CETKaX, JIMOO MJIsSi yTOUHEHUs PELIeHMUS,
Korja ceTouHast o0J1acTh B 30HE BUXpPeoOpa3oBaHMSI NOXKHA CIYIIAThCS.

OB OCOBEHHOCTAX TEH3OPHOIO OBOBLLEHNA
NPUKNAOHOW 3AJAYN TMAPOMEXAHUKN
A
Ha 5Tamax BBIYHCIUTENLHOTO SKCIIEPUMEHTa 10Jie CKopocTn ® [M°/c] hopmanusyercs

C WCIIOJIb30BaHWEM ITOTCHIIMAIBHO BHIPOKICHHBIX TEH30POB, UTO BHOJ;[\HC XL[O]/?HCTBO—
psieT TPALULIMOHHOMY aUIMTHBHOMY [OCTPOCHUIO MOLENH TedeHust | 7 ="r+v-t [m’]
B abcooTHOM BpeMeHHU 7 [¢]. C Lie/Iblo COMOCTaBIEHMS IOTUKY BBIYMCIUTEIBHBIX OTe-
paumuii ¢ TPaTUIIMOHHBIMU MOHSITUSIMU MEXaHNKH CIUIOITHBIX Cpel JOITyCTUM CITpaBe/l-
JIMBOCTD OTpeAeIeHU 1isd TeH3opa — adduHopa B I100albHON CHCTeMe KOOpAWHAT,
n pasnoxenue Komm-I'enbmronbna [[otman, 2007] mis mpocTpaHCTBEHHBIX CMeEIe-
HUi1: pacluupeHue (dusepeenyus); 3aKpyTKa (pomop) u aecopMauus (cosue).
BBI)I[GIIAGHI/ICM JMArOHAIHOTO TEH30pa Vo [M°/C], TAKOTO, YTO CIIE AEBUATOPHOTO

octatkatr v” Oyner paseH Hymo [Punnn, 1975], MOIYyYUM TEH30D LIAPOBOTO CXKATUS

A A A A
v=p,+v" (trv*:O)[M3/c];
< A ©)
6=v0-£~t[Kr/c2],
< \Y
rie eTepMUHAHT TeH3opa 6 [kr/c’ = H/m] onpenessier nasienue, € [H/mM*] — koabh-
bumeHT 06BEMHOTO CKaTUSI — MOJYJIb IIPONOJILHOM YIIPYTOCTH. A

KococuMMETpUYHAs CyNeprno3uLus ¢ KOMIOHEHTaMU JeBUATOPHOTO TeH30pa V'
BBIIE/ISIET HAYaJIbHBIM MMITYJIBC K BPAICHUIO YACTHUIl KUIKOCTH ¢ BO3HMKHOBEHHUEM
<

HanpsokeHus f, B HbIOTOHOBCKOM OIpPEAeIEHNNA MEXAHUKH BA3KOM XUIKOCTH (6):
i_}-;“ < AV ANV ,
* *
O L=V n/A=0"—v )/ (2N [kr/c7] (10)
\
¢ Matpuueii kKoadduunenTos Bsskoctr N [H-c/M°] B IPOU3BELCHIN C TEH30POM CKO-
A

pocTeii TOKAJIbHBIX TeopMaluii v, [M3 /cl.
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A
CuMMeTpu3alys AeBUaTOPHOTO TeH30pa V [M3/c] CBSI3BIBAETCSI CO CABUTOBBIMU

<
HanpsokeHusiME f,  [H/M?], BO3HMKAIOUIMMY BHYTPY KPYITHOIM YaCTHIIBI CIUIOLIHOM
cpensbl 1o 3akoHy I'yka (7):

< AV
E__il I :vr-x-t/)\:

\Y
¢ MoxysteM yrpyroct ¥ [H/M’] ¥ CHMMETPHYHBIM TEH30POM OTHOCHTEIBHBIX JIOKATb-
A

A A \Y
v Tt/ QM) [kr/c?, (11)

HBIX CMEIIEHUI B OKPECTHOCTHU prnHOfI YaCTULIbl XKUOKOCTU V- 1.
Vv 4

v Peonormueckue xapakTepucTHKK cocTosHusE xunkoct — € [H/M?’], » [H/M'] n
n [H‘C/M3 ] — MoryT Takxke 3aJaBaThCsl CKaIsIpHbIMU KO3GhdUIIMEeHTaMU, aHAJIOraMu
LIAPOBBIX TEH30POB B TPAAULIMOHHBIX KAHOHUYECKUX 3aBUCUMOCTSIX MEXITy HarpsiKe-
HUSIMM, JIOKAJIBHBIMM NeOpMallisIMUA U BSI3BKOCTHBIMU IBVXKEHUSIMU CIUIONTHOW Cpe-
Ibl. B TeH30pHOM 0000ILIEHUN HESBHO MPEACTABISIETCS aHU30TPOIUST MTPAKTUYECKOTO
CBSI3BIBAHUST MIEPEKPECTHBIX KOMITOHEHT ISl B3aWMOBJIMSTHUSI BHYTPEHHUI Hampsike-
HUI B PEOJOTUYECKUX XapaKTePUCTUKAX KUIKOCTH, MPEACTABISIEMbIX TPAAUIIMOHHBIX
B CKaJISIPHBIX OMUCAHUSX C MOMOILbIO Oe3pa3MepHbIX KoadduimeHnTos IlyaccoHa u.

[MonHblit TEH30p BHYTPEHHUX HAMPSKEHUI ONHO3HAYHO CBSI3bIBAET reOMETpUYe-
CKH€ CMELIEHUSI, CKOPOCTU AeopMalvii U mpupalleHUs CKOPOCTEN ¢ MOBEPXHOCTHBI-
MU HATPSIKEHUSIMU:

NNV ANV
v, etven/ A

AV
-t+v,m/\ [H/M™M. (12)
< < <
Jlst IpUBeleHUsT 3aKOHA IBMXEHUS ¢ MHEPLMOHHOM Maccont f-t=m-v [kr/c|
<

< < < <

K HOBBIM 3aBUCUMOCTSIM JISI TTOBEPXHOCTHBIX HAMPSKEHUN @ [KF/M/Cz] Heo0XonuM
COMHOXMUTEJIb C Pa3MEPHOCTBIO IIPOCTPAHCTBEHHOIO BEKTOPa A [M], KOTOpPHIi O husu-
YECKOMY CMBICITy COOTBETCTBYET JIMOO BEKTOPY HAIPABJICHUS IBVDKECHUSI JIJISI TEOPEMBI
KyKoBCcKOro o cBOOOIHOM BUXPEIUIIOJE, TUO0 PACCTOSHUIO MEXIY B3aMMOICHCTBYIO-
UMM YaCTUIIAMU XXKUIKOCTH.

O NOCTPOEHUN TEH3OPHbIX YNCJTOBbIX OBbEKTOB
N MOJENTNPYIOLNX AJTTOPUTMOB

l'eoMeTpuyeckoe TIOCTPOCHUE  HEPETYISIPU30BAHHBIX  CETOYHBIX  IIPOCTPAHCTB
[Wesseling, 2001] B sIBHBIX YMCJIEHHBIX CXeMax MEepPBOro Mopsiaka sl MocaeI0oBaTeb-
HOTO MHTETPUPOBAHUS B COMPSKEHHBIX ATalaX KOHTHHYAJTbHO-KOPITYCKYISIPHOTO BBI-
YHCIUTEbHOTO 3KCIIEpUMEHTa TPU MOIEIMPOBAHUU HECTALIMOHAPHBIX IPOLIECCOB
B TUIPOMEXaHWKE IIPEACTABIISICTCS TOCICO0BATEILHBIM OTOOpakeHNEM apXUTEKTYpHI
IMOPOBOro BHIYUCIUTEIBHOTO KOMILIEKCA:

* KOHTHHYaJIbHO-KOPITYCKYJIIPHOE pPa3de/ICHNe 3TArlOB BEIYMCIUTEILHOIO BKC-
MepuMEHTa B TUAPOMEXaHUKE CTPOUTCS B Hepa3pbIBHOM IPOCTPAHCTBE (hu3u-
YeCKMX BEJIMYMH, M3HAYAIHLHO ONpPEIeISIEMBIX B €IMHOM aOCOIOTHON CUCTEME
KOOPIUHAT C UCIOJIb30BAHNEM CKAISIPHBIX, BEKTOPHBIX I TEH30PHBIX XapaKTe-
PUCTHK COCTOSTHMS M 3aKOHOB TpaHC(HOpMAaIlUM MOABIKHON U IedopMupye-
MOM CIUIOIIHOM Cpelbl;

* B OIlepalysX IPOM3BEACHUS C YIaCTHEM BHEITHUX (MAacCCOBBIX) M BHYTPEHHUX
(TTOBEpXHOCTHBIX) HATIPSDKEHUM 32 pacYETHBIN MHTEpBaJl BpEMEHU MepecTpau-
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BaeTCsl BHYTPEHHEE COCTOSTHUE KaXNOi pacuETHOU sueifku nmo obpasy He3aBu-
CUMOW KPYITHOW YaCTULBI XUIKOCTU, AKKYMYJIUPYIOLIEH BHYTPEHHIOIO SHEP-
TUIO U BIUSIONIENA HA KWNHEMATUYECKUE PEAKIIMU B UHTEPIIOJISILIUOHHOM Tepe-
CTPOCHUH OOHOBIISIEMBIX (PU3NIECKUX TTOJICH B MICXOMHBIX PACUETHBIX y3JIaXx;

* TIpU BeChbMa CJOXHBIX (PU3NUECKUX 3aKOHAX TMAPOMEXaHUKU BKJIIOYAETCS H0-
MOJIHUTENbHBIM TPETUIN 3TAIl BBIYMCICHUIN [JISI KOHTPOJS U KOPPEKTUPOBKHU
BHYTPEHHETO COCTOSTHUS YaCTUIL XXUIAKOCTU C COTJIaCOBAaHMEM 3aKOHOB COXpa-
HEHMST MacChl ¥ KOJIMYECTBA ABVKEHMS CBOOOMHBIX YACTHIL XXKUIKOCTU C TIO3M-
LU UEHTPOBKU BBIYMCIEHWI Ha IBYX TJIABHBIX 3TallaX BBIYMCIUTEIBHOIO 3KC-
MEPUMEHTA MO CKAISIPHOMY apTYMEHTY — BPEMEHM.

BblunciauTenbHOE MPOCTPAHCTBO CTPOUTCSI HA HEMOABMXKHBIX HEPETYJISIPU30BAH-
HbIX y31ax — Point, B MHIEKCUPYEeMOM MHOXECTBE CETOUHBIX S4eeK IJIsl TPEXMEPHOM
WHTEPNOJISILIMUA C ONTOPOI Ha €eBKJIMIOBHI 0asrchl — Base, BHyTpU 1 B OKPECTHOCTH KO-
TOPBIX CTPOUTCSI MaTeMaTUKa COrjlacoBaHUsI (PU3NUECKUX 3aKOHOB C UCIMOJIb30BaHUEM
CBOOOIHBIX BEKTOpOB — Vector.

OOBEKTHO-OPUEHTUPOBAHHOE TTPOrPaMMUPOBAHUE HA aJTOPUTMUYECKUX SI3bIKAX
C++ mmu D no3BoJigeT rmepeHecT! Ha 3Tall KOMITHISIIIUYA UCXOTHBIX TEKCTOB IIPOTrpaMM
OCHOBHOI KOHTPOJIb KOPPEKTHOCTU MaTeMaTU4YeCKUX OoNepaluil, ecid OHU MpUMe-
HSIIOTCSI K OTHO3HAYHO OIPEAEIEHHBIM I10 (PM3MIECKUM XapaKTEePUCTUKAM YHCIOBBIM
00bEKTaM, B TOM UYKCJIE COAepPXKAIlMM TpeaBapUTEIbHO pacCUYUTaHHbIE OOpaTHbIE Ma-
TPUIIBI, IETEPMUHAHTHI WUIM COOCTBEHHBIC 3HAYCHMS I BEKTOPBI, UCITOJIb3yeMbIe B (hop-
MUPOBAHUY KOHKPETHBIX MaTEMaTUYECKUX MOJIENIEH.

OCcHOBHBIC BBIYHCINUTEIbHBIE 00BeKTHI (IIporpaMMa moCTpoeHMs YUCIOBBIX 00b-
€KTOB U (PYHKLIMI TPEXMEPHOI TEH30PHOM MaTEMATUKMU TSI BBIYUCIUTEIbHBIX 3KCIIe-
pumMeHToB B ruapomexanuke (Tensor). CIIGI'Y, Pocnatent Ne 2013619727)] onpene-
JISIIOTCSI U3 YCJIOBUSI OBICTPOTO U HE3aBUCUMOTI'O UCHIOJIHEHUSI BEIYMCIUTEIbHBIX OTepa-
L1 U, IO HEOOXOAUMOCTHU, C BO3MOXHOCTbBIO OBICTPOIA MEePEeCTPOUKU BHIUMCICHUIA IS
MPUMEHEHUS] THOPUIHBIX aJITOPUTMOB B 3aBUCUMOCTU OT TEKYIIMX YCJIOBUA CYILIECTBO-
BaHUS (DU3NIECKOTO SIBJICHMS B JIOKAJTbHOM IMOI00JIACTH:

typedef double Real; // ckansapHas BeJIMUMHA B TJ100aJJbHOM IIPOCTPAHCTBE U BPEMEHU
typedef double real; // mokambHBIE WIM pPa3HOCTHBIE OTCYETHI B IIPOCTPAHCTBE

1 BpeMEHU

struct Tensor; // TEH30pHBIN 00BEKT 6e3 KOHTEKCTHBIX CBSI3CH IJiT OBICTPOTO
cyéra

struct Base; // KOOpIMHATHI MECTOIOJIOXKEHUSI U CBSI3HBIN 0a3Mc eBKIMIOBOM
CK

struct Cell; // 4ucnoBas siaeiika Co CMEXXHBIMU KOHTEKCTHBIMU CBS3SIMU

struct Point; // TOuKa NaJbHUX MUPOBBIX OTCUETOB B MacilTabe aOCOTIOTHOMN
CK

struct Vector; // cBOOOMIHBIN PA3HOCTHBIN BEKTOP B JIOKAIBHOM MacliiTabe

struct Space; // TIPOCTPAHCTBO Y3JIOBBIX 3JIEMEHTOB CETOUHOI 00JIaCTU B LIEJIOM

struct Volume; // MHOXEeCTBO CBOOOMHBIX — IIOABIDKHBIX M Ie(hOPMUPYEMBIX
sTIeeK

Tak, B cilydae aBTOMaTUIECKOTO MPeoOpa3oBaHUsI CIOXKHBIX BeMUuH Vector viu
Tensor K JloKaJIbHOM BennurHe real, OyayT mosydyarbesl IJIMHA BEKTOPA U NETEPMUHAHT
MaTpULBl TEH30pa, BCSIKWE NPYrMe MPeoO0pasoBaHWs] KOMMIWISTOp OyIeT IoMedarb
olmKnO0YHBIMU. Pa3HocTh BennuuH Tvna Point MoxeT JaTh TolbKo BenuuuHy Vector,
B TO BpeMs Kak clioxkeHue 00bekToB Tuma Vector ¢ BenmuurHamu Vector win Point ripu-
BEAET TOMY K€ TUIY JAHHBIX U HUKAKOMY JAPYTOMY.
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CoBpeMeHHbIe KOMITBIOTEPHI 00JIaaI0T MPAKTUIeCKU HeOrpaHUYEHHBIMU 00bEMa-
MM OIIePATHUBHOM MaMsITH U CYIIIECTBEHHO MaJIOii CKOPOCTHIO apU(METHUKO-TOTHYECKIX
omneparuii py UCIOJIb30BaHUU OOJIBIITNX BHIUUCIUTEIBHBIX MacCUBOB. st TexHude-
CKOro o0ecIteueHUsI CKBO3HOTO pacliapauIeIMBaHMSI OIepalliii OCHOBHBIC MAaCCHBBI
naHHBIX Space 1 Volume M0JKHBI COXPAHSTBCS Il TEKYIIETO, MPEAbIAYIIEero U Moce-
IYIOIIETO CPe30B BO BPEMEHM, UTO MO3BOJUT CMHXPOHU3WPOBATH MapaljieIbHbIC BBI-
YUCJICHWs B Clydae HEIOJHOTO pa3leieHUs 3TaroB 3KCIIEPMMEHTA 10 He3aBUCUMBIM
(bu3MIecKM mporeccaM, WIM IPpU HEOOXOIMMOCTHU CO3IaHMsI KaKUX-TM00 IIUKJIOB JIJIS
aKTUBHOTO WJIM PEIaKCallMOHHOTO COTJIaCOBAHUSI TTapaMeTPOB BHIYMCIUTETLHOMN CPeIbl
B CJIOXHBIX M IIOXO O0YCIIOBJICHHBIX MAaTeMaTUICCKIX MOICIISIX.

B Tp€xmMepHOIi TEH30pHOI MaTeMaTUKe CO BCEMU BHIUMCIUTEIBHBIM OOBEKTaAMU
TIOJDKHBI CBSI3BIBATHCS JIOTUYECKUE TIPEAUKAThI (token-npusHaku) 1misi yCTAaHOBKM THIIA
YUCJIOBBIX CTPYKTYP, X MPUHAMIEKHOCTH K aOCONIOTHOMY WIM JIOKaJIbHOMY 0a3ucy,
1 KOTOPBIE TTOBCEMECTHO MCIONB3YIOTCS UISI aBTOMAaTUYECKUX ITpeoOpa3oBaHUil B CO-
OTBETCTBMM C WCXOAHBIMU YCTAaHOBKAaMM B ypaBHEHMSIX asporumpomexaHuku. Kak
MMHHMYM, MOXHO C(OpMHpPOBaTh 0a30BbIc 3HAYCHMS S-IIPEIUKATOB, KOTOPHIE OYIyT
BKJTIOYATHCSI BO BCE YMCIIOBBIE OOBEKTHI B BUIE OCOOO0I TPOMKM ABOMYHBIX OUT:

“000” — T — ckanapHas éeauduna 8 A6CONOMHOM ba3uce Ul UHBAPUAHM MEH30Pa,
-
“001” — A — gexmop 6 2n06anvhoili cucmeme Koopounam (CK);
“—
[13 ”» e .
010” — a — sexmop 6 n0KanbHOM 6a3uce KPYRHOU YaACMULDbL,
“011” — ¢t — pa3mepHas cKaAsApHAsL 8eAUMUHA 8 NOKAAbHOU CUCeMe OMCHEéMa,
A
“100” — r — men30p Gopmbl KpynHoil yacmuybl dcudkocmu 6 enobanvHoil CK;
>
“101” — v — cmewanHwiil 6asuc npoexkyuil sekmopos Ha aoxkaiviyio CK;
<
“110” — m — 6a3uc 10KarbHBIX 8eKMOPO8 8 npoeKyusx erooanvroil CK;
\Y
[13 2 o
111”7 — p — onpedenenue meH30pHOIL BeAUHUHDL 8 NOKANbHOM ba3lce.

HenpepbIBHBII KOHTPOJIb OMTOBBIX MaCOK-IIPU3HAKOB OCOOEHHO BaXkeH B Cilyyae
[JIyOOKOro pacrnapalijieliBaHusl BBIYMCIUTENbHBIX ONepaluii Ha CJIOXKHBIX THOPUIHBIX
CUCTEMAX, PA3JESIONIMX MOIEJMPOBAHUE Ha OOJIbIIME MPOCTPAHCTBEHHBIE OJOKMU,
MeXIy KOTOPbIMU AOJIKHA OCYIIECTBJISITbCS aBTOMaTUUeCKash KOHBEpPTaLUsI YMCIOBBIX
CTPYKTYD IIJISI COTJIAaCOBAaHMS PEIIeHUI Ha CMEXXHBIX TPAHUIIAX WIM B 00JIACTSIX C TIepe-
XJIECTOM HEPEryJISIPHBIX CETOYHBIX alllPOKCUMALIM, U TAe BO3MOXHBI HelpeacKasye-
MBIE TIEPECTPOCHUSI CTPYKTYPHI (GU3NMUECKUX MOJIEH a3pOruIpOMEXaHUKH.

3AKIOYEHUE

N3 HeoOXOMMMOCTHU amalTUBHOIO YIPaBJICHUS BBIMUCIUTEIbHBIM 3KCIIEPUMEHTOM CO
CKBO3HBIM KOHTPOJIEM TEKYIIEeTO COCTOSIHUS BCEX UMCIIOBBIX OOBEKTOB U OIEpPAIlMil
yCTaHABJIMBAIOTCS (DYHKIMOHAIbHbBIE WM KOHTEKCTHBIC TPEOOBAaHMS K CIICIIUATU3HPO-
BaHHOMI cpefe IPOrpaMMMPOBAHMSI TS IIPOCKTUPOBAHUS, TIOCTPOCHMST U PeaTn3allim
MPSIMBIX BBIYMCIUTEIBHBIX SKCIIEPUMEHTOB B KOHTUHYaJIbHO-KOPIYCKYJISIPHBIX (DU3K-
YECKUX Cpelax:
* 3JIeMEHTapHbIE MPOCTPAHCTBEHHO-BPEMEHHBIE OOBEKTHI U 0a30Bble (pU3NYE-
CKH€ SIBIICHUS 3aITCBHIBAIOTCS TEH30PHBIMM BEJIWYMHAMM B pa3MEpHOM BHIE,
YTO JOMYCKaeT BU3YalIbHbIi KOHTPOJIb U MIPUMEHEHUE TMOPUIHBIX CXEM C MH-
JKEHEPHBIMU SMITMPUKAMHU ¥ MATEMATUYECKUMU aCUMIITOTUKAMU;
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*  BBIYHCIIMTENBHBIE OIEpallii MHBAPUAHTHO OIPEAEIISIIOTCS B MPOCKIIUSIX TJI0-
0abHOM CHCTEMBI KOOPAMHAT M aCCOLMUPYIOTCS OOPATHBIMM aIIIPpOKCHUMAIIH -
SIM B JIOKQJIBHBIX 0a3ncax, TeOMETPUUECKH CBSI3aHHBIX ITPOU3BEICHUSIMU YHC-
JIOBBIX 00BEKTOB — KPYITHBIX YACTUI], KOHEYHBIX 00BEMOB XXUIKOCTH.

OO0BEKTHO-OPUEHTUPOBAHHAS cpeia TIPUKJIATHOTIO TTPOrpaMMUPOBAaHUS CBS3bIBa-

€T YHUCIIOBBIE O0BEKTHI apU(METHUKO-JIOTHIESCKUMU OTICPALINSIMMU:

1) JormyecKkue WIM SMIIMPUICCKUE aJITOPUTMBI (hOPMATU3YIOT 3aKOHBI TTPUKJIIAMI -
HO# TMIPOMEXaHUKHU, CITOCOOBI (POPMUPOBAHUS M METOABI aHAIM3a TEKYIIEeTO
COCTOSTHUSI CIUTOITHOM Cpelbl B YCIOBUSX MHTEHCUBHOM TpaHC(OpMaIluy 9uc-
JIOBBIX OOBEKTOB;

2) cloXeHHe TPUMEHSIETCS K YMCIOBBIM OOBEKTaM B €IMHOM T€OMETPUYECKOM
6asuce TIPU CTPOTOM COOTBETCTBUM (DM3MUECKMX pa3MEepHOCTEN, B paMKax IIpe-
TOTIPEeNeIEHHBIX 3aKOHOB TUAPOMEXaHUKH (11. 1);

3) mpowm3BeIeHUE UCIIONHSIETCS ¢ BEKTOpaMU M TE€H30paMU B OyaJIbHBIX KOOPIU-
HaTHBIX 0a3ucax, YTO UCKIII0YAeT IOBBIIICHNE paHTa B OMHOYJICHHBIX ITPOM3Be-
JIEHUSIX, €CJIM 3TO He TTOKPBIBAETCS CUHTE30M aJITOPUTMOB (I1. 1) MIn aHATU30M
YUCIOBBIX 00BbEKTOB (11. 2).

AJTOPUTMHYECKHE TIOCEAOBATCIIPHOCTH YIIPABISIOT YHMCIOBBIMU OOBEKTAMMU,
(opMaNTM3yIOIIUMI PEOJIOTUYECKIE CBOMCTBA M 3aKOHBI ABVIKEHUSI B KOHTUHYAJIbHO-
KOPITYCKYJISIPHOM TIPEICTABICHNN MEXaHNKH CIUIOITHBIX CPEe/;:

* CKaJsIpHBIC WJIM WHBapUAHTHBIE BEJIMUYMHEI, HalIpUMep BpeMsl f, yJacTBYIOT

B OIEpaIysIX MPOU3BEICHUST WIIM TIPEACTABISIOTCS TTPOM3BOIHBIMU OT JIIOOBIX
YHCIIOBBIX OOBEKTOB;

* BEKTOPHBIC BEJIMYMHBI YYACTBYIOT B OIEPAIIUSX CIOXKEHUS TOJBKO C coOpa3Mep-
HBIMU BEKTOPaMU WJIM B OIEPALUsX MPOU3BEICHUSI C TEH30paMHM IJISI N3MeHe-
HUSI KOOPIMHATHBIX Oa3MCOB;

* TEH30pHBIC BEJIMYMHBI CHTE3UPYIOT YHUCIIOBBIE OOBEKTHI WJIM XapaKTePU3YIOT
COCTOSTHME KPYITHBIX YAaCTHUI[ XHMIKOCTH, IPEACTABISSI TeOMETpUYECKUe [e-
dopmanm B KauecTBe (DU3MYECKUX SIBICHUI M TIPOLIECCOB THIPOMEXaHUKU
B QYHKIIUM CKaJIIPHOTO BPpeMEHM.

C UCcTIob30BaHNEM TEH30PHBIX 00BEKTOB (POPMYIUPYIOTCS OCHOBHBIE 3aKOHBI TH-
JIPOMEXaHUKHU, a UX BUPTyaIbHOE KOHCTPYMPOBAHNE U TEKYIIHNIT aHAJTN3 COCTOSTHUST 00-
Pa3yIoT 3TAIbI IIPSIMOrO YUCACHHOIO MOAEIUPOBAHMSI.
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Architecture of a digital computing system determines the technical foundation of a uni-
fied mathematical language for exact arithmetic—logical description of phenomena and
laws of continuum mechanics for applications in fluid mechanics and physical field theory.
Enhancement of modern computers involvs computing operations in optimally formalized
set of locally connected digital geometric objects, existing and transforming independently,
and being surrounded by similar virtual entities. Deep parallelization of computing processes
serves to the revival of application of functional programming at a new technological level,
providing traceability of computing processes with automatic application of multiscale hybrid
circuits and adaptive mathematical models for the true reproduction of the fundamental laws
of physics and continuum mechanics. Tensor formalization of numerical objects and comput-
ing operations serves to spatial interpolation of rheological state parameters and laws of the
fluid mechanics as mathematical models in the local coordinates of the elementary numeric
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TPAHCNOPTHAA MOJEJIb MOCKOBCKOIO PETMOHA
A. 3. Bopobbés, A. K. Tumos, B. A. [apunun, A. 10. MenowymuH, W. A. baxupes

HayuHo-nccnenoBaTenbCckuii v MPOEKTHBIN MHCTUTYT [eHepanbHOro nnaHa ropoga Mocksbl
(HAnMW TeHnnaHa MockBbl)

TTporHo3upoBaHue TPAHCIOPTHOM CUTYallMU SIBJISIETCSl OMHOM M3 KITIOUEBBIX IPaTOCTPOU-
TEJIbHBIX 3a1a4. B cTaThe MPUBOAUTCS ONMKUCaHKE OMHOTO 13 BO3MOXHBIX CITOCOOOB ITOCTPO-
e€HMSI MOJIeJIM TIPOTHO3MPOBAHUS TPAHCIIOPTHOM cucTeMbl. [IpeacraBieHa TpaKTH4YecKast
peanu3anys TPEAJIOKEHHBIX aJrOpUTMOB MOIEIMPOBAHMS Ha TPUMEpPEe MOAEIW TpaHC-
MOPTHOI cucTeMbl MOCKOBCKOTO peruoHa, pazpabaTbiBaeMoil ClieliMaicTaMyi UHCTUTYTa
T'enepasibHOTO MIaHa ropoaa MOCKBHI.

UccnenoBanue BEITIOJHEHO B MHCTHTYTE mpuKiIagHoit maremaTtuky uM. M. B. Ken-
nbima PAH (MIIM um. M.B. Kengeiiia PAH) B pamkax ®enepanbHoii 1ieieBOil Mpo-
rpamMMmbl  «MccnenoBaHusi M pa3paboOTKM MO MPUOPUTETHBIM HAMpPaBIEHUSIM PA3BUTHUSI
Hay4YHO-TexHojiornueckoro kKomruiekca Poccum Ha 2014—2020 rogsi», CornaiieHue
No 14.604.21.0052 ot 30.06.2014 r. ¢ MuHOGpHAYKO. YHUKAIbHBIN MASHTUMUKATODP TTPO-
ekra RFMEF160414X0052.

Katouegoie cro6a: KOMIBIOTEPHOE MONEIUPOBAHMUE, CTaTUYECKash MaKpOCKOMMUYECKast
TPaHCIIOPTHAsI MOJIETb, TPAHCTIOPTHBIE MTOTOKH.

BBEJEHUE

CbanaHCMPOBaHHOCTh TPAHCTIOPTHOW U COUMAILHONW MHGMPACTPYKTYP TPENCTaBISIETCS
HEOOXOIMMBIM YCJIIOBHEM JOJTOCPOYHOIO YCTOMUYMBOIO TEPPUTOPHUATBHOTO U COLIUAb-
HO-3KOHOMUYECKOTO pa3ButTus Tepputopuu. Jnsa ¢popMupoBaHust cOalaHCUPOBAaHHO-
ro IUIaHa Pa3BUTUS ropoaa HEOOXOMUM HalEXHBIN MHCTPYMEHT OLICHKU IMOCJIEACTBUIA
peayM3ali TOTO WM UHOTO TPalOCTPOUTEIHHOTO MEPOIIPUSITUSL U UX COBOKYITHOCTH.
151 OLIeHKU TpagoCTPOUTEIbHBIX MEPOIIPUSTHI B 001aCTH TPAHCIIOPTa TAKMM UHCTPY-
MEHTOM MOTYT OBITh CTaTUYECKHUE TPAHCIIOPTHBIE MakpoMoneau. MIx ocobeHHOCTh 3a-
KJTI0YAeTCS B BOBMOXKHOCTU MOAEJMPOBAHUS TPAHCIIOPTHOMN CUTYallMd Ha MPOTSKEH-
HBIX yJYacTKax TPAaHCTIOPTHOW ceTW (HampuMmep, Ha YJIMYHO-TOPOXHON CeTH ropona,
peruoHa, cTpaHbl WM KOHTUHEHTa). [Ipu 3TOM TpaHCIOPTHBIN MOTOK OITMCHIBAETCS
B MaKpOCKOTTMYECKUX MOJEJSIX MAaKCUMAJIbHO YIPOIIEHHO: ISl OMKUCAHUS TaKOTO T10-
TOKa Ha KaXIOM y4yacTKe TPAHCIIOPTHON CETH MCIIOJb3YeTCS JIMIIb HECKOJIBKO €ro
MaKpOCKOIIMYECKUX XapaKTepUCTHK, HAIIPUMEDP, CKOPOCTb M MHTEHCUBHOCTh. TaKuM
00pa3oM, aBTOTPAHCIIOPTHBINM MTOTOK CUMTAETCSI PABHOMEPHBIM U MMEET MOCTOSIHHBIE
XapaKTepUCTUKN Ha TIPOTSDKEHUU KaXIIOTO y4acTKa JOPOTH. DTO CYIIeCTBEHHO COKpa-
111aeT BBIYUCIUTEIBbHYIO CJIOXKHOCTb MOMIEIU U, COOTBETCTBEHHO, BpeMsI €€ padOoTHI, UTO
TO3BOJISIET MCTIOJb30BaTh MAaKPOMOJIEIM TAKWUX CJIOXXHBIX TPAHCITOPTHBIX CUCTEM, KakK
MoOCKOBCKMIT peTHOH, HAa CTAHAAPTHBIX pa0OYMX CTAHIIUSIX.
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Puc. 1. Pactipenenenue nepenBrkeHUIt XKuteneit MOCKOBCKOTO peroHa
10 YacaM CyTOK B pabouuii IeHb

TPAHCIMOPTHAA MOJEJIb MOCKOBCKOIO PETMOHA

s IporHo3upoBaHMSI U3MEHEHHMI TPaHCIIOPTHOM cuTyauny B MockBe 1 MOCKOB-
CKOI1 00jlacTu CIeuMaIucTaMyd MHCTUTYTa [eHepanbHOro miaaHa ropoaa MocKBBI Ha
6a3e mporpammHoro komruiekca Citilabs Cube pa3paboTaHa cTaTuyeckast MAKPOCKOITH -
yeckasl TpaHCIOpTHAs Mozie b MOCKOBCKOIO perioHa.

15T BBISIBJICHMSI CYILIECTBYIOIINX MOBEACHYSCKUX XapaKTePUCTUK HaceJeHUs ObLI
MPOBEIEH PSII COLIMOJIOTUYECKUX OMPOCOB xXuTtejaeir MockoBckoro pernoHa. C ux 1o-
MOIIBIO OBLTA OIpenesieHa IejieBas CTPYKTypa IIepeABIDKEHUI, XapaKTep ITOJIb30-
BaHUS Pa3IMYHBIMM BUAAMU TPaHCIOpPTAa W IpPyrue MapaMeTpbl KOPPECIOHIEHIIMIA.
[MomyyeHHBIC OaHHBIE OBUIM MCIIOJNB30BAaHBI IIPU Pa3pabOTKe M KaIMOpPOBKE TpPaHC-
IOPTHOM MOJIEJIM PETUOHA.

PaspaboTaHHast MOmellb OIUCHIBACT COCTOSTHUE TPAHCIIOPTHOM CHUCTEMBI Ha Tep-
putopur MockBbl 1 MOCKOBCKOI 00/1aCTH B MEepUOJ, MMUKOBBIX HArpy3oK ¢ 8 1o 9 yrpa
paboyero aHs (puc. 1).

CraTuyeckasi MAaKpOCKOIMYeCcKasi TPaHCIIOPTHAsI MOJEb MPEACTaBIsIeT co00it Ma-
TEeMaTHUIECKYI0 MOJEJb, TOCTPOSHHYIO 0 IIPUHIIAIY PaBHOBECHUSI MEXKIy CIIPOCOM Ha
TPAHCIIOPTHBIE YCIIYTU U TPAHCIIOPTHBIM IpeiokeHueM. TpaHcnopTHast UH(pacTpyK-
Typa (aBTOOOPOTH, CHCTeMa OOIIECTBEHHOIO TpaHCIIOpPTa) OPMUPYET TPAHCIIOPTHOE
MpeUIOKEHUE, a XeJlalolle BOCIOAb30BaThCs TPAHCIIOPTHBIMU YCIYTaMu JIIOAU OIlpe-
JIEJISTIOT TPAHCIIOPTHBIN CIIPOC.

NCXOOHbIE AAHHBIE MOAEN
TpaHCNOPTHBIN CNPOC

Hnsa onucaHusl pacripeneseHrs 0ObeKTOB, MOPOXIAOIIMX MepeMelleHUsT HaceaeHUs
Ha TeppuTOopur MOCKOBCKOIO peruoHa, o0JIacTh MOAEIMPOBaHUS pa3buBaeTcs Ha N
TPAHCIIOPTHBIX PailOHOB, KaXXJIOMY M3 KOTOPHIX NMPHUCBAMBAETCSI ITOPSIAKOBBIA HOMED
oT 1 1o N (omovH TpaHCHOOPTHBIA pailoH MOXET COOTBETCTBOBATh, HAIIPUMEP, MUKPO-
paiioHy). Kaxmaplii TpaHCIOPTHBIN pailoH i MMeeT Habop mapaMeTpPOB, OIPEIEISIONINX
CIIPOC HACeJIeHWSI Ha TPAaHCIIOPTHBIE YCIIYTU, CBS3aHHbIE C BHIE3IOM M3 paiioHa U C
TIPUE3IOM B PAliOH: YMCJIEHHOCTb HaceJeHus Pop;, KONTMYIECTBO MECT NPUIOKEHUS TPY-
na Wrk. m MOIIHOCTL «pounx» 06bekToB Ofh,. Tlociennuii mapamMeTp XapakTepusyeT
paiioH C TOYKM 3pEHUsI MPUBJIEKATENBHOCTH JISI TOE3I0K B HETO C HETPYIOBBIMU LIESI-
MU (HapuMep, K TOPTOBBIM MJIM PEKPeallMOHHBIM O0BbEKTaM).
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TpaHcnopTHasA HPPaCTPYKTypa

TpaHcropTHasi WHGPACTPYKTYpa OTMUCHIBAETCSI OPUEHTUPOBAHHBIM TpadoM TpaHC-
noptHoii cetu I'(V, E), rne V' — MHOXecTBO BeplinH, £ — MHOXECTBO pEOep ceTu.
I'pad TpaHCTIOPTHOI CETU COCTOUT U3 CIEAYIOIINX YACTEN:

1. I'pad ynuuno-nopoxkHoit cetu (YIC).

B rpage YIC kaxmoe peOpO COOTBETCTBYET Y4YacTKy HOOpOrM 0e3 mepe-
kpéctkoB. HampapieHue peOpa 3amaéT HampaBleHUE IBIKCHUS TPaHCIIOP-
Ta. JIByXCTOpOHHUE YJIMIIBI OMUCHIBAIOTCS IBYMsI pEOpaMu, HaIpaBIeHHBIMU
B pa3Hble CTOPOHBI. BepIinHbI rpaca yINIYHO-TOPOXKHON CETU COOTBETCTBYIOT
MEepeKPECTKAM.

2. I'pad BHeynIMUHOrO TpaHcnopTa (METPOITOJUTEHA U KEJIE3HOI TOPOTH).
Pébpam rpada BHEYTMUYHOTO TpaHCIIOPTa COOTBETCTBYIOT YYAaCTKU CETH BHEY-
JIMYHOTO TPAHCIIOPTAa MEXKAY OCTAHOBOYHBIMU IMYHKTaMU (HaIpuMep, MeperoH
METPOTIOJIUTEHA MEXIy NBYMsI CTAaHLIMSIMU), a BEpPIIMHAM — OCTAaHOBOYHBIE
ITYHKTHI.

3. BcrmoMorartenbHbie pEOpa, CBSI3bIBAIOIIME MeXAYy c000il Tpad BHEYIUYHOTO
TpaHcmopTa U Tpad YIUYHO-TOPOXKHON CETHU, a TakKe pebpa, CBSI3BIBAIOIIVE
MexXay co0oil pazIMyHble YacTU Tpada BHEYJIUYHOTO TpaHCIopTa (HarmpuMmep,
pébpa, COOTBETCTBYIOILIME MTepeXoaaM MeXIy CTAaHIIUSIMM METPOIIOJIUTEHA).

4. MHoxecTBo BepwvH Z={z, rae i=1, ..., N}, Ha3bIBaeMbIX yenmpouoamu,
Kaxmasi U3 KOTOPBIX HAaXOOUTCS B T€OMETPMYECKOM ILIEHTPEe TPaHCIOPTHOTO
paiioHa ¢ HomepoM i. LleHTpouabl — 3TO MYHKTHI, TOPOXKIAIONINE U TIOTJIONIA-
IoIIIMe TPAHCIIOPTHBIE TTOTOKU. LleHTporabl coenuHs0TCS ¢ TpaddoM ceTu cIie-
LIMATbHBIMU pEOPaAMU.

Kaxnoii mape paifoHOB OTIpaBICHUS-TIPUOBITUS (Z;, Z; )EZXZ COOTBETCTBYET
CIPOC Ha NMEPEBO3KY W, — 001Ul 00bEM TIOJIb30BaTENEeH, KOTOpre JIOJIKHBI TIPUOBITH
U3 paiioHa OTHpaBJ‘[eHI/IH i B pailon npubmitus j ¢ 8 mo 9 yrpa. Habop
(Wij (2,2 j) € Z x Z) HasblBaeTCs MaTpULE KOppecoHaeH Ui, TpaHCIIOpTHBIE YCTy-
TU MIPEAOCTABIISIIOTCS HACEJIEHUIO TpeMsl criocobamu (ITo criocodaM MepeaBUKEHUs ): Ha
JINYHOM TPAHCTOPTE, Ha 00ILIECTBEHHOM TpaHCIopTe U nemkoM. [1ycTh Y — rnokasbiBa-
IOIIUIA CMOCO0 MepeaBUXEHUSI, UHAECKC, KOTOPbII MOXET MPUHUMATh 3HAYEHUS aufo
(n1st IepenBUKEHUN Ha TUYHOM aBTOTPAHCIIOPTE), pf (IUIs1 TIepeNBUXKEHUI Ha oOliie-
CTBEHHOM TpaHcHopTe) U walk (115 nelmx nepeaBuKeHU N ):

w. = auro +wpt +Wwalk ZW;{ (1)

J

[Mytém (mMapuipytom) B cetn I', COENMHSAIOIMM BEPIIMHBI Z; U 2, Ha30BEM MOCJIe-
JIOBaTeJIbHOCTh pEOEp

e =(z; 2v)e=0,-v),...e, =, 1 —v,)e =, —>zj),

rne e, €E nng Beex k=1,..., m+1u v, €V nna Beex k=1, ..., m. B mappyrax
MPEATIOJIaraeTcsl OTCYTCTBUE TeTeb M MUKIoB. O003HAYMM 4yepe3 P MHOXECTBO aJTb-
TePHATHBHBIX MAPUIPYTOB, COCAMHSIONINX BEPIINHEI Z; U Z. COBOKynHOCTb BCex IyTeil
B ceTu I 0603HaunM uepes P:

P=U & )

4,2,€Z
INepemMermasach MexXmoy ILIEHTPOMIAMH, ITOJIB30BATEIM CETH BBIOMPAIOT TOT WIIU

WHOI MapiIpyT cienoBaHus. O003HaUMM depe3 x; TIOTOK VUIM YUCJIO TTOJIb30BaTeleH,
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MEPEMECTHUBILNXCS 0 TIyTH p € P criocoboMm 7. 3arpyska Bceil CeTH 3a1aéTcsl BEKTO-

pom X" :(x; :peP).
DJIeMEHTHI MATPULLI KOPPECTIOHAEHLIMI U 3HAYEHUS ITOTOKOB 10 MapLIPyTaM CBs-
3BIBAET CJIEAYIOIIEE COOTHOILEHUE:

W= ®
peky

IpeomoneHne Kaxka0ro U3 ImyTei p € P compoBOXIAETCS HEKOTOPBIMU 3aTpaTaMu
Ha repeMenieHre (Bpemsi, Tiara 3a Mpoe3a U T.1.) G;. B ommcreiBaeMolii Momean Bce
3aTpaThl TIEPEBOISITCS BO BPeMsT U U3MEPSIIOTCSI B MUHYTax. BaxkHO OTMETUTh, YTO 3a-
TpaThl Ha TMEpEeMEIleHNe MOTYT 3aBHCETh OT 3arpy3Ku TPAHCIIOPTHOU CETU B IIEJIOM,
a He TOJIbKO OT ITOTOKa I10 MapIIpyTy p, T.e€. GZ = GZ (x"). Cunmraetcs, 4To 3aTpaThl HA
TepeMeIieHre 1o MyTH p CKIIAIbIBAIOTCS U3 3aTpaT Ha MpoXoxaeHue pédep rpada, co-
CTaBJISIIONINX 3TOT MapIIpyT.

O0603HaUMM yepe3 er BEJIMYMHY [TIOTOKA 110 pedpy e € E. 3arpyska pebpa ckiaubl-
BaeTCs U3 MOTOKOB, ABVIKYIIIUXCS TTO MaplIpyTaM, KOTOPBIE TTIPOXOIST IO 3TOMY pedpy:

Y - Zeep p’ “4)

peP
rae

1, ecauIyTh p IPOXOAUT Yepes pedpo e,

# 10, BIIPOTUBHOM CJIy4ae.

3aTpaThl Ha TPOXOXIEHME EIMHUIbI MOTOKA 110 Ayre e 00O3HauYMM uepe3 T.
B MOZI€eNM TNpeAnonaraeTcs, Yto 3Ha4eHue T, OJXHO3HAYHO ONPEAENSETCS BETMINHOI
notoka Y!. TIpu 9TOM CyIIECTBYET HEHyJIEBBIE 3aTPaThl Ha TMPOXOXIECHUE pebpa
110 cBo6oxHo cet T (0)>0 (ecau no peGpy 3ampelieHo MepeMEIEHNE CIIOCOOOM Y,
TO MOXHO CUUTATD TZ (0)=00).

Torma 3aTpaThl Ha TiepeMeIIeHIE 0 ITYTH p MOXKHO HAUTH 10 hopMyIie:

Y _
Gy =370, )
ecE
O0o3HaUMM 4epes cl.jy. 3aTpaThl Ha MeEpeMelleHUe CIOcCOOOM Y U3 paiioHa i
B palioH j:
Y, Y
> Gy
PEP.
[y e A— (6)

.
Wii

Bynem cumraTh, 9TO YCpemHEHHBIC 3aTpaThl Ha TIepeMeIIeHe U3 paiioHa [ B paii-
OH j SIBJISIFOTCSI CPETHUMM 10 BCEM CIIOCO0aM MepeMeIIeHMS:

ZWYCY

P S (7)

Anroputmbl paboTbl Mmogenu

B ocHoBe Momenm MOCKOBCKOTO peTHOHA JIEKUT ITOIIArOBBIN aJITOPUTM IMMOUCKA paBHO-
BECHOTO COCTOSIHUSI TPAHCIIOPTHOM CUCTEMBI, KOTOPbI COCTOUT U3 CAEAYIOLIUX YEThI-
PEX 111aroB.:
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1. Trips Generation. BeruuciaeHue mjisi KaXKa0oro TpaHCIIOPTHOTO pailoHa 00bEMOB
MPUOBITAS U OTIHPaBICeHUS TOJIb3oBaTenei ceTu. OOBEMBI TTPUOBITUS-OTIIPAB-
JIEHUST OTPEeIesIsIOTCSl Ha OCHOBAHUM CTaTUCTUYECKUX JAHHBIX O 3aKOHOMEP-
HOCTSIX ITOBEICHMST HACEJICHUS.

2. Trips Distribution. Beruucienue MaTpulibl KOppecnoHAeHUMIA. MaTpula onpe-
IeJIsIeTcsl Ha OCHOBaHUM NAaHHBIX O 3aTpaTax Ha IepeMelleHre MeXIy TpaHC-
MOPTHBIMU palioHaAMU, a TakxKe 00 00bEMaX MPUOBITHS U OTIPABIEHUSI.

3. Mode Choice. 1151 Kaxmoii TTapbl pailoHOB TIPUOBITUSI-OTIIPABIICHUST BEIYMCIIS-
I0TCS BEPOSITHOCTU MCIMOJIb30BaHUS TSI TIepeMelleHus MeXay paiiloHaMu oJi-
HOTO M3 TPEX CIOCcOOO0B mepeaBkeHus. BeposTHOCTL BEIOOpa criocoba Tepe-
JBVKEHUS 3aBUCUT OT COOTHOIIEHUS 3aTpaT Ha TepeMelleHUsT MeXAY KaKIbIM
13 TpEX crmoco6oB. TakuM 00pa3oM, MaTpulla KOPPECHOHASHUIMIA pa3aesieTcs
(paciuernuisieTcs1) Ha TpU cliaraeMblIX.

4. Traffic Assignment. PacnipenesleHre KOppecIOHAEHIWI IS KaXXI0Tro CI0CO-
0a mepeMelleHUs o MaplIpyTaM, OIpeiesieHue 3aTpaT Ha MepeMelleHUs 1Tt
KaxXXIol mapbl pailoHOB MPUOBLITUSI-OTIIPABICHUS.

Pacripenenenre 00bEMOB IPUOBITUS-OTIIPABIICHUS B MAaTPHUILy KOPPECIIOHACHITNIA,
KOTOpOE MPOMCXOAUT Ha BTOPOM IIIare MOJEJIH, 3aBUCUT OT 3aTpaT Ha IepeIBUKeHHE,
KOTOpBIC B CBOIO OUepenb OYyayT 3aBUCETh OT YMCJIA MOJIb30BaTeICH, XKeJaloIInX BOC-
TOJIB30BAThCS YCIAyraMy TPAaHCIOPTHON ceTh. Monenb MO3BOJSIET HAWTH COCTOSTHHUE
pPaBHOBECHSI MEXIy STUMU IBYMsI B3aMMO3aBUCUMBIMU 00beKTamMu. Hike Oosee mom-
POOHO ONMMCAHBI AJITOPUTMBI, UCITOIB3YIOIIECS B MOJIEIN Ha KaXKIOM IIare.

Trips Generation

[Tpu mpoBeneHNM COLMOIOTUYECKUX WCCIeIOBAaHUI yCTAaHOBJIEHBI 3aKOHOMEPHOCTH
TOBENCHUS XUTeJIel MOCKOBCKOTO pernoHa, KOTOPhIEe MO3BOJISIIOT HA OCHOBAaHWU T1a-
pamMeTpoB, XapaKTepU3YIOIINX TPAHCIIOPTHBIN paitoH i (Pop, Wrk, w Oth,), onipenennrhb
of1ee YMCII0 NPUOBIBAIOLINX B pailoH D, v yObIBAIOIIKMX U3 paiioHa O, YeloBeK 3a Ie-
puon ¢ 8 10 9 yacoB. BceBo3MoXHBIE MepeMelleHus XuTeneii MOCKOBCKOro permoHa
pasnesIsIIoTCs Ha TaK Ha3bIBaeMble cJion crpoca. Kaxknmplil clIol cripoca XapaKTepH3y-
eTCI OOBEKTOM OTIIpaBJICHUS M OOBEKTOM MpHOBITHS. Harpumep, TpymoBEle Koppe-
CIIOHICHIIMM HAaCEeJICHMSI M3 ToMa Ha pabOTy OTHOCATCS K CJIOIO CIIpoca JOM-paboTa.
B onuceiBaemoii Moaenu BbiaeNeHO 3 TUIa OOBEKTOB MPUOBITUSI-OTIPaBIeHUS (IOM,
paboTa u mpouee), I KOTOPBIX MOXKET OBITh chopMUpoBaHO 9 cnoéB cripoca. CrenyeT
OTMETUTb, YTO JUISI HEKOTOPBIX CJIOEB cIipoca (Hampumep, AOM-IIOM) YHCIIO TTOE3I0K
B YTPSHHMI TIEpUOJ MaJIO, TIOATOMY TaKMe TTOS3IKM OOBIYHO MCKIIFOYAIOTCSI U3 PaCCMO-
TpeHusl. Yucao moe3nok B cjioe crpoca omnpeaensercs Koa(mduimeHToM MoaBUXKHO-
CTU — YHCJIOM ITO€3I0K OT OOBEKTOB OTIIPABICHUS K 00bEeKTaM IPUOBITUS Ha THICSIY
JKUTEJIEN, KOTOPhIE COBEPIAIOT MOJb30BaTEIM CETU B T€UEHUE TMepruoaa MOAeIUpOBa-
Hus (¢ 8 mo 9 vacoB). [IpuMepsl KO3()(PUIIMEHTOB TTOABIXHOCTH, KOTOPBIE MCIIOJIb-
3YIOTCSI B MOJICJIU IIJIST OTIpeie/ieHUs 1ieJiell TiepeMellleHusT HaceJeH!s B YTPEHHUWI Jac
MUK, MpUBeAeHHI B Taba. 1. B cTpokax yKa3zaH THIT 00beKTa OTIIpaBICHMS, a B CTOJIO-
Hax — TUIT 00beKTa MPUOBITUSI.

HaubGosbIiee yncio moe3nok B pacCMaTpUMBAaeMbIl Yyac MPOMCXOIUT M3 JAOMa Ha
paboty. O6bEMBI TpubkITUS D, 1 oTnipaBieHus O, B YTPEHHUIA Yac MUK OTIPEIENSIOTCS
o hopMynam:

0, = 0,130 Pop, + 0,029 Pop, +0,004Wrk, +0,00501h, +0,00401h,,

8
D, = 0,004 Pop, + 0,005 Pop, +0,013Wrk, +0,004Wrk; +0,02901h. ®)
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Taomuna 1. 3HaueHre KO3(POULIMEHTOB NOABVXKHOCTU HACETEHUS

MoOCKOBCKOT0 pervoHa ¢ 8 1o 9 4acoB yTpa

Jlom Pab6ora IIpoyee
Hom 0,000 0,130 0,029
Pa6ora 0,004 0,000 0,000
[Ipouee 0,005 0,004 0,000

Trips Distribution

INpennonaraercs, 4To 0OBEMBI IPUOBITUST OTIIPABICHUS PACTIPEACISIIOTCS MEXIY paii-
OHaMM TIPUOBLITUSI-OTIIPaBJIEHUSI COTJIacCHO TpaBuiy (9), KoTopoe B JUTepaType Mojy-
Y1JIO Ha3BaHME TpaBUTALIMOHHOI Moaenu [ BBegeHue B Mat. MogenupoBaHue..., 2013]:

Oi Joo. .

le = 7[36.. > lajzlv'": N; (9)
e i
N

0, :Zwij,
i=l
N

Dj:Zwl.j, (10)
j=1

i,j=1,..,N.

3HamMeHaTellb B hopmyie (9) — rpaBUTaIlMOHHAS QYHKINS,; ITapaMeTp 3 — KOHCTaH-
Ta (KO3(pDUIMEHT IpaBUTALMOHHON (YHKIIMU), KOTOpas ONpenessercs B Ipoliec-
ce KanmubpoBku Momenu. [dms MockoBcKoro perroHa 3HadeHme 3 cocraBisieT 0,08.
VpaBHenus (10) Ha3bIBalOTCS OaJaHCOBBIMU OIpaHUYEHUSIMU.

Ha mpaktuke cucrema (9)—(10) oObIYHO pelraeTcss ¢ MCIOJIB30BAHUEM CTIEIU-
aJIbHOTO UTEepallMOHHOIO ajJroputMa [BBeneHue B mart. MoaeaupoBaHue..., 2013]. Hnsa
Tpoliecca IMOMCKa PaBHOBECHS YKa3aHHAsI CUCTEMA SIBJISICTCS KITIOUEBOM, TaK KaK MMEH-
HO OHa OIlpeeJisieT B3aMMOCBSI3b MEXIY 3aTpaTaMy Ha IepeMellleHre U 00bEMaMU
KOPPECTIOHICHIINHA.

Mode Choice

OmpeneneHue crocoda IMepeABUXKEHUsT MEXOY Iapoil pailoHOB MPHOBITUSI-OTIIPAB-
JICHUSI TIPOMCXOOMUT COIJIaCHO MOJeIu AUCKpeTHoro BbIOopa [Ortuzar, Willumsen,
2011]. B paoorax T. Jomenknda u JI. Mak-@angnena [Domencich, McFadden, 1975]
u X. Bunbsmca [Williams, 1977] nmoka3zaHo, 4TO €CJiM MOJb30BaTEIN AEUCTBYIOT pallyv-
OHAJIbHO (T. €. BLIOMPAIOT CIIOCO0 MEPEABMKEHUS C HAUMEHBIIMMU 3aTpaTaMU) B yCJI0-
BUSIX HaJIUUMSI HEMOJHONM MHMOpPMALIMU O CUCTEME, TO BEPOSATHOCTh BBHIOOpa criocobda
MepeABIXKEHNUS Y MEXIY palilOHAMU OTIIPABJIEHUS [ U MPUOBITUS j OYAET ONpeaesiThCs
opmynoii:
efkg
oj=— (11)

Zefhcg
Y

3necb A — KoHcTaHTa (KO3(dULMEHT Monmead AMCKPETHOIro BbIOOpa) W ompene-
JsieTcs B Ipolecce KaaumOpoBku Momenu. [yt MOCKOBCKOrO perMoHa 3HadyeHue A
coctapisieT 0,08.
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Puc. 2. PacnipesiesieHre KOPPECIIOHICHIIMIA 1O CITOCO0aM MepeaBIKe- YTpeHHHA Yac MK
HMS B YTPEHHUI Yac UK. Pe3ynpraThl MOIEIMPOBAaHMS mwalk mpt mauto

Takum 00pa3oM, Ha TPETheM 11are TPAaHCIIOPTHON MO
MaTpula KOPPECIOHAEHIMI PACILEIISIETCS Ha TPU CllaraéMbIX
o crocobam nepeaBuxXeHus (puc. 2):

Wi =p;w;. (12)

Traffic Assignment

P aCIIpcacjaCHUC KOppeCHOH,I[CHL[I/Iﬁ I10 MapuipyTaM IMpouCXOoIUT HE3aBUCUMO IJIA KaxX-
JIoro crnocoba TIEPECABUKEHUS. PaCCMOTpI/IM KaXIbIA U3 HUX OTAEIBHO.

Mewue nepedsuxeHus

s TIemmx KOppeCIIOHAESHIINI 3aTpaThl Ha TIEPEIBIKEHHS HE 3aBUCIT OT YPOBHS 3a-
TPY3KHU CETH, T. €.

valk [ywalk ] _ T;valk (0). (13)

e e

Bce monbp3oBaTenm BEIOMPAIOT MapIIPYThl IEPEABUKCHMSI OO0JIamalolIne MHUHHU-
MaJIbHBIMU 3aTpaTaMu Ha NepeMelleHre 13 BceX BO3MOXHbBIX BapuaHTOB. TakuM odpa-
30M, 3aJa49a pacrupeneacHNs MeIInX KOPPECIIOHISCHIINA TT0 MapIIpyTaM CBOIUTCS K 3a-
JaJye Moucka KpaTyaiiiero ImmyTy Bo B3BEeILIEHHOM Ipacde.

[MepedsuxxeHus HA IUYHOM asmompaHcnopme

7151 aBTOMOOWITBHBIX KOPPECTIOHACHIINIA 3aTpaThl Ha MepeaBIKeHNEe o pedpy rpada e

1
3aBMCAT OT MOTOKA 110 3TOMY PEOPY Vs CIEMYIOIMM 06Pa3oM:

auto “

Tauto [y:uto] — TZIUO(O) 1+ a yé , (14)

e
e

1
rne 7,°°(0), a, uu C, ABJIAIOTCS NTApaMETPaMU XapaKTEPU3YIOLIMMU Y4aCTOK 10POTH

(pebpo rpaca). Takasa 3aBUCUMOCTh B TPAHCIIOPTHOM MOJETMPOBAHWU M3BECTHA, KaK
BPR-dynkims (Bureau of Public Road). [Tapamerp C, cOOTBETCTBYET TaK Ha3bIBaeMOM
«TIPOMYCKHO# criocooHocTh» yuacTka Y/IC, KoTopasi B 3aBUCMMOCTHU OT THUIIAa JOPOTH
Bapbupyetcst ot 600 10 2000 aBTOMOOMJICH B Yac Ha OIHY TMOJIOCY ABVKeHUs. Benmmanny

T
yaue / C, Gynem Ha3biBaTh KoadduimeHToM 3arpy3ku pedpa (yaactka YC).

PacrnipenesieHrue aBTOMOOWJIBHBIX KOPPECHOHACHIIUIA MO CETU MPOUCXOIUT B COOT-
BeTCTBUM C TIPAaBMJIOM, IIOJYYMBIIMM Ha3BaHME IIEpBOro IIpuHLMIIA Bapapoma
[Wardrop, 1952]: «ITonp30BaTenn ceTM HE3aBUCHUMO JAPYT OT Apyra BEIOMpPAIOT Mapuipy-
THI CJICIOBAHMS, COOTBETCTBYIOIIME MX MUHMMAJIbHBIM 3aTpaTaM Ha IIepeaBIIKCHUE».
Bo BBen€HHBIX 0003HAYEHUSIX MEPBbIM MpUHUMIT Bapapomna MoxHO ¢opMaiu3oBaTh

. o 2 aute
CIIeNyIoMM 06pa3oM: eciu TIo TyTH p € F; niér HeHyieBoii MoToK X0, 10 3atpatsl
10 3TOMY ITYyTU MUHUMAJIbHBL:
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ecian xauto > O TO Gaum( "aut()) mlnGaum( Aauta) (15)

I o o
e 3arpy3ka ceTH ompeaeisiercs BekTopoM Xx™“°. JlomycTUMOI 061acTbio 3HAYCHUIA

9TOT'O BEKTOpA ABJISIETCA MHO2KECTBO!

auto auto auto auto
X x, >0nnsg Bcex pe P § x, W

peg;

1t
3amaya nmomucka BCKTOpa x e SKBUBaAJICHTHA PCIICHWIO BaApMAlIMOHHOI'O HEPABCH -

cTBa [BBeneHue B MaT. MmoaenupoBaHue..., 2013]:

G( Aauto)( auto )’(‘:aum) 2 vaauto c Xauto’ e G(X) — G;uto(x) . p c P . (16)
Ipu ycnosum (14) HepaBeHCTBO (16) CBOAUTCS K ONTUMU3AIIMOHHON 3a1ave:

Z f auto (Z) dZ N mm yauto Zeep Zuto’ auto Xaura (17)
ecE peP

CyIecTBYIONINE METOIBI YMCICHHOTO PEIICHUs IOJIyYCHHOM ONTUMM3aIIMOHHOMN
3aJa4M OMKMcaHbl B MocoOuM o peaakiuveit A. B. 'acHukoBa [BBeneHue B MaT. MoJie-
JmpoBaHue..., 2013].

ﬂepeaeumeHu,q HA naccaxupckom mpaHcnopme obwe20 Nos1b308aHUA

s moe3moK Ha O0IIIeCTBEHHOM TPaHCIIOPTE 3aTpaThl Ha MEepeABIKEHE 110 pedpy rpa-
(a e, B TOM cirydae, eciu 1o pedpy e pa3pelieHo ABMKeHe Ha aBTOMOOUJIE, OTIpeeisi-
IOTCS 3aTpaTaMM Ha IepeMelleHUe 10 3TOMY peOpy Ha aBTOMOOMIIE:

Tpt (0) Tauto [yaulo

!
Lo [y ] min ;

(18)

B caydae, ecnu 1o peOpy e 3arpeleHo IBIKEHWEe aBTOMOOWIIEH, To 3aTpaThl Ha
MepeABMXKEHUE 110 3TOMY peOpy Ha OOIIECTBEHHOM TPaHCIIOPTE HE 3aBUCST OT IIOTOKA
o peodpy:

Tpf[yw]—mm (19)

B nomomHeHme K rpacdy TpaHCIOPTHON CETH TPAHCIIOPTHYIO HMHMPACTPYKTYPY
IUISI TIepeMEIleHUI Ha 0OIeCTBEHHOM TPAHCITOPTE COCTaBJISIET MH(MOPMALIUS O JIUHU-
SIX TIACCAXKMPCKOTO TPAHCIIOPTA: OCTAHOBOYHBIC ITYHKTHI, MHTEPBAJIbI ABMKCHUS, TIOMI-
BUXKHOM cocTaB U T.JA. [1o3TOMy MOMCK KpaTdaifliero myt (T.e. MyTH O0JIaJaolliero
MMHMMAaJIbHBIMHU 3aTpaTaMd Ha TEpeaBIDKEHUE) MPOMCXOAUT B CIICIIMAIbHOM 0Opa-
30M MOAU(ULIMPOBAHHOM Ipade TpaHCHOPTHOU ceTu. bosee moagpodHO ¢ anropuT™ma-
MM pacIpeneieHusT ITOTOKOB YMTaTeIb MOXET 03HaKOMMThCSI B padote [Ixx. OpTy3apa
u JI. Bwuiumcena [Ortuzar, Willumsen, 2011].

I'Ipou,ecc NMONCKa paBHOBECHOIO COCTOAHNA

[Iporuecc morcka paBHOBECHOI'O COCTOSIHUSI TPAHCIIOPTHOM CUCTeMbl MOCKOBCKOIO pe-
TMOHA TIPOMCXOAUT UTePAIMOHHO. B MTepanmu MOXKHO BEIIEIUTH ABa 3Tama (puc. 3):

* BcrnoMoraTeabHbIl UK Mode Equilibrium, B KoTopoM ji1 pUKCUPOBAHHOIM

MAaTPHIIEI KOPPECTIOHICHIINI (wij) TPOUCXOIUT TTOUCK PAaBHOBECHOTO pacIipe-

JieJIEHUE KOPPECITOHAEHLIMI 10 CIIOCO0aM MePEaBIKEHUS [w;']
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Puc. 3. Cxema nmorcka paBHOBECHOTO COCTOSTHUS
TPAHCIIOPTHOM CHCTEMBI

* ocHoBHoI1 Uk Distribution Equilibrium, B Ko-
TOPOM YCTAHABJIMBAETCS] PABHOBECHE MEXIY 00-
LM CITIPOCOM (wl.j.) M 3aTpaTaMM Ha TIepeIBIKe-
HUS (cl./.).

llesl

Dixtributicn
Ha mnepBoil utepauuu Bo BTOopoM mare (Trips .
Distribution) mist BEIYMCIeHUS 3HAYEHUA W;; MCTIOJIb3Y-
I0TCsl 3aTpaThl Ha MEPEIBUXKCHHUE C; IO CBOOOTHOM
TPAHCIIOPTHOI CEeTH, T.€. 3aTpaThl Ha pedpe e paBHBI
1/(0). Ha BTOpOii M MOCJEAYIOUIMX UTEPALIUAX OCHOB- flex]
HOTO ITMKJIa BO BTOPOM IIlare JUIs BBIUMCIICHUS 3Hade-

HUI W, WCIIONB3YIOTCSI 3aTpaThl HA TMEPEABIKEHNUE C;

¢ mpenpiayiieit urepaunu. Ilpoliecc morcka paBHOBECHOI'O COCTOSIHUSI TPAHCIIOPTHOM
CHCTEMBI IIPOUCXOMIUT IO TeX MOP, TT0Ka He OyIeT BHITIOJIHEHO HepaBEHCTBO:

N N
—1
S| Y <e,, (20)

i=1 j=1

Mode
Equilibriwm

rae wl.(j"), wz.”_l) — 3HAYEHUS BJIEMEHTOB MATPUIIBI KOPPeCTOHIeHIni Ha n 1 (n — 1)
UTEpalii COOTBETCTBEHHO, a 3HAYECHUE MapaMeTpa €, ONPENEIISIETCS YCIOBUAMM 3a/1a-
9y, DKCMEePUMEHTATBHO OBIJIO YCTAHOBJIEHO, UTO IJIsI MOeu MOCKOBCKOTO peTMOHA
B OOJBIIMHCTBE CIyYaeB NOCTAaTOYHO MPOBECTU 5 WUTEpalUii OCHOBHOIO LMKJA MAJIsI
YCTaHOBJIEHUSI PABHOBECUSI.

3aTpaThl Ha MepeABUXKEHUE IO CBOOOTHOW CEeTH cin. TaKXe WCIOJb3yI0TCS B Mep-
BOIi UTEpaly BO BCIIOMOTaTelbHOM 1ukJie Ha TpeTheM mare (Mode Choice) miis BbI-
YUCJICHUS w; Ha nocneayromux urepanusx uukia Mode Equilibrium ucnonb3yrorcs
3aTpaThl Ha MepeIBUXEHUE ¢ Mpeabiaymero uukia. [Iponecc morvcka paBHOBECHOTO
paclleruieHus] KOPPeCHOoHACHIIMIA 0 crocobaM TMepeABMKEHUsT TTPOMCXOOUT 0 TeX

I10p, IMOKa HE 6y,Z[CT BBITTOJTHEHO HEPABEHCTBO!

N N
D HIAET I e
v i=lj=1
rue cg(”), cg("fl) — 3aTparhl Ha IEPEMELIEHNE CIIOCOOOM Y Ha # 1 (1 — 1) UTepaLuu co-
OTBETCTBEHHO, a 3HAYEHWE TIapaMeTpa €, ONpPEIENIeTCs YCAOBUSAMU  3a/auu.
DKCIepUMEHTaIbHO OBLIO YCTaHOBJEHO, YTO IS MoOAeId MOCKOBCKOTO permoHa
B OOJIBIIMHCTBE CIy9acB JOCTATOYHO IPOBECTH 3 UTepallli BCIIOMOTATeIbHOTO ITUKJIa

IIJIS1 YCTAHOBJICHUS] pABHOBECUSI.

TakuMm o00pa3oM, IS MPOBEIECHUS OTHOTO pacuéTra HeoOXOOWMO BBIIIOJHUTH
HauboJyiee TOPOTYI0 C BBIYMCIUTEIbHOM TOYKHU 3peHHUs 4acTh moneiau — iuar Traffic
Assignment — He MeHee 15 pa3. BpeMst paboThel Moien Ha pabodyeil CTaHIIUKM COCTaB-
JISIeT B 3aBUCUMOCTH OT yca0BMii 3amauu 5—10 yacos.

PE3YJIbTATbl MOAEJTMPOBAHWA

PesynbpraTom paGoThl Mozenu SIBJIsseTCsS HAOOp MoKa3aresieil, XxapaKTepu3yoInX COCTO-
STHUE TPAHCIIOPTHOM CHCTEMBI, B OIMCHIBAEMBI IIEPHOJ BPEMEHM:
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*  YKCJIO MePEABUKEHUI w1 wy,
e JaHHBIE O 3aTpaTax Ha nepeanKeHHe L c;(,
* pacnpeesieHre KOPPECIIOHAEHLINIA 10 MapmpyTaM — xY TSI BCeX P € Pl]

i “‘yvﬂﬁ

Pl oy
. l"""L .l'

Snaunnne ko muwenTa Jarpyaem YOC
— g 0,75
75 - 0,85
— 85 - 0,85
— Gonen 0,95

Puc. 4. TpaHcnopTHble MOTOKM Ha péopax rpacda YJIC. ToniuyHa JUHUM MPONOpLUOHaIbHA 3a-
rpy3ke pedpa. Pe3yabTaThl MOaEIMpPOBAHUS
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Ha ocHoBaHWM 3TUX TaHHBIX 1O opmyJie (4) MOTYT ObITh BBIYUCIEHBI TPAHCTIOPT-

HbIe TTOTOKU Ha pébpax rpada cetu er (puc. 4 us).

MaccaxuponoTok Ha neperoHe

|
ThiC. YenoBeK B Yac

o
. — eHee 50
50 - 60

[
i
i foo|  — 0 - 70
,: ' — Donee 70

¥

=T
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Puc. 6. CpenHue 3aTpaThl Ha TIepeMeIIeHNS arpernpOBAHHEIE TTO PAlOHBI OTIIPABIEHUS.
PesynbraTsl MopenpoBaHust

Ilpy MopenupoBaHUM TEKYIIETO COCTOSIHUSI TPAHCIIOPTHOM CHUCTEMBI, MOTO-
K1 Ha pe6pax rpaca CpaBHUBAIOTCS C peajlbHBIMU JAHHBIMUA O TPAHCIIOPTHBIX MU
MAacCaXXUPCKUX MOTOKAX Ha COOTBETCTBYIOIIMX ydyacTKax YJIC wiM IeperoHax CKo-
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POCTHOTO BHEYJIMYHOTO TpaHcmopTa. K MCTOYHMKaM peanbHBIX HaHHBIX O CyIIe-
CTBYIOIIIEH 3arpy3ke TpPaHCIIOPTHOM WHMPACTPYKTYPHI CIEAYeT OTHECTUM HATypHBIE
oOcienoBaHUs M pa3IMYHblE aBTOMAaTU3MPOBAaHHBIE CHCTeMBbI cOopa HMHMOPMAaIIUH,
TaKWe KaK TYPHMKETBl Ha BXOHAaX Ha CTaHIMU MOCKOBCKOTO METpPOIIOJUTEHA, CH-
crembl ACKII (ABToMaTudupoBaHHas cuctema KoHTpossl mpoe3na) u ACOKVYIID
(ABTOMAaTM3MpPOBaHHASI CHCTEMa OILIATBI KOHTPOJISI U YI€Ta Ipoe3da B IIPUTOPOTHBIX
3JIEKTpOINoe3aax), laTyuku apuxeHus: tpaHcnopta, GPS- u INTOHACC-Tpeku oobiiie-
CTBEHHOTO TPAHCIIOPTA.

Yuco nepenBKeHWI 1 3aTpaThl MOTYT OBITh arperMpoBaHbl MO PailoHy MPUObI-
TUsI WIK OTIpaBieHus (pUC. 6, ITOTydeHHbIEe ITOKa3aTe/IM OyIeM Ha3bIBaTh XapaKTepu-
CTUKaMU TPAHCIIOPTHOTO pailoHa IPUOBITHS WJIM OTIIPAaBJICHUS), a TAKXKe 110 BCE CeTH
(TToydeHHBIE TTOKa3aTesn OymeM Has3bIBaTh OOIIECETEBHIMM ITOKa3aTesIMK). B tad. 2
MPUBEIEHO CPaBHEHME OOIIIECeTEeBBIX MTOKa3aTeNel OJyYeHHBIX B Pe3yIbTaTe MOMIEH -
pPOBaHUS TEKYIIIETO COCTOSIHUSI TPAHCIIOPTHOM CUCTEMBI C TAHHBIMM COIIMOJIOTMUECKIX
OMpocoB xuTeseit MockBbl 1 MOCKOBCKOI 00J1aCTH.

Ta6mua 2. CpaBHeHMe 00IIIeCeTEeBBIX MOKa3aTeIeii o pe3yabTaTaM paboThI
MOJIEJIM C TAaHHBIMM COIIMOJIOTMYECKUX OITPOCOB HACEJIEHUS

IToka3zaresb Cononpoc | Moaeab
KonuuectBo nepeapukenuii [MaH yein| | [Temue nepeaBuxeHust 0,68+0,07 0,55
OOGI11IECTBEHHBII TPAHCITOPT 1,52+0,09 1,69
JInyHbIe aBTOMOOUIIA 1,02+0,07 1,04
OO0BEMBI MUTPALIMK HACETICHUS M3 MockBbI B 00J1aCTh 0,124+0,02 0,13
[ ven] M3 obnactu 5 Mocksy 0,2840,03 | 0,29
Cpennue 3aTparhbl Ha iepenBkeHrne | [lemmve mepeaBukeHMst 17,7£1,0 19,4
[H] OO6I11eCTBEHHBIM TPAHCITOPT 57,5%£1,4 52,4
JInyHble aBTOMOOUITA 40,0%2,0 38,7
CpenHee 3aTpaThl Ha MEpeIBUKEHUE M3 Mocksbl B MockBy 4215 44
anp:]r MOHaM PHOBITHSI-OTIPABICHNUS M3 MockBbl B 00J1aCTh 7515 54
W3 obaact B MOCKBY 902 73
W3 obmactu B o6mactp 30£2 28
CpenHee paccTosiHUAE MOe3aKH (110 OO1IECTBEHHBIN TPaHCIOPT 12,7%1,2 12,8
TpAMOi) [xm] JInyHbIe aBTOMOOUIIU 8,8+1,4 10,0
KonuuecTBo naccaxupoB Ha pa3ind- | MOCKOBCKUI METPOIOJIUTEH 0,96%0,07 1,06
?:1’][);4 ?II:[HSZHO]&HGCTBGHHOFO TpaHcmop- ITpuroponusie anekrponoesna | 0,23+0,02 0,48

HITIT 1,12+0,15 0,85

NMPOTHO3MPOBAHWE M3MEHEHWIA TPAHCMIOPTHOW CUTYALINM

MOI[CJ'[I/IpOBaHI/IC MO3BOJIACT OIPEACINTD HE TOJIbKO CYIIECTBYIOIIME 3HAYCHUSA ITOKa-
3aTesiei, XapaKTepU3YIOIIUX COCTOSTHAE TPAHCIOPTHOM CUCTEMBI, HO U UX U3MEHEHUE
B ClIydyac€ p€ajiM3alilMi pa3JIWYHBbIX BJIMAIOIINWX Ha TPAaHCIIOPTHYIO CUTyallulO MEPOIIPU-
SATUUA. ZlJ'ISI 3TOro HEOOXOIUMO BHECTU COOT BETCTBYIOIIMC NBMCHCHUS B UCXOOHBIC TaH-
HbIE MOJECIN. MepOHpI/IHTI/IH, 3aTparuBaromi€ TPaHCIIOPTHYIO CUCTEMY, MOT'YT BJIUATH
KaxK Ha CIIpocC (COSZ[aHI/Ie HOBBIX MECT IPUJIOKECHUA Tpylda WIN XKWJIbId — WU3MEHCHUC
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rapaMeTpOB TPAHCIIOPTHBIX PAlOHOB), TaK M Ha TMPEIJIOXEHUE (CTPOUTEIBCTBO HOBBIX
WJIM PEKOHCTPYKLMS CYLIECTBYIOLIMX aBTOLOPOT, BHECEHUE U3MEHEHUI B CUCTEMY 00-
IIECTBEHHOTO TpaHCMOpTa — M3MeHeHUue rpada TpaHCHOPTHOU cet). PazpaboraHHast
MOJIeJIb UCTIONB3YETCS KaK JUIST MOJTOCPOUYHBIX, TaK W ISl KPATKOCPOUHBIX MIPOTHO30B,
M TIO3BOJISIET OLIEHMBATh M3MEHEHWE TPAHCIIOPTHON OOCTAHOBKM HE TOJILKO BO BCeil
TPAHCIIOPTHOM CETH, HO U HA OTHEJIbHBIX €€ yJacTKax.
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Prediction of the transport situation is one of the key urban problems. In this paper, one of
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HEKNTACCMYECKME PENAKCALIMOHHbIE KONEBAHMA U BUOYPKALINA
ro/lyp0ro HebA B 3AJAYE MOJETUPOBAHNA KAPAUOPUTMOB

C.J. [nvizun’, A. 10. Konecoe ', H. X. Po3os*

! flpocnaBcKMI rocyfapcTBeHHbIN yHuBepcuTeT um. MN.T. emnposa (AplY)

MocKoBCKMIA rocyaapCTBeHHbIN yHMBepcuTeT umeHn M. B. JlomoHocosa (MI'Y)

PaccmarpuBaeTcss HOBBIN KjlacC cUCTeM OOBIKHOBEHHBIX MU depeHIIMaTbHBIX YPaBHEHU ]
C OHOI OBICTPOIA W ABYMSI WX Oojiee MeIJIEHHBIMU MepeMeHHbIMU. B paboTe mokaszaHo,
YTO B CJIyyae BBIMIOJIHEHMSI HEKOTOPBIX YCJIOBUI TEXHMYECKOTrO XapakTepa Ha (PyHKIIUU
MpaBbIX YacTeil MOAENU, B HEW MOTYT OMHOBPEMEHHO PEaJM30BbIBATHCS TaK Ha3blBaeMbIe
HEKJIacCHMYeCKHe pelaKCallMOHHBIe KojiebaHus M OudypkKauus roiayooro Heba. Ilom He-
KJIaCCUYECKUMM DPeJIaKCallMOHHBIMU KOJIEOAHUSIMU TOHUMAIOTCSI KOJiebaHusl, y KOTOPbIX
MeJICHHbIE KOMITOHEHTHI aCUMITOTUYECKU OJIM3KM K HEKOTOPBIM Pa3pbIBHBIM 110 BpeMEHU
¢yHK1IMAM, a OBICTpast KOMIIOHEeHTa O-o0pa3Ha. B pabote Tak ke mocTpoeHo oToOpakeHue,
OTBevalollee 3a aTTpakTop cucTeMbl (oToOpaxeHue IlyaHkape BIOJIb TpaeKTOPUL Ha CIie-
LIMaJIbHOM 00pa30M BbIOPAHHOM CEYEHUU), C ITOMOIIbIO KOTOPOTo yaaéTcsi 000CHOBATh Ha-
Jinyue ykazaHHo# oudypkaiuu. Pazdupalotcs ciydau, Korjaa B pe3yJbTate KaracTpodbl ro-
JIyooro He6a BO3HMKACT YCTOMYMBLIN pellaKCAallMOHHEIN IINKJI WA YCTOMYIMBBIN TBYMEPHBIN
WHBapUaHTHBIN Top. PaccMaTpuBaeTcst Takke BOMPOC O MOSIBJIEHUN B CUCTEME TUIEepOOIU-
4yecKoro aTTpakropa (arrpakropa Cmeiina-BunbsiMca). CnenaHa nonbITKa MpUMEHEHUsT 00-
CYX/1aeMBbIX CUCTEM K MOJIEJTMPOBAHUIO KAPIUOPUTMOB.

HccnenoBanue BBIMOJHEHO MpU Toaaepxke Poccuiickoro HaydHoro ¢oHaa (MpoekT
Ne 14-21-00158).

Knrouegoie cnroea: CUHTYISIPHO BO3MYILEHHASI CUCTEMA, PEaKCAlMOHHBINA LUK, aCUM-
MTOTUKA, YCTOMYMBOCTD, KaTacTpoda rojyooro Heba, MOIeIMPOBAHUE KAPAUOPUTMOB.

BBEJEHWE

Omnucanre (QYHKIMOHUPOBAHUS CepAcYHONM MBIIIIBI B TIEPBYIO O4epedb CBSI3aHO C 3a-
JaJyeit MaTeMaTU4eCcKOro MoJIeIMpOBaHUs €ro 3JeKTpUYeCcKOoi aKTUBHOCThIO0. Kak u3-
BECTHO, KapIMOCUTHAJ IIPEACTABISICT COOOI CHUTHAJI HEeCTallMOHApPHONM M HErapMo-
HUYecKoi mpuponbl. JJaHHBIN CUTHANA 3aBUCUT OT MHAMBUIYaJIbHBIX OMOJOIMYECKMX
CBOMCTB KOHKPETHOTO YeJIOBeKa M COCTOMT M3 3yOIIOB, MHTEPBAJIOB M CETMEHTOB.
3yOLbl KapAWOCUTHAJIa — 3TO JIOKaJIbHbIEe dKCTpeMyMbl rpacduka DKI' (snekTpokap-
mrorpamMma). CerMeHTOM KapaMOCHTHajJa Ha3hIBAIOT YYAaCTOK YIOMSIHYTOTO Tpaduka
MEXIYy COCEAHUMU 3yOllaMU, a MHTEPBaJ KapIMOCUTHAIA COCTOUT U3 3y0lia (KOMILIeK-
ca 3yomoB) u cermeHTa. Tumosoit rpadpuk DKI mpencrasieH Ha puc. 1 (DaHHBIN Tpa-
¢ux 3aumcTBoBaH u3 ctathu I1. E. MakIllsppu ¢ coaBropamu [McSharry et al., 2003]).
CornacHO 3ToMy rpaduKy MOXHO BEIIEIUTH CICAYIONINEe OCHOBHBIC (pparMeHTHI Kap-
nuorpammbl (cM. [Kazakos, 2012; McSharry et al., 2003]).

1) P-3ybel, oTpaxaloluii coKpallleHue Ipeacepauii cepaua (mpeacepaHylo ae-
noJigpusanuo). enosspusaivs HaYuHAeTCs B KIeTKaX-BOAUTENSIX PUTMa CUHYCOBOTO
y371a Cepalia, a 3aTeM PacIPOCTPAHSICTCS 10 IIPOBOMSIIINM ITyIKaM K IIPaBOMY 1 JIECBOMY
Npeacepauio;

Inei3un Cepreii JIMuTpueBuy — 3aBenylolinii Kadeapoit, HOKTOp (U3MKO-MaTeMaTUUECKUX
HayK, npodeccop, glyzin@uniyar.ac.ru

KonecoB Annpeii FOpbeBud — mokTop (pusMKo-mMaTeMaTHYeCKMX Hayk, Ipodeccop, kolesov@
uniyar.ac.ru

Po3oB Hukonaii XpucroBuu — AekaH, HOKTOp (U3MKO-MaTeMaTUYECKMX Hayk, Mpodeccop,
yineH-koppecnoHneHT PAEH, fpo.mgu@mail.ru
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2) PQ-viHTepBall, OTpaXXarolIUii MPOXOXIEeHe UMITYJIbca BO30YKAESHUSI MO Mpea-
CcepmusiM cepilla ¥ aTPUOBEHTPUKYISIPHOMY COSCOMHEHUIO OO0 MUOKapIa KeJIyaIOIKOB
cepala;

3) QRS-KOMITJIEKC, COOTBETCTBYIOIIMI COKpAIIEHUIO XKEIYJZOYKOB Cepala.
JlaHHBIN KOMILJIEKC, KOTOPBII COCTOUT U3 TpEX 3yO1oB O, R, S 1 mpeacraBisieT cyMmy
MMOTEHIINAJIOB IETIOJISIPU3YIOIINXCSI KapAMOMUOLIMTOB BHYTPEHHUX W HAPYXXHBIX CIIOEB
MUOKap/a;

4) QT-wuHTepBaj, OTPaXAIOIINI CyMMY ITPOIIECCOB ACTIONSIPU3ALIMU U TTOCICIYIO-
el pernojspu3aluy MUOKapaa XeTyIouKoB cepialla. DTOT MHTepBaJ MPUHSITO Ha3bi-
BaThb 2JIEKTPUYECKOI CUCTOJION cepalia;

5) ST-cerMeHT, COOTBETCTBYIOIINI WHTEPBaJy BpeMEeHU, KOTIAa MUOKApH Kery-
JIOUYKOB CepIilia TOJHOCThIO OXBaueH Bo30yxaeHueM. OH TMpeAliecTByeT MOCIeTHeH
(baze cepmevHoro 1MKIIa, B TEYEHUE KOTOPOIl TTPOUCXOAUT BOCCTAHOBJIEHUE CePACUHOM
MBIIIIIBI TTOCTIE €€ COKPAIICHMUS;

6) T-3yGell, IPeACTABISIONINI MIEpUOI BpeMEHU pacciabieHnsl MUoKapaa XKesy-
JIOYKOB cepaia. B aToM nepuone cepaeyHast MpIIIA HAXOIUTCS B TIOKOE;

7) RR-vuHTepBasl, T.€. TOJHBIA CEPAECUHBIM LMKI (BpeMs MeEXAy COCEIHUMU
P-3yb61iamum).

IMpuHUIMT MoAeNTUpOBaHMS KapAMOPUTMOB, WCIOJIb3YeMblii MHOTMMU aBTOpa-
MM, COCTOMT B IOIOOpEe HEKOTOPOUM KOHKPETHOI CHCTeMBbI OOBIKHOBEHHBIX mudde-
pPEHILIMAIBHBIX ypaBHEHWIi, B KOTOpOW rpacvMK 3aBUCHMOCTH OT BPEMEHU OIHOW U3
KOMITOHEHT 0JIM30K Mo ¢popMe K IToKa3aHHOMY Ha puc. 1. B yacTHocTH, Ha 3TOM NyTH
OBLJIO MPEMITOXKEHO HECKOJIBKO TPEXMEpPHBIX Mofeneit. OnHa M3 cambIX TOIYJISIPHBIX
paccMarpuBaeTcs B ctatbe [McSharry et al., 2003]. lanee, cienyeT OTMETUTh TaK Ha-
3pIBaEMYI0 Mojesib 3uMaHa [Zeeman, 1972], a Takxke TpEXMEPHYIO MOMAEIb U3 CTaTbU
H.B. flncona, A. H. I1asnosa u B. C. Auniienko [Janson et al., 1998].

CyI1ecTByIOT 1 MHOTOMEPHBIE MOJAEIW CEepIACYHOM aKTUBHOCTH, IPEICTaBISIIO-
1Me coboil CUCTeMBI CBsI3aHHbIX YpaBHeHM PuTi-Xbio-Harymo, Ban gep Iojst u 1. 1.
(cM., HanpuMep, [dos Santos et al., 2004; Podziemski, Zebrowski, 2013; Suchorsky,
Rand, 2009]).
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Puc. 1. Tunosoii rpaduxk DKI (cm. [McSharry et al., 2003])
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Ham nmoaxon x monenupoBaHuio DKI' ocHOBaH Ha cUHTe3e ABYX UIEii: HeKJIacCcu-
YeCKUX peJlakCallMOHHBIX KoJiebaHuii 1 KatacTpodsl Toiyboro Heda. B pesynbrare 1mo-
JlyyaeTcs LeJIbIIA KJIacC CUCTEM BUJA:

X = fi(x, )+ £ (x),
ey = g(x)—h(y),

KOTOPBbI€ MOXHO MCITOJIb30BaTh KaK (peHOMEHOJIOTUYECKUE MOEIU DJIEKTPUIECKOMN aK-
TUBHOCTH cepaua. Criocody onpenenenust GyHKUWiA /|, f,, g U h OyneT MOCBAIIEH Cie-
ayroumuii pasnen cratbd, a mokasarenu 0 <p, <p, MOTyT ObITb BBIOpaHbI JIIOOBIMU.
Cucrema (1) 6bu1a paccMoTpeHa B cTaTbe [[bI3uH u ap., 2015a] npu p, = l/ 2, P, =2,
rae nokaszaHa peajan3yeMOoCThb B Hell Oudypkaiu roayooro Heba. B HacTosieit paboTe
MOKa3bIBaeTCs, 9YTo B cucTteMe (1) TIpu yCIIOBUAX, aHAIIOTUIHBIX IIPUBEACHHBIM B pabo-
Te [[bI3uH U ap., 20150], TakKe MPOUCXOIUT yKazaHHas OudypKauusi. 3a CYET moado-
pa mapameTpoB p,, p, MOXHO M3MEHUTH MOPSIIOK MaKCUMAIIbHBIX 3HAYCHUI OBICTPOI
MepeEMEHHOI y, OTBEYaIollIeil B HAIlIeM CJIydae 3a 3JIEKTPUYECKYI0 aKTUBHOCTD Cepey-
HO¥ MBI, U TTOJIYIUTh PEIIeHUs] CUCTEMEI (1), XOpoIIIo corjacymoInuecs: ¢ Hado-
naeMbiMu rpadpukamu OKIT.

ey

1. KATACTPO®A rOfIy6Oro HEBA B TPEXMEPHOW CUCTEME C IBYM#A
MEZANEHHBIMW 1 OOHOW BbICTPOW MEPEMEHHbBIMI B CITYHAE
HEKNACCUYECKNX PENAKCALIMOHHbBIX KOJTEBAHAW

1. lNMocTaHOBKa 3agaun

IIpexxae Bcero, ckaxkeM HECKOJBKO CJIIOB O CYTHM KaTtacTpodbl roiayooro Heda. DTUM
TEPMUHOM IPUMHSITO Ha3bIBaTh HEJIOKAJIbHYIO OMGYPKAIMIO KOPAa3MEPHOCTH OIMH, KO-
TOpasi B IPOCTEMIIIEM CITydae COCTOUT B CIICAYIOIIEM.

PaccMoTpuM mankoe omHONapaMeETPUIECKOE CEMENCTBO BEKTOPHBIX Mosieil X, B
R* u MPeANoNoXuM, uto ipu U =0 morok X MMeeT TIePUOINIECKYIO TpaeKTopmo
L, tuna npocroit cemno-ysen. dainee paCCMOTpI/IM HEKOTOPYIO JOCTATOYHO MAJIyIO
OKpecTHOCTh U Tpaektopum L,, pasmensieMyio ABYMEPHBIM CUJIBHO YCTOMYMBBIM
muorooGpasuem W *(L,) Ha mBe oGmacTu: y3noBylo U", Bce TpaeKTOPUHM U3 KOTOPOii
crpemsites K L, npu #— +00, u cewioByio U, B KOTOPOIl JIEKHUT IBYMEPHOE HeEy-
CTOMYMBOE MHOTOOOpa3ue IOC(L ) c kpaeM L,. Crnenyiouiee orpaHu4eHUe HOCUT Cy-
ILIECTBEHHO HEJIOKATBHBIN XapakTep M COCTOMT B ToM, uto W), (L,) npu yBenndeHuu
CHayYaja MMOKMIAIOT OKPECTHOCTh U, a 3aTeM CHOBa BO3BPAIIAIOTCS B HeE, IoIamas
B y3/10ByI0 06acts U . Torma, O4eBUIHO, KaxXaasi U3 YIIOMSHYTBIX TPAGKTOPHIA OKa-
3bIBaeTCs IBOSIKOACUMNTOTHYECKOM K L. M HakoHell, OyaeM cUMTaTh, YTO MHOXECTBO
WH*(L,), nonyyatomeecs uz W,,.(L,) 1ocie nponoIKeHUs 1O TPAeKTOPUSIM TOTOKA
X, He sIBIsIeTCSI TOMOJIOTMYECKMM MHOTroo6pasueM (B TPEXMEPHOM Cllydae 3TO O3Ha-
4aeT, YTO ero 3aMbIKaHUe He TOMEOMOP(MHO IByMEPHOMY TOPY).

Kak mokazano B ctatee [Typaes, IllIunpHUKOB, 1995], mpu copmynmpoBaHHBIX
OTPaHMYECHHUSX Y TIPU HEKOTOPBIX JOTIOTHUTEIBLHBIX YCIOBUSIX TEXHIUECKOTO XapaKTepa
VCYE3HOBEHUE B CUCTEME X 0<pu <1 cemno-y3n10B0ro HuKiIa L, npuBonurt K mnosis-
JIEHWIO YCTOMYMBOI 3aMKHyTov1 TpaekTopuu L(U), mepuon 1 IIMHA KOTOPOIl CTpEMSIT-
ca K 6eckoHeunocty npu U — 0. Cama xe Tpaektopust L(U) ¥MeeT CBOMM BEpXHUM
TOTONOTHYECKUM TipenesioM ripu U — 0 muoxkectBo W*(L))UL,. Onucannas 6udyp-
Kauus NOJIy4riIa Ha3BaHue «KaracTpoda roayooro Heba».

B pa6otax [Shilnikov et al., 2003; 2005] mpowuTIOCTpUpOBaHA PeaTU3yeMOCThb
YIOMSIHYTOM Bblllle OU(YpPKALMU B CUHIYJISPHO BO3MYIUEHHBIX CHUCTEMaX C OJHOM
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MeIJIEHHOU U m, m > 2 ObICTpbIMU TNepeMeHHbIMU. [lanee, B cratbe [[JIbI3UH U Ip.,
2008] xaTacTtpoda rosydooro Heba M3ydyajaach B CUCTEME

{x = f(x, y,0), )
ey =g(x, ),

rae x:(xl,xz)eRz, yeR, 0<exl, |u|<1, ana pynkuuu f,g€C™ 6buM HaNO-
JKEHBbI CTaHAApTHBIe orpaHnyeHus (cMm. [Muienko, Po3os, 1975]), obecneuuBaroiiue
CYLIECTBOBAaHMWE TaK HAa3bIBAEMbIX KJIACCUYECKMX peIaKCallMOHHBIX KOJJeOaHUMA.
HarroMHMM, 4TO KJIACCMYECKUMU Ha3bIBAIOTCS KOJIeOaHuUsI, Y KOTOpBIX Iipu € — 0 men-
JIEHHbIe KOMIIOHEHTBI X, X, CTPEMSTCS K HEKOTOPBIM HEIIPEPHIBHBIM MO ¢ GYHKLMAM,
a ObICTpast KOMIIOHEHTA y CXOJUTCSI TOTOYEYHO K Pa3pbIBHOUN (DYHKIIVN.

B Hacrogieit cratbe pe3ynbTaThl U3 padboThl [Inb3uH u ap., 2008; 2015a] pacmnpo-
CTPaHSIOTCS Ha aHAJOTUYHYIO (2) TpéxMmepHyto cucteMy (1), B KOTOpoii, Kak u B (2),
nonaraem x=(x,,x,) €R?, yeR, 0<e<l, |u|[<uy, a uy>0 — HekoTOpas 10cTa-
TOYHO Masias KoHCTaHTa. Yto xe Kacaercst dynkumit f,(x,u) € C™ R% x [—uo, MO];R )
hHx)e C®(R2,R?), g(x)eC®(R?), h(y)eC®(R), To oHM OyIyT YIOBJIETBOPATH
CITEeLIMAJIBHBIM YCJIOBUSIM, TAPAaHTUPYIOIINM PeaTu3yeMOCTh HEKJIAaCCUIECKHMX peJlakca-
IMOHHBIX KoyiebaHuii. CormacHo NpuHATON B KHUre [MulleHko u ap., 1995] tepmuHo-
JIOTMIM TAaKOBBIMU HA3BIBAIOTCS KOJIEOAHMsI, Y KOTOPBIX Iipn € — 0 MemIeHHbIE KOMIIO-
HEHTBI CXOJSITCSI TIOTOYEUHO K Pa3pbIBHBIM (DYHKLIMSIM, a ObICTpasi KOMIIOHEHTA SIBJISI-
eTcs &-o0pa3Hoii.

[Mpuctynum K OeTaqbHOMY OINMCAHWUIO OTPAHWYEHUI HaA TMpaBble YacTU CHU-
crembl (1). TlepBble aBa M3 HUX CBSI3aHBI C TOIOJOTMEN TIOBEPXHOCTU MEMJIEHHBIX
JIBAXEHUN

I'={(x,):g(x)—h(y)=0} . (3)

Yeaosue 1. [lpednonazaem, umo, 6o-nepevix, g(x)>0, Vx=0, g(0)=0; go-
émopuix, npu aobom Guicuposanrom Z>0 ypasnenue g(X)=2z onpedersem ¢ R* zam-
kHymyto kpugyto kaacca C™, comeomopryro okpyicHocmu.

Yenosue 2. Haiidémea makoe y =Y. >0, umo h'(y)>0 npu y<y, h(y)<0 npu
y>y, H(y)=0, h"(y,)<0, Wy, )=z,>0. Cuumaem maxxce, umo h(0)=0, a npu
Y — 400 cnpagedsuso acumnmomu4eckoe pageHcmeo

*.z
hy)=z,, +Z—i z,, €00, z,), 4)
k=1Y

COXpaHsIolIee CUIY TP A PepeHIINPOBAHIT TI0 y TIOO0E YUCIIO pas.

Harmagnoe nipencrasiedune o ¢cBoicTBax GyHKIMKM Z = A(y) maét e€ rpadux, mo-
Ka3aHHBINA Ha puc. 2. YTo Xe KacaeTcsl MoBepxHOCTH (3), TO B cuiy ycioBuii 1, 2 oHa
MMeeT BUJ, PEACTaBICHHBIN Ha puc. 3.

HeiicTBuTensHO, 0003HauMM uepe3 Y =)(z) u y=y,(2) KOpHH ypaBHEHHUii
h(y)=z npu z€ (~00,z,] u h(y)zz npu z€(z,,, z,| u3 npomexyrkoB (—oo, y,| u
[y,, +00) COOTBETCTBEHHO (CYIIECTBOBAHME STUX KOPHEW BBITEKAET M3 YCIOBUS 2).
Ianee, onupasch Ha ycJIOBMe 1, 3aKiiodaeM, 4To MoBepxHOCTh I pasOuBaeTcs Ha aBe
wacti — ycroituusyio I (ua kotopoit 4'(p) > 0) u neycroituusyio I (B TOUKAX KOTO-
poit 4'(y)<0), pasnenéHHble TUHUEH CPbIBA I, (tme h'(y)=0). JIns ykasaHHBIX 4ya-
CTeli CIIpaBeIINBEI PABEHCTBA

I ={xy):y=0_(x),xeQ}, I, ={(x,»):y=0,(x), x€Q,},
FO:{(x,y):y:y*, xell}, ®)
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O_(0)=3@)|_, ., P.0=10) (6)

1=g(x)"
2
Jlo6aBuM, uto B paBeHcTBax (5) yepe3 2, C R® o6o3HaueHa BHYTPEHHSISI 00JIACTb,

. . . 2. 2
OrpaHMYCHHast MPOCTON 3aMKHYTOU KPUBOIiA /| = {x eR:g(x)=z, }, a Q, CR” mpen-
CTaBJIIET COOOM KOJIBLIEBYIO 00JIACTb, OTPAHMYEHHYIO KPMBOM /| M TIPOCTOM 3aMKHYTOIA
. 2.
KpUBOIA L= {x cR:g(x)=2, } CQ,. 3aMeTMM  TaKXke, UYTO  IOCKOJBKY
lim®_ (x)=+oc mpu x €RQ,, x—/,, To moBepxHocTh I TIpencraBisieT coboil «KyB-
IIMH ¢ 6ECKOHEYHO JUIMHHBIM TOPJIOM» (CM. pUC. 3).

Tereps mepeilnéM K OrpaHUYCHHUSIM, Kacarolmmcsi BeKTop-pyHkumu f,(x) wu3
BeIpaxkeHus (1). B cBsI3u ¢ 3TUM pacCMOTPUM BCIIOMOTATEIbHYIO CUCTEMY

X=f,(x). (7

Venosue 3. [lpednonaeaem, umo eéce mpaekmopuu cucmemst (7) ¢ HA4AAbHbIMU YCAO-
eusMu, npuHadaexcawumu Kpueoli l,, 3a Koueunoe epems nonadarom na l, (puc. 4).
Cuumaem makdice, umo ynomsHymole mpaeKmopuu He umerom KOHMAaKmos ¢ kpugoi Ly,
m.e.

(grad g(x), £,(x))<0 mpn x€l, (8)

rae (*,*) — eBKIMIOBO CKAJIIPHOE [IPOU3BENEHIE.

L ———— =

!

\
\
\
Zasf— —f—— — — — - —
\
\
\

Puc. 2. I'padux dynkuum z = h(y)

—

- -
1
a1 ____
\
N/

L

|

I

I
________I_________

R TATR
a - | -1/~ ~ X
/ 7 y
(7>
\ 12 Y
N - _ -~
X, l
Puc. 4. Tpaekropun BCrioMoraTeIbHOM Puc. 3. [ToBepxHOCTH
cucremsl (7) I'={(x,y):8(x) — h(y) =0}
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3akiiouuTebHast cepud OFpaHI/I‘[CHI/Iﬁ CBSI3aHa C CUCTEMOM

x=fi(x,n), xeQ Ul. )

OmHako Tpexae yeM c)opMyTMpoBaTh COOTBETCTBYIOIINE YCIOBUS, BBEIEM B pac-
CMOTpPEHME HOBYIO KPUBYIO /3, PacrolioXeHHYIO B 001aCTH, OTpaHUYEHHOI KpUBO# /,
(cm. puc. 4). B cBsI3u ¢ 9TUM TIpeATIpPUMEM HEKOTOPHIE JOTIOTHUTETHHBIE TIOCTPOSHMUS.

PuKcupyeM MPOU3BOJIBHO TOUYKY X = X, JIeXKallyl0 B HEKOTOPO JOCTaTOYHO Ma-
JI0if OKPEeCTHOCTU KpUBOii /|, 1 06o3HaumM uepe3 x(7, x,), x(0, x;) =X, pemeHue 3a-

naun Koum x = f,(x), x o= %0 Hanee, BBEIEM B pacCMOTpeHNEe PYHKIIAIO

t
a(t, x,) = [g(x(0, x)))~z,,] a0 (10)
0
1 3aMETUM, YTO OHA 00JIANAET CBOCTBAMMU:

a(0, x,) =0, %(t, X,) = g(x(t, x;))—z,, >0 mpu 0<7 <1,
@(tx)<0nut>t lim a(t, x,)=—oc0 (11)
(9t > M0 p %9 > t00 s My T bl

roe f, =1, (xo) — KOpPEHb YpaBHECHUS
g(xt, xp))—z,, =0. (12)

JleiicTBUTENIBHO, OyeM CUMTATb TOYKY X, HACTOJbKO GJIM3KOI K KPUBOM /|, 4TO
8(xy)—z,, >0, a ms Tpaekropun x =x(#, x,) cucremsl (7) coxpaHsietcsi yciaoBue 3.
Toraa 3Ta TPaeKTOPUsI C TEYEHUEM BPEMEHM POBHO OIMH pa3 MepecevéT KpuByio [,
U COTJIaCHO HepaBeHCTBY (8) Mpu mocjeayoleM yBeJudeHU ! ocTaHeTcsl B 00JacTh
{x cR?: g(x)—z,, <0}, He mpubIMXKasch K e€ rpaHuile. A OTCIONa, B CBOIO OYepesb,
3aKJIloyaeM, 4TO, BO-NEPBbIX, ypaBHeHUEe (12) uMeeT eIUHCTBEHHBIA KOPEHb
t=1(x,)>0 c tpeGyembiMu cBoicTBaMU (CM. BhipaxeHue (11)); BO-BTOPBIX, MPH BCEX
JIOCTATOYHO OOJIBIIMX ! MOJABIHTErpaIbHOE BhIpakeHUe B ypaBHeHUU (10) oTpULiaTenb-
HO ¥ oTaeneHo oT Hyasa. CiiegoBaTesibHO, pU [ — +00 3aBEIOMO BBITTOJIHAETCS U (Ppu-
rypupyolee B (11) npenenbHoe paBeHCTBO.

Onupasich Ha cBoiictBa (11), HETpyaHO yBUAETH, YTO ypaBHeHue a(f, X,) =0 nme-
et Ha nosyocu >0 eguHcTBeHHOE pelieHue =7, (X,). YUnTbIBast 3T0 0OCTOSTEIb-
CTBO, BBEIEM B PACCMOTPEHUE IBYMEPHOE OTOOpaXEHUE

I, :x, — x(t, X, )thﬁ(x[)) : (13)

HecnoxHast mpoBepka IMoOKa3bIBaeT, YTO OHO IIPeAcCTaBiseT coboi auddeomop-
¢busM, onpenenEHHbI B HEKOTOPO#l TOCTATOYHO MAJIOW OKPECTHOCTH KPUBOH /.

Dro 3Hauwt, yto [, =I1,(/]) — mpocras 3amkHyrast kpusas kiacca C™ (cm.
puc. 4). JlaHHas1 KpuBas U SIBJISIETCS UCKOMOWA.

BosBpamasice kK cucreme (9), mpenmnogoXuM, UYTO BBIMOJHEH CACAYIOIIAN OJIOK
OrPAHUYECHU.

Yenosue 4. Dazoswii nopmpem cucmemvt (9) npu W=0 umeem 6ud, noxasannwlii Ha
puc. 5: 6 obnacmu 2, cywecmeyrom eOUHCMEEHHOe COCMOsIHUE PAGHOBeCUs X = X, AGASIO-
weecs SKCNOHEHUUANbHO HEYCMOUYUBLIM Y310M UAU POKYCOM, U eQUHCIMBEHHbLI OKDYICAI0-
Wil e2o noAyyCmouHUBslll YUK

d
Ly :x=x,(9), d—(fzwo, X (@+27) =x,(9), w, >0 (14)
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TUTIA TPOCTOl cemno-y3e. [IpenrmonaraeM Takxe,
YTO BCE TPAEKTOPHMU W3 KOIBLEBOI 00IaCcTH,
OrpaHMYMBaeMoil KpuUBbIMU /; M L, 3a KOHeu-
HOE BpeMsl TOManaloT Ha KpUBYIO [, mepecekast
e€ o0ImMM obpasom, T. €.

(grad g(x), f,(x, 0))>0Vxel. (15)

Hakoney, cuumaem, umo kpusas L, nexcum
6 obnacmu, ozpanuuueaemoii yuxaom Ly, Ho He co-
Oepocum u He okpyscaem mouxy X =X (cm. puc. 5).
s mrosicHeHusT (DUTYPUPYIOIIETO B YCIIO-
BUM 4 TpeGOBaHUSI MPOCTOTHI CEIJIO-Y3JI0OBOTO
nmukina (14) ¢ukcupyeM IIpOU3BOJIBHO TOUKY
M, €L, n 0603HauNM yepe3 X NOCTATOYHO Ma-
JIBIIT OTPE30K HOPMaJIM K KpuBoii L; B 9TOI TOU-
ke (cM. puc. 5). IlapaMeTpoM § Ha cekylleil =
GylIeM CUMTATh PACCTOSHUE OT TPOU3BONbHOI  PHC-S. @asosblii moprper cucre-
Touknu M €3 no M,, B3siTOe CO 3HAKOM <«+», Mt (9) mpu = 0
ecmi M JIeXXWT Ha BHEIIHEH YacTH HOPMAIN
M CO 3HAKOM «—» — B IIPOTUBHOM ciy4dae. Torza,
OYEBMIHO, YTO Ha MHOXecTBe {(S, u):|s|§s0, <Ky}, toe sy, Uy >0 momxomsium
00pa3oM MaJibl, oIpeecHO oToOpakeHue nmocieaoBanus [lyankape

5= R(s, 0, REC™([=sy. 5] X[ tgs 1o (16)

110 TpaekTopusaM cucteMsl (9), npuuém ainsa R(s, 0) B touke s =0 crnpaBennnso Teino-
POBCKOE pa3jiokeHue BUIa

R(s, 0)=s+d,s> +0(s°). (17)

ITpocrora cemno-y3noBoro uukia L, osHavaer, uto d;, > 0.
Yenosue 5. Cuumaem, umo

ay=R! (0,0)>0, (18)

20e R(s, W) — @yurxyus uz evipaxcenus (16).
W3 coiicts (17), (18) u HepasenctBa d, >0 cnenyer, yto mpu U € [—1,,0) oro-

OpaxeHue (16) nmeeT IBe HEMOABIKHBIE TOUKH S, (W) = £,/—0,u / d, +0(u), xoro-
pbIM B cucTeMe (9) COOTBETCTBYIOT ABa LMKJIA — yCTORUMBBIA L (1) 1 HeycTOMYMBBII
L (w), L (0)=L,. Takum 06pa3oMm, B 3TOM CJlyyae BCE TPAaeKTOPUU paccMaTpuBae-
MOi CUCTEMBI ¢ HaYaJbHBIMU YCJIOBUAMM, JIEXKALMMU Ha KpUBOH [, mpu f—+00
crpemsites K umkiny L_(w). Ecim xxe w€ (0, u,], To umkisl B cucteMe (9) OTCYyTCTBYIOT
u Jo6ast €€ TPAeKTOPHsl,C HAYalbHBIM YCIOBHEM U3 /; CHavyasa aCHMITOTHYECKH 10T~
roe Bpems (mopsiaka 1/ \/itj ) Bpalaetcss B OKPECTHOCTM MCYE3HYBIIEro nukia L,
a 3aTeM IomnaaaeT Ha KPUBYIO /.

IIpy cHOpMYyIMPOBAHHBIX OrPAaHUYEHMSAX COIJIACHO pe3yabTaraM MoHorpabuu
[Mumenko u np., 1995] mob6ast TpacKTopust

(x(t,,0), y(t, &, 1)) :x(0,8, W) =X, 30, &, w)=y, (19)

cucrembl (1) ¢ He3aBUCAIIMMU OT €, W HaAYaJbHBIMM YCJIOBUSMU X,, Y, Ha Kaue-
CTBEHHOM YPOBHE BEIET ce0sl CIeIYIOIIUM 00pa3oM.

IMyctb TOuKa (X;, y,) pacroioxkeHa B HEKOTOPOIl TOCTATOYHO MaJION OKPECTHO-
CTM YCTOWYMBOTO MHOTOOOpa3usi MEMJIEHHBIX ABMXeHWi I W X, mpuHamiexur
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KOJIBLICBOIA 00J1aCTH, OrpaHN4YMBaeMoit KpuBbiMu L, 1 /. Torna cHavana 3a aCUMITO-
TUYECKN Majoe Bpems (Topsiaka sln(l/ €)) IpOoUCXOOUT <«IafeHue» (Ha30BOM TOU-
ku (19) Ha noBepxHocTh I TprMepHO 1Mo TMpsiIMON X = X;;, a 3aTeM ABIKEHHE MPO-
JOJKaeTcsl B aCUMIITOTUYECKM MaJloif o € OKpecTHOCTH KpuBout (X, (7, W), y,(Z, w)),
e Y6, W=D _(x,(f,n)), ®_(x) — dynkuusi u3 Bepaxenus (6), x,(#, 1) — perue-
Hue cuctemsl (9) ¢ HauaabHbIM yenoBueM X, (0, W) = Xx,,. [lajee, B ciiy ycaoBus 4 Haii-
IETcst Takoil TIepBbIii MOMEHT BpeMeHu f, =1, (u) >0, uto x,(#, W) €/,. Orciona BeITeKa-
er [MumeHko u ap., 1995], uTo npu 3HaueHUsIX !, aCUMITOTUYECKU OJIU3KUX K 1|,
MPOVICXOMINT «CPEIB» ¢ MHOroobpasusa I 1 HaumHaeTcsa Tak Ha3bIBAEMBINA ITPOMEXKYTOK
OBICTPOTO IBUXEHUS. YIIOMSIHYTBHIN IPOMEXYTOK, B CBOIO OUepedb, MOXHO pa30UTh Ha
TpY (pparMeHTa: yJ4acTOK B3JIETA, TTOBOPOTA U TTaJcHUSI.
Ha yyacTtke B371€Ta B CHITy BBITEKAIOIIETO U3 YCIIOBU 1, 2 HepaBeHCTBa

g(x)—h(y)>0Vxel, Yy>y,

IepeMeHHas y BO3pacTaeT M0 aCMMITOTUYECKM OONbIIKMX 3HauyeHUi. TouHee roBopsl,
¢azoBas Touka (19) acMMITOTHYECKU OBICTPO ABMKETCSI B aCUMIITOTMYECKU MaJIOi
OKPECTHOCTH OTpe3Ka

{x ) x=xwy, <y<e®}, (20)

roe x(W)=x,(t,W),w)el, d=(p +1) / (p, +2)<1. XapaktepHasi 0COGEHHOCTb 3TOTO
JBUXKEHMSI COCTOUT B TOM, 4TO JitoOas yacTb oTpeska (20), oTBeyarouiast HpOMC)KyTKg/
Y<y<Yy, toe y, <y <Yy, NPOXOIUTCS 3a BPeMsI nopsika €. BenmuuHbB Xe y=¢€
komroHeHTa Y(7, € L) 1OCTUTaeT 3a BpeMsl OpsKa € °.

Y4acToK IOBOPOTAa COOTBETCTBYET 3HAYEHUAM [, IPU KOTOPLIX (pa3oBas TOY-

. -5

ka (19) Haxogurtcs B nonynpocrpaHctse {(x, y):y>¢€ °}. na Ka‘{CCTBCHHOFOIOHI/ICZI—
HUSI 3TOTO yyacTKa BBIMOJHUM B cucTteMe (1) 3aMeHbl y:usfﬁ, t—t(u)=0¢ 76, rae
B=(p,+D/(p, +1) <1 (8<B<1) n Bocmomb3yemcs paznoxeruem (4). B utore mocie
OTOpAaChIBAaHUSI aCUMIITOTMYECKH MAJIBIX ITO € cilaraeMbIX MMPUXOINUM K 3agadye Ko

dx du

) —

—=u"f(x), —=gx)-z,, x|

de 2 de o

IMomnaras, yro B Beipaxkenuu (21) dt= u”de, ybexmaeMcsl, 4YTO Ha y4yacTKe MOBO-
poTa aBuxeHue dazoBoit Touku (x(T, €, W), u(T, €, L)), Nonydaroleiics U3 COOTHOLIE-
Hus (19) mocie caenaHHBIX 3aMeH, IIPOMCXOAUT B ACUMIITOTUYECKU MAJIOi OKPECTHO-
CTU KpUBOH

oo =% (W), u|e:0 =0. Q1)

{(x, u):x=x(t,w), u=u(t,n), T= 0}0{()" u)uz 0}' 22
3nech
x(T, )= x(7, Xo )|;:T,x0:x1(u) ’
(23)

bl
1=1,x,=x, (1)

)1/(p2+1>

u(t, W) =((p, +Da(t, x,)

a dynkunn x(7, x,), a(f, x,) BBeneHsl Boiiue (cM. (10)—(13)).

OO6paTuM BHMMaHUE, YTO B CWJIY PaBEeHCTB (23) U M3BECTHBIX CBOMCTB (DyHKIIMU
a(t, x,) , urypupyioiiee B cooTHoIeH!H (22) anpuopHoe ycaoBue # > 0 BBIMOMHSIET-
cs1 Tonbko Ha orpeske 0<t<T(W), e ?(u):t**(xO)L e @ t..(X;) — MOMeHT
BpeMeHM u3 BoipaxeHus (13). ToyHee rosops, KoMmnoHeHTa u(T,[l) o6nagaer
CBOMCTBAMU

w(t,w>0 mpn 0<T<T(W), u(0,u)=u(T(W),u)=0. (24)
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Takoe moBemeHWe u(T,U) O3HA4YaeT, YTO HA YYacCTKe ITOBOPOTA KOMITOHEHTa
¥(¢, €, W) cHavajIa BO3pacTaeT QT € ~ 10 3HAUCHMIA OPsSIIKa € , a 3aTeM CHOBA Iaaa-
€T 10 MPEXHETO YPOBHA Y = e®. [ obaBuMm, 4TO BpeMs MTPOXOXKAEHUST JAHHOTO y4acTKa
PaBHOMEPHO MO L MMEEeT MOopsIIoK € .

ITocne moBopoTa HACTyMmaeT TaK Ha3bIBa€MbI yYACTOK Male€HUS, KOTOPbINA BIOJ-
HE aHAJIOTMYEH OMKMCAaHHOMY paHee yJyacTKy B3jéra. Ha aTtoM yuactke TpaekTopus (19)
ACUMIITOTUYECKU OJIM3KA K OTPE3KY

{(x ) x=xM, ®_ ()< y<e®}, (25)

rae xz(u) x(T, u)| W 3ameTnM, Iajee, YTO B CWJIY OIpeAeIeHUs (QYHKIIWN
x(T,1), T (L) U3 COOTHOMIEHMI (23), (24) nmeem x,(u) =TI1,(x,(w)), roe I1, — ome-
patop (13). Tem caMbIM, aBTOMAaTH4eCcKn X, (1) €/;. Tak Kak

gx)—hy)<0vxel,, Vy>®d (x),

TO TpU ABWXEHUM BIOJb OTpe3Ka (25) kommnoHeHTta Y(f, €, 1) yObiBaeT (OTCIOA U Ha-
3BaHME — Y4acCTOK Ha,[[eHI/IHb) Kak u B ciydae yyacTka B3/€Ta, JUIMTEIbHOCTh JaHHOIO
y4acTKa UMeeT MOPSIIOK €

3a majgeHueM ciaeayeT OYepeaHOM y4acTOK MeajieHHOro aBrkeHus. Ha HémM dazo-
Basg Touka (19) HaxomuTcs B ACHMIITOTMYECKM MaJloi OKPECTHOCTUM KPHUBOM
(X, (2, W), y, (2, 0), tme y,(t, W) =DP_(x,(z,0)), a x,(f,u) — pewenune 3anaun Kouru
[t cucteMbl (9) ¢ HaYaIbHBIM YCJIIOBUEM X, =) =X, (u). B3aBucumocTH oT 3Haka W
3[1eCh BO3MOXHBI CIIEAYIOIINE 1BA CLIEHAPWSI.

IIpeanonoxum, yro napaMmeTp U (GUKCUpOBaAH U MoJioXUTeaeH. Torma, Kak yxe
OBLTO CKa3aHO BHIIIE, cucTeMa (9) He MMeeT IIUKJIOB, a JIIo0oe e€ pelIeHre ¢ Hadyajlb-
HBIM YCJIOBUEM Ha KPMBOM /; 3a KOHEYHOE, XOTSI M JOCTAaTOYHO Gosiblioe (Mopsiaka

1 \/E ), Bpems momanaet Ha /. IlocienHee 03HaYaeT CyIIECTBOBAHUE TAKOTO MOMEHTa
t=t,>1t, 4ro npu ?=t, Tpaekropus (19) cpeiBaercst ¢ I . 3arem unér ouepenHoit
Y4acTOK OBICTPOTO NBUKEHUS U T. . SICHO TakKe, YTO B pacCMaTpUBAEMOM CJTydae OIu-
CaHHBIN TPOLECC CMEHBI YYaCTKOB OBICTPBIX M MEMJCHHBIX ABMXKEHMIA MPOIOIKAETCI
10 GECKOHEYHOCTH, T.€. B cucTeMe (1) peanusyloTcsl He3aTyXawllue HEeKJIaCCUUeCKUe
pellakcallMOHHbIE KOJIEOaHMUSI.

Ilyctb Temeps mapamerp W (UKCUPOBAH M OoTpUlaTeleH. Torma, Kak ciemayeT U3
pesysbTaToB cTaTbil [AHOCOB, 1960], mukinam L, (W) cuctemsl (9) B MCXORHOM cucTe-
Me (1) Tipu Bcex mocTatouHo Manmbix £€>(0 COOTBETCTBYIOT YCTOWUYMBHIA M HEYCTONIM-
BoI kel L (e, 0) u L +(8, W), MpUIEM

L,O0,w={(x,y):y=P_(x),xe L, (W}

OTtMmeTuM Janee, 4To B CUITy ycioBusl 4 uHTepecytomas Hac Tpaekropust (19) mpu
1>1 (1) 3aBemomo momaznaer B 06aacTb npuTsKeHuda uukia L (g, u). Takum obpasom,
B JaHHOM CJTy4Jae peJlaKCallMOHHEIE aBTOKOJIe0aHUs B cucteMe (1) OTCYTCTBYIOT.

W3 npuBen€HHBIX KAYeCTBEHHBIX COOOPaXKEHUI BbITEKAET CYILIECTBOBAHUE KPUTH-
yeckoro 3HaueHus U (€), U (0)=0 mapamerpa U, mpu KoTopoM B cucteme (1) mpouc-
XOJINT TTEPEXO. OT TNIAAKUX aBTOKONIeOaHuii — ycroiunBoro mukina L (g, 1), K pemak-
cauoHHbIM. TouHee roBopsi, ciydaii LW =W, (€) COOTBETCTBYET CEJI0-y3I0BOM O6Udyp-
KalWK, TPUBOISILEH K CIMSHUIO U Mcue3HOBeHUIo nkioB L, (g, u). Yro e Kacaercs
MHTepecylollell Hac KaTacTpodhbl rojiydboro Heba, To oHa HaOmtogaeTcss B cucreme (1)
npu

u=u (e)+v, 0<vl (26)

U IpU HEKOTOPOM AOIMOJTHUTCIBHOM YCIIOBUU, O KOTOPOM 6y,[[CT CKa3aHO HMXKE.
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1.2. OCHOBHble KOHCTPYKLMMN 1 YTBEPXKAEHNA

B sTom pasnene onwmiiiem mMareMatudecKue KOHCTPYKIIMU, TTO3BOJISIIONINE CHOPMYIIU-
poBaTh OCHOBHBIE OM(YpKaLMOHHBIE TeopeMbl. JloKa3zaTenbCTBa 3TUX YTBEpPXKICHUIA
¢ MUHUMAaJIbHEIMA N3MEHEHUSIMU MOTYT OBITh 3aMMCTBOBAHBI U3 cTateil [[JIBI3WH U ap.,
2008, 2015a] u moaToMy 31eCh He TPUBOISITCS.
CohopmymupyeM cHadaia yTBEpXKIEHUE O TOM, 4TO (DMTYpUpYIOIIee B BEIpaXKe-
Huu (26) KpuTyeckoe 3HadeHue W, (€) mapamerpa U AeHCTBUTENBHO CYIIECTBYET.
Jlemma 1. 1o awobomy namypanvHomy k moxcHo ykazams maxoe 00cmamo4Ho manoe

€, >0, umo na ompesxe 0<e<e, cywecmeyem eduncmeennas C*-enadkas no Ve
gynryua 1, (€), w (0)=0, obnadarowas credyrouwum ceoiicmeom: npu Ve € (0, €)1 u npu
u=u, (e) cucmema (1) umeem noayycmoiusueolii Yux.n

L) x=x(9.0), y=y.(0.0), i—(f:w*(s) 27)

THTIA IPOCTOM cemno-y3ea. 3aech C k—rJ'[aILKI/Ie o (o, \/E) byukumu x, (@, €), y (@, ¢€)

u Ck—rnaz[Ko 3aBHCAIIAA OT VE YactoTa O, (€) yIOBIETBOPSIIOT PABEHCTBAM:
X (@+2m,e)=x (¢, ¢), y (p+2m, €)=y (¢, ¢),
X, (0,0)=x,(9), y,(0,0)=P (x,()), w,(0)=0w,,

ede sekmop-gynkyus X,(Q) u uacmoma W, 3aumcmeosansi u3 evipaxcenus (14).

B nomonHeHue OTMETUMM, YTO B CWIIy YCJIOBUN 1—5 Kaxmas TpaeKTOpusl CHUCTe-
Met (1) mpu u=u (€), MpUHAIIEXAIIAsT HEYCTOWINBOMY MHOTOOOPA3HIO W,'(fc(L*(E))
nukia (27), npu ¢ —+oo cHoBa crpemurcs K L _(€), momanasi B y310ByI0 00J1aCTh 3TO-
ro rukiia. TakuMm o6pazoM U, (€) SBISIETCS UCKOMBIM KPUTHIECKUM 3HAYEHUEM, COOT-
BETCTBYIOILIIMM KaTacTpode roayooro Heoda.

Ha crnenyroomeM 3tame BBeAEM B pacCMOTPEeHME MHBApUMaHTHOE MHOTOOOpasue
MeIJIEHHBIX IBVXKEHUI B OKpeCTHOCTH 1ukKJa (14)

{up)iy=Hx,e,0), xeU}, (28)
rne U — poctaTouyHO Manasi OKpecTHOCTh Lukia (14), dynkums H(x, g W),

H(x,0,u)=® (x) sasercst C*-ramkoii 10 COBOKYITHOCTH TEpPEMEHHBIX (X, \/g, w.
Ha mHoroo6pasum (28) paccMOTpUM IBYMEPHYIO CUCTEMY

x=f(x, H(x,e,u),n), xeu (29)

1 y4T€M B Heil paBeHCTBa (26). [ToydeHHYI0 IIPY 3TOM CUCTEMY
x=F(x,¢ V) (30)

npeodpaszyeM Mo BO3MOXHOCTH K HanboJsiee mpocToMmy Bumy. Uit 3Toro BBeaEM B 001a-
cti U pamvanbHyl0 M LMKIMYECKYI0 KOOpAMHATHI (S, @):[s|<s), s, =const>0,
0< @< 2n(mod 27), cBsI3aHHBIE C TIOAYYCTONYMBBEIM LIMKIIOM. TOYHEE TOBOPS, B Kade-
CTBE ¢ BO3BMEM YIJTIOBYIO KOOPIMHATY U3 COOTHOIICHMS (27), a yepe3 S 0003HAYUM
rnapameTp Ha otpe3ke HopManu (@, €) K kpuBoii L (€), MpoBeAEHHOM Yepe3 TOUKY
x,(@, €) (crocob orpeneeHNsI 3TOTO MTapaMeTpa OTrcaH Beilire). Jlaee, U3 pe3ynbra-
TOB cTaThu [[b13uH 1 Ap., 2007] BeITEKAET CyIlIeCTBOBAHUE TAKOIO JOCTATOYHO Majoro
0, >0 u TaKuX C*-rnagkux o COBOKYITHOCTH IepEeMEHHBIX
(o, 6, \/E) € [-0y, 0 %[0, 27t] [0, ¢, | dyHKIIMIT hj(p, 0, ¢€),
h;(p, 0+2m,e)=h(p,0,¢), j=1,2, uro nocne nepexona B cucreme (30) mpu V=0
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K KoopauHaTaMm (S, @) u 3amensl S=p+p’ (0, 0,€), @=0+ph(p, 6, ) ona npuru-
MaeT BUIL

p=d,(e)p” +dy(e)p’, O=0,(¢). 1)

3necs W, (€) — vacrora u3 Beipaxkenus (27); d ; (¢), j=1,2 — Hexoropsle PyHK-

miu knacca CX o nepemennoii Ve, npuuém d,(0)=d, / 2n>0, rne d; — nocrostHHast
u3 cootHoueHus (17) .

Ipenmnonoxum Ternepsb, uro B cucreMe (30) v>0. Torna ykazaHHBIE BBILLIE 3aMe-
HBI TPeo0PasyloT €€ K BULY

p=d, (e)p” +d, ()0’ +VA,(p, 0, e, V), O=w,(e)+VA,(p, O,¢, V), (32)

e A ; 0,0,¢,v), j=1,2 — nekoropsie C*-rmankue no (o, 6, \/g, V) ¥ 27 -nepuonu-
yeckue o O ¢yakuyu. B xaure [InasHuKoB 1 ap., 2004] mokaszaHo, 4TO CYILIECTBYET
3aMeHa MepeMEHHBIX po=r+vh (b, e)+vra (P, ),

O=1+vh, (b &) v ,(he), e A (b,  h (b+2me)=h, (. e),

J»s=1,2 — mexoropsie C *_rnamxue o , \/Z GyHKIIUM, IIpUBOASIIas cucteMy (32)
K BULY

F=d(e)r’ +dy () +a, ©V+a,(e)vr+VA(r, b, & V),
Y=, (e) +B,()V+B,E)Vr+ VA, (r, P, €, V).

3necy o /.(8), B j(e), j=1,2 — ckansipuble GyHkimu; C*-ranko saBucsiiye ot \/g,
a ocratku A I Jj=1,2 B coorHoweHuu (33) yIoBIETBOPSIOT TEM XK€ OOLIMM TpeboBa-
HUSIM TIEPUOOMYHOCTM U IJNAJKOCTH, YTO M AaHAJOTMYHbIE MM OCTaTKU U3
BBeIpaxkeHus (32).

IMocnenyomuii aHanu3 6a3upyeTcss HA HEKOTOPBIX TOIMOJIHUTENBHBIX FeOMETpUYe-
CKUX IIOCTPOEHUSIX. B CBSI3U C 3TUM BBEIEM B pACCMOTPEHUE ABE ABYMEPHbIE LIMJIMHAPH-
YecKue TOBEpXHOCTH S, , 3amatolimecs: B nepeMeHHbIX (, P, v), v=y—H(x, & W)
paBEeHCTBaMU

Sy ={(r b, v) ir =1, 0<H< 2n(mod 2), |v | < vy }, (34)

IZie TOCTOsTHHBIE 7y, V>0 dukcrpoBaHbl 1 10CTaTOYHO Manbl. OTMETUM Hajiee, YyTo
npu ycioBun (26) moBepxHocTU (34) HE MMEIOT KOHTAKTOB C TPAGKTOPUSIMU CHUCTE-
MBI (1), ITOCKOJIBKY TTOJIOKHUTENBHBI TIPOU3BOAHBIE F* __., B CHIIY 9TOIi CHCTeMBI (1aH-
HBI (haKT — CIIEACTBUE TMOJOXKUTEIbHOCTU Koad)(bnum?mos d,(e), a,(¢) HOpMasb-
Hbiil hopmel (33)). Kpome Toro, u3 onmMcaHHOTO BhIIIE KAYECTBEHHOTO XapakTepa mo-
BemeHus pemieHuit (19) BbITeKaeT, YTO, BO-TIEPBHIX, B ITaHHOM ClIydae KOPPEKTHO
onpenenén oneparop coorserctsust I, (g, v):S, —S_ mno Tpaexropusm cucre-
™Mbl (1); Bo-BTOpBIX, IIpU € — 0, v—0 STOT onepaTop JIOMYCKAaeT KOHEYHbIN npeaen

I, (0,0): (, v)— (v (¥), 0), (35)

(33)

rae Y(P) €C™ — HexkoTopas neprogryeckas ¢ IeproIoM 27t (PYHKIMS.

ITpumensis x cucreme (1) obmme pesynbratel MOHOrpadguu [MuuieHko u ap.,
1995], kacaroIiuecst KIaCCUYECKUX UM HEKJIACCUYECKUX pelaKCallMOHHBIX KOJIeOaHUIA,
TIPUXOAUM K CJIEAYIONIEMY YTBEPXKIEHUIO.

Jlemma 2. Ilpu eévinoanenuu yeaosuii 1—5 u coommnowenus (26) umeem mecmo npedenv-
HOe pageHcmeo

lim II (e, v)= l'[+7_(0, 0) 37

e—0,v—0 -
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6 mempure C* no nepemennoim (P, v) € [0, 2m]x [—=vy> vy | npu arobom gurxcuposannom k.
3aKTIOYUTEIbHBIA 3TAIl KCCICIOBAHMUS TTOBEICHMS pEIIeHU cucTeMbl (1) TIpu yc-
noBuH (26) cBAA3aH ¢ paccMoTpeHueM onepatopa cootetcTsus Il (€,v) 1o e€ Tpaek-
TOpI/ISIM geiictByomero u3 S B S .- IIpobGiema cyuiecTBOBaHUS —oOIepaToOpa
+(&V) cBoauTca K aHANOTMYMHOMY BOMPOCY JUIS OMNEPaTopa COOTBETCTBHUSI
(s v): L(i) —>L( +) 1O TpaeKkTopusimM cuctemsl (33). st atoro oreparopa crpa-
BeI[IH/IBO clenylolee yTBepxKIeHue.
Jlemma 3. Ilo arobomy HamyparvHomy k modcHo yKazame maxkue 00CMAmo4Ho Manvle
nocmosmnsie €, >0, v, >0, umo npu écex 0<v<v,,, 0<e<e; onepamop 11" (¢,V)
donyckaem npedcmasneHue

M e - b+ 0y Wi, v (modam), (37)

g,V
Jv
rae dynkums ¢, (€,v), ¢ (0,0)>0 HempepbIBHA [0 COBOKYITHOCTH IIEPEMEHHBIX (BILIOThH
1o 3HaueHus vV =0). Yto xe kacaercs 2m-nepuonuueckoii mo P ¢pyuxumu Y(Y, &,v),
TO OHa HempepbIBHAa M orpaHuyeHa Ha, MHoxecTBe (U, &,Vv)€[0,2m]x[0, &, |x(0,v, |
BMECTE CO CBOMMMU TPOU3BOAHBIMU O ‘I’/ ", m<k.

O6patumcs Tenepb K ucxoaHoMmy onepatopy Il (g,v). M3 nponenaHHbIX Bbilie
MOCTPOEHUI BBITEKAET CIIEAYIOLIEE.
Jlemma 4. J[ns 06020 namypansroeo k naiidymes maxue docmamouno mansie €, >0,

v >0, umo npu ecex 0<v<v,, 0<e<e, onepamop TI1__ (e,V) donyckaem
npedcmasnenue

bt c,(g,v)

L&v): W

v—=> W, (), v, &,v)exp|—

+ W, (Y, v, &,v)(mod 271),
(38)

ef

30ecy gynxyus c, (€, V) obaadaem memu Jice COUCMBAMU, YMO U AHANOSUMHAS QYHK -
Yus U3 6bipacenus (37) .. =const >0, a 27 -nepuoduueckue no V gynkyuu WV,
J=L2 uux 6Ce80IMONCHbIE HaCTIHbIE npouseoousie no P, v 0o nopsadka k nenpepuienbl
no ($,v,&,v) €[0,25]x[—v,, v, 1x[0,€, IX[0,v, ] . Kpome moeo, evinoansemcsa pasencmeo
W, (¥,v,0,0)=0.
IIponenaHHble TOCTPOEHUS TIO3BOJISIIOT OMPENEIUTh OMNepaTop IMOCIeIOBaHUS
ITyankape

H(e,v)=I__ (e,v)oIl, _(e,v):S, —S, (39)

1o TpaekTopusM cucteMsl (1) ipu yeiaosun (26). M3 cootHomennii (37), (38) BeiTekaeT
cllefyolee OCHOBHOE YTBEPXKICHHE.

Teopema 1. Jlia arwboeo mamypanvHoeo k Haiidymcs maxkue 00CMAmMO4HO Mdsvle
€, >0, v, >0, umonpu 0<e<e,, 0<v<v, onepamop (39) umeem 6uo

¢, (g,v)

VY- N +v(P)+ A, (P, v, g,v)(mod2m) ,

(e, v): b (40)
v— A, (,v, €,v)exp|—
ef

30er Y) u ¢ (e,v) — dyukyuu uz coomuowenuii (35) u (38) coomeemcmeenno;
, =const > 0; b2 -nepuoduyeckue no O gyuxuuu A, j=1,2 u ux npouseodnsie no
(1|) V) do nopsaoka k 6’K/li0'1ume/le0 HenpepbvleHbl no
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(b, v,&,v) €[0,27] %[, v, |X[0,€, X[0,v, | .  Kpome moco, evinosnsemecs pasencmeo
A, (1),v,0,0)=0.

Onupasick Ha npeacTasaeHue (40), HeTpyaHo yBunets, uto (g, v)S, CS. . Aaro
3HAYUT, YTO OTOoOpaxkeHue (39) MeeT MaKCHMMAaJIbHBIA aTTPAKTOP

— MV, 1)
n=0

ScHo Takke, UTO B IIEPBOM MPUOIMKEHUM 3a CTPYKTYpY MHOXecTBa (41) oTBevaer
OIHOMEPHOE OTOOPaKEHME

I, — b =%+v(), (42)

rme ®=c, (8,\’)/ \/; , Tloydatoueecs u3 BbipaxeHus (40) mocyie oTOpachIBaHUSI aCUM-
MTOTUYECKU MaJbIX MO €, V claraeMmbix. B panbHeifiiem OyneM paccMaTpuBaTh 3TO
oTOoOpaxkeHWe, CUMTasi % He3aBUCHMBIM MapaMeTpoM, MPOOEraloinuM BCIO YMCIOBYIO
och R.

IIpu ananmuze arrpakTopa (41) orpaHMYMMCS OBYMSI OCHOBHBIMU CIyYasiMU.
Haunéwm c nipocTeifiiiero u3 HUX, a UMEHHO, MIPEANOI0XKUM, YTO

v/ | <1 €[0,27). (43)

Torma, Kak HETPYIHO YBUAETh, OTOOpaxkeHMe (42) MMeeT eIMHCTBEHHYIO HeIpe-
PBIBHO 3aBUCSIIYIO OT X HEMOIBWKHYIO TOUKY

V=1,(%), Yy(x+2m) =y(%)+ 2. (44)

Yro ke KacaeTcs ucxogHoro oroopaxeHus (40), To npu ycioBuu (43) oHO oue-
BUIHBIM 00pa3oM SIBJISIETCS CXKUMalOIIMM. TeM caMbIM, B pacCMaTpUBacMOM cCliydae
TIPUXOINM K CJICAYIONIEMY YTBEPKICHUIO.

Teopema 2 (o kaTacTpode romxydooro Heda). [lycmo 6vinosHeno Hepasercmeo (43).
Toeda ammpaxmop (41) cocmoum u3 eOuHCMEEHHOU IKCNOHEHUUAAbHO YCMOUMUBONH HeNnoo-
sucroit mouxu (O, v)=(g,v), v(g,V)), dra komnonenm xomopoii npu v—0 cnpaseo-
AUBbI PAGHOMEPHbIE NO € ACUMNIMOMUYECKUe npedcmaeﬂeﬁwz

W(e,v) = (14 (1)), ()] Lf*(a,w, v(e,v) = 0)|exp|— (45)
-l

v

vl

ede ¢, >0 — nocmosnnas u3z evipaxcenus (40); Yy =V, (%) — @ynxyus (44).

Crenyetr OTMETUTD, YTO TEOPEMA 2 TApAHTUPYET peannu3yeMocTb B cucteMe (1) mpu
yciioBuM (26) MHTEpecyloleil Hac KatacTpodsl roayooro Heba. [IeiCTBUTEIBLHO, He-
MOABMXHOM Touke (45) onepaTopa nocienoBanus (39) oTBeyaeT yCTOMUMBBIN peslakca-
LMOHHBINA 1K1 L(€,V) 3TOM cUCTEMBI, IIEPUOI U [UIMHA KOTOPOTO PABHOMEPHO IO €
cTpemsiTcs K 6eckonednocT nmpu vV —>0. Kpome Toro, B CriIy IepBOro paBeHCTBA U3
cooTHoLIEHU (45) MHOXECTBO BCEX YACTUYHBIX MPENEIOB KOMIIOHEHTH Y(E,V) Ipu
v—0, B3sTOE IO MOAYMIO 27T, coBmaaaer ¢ orpe3koM [0,27]. D10 3HAUUT, YTO Bepx-
HUIi TOTIOJIOTUYECKUI Mpeaes KpUBOH L (g,v) npu v—0 pasen W" (L (8))UL (e),
rae L*(e) — cemno-yanosoit uuki (27), a W — ero HeycToitunBoe MHOroobpasue,
MPOIOJKEHHOE IO TgaeKTopymM cucrembl (1) mpu U =Wu_(€) u cocrosIiee U3 TBOSKOA-
cumnroTuyeckux Kk L (€) perieHuit.

IpeanonoXuM Ternepb, YTo B yCJIOBUU 4 KpHBasi /; MO-TIpeXHEMyY JISKUT B 00J1a-
CTH, OTPAHNYMBAEMOIl LMKIOM L;, HO OKpyXXaeT COCTOSIHME PAaBHOBECHS] X =X U He
AMEET KOHTAKTOB ¢ TpaekTopusamu cucreMsl (9) mpu W=0. B atom ciy4ae ¢purypupy-
foiast B BeIpaxkeHnu (35) pyaxkumsa y(P) obmamaeT cBoiicTBaMu
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Vb +2m) = v($) + 27, v'($) >0V €[0,27]. (46)

Yro xe KacaeTcsl BceX NpUBEIEHHBIX BbIlle KOHCTPYKIMIA 1 UTOTOBOI TEOpeMHI 1,
TO OHM B pacCMaTpUBaeMOM CUTyallUM OCTaloTcsl B cuie. bosee Toro, crpaBeminBo
clenylollee yTBepXKIeHUE.

Teopema 3. Ilycmo ycaogue 4 moduguyuposano onucanHvim eviuie oopazom. Toeoa
ammpaxmop (41) omobpaxcerus (40) cocmoum u3 uHeapuanmHoii Kpueoli

(B, v) v =V (e, v)exp| — | L. (47)
evv
30ecs c,, >0, a 2m-nepuoduueckas no V gyuryus V(,e,v) obaadaem memu e ceoii-
cmeamu HenpepvigHoCHU U eradkocmu, umo u gyniyus A, (U, 0,8,\/) u3 evipanxcerus (40).
st nokasaTelbCTBAa 3TOrO YTBEPKIECHUSI UCIIONb3YETCSI M3BECTHBIM IPUHIIAII
komba (cMm. [KomecoB, Po3zos, 2004; IunsaukoB u np., 2004]). M3 sToro mpuHOuUIIa
BBITEKAET CYLIECTBOBAHME B MHOXECTBE S, EIMHCTBEHHON IMOGATBHO SKCHOHEHIIU-
aJIbHO YCTOMYMBOM MHBapUaHTHOM KpuBoii Buma (47). JlodaBuM eIIg, 9TO B UCXOTHOMN
cucteme (1) ripu yciaoBuu (26) qaHHOM KPUBOI OTBEYaeT YCTOMYMBBINA IBYMEPHBIA MH-
BapUaHTHbII TOP.

2. YUCJIEHHbI AHAN3 MOJE/IbHOW CUCTEMbI

B xauecTBe KOHKpETHOTO ITpuMepa Moaeiu (1) BO3bMEM CHUCTEMY, B KOTOPOt

[aW =0 f0)s [ = fr):

S =0 _bI)L_Xzﬂ Sa=% 0

J1+p? V1402
_ by p2) _ _
p_[(xl_ )+ x; - 2] tU Sy =-ax, f,=-0x,

gx)=08,x] +8,%;, h(y)=c,yexp(—y)+c,(1—exp(—y)), (48)

a mapameTpbl 3a1aHbl paBeHcTBamMu b, =1, b,=2, ¢, =28, ¢,=1,a=0,5,0,=90,=1,
€=10,01, u=0,0015. BeiGop napamMeTpoB p,, p, MO3BOJSET MEHSTH MOPSIOK MAKCH-
MaJIbHBbIX 3HaueHuil peweHus cucremsl (1). Hampumep, ecnnm monoxuts p; = 1/ 2,
P, =5, TO KoJiebaHVsi KOMIIOHEHTbI y Ha YCTOWYMBOM LIMKJIE cuctembl (1) npu sHave-
HMSIX TIapaMeTPOB OyIyT MMETh B, MOKA3aHHBIA Ha puc. 6. B naHHOM cilyyae 3Haye-
HUS BBICOTHI P-3yOIIOB SIBJISTFOTCSI BEIMYMHAMMY TOPSIIKA €

Kak moka3zan 4ucaeHHbIA aHaau3, B 3TOM Clydyae aTTpakTOpOM Halllel CUCTEMBbI
SIBIISICTCST YCTOMUMBBIN pelaKcallMOHHBIN UK. ['padrK 3aBUCUMOCTH OT ¢ KOMITOHEH-
Thl ¥ TaHHOTO LIMKJa MpeacTaBieH Ha puc. 6. CpaBHUBAs ero ¢ rpavKoM peaslbHOM
OKIT (cm. puc. 1), MBI BUIMM, YTO U 3[eCh UMEIOTCS XapakTepHble 3younl P, O, R, S, T,
0 KOTOPBIX TOBOPUJIOCH BHIIIIE.

CremyeT OTMETUTD, YTO 300POBOE YEJIOBEYECKOE Ceplie, BOOOIIE TOBOPS, HE SIBJISI-
eTcsl MepuoauyeckuM ocuuuisitopoM. Ckopee BCEro, KapauoCUTHad KBa3UIIEpUOIM-
yeH [Kasakos, 2012] wim maxe xaotnueH [Babloyantz, Destexhe, 1998]. ITocTtpoeHHast
HaMU Teopusl TO3BOJISIET 0e3 Tpylda CMOIEIMPOBaTh KBAa3UIMEPUOAUYECKUI BapuUaHT
(mpumep npuBenEH B cTathe [[bi3uH u ap., 2015a] npu p, = 1/2, p, = 2). ina monenu-
pPOBaHUS XaOTUYECKOro KapAWOCHUTHAJIa 11eJIeCO00pa3HO pacCMOTPETb MHOTOMEPHbIM
BapuaHT cucteMsl (1), B xotopom X €R”, m > 3, a ycnosust 1—5 Hamgnexammm oopa-
30M MoauguuupoBaHbl. TouHee ToBopsi, yca0oBUs 1 U 2 31eCh COXpaHSIIOTCS IpaKTUUe-
CKH JTOCJIOBHO.
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Y R

Pl T
NVAVAY; z

Puc. 6. 'paduk kommoreHTH! y(f) cuctemsl (1), (48)

OnHaKo Ternepb MbI MTPEAIONaraeM, 4to mpu jgoboM Z >0 ypaBHeHue g(X)=2z ompe-
IeJsieT 3aMKHYTYIO (m— 1)-MepHylo noBepxHocTb Kiacca C™, romeoMopdHyIo cdepe.
YcnoBus 3 1 4 B oTIMuMe OT ABYX MPEABbIAYIIINX HYXKIAIOTCS B O0Jiee CYIIIeCTBEHHOM Tie-
pepaboTKe, a UMEHHO, Mbl CYMTAeM, 4TO B obiactu €2, ={xecR" :8(x)<z,} cucre-
Ma (9) npu W=0 mo-mpexxHeMy umeeT UMK L, Tuma mpocroii cemno-ysen. Jdaiee,
TIpeariojaraeM, 9To TpaeKTOPUH 3TOM CUCTEMEI ¢ HAYaIbHBIMU YCIIOBUSIMU, JICXKAIITUMM
Ha HeycTOHYMBOM MHOroobpasuu W*(L,) maHHOro LUKIa, C Te4eHHEM BPEMEHHU Ie-
peceKaloT TMOBEpXHOCTh /| ={x € R™:g(x)= Z,}, HO HEe HMMEIOT KOHTAKTOB C HEW.
Takum obpazoM, MHOXKECTBO W”(Lo)ﬁl1 MpeacTaBasgeT co0oil MPOCTyI0 3aMKHYTYIO
kpusyio C, knacca C™

Crenymwoliiee orpaHUYeHUE KacaeTcsl MOBeNeHHUsI TpaeKTopuii cuctemsl (9) mpu
uw=0 c HaYaJIBHBIMU YCIIOBUSIMU HAa KPUBOIL C,=1I1,(C)), e I, — muddeomop-
¢usm (13). ByneM cuurtaTh, YTO BCe 3TU TPACKTOPUU MPU { —> +00 CTPEMSTCS K LIMKITY
L,, xacasicb ero IByMEpPHOTO 9KCIIOHEHMAIBHO YCTOWYMBOTO LIEHTPAIBHOTO MHOTO-
obpasust W(L).

Jlnst Toro 4to0nl c(hOPMYIMPOBATh aHAJIOT YCJIOBUS 5, BBEIEM B pacCMOTpPEHUE
SKCMOHEHIIMAJbHO YCTOMYMBOE NBYMEPHOE WHBapUAHTHOE MHoroo6pa31/1e W CUCTe-
MbI (9), SBIISTIONIEecs MPONOJIKEHUEM IO W MHOT000pa3us w¢ (Ly), o KOTOpOM TOBO-
pwioch Bhile. [lajgee, pacCMOTPUM IBYMEPHYIO CUCTEMY, MPEACTaBIISIONIYI0 CO0O0I Ccy-
xeHue (9) Ha Wu’ U olpefeauM i He€ aHanorndHoe (16) oToGpaxkeHue Mocen0Ba-
Hus Ilyankape. Kak v npexne, npearosaraeMm, 4To B TEHIOPOBCKOM pazjioxkeHuu (17)
3TOro OTOOpaXeHUs KOIGOHULUUEHT @, CTPOTO MOJOXHUTENCH U BBITOTHSIIETCS] HEPABEeH-
ctBo Buaa (18).

W3 nponemaHHBIX BBIIIE IIOCTPOSHMI, COXPAHSIONINX CHJTY I B MHOTOMEPHOM CIIy-
yae, BbITEKAeT, uyTo pu X € R™, m > 3 3a arrpakTopsl cuctemsl (1), (26) oTBeyacT aHa-
smormaHoe (40) oTobpaxkeHme

c,(g,v)
PY— — +v()+ A, (v, v,,€,v)(mod2m) ,

(e, v) v, — A, (W, v, v,,8,V) exp|— (49)

sf

C
V2 —’A3(‘bsV1,V2,5,V) exXp = 5
A%

OHpCHeHéHHOC B HCKOTOPOM KOJIbLIE
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K ={(0,v,9,):0<9< 2 (mod 23), || <y, v, <, - (50)

3nech v, €R, v, €R™, [ — epkaumosa nopma B R, nocrosmmbie Vo.1sY2 >0
JOCTATOYHO MaJjibl, GyHKIWMs C,(€,V) obiagaeT TeMU Xe CBOMCTBAMM, YTO Y aHAIOTHY-
Has dyHKIms B Beipaxenuu (40), c,,,c,,, = const > 0. Yro xe kacaercst byHKImir A Iz
j=1, 2, 3, To OHU HEPEPHIBHBI ITI0 COBOKYITHOCTU IMEPEMEHHBIX (BIUIOTH OO0 3HAYCHMI
€¢=0, v=0) BMecTe cO CBOMMU YaCTHBIMHU MTpoU3BoAHbIME TT0 (V,V,,V,) 10 nopsiaka k
BKJIIOUUTENBHO (kK — JI1000€ Hamepén 3agaHHOoe HaTypalbHOe Yucio). I HakoHell, ciie-
ayet no6asutsk, uto A, (P,v;, 0, 0,0)=0.

Kak u B ciiyyae m = 2, 3a aTTpakTopbl oToOpaxeHUs (49) B kosble (50) oTBeuaeT
B KOHEYHOM UTOTe OJHOMEPHOE OTOOpaXkeHue OKPYKHOCTHU B cebs Buaa (42). B cBoro
odepenp, purypupyromas B HéM GpyHKIus Y(P) €C™ momyckaeT npencrabieHne

Y(P) =nb+v, (), vy (b +2m) =7, (), (51)

rue M, € Z — HEeKOTOPbIii TOMOJIOTMIECKUIT MHBAPUAHT.

o p i

Puc. 7. I'pacdbuk KomrioHeHTHI y(f) cuctemsl (1), (53)

\Yi/
)

il‘ 1,4)}"
‘/V J /)

s 1 ‘, V= / y’“‘"’

N g ‘Q}/A ‘

N ',‘./
A

Puc. 8. ITpoekunu xaotnuyeckoro arrpaktopa A cuctemsl (1), (53)
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Ipu m =2 B dopmyzte (51) Bo3mMoxHBI b cydan 7, =0 u 1, =1. B nepsom
U3 HUX KpUBasi /; He OKpyxaeT 0coOyIo TOUKY X =X (CM. pHC. 5), a BO BTOPOM OKpY-
kaeT. BbIlie st KaXXnoro U3 3TUX CydaeB ObLT IMOJTYYeH CBOW pe3yibTaT (CM. Teope-
MbI 2 1 3). JlaHHBIEC pe3ylbTaThl COXPAHSIOTCS, ECTECTBEHHO, U IpH m > 3. OgHAKO yXe
Mpu m = 3 BO3MOXHA MTPUHITUITMAIEHO HOBAsT CUTYallusl, KOraa

[m| =2, | my + 6 ()|> 1V €[0,2a1]. (52)

W3 comepxamuxcst B cratbe [Typaes, IlInneHMKOB, 1995] TTocTpoeHMit clieayer,
4yTO MpH yciuoBusx (52) oroopaxkenue (49) mmeet B Koinblle (50) xaoTmaecKuit rTurepoo-
JIMYEeCKU I aTTpakTop TUIa cojeHouna Cmeitna-Bunbsamca.

KonkpetrnsiM mpumepoM MHOTOMepHOU Mozaenu (1) mpu x € R CITy>KUT CHCTEMA,
B KOTOpPOW

(x, —bl)L—xz, x2L+x1 —b, —xx,

N 140

2
o=[(q—8)> +x] — 8] +u,

fi=

il

f2:(1 s

8
10(x, —x,), 28%, —x, —40x,x;, —%+40x1x2

g(x)=8,x} +8,x; +8,x7, h(y)=c,yexp(~y)+c,(1—exp(— y)). (53)

Kak mnokasan 4MCIeHHBIi 3KCHEPUMEHT, TPU 3HAYEHMAX NapameTpoB b, =0,
b,=2,c,=18,¢,=1,a=0,5,x=10,£=10,005, u=0,0035,8,=1,5,=0,6,5,= 1,9,
p,=0,5, p,=5 cucrema (1), (53) UMeeT XaOTMIECKUI aTTPAKTOP A C JIAMYHOBCKMMU
nokasareasimu A L1, A, =0, Ay ~—10,31, A, ~—2763 u nsIyHOBCKOi1 pa3MepHO-
ctbio d; ~2,1 (BbIMUCISIOLIENCS IO U3BECTHOI opmyIie Kamnnana-Mopke). I'padux
3aBUCUMOCTHU OT ! KOMITOHEHTHI y Ha aTTpakTope A mpelncTaBlieH Ha puc. 7. OTMeTHM,
4710 3y0el, R aCUMITOTUYECKU BBICOK M COIJIACHO HAIlleil aCMMITOTUYECKONM TeOpUU
HAMEET MOPIIOK e P e B =(p, +])/$ﬂ2 +1). Yuureisag, uto p, = 0,5, p, = 5, nonyya-
eM TOPSIIOK MaKCUMyMa paBHBIM € 7 . JInsg wurocTpalyy aTTpakTopa A Ha puc. 8
MpUBENEHBI IBE MPOEKILIMU TpaeKTopuii cucteMsl (1), (53).
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NONCLASSIC RELACSATION OSCILLATIONS AND BLUE SKY BIFURCATION
IN CARDIORITHMS MODELING
S.D. Glyzin", A. Yu. Kolesov", N. H. Rozov*
! P.G. Demidov Yaroslavl State University (YSU)
Lomonosov Moscow State University (MSU)

New class of systems of ordinary differential equations with one fast and two or more slow
variables is considered. It is shown that under certain technical conditions on right-hand side
functions of the model it can exhibit so-called nonclassic relaxation oscillations and blue-
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sky bifurcation. The term nonclassic relaxation oscillations is used to denote oscillations
with slow components asymptotically close to certain time-discontinouos functions, and fast
component is of d-like form. We present a map responsible for the attractor of the system
(Poincare map along orbits on a special section) that makes it possible to proove existence
of mentioned bifurcation. Cases when blue-sky catastrophe leads to relaxation cycle of sta-
ble two-dimensional torus are studied. Also considered is emergence of hyperbolic attractor
(Smale—Williams attractor) in the system. An attempt of applying considered systems to car-
diac rhythm simulations is described.

Keywords: singularly perturbed system, relaxation cycle, asymptotic behavior, stability,
blue sky catastrophe, non-classical relaxation oscillations.
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YK 517.929

PEXUMbI 1BYXKJTACTEPHOI CUHXPOHWU3ALLMM B MONHOCBA3HON CETH
PENAKCALIMOHHBIX OCLIUNNATOPOB

C.J. [nvizun’, A. 10. Konecoa, H. X. Po3os?

! fipocnaBcKmin rocygapcTBeHHbIN yHuBepcuTeT um. MN.T. Nemnposa (AplY)

MocKoBCKMIA rocyaapCTBeHHbIN yHMBepcuTeT umeHn M. B. JlomoHocosa (MI'Y)

CTatbs MOCBsIIeHa MPobdJeMe MaTeMaTUIeCKOTO MOAETMPOBAHUS HEMPOHHOM aKTUBHOCTH.
IIpennaraloTcsi HOBbIE KJIACCHI CUHTYJISIPHO BO3MYIIEHHBIX IHddepeHIIalIbHO-Pa3HOCT-
HbIX YPaBHEHUII ¢ 3ama3iblBaHUEM BOJBTEPPOBCKOTO TUIA, C TOMOIIIbIO KOTOPBIX OMUCKIBA-
eTcst GyHKIIMOHUPOBAHUE KaK OTIEIbHOTO HepoHa, TaK M HEMPOHHBIX ceTeil. [IpoBoauTcst
HCCIeNOBAaHUE aTTPaKTOPOB MOJTHOCBSI3HON CHCTEMBI UMITYJIbCHBIX HEMPOHOB TIpM Heorpa-
HUYEHHOM YBEJIMUYEHMM 4Yuclia e€ dJeMeHTOB. s M3ydyeHUus MepUOoAMYECKUX pelleHUi
TUMA MHOTOKJIACTEPHONW CUHXPOHU3AIMM MCIOJb3YIOTCS HEKOTOphIE CIelMabHble MpU-
€MBI, CBOISIIME TTPOOIIEMY CYIIECTBOBAHUS M YCTOMUMBOCTU LIMKJIOB K aHAJIM3y BCIIOMOTa-
TEJIbHOM CUCTEMbI OOBIKHOBEHHBIX NG (epeHIIMAIbHBIX YPABHEHUI ¢ UMITYJbCHBIM BO3-
nerictBueM. Ha 9ToM myTH ycTaHaBAMBAeTCsl, YTO MPU YBEIUUYESHUU YUCIA JIEMEHTOB CeTH
KOJINYECTBO COCYILECTBYIOIIMX B HEIl YCTOMYMBBIX PEIICHUH ¢ IBYXKJIACTEPHON CUHXPOHU-
3aImeit pacTér, T. €. UMeeT MeCTO U3BECTHOE SABJIcHUE Oy(epHOCTH.

WccnenoBaHue BBINOJIHEHO Mpu Momuepxkke Poccuiickoro HayuHoro ¢oHma (IIpoekT
Ne 14-21-00158).

Knrouegoie crosa: peslakCallMOHHbIE OCIWJLISITOPBI, MOJHOCBSI3HAsI CETh, KjacTepHast
IWHAMUKa, aCHMIITOTUYECKOEe TTOBeIeHNEe, YCTOMUYMBOCTD, (heHOMeH Oy(hepHOCTH.

1. TTOCTAHOBKA 3AJAYN

TeopeTmuecKoif OCHOBO CTAaTbU CIYKUT OOIIWIA TTOIXOM K MCCICIOBAaHMIO peTaKkcall-
OHHBIX KOJICOAHMII B MHOTOMEPHBIX CHCTEMax OOBIKHOBEHHBIX MHU(GhepeHIINATbHBIX
ypaBHeHUi, 6epymmit Hayajao ¢ padotsl JI. C. [ToaTpsruna u E. ®. Mumenko (1955).
K HacrostieMy BpeMeHU IIpoBeAcHa 1iejias cepusl ucciaenopanuii (cMm. [[p13uH u ap.,
2011a, 0, 2012a, 06, 2013a, 6; Koneco, Konecos, 1993; Konecon, Po3os, 2010, 2011,
2012; Konecos u ap., 1997, 2010]), cBsI3aHHBIX C IIEPEHOCOM Ha YPaBHEHMS C 3aIla3bl-
BaHUEM W3BECTHBIX aCUMIITOTUYECKUX MeTodoB [MuiueHko, Po3oB, 1955; MuiueHko
u 1np., 1995]. Pe3ynbTaTel 3TUX pabOT CYIIECTBEHHO MCIIONB3YIOTCS B JAHHON CTaThe.
B gactHOCTH, B Hell aHATU3UPYeTCs HEKOTOpasi CUCTeMa CHHTYIISIPHO BO3MYIIEHHBIX
CKaJISIPHBIX HEIMHEWHBIX IHdGhepeHIINaTbHO-PAa3HOCTHBIX YPaBHEHMI, MOICIMPYIO-
mast 3JeKTPUIECKYIO0 aKTUBHOCTD TTOJTHOCBSI3HOM CETH MMITYJIBCHBIX HEMPOHOB C 3JIeK-
TPUYECKOM CBsI3bI0. PaccMaTpuBaloTCsl BOIIPOCH O CYIIECTBOBAHMHU U YCTOMYMBOCTH
B 3TOI CHCTEMe peTaKCallMOHHBIX IIMKJIOB CO CHEITMAIbBHEIMUA CBOMCTBAMH.

IIpuctynum K ommcaHuI0 00beKTa AajibHellllero aHaauza. bygeM cumTarh, 4TO
3JIEKTpUYeCcKasi aKTUBHOCTh OTIEILHOTO HeMPOHA MOIEINPYETCS, IOCTPOSHHEBIM B CO-
OTBETCTBUM ¢ Meronukon kHuru [Kamenko, Maitopos, 2009], nuddepeHLnaIbHO-
Pa3HOCTHBIM ypaBHEHUEM

=A[f(ut—h))—gu(t—1))Ju. (1

[bisun Cepreit JIMutpueBud — 3aBedylolluii Kadbeapoii, TOKTOp (hU3MKO-MaTeMaTUYECKUX
Hayk, mpodeccop, glyzin@uniyar.ac.ru

KoaecoB Anmpeii FOpbeBUY — IOKTOp (PU3MKO-MaTeMaTHMYECKMX Hayk, mpodeccop, kolesov@
uniyar.ac.ru

Po3os Hukonaii XpucroBuu — AekaH, HOKTOp (DU3MKO-MaTeMaTHYeCKUX Hayk, npodeccop,
yineH-KoppecnoHaeHT PAEH, fpo.mgu@mail.ru
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3mech u(t) >0 — mMeMOpaHHBIN TTOTEHIMA HelipoHa, mapamerp A >0, xapakrtepu3syio-
LI CKOPOCTh MPOTEKAHMS DJEKTPUYECKUX MPOIIECCOB B CUCTEME, MPEAINOIaracTcst
OomplIMM, a mapaMmeTp A ¢ukcupoBaH u rnpuHamiexut wuHtepBany  (0,1).
OTHOCUTENIBHO (PUTYpUpYIOLMX B BbipaxeHuu (1) dynkuuin f (), g(u)eCz(R 2)s
R, ={u€R:u>0}, npennonaraem, 4To oHM 06/1A1AI0T CBOIICTBAMMU:

fO)=1, g0)=0, fu)=—-a,+0w "), uf'u)y=0u"),
W w)=0w"), guy=b,+0w "), ug'w)=0w"),
u’g"(u)=0@w™") mpu u— +oc, Q)

roe 4, bO — IOJIOXKHTCJIbHBIC KOHCTAHThLI.

VpaBHenue (1) mompobHO uccienoBaHo B craThe [[nbI3uH u ap., 2013a], a eé
YOPOLUEHHDIN aHAJIOT

=Mt —1)u, (3)

rae GyHkunug f(#) yroBiIeTBOpsIET MEPEYNCIEHHBIM BEIIIE YCIOBUAAM (2), pacCMOTpeH
B pabotax [KomecoB, Pozos, 2010; Konecos u np., 2010]. YpaBHenue (3) moydaercs
n3 BeipakeHus (1) nmpu A=1 u npu nepeo6o3HaYEHUAX

fu)—gu)— f(w), a,+b,—a.

Hua dyukuvy f(4) GyoeM CYMTaTh BBITOJHEHHBIM CIIEAYIOLIEE TOMOTHUTEEHOE
TpeboBaHMeE:

a>1, 4

KOTOPOE UMEET BITOJIHE TTOHSATHYIO HEMPOIMHAMUYECKYIO MHTEPIIPETALIMIO, TTOCKOJIBKY
SKBUBAJICHTHO YCJIOBUIO CYIIIECTBOBAHUS Y YpaBHEHMS (3) TP JOCTATOYHO OOJIBIIIOM A
YCTOMYMBOTO PeJaKCallMOHHOTO IIMKJIa, COOTBETCTBYIOIIETO PEXXUMY reHepaluy crai-
KkoB (cM. [Konecos, Po3os, 2010; Komxecos u ap., 2010]).

B naHHO#T pabGoTe ucCCIEOylOTCS ITOJTHOCBSI3HBIE CHUCTEMbl C 3JIEKTPUUYECKOM
CBSI3bI0 MEXIYy HEHMpPOHAMMU, KaXIbld M3 KOTOPBIX B OTACIBHOCTU MOAEIUPYETCS
ypaBHeHueM (3)

i, =dS u —u) + M~ Dy, j=1,..m. (5)
i=1

3nech A>1; d=const>0; pynxkuusa f(u) ynosnersopser ycaosusam (2), (4).

MateMaTuueckoe uccienoBaHue Moaenu (5) Oynem mpoBOAUTH MPU YCIOBUM, YTO
A>1. Cucrema (5) momyckaer, O4eBUIHO, TaK HA3bIBAEMBIA OJHOPOMHBINA WA CHH-
XPOHHBINA LTMKJI

u=...=u, =u(t,M\), (6)

rne u (f,A) — ycToiluMBOe MepuoIMYecKoe pellieHue ypaBHeHUs (3) (acuMmnToTHKa
3TOTO peIIeHMS IToCcTpoeHa B cTathe [ Konecos u ap., 2010]).

He mipeteHayst Ha MOJIHOTY aHAJIM3a, BBUAY CIOXKHOCTU CUCTEMBI (5) OrpaHUIUMCS
MU3YYEeHUEM CTIEeIMAIbHBIX e€ MepUoINIeCKIX PEeIleHU — TaK Ha3bIBAeMbIX PEXUMOB
JBYXKJIACTEPHOM CUHXPOHU3ALUU.

st onucaHusl yIOMSIHYTBIX PEXMMOB MPENTOJNI0XKUM, YTO COBOKYITHOCTb UHIEK-
coB 1 < j<m pa3bura Ha 1Ba HelepeceKaloLIMXCsi MHOXeCTBa 2|, 2,, T.e.

{12,...m}=%UZ,. ™)
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Hanee, 0603HaYnM 4yepe3 kK m m—Kk KoJaMuecTBa SJIEMEHTOB B MHOXECTBAX 2, U 2,
COOTBETCTBeHHO. Torma, o4eBUIHO, cucTeMa (5) IOITycKaeT pellleHNsI C KOMIIOHEHTaMU

U =w() npu jeZ,, U =w,(f) pu jEZ,, w(H)Zw,(?), (8)
IJie IePEMEHHBIE W;, W, YIOBJETBOPSIOT CHCTEME

Wy =d(kw, +(m—k)w, —mw )+ M (w, (t=1)w,,

W, =d(kw, +(m—k)w, —mw,) + M (w,(f —1))w,. ©)
Ecnu xe, B cBOIO ouepenb, cucteMa (9) uMeeT epruoanveckoe pelieHue, TO OTBe-
qaloliee eMy perreHue (8) NCXOmHOM cucTeMsl (5) Ha30BEM MEPUOIUISCKUM PEKUMOM
JBYXKJIACTEpPHOU CUHXPOHU3AIIUM.
Bce momyctrMble TUMIBI TIEPUOINYECKUX PEIICHUN ABYXKIACTEPHOU CHHXPOHM3a-
LIMK, OTBeYalolllye MPOU3BOJbHLIM pa3oueHusM (7), OyaeM KoIupoBaTh C TOMOIIbIO
Mm-MEpHBIX CHMBOJIbHBIX BEKTOPOB BHIA

(6,,6,,...8,,):60, =4 wm B, j=1,..,m. (10)

[Mpennonaraem, 4to j-s1 KoopauHara BekTopa (10) paBHa A unu B B ciiydae j € 2,
wm j €Z, cOoOTBETCTBEHHO. [IpH TaKOM crocobe KOMMPOBAHUST OJHOPOIHOMY LIUKITY
(6) OymyT cooTBeTCTBOBaThL cpasy aBa Bektopa (A4, A4,...,A) n (B, B,...,B). B cBasu
C 9TUM JaHHbIE KOAUPOBKU CYMTAEM COBIAMAIOIIUMU.

O6paiaeM BHMMaHHue, 4TO BceM BekTopaM (10) ¢ Hamepén 3amaHHBIMU KOJIMYE-
CTBAMU 3JeMEHTOB A U B paBHBIMU kK u m—k, oTBeyaeT ogHa u Ta Xe crucrema (9).
Kak OymeT moka3aHO HMXE, MPU JOCTATOYHO MajbiX (DUMKCHUPOBAHHBIX 3HAYCHMSIX
d >0 v npu Bcex A>1 sra cucrema IOIMycKaeT 1Ba HEOAHOPOIHBIX LIUKIIA

€ wwy) =W "R 1), w0 ),

C, (w,wy) = (W FR 1), W= 1), (11)

MEePEeXOSIIIMX APYT B Apyra Tpu 3ameHax kK — m—k, w, —w,, w, = w,. Tak Kax 10-
PSIIOK CJICIOBAHMUS TIEPEMEHHBIX W;, W, IUIS Hac HECYILIeCTBEHEH, TO ISl ONpPeaeNEH-
HOCTH Bceraa OyleM CUMTaTh, YTo GyHKuuu w,(f), w,(f) u3 cootHoweHus (8) 3aaHBbl,
K IIPUMEDY, PABEHCTBAMU

w, () =wE" 1), w, (1) = w0 ). (12)

OTMeTHM, YTO IIPHU OMMCAHHBIX BBIIIE CITOCO0AX KOMUPOBAHUS U OTHICKAHUS KOM-
noHeHT W, (f), w,(f) uMeeT MecTO B3aMMHO OIHO3HAYHOE COOTBETCTBME MEXIY MHO-
JKECTBOM BCEX NMEePUOINYECKUX PEXKMMOB IBYXKJIACTEPHON CHMHXPOHU3ALMU U MHOXE-
CTBOM CUMBOJIbHBIX BEKTOPOB (10). Takum 06pa3oM, ¢ yu€TOM OTHOPOAHOrO LKKia (6)
cymecTByeT poBHo 2" —1 ABYXKJIacTepHBIX pexkuMoB. Kak BBISICHUTCS B JajbHEMILIEM,
MPY TOCTATOYHO MAJIBIX 3HAUEHUsIX mapameTrpa d BCe OHM SKCIIOHEHIIMAIBEHO OpOu-
TaJIbHO YCTOMYVBBI.

OtMmeTuM eni€ ogHo Tojie3Hoe HabmoneHue. HecmoxHast mpoBepka MOKa3bIBaeT,
yTO cuctema (5) MHBapMaHTHA OTHOCUTENILHO 3aMeH

(ul,uz,...,um)%(ujl,ujz,...,ujm), (13)
tae (Jfy> Jys--+ J,,) — TPOU3BOJIbHAS MIEpecTaHOBKa Habopa nHaekcoB {1, 2,..., m}. A ato

3HAYNUT, 9TO €CAM MBI HaiméMmM mukiael (8), (12), COOTBETCTBYIOIINE CUMBOJBHBIM
BEKTOpaM
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(A,...A B,...,B) (14)
k m—k

pu KaxaoMm k, 1<k <m—1, u npumenum K HUM rpeobpazoBanus (13), To B urore
OymyT McYepraHbl Bce TIEPUOTNICCKUE PEKUMBI IBYXKJIACTEPHOM CUHXPOHU3AIINH, OT-
JIMYHBIE OT OMHOPOIHOTO ITUKJIIA.

OCHOBHOI1 pe3yabTaT COCTOMT B TOM, YTO IPU TOIXOASILEM yMeHbIIEHUU d
1 1IpH Bcex A >>1 31a cucrema ¢ y4éToM YCTOMYMBOTO LIMKIIA (6) MMEET KaK MUHUMYM
2" —1 9KCHOHEHIUATLHO OPOUTAIBHO YCTONYMBBIX HEOMHOPOIHBIX MEPUOANYECKUX
JIBVDKEHUI TUIIA JBYXKJIACTEPHOM CMHXPOHM3AIMU. YUYWUTHIBas, YTO pa3MEpPHOCTb M
cucTteMbl (5) MOXHO BBHIOMpaTh CKOJIb YTOXHO OOJBIINOI, TO 3TO O3HAYaeT peaau3ye-
MOCTb B paccMaTprBaeMoi HeiipoHHOM Moaeau (heHoMeHa 0y(hepHOCTH.

J11s1 060CHOBaHMS ATOTO pe3yjbTara OyAeM I0JIb30BaThCs AJOKAa3aHHBIMU B pabo-
tax [[abBuH 1 ap., 2011a, 6, 2012a; Konecos, Po3os, 2010, 2012] nna cayyas aud-
(by3nOHHOI CBSI3M OCHOBHBIMH YTBEPXKICHUSIMU, MOIU(DUIIMPYS MX UL HAIIICH 3aIaqm.
Huxe npuBoasitcst 6a30Bble TEOPEMBI, HA OCHOBE KOTOPBIX YIAETCS HANTH aCUMITTOTH-
yecKue (pOpMyIIbl YCTONIMBBIX IMTEPUOINIECKUX PEIICHUI CUCTEMBI (5).

2. OCHOBHbIE YTBEPXOEHUA

st ynoO¢cTBa JajJbHEMIIEro aCMMITOTUYECKOIO aHaIu3a rnepeiiaéM B (5) K HOBBIM T1e-
PEMEHHBIM X, V,,---, V,, ; TI0 (hopmynam

b x 1
U =exp|—|, u;=exp|—-+ , J=2,...,m, g=—. 15
| =X\ -\, U =exp| ;yk J . (15)
B pesynbraTe nmosyyaem cucteMy

m
x=edy (expy, —1)+ F(x(-1),¢), (16)

i=l1

J J—1

Jj m r—l1 j—1
Vy=d|y exp| =) |+ >0 exp| )0 v\ =) exp| =) ) -
r=1 r=1

s=r r=j+2 s=j+I s=r (17)
m r—l1
- Z exXp Zys +Gj(x(t_1)a y](t_1)7a yj(t_l)’e)a j:L"'am_L
r=j+1 s=j
rae pyakuuu F, G ; 3aIAI0TCS COOTHOLICHUSIMU
F(x,&)= f(exp(x/e)), G, (X, ;- ¥;,8)=
1 / t ) (18)
=—|flexp i~¢—z:yk — flexp i—|—z:yk , j=L...m—1.
€ € = € =

OTMeTHM, YTO CyMMBI B COOTHOIIEHUH (17), y KOTOPBIX HUXXKHUI MHIEKC OOJIbIIe
BEPXHETO, CYNTAIOTCS] PABHBIMU HYJIIO.

@ukcupyeM MOCTOSIHHYIO O, MOAYMHEHHYIO TpeboBaHusM 0 <o, <a—1, u pac-
CMOTPUM 0aHaXOBO MPOCTPAHCTBO JF HENpepbIBHBIX Mpu —1—0, << —0; BeKTOp-
dyukunit @) =(¢,(?),...,9,,(1)) c HOpMOIt
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max
—l-0,<71< 0,

lollz= max (19)

I<j<m

@0

Bclony Huxe Hac GymyT MHTepecoBaTh pellieHus cucteMbl (16), (17) ¢ HaYaTbHBI-
MM yCJIOBUSIMU U3 MHOXECTBa

S={o()=(@,(1).....0,,(1):9, €S, ®,ES5,,...9,€S,}CF. (20)

3nech yepe3 S, 0003HAUYEHO 3aMKHYTOE, OTPAHUYEHHOE U BBIMYKJIOE MHOXECTBO
GyHKLMIA (pl(t), YIOBJIETBOPSIOIINX TPEOOBAHUAM —(¢; < (pl(t) <=4, (p](—oo) =—0,,
q, >0y, 4,€(0,0,), aBxkavectBe 3,,...,S,, B3SITH IPOU3BOJIbHBIC 3AMKHYTbIC U Orpa-
HUYEHHbIE MOIMHOXecTBa poctpaHcTBa C[—1—-0,—0,].

@opMyTUPOBKA CTPOTUX Ppe3yJbTaTOB 00 AaBTOBOJHOBBIX pEXUMaX CHUCTe-
MBI (16), (17) TpebyeT HEKOTOPBIX MOATOTOBUTEIBHBIX MOCTPOSHUI. B cBs3M ¢ 3TUM
BBEIIEM B pACCMOTPEHUE pelieHre

(x(p(ts 8)5 yl’(p(t’ 8)9'”’ m,ly(p(ta 8))a t>_00 (21)

VIIOMSIHYTO# CUCTEMBI, OTBEYAIOLIEE MMPOU3BOJIBHOMY HAYaJIbHOMY YCIOBUIO ®(f) u3
MHOXecTBa 5. PaccMOTpUM Takke BTOPOI MOJIOXKUTEIbHEIN KOPeHb | = T ypaBHEHUS
X, (t—0,,€)=—0, (B ciyyae, KOTIa OH CYLIECTBYET) U Ha MHOXKECTBE (20) ornpeneaum
onepaTop IT, : S — F mocpencTBoM paBeHCTBa

T (@)= (0 ( +T3.8), 3+ T8 ¥y o (04T, 0)),
’ ’ (22)
—1—00 <I<—0.
IMomumo (22) Ham moTpedyercst emé omepatop Il : S — F, Koropslil 3amamim
dopmynoit

0 0
To(9) = (g0, 3+ Ty 2o Yo+ Ty D ooy

—1—00<t<—00.

(23)

3neck, Kak u B cratbe [Konecos, Posos, 2010; Koxecos u ap., 2010], 7, =2+a+ al;

X, () — neproguueckast GyHKUUS

t mpn 0<r <1,
Xy () =11—a(t-1) npu 1<t<,+1, x,(t+1) = x,(?), (24)
—a+t—t,—1 npu t, +1<t<T,.

UTo Xe KACAeTCS KOMIOHEHT ) (t,2),..., ¥)_(t,2), 3aBHCAIIMX OT BeKTOpa
2=(g5-- 2, )ER™", 10 mpu —1—0, <t<T, —0, OHM YIOBIETBOPSIOT MMITYIIhC-
Hol 3amaue Ko

Zexp z +Zexp Zy

s=r r=j+2 s=j+1 (25)
Jj—1 r—1
—ZCXP > |~ ZCXPD]
s=r r=j+l1 s=j
y;,A+0)=y,1-0)—1+a)y;(0),
Yty +140)=p,(ty +1=0)=(+a "y, (1)), j=1,...m—], (26)

86



Pexxumbl ﬂByXKJ‘IaCTEpHOVI CMHXPOHU3ALMK B NONMHOCBA3HON CETM penakcaLMOHHbIX OCLMANATOPOB

O VDo, =2 2= 5 ), (27)

roe f, =1 +a! ¥, KaK 1 BBIIIE, CYMMBI B COOTHOIIIEHUH (25), Y KOTOPBIX HIDKHUI WH-
JIEKC OOJIbIIIE BEPXHETO, CYMTAIOTCS PABHBIMU HYITIO.

OTmebHO OCTAaHOBHMMCS Ha BOIIPOCE O KOPPEKTHOCTH OIIPeAeNICHUs oIepaTo-
pa (23). I'naBHas npoGJeMa 31eCh 3aKJIHYAeTCsl B TOM, YTO Ha MPOMEXYTKaX BpeMeHU
-0, <<, 1<t<t,+1 n ¢, +1<i< T, -0, pewenne 3anaun Kouw (25), (26), (27)
YIOBJIETBOPSIET HEJUHEIHON cucTeme (25), MO3TOMY BO3HUKAET BOMPOC O MPOJOJIKI-
MOCTH DPEIICHMI TOCIeaHeil Ha yKa3aHHBIC IMPOMEXYTKH, IIMHBI KOTOPBIX OTHIOOb
He Majibl. OTBET Ha HETo JA€TCs B CIICIYIONIEM YTBEPKICHUN.

Jemma 1. Pewenue (y,(1),..., y,, (1)) cucmemvi (25) ¢ npouseoabHbIM HA4ANBHBIM YC-
aosuem (Vs ¥ MNico=0ps-- ¥, ) E R™ " onpedeseno na noayocu t>0 u cmpe-
Mumcs K Hya npu t — +0o0.

Jns mpoBepKu TpebyeMoro (hakTa JOCTATOYHO 3aMETUTh, YTO JII000E PEeIICHIE CH-
cTeMbl (25) 3anucbIBaeTCs B BUIE

£,

(n=1
y;()=In 30

j=1...m—1, (28)
roe (§,(1),...,§,,(f)) — npousBobHOE pelieHre TMHEITHON CUCTEMBI

éjzd SE-mE |, j=L...m (29)
i=1

U3 MHBApUAHTHOTO KOHyca K BEKTOPOB C TOJOXUTEIbHBIMM KoopAauHaTamu. W3
CBOICTB cucTeMbl (29) 1 3aMeHbI (28) 1 BhITEKAET YTBEPKACHUE JIEMMBI 1.
Jpyrast mpoGyiema, CBSI3aHHasl C KOPPEKTHOCThbIO omeparopa (23), B TOM, 4TO

0 .
dyHKUAN Y ; (t,2), j=1,...,m—1 gBugroTcsa pa3pbIBHBIMU B TouKax =1 u 1= t+ 1,
rme cormacHo (26) oHM MpeTeprieBaloT KOHeUHbIe cKauki. OMHAKO B CUJTy HEpaBEeHCTBA

(4) n ouenku 0, <a—1 ¢bynxuun y;) t+1, 2), j=1,...,m—1 oKa3bIBaIOTCS HEIpe-

PBIBHBIMH Ha HYXHOM OTpe3ke —1—0;<f<—0(, TOCKOJIbKY B 3TOM Ciydyae
T,—1—-0,>1,+1. Tem cambiM, ycioBue (4) rapaHTUpYeT BBITIOJHEHHE TPeGyeMOro

BmoyeHus I1,(@) € F npu Vo e S.
3aBepiasg ONMCAHKWE IIOATOTOBUTEILHOM YacTH, PACCMOTPUM IIPOM3BOIHBIE

Dperre 8(PH€((p), c’)(pHO((P) orepaTopoB (22), (23) o nepeMeHHo ¢ . B maHHOM ciy-
4yac 9TU NMPOM3BOAHLIC MPCACTABIAIOT co0011 JTUHENHBIE OII€paToOpPhI, HeﬁCTBYIOHIHC
B IIPOCTPAHCTBE

-7:(.) = {go(t) = [gl,o(t), gz’o(t)s [ERE) gm,()(t)] eF: gl,o(*oo) = 0}

¢ HopMmoii (19), a pe3y/bTaThl UX TPUMEHEHUS K TIPOM3BOJIBHOMY 2JIeMEeHTY &,(f) u3
F, 3amaioTcsi COOTBETCTBEHHO PaBEHCTBAMU

0,11, (P)gy =& (1 + T, 0), ., 8, (1 + T, €)| -
) g+ Ty €0, 3y (T8, 3y 1+ T8,

—1-0,<t<—0; (30)
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9,1 (®)gy =

m—1 0 m—1 0

oy dy.
0, Z?(f =+ 72); Z)gsﬂ,g(*ao)a Zf(f JFTO, Z)gsﬂ’()(*o'())a”-
— s=1 s s=1 s
" ”i 3)’,0,,,1 (t+T),2)8,,1,0(=0),
s=1 azs

72=(9,(-0¢),...,0,,(=0y)), —l-0,<Ii<—0. (31)

3nech g(t,€)=(g,(1,¢),...,8,(1¢)),, &t,€)=g\ () npu —1—0, <7< -0, — pemenne
JIMHEWHOM CUCTEMBI, ToJTydarolleiicsa n3 BeIpakeHuit (16), (17) nmpu IuHeapu3aluy Ha
pemenun (21), a dynkunonan /: 5y — R onpenenéH cooTHOIICHUEM

T(P —0,¢
g =g——7 (32)
x,(T, —0g,€)

EcTecTBeHHO BO3HMKAIOLIUI BOIIPOC O CBA3M MexXny oneparopamu (22) u (23) pe-
LIAETCS CIEAYIOIEN TEOPEMOM.
1
Teopema 1 (0 C -cxonumoctn). Ilycms evinonanero ycaosue (4) u MHoxcecmeo S 6vi-
b6pano onucanHbiM  Gviute cnocobom. Toeda Halidémces makoe docmamounHo manoe
€, =¢,(8)>0, umo npu ecex 0<e< ¢, onepamop I, onpedenén na S u yoosremeopsiem
npedenvHbiM paseHCmMeam

limsup|I1,(¢)~I1,(@)] . =0.

limsup |9, I, (@) - a(pno((p)“%% =0.

sﬂo(pes

(33)

JoKa3aTeabCTBO 3TON TEOPEMbI OMTYCTUM, MTOCKOJIBKY B Cly4ae m = 2 OHO IpUBE-
neHo B ctathe [Konecos, Po3os, 2010]. Iepexon ke oT AByMepHOTO ciiy4yasi K 3HaYeHU-
SIM m > 2 HOCUT YUCTO TEXHUYECKUIA XapakTep.

OCTaHOBUMCS Ha OJHOM BaXXHOM C/IeICTBUU 13 C'-CXOIMMOCTH, KACaIONIeMCs Cy-
IECTBOBAHUS M YCTOMYMBOCTHU TIEPUOIMIESCKUX pelneHnit cuctemsl (16), (17). B cBsizu
C 3TUM OoOpaTMM BHUMaHME, 4TO B cuiy (25), (26), (27) npenenbHblii ortepatop (23) sB-
JISIeTCSI HAICTPOMKOM HaZ COOTBETCTBYIOIIUM (m — 1) -MEepHBIM OTOOpakeHUEM

def

1= @ =1, 8D, D] (34)

t=T,—0,

rone 2= ((Pz(*o'())a“-; (pm(*o'()))-

CrpaBeIjiuB CIEeAYIOLIUIA Pe3yIbTaT, ITO3BOJISIOIIMI COMOCTABUTD JII000 HEIoI-
BIKHOM TOYKEe Z = Z, 9TOTO OTOOPaxKeHMsI peIaKCallMOHHBINA LUK cucTeMsl (16), (17).

Teopema 2 (o coorBeTcTBUM). Kajcdoii nenodeuscHoli mouke Z =2, omobpaxice-
nus (34), yoosaemeopsioweii ycaosuro det(I —®'(z,)) =0, 2de I — edunuunas mampuya,
coomeemcemeyem penakcauuonmstii yuka cucmemst (16), (17). Dmom yuxa cywecmeyem
npu écex docmamouno manvix €>0 u a619emea IKCNOHEHUUANLHO 0pOUMAAbHO YCMOUYU-
6bim (Heyemotiuusvimn) npu 1, <1(>1), 2de r, — cnexmpanvnouii paduyc mampuys: P'(z,).

JloKa3aTeJbCTBO JaHHOIO YTBEPXKICHUS TaKXe OITyCTHUM, ITOCKOJBKY OHO MOXET
OBbITH JIETKO ITOJIydeHO MOIMGUKALIMEN COOTBETCTBYIOLIETO YTBEPXKIECHUS M3 paboT
[[nwi3un u op., 2012a; Konecos, Po3os, 2010] a1t cucTeMbI CBSI3aHHBIX OCLIAJIIITOPOB
¢ 1 dy31MOHHBIM B3aUMOAEUCTBUEM.

88



Pexxumbl ﬂByXKJ‘IaCTEpHOVI CMHXPOHU3ALMK B NONMHOCBA3HON CETM penakcaLMOHHbIX OCLMANATOPOB

Teopema 2 CBOOUT MHTEPECYIOIIYI0 HAac MPOOJIeMy KJIaCTEPHON CHMHXPOHU3ALUU
cucteMmbl (16), (17) K MOMCKY HEMOABMXKHBIX ToueK oToOpaxkeHus (34). [Ipexne, yem
TEePEeNTH K BOIIPOCY O KOJIMYECTBE M YCTOMIMBOCTH TAKMX TOYEK 3aMETUM, YTO 3TO OTO-
OpaxkeHHE MOXET ObITh MPMBEIEHO K MHBAPMAHTHOMY BUIY, HE 3aBHMCSILIEMY OT Ha-
4aJbHOTO MOMEHTa BpeMEHHU f = —0,.

def
1D (2)= [ylo(t, D, 19t 2), 0 VO (s z)]‘f . (35)

0

rie ylo(l, Z),yg(t, Z),n-,y,on,l(l‘, Z)} — pewmeHre aHasormyHoil (25), (26), (27) 3amaun
Koim mist cucteMsl (25), (26) ¢ HayaabHBIM YCIOBUEM

Do Y DMo=2 2= 2,,))- (36)

IlomuepkHéM, UTO B1 cuity JeMMbl 1 3T0 oToOpakeHHe 3aBeJOMO OIIPeIeIeHO BO
BcéM npocTpaHcTee R™ .

3. UMKJIbl ABYXKNACTEPHOW CUHXPOHW3ALIN

O0OpaTuMcs Ternepb K MHTEPECYIOIIEMY HAC BOIPOCY O CYLIECTBOBAHUU U YCTONYMBO-
CTU y CUCTeMBI (5) LUKIIOB ABYXKJacTepHOI cuHxpoHU3auu. Kak yxe OblIO CKazaHO
BBIIIIE, TAaHHAS ITPo0JIeMa CBOIUTCS K MCCIICIOBAHUIO JIMIIH CITEIINATbHBIX IIUKJIOB 3TO-
ro ceMeicTBa, 3aKOAMPOBAaHHBIX BeKTopaMu (14). JIy1s TaKuX IUKIOB OYEBUIHBIM 00-
pa3oM uMeeM

U . .
yjzln— =0npu j=1,...,m-1, j=k;, y, Z0. (37)

uj

IMoncrapinsst, nanee, cootHoIneHus (37) B BeIpakeHUs (25)—(27), MpUXOInM K BbI-
BOJY, UYTO OT UCXOAHOTO OTOOpaxkeHUs (35) «OTILIETIsIeTCsI» OMHOMEPHOE OTOOpaKeHe
BHIA

0
4 = Py () =y 2 )| (38)
0 N
rne y, (%, 2,) — peleHne uMIy/bcHoi 3anaun Koru

y=d(k-exp(—y)+m—2k —(m—k)-expy),
y(14+0) = y(1-0)—-(1+a)y(0),
Wty +1+0)= y(t, +1-0)—(1+a "y(t,), (39)

y |t:0 =% (40)

Jo6aBuM, 4TO MOJIYYMBIIEECS OMHOMEPHOE OTOOpaKeHUE B CHILy CBOETO IPOMC-
XOXICHMSI OTBEYACT 3a CYIIECTBOBAHME M YCTOMYMBOCTH ITUKJIOB BCIIOMOTATEIBHOM
cuctemsl (9).

Kak 1 Bo Bcex MpeaplAyIIMX CIy4asix, OTbICKAHME HEIOIBWXKHBIX TOUYEK OTOOpa-
KeHus (38) mpoBenéM B MPeroaoXeHu o Majoctu d. Cienys U3JI0XEeHHOI B pado-
tax [I'me3uH 1 np., 20116; Konecos, Po3os, 2010] MeToguke, MOICTaBUM B BBIpaxke-
Hue (40) cooTHOIIEHUE

z, :llné—s-v, v=constcR (41)
a
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n o6o3HauuM uepe3 Y, (f,v,d) pemenue nomydmsiueiics 3amaun Komm (39)—(41).
IMpoBonst cooTBEeTCTBYONIME TOACUETHI, yoexxmaemcst, uro npu d — 0 crpaBemuBBI
CIIEIYIOLINE ACUMITTOTUYECKUE TIPEICTABIECHMS:

yk:}4n$+v+4ﬂfﬂ”)npn0<t<n (42)
a
e =In = In[k(e =1+ exp—an)] + 0l | mpu 11 <y +1 3)
1 1 ( 1_0*1)
yk:;lng+¢k(v)+0d npu 1, +1<1< T, (44)
rae
¥, (v) = In[kiy +exp(—av)|— (1+a~") In[k(t, — 1) + exp(—av)|. (45)

CootHomeHus (42)—(44) CBUIETEIBCTBYIOT O TOM, YTO ITOCJIC BBITTOJTHECHUS B OTO-
opakeHnn (38) 3amensl (41) oHo momyckaer mpu d — 0 (B C'-MeTpuKe Ha JTIO6OM KO-
HEYHOM OTpe3Ke UBMEHEHMUSI V) Tpeest

v—=19,(0). (46)

AHaIH/IB oToOpaxeHus: (46) IMOKa3bIBaeT, YTO IIPU BHITOJIHEHUM HEpPaBEHCTBA
kty>(1+a- )k(t —1), koropoe skBuBaneHTHO (4), oToOpaxeHue (46) MMeeT eanH-
CTBEHHYIO 9KCMOHEHIMATBHO YCTONYMBYIO HEMOABMXHYIO TOYKY V=V, ;. B ncxonHom
otoOpaxkeHuu (38) 3TOif HEMOABUKHON TOYKE OTBEYaeT YCTOMYMBAsT HEMOIBUKHAas
TOYKa

* * 1 1 —a!
5 =25 Zk:;lng—kv*’k—FO(dl a ) d—0, 47)

a B cucreme (9) — ycroitumBblii peakcalMoHHbIA 1Mk C (em. (11)).

Crenyet TakXe 3aMETUTh, YTO B CWJIy MHBAPUAHTHOCTHU cucTeMbl (39) mo oTHoIle-
HUIO K IIpeoOpaszoBaHussM K —>m—k, y— —y Hapany ¢ Toukoil (47) orobpaxe-
Hue (38) momycKaeT TakXke YCTOIYMBYIO HETOABUXKHYIO TOYKY Z; =2, C aCHMII-
TOTUKOU

ok 1 1 ( l-a”! )
g =——In——v__  +0d , d—0.
a d ’

OToi HenoaBMXHONM Touke B cucreme (9) coorserctByer mukia C, (em. (11)),
He MPeACTABIISIOLINI I HAC MHTepeca, MOCKOJIbKY BbIIIE MbI JOTOBOPWIMCH OMpPEe-
JATh KOMIIOHEHTHI W, (7), W,(f) u3 cooTHoweHus (8) no npasuiaam (12).

Hrak, masg kaxmoro HartypambHoro k, 1<k <m—1, ymamoch HaiiTM LMK TUIIA
JIBYXKJIACTEPHOM CMHXPOHU3ALUMU, aCCOLIMMPOBAHHBIN ¢ CUMBOJIbHBIM BEKTOpOM (14).
CornacHO pa3BUTOM HAMU TEOPUHM 32 YCTOMYMBOCTh 3TOTO LIMKJIA OTBEYAET PACIIONOXKE-
HMe criekTpa Matpuupbl dkobu D 0(Z)) OT06pa)KCHI/lH (35) B HemomBMKHOI TOYKE
=52, )7, =0 mpu j=k, z, =z, rae I, — HeNOBIXHAsA TouKa (47)
oToOpaxkeHus (38).

OnHO cOOCTBEHHOE 3HAYEHVE MATPULIBI CD(’) (Z( k)) 3apaHee U3BECTHO — 3TO MYJIb-
TUILJIUKATOP HEMOABUKHOM TOuKM (47), 3aAal0lIniicsa paBEHCTBOM

chOk| :d¢k|

g
] vola='), 450
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M B CUJIy OTMEUYEHHBIX BBIIIE CBOMCTB OTOOpaxkeHUs (46) mpuHamaeXallnii MHTEpBa-
ay (0, 1). Ipyrue xXe cOOCTBEHHBIE 3HAUEHUSI JAHHOI MaTPUIIbI COBMAMAIOT CO CITEK-
Tpom omeparopa casura I' 3a Bpemsi ot /=0 no =7, mo peuieHUsIM UMITYJIbCHOI
CHCTEMBI:

i m r—1 m r—1
Vet Y Sereoli] L oes
r=ls=r r=j+2s=j+l1 r:k+lsjizl
gj:d j—1j—1 m  r—1 ’ l<j<k’ (48)
+3° g, - z Zg exp[y,i‘} > D8
r—ls=r r=j+ls=j r=ktls=]
ko J i moorl
76Xp[*y;}zzgs - Z ng + Z Z g+
r=ls=r r=k+ls=r r=j+2s=j+1
6, =d sk , k<j<m—1; (49)
j-1 j—1 m
+exp{ yk]zzg + Z Zg - Z Zg
r=I1s=r r=k+ls=r r=j+ls=j
s=k
g;(1+0)=g,(1-0)—(+a)g;©0), g;t+1+0)= (50)

=gty +1-0)—(+a g, (), j=L..m—1, j=k.

3nech byHKums Y, siBasercs peuiennem 3anauu Ko (39), (40) npu 2, =2, u Benen-
CTBME 3TOTO JOIMYCKAaeT acCUMITOTHMYECKUe MpeacTaBieHusl Buaa (42)—(44) (B xoto-
peix v 1 P, (V) HEOOXOAMMO 3aMEHUTh Ha HEMOIBUXHYIO TOYKY V,, OTOOpaxe-
Hus (46)). ’

JIyis1 BEIYMCIIEHHS CTIIEKTPa BBEAEHHOTO BHIIIE orepartopa I momomHuM cncreMy
(48) (50) MPOU3BOBHBIMH HE3aBUCSILMMU OT d HAYaJIbHBIMU YCIIOBUSIMU & ; = g i

Jj=L..,m—1, j=k u npeanpuMeM acUMIITOTUYECKOE MHTEIPUPOBAHUE I10JYYUB-

meiics 3anauun Koy,

Kaxk 06b14H0, HauHéM ¢ npoMexytka 0<7 <1. Onwupasce Ha popmyny (42), npu-
XOIUM K BBIBOJY, UTO B JaHHOM ciiyyae cucteMa (48), (49) 3anuceiBaeTCsl B BUIE

4 m r—l1 m_ r—l 0
g =d"opr,)) S Y - Y e +old )

r=k+ls=j+1 r=k+ls=j
s=k s=k (51)

— g (m —k)gjexp(v*’k)4—0((1’1_"7I ), Jj<k;

g,=0d), j>k d—0. (52)
A oTcCl011a, B CBOIO OYEPEID, BHIBOAUM:

g, =g(1-d" tm—k)-exp(v, )| +old ), j<k:

g, =¢)+0d), j>k d—0. (53)

—1
Cnenyer 0cob0 MOTYEPKHYTh, YTO IS KPAaTKOCTH CUMBOJIAMU o(a’l*“ ), o(d)
B dopmynax (51)—(52) u B mociaenyronmx (bopMynax s & ;> &; 0003HAYAIOTCS] HEKO-
TOpBIE JINHEWHBIE (HOPMBI TIEpeMEHHBIX &,, S=1L,...,m—1, s = k (B cmydae g ) unu
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0
g, s=1...,m—1, s=k (Bciyyae g ;) ¢ Koa(hbuLMEeHTaMH, 3aBUCSIIUMHU OT 7, d. Y10

K€ KacaeTcsl YIIOMSIHYThIX KO3(pDUIIMEHTOB, TO UMEHHO OHW PABHOMEPHO MO f UMEIOT
yKazaHHbIE MOPSAIKK MajocT ipu d — 0.

IMpu 1<#<f,+1, yuursiBast paBeHCTBO (43) M yXe YCTaHOBJICHHBbIC (opMy-
nbl (53), monyvyaeM 3amgauy Komm

&g,=0), j<k

. 1 k_j-1 k_J o(dl—”")
5 k(t—=1)+exp(—av, ;) ;;gs 7;;& + =
s=k s=k
kg . :
- 5 -‘r-O(dlia ), j>k;
k(t—1)+exp(—av, ;)
gf‘t:l - —g(/). [a +d (m _k)'eXP(V*,k)] -Fo(a’lf"i1 ), J<k;

gle =-ag} +0d), j>k d—0.
HecnoxHblii €€ aHaIM3 IPUBOIUT K ACUMIITOTUYECKUM IIPeICTaBIEHUSIM
—1 —1
g = —g(j). [a +d" (m— k)-exp(v, , )] + o(dlfa ), Jj<k;
aexp (—av, ;)

0 l—a! .
_ Lola="), jsk d—o. (54)
K(— ) +exp (—av, ) /

gj:

Ha 3akmountensHoM yuactke f, +1<7<T,, obovenunss dopmynsl (44) u (54),
CHOBa mpuxoauM K cucteme Buaa (51), (52), HO yXe ¢ HauaJTbHbIMU YCIOBUSIMU

gj‘t:t0+1 :gg [1+a‘1d1_”71 (m—k)~exp(v*’k)]+o(dl‘”7] ), j<k;
dy PR
gj‘,:,OHZ 3—dv" +old="), j>k d—o, (55)
V=Vk

rae, HanoMHuM, P, (v) — dyakuuns (45). [IpoBoas acCUMNITOTHYECKOE MHTETPHPOBa-
Hue 3agauu Komwm (51), (52), (55), yoexxnaeMcsi, UTO

g =g [1—d‘—“” (m—I)t—t,—1—a ")-exp(v, )| +olad ], j<k;

0¢ Ik

vola='), js>k d—o. (56)

V=Vek

IMomBomst wTOr, 3aMeTWIM, 4YTO MHTepecylolnmii Hac omeparop I 3amaércs
COOTHOIICHUEM

0 0 0 0
[gl s BN B ] (@1 B 1o By B | (57)

=T,
IMoncrapngs, ganee, B cooTHoueHue (57) ¢opmynnl (56), IPUXOOUM K BHIBOAY,
YTO €T0 COOCTBEHHbBIE 3HAYEHMSI HOMYCKatoT npu d — 0 acUMITOTHUKY

u; :1—(a—a_l)a’l_‘f1 (m—k)~exp(v*’k)—&—o(af"”fI ), j=L.., k-1
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S vola="), j=k...m-2
y
V:V*Yk
¥ BCJIENICTBUE 3TOTO YIOBJIETBOPSIOT HEPAaBEHCTBAM ‘ u j‘ <1, j=1...m-2.

Wrak, Bce HaliieHHbIe MEPUOANYECKUE PEXMMBI CUCTEMBI (5) TUMA ABYXKJIACTep-
HOM CUHXPOHM3ALIMH, OTJIMYHBIE OT OAHOPOAHOIO LKA (6), IpY MajIbiX (PUKCUPOBAH-
HBIX d ¥ TIpy A >>1 3KCIIOHEHIMATBEHO OPOUTAIBHO YCTONUMBEL. UTO Xe KacaeTcs of-
HOPOIHOTIO LIMKJIA, TO OH He SIBJISIETCS UCKIIIOUEHMEM, ITIOCKOJIbKY OTBeYaloIasi eMy He-
nogsuxHasg Touka =0 oroOpaxeHuss (35) MO-TIPEXHEMY 3SKCIIOHEHIMAIBHO
ycroitunBa mipu Beex d > 0.

Paccyxmast aHaJIOTUYHBIM TIPUBEACHHOMY BBIIIE 00pPa3oM, MPUXOANM K BHIBOIY,

/
4TO CcoOCTBeHHbIe 3HadeHuss Mmarpuibl SIkobu @, (0) 3amarorcss paBeHCTBaMU

w, = u(s)L:Sk , k=1,....m—1, roe w(s)= ((1 +a)exps— 1)[(1 +a Yexps— l}exp(—sTO),
a §=S, — HEHyJeBble COOCTBEHHBbIE 3HaYeHUs MaTpuubl cucTemsl (29). MyHKuUA
u(s) ynosetBopsier ciaenyioumm coiictBam: W(0)=1, w'(s)<0, mpu Vs € (0,+00),
u(s)—>-+oo npu s—+oo. VYuureiBasg, uro S, =-m, k=1..,m—1, umeem
u, €01, k=1,..,m—1.

3AKJTIOYEHUE

[MoaBoast UTOrK, OTMETHUM, YTO TeOpPeMa 2 O COOTBETCTBUU U MPOJEIaHHbIMA B MyHKTE 3
ACUMITTOTUYECKUIA aHaIU3 0ToOpaxkeHus (35) MPUBOJSAT K CIEAYIOLIEMY YTBEPXKIECHUIO,
SIBJISIIOILIEMYCSI OCHOBHBIM PE3yJIbTaTOM JAHHOM CTaThU.

Teopema 3. Ilycmos napamemp a ydosremeopsiem nepasencmay (4). Toeda oas awobbix
docmamouno  maneix  dy>d, >0 naiidémes  maxoe  docmamouno  Ooavuioe
Ao =MAo(d;,dy) >0, umo npu ecex d, <d<d,, N>\, cucmema (5) umeem Kax MUHUMyM
2™ 5KCHOHEHUUANbHO OPOUMAALHO YCMOTMUBHIX NePUOOUMECKUX OBUNCCHUL.

W3 aroit TeopeMBbl cliemyeT, YTO TIPU COTJIACOBAHHOM YMEHBIIEHUM d U yBeIude-
HUM MapaMeTpoB A, m B ccTeMe HabJonaeTcs:t peHoMeH 0yhepHOCTH, a TOUHEe, Mpo-
WCXOAUT HEOTPAaHNUEHHOE HAaKaIlJIMBaHUE COCYIIECTBYIONINX YCTOMYUBBIX ITUKIIOB.

OtMmeTuM, uTo Oy(epHOCTh HAOIIOMAETCSA TaKKe M JJIST psifa KJIacCoB LIETIOYEK OC-
LUJISTOPOB C OAHOHAMPABAEHHO CBs3bI0 (CM. [[71bI3uH U Ap., 20136; 2014a—r]).

JINTEPATYPA

[Tne3un u ap., 2011a] Iewsun C. ., Koaecos A. 1O., Po3os H. X. PenakcalimoHHbIE aBTOKO-
sniebaHus B HelipoHHBIX cucteMax. | // Iuddepenu. ypasuenus. 2011. T. 47. Ne 7. C.
919-932.

[Tnei3un u aop., 20116] Lasizun C. /., Koasecos A. IO., Pozos H.X. PenakcallnOHHBIE aBTOKO-
nebaHus B HelipoHHbIX cuctemax. 11 // Iuddepenu. ypaBHenus. 2011. T. 47. Ne 12.
C. 1675—-1692.

[Tne13un u ap., 2012a] Iewsun C. ., Kosecos A. 1O., Pozosé H. X. PenakcalimoHHbIE aBTOKO-
nebanus B HeiipoHHbIX cuctemax. 111 // Nuddepenu. ypaBHenus. 2012. T. 48. No. 2.
C. 155—170.

[Tab13un u op., 20126] Laezun C. 1., Koasecos A. IO., Pozoe H.X. IlncKkpeTHbIE aBTOBOJIHBI
B HElipoHHBIX cucTteMax // ZKypH. BBIYMCIUT. MaTeMaTUKU 1 Mat. pusuku. 2012. T. 52.
Ne 5. C. 840—858.

93



C.J0. [neizun, A. 0. Konecos, H. X. Po3os

[TCnei3un u aop., 2013a] ITaewzun C. J., Koasecos A. 1O., Pozos H. X. MonenupoBanue 3¢ dexra
B3pbIBa B HEMPOHHBIX cucTemax // Mart. 3ametku. 2013. T. 93. Ne. 5. C. 684—701.

[Tne3un u ap., 20136] Iasizun C. ., Kosecos A. IO., Posoe H. X. Tleproanyeckue pelieHust
THMa GEeryIIrX BOJH B KOJBLIEBBIX IIeMTOYKaX OMHOHAMNPABIEHHO CBSI3aHHBIX YpaBHEHUI
// Teopetmueckas u Matematudeckas pusuka. 2013. T. 175. Ne. 1. C. 62—83.

[Tae13un u np., 2014a] Iaeizun C. ., Koasecos A. 1O., Pozoé H. X. ABTOBOIIHOBBIE IIPOIIECCHI
B KOHTUHYaJIBHBIX 1IeTTIOYKaX OJMHOHAIPAaBIeHHO CBSI3aHHBIX TeHepaTopoB // M30paH-
Hble BOMPOCHI MaTeMaTuyeckoi dpu3uku u aHanusza: co. ct. K 90-netuto co nHs pox-
neHust akagemuka Bacwiusa Cepreesuua Bnagumupona // Tp. MUAH. 2014. T. 285.
C. 89—106.

[Cne3un u op., 20146] Iaesun C. /., Koaecos A. FO., Pozos H. X. SABnenne 6ydepHOCTH
B KOHTUHYaJIbHBIX LIETIOYKaX OJHOHAIPABICHHO CBSI3aHHBIX TeHepaTopoB // Teop.
u MaT. dusuka. 2014. T. 181. Ne 2. C. 254-275.

[Cavizud u op., 2014B] Iaesun C. /., Koaecos A. IO., Po3zoe H.X. SIBnenue 0ydepHoCcTU
1 XaoC B KOJIbLIEBBIX 1LIEMOYKAX OMHOHANPaBJIEHHO CBSI3aHHBIX TeHepaTopoB // JIoKJI.
Axkanemun Hayk. 2014. T. 457. Ne 3. C. 278—28]1.

[Cne3un u op., 2014r] Iassun C. ., Koaecos A. IO., Pozose H. X. SIBnenne 6ydepHOCTH
B KOJIBIIEBBIX 1I€TIOYKAX OJHOHATIPaBJIEHHO CBsA3aHHBIX reHepaTtopoB // U3B. PAH.
Cep. mateM. 2014. T. 78. Ne 4. C. 73—108.

[Kamenko, Maitopos, 2009] Kawernxo C. A., Maiiopoé B. B. Moaenu BolHOBOM namsitu. M.:
KH. nom «JIMBPOKOM>», 2009. 288 c.

[KomecoB, Konecos, 1993] Kosnecos A. IO., Koaecos FO. C. PenakcallmoHHBIE KOJIEOAHUS
B MaTeMaThueckux Mozaesix akojoruu // Tp. MUPAH. 1993. T. 199.

[Konecos, Pozos, 2010] Koaecos A. IO., Pozoé H. X. [luckpeTHble aBTOBOJIHBI B CUCTEMax
¢ 3amasasiBaHreM U3 aKonoruu // Joxi. Akamemun Hayk. 2010. T. 434. Ne 6. C. 735—
738.

[KonecoB, Pozos, 2011] Koaecos A. FO., Po3osé H.X. Teopust pefakCcallMOHHBIX KOJieOaHUI
TSI ypaBHeHMs XaTyuHCcoHa // Marem. ¢6. 2011. T. 202. Ne 6. C. 51-82.

[KomecoB, Po3oB, 2012] Kosecoe A. FO., Pozoe H.X. ABTOBOTHOBBIE TIPOIIECCHI B 1IETTOY-
Kax nuddy3MOHHO CBSI3aHHBIX YpaBHEHUI ¢ 3ama3npiBanvem // YMH. 2012. T. 67.
Ne 2(404). C. 109—156.

[KonecoB u ap., 1997] Koaecos A. 0., Muwenko E. @., Pozose H.X. Pene ¢ 3ana3abiBaHuEM
u ero C'-armpokcumarwst // Tp. Mar. un-ta PAH. 1997. T. 216. C. 126—153.

[Konecos u ap., 2010] Kosecos A. 1O., Muwenko E. @., Pozoe H.X. O6 omHOI MoaubUKaLIUN
ypaBHeHUs1 XaTynHcoHa // ZKypH. BBIUMCIIMT. MaTeMaTuku 1 Mat. pusuku. 2010. T. 50.
Ne 12. C. 2099-2112.

[Mumenko, Po3os, 1955] Muwenxo E. @., Pozoé H. X. ludpdepeHunanbHbie ypaBHEHUS
C MaJiblM MapaMeTpoM U peflakcallMoHHbIe KonebaHus. M: Hayka, 1975. 248 c.

[Mumenko, [Toutpsirun, 1955] Muwenko E. @., Ilonmpseun JI. C. Tlepruoandyeckue pele-
HUA cucTeM AuddepeHINaTbHBIX YpaBHEHUM, OIU3KKUE K pa3pbIBHBIM // Jloki. AH
CCCP. 1955. T. 102. Ne 5. C. 889—891.

[Mummenko u 1p., 1995] Muwenxo E. @., Koaecog IO. C., Koaecos A. IO., Po3zoé H. X. Tlepu-
onnYecKe ABVKEHUS M OM(YpKallMOHHBIE MPOLIECCHl B CHHTYJISIPHO BO3MYIIIEHHBIX
cuctemax. M.: @usmatiut, 1995.

94



Pexxumbl ﬂByXKJ‘IaCTEpHOVI CMHXPOHU3ALMK B NONMHOCBA3HON CETM penakcaLMOHHbIX OCLMANATOPOB

TWO-CLUSTER SYNCHRONIZATION REGIMES OF FULLY CONNECTED NETWORK
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The article is devoted to the mathematical modeling of neural activity. We propose new class-
es of singularly perturbed differential-difference equations of Volterra type with delay. On the
base of these systems, models of a single neuron as well as neural networks are described. The
neurons are coupled in an all-to-all manner. We study attractors of these systems in the case
where the number of oscillators in the system increases indefinitely. In order to study periodic
solutions of claster sinchronization type of this system, some special tricks are used. These
methods reduce the existence and stability problems for cycles to the investigation of auxiliary
system with impulse actions. Using this approach, we establish that the number of stable two-
cluster solutions increases unboundedly as the number of elements of the network increases,
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YUCNEHHOE MOAENNPOBAHUE INEKTPOHHDBIX COCTOAHMI B AUOKCUAE
LUPKOHWUA C KUCIOPOAHBIMUA BAKAHCUAMU U TPUMECAMMN UTTPUA

0. H. lopwikos, H. B. [lepbenesa, K. P. Myxamamyun, A. M. CamaHun

Huxeropoackuii rocynapcTBeHHbIN yHMBepcuTeT M. H. . JlobaueBckoro
(HHTY nm. H.W. NTobaueBckoro)

B pabote mpuBOISATCS pe3yabTaThl UCCIEAOBAHUS 3JEKTPOHHBIX COCTOSTHUIN B TOHKUX TUIEH-
Kax Ha OCHOBE JMoKcuaa upkonust (Zr0,), crabunusnupoBaHHoro urrpuem (Y). Metonom
Kona-IlIsMa BBITIOJTHEHBI PacU€Thl 3JICKTPOHHBIX COCTOSIHUI B JOTTMPOBAHHOM M HEIOIM-
pPOBaHHOM ITWOKCHIE ITMPKOHUSI. V3ydeHa mepecTpoiika BaKAHCMOHHBIX COCTOSIHUM B 3a-
BUCUMOCTH OT KOHLEHTpaluy UTTpUs (cTereHu monupoBaHus). [Ipu ompenen&HHBIX yc-
JIOBUSIX PaBHOBECHS] B MOICUCTEME KUCIOPON-UTTPUI CTaOMIM3UpPYeTCs KOH(UTypauus,
COOTBETCTBYIOLIAs CTEXUOMETPUYECKON (opmyne Y,0,. VCTaHOBJEHO, YTO B KBasUpaB-
HOBECHBIX YCJIOBHSIX B TIOACUCTEME KHCIOPOI-UTTPUN MOXET BO3HUKATh HECTEXUOMETPHUSI
(«packoMreHcals»), Korna BaKaHCMOHHAsI TOA30HAa OKa3bIBAeTCS YaCTUYHO 3aIlOJTHEH-
Hoii. IIpu 3TOM B BaKaHCHMOHHOI MOIOpPENIETKEe MOXKET pealr30BaThCs MPBIKKOBBLIN Mexa-
HU3M TOKOTMepeHoca.

Pabora nmonnepxxana Poccuiickum poHmaoM yHIaMeHTaIbHBIX UCCIeNOBaHUI (TTPOEKT
Ne 14-07-00582) u 6a30Boit TeMoit roc3amanuss Ne 2629. Pacu€Tsl ObIIM BHITIOJHEHBI Ha CY-
nepkomiblorepe HHI'Y «JloGaueBckuii».

Karouegoie cr06a: TUOKCUIL LIMPKOHUSI, KUCTIOPOJHbIE BAKAHCUU, JOTMUPOBAHUE UTTPU-
€M, MEMPUCTOPBI, TTPBIKKOBast MPOBOIUMOCTbD.

BBEJEHWUE

B mocnenHee BpeMs aKTMBHO M3y4alOTCSl pa3M4YHble CLIEHAPUM Pa3BUTHUS TOKOBBIX
HEYyCTOMYMBOCTEl M HeoOpaTUMBIX 3((EeKTOB B HaHOPAa3MEPHBIX IUIEHKAX OKCHUIIOB
[Driscoll et al., 2009]. Bo MHOTMX TMOKCHIAX ITEPEXOTHBIX METAJUIOB CBSI3aHHBIE C KHC-
JIopooM JneeKThl, OOBIYHO KMCJIOPOAHbIE BaKaHCUU, ropas3no 0ojiee MOIBUXKHBI,
4yeM KATMOHbI IEPeXOAHBIX MeTa/uloB. HachlilieHne mwiv obelHEeHUEe KUCIOPOAHBIMU
BaKaHCHSIMM HEKOTOPBIX o0JacTeil IJIEHKU BIMSIET Ha BaJICHTHOCTh KaTMOHOB IlEpe-
XOITHBIX METAJUIOB, YTO BEIET K M3MECHEHMIO 3JICKTPOHHOM ITPOBOAMMOCTY MaTepHrala.
ITosTOMy Takoii MeXaHM3M PE3UCTUBHOIO INEPEKIIOYCHUsT CBA3BIBAIOT C M3MEHEHUEM
BaJICHTHOCTH.

B nanHoii paGote nccnenoBaHbl MIEHKM HA OCHOBE ITMOKCHIA LIMPKOHUA (Zr0,),
cTabun3npoBaHHOro uTTpueM. IpoBoaumocts ZrO, CyIiecTBEHHBIM 00pa3oM Ompe-
JessieTcsl KUMCIOPOAHBIMU BaKaHCHMSIMM, KOHLIEHTpalUsl KOTOPBIX, B CBOIO O4Yepelb,
3aBUCHUT OT COAEpXKaHUsS UTTPUs. B OUOKCHUAE LIUMPKOHMS (CTEHEHU AOMMPOBAHUS).
BBeneHue utrpus ocnabisieT CBSI3U MEXIy MOHAMM KHCJIOpOIa M IIMPKOHMS U O0JIer-
4yaeT BO3HUKHOBEHUE KUCIOPOAHBIX BaKaHCHiA. [IJ1s1 onucaHust MPOBOAMMOCTU B TAKKX
MaTpuIaX HEOOXOAMMO 3HaTh 30HHYIO CTPYKTYPY ZrO,, TI0JIOXeHNe ypOBHEN, 00pasye-
MBbIX BAKAHCMOHHBIMU LIEHTPAMM, BpeMsl pejlakcalliy HOCUTEJIEl, a TAKXKe MMOBeJeHUEM
HOCHUTeJICi Ha rpaHulle OKCHI-MeTasul (CBOMCTB KOHTAKTOB). B cBolo ouepenb, pacmpe-

Topmkos Oser HukonaeBuy — nMOUEHT, KaHAWAAT HU3UKO-MaTeMaTUUYeCKUX Hayk, gorshkov@
nifti.unn.ru

Jlepoenesa Haranbsa BukropoBHa — acnmpaHTKa, kurova_natasha@mail.ru

Myxamatuun Kamuib PadanioBuy — muiaainumii HaydHblil coTpyaHUK, mykamil@yandex.ru
CaranuH Apkamuii Mwuxaiiopud — Tipodeccop, HTOKTOp (U3UKO-MAaTeMaTHUECKUX Hayk,
sarkady@mail.ru

96



UncneHHoe MoenMpoBaHie 31eKTPOHHBIX COCTOAHMIA B AMOKCUAE LMPKOHNA C KUCTOPOAHBIMM BaKaHCUAMM. . .

JieJIeHWe 3JIeKTPUYECKUX ToJell B TUIEHKE MOXET CYLIECTBEHHO BJIUSTh HA JABUXEHUE
¥ TiepepacmpenecHe BaKaHCUI KUCIopoaa. B CBS3M ¢ 3TUM MOTYT peayin30BaThCs ABa
OCHOBHBIX CLIEHapUsl HEOJHOPOIHOTO pacipeneeHUsI BAKAHCUIA, KOTOpbIe OyAyT orpe-
NEeJISITb MEXaHU3Mbl EPEKITIOUEHUST MEXIY PE3UCTUBHBIMU COCTOSIHUSIMU B MaTepuale.
CorjiacHO TIepBOMY CLIEHApUIO, BAKAHCUM BCJIEICTBHE HEYCTOMUYMBOCTU MOTYT cdop-
MHPOBaTh TOJTOXUBYIIINE TOKOBBIe ITHYPHI (filaments) [Tingkun, 2014], Bo3HuKalomme
TPU HAMPSIKEHUU «(hOPMOBKH», KOTOPBIE «3alIOMUHAIOT» COCTOSTHUE CUCTeMbI. BTopoii
CLIEHAPWIi MOXET OBITh CBsSI3aH ¢ (POPMUPOBAHUEM TIOCKOTO CJIOS C TTOBBIIIEHHON WIIN
TIOHV>KEHHOW KOHLIEHTpallMeil BaKaHCUIl B 3aBUCUMOCTH OT HarlpaBjeHUs TOJs, Ha-
npuMep, BOIM3M KoHTaKTa (6apbepa [loTTkn).

YToObI KOHKPETU3MPOBATh MOEb JIEKTPOHHBIX COCTOSTHUM U CAENIaTh €€ pruMe-
HUMOM ISl pacuéTa peaJbHbIX MEMPUCTUBHBIX 3JIEMEHTOB, HEOOXOIUMO TTOHSITH TIPH-
YUHY BO3HUKHOBEHMS 3apsiKEHHBIX BaKaHCHUM, a TakKe M3YYUTh 3apsiiOBbIE COCTOSI-
HUsI, B KOTOPBIX OHM MOTYT HAaXOIUTHCS B 3aBUCHMOCTH OT KOHIICHTPAIIMM BBOIMMBIX
Jonupytomux npumeceid. CyliecTByeT aHaJOTusl MEXIy 3JEKTPOHHBIMU CBOWCTBaMU
JIETUPOBAHHBIX TOJYIIPOBOIHMKOB M TBEPIBIX 3JIEKTPoJUTOB. Harmpumep, cocTosHUs
KUCJIOPOIHBIX BakaHcuil V B ZrO, 00HapyXMBAIOT CBOMCTBA, KOTOPBIE BIIOJIHE aHAJIO-
TUYHBI COCTOSTHUSIM JOHOPOB B ITOYIIpOBOAHMUKAX. OMHAKO B TAHHOM CJIydae HEJIb3s
TMOJIHOCTBIO UCTIOJIB30BaTh 3TY aHAJIOTUIO ISl pacyéTa SJEKTPOHHBIX COCTOSIHUM, MO-
CKOJIbKY B JIMOKCHIAX YPOBHU BaKaHCUI TIyOokue, a MeTon 3(pdeKTMBHOI Macchl
He TIPUMEHUM [IJI pacu€Ta TaKuxX YPOBHEI.

Kak yxe oTMeuanoch Bbllll€, BaXKHYIO pOJb OyneT urpaTb OONMUMPOBAHUE OUOK-
cuIa UUPKOHUSI UTTPUEM, TPUCYTCTBHME KOTOPOTO MOXET CYILIECTBEHHO BIIMSATH Ha
BJIEKTPOHHbBIE COCTOSTHUSI BaKaHcUil. B maHHO# paboTe MoKa3aHo, YTO UTTPUI MOXET
WUTpaTh POJib aKUENTOpa B pacCMaTpUBaeMbIX COeAUHEHUX. Jasee Mg onpenenéHHO-
CTH pacCMaTPUBAIOTCSI 3JCKTPOHHBIE CBOMCTBA CTAaOMJIM3MPOBAHHOTO B KyOMYECKOM
daze nuokcunma nupkoHus. HecMoTpsi Ha To, 4YTO B OOBEMHBIX MaTepuaaax CTaOWIu-
3a1us Kyoudeckoii asbl ZrO, MMeEeT MECTO TOJIBKO MPU KOHIIEHTPALMUAX Y OKOJIO 1€~
CSITKa MPOLEHTOB, B MJIEHKAX ToaIIMHON d = 10...50 HM, BbIpallleHHBIX HA KPEMHUEBOM
TMOJUIOXKE, CTAOMIbHBIMM OKa3bIBAIOTCS CJIOM HEJNETMPOBaHHOrO Kybuyeckoro ZrO,
[Aarik et al., 2002; Holgado et al., 2001] npu Temnepatype okoyio 7= 180...220 °C.

B pabGote nipencraBieHbl IeTaabHble pacyEThl MOBEIEHUS BAKAHCUOHHBIX COCTOSI-
HUI B 3aBUCUMOCTU OT CTENEHU NOMUPOBAHUSI, UYTO SIBJISIETCSI HOBBIM, U OOCYKIaeTcs
MEXaHM3M IPBIKKOBBIN IMTPOBOAMMOCTH 10 BAKAHCMOHHOM 30HE.

MOJENIb U METO/, PACYETA

Jns pacu€ra sHeprum oOpa30BaHUS DJIEKTPOHHBIX COCTOSIHUI BaKaHCHUI, HEOOXOAV-
MO PacCMOTPETh OOJIBIIIOE YMCIO ATOMOB, BXOISIINX B TaK Ha3BIBAEMYIO CYIIEpSICIKY
(sueiika ¢ pa3MepaMu B HECKOJIbKO MOCTOSIHHBIX pelléTkr). Hampumep, B HacTosIIIei
paboTe B Ka4ecTBE OCHOBEI BBIOpaHa cylepstueiika 2X2X2 oKcHaa MUPKOHUS, Comep-
kamast 96 aToMOB, B KOTOPOiIl MOXHO T'€HEepHpOBaTh BaKaHCUU ITyTEM yHaJleHHUsI aToO-
MOB KHCJIOPOIAa W MOICIMPOBATh TOMMPOBAHME ITYTEM 3aMEIICHMSI aTOMOB LIMPKOHUS
atromMaMu goraHTa (uTTpus). [lpuHIMnuanbHas mpobjeMa, BO3HUKAIOIIAs Ha ITyTU
YBEJIWYCHMS YHUCIIA YACTUIl, COCTOUT B TOM, UTO COCTOSTHUS 3JICKTPOHOB U MOHOB B CYy-
nepsyeiike XapaKTepu3yrTCsl OOJIbILIMM YUCJIOM CTEeTIeHEel CBOOOIbI, TO3TOMY B 00I1IEM
cayJ4ae OKa3bIBAaeTCS HEBO3MOXHBIM IIPSIMOE YMCICHHOE WHTETPHPOBAHHME COOTBET-
cTBytouiero ypasHeHus Illpénunrepa. s pelieHus mocTaBieHHOMN 3aga4u Mbl 00pa-
TUMCS K MeTony dyHKumMoHana miotHoctu (uiu metony Kona-Illsma — DFT, density
functional theory). OtmeTum, uto Teopusi Kona-Illsma neXXut B 0CHOBE COBPEMEHHBIX
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DPACUYETOB 2JIEKTPOHHBIX CBOMCTB KOHIAEHCUPOBaHHBbIX cucteM [Dreizler, Gross, 1990;
Hohnberg, Kohn, 1964; Kohn, Sham, 1965; Martin, 2004; Parr, Yang, 1989].

OCHOBHOE TOJIOXeHHE MeTona (PyHKIIMOHAJIA TIJIOTHOCTA OCHOBBIBAETCSl Ha TOM,
YTO BaXKHEMIIME CBOMCTBA CUCTEMbl B3aMMOICHCTBYIOLIMX YACTUL[ MOTYT OBITb BbI-
paXkeHbl ¢ MOMONIbI0 (PYHKIIMOHAJIA 3JIEKTPOHHOM TIoTHOCTH A(r). TIMOTHOCTH 35IeK-
TPOHOB — 3TO CKaJsIpHas (PYHKIUs TpEX MEepeMEHHBIX (TOYKM HAOJIOIEHUS) OIpe-
JeNsionasi, B MPUHIMIIE, BCIO MH(OpPMalMio 00 OCHOBHOM COCTOSTHUM M CIIEKTpe
Bo30yxknmeHuii. CylliecTBOBaHME TaKOro (hyHKILIMOHAla IJsi MHOTO3JIEKTPOHHOM CH-
CTeMbI, HaXOASIIEHCs TIPU HYJIEBOM TeMIliepaType, BIepBble ObUIO J0Ka3aHO B paboTax
[Hohnberg, Kohn, 1964; Kohn, Sham, 1965]. [1pakTudeckoe 3Ha4eHUe METO.I MPHOG-
pén TosbKo nociie Toro, Kak B. Kon u JI. II3M npenioxXuiu Moaxon Jisl BBIYUCISHUS
(dynkunonana miorHoctu [Kohn, Sham, 1965]. IIpakTuyeckuii noaxon Kona-IlIama
OCHOBBIBAEeTCS Ha JIBYX INMPEATIONOXEHUSIX: TOYHAsI 2JIEKTPOHHAS TIJIOTHOCTh OCHOBHO-
IO COCTOSIHUSI B3aMMOJIEHCTBYIOIIMX 3JIEKTPOHOB MOXET ObITh 3aME€HEeHa Ha IIOTHOCTh
CBOOOIHBIX YACTHUII BCTIOMOTATEIbHOM CUCTEMBI; TAMWJIBTOHWAH BCITOMOTATEeJIbHOM CH-
CTEeMBbI BBIOMpAETCs TaK, YTOObI OH MMeJT OOBIYHYI0O KWHETUUECKYIO SHEPTIUIO 1 3(PpPek-
TUBHBIN JIOKAJIBHBIN MTOTEHIIUAJ, KOTOPBII OTBETCTBEHEH 32 KYJOHOBCKOE B3aMMOJIEHi-
CTBUE, KOPPEJISILIUIO U OOMEH.

VYpaBuenue mist opoutanein Kona-IlIama umeeT Bu:

1
=5 VIOV s (0, (1) = 3, (r), (1)
rJe cyMMapHbIi noTeHuuan (noreHuuan Kona-1llsma):
Vs (D) =V (1) + V(1) + V. (r) 2)

COCTOMT U3 BHelHero noteHuuana v, (r), norenuuana Xaptpu
n(r)
VH (r) = fm dr (23)

¥ TaK Ha3bIBAEMOT0 0OMEHHO-KoppessiiimoHHoro noteHimana V.. (r) [Becke, Johnson,
2006]. B psime cirygaeB 0OMEHHO-KOPPEISLIMOHHBINA MOTEHIIMAI MOXHO BBIPAa3UTh KakK
(bYHKIIMIO JTOKAIBHOM 3JIEKTPOHHOMU TNIOTHOCTH, KOTOpasi CBsI3aHa C BOJIHOBOI (DyHK-
LMeif OOBIYHBIM BBIpaXKEHHUEM:

n =3[ w ol 3)

rJie CyMMUPOBaHWE TPOU3BOAUTCS 11O BCEM 3aHSITHIM OPOUTAIISIM.

Kak BupHo, ypaBHeHue Kona-IllsmMa uMeeT BUA OJHOYACTUYHOTO YpPaBHEHUS
Ipénunrepa anast 4acTUIlbl, ABUXKYIIEICS B CAaMOCOIJIAaCOBAHHOM TOTEHIMAJE, CTPYK-
Typa KOTOPOTO ompenessieTcs U3 BoipaxeHus (2). Bc€ ommmune ot ypaBHeHUsT XapTpu
B cooTHolleHnu (1) comepXuTcs B 0OMEHHO-KOPPEISIIIMOHHOM IMOTeHIIMAJIe, a TaKXKe
B MHTEpNpETALUU COOCTBEHHOro 3HaueHusl €;. YpasHeHue KoHa-Illama Moxer pac-
cMaTpuBaThCs Kak hopMajibHOE 00001IeHEe TEOPUU XapTPH.

[Monesnast undopmalus 06 dIEKTPOHHBIX COCTOSTHUSIX COAEPKUTCS B JIOKATBHOM
TUTOTHOCTY COCTOSTHUIA, 3aIaHHOU BbIPaKEHUEM:

Dee,r) =3[, 8 —¢,), )

a TakXe B TMapUUaJbHbIX TUJIOTHOCTSIX COCTOSIHUM, OTMpPENeNsieMbIX BbIpaXXeHUEM
tuna (4) (rae BhIOUPAIOTCS TOJBKO COCTOSTHUE BBIIEICHHBIX OpOUTANIei, HampuMep, S,
PUT.IL).
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ITporpammHusblit komruieke Wien2k [Blaha et al., 2001], ucnonb3yeMblii HaMu ISt
pacuéra 3JIeKTPOHHOI CTPYKTYphI, peanm3yeT perieHue 3agaun Kona-Illama (1) B 6a3uce
JIMHEApU30BaHHbBIX MPUCOETUHEHHBIX TIOCKUX BOJH (LAPW) B peasibHOM mpocTpaH-
CTBE C COOTBETCTBYIOLIMM 3aaHHBIM IIaTOM 1o ceTke, paBHbIM 0,1 A. TTocTpoeHue 6a-
3uca LAPW ocHoBBIBaeTCsl Ha pa30MEeHNU 3JieMEeHTapHOI sSTueiiku Ha HemnepeKphiBalo-
muecst aToMHble chepbl (LIEHTP KOTOPBIX COBMANAET C KOOPAMHATAMU PACTIONIOXEHUS
aTOMOB B SYeiiKe) U 00JacTh BHE 3TUX cep, rae BoaHoBas MYHKIIUS MPEACTaBISETCS
B BUIIE PA3IOXEHUS 10 chepruuecknM (PYHKIMSIM U TIJIOCKUM BOJTHAM COOTBETCTBEHHO.
J71s1 KOPpeKTHOTro y4yéTa IIMPUHBI 3alIPEIIEHHON 30HbI ObUT BHIOpaH 0OMEHHO-KOpPpe-
JISIUMOHHBIN moteHuman B popMe beke-/IxxoHcoHa [Becke, Johnson, 2006].

KNCNOPOAHbBIE BAKAHCUW B ANOKCUAE LLMPKOHWA

Hs Havaza paccuMTaeM 30HHYIO CTPYKTYPY KpHCTaJlIa TUOKCHIA MUPKOHUS 6e3 TIpH-
Meceii u gedekToB. [loayyeHHBIE pe3yabTaThl pacuéToB Ha kinactepe HUD®TU HHI'Y ¢
HCITOTb30BaHMeM nakeTa Wien2k mpemcrabiieHBI Ha puc. 1.

Kaxk BunHo Ha puc. 1, BaJieHTHast 30Ha uzeanbHoro Kpucrajia ZrO, popmupyercs
P-COCTOSTHASIMM KHCIIOPOZIa ¢ MaJIOi IIPUMECHIO d-COCTOSTHUI IIMPKOHMSI, a 30HA IIPO-
BOIUMOCTHU — d-COCTOSTHUAMHM 1MpKoHus [Llamomraukos u ap., 2006]. ITpu sTom ypo-
BeHb @epmu £, pacrioyioXeH Ha MOTOJIKE BAIEHTHOW 30HBI, M KPUCTAJLI — HENPOBO-
JISIIUR ¢ INMPUHOM 3aMpelliEHHOM 30HbI Eg nopsinka 4,54 »sB. I1ogyyeHHbIe pe3yabTaThl
XOPOIIIO KOPPETUPYIOT ¢ M3BECTHBIMM B JIMTEpaType, TOC SJICKTPOHHBIA CIIEKTP KpPH-
CTaJUIOB OKCHJA IMPKOHUS JOCTAaTOYHO MOAPOOHO M3YyYeH C MIPUMEHEHMEM Pa3IUuYHbIX
METOHOB pacuéTa: Kak B pamkax momeiau Kona-IIlama, ¢ BEBIOOPOM COOTBETCTBYIOIIETO
00MEHHO-KOppeIIInoHHoro nmoteHnuaia [Ilamomrnnkos u ap., 2006], Tak 1 UCITOJb-
3oBaHneM GW-momxoma, KOTOPBIM YIMTHIBACT IOJISIpU3anuio pemérku [Jiang et al.,
2010]. OTMeTM, YTO 3HAYEHUS ISl INMPUHBI 3aMIPEUIEHHOM 30HBI ZrO,, BHIYMCIIEH-
HBIC TEOPETUICCKUM ITYTEM B II€JIOM COTJIACYIOTCS ¢ JAaHHBIMU, ITOJTYICHHBIMU C TIOMO-
1IbIO 3KCMEPUMEHTAIbHBIX METOIOB (Eg =~ 5...6 3B) [IllanomHukoB u ap., 2006; Jiang
et al., 2010].

HapymeHnue TpaHCISILIMOHHON CUMMETPUM PEIIETKU MYyTEM CO3MaHUs KUCIOPOI-
HBIX BaKaHCUU IPUBEIET K OTIICIUICHUIO YaCTH COCTOSTHUI, 00pa3yIoIIX 30HYy IIPOBO-
JUMOCTU M 00pa30BaHUIO ABYKPATHO BBIPOXACHHBIX IO CIIMHY IJTYOOKUX SHEpreThuye-
CKHX YPOBHEH B 3aIlpeHIEHHOM 30HE KpHCTaia (pe3yabTaThl pacy€ToB IPEICTABICHEI
Ha puc. 2). BennuunHa paciieryieHus 3aBUCUT OT KOHILIEHTpaluu BaKaHCUN U MEHSET-
cg mpuMepHo oT 1,8 3B w1t n3onmmpoBanHoro gedekra g0 1...1,2 3B mig BakaHCHUOH-
HBIX KOMIUIEKCOB. DJIEKTPOHHBIN CIIEKTP OAMHOYHON BaKaHCUU HE 3aBUCHUT OT BBIOO-
pa KHACIIOPOTHON MOAPEINETKN, OTHAKO YXKe IpU 00pa30BaHUU TUBAKAHCUU OTHOCH-
TeJbHOE pacroyiokeHue NedeKToB sBsieTcs BaXHbIM. ClieayeT OTMETUTh, YTO YacThb
YPOBHEH ITOMAmyT B Pe30HAHC C COCTOSTHUSIMM 30HBI IIPOBOIMMOCTH (CM. PHC. 20 U 8).
[IpoBeneHue penakcaliv CTPYKTYpPbl HE OKa3bIBaeT CYIIIECTBEHHOIO BIUSHUS Ha DJIeK-
TPOHHBIH CITEKTpP. BrauCIIeHHBIe 3HAYCHUS XOPOIIIO COTIACYIOTCS ¢ JaHHBIMU, PaCCUM-
TaHHBIMU MeTonoM GW, naroumm uist Kyoudeckoii daspl ZrO, JToKaIu30BaHHBIA ypo-
BeHb ¢ dHeprueit 2,1 5B [Kralik et al., 1997].

BakaHCHOHHBIN LIEHTP HE MOXET ObITh MOHU30BaH TEPMUUYECKMMU (DIIyKTyalu-
SIMM TIpM KOMHATHBIX TeMIlepaTypaxX WX CIa0BIMHU 3JICKTPUICCKUMU TIOJISIMU, TTO3TO-
MY KpUCTaJUl OCTa€TCs AUAJIEKTPUKOM, TIpU 3TOM sueiika, comepxkanias necdekT, oyaeT
aNIeKTpOHEeHTpabHOM. TakuM 06pa3oM, BAKAHCHMOHHBIE KOMIUIEKCHI XapaKTePU3YIOTCS
YPOBHSIMU, JeXKalIMMU TJTyOOKO B 3alpelllEHHON 30HEe, U IJIs1 MX OMMCaHUs He TIpuMe-
HUMO npuomkeHne 3PQPeKTUBHON MaCCHI.
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Puc. 1. IIOTHOCTH COCTOSIHMIA MIEaIBHOTO KPUCTAJLIA JUOKCHIA LIMPKOHUA (a) U TapLMalbHbIE
KOMIIOHEHTBI TULIOTHOCTU COCTOSIHUIA (6), KOTOpasi MOKa3blBaeT BKJIAJ, Pa3IMUHbIX OpOUTaseit
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Puc. 2. [TonoxeHue JTOKaJIM30BaHHBIX YPOBHEN B 3aNPEIIEHHON KPUCTAJIA AMOKCUIA IUPKOHUS

MpH TeHepalluu B Cymepsiueiike omHoi (a) nByx (6) TpéX (8) U YETHIPEX (&) KUCIOPOIHBIX BaKaH-

CHUIi, PACTIONIOKEHHBIX CIy4aiiHbIM 00pa3oM. [TyHKTUPHOM JIMHMEl MOKa3aHO MOJOXEHUE YPOB-
s @epmu

PaccMOTpUM yCTpOMCTBO 3JEKTPOHHBIX COCTOSIHUI TOYEYHOTO nedeKkTa Ha TMpU-
Mepe M30JIMPOBAHHON OAMHOYHOI BakaHcuu. KylloHOBcKOe B3auMMOICHCTBHE IBYX
HOCUTEJIe, OCTaBUIMXCS HA OOOPBAHHBIX CBS3SIX MOCJE YAAJIEHUS aToMa KUCJIOpOoJa,
o0Opasyer ay0seT, HUXKHUI ypOBEHb KOTOPOTO PACIIOJOXEH B CepelIrHEe 3ampeliéH-
HOW 30HBI, a BEpXHUIT TTOMaAaeT Ha THO 30HbI MPOBOAMMOCTU. OCHOBHOI BKJIaI B JIO-
KaJn30BaHHbBIE COCTOSIHMSI OYIyT IaBaTh BHEITHHME d-OpPOMTAIM aTOMOB ILIMPKOHUS
¥ p-COCTOSTHUSI KMCJIOpOIa U3 OJIMKAMNIIEro OKpYKeHUs BaKaHCUU (puc. 3, 4), 9To oI~
HOCTBIO coryiacyeTcs ¢ IuTeparypHeiMu nanHbeiMu [Kralik et al., 1997].

100



UncneHHoe MoenMpoBaHie 31eKTPOHHBIX COCTOAHMIA B AMOKCUAE LMPKOHNA C KUCTOPOAHBIMM BaKaHCUAMM. . .

at v T
a) I il @ r |
. Fd . a2r I
E if o1 wal
g - 02 ey o | .
| 3 ] II o
g 5 MEELS ||"-,I :,, ﬁr
# W |
- i’ L § 1 | 4
E \ [ L,:D\II Ir | |1
21} :.;‘-II || [ [ 1
| ! nsk | | 11
- 3 o l\'\, | ||I ]
o e L S R 1 o L " a Ll
=4 =3 =2 =1 0 1 2 =4 =2 0 2 4
Sweprun, 3B ueprua, 5B

Puc. 3. CpaBHUTETBHBIN BKJIAJ B TUIOTHOCTb COCTOSTHUI aTOMOB ITUPKOHUS U KUCJIOPOIa U3 TIep-

BBIX L[Byxu(Zr1 n O,) crenyromux 3a Humu (Zr, n O,) KOOPIMHAIIMOHHBIX cep OKpyXKeHUs KUC-

JIOPOHON BakaHCUU (a); TIOJHAsI TUJIOTHOCTh COCTOSIHMI aTOMOB LIMPKOHUSI U KUCJIOpOZAa, Ha-

XOASAIIMXCS B Mo3uLMsax Omkaimumx (Zr) u Bropbix (O) coceneii, a Takke BKIAAbl p-000J0UYKUA
KHCTIOpoaa U d-000109KHU IIUPKOHUSA (0)
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Puc. 4. ITonHas u napuuaibHas IMJIOTHOCTb COCTOSIHUIM, COOTBETCTBYIOIIAS S, p U d-OpOUTATISIM,
aTOMOB Kucjopoa (a) U UIMpKOHUS (6) U3 OMKaMIIero oKpyKeHus BAKAHCUU

IMockombKy, Kak TOKa3bIBalOT Pe3yIbTaThl KOMITBIOTEPHOTO MOIEIMPOBAHUSI, OC-
HOBHYIO POJIb UTpaeT OJrKaiilliee OKPYKEHUE, IIPOBEIEM aHAIMTUUECKOE PacCMOTpE-
HME B paMKax MOJENIA CUJIbHOM CBSI3U, TIE JIEKTPOHBI, CBSI3aHHBIE ¢ AaHWOHHBIM Jie-
(bekTOM OydmeM OMNUCHIBAaTH C IIOMOIIBIO BOJHOBOI (DYHKIIMHU, COCTaBJICHHON U3
d-opbuTaieit aTOMOB IMPKOHMSI, CTOSIINX B BEPIIMHAX TeTpasapa, B IIEeHTPe KOTOPOTO
pacIiojioxkeHa BakaHcHs. BeiOepeM Hayajao KOOpAMHAT B OMHOM U3 BEPILMH TETpasapa,
TOT/Ia OCTABIIMECST KATUOHHBIE Y3JIbI OYIYyT HAXOMUTLCS B TOUKAX C PaauyC-BEKTOPAMM
hY =4(0, 172, 1/2), "® =a(1/2, 0, 1/2) u h® = a(1/2, 1/2, 0), tae a — pa3mep sie-
MEHTapHOW STYeMKM KpUCTaJUTa TUOKCHUIA IMPKOHMS. BO3BMOXHBI ClIeayIoNve JIMHe-
Hble KOMOMHALIMKM BOJHOBBIX GYHKLMiT @, (r), mpeoOpasylommxcs Kak Xy, Xz, VZ,

x* —y* 1 3¢ — 1%, oproromansisie apyr apyry (W, ([, (1) =3, :
b =4, {0,0+0,0-0")—0,0-n)-p, -1} /2,
o= 4, {0, -0,6 -0 +0,t-h)—g,c-n)} /2,
M= A, {0, -0,0-h") -0, 1)+, -h")} /2,
b,y =44 {0,0+0,0-0")+9,0—b)+o,a-h)} 2,

(&)
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31ech A, — HOPMHUPOBOUYHbIE KOHCTAHTBI. JIErko BUAETh, UTO TMPeOOpPa3OBAHUE THIIA
r— —r+h"Y ju6o ocrasnser 3Hak wvj(r), MO0 MEHSET ero Ha MPOTUBOIOJIOXKHBIA.
C yuéToM AaHHOTO OOCTOSITEILCTBA U3 BOJHOBBIX (PYHKILIUH (5) MOXKHO MOCTPOUTH OpP-
TOroHaY31poBaHHbIN Gasuc ¢dyHkuumit W,(r), yzoBreTBOPSIOLINX YCIOBHIO HOPMHU-
POBKU lZ‘I’i(r)| lI’j(r)3 = 617’ B KOTOPOM TaMWJIbTOHMAH »3JIEKTPOHA, IBWXKYILETrocs
B T10JI€ KPUCTALTNYECKON pet€Tku ZrO, (C BaKaHCHEH), NPUMET IMaroHalbHbINA BUII.
Omupasick Ha 3TOT 0a3uc, TOJB3YICh IIPOLEAYPOIl, OIMMCAaHHON B JUTEpaType
[CToyHxaM, 1978], MOXXHO HAWTH 3JIEKTPOHHBIE COCTOSTHUST BAKAHCHM.

BHauase 3anuiinem 1Ba Habopa QyHKIMIA an, 4 (r), o6o3HaUYaEMbIX MHIEKCAMU «+»
U «—», KOTOPbIM COOTBETCTBYIOT [1Ba TPEXKPATHO BBIPOXICHHBIX YPOBHsI £, Mpuuem

W, B KaxXIoM 13 HaGOPOB PEOOPA3YIOTCS IPYT Yepe3 Apyra ¢ COXpaHEHHEM 3HaKa:

UL 0= B {1 0+ 00, 03 b 0430, L )] /2),
W =B, {1, o0 b @+, ] 3 £ [v 03, L o)]/2],
W (=B, {1, 0+ b, 0+, 0] 3 v, o),

(6)
B_ — HOpMUpPOBOYHbBIE KOHCTAHTBI, MApaMeTp A HalinEM 13 TPeOOBaHMSL:

2 2
2 a4+, O] ¥ =1,

OTMETHM, YTO BEPOSITHOCTH OOHAPYXEHMS DJIEKTPOHA B HEKOTOPOM TOUYKE KPH-
cTajia, OnuchbiBaeMasi CUCTeEMOI (PyHKLMIA (6), IOCTUTraeT CBOEr0 MMHUMYMa (HyJIs) Ha
KMCJIOPOIHOM JAe(eKTe U MaKCUMyMa 3a TpeeiaMi KOOPANHALMOHHOTO MHOTOTpaH-
HUKa (TeTpasapa).

Jlpyrue BO3MOXHbIE JIMHElHbIE KOMOMHaLMKM aTOMHbIX GyHKimii Y, (r), opToro-
HaibHble W, (r), OMKMCBHIBAIOT CUTYALIMIO, IPU KOTOPOl MUHUMYM 3JI€KTPOHHOM IUIOT-
HOCTH (paBHBII HYJIIO) TAKXKE HAXOOUTCS B MECTE HAXOXIEHMS BAKAHCUU, 4 MAKCUMYM
BHYTPU TETPa3IPUYECKOrO 00bEMA, 0OPA30BAHHOIO aTOMaMM LIMPKOHMS U3 OJIMXKaii-
LLIET0 OKPYXKEHUS, TIPU 3TOM ‘P; (r) uMeroT y3/1bl B BEPLIMHAX TeTpasapa (aToMax Zr):

W, (n=C, [% g (D=, ()] & [3‘/ o a0 wxz_yzﬁzm] /2}

lpzl,i(r) =C, {L

N
. (n=C, [%[wm(r)—wxu(r)]iwxz_yz,}(r)},

SO R T L R ) /2} %)

C_ — HOPMHMPOBOYHBIE KOHCTAHTHI, a 3 YIOBJIECTBOPSIET YCIOBUIO:
[32
)

BoaHoBeIM DyHKIMAM (7) TaKKe OTBEYAOT IBa TPEXKPATHO BHIPOXICHHBIX SHEP-

reTueckux ypoBHst E .. OTMeTHM, YTO NPH MEpPeCcTaHOBKE OCeii ‘I‘,’, .(r) mpeobGpasy-
10TCs1 APYT Yyepes Apyra ¢ UBMEHEHUEM 3HakKa.
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OproroHanbHbIe (8) U (9) pyHKUMU

Wﬁu»:Lﬁ%wmgn—wﬁgniwﬁﬁua), (8)
Y=, @, 9)

[e Y MOIYMHSIETCS YCIOBUIO:
2
5
2
a L omnpepensiercst U3 TpeGOBaHUS HOPMUPOBKU, OMMUCHIBAIOT CUTYALIMU, IIPY KOTOPBIX
3JIEKTPOHHAS TUIOTHOCTh Ha KHMCJIOPOMTHOM BaKAaHCUM M OKPYXKAIOIINX €€ aToMaxX IIUp-
KOHUSI paBHA HYJIIO U JOCTUraeT MAaKCUMyMa B MEXbsIICPHOM IIPOCTPAHCTBE.
W, HakoHel, BoJaHOBass QYyHKIMsI, opToroHaibHas (6)—(9) u obiamaiomias cuM-
MeTpHUeil KPUCTAUIMYECKOM PeIl€TKU (OTHOCUTEIBHO TOYKM PACIIOJIOXEHMS Aedek-

Ta), 1 onmuchiBaromiasd OCHOBHOC COCTOAHME JIOKAJIM30BAHHOI'O Ha BaKaHCHUM 9JICKTPOHA
MMEET BUI!:

W, =D, ;()+b, (") +V, (1) (10)

3mech D — HOpMHPOBOYHASI KOHCTAHTA.

OTMETHM, YTO COIJIACHO pe3yJbTaTaM YMCJICHHOTO MOICIMPOBAHUSI OKa3ajoCh,
YTO B IUIOTHOCTH COCTOSIHHMI medeKTa HamyT BKJIAI TOJBKO f2g OpOWUTalXd BaJleHTHOM
000JI04KM LMPKOHUS. JlaHHBIA (baKT ITOJHOCTBIO YYMTHIBAETCS BUAOM (DYHKIIMU
W, (r). OTHOIIEHNE BEPOATHOCTEN HAXOXIEHUs d-3/IEKTPOHA Ha BaKaHCUU A, U aToMe
UMPKOHUS (B OXHOM M3 BEPLIMH TeTpasapa) A, ONpenesseTcs OTHOLIEHUEM paiuyca
KOOPIMHAIIMOHHOM CePbI d;), OMMCAHHON BOKPYT BAKAHCHUU K JJIMHE peOpa BIUCAH-
HOTO B He€ TeTpaszpa h;:

(2P R3]

W 3 Rz[a\/E]

R(r) — pagmanbHas 9acTh BOJTHOBOM (DYHKIINH, YIOBIIETBOPSIONIAS TPCOOBAHMIO:

Py 0, @] ar =1,

j?R%ndeL

IMpu nocratouHo GbicTpoM 3atyxanuu R(r) A, > A, , 3apsii B OCHOBHOM pacripe-
nesiéH B objacTu nedexra.

VBenuueHne KOHILEHTpalUM BakaHcUil (oOpa3oBaHME OMBAKaHCUU) TIPUBEIET
K PacHICIICHUIO 3HEPTETUISCKOTO YPOBHSI OCHOBHOTO COCTOSIHMSI Ha JBa ITOMXYPOBHS,
TP 3TOM Ka4eCTBEHHasi KapTHHA HE U3MEHUTCSI.

BJIMAHWE NETIPOBAHWA UTTEPUEM 3
HA 3ANOJIHEHWE BAKAHCNOHHbIX YPOBHEW

PaccmorpuM Temepbh 3(h@eKT OT BBEACHMSI aTOMOB WUTTPHUS B PEIIETKY IMOKCHIA
LIUPKOHUS.

ITockobKy 2JIeKTpOHHAsI KOH(PUTYpaIs BHEITHE 000JI09KM aToMa Y OTJIMJaeT-
¢Sl OT 000JIOUKM ZT JIUIIb 3all0JIHEHUEM d-0pOuTaIn, a BCe SHEPTMM MOHU3ALIMU BHEII -
HUX 3JIEKTPOHOB 65u3ku [3akiHy/uiMHa u Ap., 2000], mpu 3aMelleHu aTOMOB LIMPKO-
HUS UTTPUEM B 3aIIpellIEHHON 30HE HE BO3HUKHET JOIOJHUTEIbHBIX YPOBHEMH (puC. 5).
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Puc. 5. TIioTHOCTH COCTOSTHMIA OKCUIa IIMPKOHUSI, TOTTMPOBAHHOTO UTTPUEM B KOHIIEHTPAIIMU
1 atom Y Ha cynepsiueiiky (a), 2 atoma Y Ha cyrepstueiiky (6)

OnHako, MMesI MEHbIIIYIO BaJIEHTHOCTb, UTTPUI MOXET IIPOSBJIATh aKIeITOPHbBIE
cBoiicTBa. B pesynbraTe mpu o0pa3oBaHMM BaKaHCUU OAMH 3JIEKTPOH M3 COCTOSHUSI,
JIOKAJIM30BaHHOIO Ha aedeKTe, MepeiaéT B d-COCTOSIHME aToMa IOIIaHTa, JOCTpauBast
BaKaHCHIO JI0 3JIEKTPOHHOI KOH(MUTYpaIMy IUPKOHUS U YIaCTBYsI B 00pa30BaHUU CBSI-
3¢l UTTPUSI C KUCIOPOIHBIM OKpyxXeHrueM. OTMETUM, YTO B CHJIY OOJIbLIEH JIOKAIM3a-
LIMU 3JIEKTPOHHOM IUIOTHOCTU BOJIM3U MTTPUSI, €ro BKJIAI B IUIOTHOCTb 3JEKTPOHHBIX
COCTOSIHMI BaKAHCUM 3HAYUTEILHO MEHbIIIE, YeM y LIMPKOHMS, HAXOISIIErOCs B TOM
K€ OKPYKEHUMU.

Kak crnenctBue pesynabrarta 3¢ dekra KoMIeHcauuy, ypoBeHb DepMu MOHUXKAET-
cs1, BAKAHCMOHHAs 30Ha YaCTUYHO OITyCTOIIA€TCS MU CTAHOBUTCS BO3MOXKHA ITPBIKKOBAST
TIPOBOIUMOCTb 10 JIOKAJIU30BAHHBEIM COCTOSIHHMSIM. YacTh BaKaHCHI TP 3TOM IIepe-
XOIMT B 3apsDKeHHOe cocTosiHMe. [1pu yBeIMueHMM KOHIICHTPALMU UTTPUS, KOrma Ha
OIHY BaKaHCHIO OyIeT IPUXOOUTHCS IIO IBa aTOMa AOMAHTa, HACTYIUT 3(D(HEKT MoI-
HOI KoMIieHcalu. YpoBeHb PepMu OKaxkeTCsl Ha MOTOJIKE BaJICHTHOM 30HBI M IUIEHKA
BHOBb MEPEUAET B AUDJICKTPUUIECKYIO (a3y.

3AKJTIOYEHUE

B pabore nokasaHo, 4TO UTTPUii, 3aMEILAIOIIMIA aTOMbI LIMPKOHUA B ZrO, nipu 10mu-
POBaHUM UTPAET POJIb aKIIETITOPA U, TEM CAMbIM, YACTUIHO OITyCTOIIAET JIOKATN30BaH-
Hble BAKAHCHMOHHBIE COCTOSIHUSI, MMHHUHIYS Ha HUX ypoBeHb @epmu. Ecim xe ypo-
BeHb PepMu ToMafgaeT B 00JIACTh MHUKA TJIOTHOCTU COCTOSIHUIM, TO MOXET CTaTh BO3-
MOXHBIM IIPBIKKOBBIN MEPEHOC 10 BaKaHCUOHHOM non3oHe. [1pu 3ToM ¢ yBetnyeHueM
KOHIIEHTpAllMM BaKaHCHIl TTPOUCXOIUT Pa3MbITHE JIOKAIM30BAHHBIX COCTOSIHUI B Ba-
KaHCHOHHYIO 30HY, a CTeTICHb 3aIl0JIHEHUSI OIIPeIeIsieTCs] KOHLIEHTpaIleil aTOMOB 10~
MaHTa, ¢ TepexogaMy U3 AUIIEKTPUIeCcKol (a3bl (HeAOMMPOBAHHBIN KPUCTAJLT) B IIPO-
BOJISAIIEE COCTOSTHUE U BO3BpAILllEHMEM B COCTOSIHUE M30JISITOpA IPU MOJHON KOMIIEH-
calMu, Koraa KOHLEHTpalus BAKaHCUI paBHA IBYM KOHIIEHTPAIUSIM UTTPHUS.

OTMeTHM, YTO 00pa30BaHUE PETYJISIPHOM CTPYKTYpPHI IPHU BBICTpAUBAaHUM BaKaH-
CUI BIOJIb OMHOTO U3 HamnpasieHuil Tuna (100) mokas3pIBaeT, YTO UX COCTOSTHUS MOTYT
TIPUBECTH K JIOKAJIbHOI MOAU(UKAIIMYA CBOMCTB KpUCTalIa ¢ 00pa3oBaHUEM METaJlId-
YECKOTO IITHYPa, 3JIEKTPOHHBIE COCTOSTHUSI KOTOPOTO OIMCHIBAIOTCS TTOSIBJIEHUEM COOT-
BETCTBYIOIIEH MUHU30HBI (Q-30HbI) B 3alIpEIIEHHON 30HE TUAJIEKTPUKA.
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were studied. Calculations of the electronic states in doped and undoped zirconium dioxide
were performed within the Kohn-Sham method. Restructurization of the vacancy states was
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BJIMAHUE OOCOOPA HA OME-PEKOMBUHALIUIO
B HAHOKPUCTAJINAX KPEMHUA

H.B. lep6eresa

Huxeropoackuin rocygapctBeHHbiii yHuBepcuteT um. H. U. Jlo6auesckoro (HHIY)

B paGoTe mpencTaBieHbl pe3yabTaThl PaCU€TOB 3JEKTPOHHON CTPYKTYpbl KPEMHHUEBBIX Ha-
HOKPHUCTAJIIOB, JIESTMPOBAaHHBIX (pochopom, u ckopocteit Oxe-pekomOuHanmu. [TokazaHo,
YTO HaJIMYME HECKOJbKUX aTOMOB (hocdopa MPUBOIUT K Oosiee CHIIBHOMY YMEHBILIEHHUIO
LIMPUHBI ONITUYECKOM IIeU U K POCTY ckopocTu Oxke-Tpoliecca Mo CpaBHEHUIO CO CIydyaeM
OJTHOTO aToma.

Pa6ora nonnepxxana Poccuiickum hoHnoMm yHIaMeHTalIbHbIX UCCIeT0BaHU (ITPOEeK-
ol No 14-07-00582-a, 14-02-31637-mo11_a).

Kntouesbie cnoéa: KpeMHUi, HAHOKPUCTA, Teopus GYHKIMOHAIA IUJIOTHOCTH,
oXe-Tpolecc.

BBEOEHWE

N3ydeHre HaHOKPHMCTAJUIMYECKOTO KPEMHUs B TIOCJIEHUE TOIBI CTaJ0 BeCbMa aKTy-
aJbHBIM B CBSI3U C MEPCIEKTUBAMU €0 IMPUMEHEHUS B TOJYIIPOBOTHUKOBO MUKPO-
3JIEKTPOHUKE, HATIPUMEp, TIPU CO3JaHUM CBETOM3ITYyJalOIINX MpUOOPOB. DTO CBSA3AHO,
B IIEPBYIO o4Yepenb, C OOHAPYKEHUEM TOBOJbHO MHTEHCUBHON (DOTOTIOMUHECIICHIIUN
OT CTPYKTYp Ha €ro ocHoBe. TeM He MeHee, KaK T0Ka3bIBalOT Pe3yIbTaThl pacueéTOB
[Hybertsen, 1994] u skcnepumenToB [Kanemitsu, 1996], xapakTepHble 3HAYSHUSI CKO-
pOCTEl M3TyJaTeTbHON peKOMOMHAIINY B KPEMHUEBBIX KPUCTAJIIMTAX OKA3BIBAIOTCST Ha
TOPSIIKK MEHbILIE CKOPOCTE KOHKYPUPYIOLIMX O€3bI3/1yyaTeIbHbIX IPOLIECCOB, B YaCT-
HocTU, OXe-peKOMOMHAILUN.

JlaHHBIA MeXxaHU3M Oe3bI3IydYaTelIbHOM pejaKcalliu 3JEKTPOHHBIX BO30YXIeHUM
HauboJee BEpOSATEH B CiIydae, KOTaa CyMMapHOe YKCIIO HOCUTENe 3apsiia B 00enx 30-
Hax (IIpOBOAVMMOCTU W BaJICHTHOIT) cTaHOBUTCS Oosblle ABYyX. CorjacHo pe3yiabTaTaM
pacuéToB, MPOBOAUBIIMXCSI paHee Ha OCHOBe NMpUOIMKeHus orudatoiieit [Mahdouani
et al., 2009], meTomoB cuiabHOU cBsizu |[Delerue, Lannoo, 2004] u sMIupuyecKoro
ncesaonoTeHuana [Sevik, Bukutay, 2008], xapaktepHble 3HaueHUs ckopoctu Oxe-
PEKOMOMHAILIMKA BapbUPYIOTCS B TMpeaeiax oT 10® no 10" ¢! st cllyyast «4MCThIX» Ha-
HOKPHCTAJIJIOB, B TO BpeMsI KaK CKOPOCTH M3JTyJaTeIbHON peKOMOMHAIINY ITPUHUMAIOT
snavenus ot 10° 1o 10° ¢!, B cBsA3M ¢ 5TMM BO3HMKAET HEOBXOIUMOCTD MoIudUKauuu
3JIEKTPOHHOM CTPYKTYpPhl KPEMHUEBBIX HAHOKJIACTEPOB C IEJIbIO TIOJABICHUS 10100~
HBIX «ITaPa3UTHBIX» IIPOIIECCOB.

OmHUM U3 METONOB BO3ICHCTBUS Ha 3JIEKTPOHHBIE COCTOSTHUSI B HAHOKPHUCTAJJIaX
SIBJIICTCSI AOTIMPOBAaHME X Pa3IMIHBIMU MpUMecsIMU. B HacTosiinee BpeMst J0CTaTOYHO
OOJIBIIIOE YKCIIO PabOT IMOCBSIIEHO M3YYCHUIO BIWSHUS THUIIA JICTUPYIOIIEH MpUMECH
Ha MHTCHCUBHOCTH (DOTOTIOMMHECIICHIIMM OT MaTepuajioB Ha OCHOBE HaHOKPHCTAJI-
JToB KpeMHUS. [Ipy 3TOM TOBOJEHO MHOTO BHUMAHUS YACNISCTCS POJIU «M30KOPHBIX»
aTOMOB, B 4acCTHOCTHU, ¢ochopy, MpaKTUIECKN HE BHOCSIIEMY M3MECHEHMI B reome-
TPUIO KPUCTAJUTMYECKOM CTPYKTYphl HaHOKJIacTepoB. Kak MoKa3bIBaIOT MCCIIeIOBAHUS
[Belyakov et al., 2009], nerupoBanue $HochopoM CIIOCOOCTBYET 3aMETHOMY YCWJICHUIO
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(o 5 pa3) MHTEHCUBHOCTHU M3/Iy4yaTe/IbHOM PEKOMOMHALIMM, YTO SIBJISIETCS CIIEACTBUEM
MoaMGbUKALIMU 3JIEKTPOHHOM CTPYKTYPbhl HAHOKPMCTA/UIOB IIOJIEM MPMMECHBIX IIEH-
TpoB. OOHAKO /IS MOJY4YeHUs] MOJHOM KAPTUHBI (POTONIOMUHECLIEHLINY HEOOXOAMMO
TaKXKe YYUTBIBATh BAUSIHUE (occhopa M Ha CKOPOCTH Oe3bI3/IydyaTe/IbHbIX MPOLECCOB.
B cBs13u ¢ 3TUM, B JaHHOM pabOTe paCCUMTHIBAETCS DJIEKTPOHHASI CTPYKTYpa U CKOPO-
ctu Oxe-peKoMOMHALMU [UIs1 CIydasl eeh-Tipoliecca B KPEMHUEBBIX KPUCTAILITUTAX, Jie-
rMpoBaHHBIX pocopoM. Pacuér mpoBoawics Kak Ajis OQHOIO JOHOpPAa B 3aBUCUMOCTHU
OT €ro IOJIOKEHUsI BHYTPU HAHOKJIACTepa, TaK U JUISI HECKOJIbKUX JOHOPOB, KOHIICH-
Tpauus 1, KOTOPbIX 1ocTurana ~2 %.

SNNEKTPOHHAA CTPYKTYPA KPEMHUEBbBIX HAHOKJTACTEPOB,
JIETMPOBAHHbBIX ®OCOOPOM

OcHoOBOI1 11 MccenoBaHus ckopocTell Oxe-Tpolecca Cy>KUT 3HaHUe 0COOEHHOCTEM
BJIEKTPOHHOM CTPYKTYPHI KPUCTAJUIMTOB B IIPUCYTCTBUH JOHOPA, IS pacuéTa KOTOPOit
ObLIO TTPOBEACHO MOJEIMPOBAHUE CTPYKTYPbl HAHOKPUCTALJIOB pa3MepaMu OT OIHOTO
Io nByX HaHoMeTpoB. DopMupoBaHNe HAHOKIACTEPOB IPOVCXOIMIIO MTOCIEIOBATEIb-
HBIM 3allOJIHEHUEM KOOPIMHAIIMOHHBIX c(ep, LIEHTPUPOBAHHBIX OTHOCUTEJIBHO Y3JIa,
COOTBETCTBYIOIIETO TOJIOXKEHHMIO aToMa B 00BEMHOM KpeMHUHM. [Ipm mcciaemoBaHUM
3JIEKTPOHHBIX CBOMCTB HAHOKPUCTAIIMYECKOTO KPEMHUSI, KaK MpaBUIO, pacCMaTpu-
BaeTCs IBa TUIIA OKPYXKCHUS: TM00 KPUCTAJUIUT IIOMEIIAeTCS B TUAJICKTPUICCKYIO Ma-
TpuLy (K npumepy, SiO,), 1160 000pBaHHBIE CBA3M Ha €r0 IPAHMUIIE HACHILIAIOTCS BO-
JIIOPOIOM, a caM OH IIPHW 3TOM HaxXOOUTCS B BaKyyMme. B ob0omx ciaydasx co3maércs TaKk
Ha3bIBa€MbIll TOTEHIMAA KOH(alHMeHTa, MPEMSITCTBYIONIUNA BBIXOLY 3JEKTPOHOB 3a
Mpeae/bl HAHOKPHUCTAIIA, a TaKKe IMOSIBICHNIO BHYTPH 3aIlpellEHHONM 30HBI COCTOSI-
HUI, CBSI3aHHBIX C HAJTMYKMEM HECKOMIIEHCUPOBAaHHBIX 00OPBaHHLIX CBs3ell. B maHHOI
paboTe ObLIa pacCMOTPeHa MOIEb HAHOKPUCTAJIA ¢ TPAHUIICH, ITOTHOCTHIO TTACCUBU-
POBaHHOW BOOOPOIOM.

Hns1 m3ydeHus BIMSHUS aToMa (ocdopa Ha 3JIEKTPOHHBIE CBOMCTBA HAHKOPH-
cTajula KpeMHMSI ObLIM CMOJEIMPOBaHbI CleAyIOIIue CTPYKTYphl pazmepamu 1...2 HM:
«9HUCTBhIe» HAHOKJIACTEPHI, KPUCTAJUIUTHI ¢ OTHUM aToMoM ¢ocdopa, 3aMeIIaroIIuM
KPEMHMIi B OJHOI M3 KOOPAMHALMOHHKIX cep, a TakkKe c/ydyail HECKOJBbKUX JOHOPOB
(n,=2 %), pacnoIOXEHHBIX CAMMETPUYHO OTHOCUTEIBHO LIEHTPA HAHOKPUCTAILIA.

Penaxkcanysi KpucTaJInyeckKoil CTpYKTYphl HaHOKJIACTepa, BBHIMOJHEHHAsI B paM-
Kax Iomxomna, IpemioXeHHoro B padbore P. ®eitnmana [Feynman, 1939], mo3Bommra
MPaKTUYECKH MOTHOCTBIO (10 0,2 9B/A) yMEHBIINTD BETNUMHY MEKATOMHBIX CHJI, BO3-
HUKAIOIINX B CBSI3U ¢ (DOPMHUPOBAHNEM HAHOKPUCTAIIIIOB 3 00BEMHOTO KPEMHMSI.

Pacyér s/eKTpOHHBIX M ABIPOYHBIX COCTOSIHMI HAHOKJIACTEPOB ObLI MPOBEAEH
B paMKaX CTallMOHApHOI TeopuH (PpyHKIIMOHANA TIOTHOCTH (density functional theory,
DFT) [Hohenberg, Kohn, 1964; Kohn, Sham, 1965] Ha ocHOBe caMOCOIIaCOBAaHHOI'O
pacuéTa 3JIEKTPOHHON IIOTHOCTU U TIOJTHOM SHEPIUU CUCTeMBI. IIprMeHeHre TaKoro
MOAX0M1a MO3BOJIMJIO €CTECTBEHHBIM 00pa30M MPeoa0JIeTh MpodieMy yIéTa B3auMoaei -
CTBHUSI 3JICKTPOHOB C IMMPUMECHBIM IIEHTPOM M MeXmy co0oit. 1 pac4€TOB MCITOIb30-
BaJicd IporpaMMHbIi Komiieke Octopus [Castro et al., 2006], KOTOpBIiA pean3yeT pe-
menune 3amadyn Kona-Illema B peasbHOM mpocTpaHCTBe. [Tl onipenesieHrsT HarTydIie-
IO 11ara 1o KooparHaTe Ax ObUT MMPOBEAEH PACUYET MOJHOMN SHEPrur 3aIaHHOM CUCTEMBbI
IIpY pa3HBIX 3HAYCHUSIX AX OO0 HOCTVKCHMS YCIOBUs cxommmocTH, paBHoro 0,01 3B.
DTa BeIMYMHa obecrieurBaeT JOCTaTOYHO XOPOolllee OMMCaHKe MOJHOM SHePruu CUcTe-
MBI U ONTHMAaJbHOE BpeMs pacuéra. B pe3ynrbTare 0OHAapyKMIOCH, YTO IJISI HAHOKPU-
CTAJUIOB pa3MepaMi 1—2 HM 3HadeHHe Ax MOXHO BbIOpaTh paBHbIM 0,2 A, 4TO U GbLIO
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caesiaHo. B kauecTBe rpaHUYHOIO YCI0BUS MTPUMEHSJIOCHh OOpallleHre B HYJIb BOJTHOBOI
(byHKIIMM Ha TMOBEPXHOCTU KpHUcCTaUMTa. CXOTMMOCTH CaMOCOIJIACOBAHHOTO IIMKJIA
ONpeesisiach MO pa3sHUIE MEXIY 3HAYEHUSIMU MOJHBIX dHEPTUii, KOTOPbIE COOTBET-
CTBOBAJIM NIBYM MOCJICAOBAaTEILHBIM 3TallaM IIMKJIA MCCIEIyeMOil CHCTeMbl. DTa Be-
JMYKHa GbUTa BbIOpaHa paBHOil 107> 9B, st 0GMEHHO-KOPPEJISILIHOHHOTO CI1araeMo-
T0 MCIIOJIb30BaJIOCh 0000IIEHHO-TpagueHTHOe pubnmkeHe B moneaun PBE [Perdew
et al., 1996].

Kaxk u3BectHo, ctaiinoHapHas teopust Kona-Illema mpuBoIuT K oLIMOKaM B OIpe-
JeJICHUU IIUPUHBI 3aMpPEeI€HHON 30HbI UCCAEAYEMbIX MaTepUaJIOB, a TakXKe dHEPruit
BO30YXIEHHBIX COCTOSIHUN. B CBsI3M ¢ 3TUM ObUI NMPUMEHEH METOJ HeCTallMOHAPHOM
Teopuu (yHKIMOHaNA ioTHOCTU B mpuomkenun Kacunel [Casida et al., 1998], ko-
TOPBII TO3BOJISIET B XONIE€ CAMOCOIJIACOBAHHOTO pacyéTa yTOYHUTHh SHEPTeTUYSCKUIA
CIIEKTP 30HBI MPOBOAMMOCTH. JlaHHBIN MOoAX0n pa3paboTaH B paMKax TEOPUU JIMHEH -
HOTO OTKJIMKA U MOXET OBITh IIPUMEHEH, B CIIIY CBOEH (DOPMYIMPOBKU, JIUIIb K CUCTE-
MaM, UMEIOIINM KOHEYHble pa3Mepbl. B ero ocHoBe JieXXuT omnpeneieHue Koadbbuiu-
€HTa TOTJIOIIEHUS o), KOTOPBII MOXHO TIPEICTABUTD B BUAE CYMEPIIO3ULIMN BKIIAIOB
OT BCEX COCTOSIHUIA, TPUYEM B 3HAMEHaTeJie KaXXJA0ro cJiaraéMoro CTOUT BeJIMYMHA, OT-
BeyaroIas pa3HUIIE SHEPTUI MEXITy COOTBETCTBYIOIINMH YPOBHSIMU:

J;
= E I e— 1
a(w) 7 (J)% —(JJ2 ( )

e f, — CWJIbl OCUMJLIATOPOB COOTBETCTBYIOIIMX MepexonoB. Takoe omucaHue, Tpu
YCJIOBHMM, YTO 3HAUEHUS DHEPIU 3JEKTPOHHBIX YPOBHEN yXKe OBbLIM ITOJIydeHBI paHee
B pamkax Teopuu DFT, cBoauTcs K MOMCKY COOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX
3HAYCHMI, 3aJAI0IINX YACTOTHI ONITUYECKHUX MEPEXOA0B B CUCTEME, a 3HAYUT, U OIIpe/e-
JISIOIIME IUMPUHY ONTUYECKOM 1EJH.
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Puc. 1. DyekTpoHHasA CTPYKTypa KPEMHMEBOTO HAHOKPUCTA/UIA quamMeTpoM 1,8 HM: Helerupo-
BaHHBINM, C OMHUM aToMOM (dochopa, a Takke ¢ TpeMs aToMaMK (docdopa, pacrooKeHHBIMU
CHMMETPUYHO OTHOCHUTEJILHO €r0 LIEHTpa
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Ha puc. 1 npencraBiieHbl pe3yabTaThl PaCU€TOB JEKTPOHHOU CTPYKTYPhl KpeM-
HUEBBIX HAHOKPUCTAIJIOB AuaMeTpoM 1,8 HM C pa3nMyHON KOHIIEHTpalueil atomMa
docdopa.

Hcnonb3oBanue merona Kacumbl mis yTOYHEHMS] HIMPUHBI ONTUYECKOW IIETN
MPUBOAUT K monpaBkaM, cocrasisioum 0,23, 0,26 u 0,27 3B cootBeTcTBeHHO. EE 3a-
BUCUMOCTh OT pa3Mepa OOBSICHSIETCSI TeM, YTO C U3MEHEHMEM KOJMYECTBA MPUMECHU
B HAHOKPHUCTAJIJIE TTPOUCXOAUT U CYILIECTBEHHOE U3MEHEHNE OOMEHHO-KOPPEISLIUOH-
HOTO TIOTeHIUANA, KOTOPBIN, (haKTUUECKU, W OTPENEsieT BENMUUHY NaHHOU MOompaB-
ku. Kak BUIHO Ha puc. 1, pu JIerupoBaHUM HaHOKpuUcTaia GpochopoM, TOHOPHBIN
YPOBEHb OTLIETIJIEH BIyOb 3allpelléHHON 30Hbl. BeauunHa pacuiernieHust COCTaBsieT
0,15 B nst omHoro mpumecHoro atoMa u 0,11 3B my1s Tpéx, MOYTH Ha MOPSIIOK MPEBbI-
masi paciieryieHne B 00bEMHOM KPEMHUU. DTO TOBOPUT O CUIIBHOM BIUSTHUM KBAHTO-
BOTO KOH(aliHMeHTa Ha 3JIEKTPOHHYIO CTPYKTYPY YPOBHEN HaHOKJIAcTepa.

OE-MPOLIECC

Ha ocHoBe noJiyueHHBIX CIIEKTPOB ObLI MPOBEAEH pacuéT ckopocTtu Oxe-Tpoliecca 1sl
HaHOKPHUCTAJUIOB pa3MepaMi 1...2 HM B paMKax IepBOro MopsiaKa TeOpUU BO3MYILEHUI
COTJIACHO «30JI0TOMY» TipaBmiry ®epmu:

Lzz_“‘Ul_f‘za(Ei—Ef). )

Ty h

Kak u3BecTHO, B CHJIy TUCKPETHOCTU cIlekTpa, Oxe-TIpoliecc BO3MOXEH TOJBKO
B TOM CJIy4yae, KOTAa 9HEePrusi MEX30HHOTO Mepexoaa Eg (puc. 2), nepenaBaemasi OMHUM
3JIEKTPOHOM JIPYTrOMY, COBNAAET C SHEPTUEH COOTBETCTBYIOLLETO BHYTPU30HHOTO Tepe-
xona AE, B 30He MPOBOANMOCTH.

B panbHeiimeM, pu pacuyéte ckopoctein Oxe-peKoMOMHALUM IJIsl eehi-TIpoliecca
MPEeAIoaaragoch, 4YTo ABa BO30YXAEHHBIX SJIEKTPOHA B 30HE MPOBOJUMOCTU HAXOOST-
Cs Ha HUXKHEM YPOBHE BHEPTUM, U JbIpKa B BaJICHTHOM 30HE TaKKe HaXOIUTCSI B CBOEM
OCHOBHOM COCTOSTHUU — T. €. 3aHUMAET BEepXHUI ypoBeHb. B pe3ynbTaTe KyJIOHOBCKOTO
B3aUMOJEUCTBUS 3JIEKTPOHOB ONMH U3 HUX MEPEXOIUT B OCHOBHOE COCTOSIHME BaJICHT-
HO 30HBI, a APYTOi — Ha 00Jiee BEICOKUI YPOBEHD IO SHEPTUU B 30HE MPOBOJUMOCTH.
CKOpOCTh Tepexona OmpenesseTcsl MaTPUUYHBIM 3JIEMEHTOM KYJIOHOBCKOTO B3aMMO-
NECTBYsI, KOTOPBI MMEET [IBE COCTABNISIONIME: NalbHOMECTBYOMYI0 V(I , I)) 1 KO-
porkoxeicTytouyo W(r,, r,). JlalbHOAEHCTBYIOLIas COCTABIAIONIAA, SBIAIOLIAACS
BOJAOPOAOTONOOHOV B OOBEMHOM MOJYMPOBOJHUKE, B HAHOKPUCTAILIIE MOAUMDULIUPY-
€TCs 3a CYET BOSHMKHOBEHUSI TOJISIPM3ALIMOHHBIX 3apsI0B Ha IpaHUIIE HAHOKPHUCTAJLIA.
DTy 4yacTh MOTEHLIMATBLHOW SHEPTUU MOXHO MPEACTABUTH B cieaytoieM Bune [ Belyakov
et al., 2007]:

¢’ e’ (e, —£,) X\ (n+1)P,(cos 0)r"ry

V(r,r)= .
v n—nl &R Sne, +(n+1)e,)R"

(3)

N

KopoTtkozaeiicTByolast 4acTh IOTeHIIMAala OblIa B3STa COIJIacHO cTathe [Walter,
Cohen, 1970]:

e2

W(r,h):—|l__h|

Aexp[—a|r—h|]+ l—A—SL exp[—[3|r—h|], 4)

s

rne A= 1,142; a = 0,82/a,; a, — GOPOBCKMii pafNyC; € U €, — JAUNEKTPUIECKHUE TIPO-
HUIIaeMOCTU KPEMHUS U BaKyyMa, COOTBETCTBEHHO.
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Puc. 4. 3aBucumoctb ckopocTn Oxe-peKOMOMHALIMY OT TTOJIOKEeHUS aToMa pocopa BHYTpU Ha-
HOKpucTajuia pa3MepoM 2,0 HM
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H.B. Jepberesa

Ha puc. 3 npencraBieHbl pe3yabTaThl pacy€ToB cKopocTeid Oxe-Ipoliecca B 3aBU-
CHMOCTH OT pa3Mepa HAHOKPHUCTAJIIA TSI pa3HBIX TUIIOB JernpoBaHus. Hammane atoma
(ocdopa crbHO cKa3biBaeTCs (MMPOUCXOIUT yCUieHWe Ha 2—3 TopsiiKa) Ha CKOPOCTH
OXe-peKOMOMHALINK, a TIPUCYTCTBUE HECKOJIbKHX JOHOPOB MPUBOAUT K HEOOIBITIOMY
YBEJIMYEHHUIO COOTBETCTBYIOIIMX 3HAUYEHUI IO CPaBHEHUIO CO CKOPOCTSIMU B Cliydae
omHoro moHopa. C yBelImuyeHHEM pa3Mepa HAHOKPHCTaIa CKOpocTh Oxe-Tipoliecca
YMEHBIIAETCs, YTO XOPOIIO COIJIaCyeTCsl C NaHHBIMU, TPENCTaBJICHHBIMU B paboTe
C. Henepro [Delerue, Lannoo, 2004].

3aBUCUMOCTb cKopocTell Oxe-peKOMOMHAMKU OT Mo3uliuK atoma dhochopa BHY-
TP HAHOKPHUCTAJUIA, OMpEneaseMOll HOMEPOM KOOPIMHAIIMOHHON cdepnl (puc. 4),
oKazaJlach JOBOJIbHO CJIa0OM, YTO MO3BOJISIET CYAUTh O XapaKTEepPHONH CKOPOCTU M3yya-
€MOTo TpoIiecca, He CChUIAsICh MPU 3TOM Ha KOHKPETHYIO IMO3UIIMI0 TIPUMECH B KpH-
craymute. CTOUT OTMETUTD, YTO W MPHU JISTUPOBAHUM HAHOKPUCTAILIOB (pochopoM xa-
pakTepHbIe cKOpocTu OXe-TIporiecca OCTaloTCS BCE TaKKe MHOTO BBIIIIE COOTBETCTBY-
IOIIMX CKOPOCTEM M3IydyaTeJbHON PEeKOMOWHALIMK, YTO TOBOPUT O HEOOXOAMMOCTH
MTOMCKa APYTOro IMyTH rofaasieHusT Oxke-peKOMOMHAIINH.

ITo cpaBHeHUIO ¢ TUTepaTypHbIMU AaHHbIMU [ Delerue, Lannoo, 2004; Mahdouani
et al., 2009; Sevik, Bukutay, 2008] paccuutaHHBIe 3HaYeHUST CKopocTeit Oxe-Tipoliecca
B cJIydae HeJIeTMPOBaHHBIX HAHOKPUCTA/UIOB OKa3aauch Ha 1—2 mopsifiKa 3aBbIIIEHHBI-
MH. DTO pa3INIKe B IEPBYIO 0Yepeab CBSI3aHO ¢ UCIIOIb30BaHUEM B JaHHOM paboTe Ha-
HOKPUCTAJIJIOB HEOOIBIINUX pa3MepoB (Bcero 1...2 HM), B KOTOPBIX CUJIbHOE BIMSTHUE Ha
CTPOCHHUE DJIEKTPOHHOTO CIIEKTpPa OKa3bIBAaeT IPaHMIIA, B TO BpeMs Kak JJIsI HAHOKJIA-
CTEpOB OOJIBIINX AUAMETPOB (3...4 HM) KpUCTATMYECKAsI CTPYKTypa CTAHOBUTCS OJIU3-
KOl K 00bEMHOMY KpeMHMI0. EIE onnH (pakTop, onpenessionmii 3HayeH1ue CKOPOCTEN
Oxe-Tporiecca, — BUJ MOTEHIIMAJA 3JIEKTPOH-3JIEKTPOHHOTO B3aumoneicTBus. Kak
MoKa3aau pacy€Thbl, HAMOOJIBIINIA BKJIaI B CKOpocTh OXe-peKOMOMHALIMM JaET ciiara-
e€Moe, CBSI3aHHOE ¢ KOpOTKoaelcTByoM noteHuunanaom [Walter, Cohen, 1970]. T1pu
3TOM, KaK ObUIO OTMEYEHO paHee 3TOT MOTEHUUAT AOJDKEH CYIIECTBEHHO OTIMYATHCS
OT «0OBEMHOTO» JIJIs] HAHOKPUCTALJIOB MaJIbIX pa3MEPOB.

Pacu€rel ObUIM BHITIOTHEHHI Ha cymnepkoMmmblotepe <«JlobayeBckuit» (HHIY,
Hwuxnuit HoBropon).

3AKJTIOYEHUE

B naHHOI1 pabGoTe ObLT MPOBEAEH PACUYET BJAEKTPOHHOU CTPYKTYypbl HAHOKPUCTAJLJIOB
KpeMHMS ¢ pazMepaMiu 1...2 HM U TOKa3aHo, 4YTo Hajauuue (ocdopa NpUBOIUT K OT-
MIETUICHUIO CHHTJIETHOTO JOHOPHOTO YPOBHSI BIJIyOb 3alpellIEHHOI 30HBI Ha BEJIMYNHY,
KOTOpasi OKa3bIBaeTCsl Ha TMOPSIOK OOJIbIlIE COOTBETCTBYIOLIETO PaCIICTICHUSI B 00b-
€MHOM KpPeMHHHU, YTO OOBSICHSIECTCA CUIBHBIM BIMSHUEM KBAaHTOBOTO KOH(paitHMEHTa
Ha 3JICKTPOHHbBIE CBOMCTBa HAHOKPHUCTA/UIOB. 3HAUeHUsT cKopocTeit Oxe-mpoliecca 10-
BOJIBHO PE3KO BO3pacTaloT (Ha 2—3 mopsakKa) B IpUCYTCTBUM ocdopa, MpUdEM ycue-
HUE TTPOUCXOAUT COOTBETCTBEHHO YBEIUYEHUIO KOHLIEHTPAIIMU JIETUPYIOLIEH TIPUMECH.
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EFFECT OF PHOSPHORUS DOPING ON AUGER RECOMBINATION RATES
IN SILICON NANOCRYSTALS

N. V. Derbeneva
Lobachevsky State University of Nizhniy Novgorod (UNN)

Results of calculations of the electronic structure of silicon nanocrystals doped with phos-
phorus and Auger recombination rates are presented. It is shown that the presence of several
phosphorus atoms leads to stronger decrease of the optical gap and to growth of the Auger
rates comparing to the case of the one atom.

Keywords: silicon, nanocrystal, density functional theory, Auger-process.
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NPAMOE YUCNEHHOE MOLENUPOBAHUE ABYX®A3HOIO TYPBYJIEHTHOIO
MOrPAHUYHOIO 104 HAZ B3BOTHOBAHHOW BOAAHOW MOBEPXHOCTbIO

0. A. pyxunus, 10. W. Tpouykas

WHcTuTYT npuknagHon ¢usnkm Poccuniickoin akapgemmm Hayk (UMO PAH)

OnuH W3 BaXHEWIIUX (haKTOPOB, BIUSIONIMX Ha MPOLECCH OOMEHa WMITYJIbCOM B TYp-
OyJIECHTHOM BOB3AYIIIHOM ITOTpAaHCIOe Hal BOTHOM TMOBEPXHOCTHIO, — HAJIMYUE MEJKOIU-
criepcHBIX Kareib. CorjaacHO JaHHBIM HAaTYpHBIX HAOJIOAEHUI, MaccoBasl HOJIST MOPCKOTO
a’po30Jis PACTET € YBEIMUEHUEM CKOPOCTU BETpa, MPEXIe BCEro, 3a CUET MHXKEKIIMU Karlelb
B BO3IYX MPU MUKPOOOPYIIEHHUSIX B OKPECTHOCTHU TpeOHEl BOJTH, M MOXET JOCTUTATh AECST-
KOB TIponieHTOB. [ToaToMy y4€T ABYX(ha3HOCTH BO3AYIIHOTO IMOTOKA HAll BOJHAMU MOXKET
CYIIECTBEHHO BJIMSATH Ha MapaMeTPU3alMIo TTPOLIECCOB TYpOYJIEHTHOrO OOMeHa B MPOTHO-
CTUYECKHMX MOJENsIX KiumaTa. B maHHoii paboTe ¢ MOMOIIbIO PSIMOTO YMCIEHHOTO MOJie-
JIUPOBAHUS UCCIIEMYIOTCS CBOMCTBA BO3MYIITHOTO TypOYJIEHTHOTO TTOTPAHCIIOS HAJl BOJTHAMMU,
HEeCYIIEeTo MeJTKOIUCTIEpCHBIE KTy,

PaGora BbIIONHEHa npu noaaepxkke PdenepaibHOI 1eneBoil mporpamMmmbl «HayuHbie
W TIefaroruyeckue Kaapbl ISl UHHOBallMOHHON Poccum», KoHTpakT No 14.578.21.0033
(2014—2016); mpoekTa akagemuun Hayk OuHnsHanm «B3aumoneiicTBue aTMocdepbl U TU-
npocdepsl B bacceline bantuiickoro Mopsi u apktuueckux mopeii» Ne 280700 (2014—2017);
Poccuiickoro ¢oHma pyHmaMeHTaIbHbIX HccaenoBanHmii (mpoekTsl Ne 14-05-00367, 13-05-
00865, 14-05-91767, 15-35-20953). Pa3zpaboTka YMCICHHOrO MeTOola W YMCIIeHHbIe pacyé-
ThI, 00pabOTKa UX Pe3yJIHTATOB BBITTOJIHEHBI TIPU MOIepXKe Poccuiickoro HayaHoro poHma
(rmpoekThl Ne 14-17-00667 u 15-17-20009).

Karouessle crosa: ipsiMoe YUCIEHHOE MOJEIUPOBaHUE, TYPOYJIEHTHBIN BeTep, ABYMEp-
HbIE BOJTHBI Ha BOJIE, MEJIKOJUCIIEPCHBIE KATUIU.

BBEJEHWE

IIpoiiecchl oOMeHa Maccoil, MMIYJbCOM U TEIUIOM MEXIy aTMochepoil u okea-
HOM — OIWH W3 KIIOYEBHIX (DaKTOPOB, BIUSIOMMNX Ha (opMHpoOBaHNE KIMMAaTa.
MogenupoBaHie 3TUX MPOLIECCOB OCHOBAHO Ha IpoLeAype MapaMeTpu3aliu, CBSI3bI-
BalOIIEH TypOyJICHTHBIC IIOTOKU C IpagleHTaMU CPEOHMX ITOJIeH IJIOTHOCTU M CKOPO-
CTU BO3IyXa IMOCPEACTBOM TakK Ha3blBaeMbIX Oask-opmyn. KoaddbuuneHTsl ooMeHa,
comep:Kamnecs B 6aik-(opMynax, 3aBUCST OT AcTalleil TIpoliecca B3auMOICHCTBHUS Be-
Tpa C BOJIHAMU, KOTOPhIE U IO Cel I€Hb OCTAIOTCS A0 KOHIIA HE BbIICHEHHBIMM, HECMO-
TpsI Ha OOJIBIION 00BEM UMEIOIIMXCS JTabOpaTOPHBIX M HATYpHBIX naHHBIX [Fairall et al.,
2003].

Bonbiioit mHTEpEC MPeaCTaBIISIOT MEJIKOOUCIIEPCHBIC KA, B3BEIIICHHBIC B BO3-
IYIITHOM TIOTOKE BOJIM3U MOPCKOI MoBepxHOCTH. [Ipenmnonaraercs, 4To UX BAUSHUE Ha
HECYIINiT BO3MYIIHBIA ITOTOK TIPA OMPEAEIEHHBIX YCIOBUSIX MOXKET IIPUBOINTH K CY-
LIECTBEHHOMY CHUXXEHUIO COINPOTUBIIEHUS BOAHOM MOBEPXHOCTU U, COOTBETCTBEHHO,
K yBeamdeHuIo ckopoctr rmoroka [Kudryavtsev 2006; Kudryavtsev, Makin 2011].

Hpyxunun Ojier AJleKCaHIPOBUY — BeAyLINIA HAYYHBIA COTPYAHUK, JOKTOP (PM3UKO-MaTeMaTH -
yecKux Hayk, druzhinin@hydro.appl.sci-nnov.ru

Tpounkas IOmusa UropeBHa — 3aBemyiolnasi OTIEIOM, TOKTOP (DM3UKO-MaTeMaTUIeCKUX Hayk,
yuliya@hydro.appl.sci-nnov.ru
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[TpAmoe uncneHHoe MoaennpoBaHme p,Byx¢a3H0ro TypﬁyneHTuoro NOrpaHNYyHoro Cnoa.. .

JlanHbIe HaTypHBIX W JJaOOPAaTOPHBIX SKCIIEPHMMEHTOB ITOKA3bIBAIOT, YTO JOMWUHU-
pyIoIast poJib B MHXKEKIIMH KaIleJib B BO3MYIIHBIA ITOTOK BOJIM3M BOTHOM ITOBEPXHOCTH
MPUHAJIEXUT CTPYSIM, (DOPMHUPYIOIIUMCSI TIPH TOCTATOYHO OOJIBIIONH CKOPOCTH BeTpa
TIpY MUKPOOOPYIIIEHUSIX (B BUIE «0apallikoB») B OKPECTHOCTU TpeOHeil BoaH [Andreas
et al. 2010; Fairall et al., 2009]. IIpu 3ToM OKa3bIBaeTCsI, YTO OTHOCUTEIbLHO KPYIHbIE
Karmu (¢ quametpoM okosio 100 MKM) 0OyCIIOBIMBAIOT OCHOBHOI BKJIA B MAacCOBYIO
JIOJTIO TMCITEPCHOM (pa3bl B BO3MYIIHOM ITOTOKe. M3MepeHUs TTOKa3hIBAlOT TaKKe, YTO
MaccoBasl IOJIST Kamelb PacTeT ¢ YBEIMYSHUEM CKOPOCTU BETpa M MOXKET TOCTUTATh JIe-
CATKOB MPOILIEHTOB BOJIM3W BOIHOM ITOBepXHOCTH. Heo6XoamMo 0OTMETUTh, OMHAKO, UYTO
M3BECTHBIE KCIIEpUMEHTAJIbHbIC JaHHBIC TTOKAa HEIOCTATOYHBI IS OMHO3HAYHOTO OT-
BETa Ha BOIIPOC O TOM, KaK KarluIM U3MEHSIOT CBOMCTBA BO3AYIITHOTO MOTOKA HaJl B3BOJI-
HOBaHHOI BOTHOM ITOBEPXHOCTBIO, M B YACTHOCTH, KO3GMUIIMEHT COITPOTUBICHUS BO-
JTHOM MTOBEPXHOCTH.

B nanHoit paboTte mist MCCIeI0BaHMUS BIUSHMS MEJIKOAMCIIEPCHBIX KalleJIb Ha BO3-
IYITHBIA TTOTOK Haj BOJHAMM WCIOJB3YeTCsS METOI MPSIMOTO YMCJIEHHOTO MOICINPO-
Banus (Direct Numerical Simulation, DNS). 1o Hactosiiero Bpemenn DNS mpoBo-
JWJIOCH JIMIIb JJIS ciydasi ogHo(a3HOro Bo3ayiiHoro moroka [Druzhinin et al., 2012;
Sullivan et al., 2000; Yang, Shen, 2010].

B manHOII cTaThe paccMaTpMBaeTCs HEUTPaTbHO-CTPATU(MUIIMPOBAHHBIA BO3-
IYITHBIN TTOTOK C 0alKoBbIM 4uciioM PeitHonbaca Re =15 000 1 KpyTM3HOM BOJHBI
ka = 0,2. Vcrionb3yeTcs 3iIepoBO ONMKMCaHWE IS HECYIIIETO BO3MYIITHOTO IMOTOKA U Jia-
TpaHXeBO OMMCaHUE I aucrepcHol (aspl. CunTaeTcs, YTo 00bEMHAST KOHIICHTPAIIUS
KareJib JOCTaTOYHO Majia, M 3((heKTaMM UX KOaryJIsiii MOXHO mpeHeopeub. OmHAKO
MaccoBasl IOJIST KaIleJIb IIPA TOM OKa3bIBAaCTCSI 3HAYUTEIBbHOM, TaKoil 4TO MX 3¢ deKT
Ha HECYIIMI BO3AYITHBIN MOTOK KOHEYeH (3aMeTeH).

1. ®OPMYJIMPOBKA 3AJAYN

[IpoBomuTCs MPSIMOE YMCIEHHOE MOIEIUPOBAHKME TYpOYJIEHTHOTO BO3AYLIHOIO Teye-
Hus1 KyaTra, Hecyliero n1MCKpeTHble Karuiv, Haj B3BOJHOBAaHHON BOJAHOU MOBEPXHO-
cthio. CxeMa YMCIEHHOIO 3KCIEPUMEHTA aHAJIOTMYHA CXEME, pacCMaTPUBAEMOii B pa-
o6ote [Druzhinin et al., 2012], roe npoBoguioch DNS TypOyaeHTHOro ogHoda3HOro
Bo3mylIHOro mnortoka (puc.l). PaccMmarpuBaeTcsi gekKapToBa CHCTEMa KOOPAMHAT
C OChIO X, OPUECHTUPOBAHHOI B HAIPaBJICHUM CPEIHETO BO3MYIIHOIO MOTOKA, OChIO Z,
HAIpaB/JIEHHON BEPTUKAJIBLHO BBEPX (IIPOTUB YCKOPEHMUSI CBOOOOHOIO IMageHUS g)
M OChIO y B IOINEPEYHOM HaIpaBJeHUU, MapajieIbHOM (BPOHTY BOJHBI. AHAIU3UPY-
€TCS IByXMepHasl IOBEPXHOCTHAS BOJIHA C aMIUIMTYIOM a, IJIMHOI A 1 (pa30BOi CKOPO-
CTBIO ¢, TIepUOIMYECcKas B HallpaBjieHUU x. B maHHOIi paboTe paccMaTpUBaeTCs KPYTU3-
Ha BOJIHHI ka = Zna/k =0,2.

Meton DNS npoBoauTcst B cucteMe OTCUYETa, IBVXKYIIEHCS ¢ (Da30BOi CKOPOCTHIO
BOJIHBI, T. €. TOPU30HTaIbHASI KOOPAMHATA X B 9TOI CUCTEME OTCYETA CBI3aHa C KOOPIM-
HATOil B TaGOPATOPHOII crcTeMe oTcuéTa X' cooTHOIIeHHeM X = X' —cf. Takum obpa-
30M, B ABMKYLIEHCS CUCTEME OTCYETAa HMXKHSIS IpaHKMIA 00J1aCTU CUYETa, COBIIAAAIOLIAST
C BOJIHOM, cTauMoHapHa. Ha 5Toii rpaHulie CTaBUTCSI YCIOBHME NPUIUIIAHUS, T.€. X-
M Z-KOMIIOHEHTBI CKOPOCTU BO3AYIIHOTO ITOTOKA 3I€Ch COBMANAIOT ¢ OPOUTAIbHBIMU
CKOPOCTSIMM YaCTUIIL KUAKOCTU B BOJIHE M HE 3aBUCST OT BpeMeHU. PaccMmaTpuBaercs
obacTp cuéra ¢ pasmepamn L, =6A, Ly =4\h u L =M\ B x-, y-, U Z-HaNpaBJIECHUSIX.
TeueHue npearonaracTcs NEpUOAMISCKUM B HampaBieHUsIX X 1 y. CTaBUTCS YCIOBHE
MNpUIKIIAHUE HA BEpXHEN (ILUIOCKOI) IpaHMIlEe, KOTOpasl ABMXKETCs ¢ 0aJIKOBOI CKOpPO-
ctbio U, B HampaBJIeHUH X.
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Puc. 1. CxeMa 4nCIIeHHOTO OKCIIEpUMEHTA

Bnaromapst aToMy YCI0BUIO CO3MAETCA BHEITHWIT MCTOYHHMK ITOTOKA MMITYJIbCa 3a
CYET IEWCTBMS BSI3KOTO HAIIPSKEHUST CIBMTIA, KOTOPBIA KOMIEHCUPYET BSI3KYIO IMC-
CHUTIALINIO KWHETUICCKON SHEPTUM TYpOYJICHTHOCTH M 00eCIIeYMBaET CTAIIMOHAPHOCTh
TEUYCHMUSI.

YuceHHOe MOIEIMPOBaHNE OCHOBAHO HAa MHTETPUPOBAHUM ITOJTHEBIX TPEXMEPHBIX
ypaBHeHuit HaBbe-CToOKca JUISI HECKMMAaeMOM XUIKOCTH B Ge3pa3MEpHBIX IEPeMEH-
HbIX B BUze [MoHuH, Ariaom, 1992]:

8Ul.+3(U,-U,-)_ op 1 0°U,

CATIA L AT o (1)
ot ox, Ox; Reox0x; =

% 2
ax'_ bl ()

J

rne U,(i=X,y,2) — KOMIIOHEHTBI cKOpocTH; P — nasienue; f;" — cuna, ¢ KOTOPOi
m-sl KaIuist IEACTBYET Ha OKpyxkatoiuii e€ Bosnyx; N, — obuiee (nocrostiHoe B DNS)
yrcio Kanesb. [TlepemeHHbIe B BoipaxXeHUsx (1), (2) HOpMUpOBaHBI Ha JUTMHY BOJIHEI A,
6anKoBylo ckopocTh U, naBieHue HopMupoBaHo Ha PUj (rie p — MIOTHOCTDL BO3My-
xa). bankoBoe uncno PeliHonbaca paBHO

Ugh
-

Re (3)

Kaxnmast karist paccMaTtpuBaeTcsl Kak TBEpAast cepa ¢ IIOTHOCThIO, B O pa3 npe-
BBILIAIONIEN TJIOTHOCTh BO3MyXa, M TUaMeTPOM d, MHOTO MEHBIIM BSI3KOTO TIPUCTE-
HOYHOTO MacITada V/ U , Tae U, — CKOPOCTb TPEHUsI; V — KMHEMaTHYeCcKasl BI3KOCTb
BO3yXa. DTO MO3BOJISIET pacCMaTPUBaTh KaXAylo KaIlllo B ypaBHeHUM (1) Kak MTHO-
BE€HHBbIM TOYCYHBIA UCTOYHUK U alllIPOKCUMHUPOBATh CUJLYy, C KOTOPOI OHA BO3IECUCTBY-
€T Ha OKPY>KAIOIIUIA BO3IyX B JAHHOM y3Ji€ CETKU, CIEAYIOLINM BbIPAXKEHUEM:

S =—wlr,,r,)E"d, 4

rIe Fim — cwIa, JOeWCTBYIOIIAs Ha KaIullo CO CTOPOHBI OKPY:KAIOLIEro BO3IyXa;
w(r,r,) — BecoBOi KO3(bOULMEHT, 3aBUCAIINIT OT KOOPAMHAT Karui 7, =(X,,,Y,,,2,,)

1 paccMaTpUBaeMOro y3Ja CeTKH 7, = (xg, g,zg) [Druzhinin, 2001]. B paccmaTtpuBae-
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MoM ciydae (Karmiau Boabl B Bodayxe) & = 1000, u cuna F,m XOPOIIIO OIUCHIBAETCS
CTOKCOBBIM 3aKOHOM COITPOTUBIICHUS, BKITIOUAIOIINM MOIIPaBKYy, CBI3aHHYIO C KOHEU-

HocTblo yncia PeiiHonbaca karum Re,, B Bune [Maxey, Riley, 1983]:

E" =3mdvolU,(r,,) V" |[14-0,15Rep ™, (5)
rae

Re, = w (6)

,D,BI/I}KCHI/IG KaXXIOM Karivi OTCJIECXXKMBAECTCS B JIarpaH2KE€BbIX KOOpAMHATaX COIJIaCHO
YpaBHCHUAM ABUKCHUA:

dr”

——=V"(1), 7
el (7
WLy g 8)
dt _Qd i Frdz iz’

3 .
e Q, =mnd / 6 — 00BEM Karmu; 61.1. — cumBon Kponekepa; uncino ®Ppyna Kariu
paBHO

1/2
Fr, =8

d U()

(©))

751 onipeneneHnsi 3HAYSHMsI CKOPOCTH BO3Myxa B TOUKE MPOCTPAHCTBA, 3aHUMae-
MO Karuiei, UCTIIoJIb30Bajlach 3pMUTOBA MHTEPIOISILUS 4-T0O MOPsiIKa TOYHOCTH.

st Toro 4to6s1 n3dexaTth 3(pHEKTOB, CBI3aHHBIX C CUJIBHOU reOMETPUIECKOI He-
JIMHEHHOCTHIO NP uHTerpupoBaHuu (1)—(3) U3-3a BOJIHOOOpa3HOM HUKHEN TpaHUIIbI
(cM. puc. 1), ucnonb3yercs KOHPOPMHOE Mpeodpa3oBaHNe KOOPAWHAT, MTEPEBOISIILEE
TUIOCKOCTH (X, Z) B I€KapTOBBIX KOOPAMHATAX B ITIOCKOCTH (&, 1) B KPUBOJIMHEHHBIX KO-
OpIWHATaX, a UMEHHO:

x =& —aexp(—kn)sinkE, (10)
z=mn+aexp(—kn)coskE. (11)

Ipy >ToM TpeoOpa3oBaHUM BOJHOBAsl TpaHMIa Z,(X)=acoskE(x) mepexomut
B ITOCKYIO TpaHuity 1 = 0. B momosiHeHMe MCob3yeTcs TakKe OTOOpaXkeHHe I10 Bep-
TUKaJbHOI KOOpAWHATe 1), o0ecneunBallee 10CTaTOYHOe pa3pelleHre 00JIbIIMX Tpa-
IUEHTOB IOJICHi CKOPOCTH M TeMIlepaTyphl O1aromapsi CTyIICHUIO Y3JI0B CETKU BOIM3HU
HWDKHEH U BepxHeit rpanull [ Druzhinin et al., 2012].

Vpasuenns (1)—(3) pemanuch B IpSAMOYTOIBHOM o6acth ¢ pasmepamu 0 < & <6,
0<y<4, u 0<n<! npu moMoIm MeTona KOHEYHEIX pa3HOCTEN BTOPOTO MOPsIIKA Ha
pa3HeCéHHOI71 CETKE, COCTOSIIEN U3 360%x240x180 y3JIOB. I/IHTGFpI/IpOBaHI/IC 110 BpeMe-
HU OCYLIECTBJISIOCHh C UCIOJIb30BaHUEM MeToda Anamca-bamdopda Broporo nopsiaka
TOYHOCTH B IBE CTAIWU Ha KaXXIOM BpeMeHHOM Imare #n. Ha HIDKHe# 1 BepxHel rpaHu-
aX HaKJIagbIBAINCh YCIOBUS MPWINITaHUS (Jpuxire) It CKOPOCTH BO3MYIITHOTO T0-
tToka. Ha GokoBbIX rpanuuax, npu x = 0,6 u y = 0,4, Ha Bce I10J1s1 HAKJIAAbIBAJIKCh IIe-
pUoIMYeCKIe TPAaHNIHEIC YCIIOBUS.

[Ipu coBmameHNN BepTUKAIBHON KOOPAMHATHI KAIUIM C BEPXHEH WIIM HIDKHEH Ipa-
HULIAMU TIPOU3BOIMIIACH €€ HOBasT MHKEKIIKS B ITOTOK. [Ipy 3amaHNM MCXOTHEBIX KOOP-
IWHAT U CKOPOCTH KaIlIM IIPUHUMAJINCH BO BHUMaHNE MEXaHU3MbI TeHepaIliy Kallelb
noa AeWCTBUEM BeTpa MO JaHHBIM JabopaTOPHBIX IKCIepuMeHTOB [Andreas et al.,
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2010]. TakuM 0O6pa3oM, KaIrlIu UHXEKTUPOBAIUCH B OKPECTHOCTU HAaBETPEHHBIX Tped-
Hell BOJMHBI B Havane OycdepHoro moncios (okomo 10...20z) paBHOMEpHO BmOJB
(bpoHTa BOJHBI CO CKOPOCTHIO, pAaBHOM CKOPOCTH BO3IyXa.

TeyeHne UMHULMKUPOBANIOCH KaK CJIa00-BO3MYIIEHHOE JaMUHApHOE TeyeHUe
Kyarra, U, =29, x TUr (i=X,,2), 188 Uip— 0e3IMBEepreHTHOEe, UBOTPOMHOE, OMHOPOI-
HOe CciyyaifHOe TIoJie C IMMPOKMM CHEeKTpOM M aMIuiutymoi mopsnka 0,05.
HMHTerpupoBaHne BO BpeMEHHM CHadYajia IIPOBOAMIOCH 10 OKOHYAHUS TTEPEXOTHBIX TTPO-
1IECCOB, CBSI3AaHHBIX C BHIOOPOM HAYaJIBHOTO YCJIOBMS ST Bo3dyxa. Jlajmee, B MOMEHT
BpemeHHU ¢ = 100, B MOTOK MHXKEKTHUPOBAIMCH KAIUTM CO CIIyYaWHBIM pPaBHOMEPHBIM
IIPOCTPAaHCTBEHHBIM pacIpeieJICHUEM U CO CKOPOCTSIMM, PAaBHBIMU JIOKAJIBHBIM CKOPO-
CTSIM YaCTHUI] BO3IyXa.

ITo mocTMKeHUU CTAaTUCTUYECKU CTAIIMOHAPHOTO PEXMMa TEYCHUS ITPOBOIMIIOCH
OCpeHEHME 10 BpeMeHM M KoopauHare y. JIJist ycpeaHeHus TI0 BpeMeHU Opaiuch Tosie
CKOPOCTH M KOOPIMHATHI KaIlesib B AMCKPETHBIE MOMEHTHI 7, , k =1,...,1000 ¢ unTepBa-
aom t, —t, =0,2. TloMumMo ocpesHEHUs MO y U t PACCUNTBLIBATUCH TaKXKe (ha3oBble
(OKOHHBIE) CpeAHUE TIO AJTMHE BOJIHBI.

Takum oOpasoM, st gaHHoro monsa f(X,y,z,t) onpenensnuch Gpa3oBoe cpegHee
W TUCIICPCHST:

N, N, s
(f)x.0)= 6N ZkZZ Sty 2,0,), (12)
j: =1n=0
N N, 5
<f2>(x,z)—6NN Zzz)fz(xjtnx,yj,z,tk), (13)
j: =1 n=

rme Ny =240, N,=500u 0 <x < 1. laniee hykryauus 1moJs f ONpeaensiach Kax:
1/2

fx0)= (14)

() a-(r) 2

(B caydae pacuyéra IOTOKa, HaIIpuMep <UXU 2 >, B BeIpaxkeHue (13) momcraBisieTcs mpo-
usseneHue (U U) BMecto f* us (14) — pa3HoOCTB [<UXUZ>—<U ><U >] .

X z
CpenHuii BepTUKaJIbHBIN Tpoduiab nons f, [f](z), pacCUMThIBAICS OCpeIHEHUEM
(hazoBoTO CpEnHETO MO MPOAOTLHON KOOpAWHATE:
| N./6
1@ =~ 22 (/)% ). (15)
x i=l

BepTuKanbHBIA TYpOY/IeHTHBII TIOTOK UMITyiibca T, (2) onpenensercsi B BUIE
1(z) = <UXUZ>—<Ux><UZ>]. (16)

Takum o0pa3oM, TMHAMUYECKAsE CKOPOCTb (TpeHus1), U,, OINpPenesisseTcsl U3 acuM-
NITOTUYECKOTrO 3HAUYCHUs IMOTOKAa MMITYyJIbCa Ha JOCTAaTOYHO OOJIBIIIOM PacCTOSTHUU
OT ITOBEPXHOCTHU B BUIE

u =+-. (17)

YucneHHbI arOpUTM IJIs1 BOAbI BEpUPUIIMPOBAICS MYTEM CpaBHEHMS pe3yJibTa-
toB DNS 1711 TypOy/NeHTHOTO MOTrpaHCIos Hal IJIOCKONM MOBEPXHOCTBIO TIPU pa3idd-
HBIX OaIKOBBIX yMciax Puuapacona u uucnax Pelinonbaca. PesyiastaTtel DNS cpaBHU-
BAJINCh C M3BECTHBIMHU YMCICHHBIMU M 3KCIIEPUMEHTAIBHBIMUA HaHHBIMU [Druzhinin
etal., 2012].
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2. PE3YJIbTATbl YACNNEHHOIO MOAEJIMPOBAHWA

YucieHHOe MOAETMPOBaHNE IIPOBOIMIIOCH JIJIT KPYTU3HBI BOJTHBI ka = (0,2, OTHOIIICHUS
(a30BoOi1 CKOPOCTM K AMHAMMYECKONM CKOpOCTH (BO3pacTa BOJIHBI) B MHTEpBaje
c/ u, = 0,05 (TMnMYHOrO /ISt CUIIBbHBIX, T.e. 3(h(HOEKTUBHO TeHEPUPYIOIINX Karliu, Be-
TPOB B HATYpPHBIX YCJIOBMSIX) M OankoBoMm uucie PeiiHonpaca Re = 15 000. Juametp
Karjuy 3amaBajicsl 10CTaTouyHO MayibiM (paBHBIM d = 0,00077 B 6e3pa3MepHBbIX eAUHU-
1ax) Mo CpaBHEHMIO ¢ BA3KUM MaciuTadom (okojo 0,002). ITpu sTom uncino Ppyna 3a-
nasanoch paBHbM Fr, = 0,02 TakuM, 4TO OTHOLIEHUE CKOPOCTH TPABUTAILIMOHHOTO OCe-
2

JMaHUs KaIUIK B TIOKOSIIIIMMCST BO3IyXe Vg = gK6 K CKOPOCTU TpeHUs (ITOMHOXEH-
v

HoIi Ha mocTossHHYI0 Kapmana, % = 0,4) oKa3bIBajJoCh MOPSIIKA SAUHUIIBI, Vg / nu, ~1.
DTOT peXXUM B THITUYHBIX JTAOOPATOPHBIX W HATYPHBIX 3KCIIEPUMEHTAaX COOTBETCTBYET
KarsM ¢ auametpoM mopsnka 100 mxm. O6I1Iee MakKCUMaabHOE YHUCIIO KaTlelb JOCTH-
rajo 16 MJIH, 4TO IIPU JaHHOM JMAMETPe KaIlUIM COOTBETCTBYET MCXOAHOM OOBEMHOM
KOHIIeHTpaLuy ropsiaka 1,6:10~* u MaccoBoit o nopsiaka 16 %.

MTrHOBEeHHBIE pacIIpeAe/ICHUs] MOIYJIS 3aBUXPEHHOCTH M PACIIOJIOXEHUS Karleiab
B LIEHTPAJbHBIX TIOCKOCTIX (X, 2), (v, 2) U (x, y) mpu z= 0,04, monyueHHble B DNS
B MOMeHT BpeMeHHu ¢ = 300, mpeacTaBieHbl Ha puc. 2. BUaHbBI TUNTUYHBIE OJ1 TYpOy-
JICHTHOTO TTOTPAHCJIOSI BUXPEBBIC CTPYKTYPHI (TaK Ha3bIBaeMble A-BUXpHU), (popMUpyIo-
IIHecsT B OKPECTHOCTHU TpeOHE BOIH M «YXOISIIEe» OT BOXHOM IMOBEPXHOCTU BITYOb
BO3AYIITHOIO IMOTOKa. Karmm mepeHocATcsl 3TUMU CTPYKTypaMu U, Ojaromapsi CBoeit
WHEPLNH, KJIACTepU3YIOTCS Ha UX nepudepun — 3(GhEKT, XOpoIIo U3BECTHHIN B JINTE-
patype non Ha3BaHueM preferential accumulation.

Ha puc. 3 nana TpaekTopusi OTIEJIBHO B3ATOM KallJli, HEOTHOKPATHO TafaroIeit
Ha TIOBEPXHOCTb BOIBI M BHOBb MHXKEKTUPYEMOU B MOTOK, IMmoixydeHHass B DNS B Te-
yeHue paccMmaTpuBaemMoro BpeMeHHoro uHrepnaia (100 < ¢< 300). BugHo, 4To Karuist
MPEeUMYIIEeCTBEHHO MHXXEKTUPYETCS ¢ HAaBETPEHHOTO CKJIOHA T'peOHSI BOJHBI BOJIM3H
BEPIIMHBI 1 TTaJacT Ha ITOBEPXHOCTh B OKPECTHOCTHU MTOAOIIBEL. [IponcXoasaT TakKe BbI-
OpOCHI KaIlIi BIJIyOb IOTOKA, TIE BIUSHUE IPaBUTALIMOHHOTO OCEeIaHMsI Ha €€ TPaeKTo-
pPUI0 OTHOCHUTEILHO MaJIo.

(0]
0.4 e
03 i
14
z 02 o

Puc. 2a. Pacnipenenenvie Momyisi 3aBUXPEHHOCTU (BEpXHSS TIaHENb) W TIOJIOKEHUE Kareib
B (x, z)-tutockoctu pu y = 0 B DNS B MOMeHT BpeMenu ¢ = 300
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Puc. 26. PacripeneneHne Momyssi 3aBUXpPEHHOCTH (BEpXHSSI TIaHENb) W TIOJIOXKEHWE Karelb
B (¥, z)-tutockoctH 1ipu x = 3 B DNS B MoMeHT BpeMenu ¢ = 300

Puc. 26. PacnipeneneHue MomyJsisi 3aBUXPEHHOCTU (BEPXHSISI M HUKHSIS TIpaBasi MaHe u) U MOJI0-
JKEeHUe Karlesb (HUXKHsIS JieBasi MaHeb) B (x, y)-mockoctu nipu z = 0,04 B DNS B MOMeHT Bpe-
menu ¢ = 300
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F
0.4 :W...—h---uu—-----.-.
0.2 .
o =
02—

Puc. 3. TpaekTopus Kariv ¢ HaYaJbHBIMM KoopauHaTtaMu x = 3,31, y = 0,335
u z=0,0337, nonydyenHast B DNS Ha BpemeHHoM unTepBaje 100 <z < 300

Puc. 4. BepTukanbHbIN Tpoh ik CpeaHeit CKopocT ogHO(ha3HOTO
u ByX(a3HOTo MOTOKOB. MaccoBast KOHLieHTpalus Karmesb 0,16

o iroplets
m=016
w v w
0.1 {a) o1 {b) 0.1 (c)

0.08 0.08 0.08
0.0 SE— T 0.06
0.04 0.04 ——= 0.04
0.0 0.0 o.02

1] 0 o

0 01 02 03 04 05 o 01 02 03 04 05 0 01 02 03 04 05

Puc. 5. Ilpodunu ¢paykryauuii (aucrnepcuii) x-, y- U Z-KOMIOHEHT CKOPOCTU
B 0HO(a3HOM U ABYX(a3HOM MOTOKaX

Ha puc. 4 mpencraBieHbl BepTUKAJIBbHBIE TTPOMIIIN CpPeIHEl CKOPOCTH BO3IyXa,
U(nm), nonyuyennsie B DNS mis ciydast omHodasHoro (6e3 Kanesib) 1 IByx¢ha3HOoro 1mo-
TOKOB. BumHo, 4TO mop meiicTBHeM KaIleIb IIPOMCXOIUT YCKOPEHHE BO3AYITHOTO TTOTO-
Ka B pacCMaTpMBaeMOil 00JIaCTU IIOTPAHCIIOs.

IMpobwmm ¢aykryaunit x-, y-, U Z-KOMIIOHEHT CKOPOCTH BO3[dyxa, ITOJyYCH-
Hble 1J191 ogHO(A3HOTO M NBYX(a3HOTO BO3AYILIHBLIX MOTOKOB, MOKa3aHbl Ha pUC 5.
BunHo, 9To TTOA HeiicTBHEM KaIlellb aMIUTUTYAEI (QIyKTyalllii BceX KOMIIOHEHT CKOpO-
¢ty yMeHblnaloTcst. Ha puc. 6 Takke BUAHO, YTO B IBYX(ha3HOM IIOTOKE YMEHbIIAETCS
U TypOY/I€HTHBII IIOTOK UMIIYJIbCa, T, PACCYMTAHHBII cormacHo (16).

121



0.A. Jpyxunus, 10. 1. Tpouykas

no droplots _
0.0004 - T mE0e c ——— Fx Fx
0.00016 0.08
ﬂ =1
- 0,06
0.00012 —
-0.0004 —
0.04
Be-005
=0.0008 - o0z
00012 - 4e-005 Lo
-0.0016 T ] A —r—r—rrrry vert= 002
0 0.1 0.2 0.3 0.4 0.5 0.001 0. 0.1 1
Puc. 6. I[podpuan TypOyJIEHTHOTO IMOTOKA Puc. 7. Tlpounu KoHIEHTpallMM Karelb
MIMIIyJIbCa B OMHO(MAa3HOM U ABYX(ha3HOM M X-KOMITOHEHTBI CHJIbI, C KOTOPOM Karuln
MOTOKaX NEMCTBYIOT Ha BO3MYIIHBII IOTOK
C
04
0.00028
a3 0.00024
0.0002
Z o2 0.00016
0.00012
£jee-005
4E-005
on 1 o
x
Puc. 8. ®azoBoe cpemHee mojie KOHIIEHTPALMK Karelb
F
s
04
00575
03 0475
0.0375
Z 02 0.0275
00175
01
£ 0.007s
el
o1 0.2 03 0.4 0.8 08 ot os 08 1 0015

X

Puc. 9. ®azoBoe cpeHee MoJie X-KOMIMOHEHThI CUJIbI, C KOTOPOU Karuin
BO3IEWCTBYIOT Ha HECYIIMI BO3AYIIHBINA MOTOK
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B DNS paccuutbiBanuch nossi 00b€MHON KoHLieHTpauuu Kamnejab C. KoHleHTpa-

sl Kareb B pACCMAaTPMBAEMOM y3JIe CETKU 7, = (xg,yg, zg), C(rg), paccuuThIBaJIaCh
Kak

c 18
(r,)= e Azmzlvv( (18)

rie CYMMHMPOBaHME BEIETCS MO BCEM KaIlIsIM, w(rg,rm) — Te K€ BECOBble KOG dULIM-

eHTbI, 4TO U B Bblpaxenuu (4); r, =(x,,,¥,,2,,) — KoopauHatbl Karui. Ha puc. 7 mo-
Ka3aHbl CpelHUE BepTUKaJbHble Mpodwin KoHLeHTpauuu C(z) U X-KOMITOHEHTHI
CWJIbI, C KOTOPOM KamiM OEMCTBYIOT HAa BO3MYIIHBIM ITOTOK, paCCYUTAHHOWM COrjac-
Ho (1), (4), (5).

BumHo, YTO KamuM KJIACTEPU3YIOTCA BOJIM3M BOMTHOM ITOBEPXHOCTH TIPHU
0,01 <z<0,1. Xopolllo BbIpaxkeHHbI# MAKCUMYM KOHLEHTpaLMX PacloyIoKeH Ha pac-
CTOSIHMU TIOPSIIKA aMILTUTYIbI BOJIHBL, B ob1acTi GydepHoro ciost (z= 0,03, z* = 15).
MaxkcuMyMbl CWIbl BO3MEUCTBUS Kameidb Ha IMOTOK MPUXOMSTCS Ha 00JacTh BSI3KOTO
noxciost (z = 0,007, z" = 4) u 6ydepHoro cosi.

OxkoHHbIe ((ha30BbIe) CpeaHMe MOJIsI KOHIEHTPALIMU U X-KOMITOHEHTHI CUJIbI, C KO-
TOPOI KaIlIi IEeMCTBYIOT Ha BO3MYIIHBIM MOTOK, pacCUYMTaHHBIE cormacHo (12), mpem-
cTaBJIeHbI Ha puc. 8§ 1 9.

Ha pwuc. 8 1 9 BugHO, 94TO 00JIACT MAKCHUMYMOB KOHIICHTPAIIMKU KaIleJdb M CHUJIBI,
C KOTOPOIl OHU BO3IEUCTBYIOT Ha MOTOK, XOPOIIIO MPOCTPAHCTBEHHO CKOPPETUPOBAHBI
¥ COCPEIOTOYCHBI Ha IMOIBETPCHHOM CKJIOHE I'peOHEeil IMOBepXHOCTHOM BOJHBI. 31eCh
Karuii YCKOPSIIOT MOTOK, TaK KaK OHM OIepexaroT, Oiaromapsi CBOeil MHepILUU, 3a-
MEIJISTIOIIECs] B paccMaTpUBaeMoil 001acTH YacTHIIBI Bo3ayxa. HampoTtus, B obmactn
HaBETPEHHOT'O CKJIOHA BOJM3U TpeOHS KaIljid 3aMeUISIIOT BO3MYIIHBIA MOTOK, TaK Kak
B 9TOM 00JIACTH YaCTHUIIBI BO3IyXa YCKOPSIFOTCSI.

Ewmeé omHoil BaxkHOU XapaKTepUCTHKOU NBYX(a3HOTO MOTOKA SIBSIETCS CPEmHSIs
CKOPOCTb TPaBUTAIIMOHHOIO OCEHaHMSI Kareb. s olpeaeieHrsI 3iiepoBa 1moJjist CKO-
pPOCTHU Karejlb CHavyajla pacCUUThIBAIaCh MTHOBEHHAsI CKOPOCTh B KaXXIOM Y3Jie CETKHU

r, :(xg, g,zg) B BUIE

V)= Azmzlm (19)

o 0.2 03 04 0.5 0.6 or 0.8 0.8 1

X

Puc. 10. ®a3oBoe cpemHee o€ Z-KOMIOHEHThI CKOPOCTHU Karlejib
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IlIe CyMMHPOBaHME BEIETCS IO BCEM KaIlIsM, w(rg, r,) — Te Xe BecoBble KOadduim-

eHTBI, YTO U B BeIpaxeuuu (4); r,, =(X,,,¥,,,2,,) — KOOpANHATHI Karuti. [lanee corac-
Ho (12) ompenensiioch (hazoBoe cpemHee Mojie BEPTUKATLHON KOMIIOHEHTHI CKOPOCTH
kanenb. [ToydeHHOe noJie cpeaHell BEpTUKAIbHOI CKOPOCTH Karlesb MPEACTaBIEHO Ha
puc. 10. BugHo, 4yTo Karum ocegaloT B OCHOBHOM BOJIM3M TIONOIIB BOJTH M YXOIST
BIJIyOb IMOTOKA B OKPECTHOCTU I'PeOHE BOJIH.

3AKJTIOYEHUE

BnepBbie BBINMOJHEHO MpsiMoe yucieHHoe MoaeaupoBaHue (DNS) nByxdazHoro Bo3-
IYILIHOIO IIOTOKA HaJ B3BOJHOBAHHOM BOIHOM MOBEPXHOCTHbIO NPU MACCOBOM KOH-
LEHTPALIMK MEJIKOAUCTIEPCHBIX Kareb 16 %. [1apaMeTpbl nucnepcHoii ¢asbl (Karmesb)
B DNS 3amaBanuch UCXOOs1 U3 U3BECTHBIX IKCIEPMMEHTATbHBIX TaHHBIX. Pe3yibrarhl
MTOKA3bIBAIOT, YTO IPW WHXEKIWM KalleJb B ITOTOK B OKPECTHOCTHM HaBETPEHHOTO
CKJIOHA TTOBEPXHOCTHOM BOJIHBI BOJIM3M TpeOHEN OCHOBHBIM 3((HEKTOM BO3IEICTBUS
KalleJlb Ha ITOTOK SIBJISIETCS YBEJIMUEHUE CKOPOCTU BeTpa. Ilpm 3ToM mom meicTBHeM
KarejJb YMEHBIIAIOTCS TypOyJIeHTHbIC (DIyKTyaluy U TYpOYJEHTHBIN MTOTOK UMITYJIb-
ca TI0 CpaBHEHMIO ¢ 0qHOGA3HBIM ITOTOKOM. HecMOTpsT Ha cyllecTBeHHBIN BKiIam 3¢-
(eKTOB, CBSI3aHHBIX C MHEPLME Kanesb, pe3yabraThl DNS B 11e10M cornacylorcs ¢ pe-
3yJbTaTaMU M3BECTHBIX (PeHOMEHOIOTMISCKIX MOJIEei, B KOTOPHIX MHEPIUs Kareilb
HE YYUTBHIBAETCS, a MPUHUMAETCSI BO BHUMAaHME JIMIITb UX TPaBUTALIMOHHOE OCeHaHME
[Kudryavtsev, Makin, 2011].
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DIRECT NUMERICAL SIMULATION OF A TWO-PHASE TURBULENT
BOUNDARY LAYER ABOVE THE WAVED WATER SURFACE

0. A. Druzhinin, Yu.l. Troitskaya
Institute of Applied Physics Russian Academy of Sciences (IAP RAS)

The presence of droplets in the air flow above the waved water surface can significantly affect
the turbulent momentum exchange between the wind and surface waves. Field experiments
show that mass fraction of sea aerosol in the vicinity of the water surface increases with the
wind speed, mainly due to micro-breaking events in the vicinity of the wave crests, and can
reach up to dozens percent. Therefore taking into account the droplet phase in the air flow
above waves can considerably modify parameterization of turbulent exchange processes in
prognostic models of climate. In the present work, we use Direct Numerical Simulation to
study the properties of turbulent air-flow above the waved water surface taking into account
airborne droplets.

Keywords: direct numerical simulation, turbulent wind, two-dimensional water waves,
droplets.
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YK 517.9
ANHAMUYECKWUE CBOMCTBA OHOIO KNACCA MMMYNIbCHBIX CUCTEM

J1. M. Usanosckuli

flpocnaBckui rocypapctBeHHbivt yHusepcuteT um. .1, lemuposa (Apl'Y um. IN.T. Jemmnposa

B pabGore paccmaTpuBaeTcs MaTeMaTHUecKash MOIENb TMHAMUYECKON CHUCTeMBI, Tpel-
CTaB/sIIOIIAasl CO0OM IEMOYKy U3 TpEX Oud(GY3MOHHO CBSI3aHHBIX B KOJBIIO CHHTYJISIP-
HO BO3MYIUEHHBIX HEJIMHEHHBIX IUG@EPEHLMANIbHBIX YPaBHEHUI C 3amna3blBaHUEM.
[TprMeHUTENTbHO K HUM M3y4aloTCs BOIPOCHI CYIIECTBOBAHMSI U YCTOMUMBOCTH peJlaKcaliy-
OHHBIX MEePUOANYECKUX PEIICHUI Ha OCHOBAaHMM OM(YPKAIIMOHHOTO aHalIM3a CIelralb-
HOTO ABYMEpHOro oroOpaxkeHus. Ocoboe BHUMaHUE YIEISIETCS YMCIY COCYIIECTBYIOIINX
YCTOMYMBBIX PEKUMOB.

HccnenoBanue BBHIMIOJHEHO MpH TomaepxkKe Poccuiickoro HaydHoro ¢oHaa (IpoeKT
No 14-21-00158).

Karouesvie cnosa: Oudypkauuy, pejlakKCalMOHHBIE AaBTOKOJeOAHMSI, YCTOMYMBEHIE
DPEXUMBI.

BBEOEHWUE

PaccMoTpuM 11e0UKy CBSI3aHHBIX B KOJIBIIO CUHTYJISIPHO BO3MYIIEHHBIX OCITUJUISITOPOB
C 3ara3bIBaHUEM:

u; =d(u

o —2upFu )M =14 of (u (1= 1) — Bgu;)|uy,

o))

J=Lm, uy=u,, u=u,.,,

rne m=2, A>1 >0, a>1+p, a U, =u; () >0 MomenupyloT MEMOPAaHHBIE ITOTEH-
nuanel Heliponos. Imagkue ¢yuxkumm f(u), g(u) € C2(R+), rie R, = {u cR:u> 0},
YIOBJIETBOPSIIOT YCIOBUSIM

0<Bgw)<a, f(0)=g(0)=1, VYueR_ ;

f@), gw), u'w), ug'w)=0(1fu) npu u—+oo.

B cratbsax [I'nei3un u np., 2011a, 6, 2012a, 6, 2013] 6bLU10 MOKa3aHO, YTO C TIOMO-
B0 3aMEH BUIA

j—1
X P 1
, U,=exp|—+ , j=2me=—<1,

u =exp

rae X, Y, ---» ¥,,_; — HOBbBIE NIEpeMEHHbBIE, cUcTeMy (1) MOXHO CBECTU K MpPEAEIbHOMI
cHCcTeMe OOBIKHOBEHHBIX UM depeHINaTbHEIX YpaBHEHUI 0e3 MaJioro rmapameTpa, HO
C UMIIYJIbCHBIMM BO3IEUCTBUSMU. PacCMOTpUM AaHHYIO 3a7ady B Cllydae TPEX CUHIY-
JISPHO BO3MYLIEHHBIX OCUMILISITOPOB (m = 3):

)';1 :d(eyz Le et _eyz"'yz)’

yy=de e~ —e ).

)

HNpanosckmii Jleonnn MropeBnu — acnupaHT, JlabopaHT-MccienoBareb HaydHoro LieHTpa
Poccuiickoit akanemun Hayk B YepHorosoBke, leon19unknown@gmail.com

126
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y;(+0)= C_IB T y;(=0),y,(1+0)=y;1-0)— —y (+0),

y;(a+0)=1+B)y;(a-0), 3

yj(a+1+0):yj(a+1—0)f%yj(a+0), j=12.

OrmetuMm, uyto dyHkuuu y,(f) u »,(f) xapakTepusyoT (a3oBble CABUTU MEXIY
KOMITOHEHTaMM cucTeMbl (1).
BBenéM B paccMOTpEHUE OTOOPAXKEHNE CIEMYIOLIETO BANA:

A RES yl(T())
0(z): ,
@l

rie y(=0)=z, »,(=0)=z,, a Benuuuna T onpeesseT IIaBHYlO YacThb Mepuoaa
YCTOMYMBOTO IMKJIA OMMHOYHOIO ocImuIsiTopa cucteMmsl (1). OHO coItocTaBisIeT Ha-
YaJbHbIM YCJIIOBMSIM CHUCTEMBI (2) pellleHue C KOOpIWHaTaMu Y, B MOMEHT
BpemeHu 1= T,

B crarbsax [[nbi3un u ap., 2011a, 6, 2012a, 6, 2013] ObL10 10Ka3aHO, YTO IKCHO-
HEHIIMAJIbHO YCTOMYMBBHIM HEIMOABIDKHBIM TOYKAaM OTOOpaxkeHMs (4) COOTBETCTBYIOT
OpOUTAIBHO aCUMIITOTUYECKU YCTOMUYMBBIE LIUKIBI cucTeMbl (1). dpyrumu cioBamu,
JUISL TOTO, YTOOBI TOBOPUTH 00 YCTOMYMBBIX LIUKJIAX, TOCTATOYHO U3YYUTh HEMOJBUXK-
HbIEe TOYKHM MOJIEJILHOTO 0ToOpaXkeHust. OHM U SIBJISTUCHh OOBEKTaMM MCCIIETOBAHUSI.

ACHMIITOTUYECKUI aHAIU3 OTOOpakeHus (4) MOKa3bIBaeT, UYTO IIPU ITOCTATOIHO
MaJIbIX 3HAYeHUsIX mapaMerpa d OHO MMeeT KaK MUHUMYM TpM YCTOWYUBBIC HETIOMN-
BIKHBIC TOYKH, IIPU 3TOM HYJIEBOE COCTOSIHHME PaBHOBECHS YCTOMYMBO IUISL JIIOOBIX
3Ha4YeHUI d. 3agada MUCCIeIOBAaHMUSI COCTOUT B OIPeNeIeHNM TaKUX 3HAUYEHUI TTapame-
TPOB Q. U 3, IIPpY KOTOPBIX OTOOpaxkeHue (4) MMeeT HanOOJIbIIIee YMCIIO YCTOMIMBBIX HE-
MOABMKHBIX ToueK. [ToCKOMIBbKY CclenaTh 3TO B ITOJIHON Mepe ¢ MCIOJIb30BAaHUEM JIUIIb
AHAJIMTUYECKOTO armapara 3aTpyIHUTEIbHO, MOUCK YCTOMYMBBIX COCTOSTHUI OCYIIECT-
BJISICS C TIOMOIIBIO CITelIMaIbHO pa3paboTaHHOI MporpaMMbl. BerumciieHne Koopau-
HaT HEeTIOIBMXXHBIX TOYEK OTOOpaXkeHUs (4) B 3TOM IPWIOKEHUHU OCYIIECTBIISIIIOCH TT1a-
paJuIeIbHO, HAa HE3aBUCUMBIX ITOTOKAX LIEHTPAJIBHOTO TIpoIieccopa.

4

NOWCK HEMOABUXHOM TOYKN MOLENBHOTO OTOBPAXKEHMSA

Hnsa monydenus: ¢hopMys pelieHus 3amayv (2) Ha MPOMEXYTKaX MEeXAY UMITyJbCaMu
yIOOHO PacCMOTPETh CUCTEMY JTMHEWHBIX U (hepeHInaTbHbIX ypaBHEHU

—1 1 0 U
u=d| 1 -2 Hu, u=|u,|,
0 1 -1 Uy
ob1Iee peleHre KOTOpoil UMeeT CASAYIOIIMA BUI:
1 1 1
u=a,|l|+a,e|-1+e | 0|

1 0 —1

[Mony4yeHHOE TpeCTaBICHNE U PEeLIeHUe CHCTeMBI (2) CBS3aHbI MPOCTHIMU (op-
mynamu y, =In(u, /u)), y, =In(u, / U,), U3 KOTOPBIX UIMEEM
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3t -3t

o, —0,e a,—e
) yz :ln

»=In

t 3t |

o +aye e’ o, —o,e
Eciu usyyaercs HauvanbHas 3amadya Komu (2) ¢ HavajdbHBIMUM yciaoBusMu (3),
HETPYIHO HAWTU KOIDPUILMEHTBI O, O,
=3ty 1 292 2,
e 0 (e 02+e01+1 3 - -
o, = ( )’ a,=a,e 1(l1—e Zoz)_|_e %2
e _ Qe T +1
bIOMpasi B KayecTBE BEJIMYUH , KOOPIUHATHI TOYEK, MOJYYEHHBIX MOCI
Bribupa ayecTBE BE Zo1> Zpp KOO a OYeK, Toyyye ocJie
OUYEPEIHOrO UMITYIbca B MOMeHTHI BpeMmenn 0, 1, a, a+1 HerpyaHo momayuuts perire-
HUe UMIYJIbCHOM cucTeMbI (2), (3) Ha TpOMEXYTKe IJIUHBI TTIeproa.
Ecnu xoopauHATE HAa9aJbHO M KOHEYHOM TOYEK OTOOpaXkeHUs (4) OKa3hIBAINCH
JIOCTaTOYHO OMM3KUMU NIPYT K APYTY, MPEAINoJiarajoch, YTO B 3TOM cCilydyae HalAeHO
YCTOMYMBOE COCTOSTHME paBHOBecHUs. B  TIpoTMBHOM e  ciydae, BEKTOp

T
W (T}), y,(T,))" cumTanu HaYaIBHBIM M JUIS HETO BBITIOJIHSIA OMMCAHHYIO BbILIE TIO-
CJIEN0BATEIbHOCTD OIEPALIUA.

PE3YJbTATbI YACJIEHHOTO UCCNIEQOBAHKMA

I1pu oTHOCHTENIBHO MasbIX 3HaUYeHUSX d HE TPYIHO OOHAPYXUTh COCTOSIHUSI PaBHOBE-
cusl, TIpecKa3aHHble aHATUTU4YeCKu. JIJiss 0OHapyKeHMST NPYTUX HETIOABUKHBIX TOUEK
BEJIMYMHBI O U B (PpuUKCHpoBaINCh, a 3HaYeHNE d MEHSUTOCh. B pesynbTare uccienoBa-
HUSI ObUIM TOJY4YeHbI 3HAYCHUS HA4YaJbHBIX MapaMETPOB, IJISI KOTOPHIX OOHAPYXMUBa-
JIOCh €AMHOBPEMEHHOE CYIIECTBOBAHME CEMM YCTOMUMBBIX COCTOSIHUIM PABHOBECHSI.
Hanee, kak 1 B cTaThsax [ABaHoBckuii, Camconos, 2014, 2015], pa3depém nBa oc-
HOBHBIX OM(YpPKALIMOHHBIX CLIEHAPHSI.
Cayyaii o= 1,9,  =0,1. [Ipn usmMeHeHnn napaMmerpa d Ul 3a0aHHBIX 3HAYECHUI
O ¥ B yKrcaeHHBIH aHaIU3 OTOOpaXKeHMsI (3) MO3BOJISET MOAYYUTh CIAEAYIOLIUI CLIEHA-
puii pa3oBbIX ITEPECTPOEK:
« npu d<d,;d; ~0,003 monenbHOe OTOOpakeHHE NMEET CEMb YCTONYMBBIX He-
MOABMKHBIX TOYEK W IBEHAOLIATh HEyCTOMYMBHIX. CXeMaTHuecKoe 1300paxe-
HUe (a3oBoro mopTpera oTodpaxkeHust O mjig 3TOTo CiIydast MOXXHO YBUIETh Ha
puc. la. bykBamu 5} 0003HaYeHbl YCTOMYMBEIE, a Uj — HEYCTOMYMBBIE HEIMOI-
BUKHBIE TOYKU,
« npu d=d, Tpu napbl CUMMETPUYHBIX IPYr OTHOCHTENbHO Apyra cemia U, mn
U,, Ug uU,, Uy u U, oiHOBpeMEHHO CIUBAIOTCS C YCTONUMBBIMU Y3IaMU
S;, S5 u S, oTOUpast y HUX YCTOWYMBOCTD, M TeM caMbIM, 00pa3yst cémta U 1’ R
U3 u U; cooTBeTcTBEHHO;
« mpu d, <d<d,;d, ~0,006 oroGpaxeHHe MMeET YeThIPE YCTONIMBbBIE HETOM-
BUKHBIE TOYKM M JAEBSITb HEYCTOMUYMBBIX. Da30Bblil IOPTPET B JAHHOM CJIydae
UMeeT BU, U300pakE€HHBIN Ha puc. 10.
« npu d=d, wueycroitumssie y3nu U|, U; u U! onHoBpemeHHO cimBaroTcs
c HeycroitunBbiMu cé€tamu U;, U; n Uy cOOTBETCTBEHHO ¥ TIPOIIAJAIOT;
« npu d, <d<dy;d;~0,021 orobpaxkeHHe UMEET YeThIPe YCTONYMBBIC HETO-
BVDKHBIE TOYKM U TPM HEYCTOMYMBEIE, KaK 3TO IIPEICTABICHO Ha pucC. 2;
* mocnenHsis Gudypkauus nporucxoqut npu d = d,. Ycroituusble y3iusl S,, S, u
S,» cmuBasics ¢ céutamu U,, U, u U coorBetcTBeHHO, MponaznaoT. TeMm ca-
MbIM, Tipu d >d, oToGpakeHHe MMEET JIMIIb ONHO SAMHCTBEHHOE HYJIEBOE
YCTOMYUBOE COCTOSIHUE.
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Puc. 2. ®azoBblii nopTpet oTobpaxkenus npu d, < d < d,

Cayyaii a = 5,0, B = 0,4. IIpu uameHeHuu napameTpa d 1151 3aJaHHbIX BEJTUUYUH O
u B monyuaercs ciemyouias MoCjaen0BaTeIbHOCTL OU(YpKALIMIA:

npu d<d,;d, ~0,021 oroGpaxenue (3) nMeeT CeMb YCTONYMBBIX HETIOABIK-
HBIX TOYEK U JIBEHAIAaTh HEYCTOMYMBEIX. CxeMaTndeckKoe n3obpakeHue azo-
BOro noprpera orodbpaxeHus @ B TaHHOM cJydyae MOXHO YBUAETh Ha puc. 34;

npu d=d, Tpu mapbl CHMMETPUYHBIX APYT OTHOCUTEJIbHO npyra ceata U, u
Us, Uy n Uy, U n U, onHOBpEeMEHHO CIMBAIOTCS C YCTOMYMBBIMU Y3JaMU

S,, S, u S, orOMpas y HUX yCTOMYMBOCTb, U, TEM CaMbIM, 00pasyst cémia

Uy, U, u U{ cooTBeTCTBEHHO;

npu d, <d<d,;d,~0,031 orobGpaxeHne nMeeT YeTbIpe YyCTONYMBBIC HETIOM-
BIDKHBIE TOYKU U IEBATh HEYCTOMYMBBIX. Da30BbIil MOPTPET B TAHHOM CIIydae
nMeeT BU, M300pakEHHBIN Ha puC. 306;

npu d=d, neycroitunsbie ysnet Uy, U, u U, onHOBpeMeHHO CIMBAIOTCS
c "eycroiuubimu céwiamu U,, U, u Uy cOOTBETCTBEHHO, U MPOTIAIAIOT;

npu d, <d <d,; d; ~0,058 orobpaxkeHre UMeeT YEThIPe YCTOIYMBBIE HEMOM-
BIKHBIE TOUKU U TPU HEYCTOWYMBBIE, KAK 3TO MPEACTABIEHO Ha puc. 4;
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Puc. 4. ®azoBblii nopTpet oToOpaxenus npu d, < d < d,

+ mocnenHsisi Gudypkauus npoucxonut npu d = d;. Ycroituusbie y3ibl Sy, S n
S5, ciuBasics ¢ cémnamu U, U, u Us coorBeTcTBeHHO, Mpomnanaot. Tem ca-
MbIM, Tipu d >d, oTOGpakeHHe MMEET JIMIIb OLHO EAMHCTBEHHOE HYJIEBOE

YCTOWYMBOE COCTOSTHUE.

3AKJTIOYEHUE

Braromapst mcciemoBaHMIO MOAEIBHOTO OTOOpPakKeHHUsS C IOMOIIBIO pa3paboTaHHOTO
TIPWIOXEHMSI, OCYIIECTBIISIONIETO TONCK HEMOABIKHBIX COCTOSTHUI PAaBHOBECHUSI OTO-
opaxeHus (4), OB TOJIyYEeHBI 3HAYCHUSI HAYaJbHBIX ITApaMeTPOB, IIPH KOTOPHIX BO3-
MOXHO eIMHOBPEMEHHOE COCYIIIECTBOBAHIE CEMM YCTOMYMBBIX pexKMMOB. TakKe ObUIN
N3y4eHBl OM(pypKaIlMOHHBIE CIIEHAPWH, TIPOUCXOIIIINE B (ha30BOM IMPOCTPAHCTBE MO-
JIEJIBHOTO OTOOPaKeHMS.
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SCARP: MACLUTABUPYEMAS 1 OTKA30YCTONYUBASA MNATOOPMA NETKOM
BUPTYANU3ALWUN ANA UHTEHCMBHOW PABOTbI C bOJIbIIUMUW JAHHBIMU
W OBJIAYHBIX NPUNOKEHUN

Kononnes B. B., boapckuii M. H., Hazupog P. P.

WNHCTMTYT KocMmyecknx nccnegosanuii Poccniickon akagemunn Hayk (MKW PAH)

B Hacroseli pabote mpencTaBieHa apXUTEKTypa 1 pealu3alusl MacllTabupyeMoro 1 OT-
kazoyctoiuuBoro komiiekca SCARP, coznannoro B UKW PAH nnst Buptyanusanuu Ha-
YUHBIX MPWIOXKEHUH, TPEOYIOIIMX UHTEHCUBHON KOJUIEKTUBHON pabOTHI C 0OLIMMU HabO-
pamMu DaHHBIX. JIaHHBI KOMIUIEKC MCIOJB3yeT CBOOOIHO pPACIPOCTPaHSIEMOE OTKPHITOE
MporpaMMHoe obecriedeHrue M CTaHAApTHhIE IIMPOKO PaclpocTpaHEHHbIE ammnapaTHbIe
KOMITOHEHTHI, YTO JIeJIaeT MPOEKT 9KOHOMUYECKH TPUBJIEKATEIbHBIM. Mcrnoib3oBaHME TeX-
HOJIOTU JIETKOW BUPTyaIM3allMy TTO3BOJISIET TIPEIOCTAaBUTh TOJIb30BATEISIM OJJHOBPEMEHHO
WHIVBHUIYAIbHOE CUCTEMHOE OKPYXEHHUE M ITPOU3BOAUTEILHOCTD, OJIM3KYIO K TTPOU3BOIM-
TeJIBHOCTU (DU3NYECKOTO cepBepa. B 4acTHOCTH, pe3ynbTaThl TECTOB BBOJA-BbIBOAA MEXIY
BUPTYaJIbHOI MAIIMHON Y KOJUIEKTUBHBIM pa3leiisieMbIM XpaHWIMIIEM OKa3alluCh COM3ME-
PUMBI C JIOKAJIbHBIM BBOJIOM-BBIBOJIOM OTIEJIbHOTO (hr3myeckoro cepepa. Komruieke Mo-
JKET OBITh TaKXKe MCITOJIB30BaH B KAYECTBE TEXHOJIOTMYECKOM TIaTdopMBbl IJIsT pa3BEPTHIBA-
HUS 00JIAYHBIX CEPBUCOB IS 3aITyCKa KOPIOPATUBHBIX M HAYUYHBIX TIPUJIOXKEHUA.

Karouesoie crosa: BupTyanusainus, oonaunsie BoiuncieHus, OpenVZ, Lustre, ZFS, ma-
pasuienbHbIe (DAtIOBbIE CUCTEMBI.

BBEOEHWE

TexHonoruy BUPTyaau3alMU BbIYUCICHUM yXe NaBHO NOCTUIIM TOTO YPOBHSI pa3BU-
THSL, TIPU KOTOPOM 3TOT BOIIPOC MEPEXOAUT M3 MCCIICIOBATEIBCKOM 00J1aCTH B 00J1aCTh
NpsIMOi KOHOMUYECKOH 1ieJieco00pa3HOCTU. BupTyaiuzaiius Mo3BOJIsIeT CBOOOTHO
MEHSTh (PU3NIECKYIO BHIUMCINTEIBHYIO TIAaTQOPMY U JIETKO TIEPEHOCUTh ITPUKJIATHEIC
3aJauyMd B obOylauyHble cpenbl. HeciryyaiiHo mepeHocC 3agad B BBIYMCIUTEIbHBIE OOJaKka
MPUOOPETAET BCE OOJBIIIYIO TTOMYISIPHOCTh B HAYYHOM COOOIIIECTBE.

PaccMartpuBasi BO3MOXHOCTb MacIITAOHOTO MepeBoAa HAYYHbBIX BHIYMCIUTEIbHBIX
3a1a4 B 00JIAYHYIO Cpeny, CIeAyeT MMETh B BUAY CCIM(MUKY TPATUIINOHHBIX 00JIaTHBIX
CepBUCOB. B yacTHOCTH, B 5KOHOMUYECKYIO MOJEJIb IIPENOCTaBICHUs 00JIaUYHBIX YCIYT
YaCcTO 3aJIOKEHO TIPEAITOI0XEHNEe O YACTUYHOM 3arpy*KeHHOCTH IT0JIb30BaTEIIBCKIX
BUPTYQJIbHBIX MalllMH. B TO XXe BpeMs KOHCOIMAALMs 3HAUMTEJIbHOTO KOJIMYECTBA BbI-
YUCIUTEIBHBIX PECYPCOB, a TaKXKe TUHAMHUYECKOE paclpenecHIe MeXIy HUMU T0JIb-
30BaTeIbCKUX 3a7ay MO3BOJISIET MOCTABIIMKAM YCIYT 3(PPEeKTUBHO peliaTh MpodaeMy
YTUIN3AIAN BBIYMCITATEIBHBIX MOIITHOCTEM 0e3 yiepba KOHEUYHBIM ITOJIb30BATEIISIM.
B pesynbrare pasHuila TaKOM YTUIM3aLMK Ha YPOBHE MoJib3oBatest (okoyio 30 %) u Ha
YpOBHE mnocTraBlIMKa (10 85 %) menaer 00Ja4HYI0 MOJAEIb YCIYT 9KOHOMUYECKHU IPH-
BJIeKaTeIbHOM. bosee Toro, aToT (hakT MO3BOJISET JIOSJIBHO OTHOCUTBCS K IMOTEPSIM Ha
YPOBHE BUPTyaJIu3allni. BBUIY TOro, YTO IIpM HAYYHBIX pacyéTaxX yTHIM3aIUs 3ada-
ctyio pocturaer 100 %, npuBen€HHOE BHIIIC MPEAIOIOXEHUE He paboTaeT, U MOoTepu
Ha BUPTYaJIU3aIllI0 MOTYT 0Ka3aThCsI TeM (paKTOM, KOTOPHIN ITepeUepKHET BCe IMIPEeHMY-
11IecTBa 00JIaYHOTO MOAXO0a.

Konomnes BenvamMun BUWKTOpOBMY — TJIaBHBIN CIEIUATTUCT, KAHOUAAT TEXHUYECKUX HayK,
v.konoplev@cosmos.ru

Bospckuii Muxann HukonaeBuy — miaBHbIN cClieMAIUCT, mb@cosmos.ru

Hasupos Pasuin PaBribeBUY — MOKTOp TEXHMUECKUX HAyK, Mpodeccop, rnazirov@cosmos.ru
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Jlpyroe oOCTOSITETCTBO, KOTOPOE CIIEAYyeT YIUTHIBAThH MPU Pa3BEPTHIBAHWU BbI-
YUCIUTEbHBIX 3amad B OOJIAYHONM cpeme, 3TO BO3MOXHOCTb MHTECHCUBHOI DPaOOTHI
¢ o0mMMHU HabopaMU TaHHBIX. BOJNBIIMHCTBO OOJIAYHBIX IIAT(OPM OPHEHTUPOBAHEI
Ha M30JIMPOBAaHHBIC Pa3Ie/bl JAHHBIX, KOTOPBIe 0(OPMIICHBI KaK OJIOYHBIC YCTPOMCTBA
¥ TIPUBSI3aHbI K OMPENCIEHHBIM BUPTYAJbHBIM MaIllMHaM. TaKoi MOoIXom Heu30exX-
HO TIPUBOINT K 3HAUYMTEJIBHBIM MOTEPSIM ITPOM3BOIUTEIBHOCTH IIPU MOMBITKE TOCTYyIa
K JIOKQJILHOMY Pa3/iely U3 COCEAHUX BEIUUCIUTENBHBIX Y3JIOB.

B 2013—2014 rr. B UKW PAH 6511 pa3paboTaH 1 BHEIPEH MporpaMMHO-anIapar-
Hbli Komruieke SCARP, koTopelit mpeacTapisieT co00ii 0TKa30yCTOMYMBYIO U MacllTa-
oupyeMyio IaTopMy BHUPTyaJU3allMU MPWIOKEHUN C BBICOKOIIPOM3BOIUTEIBHBIM
OIHOPOIHBIM TOCTYIIOM K OOIIMM MacCHBaM JAaHHBIX. JJaHHBIN KOMITIEKC MpeacTaB-
JIsieT co0Oil TEeXHOJIOTMYECKYI0 CBSI3KY BBIUMCIMTENILHOTO KjacTepa Ha 0Oa3e JIETKOIA,
KoHTelHepHOUl BupTyanu3auun OpenVZ (OpenVZ Virtuozzo containers Wiki, URL:
https://openvz.org/Main_Page, nata obpamienus: 23.11.2015), ¢ BbICOKOITPOU3BOAM-
TEJIBHBIM OTKA30yCTOMYMBBIM MacIITaOMpyeMbIM XpaHWIMIIEM Ha 6aze TapaiiesIbHOM
daiinosoii cucremnr Lustre (http://lustre.opensfs.org/, mara obpamenus: 23.11.2015).
B pesynbraTe ObLIO CO31aHO SKOHOMMYECKU 3((HEKTUBHOE pellieHue IJis BUPTyalun3a-
LM «TSDKEBIX» PACUETHBIX 3a/1a4 U MPEeIOCTaBIEHUs] 00JaYHbIX CEPBUCOB, B KOTOPOM
MWHUMH3UPOBAHEI TOTEPH Ha YPOBHE BUPTYAINU3allMK U pellleHa ITpodieMa MacIuTabu-
PYEMOCTH TIPH pa3neIsseMoOM TOCTYIIe K OOIIMM HabopaM TaHHBIX.

APXUTEKTYPHbIE OCOBEHHOCTW KOMIJEKCA SCARP

ITporpammHo-annapaTHbelii KoMruiekc SCARP peanu3yeT CUMMETPUYHYIO apXUTEK-
TYpYy C amnmnapaTHO U30BITOYHOCTHIO, B KOTOPOI OTCYTCTBYIOT €IMHbIE TOUKMU OTKAa3a,
a TakKe y3JIbl, arpernpyolire MOTOKM JaHHBIX (puc. 1). BeramcmurenbHBIN KiacTep
CBSI3aH C MapaUIeIbHBIM XPaHWIMIIEM MOCPEICTBOM BbICOKOCKOPOCTHOI HEOJIOKUPY-
€MO KOMMYTAITMOHHOW CETH C TIOANEPKKOUN TEXHOJIOTUU TPSIMOTO YIAIEHHOTO TOCTY-
na k mamsatd (RDMA) (Remote Direct Memory Access, URL: https://en.wikipedia.org/
wiki/Remote direct memory access, mata oOpamieHus: 23.11.2015). IMlapamnensHoe
XpaHWIHUILE MPEACTaBIsIET cO00i HAabOp OOBEKTHBIX CEPBEPOB, KOTOPHIE OOCTYXKUBa-
IOT COOTBETCTBYIOIINE NMCKOBBIE ITyJIbl. Y3JIbI BBIYMCIUTETHLHOTO KJIacTepa paboTaioT
HETIOCPEICTBEHHO C OOBEKTHBIMU CEpBEpamMu, OOCITYXMBAIOIIMMU COOTBETCTBYIOIINE
OJIOKU JaHHBIX.

INapannenbHoe daiiloBoe XpaHWJIUILE MOXKET OOCTYKMBaThb HECKOJBKO Iapa-
JIeTbHBIX (paiimoBbix cucteM. [Ipy sToM Kaxnas ailyioBast cucTeMa pacrhpeaene-
Ha MO BCEM OOBEKTHBIM cepBepaM MPOMOPLIUOHATBHO EMKOCTU MX TUCKOBBIX MYJOB.
Taxum 06pa3oM, TPOUCXOAUT YCIOBHO-PaBHOMEPHOE OalaHCUPOBAHUE MTOJTb30BaTEIb-
CKOI1 Harpy3Ku Io BCeM TUCKOBBIM mysnaM. CBOOOIHOE MPOCTPAHCTBO TUCKOBBIX MTYJIOB
MOXET CBOOOJHO TepepachpenensaThcs Mexay GaiaoBbIMUA cCUCTEMaMU (B TOM 4UCIe
B CTOPOHY yMeHblIlleHUs1). Ha muckoBeIX Mynax mpeaycMOTpeHa BO3MOKHOCTh K3IIIUPO-
BaHUS YaCTO UCIIOJIb3YeMBbIX JAHHBIX Ha TBEPIOTEIbHBIX TUCKaX.

Jlornueckoit emuHuleit npenoctaBieHust ycayr B kKomruiekce SCARP sBasiercs
npoexm. OH TIpeACTaBISIET cOO0ON HAOOpP BUPTYAIbHBIX MAllMH C COTJIACOBAaHHON MO-
JIMTUKOM JOCTymna, KOTOphIe TIPUBSI3aHbl K BBIACICHHON MapasuiebHOMN (aiiioBoil cu-
cteme. OOpa3bl BUPTYyaTbHBIX MAIIMH TaKKe pa3MeIIeHbl B ITapajlieIbHOM XpaHWIHAIIIE.
BupTtyanbHble MallHBI MOTYT CBOOOJTHO MUTPUPOBATh MEXIy (PU3NUECKUMU CepBepa-
MU. BupTyasibHble MallMHBI pean3yloTcsl Kak KoHTeiiHepbl OpenVZ. KoHTeliHepHas
BUpPTyaIu3alusl MO3BOJSIET BUPTYaJbHOW MalllMHE WCMOJb30BaTh IMPSMOUM KaHal
RDMA 17151 nocTtymna K JaHHBIM MapajuieIbHOTO XpaHWIMIIA 6e3 NoTepb Ha MTPOrpaMM-
HOM TUTIEpPBU30pE.

133



Kowonneg B.B., bospckui M. H., Hasupos P.P.
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Puc. 1. ApxurekrypHbie ocobenHoct SCARP

|r MapannenkHoe XPaHuIHLLE

B nenom apxutextypa kKomruiekca SCARP mo3BosisieT mony4uTh CUCTEMY CO Clie-
IYIOIIMM ITOTPEOUTETCKUMU XapaKTePUCTUKAMU:

MAacCIITadMPYeMOCTb 10 HECKOJIBKMX MIETa0aiT;

MPOU3BOJUTEIBLHOCTD MTOPSIAKA HECKOIBKUX TUTA0AlT B CEKYHAY;

eIMHOE TIPOCTPAHCTBO UMEH;

OTKa30yCTOMYMBOCTb C MOJHBIM almnapaTHbIM 1yOJIMpOBaHUEM;

MOBBIIICHHAST HAMEXHOCTh XpaHCHUSI TaHHBIX;

OIHOPOJHBIN BEICOKOMPOU3BOAUTEIBHBIN TOCTYIT K JAHHBIM CO BCEX BHIYUCIIH-
TEJIbHBIX Y3JIOB;

paboTa B IIMPOKOM Mpoduiie Harpy30K U ClIeHapueB, BKII0Yas Kak IocjaenoBa-
TEJIbHBIN, TaK U IPOU3BOJIBLHBIN JOCTYII K JAHHBIM.

PEANTIM3ALNA KOMIJTIEKCA SCARP

Bbi6op napannenbHol GpannoBon cncTemsl

[Mpu mombope moaxoxasieit mapaueTbHON (haliaoBOI CUCTEMBI [UIST peain3alvy Ta-
paJIeSIbHOTO XPaHWIMILA PAcCMaTpUBATIUCh TPU Haubosiee TOMYJISPHBIX CBOOOAHO
pacrpoCcTpaHsIeMbIX OTKPBITBIX IIPOTPAMMHBIX PEILICHUS:
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pacnpenenéHHas daitnonas cucteMa GlusterFS (Storage for your cloud, http://
www.gluster.org/, nata odopamienus: 23.11.2015);

napayienbHoe MHorodyHkimoHanbHoe xpaHuauine CEPH (URL: http://ceph.
com/, mara oopamenus: 23.11.2015);

yIIOMSIHYTasl BhILIIE MapajliebHast paitioBas cucreMa Lustre;
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He yrnyGnsisicb B MOApPOOHBIN CpaBHUTENbHBIM aHaIW3 TaHHBIX MTPOTPAMMHBIX
MPOAYKTOB, MOXHO IIPUBECTU IPUYUHBI, TI0 KOTOPHIM BBIOOP OBLI CIEJaH B ITOJb3Y
(aiinosoit cuctemsl Lustre:

* Ha MOMEHT IIPOSKTHUPOBAHMS TOJbKO (haitmoBas cucrtema Lustre odumanibHO

noaaepxkuBaja ceTu ¢ MexaHusMom RDMA;

* Ha MOMeHT npoekTupoBaHus Komiiekca SCARP aiinoBelil pexkum padoThI
B CEPH He 6b11 roTOB 17151 MCITOJI30BaHUS B IITaTHOM (production) pexume;

* Ha IaHHBIA MOMEHT (ailioBasi cucTemMa Lustre sBIsSIeTCS] €MIMHCTBEHHBIM U3
TpEX BapMaHTOB, KOTOPBIM ONTMMU3MPOBAH TOI PabOTy C OKOHEYHBIM Xpa-
HumueM Ha 6ase ZFS (http://ru.wikipedia.org/wiki/ZFS, mara oGpamenus:
23.11.2015);

* B CWJIy apXHUTEKTYPHBIX 0COOCHHOCTeH (haiiymoBasi cucrema Lustre mmeer Hau-
JTy4IIIve MOKa3aTeIu B CKOPOCTH pabOThI ¢ MeTaTaHHBIMU,

* (aiioBas cucteMa Lustre MMeeT HAWIYUIIYIO PEITyTAIMIO, KaK MPOIYKT, aK-
TUBHO MCMOJIb3yeMbIil B cyniepKoMIbloTepax n3 cnrcka TOPS00.

O6Lwan PpyHKLMOHanbHan cxema Komnnekca SCARP

Hixe Ha puc. 2 moKa3aHa JIOTHIecKast cXeMa OpTaHM3allluy IIPOTpaMMHO-aIIapaTHOTO
komriekca SCARP, peanuzoBannas B IO/ (Llentpe oopadbotku manHbix) MK PAH.
OHa BKJTIOYaeT MOMYJIbP JAHHBIX, MOMYJIb METaZaHHBIX, BBIYUCIUTEIBHBIN KiIacTep,
KOHTpOJUIEp NMOMEHa, IIUTI03 IS BHEIIHUX B3aMMOMEHCTBUII M BBICOKOCKOPOCTHYIO
HEOJIOKMpYEeMyI0 BHYTPEHHIOIO CeTh Tepemadynd Ha 6asze TexHosormu Infiniband QDR
¢ TIPOITyCKHOM crmocoOHOoCThIO 40 ['0UT/C. ApXUTEKTypa MpeaycMaTpuBaeT MOJHOE all-
mapaTHoOe AyOJIMpoBaHVEe KOMITOHEHT KOMIUIEKCa, BKITIOUasl CETEBbIE COSTMHEHUSI.

BuMUCIHTENLHEA KnacTep |———————— —| KonTponnep pomexa

JJ )8 5-8

Y UID/GID mapping
Gmp-nmunn HMHTEPKOHHEKT
NFIjIBHN D QDR 40Gbps

AJP fallover =
- —
- -
MDS1 MDS2
cxn Kopauual
{MDT) (OST)
_l Mogyns MeTagasHex I_ 4 Mogynb gaHHBX !
1
|

Puc. 2. Jlormyeckas opraHusalnud 1nporpaMMHO-aIIrapaTHoro KoOMIui€kca
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BbuMciuTebHBIN KJIACTep COCTOUT M3 YeThIPEXIIPOIIECCOPHBIX CEpBEPOB. DTO
ITO3BOJISIET YMEHBIINTh KOJUYECTBO Y3JIOB CETH M, KaK CICIACTBUE, YBEIUUUTH IIPEIe
MacITabMpyeMOCTH, TPU KOTOPOM BeCh KOMILIEKC MOXET OOCTYXHMBATbCS OIHUM
LIEHTPAJIBHBIM KOMMYTaTOPOM, YTO TapaHTHUPYeT HEOJIOKMPYEMOCTbh KOMMYTAaIlMOHHOMK
MaTpPUIIBI.

Mopayns MeTamaHHBIX, OOCIYXKWBAIOIIMI KapThl pa3MEIIeHUs] TaHHBIX B IIa-
pajuieNbHBIX (hailJIOBBIX CUCTEMax, COCTOUT U3 NBYyX cepBepoB (MDS), pabotatommx
1O CXeM€ aKTUBHBIN-TIACCUBHBIN C pa3aeIsseMbIM XpaHUIUIIEM METaTaHHBIX.

BazoBas eqHMIIa MacIITAOUPYEMOCTU XpaHWINIIA — MOIYJIb TaHHBIX. OH COCTO-
WUT U3 OBYX OOBEKTHBHIX cepBepoB (OSS), KoTophie paboOTalOT B CBSI3KE aKTUBHBIM-aK-
TUBHBIA M MOTYT OOCITy>KMBaTh 10 YETHIPEX BHEIITHUX KOP3UH EMKOCTBIO 110 60 TUCKOB
Kaxmast.

KoHTposutep nomeHa peann3yeT KOHTPOJIb JOCTYNa K CepBUCAM KOMILIEKca
SCARP, otobpaxxeHne MeXny CUMBOJLHBIMA MMEHAMM M YUCJIOBBIMU UAEHTU(PUKA-
TOpaMU TIOJIb30BaTeJIeil M TPYII, a TaKKe 0a30Bbie ceTeBble cepBUCHI, BKIoyas DNS
n DHCP. On opranusonan Ha 6a3e RedHat Identity Management u paboTtaet Ha ABYX
cepBepax Mo CXeMe aKTUBHbIN-aKTUBHBINA.

OcobeHHOCTN opraHu3aunn darnosbix cuctem B SCARP

B Texyieit anmapaTHOW peayM3alii MOIYJIb JAaHHBIX MOXET 00CITYKUBAaTh IO YETHIPEX
60-11CcKOBBIX KOp3uH. Kaxkmass muckoBasi KOp3MHA COOTBETCTBYET OTHCIBHOMY ITYITy
ZFS (Zettabyte File System) (ZPOOL). Ucnonb3oBanue aitnoBoii cucrembl ZFS
B KayeCTBE OKOHEUHOIO XpaHWIMIIA Ja&T BO3MOXHOCTb JIETKO CO3laBaTh OOJIbIIOE
KOJIMYECTBO OOBEKTHBIX TOMOB Ha 0a3ze MMCKOBOTO ITyjia U TMOKO TepepacrpenesisaTh
JIMCKOBOE IIPOCTPAHCTBO MEXIY HMMHU. B 4acTHOCTM 3TO IMO3BOJISIET peayn30BaTh 3a-
SIBJICHHYIO CXEMY PaBHOMEPHOTO pacmpeesieHNsT apajuielbHON (DailloBON CUCTEMBI
10 O0ILIEMY AMCKOBOMY MPOCTPAHCTBY IapalIeIbHOIO XpaHWIWILIA U BBIIOJIHUTH Oa-
JJaHCWpOBaHWe Harpy3ku. [Ipm opraHuzauu mapauiebHON (aiiyloBOil CUCTEMBI Ha
Bcex nmynax ZFS co3natorcst o0bekTHBIE ToMa (OST), KoTopble MOTOM KOMOMHUPYIOTCS
B pacrnpenenéHHyo daitioByto cucteMmy Lustre, Kak TOKa3aHo Ha puc. 3.

-
<Tadnosan cHoTEMA
Projecti
Paject]-MD0T o
.
o581
J %
DARNDEAN CHCTEMA LY
Pajectl-MBT L] [Project?
\ Poject1-05T |
0882
ZPOOL2
Project?-O8T

Puc. 3. OcobenHocTr oprann3auvu napamiesbHoit @C B kommuiekce SCARP
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3awmTa AaHHbIX

PaccMmarpuBaeMBIif TIpOrpaMMHO-AIMapPaTHEIA KOMITIEKC IIpeayCMaTpUBacT 3alluTy
JAHHBIX IIPU ABYX BUAAaX HETaTMBHOIO BO3ICHCTBUSI:

*  BBIXOI U3 CTPOS XKECTKNX TUCKOB B IMCKOBHIX ITyJIaX;

* moreps (yoaJleHue Wid UCKaXKeHWe) NaHHbBIX B (paitoBoit cucteMe Lustre.

JI71s 3a1UTHL OT BBIXOJA M3 CTPOSI XKECTKMX TUCKOB MCITOb3YIOTCS TPYIIILI C TPOIi-
Hoi 4yé€THocThio RAID-Z3, cocrosmue u3 19 nuckoB o6beéMoM mo 4 Th kaxnblid.
OlLIcHOYHBIE PACYETHl TTOKA3bIBAIOT, YTO MPHW TaKOl OpraHM3allMd XpaHEHMS Bepo-
SITHOCTh MOTEPU NaHHbIX B XpaHwiuile o0béMoM 1 I1b B TeueHue 10 jgeT HaxoguTcs
B IIpeesiax OMHOTO MPOIIEHTA.

IMoTepst MaHHBIX MOXET OBITH CJIIEACTBUEM OILIMOOK B KOJE WIM KOH(pUTypauuu
¢aitnosoii cucteMnl Lustre, a Takke OIIMOOK MOJIb30BaTeNs JTUOO TOJb30BATENLCKO-
ro MporpaMMHOTO obecrieueHus. JIJis 3a1IUTHl OT TTOTePh JaHHOTO TUIIA WCIIOIbh3yeT-
Ccsl MEXaHM3M «CHMMKOB» B OKOHEUHBLIX OOBEKTHBIX XxpaHwiuinax Ha 6ase ZFS. Co
BCeX OOBEKTHBIX TOMOB B TIapaJUIeIbHOM XPaHWIINIIE JETal0TCsl eXeTHEBHbIE CHUMKU.
[MonuTuka XxpaHeHMSI CHUMKOB MOXET HACTpPaumBaThCsl MHAVWBUAYAIbHO IUISI KaxKIOM
napajuienbHoil (aiinoBoit cuctemMbl. [Ipy HEOOXOAMMOCTHU CYILECTBYET BO3MOXHOCTb
caenaTh OTKAT K OMHOM M3 TPembIaylIuX Bepcuil (hailioBoil cucTembl, 1100 coOpaTh
«UCTOPUYECKUI KIIOH» (DAiIOBOM CUCTEMBbI U3 CHUMKOB, CIEJTaHHBIX Ha OTpenesI€H-
HYIO 1aTy, ¥ BOCCTAHOBUTH U3 HETO MTOTEPSIHHBIE TaHHBIE.

Cxema B[OCTyNa N Nnpon3BoaAUTENbHOCTb

YcioBHas cxema TMOAKIIIOUEHUS XpaHWIMIIA IS OOJIBIIOrO MpoeKTa, paboTaloliero
noxn yrpasieHneM OS (orepanmoHHasI cucTeMa) Linux, mokazana Ha puc. 4. B mipoiiec-
ce paboThl KOMIUIEKCa Bce NapayliebHble (haiiloBble CUCTEMbI XpaHWIMIIA CMOHTUPO-
BaHBI Ha BceX (PM3NUECKMX BHIUMCINTEIBHEIX y31ax. [1pu 3amycke BUPTyaaTbHOM Malln-
Hbl OpenVZ B He€ 3KCIOPTUPYETCS BETKa COOTBETCTBYIOLIEH IMapasulieibHON daiino-
BOI CHUCTEMbI Yepe3 MEXaHM3M CBSI3aHHOTO MOHTHMpoBaHMs (bind mount). ITocKobKy
KOHTEeIHEep BUPTYaJbHOU MaIIMHBI MCITOJIb3YET AP0 (GU3NYECKOTO BHIYUCIUTEIBHOTO
y371a, CKOPOCTh BBOIA-BBIBOIA I He€ MPAKTUICCKUA COOTBETCTBYET CKOPOCTH BBOIA-
BBIBOJIA /151 (hMI3UUECKOTO Y3J1a.

| uasc Y3 | | DU VI8N | | s CI YIEn

Kowmedrep OpenVZ Koumeiwep Opan'VZ Kosmednep OpenhZ
(Nansiosarenscxan OC) (Nansacearensckan OC) (Nonesoparemsckan 0C)

11
(Bind mount)
[ @ Lustre |

{Lustre mount)
| [pafeep Lustre |

7

& i

( MapannensHoe Kpasumeags Ha Gase Lusire j

Puc. 4. Cxema nocryna st KoHteitHepoB OpenVZ K mapaieIbHOMY XpaHUJTUIILY
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Huxe B Tabauie nmokaszaHbl pe3yabTaThl TECTOB MPOU3BOAUTEIBHOCTHU AJISI CUCTE-
MBI 13 IBYX BBIYMCIIUTEIBHBIX Y3JIOB, IBYX OOBEKTHBIX CEPBEPOB U IBYX IMCKOBBIX KO-
3uH. Kak BUIHO, JaHHbIE, TTOJyYE€HHbIE JIJI OJHOIO MOTOKa, COM3MEPUMBI CO CKOPO-
CTbIO pabOThI JOKAJTbHBIX TUCKOBBIX XpaHWIUIL. B ToXe BpeMsi MHTerpajibHasi CKOpOCTh
MOCJIeIOBAaTEIbHOTO BBOAA-BbIBOJA B KOMILIEKCE MOXET JOCTUTaTh HECKOJbKUX TMra-
0aiiT B CeKyHAy.

IIpoussodumenvrnocms 0ocmyna K Xpanuauuy u3 KoHmeliHepa

Jlnst opHoro notoka | VurerpaibHo
3amces [MB/c] 234 ~1500
[epeszamucy [Mb/c] 166 H/I
Yrenue [MB/c] 413 ~2000
Cosnanue [1/c] 318 2079
Vnanenwue [1/c] 2197 3387

TeKyu.wle HeOOCTaTKN N orpaHn4veHmnA

IIpu co3manuu m skcruryatauuu Komimiekca SCARP ObuiM BBISIBIEHBI CIEAYIOINIVE
OrpaHUYEHMUSI:

tekymas peanmmzanus @C Lustre He moagepXuBaeT pa3MelIeHe CHHXPOHHOTO
xypHaiia 3anucu (SLOG) Ha BbI€JIEHHBIX YCTPONCTBaX B OKOHEYHOM XpaHU-
mmie ZFS. Takum ob6pa3oM, GyHKIMS KIIIUPOBAHUS 3alUCU Ha auckax SSD
MOKa HeJOCTYITHA;

tekymas peanu3anms OC Lustre moka He MOMIEPKMBACT MOHTHPOBAHUE OT-
JeJbHbIX BeTOK (aitoBoit cucteMbl. Ha dusnyeckom y3iae MOXHO MOHTHU-
poBaTh (haiIOBBIE CHCTEMBI TOJIBKO OT KOPHSI. DTOT HEAOCTaTOK KOMITEHCH-
pyeTcsl Ha CTaluu pe3KCHopTa OTAECIbHON BETKU (pailioBOi CUCTEMBbI BHYTPb
KOHTEWHepa;

tekyias peanusanus @C Lustre uMeeT orpaHUYEHUSI 110 OOHAPYKEHUIO OILIM-
0OK IIEJIOCTHOCTY TIPY MCITOJIb30BaHNY OKOHEUYHOTO XpaHWIuIIa Ha 6a3e ZFS.
Henocratomass GyHKIIMOHATBHOCTh JOJKHA OBbITh H00aBieHa B Ciemyroulei
cTabmibHOM Bepcuu 2.5.4;

BBUAY OIpaHWYEHUI cUcTeMbl BUpTyanu3anmu OpenVZ, TPUIOKEHUSIM BHY-
TpU KOHTeiHepa HemocTyneH MexaHu3dM RDMA. DT1o co3maéT orpaHUYEeHUS
Mpu Mcnoab3oBaHuu MexaHusma MPI. TIpunoxeHusi, akTHBHO UCIIOJb3YIOLINE
MPI, HeobxommMMO 3amycKaThb HEMOCPEACTBEHHO Ha (pu3mueckux ysnax. s
3TOr0 MOXHO HCMOJIb30BaTh OTIEIbHbBIN BHIUMCIUTENIbHbBINA KiacTep, MOIKIIO-
Y€HHBIN K MapaJljIeIbHOMY XpaHWIHIILY;

Tekyiasi Bepcust OpenVZ noaaepxuBaeT pasMmelleHue (aiiioB-o0pa3oB BUP-
TyaJbHBIX MAaIlMH TOJIBKO Ha ¢haitmoBeix cuctemax EXT3/4 u NFS. g pas-
MelleHus haiiaoB-o0pa3oB B MapajuieIbHOM XpaHWIMILE B HacTOsIIee BpeMs
IIpuMeHsieTcs peakenopt yepe3 cepep NFS okaabHOro (pru3mdaeckoro ysia.

TERKYLWWE NMPUNOMEHNA KOMIJTEKCA SCARP

B Hactosimiee Bpemst komrieke SCARP oGcnykuBaeT Tpu HaydHBIX MTPOEKTAa U OJHO
KOPIIOpaTUBHOE 00JIAYHOE MPUJIOKEHNE, 3 UMEHHO:
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* apXWB JaHHBIX TUCTAHIIMOHHOTO 30HIMPOBAaHUS 3eMJIM M3 KOCMOca W Habop
KapTtorpaduuecKux MpUIoXKeHU 111 paboThl C HUMMU,

* apXWB W NMPWIOXEHUs UIsi pabOThl ¢ JAaHHBIMU acTPO(PU3NIECKUX PEHTIEHOB-
CKUX TEJIECKOIIOB;

+ apxuB npoektra BEHEPA-OKCITPECC u HayuyHble MIHCTPYMEHTHI IS TIJIaHE-
TapPHBIX UCCIIENOBAHUM;

* KopropatuBHoe obyagyHoe xpaHunuine SeaFile (URL: http://ru.wikipedia.org/
wiki/ZFS, nmata ob6pamenus: 23.11.2015), uHTerpupoBaHHOE C KOPIIOPaTUB-
HBIM cepBepoM coBMecTHOIM paboTsl Kolab (URL: https://www.seafile.com/,
narta obparenus 23.11.2015).

B uenom, HecMOTpsT Ha HEKOTOpPBIE HEOOCTATKU U OTPAHUYEHUS, U3JIOXKEHHBIC
B MpeAbIayIlei r1aBe, BiOpaHHas apxuTekTypa koMiuiekca SCARP nokasana BnosiHe
0oOHanExXMBalIIne pe3yJbTaThl U 3TO HallpaBJieHUEe, HECOMHEHHO, OyIeT pa3BUBaThHCS
B JaJIbHENIIEM B LieHTpe 00padboTku naHHbix MK PAH.

SCARP: SCALABLE AND FAULT TOLERANT LIGHT-WEIGHT VIRTUALIZATION
PLATFORM FOR DATA INTENSIVE AND CLOUD APPLICATIONS

V. V. Konoplev, M. N. Boyarskiy, R. R. Nazirov

Space Research Institute of Russian Academy of Sciences (IKI RAN)

This paper represents the architecture and the deployment of the scalable and fault tolerant
computing and storage system SCARP. It was created in the Space Research Institute of RAS
for virtualization of data intensive scientific applications which require shared collaboration
data access. The SCARP system uses open software and commodity hardware components
allowing the project to keep cost effectiveness. Lightweight virtualization technologies made
possible a highly customizable operating system environment to be combined with a near-
bare-metal performance. Particularly the testing results revealed 1/O performance between
the virtual machine and the parallel shared storage turned out to be comparable to internal
1/0 performance of a dedicated physical server. The represented system can be leveraged as a
technological platform for cloud services providing both scientific and corporate applications
with shared and intensive data access needs.
Keywords: virtualization, cloud computing, OpenVZ, Lustre, ZFS, parallel file systems.
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ONTUMKU3ALUA ANTOPUTMA BACKFILL U CUCTEMbI NJIAHUPOBAHMA
3AAAHUNA ANnA UCnonb30BAHWUA HA CYNEPKOMNbIOTEPE «<JIOMOHOCOB»

C. H. leoenkos 2, C. A Mymamuii®

! MOCKOBCKMI roCyAapCTBEHHBIN yHUBEPCUTET MeHn M. B. JlomoHocosa (MTY)

HayuHo-nccnegoBaTenbCKmin BbluMCAUTENbHbIN LeHTp MY

Menemxep pecypcoB SLURM, wucrmonp3yemblii Ha MHOTHX BEOYIIMX CyIIepKOMIIbIOTEpax
(CK), B ToM uuciie Ha CK «JIoMOHOCOB», UM€eT BCTPOEHHBIN ILUIAHUPOBIIUK U CUCTEMY
yuéta u TUuMHUTOB. OmHAKO peabHbIN onbIT npuMeHeHUss SLURM Ha cynepkoMIibioTepe
B PEXMMeE KOJIJIEKTUBHOTO TTOJIb30BaHUSI TTOKA3aJl, YTO BCTPOSHHBIX BOBMOXHOCTEI HE XBa-
TaeT I ONTUMAJIbHOW 3arpy3ku. ABTopaMu Obul pa3paboTaH BHELIHUI IJIAHUPOBIIUK,
nogkmodaembiii K SLURM uepe3 uHrepdeiic wiki2, peaausylolmiuii oNTUMU3UPOBAH-
HuIii anroput™ Backfill 1 cobcTBeHHBI Habop TMMUTOB. B pabote IpencraBisieTcs pas-
BUTHE AJITOPUTMOB IUIAHWPOBAHMS, PeaIU3yeMbIX B IJIAHMPOBIIUKE, B YaCTHOCTU aJIro-
PUTM «CKOJIB3SIIMX» MPUOPUTETOB, MO3BOJISIONIMX MEHSATh CKOPOCTh MPOJABUXEHUS 3a1ay
B OUepeu.

Pabota BbInmosiHeHa nipu nogaepxke Poccuiickoro doHna dhyHmaMeHTaIbHbIX UCCIIe-
nmoBaHmit (TTpoekT Ne 13-07-12206).

Knrouesvie caosa: SLURM; anroputMmbl IuiaHupoBanusi; Backfill; cucrema mpuo-
PHUTETOB.

BBEJEHWE

Kaxnplii rom BMecTe ¢ NPOU3BOAUTEIBLHOCTBIO CYIEPKOMITBIOTEPHBIX KOMILIEK-
COB II0 BCEMy MHpPY He MeHee OBICTPO pacTéT M 0a3a ITOJb30BaTe/Ieil MOMOOHBIX CH-
cteM. Pecypchl 3TUX CUCTEM CTaHOBSITCS BCE 0Oojiee BOCTPeOOBAHHBIMU IJIsI pelle-
HUS HAyYHBIX, TTPOMBIIUICHHBIX, (DMHAHCOBBIX W MPOYUX 3amad Pa3HOM CIOXHOCTH.
[Tonb3oBaTe M BHICOKOITPOU3BOIUTEIbHBIX KJIACTEPOB UMEIOT pa3MyHbIe IpaBa JOCTY-
Ta, 3aIpallIuBaioT OT OJHOTO O MHOTHX THICSY IIPOIIECCOPOB IS 3aITycKa CBOMX 3a1ady,
BpeMsl BBITIOJHEHUSI KOTOPBIX KOJIEOJETCS OT HECKOJbKUX CEKYHI JO MHOIMX YacoOB
WIN JaxXe THEH. YIOBICTBOPEHHE BCEX 3aIlIPOCOB IOJIb30BaTelicid B pesKUME pealbHO-
TO BPEMEHM B paMKaX OrpaHMYEHHBIX MOIIIHOCTE CTAHOBUTCS KPaeyrojibHbIM KaMHEM
IJIST CHCTEMHBIX aIMIHUCTPATOPOB 3arPY>KEHHBIX BBIYMCIUTEIBHBIX CHCTEM.

CynepkoMmbiotep «JIOMOHOCOB», UCMOJb3YEeMbIl UISI MCCAEAOBAaHMI, KOTOpbIE
TIPOBOIAT YU€HBIE M cTyneHTHl MI'Y, 3aHmMaeT BTOpoe MecTo B peiituHre Torr50 cy-
MePKOMIIBIOTEPOB, yCTaHOBJIEHHBIX Ha TeppuTopur CHI' u mokaszaBimux HauboJb-
IIyI0 TIPOM3BOAMTEIFHOCTh Ha TecTe Linpack (mo cocrosHmio Ha 31 mapra 2015 1.)
(http://top50.supercomputers.ru/?page=rating), 1 ynepXxuBaeT 94-e MecTO B aBTOPU-
TETHOM MEXIYHAPOTHOM PENTHUHTE CaMBIX BHICOKOIIPOM3BOIUTEIBHBIX BEIUMCIUTEIIb-
Hbix cucteM Top500 (mo cocrosHuio Ha Hos16pb 2015 1.). (http://www.top500.0rg/
lists/2014/11/).

Cucrtema coctout u3 12 422 nipoueccopoB [Sadovnichy et al., 2013], Ho maxke Ta-
KOTO KOJIMYECTBA HEOOCTATOYHO, YTOOBI OOCCIIEUWTh BCE TPYIIIBI MCCIeHOBaTeleH,
paboTarolux Ha cynepkoMIibiotepe «JloMmoHocoB». Bce mpolieccopsl pusmyecku pas-

JleonenkoB Cepreit HukonaeBuu — acnupant, leonenkovs@parallel.ru
Kymatnii Cepreil AHATOILEBUY — BEOYIIWI HAYIHBII COTPYIHUK, KaHIUAAT (PU3MKO-MaTeMa-
TUYECKUX HayK, serg@parallel.ru
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JieJIeHbl Ha TPYIIBI 10 4 WK 6 INTYK, Ha3biBacMble y3JlaMU, KOTOPbIE JIOTUIECKU 00b-
eIMHEHBI B pasnaeibl. Kaxmelil pa3mes oprueHTUPOBAH Ha OIpenesIEHHBIE TTOTPEOHOCTH
nosp3oBateneit (http://www.top500.org/system/177421).

B tekyuieit koHdurypauuun «JIOMOHOCOBa» HOCTYIIHO 8 pa3iesioB, KOJIMYECTBO
y3JI0B B KaxkmoM kosebnercs ot 1 no 4096. B cpeqHeM B peHb BbiTonHsIeTcss oT 200
mo 400 3agay, kKoTophle cTaBIT Ha 3amycK 30—50 pa3HBIX MOJb30BaTesei, TTPUYEM
KaXIbIi TOJl aKTUBHO MCITONIB3yeTcsl 0koJio 400 aKKayHTOB, M 9TH YMCJIa He SIBJISIIOTCS
MPEAeIOM.

YToOBI CHPaBISATHCS C €XEMHEBHO PacTYIIMMU Harpy3kaMM Ha CYIEpPKOMITbIO-
Tep «JlJomoHOCOB», Ha HEéM ucnonb3yercsa cucteMa SLURM (Simple Linux Utility for
Resource Management).

1. HAYYHAA OBJIACTb X CONYTCTBYOLWME NMOHATUA

SLURM — 3T0 BBICOKOMACIITAOMPYEMBI, OTKa30yCTONYMBBIM MEHEIKep KJIaCTepOB
¥ TUTAHUPOBIIMK 3aJaHUN JUIST OOJIBIIIMX CHUCTEM BBIUMCIMTENbHBIX Y3/0B. Lawrence
Livermore National Laboratory Hayana paspa6orky SLURM B 2001 romy mist ynpasie-
HUSI pecypcaMu COOCTBEHHBIX cynepkoMmbiorepoB (http://slurm.schedmd.com/slurm.
html) [Jette, Grondona, 2003]. MeHemxep ki1actepoB SLURM ucnonb3yercsa Ha MHO-
TUX CyTepKoMmIlbloTepax u3 peiiTuHra Top500, BKiIroYas MoJ0BUHY CYIIEPKOMITbIOTEPOB
W3 TICPBOI JeCATKM peiTHHTA (110 COCTOSTHUIO Ha HOsIOpb 2013 1.). McxomHbIil Koa Ha-
nucaH Ha s13bIke nporpammupoBaHus C. Cucrtema goctynHa 1o juueHsuu GNU GPL
V2 1 X0opoIIo 3aI0KyMEeHTHPpOBaHa. [IBe IIaBHBIC 1IeJI1, KOTOPBIE CTABWIIM IIepel CO0O0
pa3pabOTYMKU, — BBICOKAsI MacIITabupyeMocThb 1 nmoptupyeMoctb SLURM.

B ocaoBe SLURM peanmzoBaHa uepapxudecKkas apxXUTeKTypa YIIPaBICHUS CyTIep-
KOMIIbIOTEpOM. [JIaBHBIN areHT MeHeIXepa — OCHOBHOM KOHTpPOJUIEP, KOTOPBINA CO-
IEePXXKUT YIpaBJsTIoNInii areHT slurmctld. B HEKOTOPBIX apXUTEKTypax I MOBBIIICHUS
OTKAa30yCTOMYMBOCTU MEHEIXKepa OCHOBHOMY KOHTPOJUIEPY MOXKET COOTBETCTBOBATh
pe3epBHBINA. OcHOBHas 3amada slurmctld — BEImeNIeHME pecypcoB ITOA ITOCTaBICHHEIE
MOJIb30BaTEISIMU 3a0a4uM.

J7s yripaBieHUST KasKIbIM OTIOCIBHBIM Y3JI0M Ha HUX pa3BEPHYTHI AeMOHBI slurmd.
OHU ciyxar IS 3alycKa W yIpaBieHMs 3alaHMeM Ha caMoM Yy3Jie (TTolydeHre 3a1aHus
OT OCHOBHOTO KOHTpPOJIIEpa, 3aIlyCcK YKe HEeIOCPEICTBEHHO Ha siIpaxX) 1 MOHUTOPUHTA
€r0 COCTOSIHUSI.

SLURM crnpoekTrpoBaH IJIsI TeTePOTeHHBIX KJIACTEPOB C MOIYCTUMBIM KOJIHYe-
CcTBOM TpoieccopoB 10 10 mumnmoHoB wtyK. SLURM ycnemHo anpoOupoBaH U UC-
TOJIB3yeTCs Ha cymepKoMmbiorepe ¢ 6oiee deM 98 000 BBIYMCIMTETBHBIMU Y3JIAMMU.
ITonw3oBaTenu cyrnepKoMmIibloTepa, yrnpasisgemMoro ¢ nmomolinsio SLURM, moryr cra-
BUTh Ha ucnojaHernue 1000 3amau B ceKyHay. MeHemkep MOXET UCTTOTHATE 10 500 3a-
Jauy B CeKyHAy (B 3aBUCUMOCTU OT KOH(UTYpaUUX U 000PYI0BaHUS CUCTEMBI).

IMonb3zoBareiu SLURM ummeror Gosbiilylo cBOOOMY B YCTAaHOBKE HACTPOEK ISt
KaXI0i oTaesbHON 3aga4yu. MOXXHO U3MEHSITh B TOM UMCIIE €€ pa3Mep U JJUMUT M0 Bpe-
MEHHU BBITIOJTHCHMSI.

OnHo 13 ocHOBHBIX npeumyiiecTB SLURM — MoayabHOCTb: €My IOCTYIHBI Je-
CSATKY TOITOTHUTEBHBIX IUNIATUHOB. HamcaHbl cTaHmapTHLIEC TUTAHUPOBIINKY, OIMH U3
kotopbix (sched/backfill) ucronb3yercst 11s ONTUMU3ALMKM PAOOTHI CYTIEPKOMIThIOTEPA
«JlomoHocoBa». [1py BOSHNKHOBEHUH CUTYallM, KOTA CTAHIAPTHEIC aJITOPUTMEI TIJ1a-
HUPOBaHUs TOJHOCTHIO HE YCTPauBaIOT CHUCTEMHOIO afMMHUCTPATOPa, MOXHO JIETKO
BBECTU B 3KCIUTyaTalldI0 COOCTBEHHBIN TIATMH, MCTIONIB3YsI CTaHIAPTHBIC MHTePDECh
(wiki 1 wiki2), kotopsie npegoctaBisieT SLURM.
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CHUCTeMHBIN aIMUHUCTPATOP MOXET JOCTATOYHO TMOKO HACTPanBaTh JIOTUIECKYIO
KOH(MUTYpaLIMIO BEIYUCIUTEILHON CUCTEMBI, KOTOpYIO OyaeT noaaepxuBaTth SLURM,
1 JIETKO BapbUpOBaTh MHOXECTBO MapaMeTPOB KJlacTepa MyTeéM M3MEHEHMST KOH(pUTY-
pPaLMOHHOTO (haiiyia MY MCTIOJI30BAHMUS COOTBETCTBYIOIINX KOMaHI.

CrrenmuKa HCIIONIb30BaHUS MEHeIXepa Ha cymnepKoMmIboTepe «JIoMOHOCOB»
MpennonaraeT pacmmpenue GyHKIMOHAIBHOCTH TporpaMMHoro komrmuiekca SLURM
JIJIST KAYeCTBEHHOTO aIMUHUCTPUPOBAHMSI Y TTOBBIIIEHUS 3(D(EKTUBHOCTUA CUCTEMBI.

1.1. Anroputm Backfill

Ha cynepkommbiorepe «JIOoMOHOCOB» MCTIONIB3YeTCSI CTAHAAPTHBIN TITAHWPOBIIWK U aJl-
roput™ Backfill. BToT anropuT™M IJaaHUPOBAHUS UCITOJIb3YeTCS Ha OOJIBIIOM KOJIWYe-
CTBE KJIACTEPOB U JI0Ka3aJl CBOIO BBHICOKYIO 3(hdekTuBHOCTD. MccmenoBaHus moKa3au,
YTO OH IO3BOJISICT ITOBBICUTH IUNIOTHOCTh UCIIOJIB30BaHUS PECYPCOB CYTIEPKOMITBIOTEPOB
npuMepHO Ha 20 % 1 yMEHBIINUTh CpelHee BpeMsl OXKUIaHWs ITOCTAHOBKY 3a7a4 Ha UC-
nosHeHue [Jette, Grondona, 2003].

B ocHoge anroputma Backfill nexxut mpunimumn First Come First Served. Dto o3Ha-
YaeT, YTO 3aJauM 3aITyCKarTCs B TOM 3Ke MOPSAKE, B KOTOPOM OHM ObUIM IMOCTaBJICHBI
B ouepenb (IIpU JTOCTYITHOCTU PECYPCOB JUTSI UCITOTHEHUST KaXIOil KOHKPETHOM 3ama-
yn). B mpouecce pabotel anroputma Backfill o6pabaTeiBaeTcs ouepenb 3ama4, OXuaa-
JOINMX 3aITycKa Ha BHITIOJIHEHWE. 3amadu B ouepean YIOPSIOYeHBI TI0 UX TPUOPUTETY
U BpeMeHU MOCTaHOBKHU B ouyepenb. Kak Tonbpko cucrema SLURM curHanmsupyet, 4To
TOSIBUJIACh HOBasl 3ajJada WM OIHA W3 3a/ay 3aKOHYMWJIA BHITIOJTHEHWE W OCBOOOIMIIA
pecypchl, TO ajroput™M (MpU HAIMYMU HEOOXOIMMOIO KOJMYECTBA CBOOOIHBIX Y3JIOB
JUTS 3aITycKa TIEpBOIl B OUeper 3alavyu) BBIIENSIET 3Ty 3a7ady B oUepear M 3aITyCcKaeT
e€ Ha uCIojiHeHUe. B MpoTUBHOM ciiydae, eciu IS 3aImycKa IepBoil B ouepeau 3agaduu
CBOOOMHBIX Y3JI0B HE XBAaTaeT, TO TJIAHUPOBIIUK THITAETCS COBEPIIUTH «yINIOTHEHUE»
ouepeau: B3SITh CIACAYIOLIYIO B OUEpEeNM 3aladyy M IMOCTaBUTh €€ Ha BBIMIOJHEHUE MPU
YCIIOBUM, UTO TSI 3aITyCKa MMEETCsT HEeOOXOAMMOe KOJTMIEeCTBO CBOOOMHBIX Y3JIOB U HE
HapylIIaTcs mpaBa OCTaJbHBIX 3a1a4 B oYepear Ha 3aIryck (T.e. UX 3aIycK He Oymer 3a-
nepxan). [Tpumepst padotsr anroputmMoB FCFS u FCFS + Backfill mpencraBiensr Ha
puc. 1 [Baraglia et al., 2008].

FCFS

Nodes

Nodes

FCFS + Backfill

10

Puc. 1. ITpumepsl FCFS u FCFES + Backfill
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1.2. Cuctema NnprvopuUTETOB

Beruucienve nmpuoputetoB B apxuTekType cucteMbl SLURM Ha cymepkommbioTepe
«JJoMOHOCOB» OTHAHO crieMaTIbHOMY TUIATMHY, KOTOPbIA WIET B CTAaHOAPTHOW KOM-
TJIEKTAllM MeHemxepa pecypcoB, Multifactor Priority Plugin. [Tnarun peanmsyer cu-
CTeMy TMHaMUYecKUX rnpuoputetoB. [Ipuoputet 3agaHust 3aBUCUT OT MsITH (HaKTOPOB
(B TOM umcie: BpeMs OXWIaHUS 3adauyu, pasMep, MapTULKs), Y KaXA0ro U3 KOTOPBIX
€CTh BEC, 3aJJaHHbII1 CUCTEMHBIM aIMUHUCTPATOPOM TMPU HACTpolike cuctemsl. [lanee
BBIUUCJISIETCSI B3BEIlIEHHAs! cyMMa (hbaKTOpOB, KOTOpasi U Ha3HavyaeTcsl KaxIol 3agaue,
Kak e€ nmpuopureT. PopMysa NMPUOPUTETA KaxkI0 KOHKPETHON 3a1auu MpeACTaBisieT
c00011 B3BEIIEHHYIO CyMMY (DaKTOPOB, BIUSIOIINX HA TPUOPUTET (CM. HUXKE).

Dopmyna 045 8bIMUCIEHUS 3HAYEHUS NPUOPpUMema

Job_priority = (PriorityWeightAge) * (age factor) +
(PriorityWeightFairshare) * (fairshare factor) +
(PriorityWeightJobSize) * (job_size factor) +
(PriorityWeightPartition) * (partition_factor) +
(PriorityWeightQOS) * (QOS _factor);

Janee pyuBeneHBl 3HAUYCHUST OCHOBHBIX KOHCTAHT, KOTOPBIC MCITOJIL3YIOTCS B Te-
Kyleit KoH(hUTYpaluy cynepKoMItbioTepa «JIOMOHOCOB».

Hacmpoiiku Multifactor Priority Plugin

PriorityType=priority/multifactor
PriorityDecayHalfLife=14-0
PriorityWeightFairshare=0
PriorityWeightAge=10000 # default 1000
PriorityWeightPartition=10000000 # default 10000
PriorityWeightJobSize=0 # default 1000
PriorityMaxAge=3-0

CraHAapTHBINM 1ITUKI paboThl TUIAHUPOBIIMKA HA MPUMEPE OMHOW MAapTUIIMU BbI-
maauT, Kak mpexacrasieHo Huke (http://slurm.schedmd.com/slurm_ug 2012/SUG-
2012-Scheduling.pdf).

Ilceedoko0 cmandapmuoeo yuxkaa NAGHUPOBUUKA

1) co3maHue ouepenu 3agaHuii 1JIsl MapTULIUY;

2) COpTHPOBKA 3aaHMUIi IO IPUOPUTETY;

3) ynmajgeHue U3 ouepeau 3a1aur, KOTOpbie He Tpel-
CTaBJISIETCS BO3MOXHBIM 3aIyCTUTh;

4) HaxoXIeHUE Y3JIOB IJIsl 3aMycKa 3aJaHuif;

5) «YIUIOTHEHUE», €CITK TpeOyeTCs;

6) 3amycK 3aJaHuIi;

7) OOHOBJIEHME OYEPEAU U CTATYCOB 3aJa4 1 Y3JIOB;

8) Bo3Bpar K 1I. 2.

1.3. OnbIT ucnonb3osaHma SLURM Ha cynepkomnbioTepe «/IoMOHOCOB»

Hecmotps Ha Bce mmtocel SLURM cucteMHuble agMuHuctparopsl HUBLL MI'Y cron-
KHYJIUCh ¢ HEKOTOPHIMU MPOOJIeMaMM IIPU MCIIOJIb30BAHUM CHUCTEMBI Ha CYIEPKOM-
nelotepe «JIoMOHOCOB», KOTOpBIN oOnamaer 6a3oil u3 mpumepHo 1000 pa3mruHBIX
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AKTUBHBIX MOJIb30BaTeNeil (3a romgoBoil nepuon). B Kaxablii MOMEHT BpeMEHU Ha Cy-
nepkoMibiotepe «JloMmoHOCOB» paboraloT Oojiee 20 YHUKAJIbHBIX ITOJb30BaTEIICH.
TunuuHas cutyalus Ha cynepkomibioTepe «JlomoHocoB» — mpuMepHo 100 rucnonHs-
eMbIx 3amad 1 200 3agay B ouepear B KaXKablii MOMEHT BpeMeHU. M3-3a Takoit mpuiany-
Hoit Harpy3dku HUBL MI'Y cronkHyjcs ¢ mpobieMoil orpaHM4eHHOCTH Habopa Ha-
crpoek SLURM.

OnHoli U3 cepbE€3HBIX MPOOJEM TJIAHUPOBAHUSI MPOLIECCOPHOIO BPEMEHU SIBIISI-
eTcst TOT (haKT, YTO KaXIbIi MOTb30BATENb XAET CIUIIKOM IOJITO, YTOOBI HAYaTh CBOIO
paboTy maxe Mpu UCIOJb30BAaHUM TJIAHMPOBIIMKA, KOTOPHIA OCHOBAH Ha aJIrOPUTME
Backfill. D10 BhI3BIBAaET OYEHb PACIPOCTPAHEHHYIO CUTYaLIMIO: KaXIBIi MOJIb30BaTellb
CTaBUT B O4Yepelb HECKOJbKO 33aJaHUii (B OLLYTUMOM KOJWYECTBE CIy4yaeB C LIEJIbIO
OTJIAIKX pabOTHI CBOCH ITporpaMmbl) u XAET. Korma mepBast 3amaya 1moab3oBaTesis 3a-
MyCKaeTCsl, BEpXHsIS YaCTh OUepenU 3alojHeHa IPYTUMU ero 3aJadyaMu, Tak 4To 00Jb-
IIMHCTBO ITOJIb30BaTeNIel OXMIAAIOT OMHOrO. DTa IpodjieMa He MOXET OBITh pellieHa
MyTEM YCTAaHOBKM OTPaHWYEHUSI HA MaKCHMaJbHOE KOJIMYECTBO BBHITIOJHSIEMBIX 3amay
ToJIb30BaTeNsl — 3 (EKTUBHOCTD PAOOTHI 3HAYUTEIHFHO CHIKAETCSI, KOTIa OYepenb CO-
JEPXXKUT MHOTO KOPOTKUX M/WJIA HEOOJIbIITNX 3a/1a4.

MpbI npeniaraeM HOBBIM THUIT JUMUTOB - JIMMUT IPOILIECCOPO-YACOB I KaXKIOTO
nojb3oBaTens. (IIpolieccopo-yackl pacCUMTHIBAIOTCS KaK BpeMsi, Ha KOTOpoe Mpolec-
COpBI OBUTO BBINEICHBI Ha KOHKPETHBIC 3amauyMd OTHOIO ITOJIb30BATENIsI, YMHOXEHHOE
Ha UX KOJMYECTBO.) DTO MO3BOJISIET YIPABISATH KOJIMYECTBOM MPOLIECCOPO-YACOB (MJIU
SIAPO-9acoOB, WIM Y3JI0-4aCOB) BCEX MCITONHSEMBIX 3amad M 3amad ULl KaXIOro IOJIb-
30BaTesIsl, KOTOPhIE YK€ CTOSIT B ouepenu. Takum o0pa3oM, KaxIblid MOJIb30BaTEIb MO-
JKeT 3aIyCKaTh, HAIIPUMED, OMHY 3aady Ul OOJIBIIOTO KOJIMYECTBA Y3JI0B Ha KOPOTKOE
BpeMsl, WU OOJIbIIIE 3a1a4 HA MEHbIIIEe KOJIUYECTBO MPOLIECCOPOB.

Hpyroii HemoctaToK SLURM — HecnmocoOHOCTh YCTAHOBUTDL OOJIBIIMHCTBO OTpa-
HUYEHUU IS pa3fesioB Mo yMonyaHuioo. Hampumep, MakcUMalibHOE KOJWYECTBO 3a-
MIyIICHHBIX 3aIaHU MOXET OBITh YCTAHOBJIEHO TOJIBKO IJISI BCETO KjacTepa Ha OITHOTO
noJib3oBaTensi. Ecau y Hac ectb okosio 1000 monb3oBaTeseid, 3HaUeHUe JIUMUTOB (TaK
HazbiBaeMbiii Account B SLURM) nmist kaxnoro monb3oBaTenisi J00ABIsIETCSl B Tede-
Hue 1 MuHyTH. Bo BpeMs 3Toil onepanun KJIMeHTCKe KoMaHasl (sbatch, sinfo u T.1.)
HE MOTYT OBITb BBHITIOJTHEHBI. DTO 3HAYMT, YTO BCTpoeHHas cuctema ntumMutoB SLURM
TTOJTHOCTBIO HETIPUTOIHA JUTSI HAIIMX HYXKIT, ¥ MBI JOJKHBI Peaii30BaTh €€ BHEITHUMU
IJIaTUHAMMU.

Jns moBbiieHUs 3¢ ¢GEeKTUBHOCTA UCMOJIb30BaHUS CyllepKoMIbloTepa «JIoMoHO-
COB» MBI JOJKHBI TOOABUTHh B IUIAHWPOBIIMK HEKOTOpPBIC Ipyrue (yHKIUHW. B 1emsx
MOBBIIIEHUS TPO3PAYHOCTU CUCTEMBI TPUOPUTETOB OBLIO PEIIEHO OTKA3aThCs OT ILia-
ruHa Multifactor n 1006aBUTbL HOBYIO CUCTEMY ITPUOPUTETOB BO BHEIIHUM TIAHUPOB-
muk. HoBasi cucteMa ocHOBaHa Ha pacClIOEHUU TOJb30BaTeNeld — agMUHUCTPATOP
OpraHU3yeT CMCTEMY MPUOPUTETOB 3a7ad pasneiaeHrueM Ha ypoBHHU (ot 0 7o 65536 B Ha-
meM ciyvae), GopMupys rpyImiibl U3 BHICOKOTO M HU3KOTO MPUOPUTETA MOIb30BaTeIei.
ExeromHbIii ompoc moJib30BaTesiei ToKasal ce0s oueHb 3(D(HEKTUBHBIM MHCTPYMEH-
TOM, MCIIOJIb3Y$Sl KOTOPBIN CUCTEMHBIE aIMUHUCTPATOPHI MOTYT, HAIlpUMEp, MOCTaBUTh
HeI0OPOCOBECTHBIM ITOJIb30BATE/ISIM YMEHBIIICHHBIN TIPUOPUTET.

Hns ontumuszanum padoTsl miaHuposiiuka SLURM ObL10 pelieHo BHECTU ClIeay-
IOIINE TOTTOJTHEHUS:

*  YYET U KOHTPOJIb MPOLIECCOPO-YACOB, 3aMPOIIEHHBIX KaXIbIM MOJIb30BaTE/IEM;

* CO3IaHWe TPO3PaYHON CHUCTEMBI IIPHUOPUTETOB C BO3MOXKHOCTBIO HACTPOMKM

B peXXMMe peaibHOrO BPEMEHU;
* peanu3alnsl BO3MOXHOCTU MCIOJIB30BAaHUS Y3J0B M3 Pa3HbIX PA3NC/IOB IS
MOJIb30BaTeNel C ONpeAeIEHHBIM MPUOPUTETOM;
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+ nobaBjieHME KBOT IO BpPEMEHHU: OINpeNeEHHOE YUCIO MPOLIeCCOPO-4acoB
B HEIEJII0/MeCSI1I/TOx;

* peanuzalys BO3MOXHOCTU WCITOIb30BaHMS Pa3HbIX aJiTOPUTMOB IUIAaHMPOBa-
HMSI B Pa3HBIX OYepeNsIX.

Bce 3Ti momonHeHUs He MOTYT OBITH peaan30BaHbI 0e3 pacIIMpeHusT (YHKIINO-
HanbHOCcT SLURM, SLURM noanepxxuBaeT uHTepdeichl A1 BHEIITHUX MIAHUPOB-
mKUKOB. ECTh HECKONBKO KOMMeEpPUYECKUX MIaHMpoBIIMKOB (Hanpumep, MOAB, URL:
http://www.adaptivecomputing.com/products/hpc-products/moab-hpc-suite-enter-
prise-edition/), KOoTopble MOTYT OBITH MCTIOJB30BaHB coBMecTHO co SLURM. MOAB
MMeeT OYeHb IIMPOKHE BO3MOXHOCTH, HO SIBIISIETCS KOMMEPUYECKUM IPUIIOKECHHEM.
[TmanupoBmmk MAUI (http://www.adaptivecomputing.com/support/download-center/
maui-cluster-scheduler/) Tak ke noaaepxubaetcss SLURM, Ho oH 6oJibllie He pa3pada-
TBIBAaeTCS M Yepe3 HEKOTOpOe BpeMsl OyIeT 3aKphIT KOMIaHWEH-BIaneablieM, KOTopast
paboraet ceituac Hax MOAB). Ilo atoit npuunHe ucnons3doBanue MAUI He 6e3omac-
HO, ¥, KPOME TOTO, B HEM OTCYTCTBYIOT HEKOTOPBIC HEOOXOTMMBIC (DYHKIINU.

Yro kacaeTcsl opensource-riaHupoBIIUKOB 11si SLURM, Mbl HallIM TOJIBKO Ba
MpOeKTa, KOTOpbIe MbITAlOTCH peanu3oBath arnHel SLURM. TlepBrhlit MpoeKT Ha3bl-
BaeTcs “slurm-spank-plugin” (https://code.google.com/p/slurm-spank-plugins/w/list),
¥ oH He pa3uBaeTcs ¢ 2011 r. [IpoeKT coCTOUT U3 MATU Pa3IMYHbBIX TIJIATUHOB JJIS 10-
nojsHeHust GyHkuuii SLURM.

Bropoit mpoekr HaseiBaeTca IPSCHED (http://code.google.com/p/slurm-ip-
sched/), oH HampaBjieH Ha TOMIEPXKKY HOBBIX (DyHKUMiIT TutaHupoBika SLURM
(opuentupoBan Ha B3aumoneiictee CPU u GPU), B HEM TakKe OTCYTCTBYIOT HEOOXO-
IAMBbIe HaM (DYHKIINU.

bonbuie Mpl He HaUUIM KakKuMX-AMOO APYrMX YINOMUHAHWWA WM TyOJMKaLuii
0 BHEIWIHUX TaaHupoBirKax misi SLURM. B utore ObL10 pelieHO peaan3oBaTh CBOM
COOCTBEHHBIN TUIAHUPOBILINK, YTOOBI Hanboee 3(pHEeKTUBHO MCIOIL30BATh BEIYMUCIIM -
TEJIbHBIE BO3MOXHOCTU CYTIEPKOMIThbIoTepa «JIOMOHOCOB» C €ro XapaKTepHOI BBICOKOM
paboueii Harpy3Koit 1 MOCTOSIHHO PacTyIIEei T0JIb30BaTeIbCKOM 0a30ii.

2. BHEWHWW NJAHMPOBLLWK ANA SLURM

CornacHo TpeboBaHUSIM K mporpamMmMHoMy obOecrnedeHuto (I1O), mpeabsaBiaseMbiM
B CynepkomIipioTepHOM 1IeHTpe MI'Y, Ha TeXHUUYECKOe pellleHre OBUTN HaJTOXKEHBI He-
KoTopble orpaHuueHus. [lepuoanyecku komaHaa paspadbotunkoB SLURM BrimyckaeT
HOBYIO BEpCHIO MEHEIXKepa, ¥ IIO3TOMY HAIll HOBOBBEIECHUS JOJKHBI OBITh TICPEHOCH-
MbIMU. Bce HOBbIe (PYHKLIMU, KOTOPBIE ObLIM BHECEHBI B porpaMmMHblii kog SLURM,
JIOJDKHBI OBITH 32 pa3yMHOE BpeMs IIEPeHOCHMBI B HOBYIO BEpCHIO MEHeIkepa. DTO
TpeboBaHUE OCHOBHOE, U3 HErO BbITEKAeT MHOXECTBO IMOOOYHBIX OrpaHUYEHUI, ¢ KO-
TOPBIMU MPHUILIOCH CTOJKHYThCA. Harpumep, n3MeHeHUST He MOTYT BHOCHUTBCS B SIIPO
cucteMbl — (poHOBBIE MporpaMmbl slurmd u slurmctld, moToMy 4To 3TO KpailiHe 3a-
TOPMOBHT IIpoliecC OOHOBJIeHUA. HaMHOTO mpakTnuyHee M3MEHSITh BHEIITHUE MOMYIIN
cucteMmbl. HanpasneHHocTh sanpa SLURM Ha BHelIHUWe MIaruHbl He TTO3BOJISIET CO3-
IaBaTh CBOM ILIArMHBI, HE OPUEHTHPYSICh Ha mHTepdeiicel wiki m wiki2 (http://code.
google.com/p/slurm-ipsched/).

JpyruM 3aTpymHSIOIINAM pa3paboTKy (PaKTOpoM CTajao OTCYTCTBHE BO3MOKHOCTH
JI00ABJIEHUST HOBBIX «COCTOSIHMIA» M WX omucaHuii 0e3 3aTparuBaHus sapa SLURM.
OCHOBHOI1 IMKJI TUTAHUPOBIIIMKA OIMKCaH B ¢aiie job_scheduler.c, KOTOpsIil ABISIETCS
yacTbio YyTUANTHI slurmctld. Eciin Bc€ ke 100aBUTh HOBBIE «COCTOSIHUSI» U UX OIUMCAaHUS
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BO BHENIIHMX (hbailylax, TO OHKM OYAyT HEIPaBWIHLHO BOCIIPUHSITHE MJIW ITPOUTHOPUPOBA-
Hul slurmctld. TTocnenHeit cepbE€3HOI TPOOIEMOI CTAJIO OTCYTCTBHE BO3MOXHOCTH HC-
TTOJTb30BaHMSI BCTPOSHHBIX METOIOB XpaHEHUsS HACTPOEK HOBBIX AOMOJHEeHWH. BeTaér
HEOOXOIMMOCTh CO3MaHUSI CBOETO XPAaHWIMINA HAHHBIX, NMPUMEHSIONINXCS IS KOp-
PEKTHOI pabOTHI HOBBIX TOTIOJTHEHUIA.

Taxkum 0Opa3om, Wil peain3aluy BCeX TOMOTHEHWM caMbIM ONTHUMAIBHBIM pelle-
HHMEM TPEACTABIISIOCh CO3MaHNe BHEITHETO TUTAHWPOBIIMKA, KOTOPHIi OyIeT UCIOTb-
30BaTh CTAaHIAPTHLINA UHTepdeiic wiki2.

CranngapTtHble uHTepdeiicsl wiki/wiki2 ObUTM M3HAYaTBHO pa3pabdOTaHbI IS MO~
IepXKW BHEITHUX ITaHupoBIIuKoB: Maui Cluster Scheduler™ n Moab® HPC Suite.
BHe1iHe oHUM NIPeACTaBASIOT ¢ CO0O0H Moaodue MIarMHOB CaMOTO IITATHOTO TJIAHUPOB-
IIUKa, ¥ JaXe UCIOJIb3YeT Te XKe MPUMUTUBBI M (DYHKIINU, HO OTIMIME COCTOUT B TOM,
YTO BCS JIOTMKA TJIAaHUPOBIIMKA TTOJTHOCTBIO OTCYTCTBYET M OCTaBJIeHa B KOMIIETEHIIUU
BHEITHETO MOMYJISI, KOTOPBIN 1 OTBEUYAEeT 3a aJlrOPMTMBI TulaHupoBaHus [Jackson et al.,
2007].

Anroput™Mm pabotsl wiki2 3aBsg3aH Ha 0oOMeHe COOOIIEHUSIMU ¢ BHEIIHUM TUIAHU-
poBIIMKOM. Mexxny wiki2 1 BHELIIHUM TUIAHUMPOBIIMKOM HaJlaXKeHbI IBa KaHajla CBS3MU:
TIEPBBIN CIYKUT IS TIepeaadyr KOMaHI M TIOJIydeHUsI OTBETOB, BTOPOil — 1T MH(DOP-
MMPOBAHMS BHEIIHETO MJIAHUPOBIIUKA O COOBITUSIX, TPOU3OILIEIIINX B CUCTEME.

Bazoserit Habop komaHa BHemrHero ItaHupoBinuka: CANCELJOB, GETJOBS,
JOBMODIFY, NOTIFYJOB, STARTJOB, INITIALIZE, REQUEUEJOB,
SUSPENDJOB, RESUMEJOB, SIGNALJOB. Kaxnmas 13 HMX 3amnpaiivBacT Ka-
Ky10-1100 MH(popMaLuio oT wiki2 UM nepenaér ykazaHue Ha U3MEHEHMUE COCTOSIHUS
KOHKpETHOMU 3amaun. B KaHaje «CoObITHIl» BHEITHUI TUIAHUPOBIINK MOXET TOJIYUYUTh
JINIIL IBA TUTIA cooOImeHus: «1234» nnmm «1235». IlepBoe COOTBETCTBYET U3MEHEHMIO
ImapaMeTpa 3aIaHusl, BTOpoe — U3MEHEHMIO B CTpyKType/KoHpurypamu SLURM.

HaHHasi apXuTeKTypa (puc. 2) TO3BOJISIET B MTOJHOW Mepe BOcco3aaTh (hyHKIIMOHA
IITATHOTO TUIAHMPOBIIKMKA W TOIOJHUTH €T0 HOBBIMM CBolicTBamMu. OCHOBHAsI peaju-
3a1ust JOTIOJTHeHUST (HalMcaHue HOBOTO BHEIITHETO TUIAHUPOBIIMKA) TIPEICTaBIISIET CO-
00l MOmy/b, COAEpXKAIIMA IBE YaCTU: KOMMYHUKAIIMOHHBI MEHEeIXep M CaM BHEI-
HU TIJIAaHUPOBIIMK, KOTOPBIN OyIeT HeCTU B cebe BCIO JIOTUKY ajiropuTMa TUTaHUpPOBa-
Hus [Novotny, 2009].

\ /_ HoBbie Mogynu

CraHpapTHele
slurmctid » wiki2 D mogynu SLURM
(oCcHOBHOM KOHTpONNEp) - (wHTepdeic)
——» MMoTOKKM pAHHBIX
4———  pcucTeme

J

vl v

KOMMYHWUKALMOHHLIA MEHeKep

ot

BHEWHWA NNaHUpoBILUK

Puc. 2. ApxurtekTypa pelieHus:
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3. DOOEKTUBHOCTb PEAJIM3OBAHHOIO PELLEHWA

IMpemioxeHHoe HaMM pellleHWe ObUIO TPOTECTUPOBAHO HAa MCTOPUYECKUX NaHHBIX
ouepenu regular4 (camas 6omblast ouepelb cynnepkoMmbloTepa «JJoMoHOCOB»). JIumur
MpPOoLECcCOpPo-4acoB ObLT BbIOpaH Tak, YTOOBLI MO3BOJUTH MOJb30BaTENIM KOMGMOPTHO
HCITOJIb30BaTh BO3MOXHOCTU CUCTEMBI, HO B TO XK€ BPeMsI OTpaHUYUTh BO3MOXHOCTD
OTJIEIbBHOMY TTOJTb30BATEIIO 3aHSITh YacTh KJlacTepa MoUuTH ToIHoCcThlo. Hanmpumep, mst
ouepeau regular4 TMMUT Tpoiieccopo-4acoB paBeH 81 920. DTOT mpenen Mo3BOIMII Tie-
pepacripeneauTb 10 2,7 % OT MeCSIYHOTO MPOLIECCOPHOTO BPEMEHU Ha paboTy APYrUx
MOJIb30BaTENIEH, YTO YBEIUUIMIIO KOJTNIECTBO PECYPCOOOECTIEYEHHBIX MTOJIb30BaTEICH.

Kpome Toro, BHeIHMIT MOAYJb C HOBBIM TUIAHWPOBIIIMKOM OBUT TTPOTECTUPOBAH
B CPaBHEHUU CO CTaHAAPTHBIM IIarMHoM-TiaHupoBiinkoM SLURM (Ha ucropuue-
CKHUX JAaHHBIX B ouepenu regulard cynmepkommbiotepa «JloMmoHOCOB»). OH MoOKa3as Xo-
polliee YCKOpeHHME IJIsi BpEMEHHM CTapTa «IIepBOii» 3a1auyy KaxI0ro MoJjib3oBartes (3a-
mycK 10 ~9 % ObICTpee MO CPaBHEHUIO CO CTAHIAPTHBIM TUITATMHOM), B TO BpeMsl KakK
o611ast 3(pHEKTUBHOCTh OYepeay MOUTH He u3MeHmnach (Tonbko 0,2 % 1Mo cpaBHEHUIO
co cTaHAapTHBIM T1aruHoMm). CpaBHeHue paboTel SLURM co cTaHaapTHBIM IJIaTHHOM
Backfill u ¢ HamIMM BHEITHUM TUIAHMPOBIIMKOM TTO0Ka3aHOo B Tabnuiie. JIst TecTupoBa-
HUS MBI Mcnoab3oBaiu onurio SLURM, koTopast mo3BoJIsSIET 3MYyIMPOBaTh OOJbLION
knacrep. Habop 3amau 151 TecTOB — pealibHBIM HAOOp 3ama4, KOTOpbIe OBbLIM 3aImylle-
HbI B niepuof ¢ okTa0ps (2014) mo nekadps (2014) B ouepenu regular4 cynepKoMmbro-
Ttepa «JlomoHocoB». [TouTtu 6e3 mageHus oOLIel MPOU3BOIUTEILHOCTHU TIJIAHUPOBAHUS
MBI TOOMJIUCH OIIYTUMBIX PE3YJIBTATOB B YCKOPEHUM BPEeMEHM Hadajla ITepBBIX 3a1ad
KaXXIO0TO MOJIb30BaTENS.

Tecmol Ha peanbrHblx daHHbIX

DKCnepuMeHThI Ha6op nannbix (yckopeHust)

3anepxkka crapra (oomas) | 3aaepxkka crapra (mepBoii 3a1a4m)
Backfill 0,998 1
Backfill + Jlumur 1 0,907

4. HAMNPABNEHUE OAJTIbHEMLINX PABOT

IIpennaraemoe pelieHue ObLIO pa3zpadOTaHO IS TIPOOJIEM, C KOTOPBIMU Mbl CTOJIKHY-
Jmch Bo Bpems akciuryatranimu SLURM. OHO MoXeT 3KCINTyaTHpPOBAThCS JIIOOBIMU
rpynmamu noJjib3oBateneit, ucrnoibsdytomux SLURM mis ynpasneHus: cynepKoMIiblo-
TepoM. PelrieHre mMeeT OTKPBITHIN UCXOMHBIN KOI I MOKET OBITh OBICTPO agalTHpOBa-
HO 11 KaKUX-JT100 Apyrux TpedoBaHUi. Tak ke OHO UMeeT XOPOoIIyl0 MOPTUPYEMOCTh
Oyraromapsi MCIIOJb30BaHMIO MPOTOKoIa Wiki2. C mOMOIIBI0 HAIleTo IUIAHWPOBIINKA
3 (HEKTUBHOCTh CYIEPKOMITbIOTEPHOTO KOMILIEKCA MOXET OBbITh ToBbllIeHa. Haim
HOBOBBeIICHUS JIeJIaI0OT YIIpaBIeHUE CYIIepKOMITbIoTepoM 0osiee TnOKMM. Ceitdac pabo-
Ta MPOJ0JIKAeTCs, U Mbl HalleJIeHbl Ha paclIMpeHue JOTUKU TIJIaHMPOBaHUS B HaIlpaB-
JICHUH «IIJIaBaIOIINX» TIPHOPUTETOB 1 JIOKAJTBHBIX «yCKOPEHMI» 3a1ad.

MexaHU3M «yCKOpPEHUIt» MpeArnoaraeT, YTo Kaxaas 3amada oynet objaaaTh CBO-
MM YCKOpEHHUEM, CYETIMKOM TEKYIIEro YCKOPEeHUS M oIueil “boost”. YckopeHuUe 0y-
JIeT HaKaruIMBaTbCsl C KaXIbIM HOBBIM LIMKJIOM TUIAHWPOBaHMSI. DTO MO3BOJIUT 3aJayaM
TPOIBUTATHECS BBEPX B OUYEpenUd C TEUYCHMEM BpEMEHU, Haxe €CIM IPUOPUTET 3amad
JAHHOTO TMOJIb30BaTeIsl MUHUMAJIbHBIN. Omnius «boost» OymeT oTBevyaTh 3a CTapTOBOE
KOJIMYECTBO MO3UIINI, Ha KOTOPOE 3aada ITOBEICUTCS B OUepeNu, eCIr e€ 3aImycK OymeT
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BBITIOJTHEH CO CITCIMAJIbHBIM KiIlouoM. JlaHHast ommus OyoeT JTWMUTHPOBAHHOM.
OOLIMIi LMK TJIAaHUPOBAHUS OYIET BHITJISIACTD CIEIYIOIIUM 00pa3oM:

1) cosmaHue ouepeau 3aAaHU A1 TAPTULIUU;

2) copTUpOBKa 3aJaHUI1 TTO TPUOPUTETY;

3) ymaneHue 3amad, KOTOpbie HE IIPEACTaBISIETCS] BO3MOXHBIM 3aIyCTUTh

(CPU-limit);

4) 3arpyska JaHHbIX U3 TaOJIULIbl «YCKOPEHUII»;

5) «yckopeHHUe» 3aJaHUi U3 TaOIUIIBI HA YKa3aHHOE KOJIMYECTBO MO3UIINIA;

6) HaxXoXIEeHUe y3JIOB IS 3aIycKa 3adaHuit;

7) <«yIUIOTHEHUE», €CJIU TpeOyeTCs;

8) 3amyck 3agaHuii;

9) oOHOBIIEHME OUEpeaN, CTATYCOB 3a1a4 U Y3JIOB, TAOJIUIIBI «yCKOPEHUI»;

10)Bo3Bpart K 1. 2.

JaHHBIe HOBOBBEICHMSI TOJIKHBI MTOMOYb M30aBUTHCS OT TPyOOro pacCIOCHUS
TOJIb30BaTEJICi Ha TPYIIITHI IT0 3HAYCHUIO TIPUOPHUTETA.
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FOR USE ON LOMONOSOV SUPERCOMPUTER
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The work proposes a design for a new external scheduler for SLURM (Simple Linux Utility
for Resource Management). Schedulers, included in SLURM by default are good enough for
many sites, but big supercomputers serving many users meet limitations of standard SLURM
schedulers. In this work we discover methods to break these limitations via implementing new
portable SLURM scheduler. We address the problem of maximizing the number of users,
whose requests are processed in each given moment of time, and decrease start time of user’s
first task. Our approach is based on standard backfill algorithm and includes additional fea-
tures, such as simplification of SLURM priority system, replacing slow SQL-based account-
ing checks by faster ACL checks and upgrading cluster administration convenience. In present
we are developing backfill algorithm with “sliding” priority system, that allows system admin-
istrator to vary jobs “speed” in queue.
Keywords: SLURM; scheduling algorithms; Backfill.
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YUCNEHHOE ONMUCAHWE HEPABHOBECHOTO KPUTUYECKOTO MOBEAEHUA
JNBYMEPHOW CTPYKTYPHO HEYNOPANOYEHHOW XY-MOAEN
METOAAMUW MOHTE-KAPNO

W. C. lonoes, 1. B. lpyoHukos, B. B. lpydHukos

OMcKuI rocypapcTBeHHbln yHuBepcuteT um. ©. M. loctoesckoro (OI'Y)

B paGote maHbl pe3yabTaThl IMPOBEAEHHOIO YMCISHHOIO MOJEIMPOBAHMSI HEPAaBHOBECHOM
KPUTUYECKOM peslakcalliy CTPYKTYPHO HEYMOPSIAOYEHHON AByMepHOil XY-MoIeau Bo Bcei
HU3KOTEMIIepaTypHoii (aze bepe3nHCKOro B IMPOKOM AMaria3oHe CIIMHOBOW KOHIIEHTpa-
mu. MoneaupoBaHe BBHITIOJNHSUIOCh U3 HM3KOTEMIIEPaTypHOTO HEPAaBHOBECHOTO COCTOSI-
Hus metonamu Monte-Kapino. UccnenoBanbl adekTsl cTapeHus: U HapyleHus: GayKTya-
LIMOHHO-IMCCUTIATUBHOM TEOPEMBI.

PabGora BeimosiHeHa nipu noaaepxkke Poccuiickoro HaydyHoro ¢onma (rpoexkt No 14-
12-00562). Jnsa npoBeneHus pacuéToB ObUIM UCIOJIB30BAaHbI PECYPCHI CYIMIEPKOMITBIOTEPHO-
ro Komiiekca MOCKOBCKOIO rocynapcTBeHHOIro yHuBepcuTteTa uMeHu M. B. JlomoHocoBa
1 MexXBenOMCTBEHHOTO CyNepKOMITbIOTEPHOTO 1IeHTpa Poccuiickoii akaneMuu Hayk.

Karouegvie crosa: nBymepHass XY-Monenb, HEPAaBHOBECHOE KPUTHMYECKOE TMOBENECHUE,
¢azoBrlii niepexon bepesuHckoro-Kocrepauna-Taynecca, cTpyKTypHBI OeCIIOpSIIOK, 3¢h-
¢eKThl cTapeHUs1, QIYKTyallMOHHO-IUCCUIIaTUBHOE OTHOIlIleHUe, MeToabl MoHTe-Kapio.

HccnenoBanve HepaBHOBECHON KPUTUYECKON NMHAMMKM — aKTyaJbHas HaydyHas 3a-
nmaya [Tauber, 2014]. B6au3u KpUTHYECKOI TOYKM BO3HUKAIOT aHOMAJIbHO OOJBIINE,
JIOJITOKUBYIIIME M CUJIBHO B3aMMOAEMCTBYIOIINE (DIYKTyallu OCHOBHBIX TEPMOIMHA-
MHUYECKUX BeaW4duH. I1pn 3TOM penmakcallioOHHBIE ITPOIECCHl CYIIIECTBEHHO 3aMelJIs-
I0TCSI, YTO TIPOSIBIIsSiETCSl B 3dhdeKTax KpuTUIeckoro 3aMmemieHus. CUCTeMbl B KPUTH-
YeCKOil TOUYKe OKa3bIBAaIOTCS IpUMEpaMU CUCTEM ¢ MemJIeHHO auHaMmukoii [Berthier,
Kurchan, 2013], u3yuyeHue KOTOPBIX BbI3bIBAET B MOCIEIHUE FObl 3HAUUTEIbHBINA Hayy-
HBI nHTepec. CBA3aHO 3TO ¢ HAOMIOMaeMbIMU B HUX 3(deKTaMu cTapeHusT 1 HapyIie-
HUS QIIYKTYalIMOHHO-IUCCUTIATUBHOM TEOPEMBbI.

CrapeHue — 370 3deKT 3aMenieHNs pelaKCallMOHHBIX ITPOLIECCOB MPU YBEIN-
YEeHUM BPEeMEHU, ITPOIIEAIIEro ¢ MOMEHTa IIPUTOTOBJIEHUSI 00pasila, — €ro «Bo3pac-
Ta», WM BpeMeHu oxunanus £, [Berthier et al., 2001]. ITposBisiercs: crapeHue yepes
JTWHAMHWYECKUE 3aBUCHUMOCTHU IBYXBPEMEHHBIX XapaKTepHCTUK CHCTEM, TaKMX KaK aB-
Tokoppensunonnble Gynkunu C(#, 7,) n byHkuun otkiuka R(#, 7). B mpouecce cra-
PEHUS TaHHbIE GYHKLMU 3aBUCAT HE OT PA3HOCTU BPEMEH f — 1, @ OT [ ¥ {, B OTAEIbHO-
CTH, T.€. IIPOUCXOAUT HapyIIeHNE OMHOPOTHOCTH IIpoliecca peTakcallii BO BPEMEHH.
CrapeHue COMpoBOXIAETCS HapylleHueM (QIyKTyallMOHHO-IUCCUIIATUBHOIN TEOpEMBbI
[Berthier et al., 2001], cBs3bIBaoOLIEi AMHAMUYECKHE 3aBUCHUMOCTUA aBTOKOPPEISIIMOH -
HOM GYHKIIMY 1 (PYHKIIUY OTKITMKA CUCTEMEL.

HepaBHOBeCHBIE peflaKCalIMOHHBIC TTPOIIECCHI BBHI3BIBAIOT OCOOBI MHTEPEC B KPU-
TUYECKOM MOBEJIEHUM IBYMEepPHOII XY-MoIeIu, B KOTOPOI OCYIIECTBIISIETCS TOIIOJIOTH -
yecKuii ¢pa3oBbIii iepexon bepesmHckoro-Kocrepnuiia-Taynecca [bepesnnckmii, 1970,

2007; Kosterlitz, Thouless, 1973] npu temneparype Tp,,. Pa3oBbiil mepexon cBs3aH

ITonoB UBan CepreeBuy — acnupaHT, diphosgen@mail.ru

IIpyanukos [1aBen BragumMupoBuy — nokTop GU3MKO-MaTeMaTUYECKUX HayK, Mpodeccop, prud-
nikp@univer.omsk.su

IIpyanukoB Branumup BacunbeBuu — 3aBenymoolnuii Kadeapoii, JOKTOp (GU3MKo-MaTeMaTude-
CKUX Hayk, npodeccop, prudnikv@univer.omsk.su
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C IVicCOLIMALINeii CBSI3aHHBIX Map BUXPh-aHTUBHUXPh B TOUKe Tepexona. Oco0eHHOCThIO
CUCTEMbI 3aKJIl04yaeTcsl B €€ aHOMaJbHO CUJIbHOW IIPOCTPAaHCTBEHHON U BPEMEHHOI
KOPPEJISIMK COCTOSIHUI CUCTEMBI BO BCeil HU3KOTeMIiepaTypHoii dase T < Ty, Xa-
paKkTepu3yeMoii CTeTIeHHBIM 3aKOHOM citananus [Kosterlitz, 1974], B To BpeMsl KaK JUIst
TepMOIMHAMMUYECKUX (Pa30BbIX MEPEXOJ0B BTOPOro poaa 3¢h¢eKThl CUIbHON Koppe-
JISIIIAM OCYILECTBIISIIOTCS JIUIID BOJM3W KPUTUIECKON TOUYKH. DTO ITO3BOJISIET HAOJIO-
JaTh MEUIEHHYIO TMHAMUKY IBYMepHOU XY-MOIEIN He TOJBKO BOJIM3M KPUTUUIECKOM
TOYKH, & BO BCEM HM3KOTEMIIEpaTypHOM auamnasoHe 1'< Tp,.. IBymMepHas XY-Momieib
WCITOIb3YETCS 171 ONUCAHUS TTOBEACHUS U CBOMCTB LIEJOro psifia (PU3NUECKUX CUCTEM
(cM. 0630p [KopiayHos, 2006]).

JanbHuii TIOpsSAOK B ABYMepHOW XY-MoOIenu paspyliaeTcsl TpH BceX KO-
HEYHBIX TeMIIepaTypax IIONEePeYHbBIMUA  (BIYKTyalMsIMH CIIMHOBOM IUJIOTHOCTH.
HuskoTtemmepaTypHble CBOMCTBAa CUCTEMBbI CBSI3aHbI C 00pa3oBaHUEM B HU3KOTEMITEpa-
TypHOU (pa3ze BUXpeBbIX KBasumonekyn [bepesunckuii, 2007] u cyliecTBOBaHUEM KakK
BUXpeBoii noacuctemsl [bepesnnckuit, 2007] — Buxpeil U aHTUBUXPEU, TaK U MOJACU-
cTeMbl obJacTeil KBa3uaaabHero Tmopsiaka [Berche et al., 2003], B KOTOpBIX CITMHEI JIO-
KaJIbHO YITOPSIAOYEHBI, a BO30YXKIEHUS MMEIOT XapaKTep CITMHOBBIX BOJTH.

Hammuume nedekToB CTpyKTYpHl MPUBOAUT K BO3SHUKHOBEHUIO 3(hdeKTa MMHHUHTA
BUXPEBBIX BO30YXneHUIT Ha Aedekrax [Pereira et al., 2003], uTo cyliecCTBEHHO 3aMeIsI-
€T TMHAMMYECKHE TIPoIecChl B cucteMe. KBasumaabHUI TTOPSIOK COXPAHSIETCS C BBe-
JIeHUueM CTpyKTypHoro 6ecrniopsinka [Berche et al., 2003].

HepaBHOBeCcHOE KpUTHYECKOE MOBEACHKUE B CTPYKTYPHO HEYMOPSIOYSHHON IOBY-
MepHol XY-Moenu oOYCIOBJIEHO HEPaBHOBECHBIMU MPOILIECCAMM B BUXPEBOU MOM-
CHCTEeME, CITMH-BOJHOBBIMU IPOIIECCAMM Y B3aMMOIEICTBUEM 3TUX ITOACUCTEM C Jie-
(exramMmu cTpyKTyphl. B HEpaBHOBECHOM COCTOSTHMM CUCTEMBI TIPOUCXOMIST TTPOLIECCHI
«POXICHMST», «YHUUTOXCHUS» U «aHHUTWISLIMN» BUXPEBBIX 3JEMEHTApPHBIX BO30YXK-
JeHuit. D¢ @eKThl MMHHUHTA UTPAlOT 3HAUYMTEIbHYIO POJib B IMPOLECCe HEepaBHOBEC-
HOI pejlaKcalliyd CHUCTeMBI M3 BBICOKOTEMIIEPATYpPHOI'O HAYaJIbHOTO COCTOSIHHUS C 3a-
MOpaxXuBaHUEM B HU3KoTeMmnepaTypHoit ¢ase [[IpyaHukos, [TpynHukoB u ap., 20156].
bbu1o moka3zaHo, YTO HEpaBHOBECHOE KPUTUUYECKOE OrpyojeHue obiacTeil KBa3uaaab-
HEro nopsjakKa CyleCTBEHHO 3aMeUISIETCSl C BBEEHUEM B CUCTEMY Ne(EKTOB CTPYKTY-
pbl [Prudnikov, Popov, 2015].

HsBecTHO [Berthier et al., 2001], 4To 0COGEHHOCTU HEPABHOBECHOT'O TMOBEICHUS
CHCTEM C MEIJICHHOW TMHAMUKOM, B YaCTHOCTU 3((PEeKThI CTapeHUsI, CBSI3aHbI C IBYX-
BPEMEHHBIMU 3aBUCMMOCTSIMU aBTOKOPPEISIMOHHOM GyHKmu C(2, £,) 1 GYHKIUY OT-
KJIMKA CUCTeMbI R(Z, 1, ), OTIPE/IEIISIEMBIX CIIEAYIOLINM 00Pa3OM:

C(t,1,)= % f ddeS(x, DS(x,1,)) —(SCx, ) (S(x. 1, ))}

e s 0
Rt~ [ |
h=0

rae S(X,7) — noKaabHOE CIMHOBOE T10JIE, a YIJIOBbIE U KBaJpaTHbIE CKOOKM 0003Haua-
10T MPOLEAYpPbl CTATUCTUYECKOTrO YCPENHEeHUsI MO HayadbHbIM COCTOSIHUSIM U MO Pa3-
JIMYHBIM PeaM3aluaM M0Jisl CTPYKTYPHOTO OecCIopsiika COOTBETCTBEHHO. BpemeHHas
NepeMeHHas 7, XapaKTepU3yeT BpeMsl Havaia usMepeHus (Bo3pact o0pasiia) U Ha3blBa-
€TCA BpEMEHEM OXuIaHus. B HepaBHOBECHBIX IpoLieccax ¢ 3P heKTaMu CTapEHUS TaH-
HbIe IUHAMUYECKME DYHKIIMU 3aBUCST HE TOJIILKO OT BDEMEHU HAOJIONEHUS { — 1, , & OT
t— ¢, W1 1O OTOCJBHOCTH, YTO UMEET MECTO NpU ycaoBuu I, <I <7, tnet , — BpeMs
peJlakcalvu CUCTEMBI.
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DyKTyallMOHHO-IMCCUTIAaTUBHAST TeopeMa peaiusyeT (yHKIIMOHAIBHYIO CBSI3b
MexXny (pyHKIMeR OTKIMKA U aBTOKOPPEISILIMOHHOM (pyHKuMel. B cucremax ¢ memieH-
HOI TUHAMMKOM (PIYKTyallMOHHO-AUCCUTIATUBHAsI TeopeMa HapyllaeTcsl U B KauyeCTBe
XapaKTEePUCTUKHU 3TOTO HAPYIIEHMSI BBOOUTCS (hIyKTYallMOHHO-IMUCCUIIATUBHOE OTHO-
menue (O10)

TR(1,1,)

XL =S¢y /o

(2)

B cocrossHum paBHoBecust X(#>1f, >1 ,)=1. Ha HepaBHOBECHOM 3Tame crape-
Hust X(7,7,)=1. AcuMnroTnieckoe 3HaYeHUe BEIMYMHBI (ITyKTyallMOHHO-IHMCCUTIA-
TUBHOTO OTHOLIEHUS X(7, 1)

X* = lim lim X(#,7,) 3)

1, —00t—00

SIBJISIETCSI HOBOM YHUBEPCAJIbHON XapaKTepUCTUKON HEPAaBHOBECHOM KPUTUUYECKOM pe-
nmakcauuu [Calabrese, Gambassi, 2005].

B nmanHoIt paboTe uccaeayeTcsl BIMSIHUE AeEKTOB CTPYKTYphbl Ha 3¢ ¢GeKThl cTa-
PEHMS IPU HEPAaBHOBECHOM KPUTUIECKON 3BooNMK XY-MOIEIN U3 HaYaIbHOTO HU3-
KOTeMIIepaTypHOTO COCTOSIHMSI, KOTJa OCHOBHOM BKJIaJ B HEPABHOBECHYIO TUHAMUKY
CHCTeMbI BHOCST CIIMHOBBIC BOJHBI. D(PMEKTHI cTapeHUs IPU 3BOJIOIUHN CTPYKTYp-
HO HEYMOPSINOYEHHON CUCTEMbl U3 HAYAJIbHOI'O BBICOKOTEMIIEPATYPHOTO COCTOSIHUS
OBLIN MCCIIeAOBaHBI paHee B padote [[IpymHmnkoB u np., 20156). IToka3aHo, 4TO HaJIMU-
yye neheKTOB CTPYKTYPhI CYIIECTBEHHO 3aMeUISIET HEPABHOBECHYIO TUHAMUKY CUCTE-
MBI IO CPaBHEHMIO C TTOBEIEHMEM «dHUCTOM» cucteMsbl [Abriet, Karevski, 2004; Berthier
etal., 2001].

l'amMunpTOHMAH CTPYKTYpHO HEYNOPSIAOYEHHOW ABYMEpPHOU XY-MOAEIU HUMEET
CJIECOYIOIUIA BUL:

J
H= _E<Z> piijl.Sj, “)
i,j

rae S, — KJIacCUYeCKMil TIIaHAPHBIN CIIMH; p; — CIy4aiiHble YMCIIa 3aronHeHus; J —
o0MeHHBIN nHTerpaid. CyMMHpoOBaHHE BEOETCSI IO BCEM IapaM OMKAWIINX COCEmei.
HedeKThl pacnipenesstoTcs Mo pelIeéTKe paBHOMEPHO C BEPOSITHOCTHIO Cimp = 1 —p, roe
p — CIIMHOBas KOHIIeHTpalus. B paboTe OBLIM pacCMOTpPEeHBI CICAYIONINE CITMHOBEBIC
KoHIleHTpauuu: p = 1,0 (yucras 6ecripumecHas cuctema), 0,9 u 0,8. 3HaueHuUs TemIie-
paryp nepexona bepesunckoro-Kocrepiuua-Taynecca mis nanHbix cucrteM Ty (p):
Tyr(p=1,0) =0,893(2), Tpyer(p=0,9) =0,679(7), Tpr(p=10,8) =0,485(4), ObuM
omnpenesieHbl B pabote [Prudnikov, Popov, 2014]. TemnepaTtypa 3agaércsd IpuU 3TOM
B eIuMHUIIaX oOMeHHoro uHterpaia J. IloBemeHue cuUcCTeMbl MCCIIEI0BAIOCh BO BCeit
HU3KOTeMIepaTypHoi dase bepesunckoro ¢ T'< Ty .
MogaenupoBaHue MPOBOAUIOCH Ha KBaAPATHOM PEIIETKE C JIMHEHMHBIM pa3MepoM
L =256. B pabore [Surungan, Okabe, 2005] paccMarpuBajnch PEIIETKN C JTMHENHBI-
MU pazmepamu L < 256, ¥ U3 MpeACTaBIEHHBIX B Heil pa3MepPHBIX aCUMITOTUK IS
psiZia paBHOBECHBIX XapaKTEPUCTUK MOXHO CIEJIaTh BBIBOJ, YTO AJist pelié€Tku ¢ L = 256
BBIXOJ M3MEPSIEMbIX BEJUUYMH AOJIKEH OCYIIECTBISATHCS YK€ Ha MX aCUMITOTHYECKUE
3HayeHus. B pa6ote [Bray et al., 2000] ucciiemoBasoch HapylleHUe AMHAMUYECKOTO
CKEWJIMHTa U TUHAMMWYECKOe TTOBeIeHNE KOPPEISILIMOHHON IIUHBI cucTeMbl. [1pu 3TOM
pe3yJIbTaThl MOAEIMPOBAHUS HEPABHOBECHOIO MOBeAeHUS Wit peli€ToK ¢ L < 256 mo-
3BOJISIIOT 3aKJIFOUYMTh, YTO MPU U3YYEHUM PeJIaKCAIIMOHHBIX ITPOLIECCOB CUCTEMBI Ha pe-
weétke ¢ L = 256 3¢ peKThl pa3MepHOro U3MEHEHMS BEIMYMH MOXHO HE YYUTHIBATb.
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B pabGote [Pereira et al., 2003] uccienoBanoch BIUSIHUE OAMHOYHOTO MTPUMECHOTO
y3Ja Ha MpOoIecC MMHHUHTA BUXPEBOTO BO30yxKmeHUs. IloaydeHHBIE pe3yabTaThl IMO-
3BOJISIIOT CHIENIaTh BBIBOM, UTO mipu L > 200 HabromaeTcst yke TOCTaTOYHO ciabasi 3aBu-
CUMOCTb XapaKTepUCTUK BUXPEBOIi MojacucTeMul oT pa3mepa L. B pabote (Berche et al.,
2003) momenupoBaHME CTPYKTYPHO HEYMOPSIAOYEHHOM CHCTEMbI OBbLIO OrpaHUYEHO
pasmepom L = 128, mpu 3TOM HaAOII0IAIOCh XOpOIllee COOTBETCTBUE MOJYYEeHHBIX pe-
3yJIBTATOB C pe3yJIbTaTaMU aHAJIMTUYECKUX PaCYETOB.

MogaenpoBaHie OCYIIECTBISUIOCh HAMU C MCIIOJIb30BaHMEM alropuTMa MeTpo-
MoJjMca, peaju3yiollero IMCCUIIaTUBHYIO TUHAMUKY B paMKax Monenu A nuHaMuue-
CKOTO0 KpUTHUYECKOTro moBeldeHUs 1o Kinaccudukanunum INanpnepuna-Xosnoepra [Folk,
Moser, 2006; Hohenberg, Halperin, 1977]. Iunamuka MeTporonuca agekBaTHO pe-
au3yeT TUHAMMYECKYIO pellakcalvio B IByMepHO XY-Momeiaun BO BCeil HU3KOTEM-
nepatypHoii ¢ase BILIOTh 10 ToukH (asoBoro nepexona 1< Ty, (IIpynHukos u 1p.,
2014]. BpeMs B mpoliecce MOISIMPOBaHUS U3MepsIoch B 11arax MonTe-Kapio Ha ciuH
(MCS/s), npu aToMm 1ar MCS/s onpenessiicsl Kak BpeMeHHOM MTPOMEXKYTOK, 32 KOTOPbIi
KaXIOMY CIIMHY B CUCTEME Ja€TCs BO3MOXHOCTb MPOOHOTO N3MEHEHUSI KOH(MUTYPaLINH.

®ynkimsa oTkiavka (1) He MOXET ObITh OIpe/e/ieHa HETTOCPEACTBEHHO METOIaMM
KOMIIBIOTEPHOTO MOJIEIMPOBAaHUs, TIO3TOMY O0Jiee YIOOHOM MMCCUIIAaTUBHON BETWYU-
HOI SIBJISIETCST MHTETpaibHAas XapaKTepUCTUKA — TUHAMUYecKast 0000IIEHHAS BOCTIPH -
MUMYUBOCTb CUCTEMBI X(Z, 7,), IUIsl BBIYUCIIEHUS] KOTOPOIA ObLIT IIPUMEHEH METO[ BO3/IETi-
CTBUSI Ha CUCTEMY MaJIbIX CIy4allHbIX OMMoaanbHbIX TTosielt [Berthier et al., 2001].

B pa6ore [[IpynHuKoB u ap., 201505 ObLIO TTOKa3aHO, YTO IS KOPPEKTHOTO MC-
CJIeZI0BAaHMSI ACUMITOTUKM Ipefena f—> 00 U f, —> 00 HEOOXOAUM PacyéT GOJIBILIOTO
KOJINYECTBA 3HAYEHMI BPEMEHU OXMIAHUS /,, B IPOTUBHOM CJIy4ae BO3MOXEH BBIXO[
Ha HEYHMBEpPCAJbHYI0 3aBUCHMMOCTh U TIOJyYeHHE HEIOCTOBEPHOrO pe3yJbTara.
[NepBoHAaYaIbHO, IS MCCIIEIOBAHUS CTAPEHUS CUCTEMBbI U3 HaYaJbHOTO HU3KOTEMIIC-
paTypHOTo COCTOSIHUSI HaMU OBUTO MCITOJNIb30BaHO 16 3HaYeHW BpeMEeHU OXUAaHUSI:
t,= 10, 20, 30, 40, 50, 60, 80, 100, 200, 300, 400, 500, 800, 1000, 2000 n 5000 MCS/s
Npy BeJIMYMHE BpeMeHu Habmonenus ¢ — ¢, = 15000 MCS/s. OnHako B mocnenyromiem
BBISICHUJIOCH, UTO 3THX 3HAUYCHUM HEIOCTATOYHO U IJIS OCYIIECTBJICHUS KOPPEKTHOM
MpoLeayphl pacuéra (hIyKTyalluOHHO-AMCCUTIATUBHOTO OTHOIIEHMSI ObLJT pacCMOTpPEH
OecnipeleieHTHBI Habop Gosbiumx 3Hadyenui 7, = 10000, 15000, 20000, 30000,
40 000 u 50 000 MCS/s ipu BetmuuHe ¢ — 1, = 200 000 MCS/s Jns ciaydyast YuCToM cu-
CTEMBbI yCpeTHEeHUEe MPOBOAMIOCH T10 12 000 Pa3IMYHBIM peanu3alusaM TUHAMUKUA CU-
cTteMbl. JIJIs1 HEYNopsiIOYeHHOM crucTeMbl yepeaHeHue npoBoawioch mo 10 000 koHdu-
rypauusiM neeKTOB CTPYKTYPhI U IO 15 CTaTMCTUYECKUMM IIPOTOHKAM ST KaxKmoil
MPUMECHO KOH(pUTYpanu.

Ha puc. 1 mipeacTaBiaeHBl pe3yiabTaThl MOIEIUpOBaHUS 23(hGHEKTOB CTapeHUs Ha
NpUMepe JIByXBPEMEHHOM 3aBUCMMOCTU aBTOKOPPEIAUMOHHOM dyHkumu C(7, 1)
OT BPEMEHU HAOIIOfeHUS / — 1, 1 OT BpeMeHu oxunanus f,. Ha BcraBke puc. la npen-
cTaBJIeH rpadyK TMHAMUYECKON CKeMJIMHTOBOM 3aBUCMOCTH

C(t,1,) =1V O[E( —1,)/501,)], (5)

IIe 1 — BeIMYMHA aHOMAJIbHOI pa3MEpHOCTU CHUCTeMbl (KPUTUYECKUI WHIEKC
®umepa), 3HaUEHUs] KOTOPOTO JUIS HEYITOPSIIOYEHHOM OBIIM pacCUMTAHEI B paboTe
[[IpymHukoB u ap., 20150]; £(f) — BpeMeHHast 3aBUCUMOCTh KOPPEISILIMOHHON TJIMHEL.

B ciyuae 3BOMIOLMM M3 HAYAJILHOTO HU3KOTEMIIEPATYPHOIO COCTOSIHUSA &(f) =~ \/;
[Berthier et al., 2001; Bray et al., 2000]. Y3 pe3ynbTaToB, NMpencTaBIeHHBIX Ha BCTaBKe
K pHc. la, MOXHO 3aKJIIOYMTh, YTO Ha JOJTOBPEMEHHOM dTare ¢ f —f, > 1 nuHamMude-
CKasl CKEMIMHTOBas 3aBUCMMOCTD (5) HapyILAETCsl, ¥ JaHHbIE C PA3HBIMU 7, HE JIOKATCH
Ha YHUBEPCAITbHYIO KPUBYIO.
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Puc. 1. JIByxBpeMeHHast 3aBUCUMOCTb aBTOKOPPENAMOHHON byHKimu C(Z, £,) U TEMITEPATyPbl
T=0,3 u ciuHOBO#1 KoHUeHTpatmu p = 0,8. Ha BcTaBke NpeacTaBIeHbl 3aBUCUMOCTH [, c z,)
or (¢ —tw)/ f, ISl AEMOHCTPALUU CKEMJIMHIOBOTO MOBEIEHUS aBTOKOPPEJISIHIMOHHOM (DyHKLMU
C(z, t,) ¥ OTCYTCTBUSI «KOJIIATICA» NAHHBIX Ha NOJTOBpeMeHHOM 3Tarne (a). [TapameTpnueckas 3a-
BUCMMOCTb BocnipuumunBoctu Tx(4, 1) ot C(4, ¢, ). TIpsiMast IMHKSA 1€MOHCTPUPYET BBIMOIHEHUE
(bITyKTyalIMOHHO-TUCCUTIATUBHOM TEOPEMEI (6)
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[MTapamerpuyeckast 3aBUCMMOCTb BoctipuumuuBoctu 1X(z, 7)) ot C(4, ¢ ) mpen-
cTaBjieHa Ha puc. 16. I3 mpuBea€HHBIX JaHHBIX MOXHO CIE/IaTh BBIBOM, YTO ISl MAJIbIX
3HAYECHW BpPeMEHM OXUAaHus , BenmurHa X(¢,) > 1. D10 cornacyercs ¢ pesyibraraMmu
pabotsl [Berthier et al., 2001]. OgHako HaMM BBISIBJIEHO, YTO C YBEIWYEHUEM BpeMEeHU
oxumnanus X(7,) < 1.

Peanusauus pacuéra rpenenpbHoro 3HaueHust Bennunasl OJO X = tlim X(,)

—00

TNOKa3aHa Ha pUC. 2 JUlsl PasIMYHBIX 3HAY€HUIi BPEMEHU OXUIAHUA 1, Temneparypst T
U CIIMHOBOM KOHIIEHTpauuy p. Ha oCHOBe MpenCcTaBIeHHBIX PE3YILTATOB (CM. BCTABKY
Ha puC.2) MOXHO cAedaTh BBIBOA 00 OTCYTCTBUM KOPPEKTHOI aCHMITOTUKHU
X>(t, — ).
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Puc. 2. 3aBUCMMOCTb BETMYMHBI (IIyKTYallMOHHO-IUCCUTIATUBHOTO OTHOLIEHUs X(7,) oT I/f,.
JleMOHCTPUPYETCsl OTCYTCTBME ACUMIITOTUKY NPU PEATU3ALINM NPENENa f, — o0
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JIst BBISICHEHMST BO3HUKIIIEH CUTYallMM OBLT OCYIIECTBIEH PacuéT TMHAMUYECKUX
XapaKTEePUCTUK TSt OOoNBIINX 3HAYEeHU I ¢, >10000 MCS/ S npu
t—1t,=200000 MCS/s. Pesynbrathl MOIENMPOBaHMs MPEACTAaBIEHbl Ha puc. 3.
BpeMeHHBIe 3aBUCUMOCTH (BCTaBKa Ha pHUC. 3@) YKa3bIBaIOT HA BO3MOXHOCTb OCYIIIECT-
BJIEHUSI B HEPaBHOBECHOI pejakcauuu cucTembl 3(pdekToB cydcTapeHus (subaging)
unu cynepcrapeHus (superaging) [Henkel, Pleimling, 2010].

cw, 1)
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Puc. 3. JIByxBpeMeHHast 3aBUCUMOCTb aBTOKOPPENALMOHHON dyHKimu C(Z, £,) 11 TEMITEPaTypbl

T'=0,3 n cniuHOBOW KOHUEHTpauuu p = 0,8 Ha GOJBIINX 3HAYCHUSX BPEMEHN oXunanus /. Ha

BCTaBKe MPEACTABJIEH AMHAMUYECKUI CKeMJIMHTOBbIN aHanu3 3¢ dekToB cyoctapeHusd (a). [lapa-
MeTpuyecKas 3aBucumoctb Tx(%, £, ) ot C(t, ) (0)
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JmHaMudecKast CKeMJIMHTOBAas 3aBUCUMOCTD JIJIST aBTOKOPPEISILIMOHHON (QYHKIIUHN
B 9TOM CJIyJae OyaeT UMEThb BUIT

Ctt,) =P ol -1,/ 0, ()

rae U — uHaekc cyocraperus (U < 1) unu cynepcrapenus (u > 1). Ilpu w = 1 ocyuect-
BJISIETCSI KAHOHMUYECKOE CTapeHUe.

Bo3MOXHOCTh peann3alinv JaHHOM CKEWMTMHTOBOM 3aBUCUMOCTU OblJla HAMU WC-
CJIe0BaHa, M yIaloCh J0OUThCs «Kojulanca» naHHbix mis C(7, 1) ¢ u <1 (BcTaBKa Ha
puc. 3a). D10 ToBOpUT 00 ocyllecTBIeHUU 3¢ deKTa cyocTapeHUsl B Mpoliecce pejak-
CallMy CUCTEMBbI U3 HU3KOTEMIIEPAaTyPHOTO HauyaabHOIo cocTosiHMA. ClienyeT OTMETUTD,
YTO AMHAMMYECKasl CKEUTMHToBast hopMa Il CyOCTapeHUs pean3yeTcsl Ha JOCTaTou-
HO JIOJITOBPeMEHHOM 3Tarie Habmoaenus ¢ £ — £, ~ 70 000...200 000 MCS/s. B npenenax
TOTPEITHOCTU aIMpPOKCUMAalMKM ObII0 yctaHoBiieHO cooTtHomenue W(7, p) =n(7, p)
IUISL BCEX PAacCMOTPEHHBIX 1T M p, KOTOpPOE yKa3bIBaeT Ha HEKOTOPYIO BHYTPEHHIOKO
CBSI3b aHOMAJILHOW Pa3MEPHOCTU CUCTEMbI, KaK CBOMCTBA, OMPEACIISIONIETO BOZMOX-
HOCTh OCYIIIECTBJIeHUs (pa30BOro repexona B IByMEPHOI cUCTeMe, U cyOCTapeHUs CU-
cTeMbl (T. €. addekra HepaBHOBECHON KPUTUIECKOU peslaKcallii CUCTEMBI).

Ha BpeMeHHBIX yyacTKax, Ilie peaanu3yeTcss IMHAMUIECKUI CKEMIUHT ¢ 3¢ (heKToM
cybcerapeHust, GbUT BBIMOJHEH pacyér X = lim X (7)), mpouenypa peaqnsanuu KoTo-

t,—00

poro mpencraBiieHa Ha puc. 4. U3 anBenéHﬁHx pe3yJIbTaTOB BUIHO, YTO JJII HUX Ha-
OmofaeTcss KOPPEKTHAS aCUMITOTUKA £, — ©°. C UCMOIb30BaHUEM JAHHOW KCTPAIo-
JISLUY OCYLUECTBJIEHO BBIYMCIEHME MpeaeabHoro sHadenns OO0 X (T, p). U3 npen-
CTAaBJIEHHBIX HAa PUC. 5 pe3yJbTaToB BHUAHO, 4To 3aBucumocts X (7, p) nuHeiiHa
o temrneparype 7. 3HaueHus X ( Ty 1> P) B TOUKE (ha3oBoro nepexona bepesuHckoro-
Kocrepauua-Taynecca Ty, (p) B Tpenenax MOrpelIHOCTH BBIYMCICHUI COBMAIAOT
u paBubl X (T sk P) = 0,73(5) 1uist Bcex pacCMOTPEHHBIX CITMHOBBIX KOHLIEHTPALIUIA p.
BoisiBiieHa yHUBepcanbHas 3aBucumMoctb X (7, p) Kak GyHKLMS TPUBEAEHHON TeMIIe-
parypbl T/Tp(p), KOTOpas HOCUT JIMHEWHbBIA XapakTep [/ BCEX PACCMOTPEHHBIX
CIIMHOBBIX KOHLIEHTpaluii p. JlaHHas TeMmIiepaTypHasi 3aBUCMMOCTb MpelcTaBjieHa Ha
BCTaBKe K puc. 5.

TTony4eHHbIA Pe3yNbTaT MO3BONAET caeiarh BhiBom, uto X (7, p) mus Bcex pac-
CMOTPEHHBIX CITMHOBEIX KOHIICHTPAIINIA p TIepeoIIpeaeIsieTCsT TOIbKO Yepe3 TeMITepaTy-
py daszosoro nepexona 7'y, (p). [Ipy 5TOM U1 OAMHAKOBBIX MPUBEAEHHDBIX TEMIIEPATYD
T/ Ty (p) 3HAUEHUS X>(T, p) coBnanaior.

BoinonHeHHbIe UCCAenOBaHMUSI TMOKa3blBalOT, YTO pejlakcaluys IBYMEpHOM
XY-Momenau U3 HavyaJIbHOTO HU3KOTEMIIEPATYPHOI'O COCTOSIHUS CYIIECTBEHHO OTJIMYa-
€TCs OT peJlaKCalluy M3 Ha4aJlbHOTO BBICOKOTEMIIepaTypHOro coctosiHus [I1pyaHuKoB
u ap., 20156]. CymecTBoBaHMEe YHUBEpCAJIBHON 3aBUCHMMOCTH TipemeinbHoro MO
OT MPUBEAEHHON TeMIlepaTypbl O3HaYaeT, YTO OCHOBHOM BKJIAaJ B HEPABHOBECHYIO KpH-
THYECKYIO peIaKCcalldiio OTHOPOOHOM M CTPYKTYPHO HEYIIOPSIIOYEHHOM IBYMEpPHOM
XY-Monenau Mpu 3BOJIOLMU M3 HAyaJbHOTO HU3KOTEMIIEPAaTYpHOIO COCTOSIHUSI BHO-
CAT aHTAPMOHUYECKNE CITMH-BOJHOBEIC 3(P(PEeKThI, a BKIAIOM BUXPEBOM MOICHUCTEMBI
MOXHO TpeHeOpeyb.

B manHOiI1 pabGoTe BIIepBBIE OCYIIECTBIEH pACUET TeMIIEpaTypHOM 3aBUCHUMO-
CTM AaCUMIITOTUYECKOTO 3HayeHUs! (IYKTyallMOHHO-IUCCUIATUBHOTO OTHOILIEHMS
X(T, p) 1i1st OJHOPOAHON U CTPYKTYPHO HEYNOPSA0YEHHOM ABYyMEpHOI XY-MOIEN.
PaccMoTpeH mMpokuii Auana3oH CIIMHOBOI KOHLEHTpaluu p. TeMnepaTypHble 3aBU-
CHMOCTH TIOJTyYeHBI IJIST BCe HM3KOTEMIIEpaTypHOIl (ha3bl BIUIOTH 0 TOYKH (Pa30BOTO

nepexona bepesunckoro-Kocrepiuua-Taynecca 7' Ty r.
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Puc. 4. Onpenenenue X (7T, p) yTéM KOPPEKTHOM SKCTPAIIOIALMA 1/t,— 0 Bemumn X(7,) s
Pa3IMYHBIX CTMHOBBIX KOHLIeHTpauuii p = 1,0 (a) up = 0,8 (6)

BriepBble Oblla TIONyYeHa YHUBEPCalbHas 3aBUCUMOCTh X (T, p) OT IpUBEIEHHOIA
temneparypbl 7/ Ty, (p) 1 pasIMYHBIX CIMHOBBIX KOHLIEHTPALIMiA p, KOTOpasl MO3BO-
JIVJIa yCTAaHOBUTH, YTO OCHOBHOM BKJIAJ B TIPOLIECC peflaKcallii CUCTEMBI M3 HU3KOTEM-
NIEpaTypHOrO HAaYyaJIbHOTO COCTOSTHMS BHOCAT cIMHOBEIE BOMHEL. CpasHenue X (7, p)
B TOuke (ha30BOTO Tepexojia ¢ aHATUTUIECKUM PE3YIBTATOM TTO3BOJISIET CIENATh BBIBO/I,
YTO OCHOBHYIO POJIb UTPAIOT aHTAPMOHUWYECKHNE CIUH-BOJHOBBLIE 3(p(PeKThl. BriepBbie
OBIIO TIOKA3aHO, YTO CKeiyimHTOBast (popMa Isi ABYXBPEMEHHBIX XapaKTePUCTUK CH-
CTEMBI TIpY peslakcallii M3 HavyaJbHOTO HU3KOTEMIIepaTypHOIO COCTOSIHUSI COOTBET-
CTBYET SIBJICHUIO CyOCTapeHusl.
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Puc. 5. TemmneparypHas 3aBUCUMOCTh ACHMIITOTUYECKOTO 3HAYEHWSI BEJMYMHBI (DIYKTyalld-
OHHO-INUCCUNIATUBHOTO OTHoIIeHus X (7, p) I pasiMYHbIX CIIMHOBBIX KOHLEHTpaUWil p.
Ha BcraBke — yHuBepcanbHas 3asucumoctb X (T, p) = f[T/ Torr(D)]
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Numerical simulation of non-equilibrium critical relaxation of diluted two-dimensional XY-
model was performed in the low-temperature Berezinskii phase for wide range of spin con-
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initial states by Monte-Carlo methods. Subaging effects and violation of the fluctuation-dissi-
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YK 519.3

MATEMATUYECKOE MOLENUPOBAHWUE NPOLECCOB OPATMEHTALIUN
W ABNALNN MOJIEKYNAPHOIO OBJIAKA CUJIbHOW YAAPHOW BONHOW

b. 1. Poibakux

MepepanbHbIN Hay4YHbIN LeHTp HayuHo-nccnenoBaTenbCKUii MIHCTUTYT CUCTEMHbIX UCCIIe0BaHMN
Poccuinckon akagemun Hayk (OHL HANCK PAH)

MockoBcKuMii rocyfapCTBeHHbIN yH1BepcuTeT umeHn M. B. JlomoHocosa (MI'Y nm. JlomoHocoBa)

B pabote mpeacTaBieHBl pe3yJbTaThl KOMITBLIOTEPHOTO MOIEIMPOBAHUS B3aUMOIEHCTBUS
yIapHOI BOJIHBI C MOJIEKYJISIPHBIM 00JIaKOM B TpEXMEpPHOI MocTaHOBKe. CxaTue 00JIaKkoB,
BbI3BAHHOE YIApHBIMM BOJHAMM, IXKETaMU U APYTMMU IpoLieCCaMU YacTO BCTPEYaloTCs
B lNamaktukax. B pe3ynabTaTe Takoro B3anMoOmeCTBUs MOJIEKyJIsipHbIe objaka (MO) mm6o
paspymiaroTcs, JU00 B HUX YCKOPSIIOTCS MPOILECChl 00pa3oBaHUs 3BE3M M TUTAHETHBIX CH-
cTeM. YaapHble BOJIHBI, KOTOpBIE pacIpoCTpaHsIoTcs B Mex3Be3nHol cpeae (M3C), obpa-
3YIOTCSl B pe3yJibTaTe Pa3jIMuyHbIX acTpOU3NYECKUX MPOIIECCOB, HAIPUMED, IKETOB (jets),
B3pbIBOB CBEPXHOBBIX 3BE311, CTOJIKHOBeHUIT MO u T.a. Iy IpoBeieHNsSI MOJIETMPOBAHUS
OblTa TIOCTpOeHA TpEXMepHas MapasuleibHasl MporpaMMa ¢ JOCTaTOYHBIM 3D (hEKTUBHBIM
pa3peleHrdeM LISl quameTpa obiaka. IlpoBenéH meTanabHbBI aHAIM3 MPOIECCOB A0S,
nedopmupoBaHMsl U (parMeHTallMd MOJeKyJsspHoro o6naka. ITompo6Ho u3ydeHo dop-
MHPOBaHHWE CUCTEMBI MPOIISANINX W OTPAKEHHBIX BOJH, CXaTWe W aOJSIUs BelllecTBa.
TMocTtmporieccopHast 06paboTKa pe3yIbTaTOB pacuETOB MO3BOJIMIIA HANTU OCOOEHHOCTH BO3-
HUKAIOIIIEeTO TeueHUs — 00pa3oBaHUe BUXPEN, SpO3UU U abJIAIIUY BeleCTBa MOJIEKYISIPHO-
ro obiaka.

Pa6ora BEITIOTHEeHA py momaepkke Poccuiickoro ¢oHma ¢pyHIaMEHTATbHBIX HC-
cnenoBaHuii (mpoekT No 14-29-06055).

Karouegovle croea: maTeMaTieckoe MOJEIMPOBAHKE, YIApPHBIE BOJHBI, MOJIEKYJISIPHBIC
obJaka, mapaureJbHbIe BerauciaeHus, OpenMP.

BBEOEHWUE

[IpocTpaHCTBO MeXmy 3BE3MaMU B TaJaKTUKaX 3aIlOTHSCT pa3peXXeHHOE BEIECTBO, KO-
Topoe HasbiBaeTcsl Mexk3Be3aHou cpenoit (M3C). OHO cOCTOMT M3 raza M MbUIU, U CO-
craisieT 10...15 % ot o61ieit Maccel B raiaktudeckoM aucke [Ferriere, 2001]. W3 Hero
00pa3yloTcs 3BE3/1bI, KOTOPhIE MpoaorkaT dopMupoBaTh M3C Ha NPOTSKEHUU CBO-
€r0 XXM3HEHHOTO IIMKJIA U TIocjIe Tuoen. MexX3BE3mHas cpelia 1o CBOei CTPYKType Cy-
1ecTBeHHO HeogHopoaHa. B M3C cyuiecTByloT 00J1acTH, B KOTOPBIX BELIECTBO MMe-
€T OOJIBIIIYIO TIOTHOCTh. DT HEOTHOPOMTHOCTH BO3HHMKAIOT IO Pa3HBIM IIPUYMHAM,
HO HE3aBUCHUMO OT MPUPOJLI BOBHUKHOBEHUSI, TaK1e CTyCTKU miau obnaka (MO) ka-
yecTBeHHO oTimyapTcs oT M3C. CxkaTue MOJIeKyIsIpHBIX 00iakoB (MO) — onuH u3
BaXXHBIX MEXaHU3MOB, YCKOPSIIOIIMX ITPOIIECC TPaBUTAIIMOHHOTO KoJiiarca u ¢hopMu-
poBaHMe 3BE3M M IUIAHETHBIX CUCTEM. TakK XXe OHO MOXKET IIPUBECTH K pa3pyiieHuio MO
yKa3aHHbIMM BozfeicTBussMu. Ha puc. | npuBenéH CHUMOK MOJIEKYJISIPHOTro objiaka
Unicorn R2, monyyeHnnoro ¢ momonipio Teneckorna VISTA ESO.

HccnenoBanuio 0oco6eHHOCTEN TTOBEACHUST MOJIEKY/ISIPHO-TIBIJIEBBIX 00JIAKOB 1 13-
YYCHUIO MX POJIM B (DOPMHUPOBAHMU 3BE3I ITOCBSIIECHO OOJBIINTOE KOJUYECTBO PaboT.
B nmonepckux pabotax [Hartquist, Dyson, 1988; Hartquist et al., 1997] aHanuTuye-

Poi6akun bopuc IletpoBuy — Beayluit HAy4HbI COTPYIHUK, TOKTOP (PM3MKO-MaTeMaTUYECKUX
Hayk, rybakin@vip.niisi.ru
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CKM OBUIM TIPOaHAJIM3UPOBAHEI ITPOIIECCHl B3aMMOIECUCTBUS ITOTOKOB C Pa3IUIHBIMU
HEOTHOPOMHOCTSIMHU, M3YYeHBI BOIIPOCHI, CBSI3aHHBIC C BIMSHHEM BHEIITHUX TCUYCHUIA
Ha CBOICTBa HEOOHOPOIHBIX obnacteii. [lepBble pabOTHI B 3TOI 00JaCTU BBIMOJHEHBI
B OOHOMEPHOU WM ABYMEPHON OCECUMMETPUUYHON noctaHoBKax. [1o Mepe pocTa BbI-
YUCIUTEBHBIX MOIIHOCTEN TOSIBUJINCH MCCIIEIOBAHMUSI, B KOTOPBIX TOOABUJINCH YUET
rpaBUTALIMM W BIMSIHME MAarHUTHBIX rmojieil. B pa6orax [Anderson et al., 1994; Gregori
et al., 1999; Klein et al., 1994; Truelove et al., 1998] Gbu1a UccienoBaHa 3agadya B3au-
MOIEHCTBHUS TIOTOKA BEIIeCTBA M yAapHOM BOJHBI ¢ OOMHOYHBIM MO. BTtH mcciaeno-
BaHMS TaKKe MPOBOAMINCH B OMHOMEPHOU M ABYMEpPHOI ITocTaHOBKaX. BEUTO mccie-
IOBaHO BJIIMSTHAE OCHOBHBIX TMAPOAMHAMWYECKUX XapaKTePUCTUK M MArHUTHBIX TI0-
seii. OMHOMEPHBIM U IBYMEPHBIM ITOCTAHOBKAM XapaKTepHBI OTpaHMYECHUS, KOTOpPHIE
HE TTO3BOJISTIOT ITPOBECTH NIETAaIbHOE MCCIICHOBAaHME TIpoliecca B3aMMOICHCTBUS yaap-
Ho¥ BoJIHBI ¢ MO.

B TpéxmepHOIi TTOCTAHOBKE TaKWe OTPAaHUYCHUSI OTCYTCTBYIOT. DTO HAET MOMOJ-
HUTEIbHBIE TTPEUMYIIECTBA, CBSI3aHHEIC ¢ 0OJiee TOUHBIM OMUCAHWEM BO3HWKAIOIINX
npoueccoB. B padorax [Frank et al., 2003; Melioli et al., 2005; Stone, Norman, 1992;
Truelove et al., 1997] Obl1a ucnosb30BaHa ABYX U TpEXMepHash MOCTaHOBKA 3alauM.
B aTux u psime apyrux McciaenoBaHUM MOSBUAIACH BOSMOXKXHOCTD BBISIBUTE CJIIOKHBIE ME-
XaHW3MBI, BO3HHMKAIOIINE B TIPOIIeCCe B3aUMOICUCTBUSI CHIIBHBIX YIAPHBIX BOJIH C MO-
JIEKYJISIPHO-TIBUIEBBIMU  O0JIakaMK. K3ydyeHO mMosIBIeHUE pIJIeli-TEHIIOPOBCKOM He-
YCTOMYUBOCTH, SIBIEHUE YHOCA BelllecTBa (a0sMK) MpU 00pa30BaHUM TypOYJIEHTHO-
To TeYCHUSI ¥ pamIualliOHHOTIO OXJIAXKICHMS BellecTBa obnaka. B padore [Frank et al.,
2003] ucnoab3yercst ogHodazHasi MOJeb ra3a, KoTopasi JOCTaTOYHO TOYHO OTpaxkaeT
(bu3myeckyo KapTuHy TedeHMs. B pacuérax mpenmnosarajioch, YTO HEBO3MYIIEHHAsI
cy6erannmst M3C cOCTOMT M3 cpaBHUTENbHO TémIoro Bemectsa (~10* K) u HeGob-
X HEOTHOPOMHO paclpeAeEHHBIX XOJOIHBIX 00JIaKOB (~102 K), xoTopsie obmama-
10T OoJiblIol MI0THOCThIO [Anderson et al. 1994; McKee, 1988; Melioli et al., 2005].
M3HavyanpHO 00JIaKa HaAXOmSITCA B AWHAMUYECKOM paBHOBECHMU C (DOHOBBIM Ta3oM
[Frank et al., 2003].

Puc. 1. B uentpe monekynspHoe oosako Unicorn R2. Telescope VISTA.
The authors and rights European Southern Observatory
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B naHHOIf paboTe pacCMOTpeH MPOIECC B3aMMOAEUCTBUS yOAPHOW BOJHBI 0OJIb-
1IOW MHTEHCUBHOCTU C MOJIEKYJISIDHBIM 00JlakoM. Monenupyetcsi polecc BO3HUKA-
IOIIET0 TMIEeP3BYKOBOTO ra30qMHAMUYECKOrO TeUEHUS W aHAIU3UPYETCs B3aMMOJeli-
CTBUE TIPOIIECCOB CXaTusi, (hparMEeHTAallMu U 0Opa3oBaHUE TYpOYJIEHTHBIX TEUCHUN
B 00JIaKe 1 OKpYXarollel cpene.

MopenupoBaHue AMHAMUYECKUX TIPOLIECCOB B TPEXMEPHOI TOCTAHOBKE HA JOCTa-
TOYHO TMOAPOOHBIX CeTKax TpeOyeT OOJbIINX BIUMCIUTEIbHBIX pecypcoB. s mpose-
JIeHUsI pacu€ToB ObLI pa3paboTaH Mapasjie/ibHbIA aJITOPUTM pelleHUs] 3a1a4 HecTalu-
oHapHolt razoguHamMuku [Rybakin, 2013], netaqbHO ompoOOBaHHBIN MPU pEIIEHUU 3a-
a4yl B3anMOAEHCTBUS Haberalouieil yrapHoii BOJHBI ¢ 00JIaCThI0 MEHbBIIEH TIJIOTHOCTH
[Rybakin, Goryachev, 2014]. Ing yckopeHUs pacy€ToB Oblla UCMOJb30BaHA TEXHOJIO-
rusg OpenMP. [Ing storo 6suta pa3padboraHa mapajieiabHas IIporpaMma, KOoTopast oc-
HOBaHa Ha pa3HOCTHBIX CXeMax BBICOKOTO pa3penieHus. JlaHHas mporpaMma mo3BoJisieT
pemiath TpEXMEpHbIE YpaBHEHMS Ditnepa 1uisi cxXruMaeMoro rasa. st ynydieHust Kaue-
cTBa napaJiieJibHOTO Kojaa ucnoib3oaics Intel V Tune Amplifier XE.

METOZWKA W PE3YJIbTATbI PACYETOB

Mexx3BE31HasI cpela COCTOUT M3 CpaBHUTEIbHO Témoro semectsa ~10° K. B M3C
HaXOIMTCSl MOJIEKYJISIpHOE 00J1aKO, IJIOTHOCTh HaMHOro Oouibiie rioTHoctu M3C.
Temneparypa B MoJieKy/IspHOM oOsiake MeHbliue Temmeparyppt M3C T, .~ 10%K.
VYnapHas BojiHa, 00pa3oBaBIliasics MOCje B3phiBa CBEPXHOBOI 3Be3/bl, HAOeraeT Ha MO-
JIEKYJISIpHOE 00J1aK0, KOTOPOE HAXOMUTCS B MEX3BE3MHOM cpene. Ha puc. 2 cxemaTtude-
CKM TIpECTaB/IieHa FeoMeTpUsl pacu€THol obnacTu. IIpuBeneHo ceueHUe TPEXMEPHOM
pacu€THOI 00JaCTU TUTOCKOCTHIO, TIEPTIeHANKYJIsSIpHOI ocu OZ. Ha puc. 2 mpuBeneHo
HavajbHoe (f = (0) nmojoxeHue ynapHoii BojaHbl 1 MO, miockast ynapHasi BOJHa Mpuy-
MBIKAeT K JIEBOI TpaHUIIe MOJIEKYISIpHOTO obJyaka (cieBa). Ha mpaBom pucyHke mpu-
BeI€H MOMEHT Oe3pa3MepHoro BpeMeHM ¢ = 7. B pacuérax ucrojb3yercst ogHoga3Has
MOJIEJTb Ta3a, KOTOpasi 00ecreunBaeT AeTATbHYIO (DU3NIECKYIO KAPTUHY.
BbruuciaurenbHas o0JacTh MpencTaBiisieT co0Oi mapajuiesenunen ¢ pa3Mepamu
oT 2048x1024x1024 mo 1024x512X512, pasMepsl SiueeK paBHbL Ax = Ay = Az.
VnapHas BojiHa B3auMoaeiicteyer ¢ MO, KoTopoe uMeeT Apyrvie TepMoAMHaMuJe-
CKMMU XapakTtepuctukamu. Kpome Toro, ynmapHasi BoJTHa UMEET KOHEUHYIO TONIIWHY,
e€ MOBEPXHOCTb HE IUIOCKas, U YpaBHEHMSI COCTOSTHUSI B MexX3BE3mHoU cpene, MO
U yIapHOUW BOJHE OTAWYAIOTCS APYT OT Apyra. Kaxmbiii ra3 MOXeT UMETh CBOIO COO-

CTBEHHYIO CKOPOCTB 3ByKa d; = 4 /yi( D; / 0;), MOJEKYJISIPHYIO Maccy, HoKa3aTelsb Y U T. 1.
OpnHako, Kak 1mokasaHo B pabotax [Bagabir, Drikakis, 2001; Picone, Boris, 1988], Mox-
HO WCITOb30BaTh ONWHAKOBBIC 3HAYCHUS TEPMOTMHAMUYCCKUX XapaKTEPUCTUK IS
Pa3TMYHBIX Ta30B U UCIIOJIb30BaTh MOJEIb C Y 5/3.

Puc. 2. IludpoBoii nmupeH 115 rpandeHTa IJIOTHOCTH pu ¢ = 0 (cieBa) u npu ¢ = 7 (crpaBa)
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bynem paccMmaTpuBaTh HeCTallMOHApHbIE TE€UEHUST MIEATbHOIO CXXHMMaeMoro rasa.
Taxke OymeMm npeHeOperaTh 3¢ GeKTaMu BI3KOCTU U TpeHUs. Torga cucreMa 3aKOHOB
COXpaHEHHUSI MACChl M KOJIMYECTBA ABUKEHUS Y DHEPTUU B TPEXMEPHOI 1eKapTOBOM CU-
cTeMe KOOPIMHAT MOXET ObITh 3alMcaHa CAeayoIM 00pa3oM:

oU OFWU) oGWU) 0HWU)
—+ 1 + =0
ot 0x ay 0x

BeKTOp KOHCEDBATMBHBIX NEPEMCHHBIX 3aMMCHIBACTCA CIEAYIONIIM  06pasom:
= (p, pu, pv, pw, pe)” . BeKTOp MOTOKOB:

(1

ou
2
pu”+p
FU)=| puv | (2)
ouw
oue +up

IMotoxu G(U) u H(U) MOXHO 3anucaTtbh aHAJIOTUYHO (2).
JIis1 3aMbIKaHUSI CUCTEMBl YPABHEHUI UCMOJB3YETCsl YypABHEHUE COCTOSIHUSI UJIE-
JIBHOTO rasa:

p=p<v—1)e—§(u2+v2+w2>, 3)

31I€Ch Y — OTHOILEHUE TEIJIOEMKOCTEI; 0 — IJIOTHOCTB; V = {U, V, W} — BEKTOP CKOPO-
ctu; p — gaBieHue [Rybakin, Goryachev, 2014].

M3HavanbHO 00JIAKO HAXOOSATCS B IMHAMWYECKOM PaBHOBECHU C (DOHOBBIM Ta30M.
TeronpoBOAHOCTRIO M PAgUAIIMOHHBIMUA TIOTEPSIMM TIPH B3aMMOICHCTBUU MOXHO
npeHeOpeyb. B paboTe wucmoyb3yeTcsl YpaBHEHHME COCTOSIHUSI MICaJIbHOTO rasa
c vy=15/3. JIOTHOCTD Me)KSBéB,Z[HOI/I cpembl MIPUHIMAETCS paBHOI

a =2,15-10® r/cM®, Ttemmeparypa T, =10*K, u,=0,0. TInorHocTs B oO6naKe
. =1,075-10" 2 r/ cM?, temneparypa T, = 100 K, u, = 0,0. ITapameTpsi raza 3a ynap-
HOI/I BOJTHOM OTpPEAEIISIIOTCS U3 ypaBHel-mn PenkuHa-TIOroHuo.

B Ha].HI/IX pacuétax yuciao Maxa y,ZLapHOI/I BOJIHBI paBHO M =7, HJ‘[OTHOCTL

p = 8,6 1072 r/CM3, temmniepatypa 1, =1,5- 10° K, ckopocts ug, —104 10’ CM/C
[Klem et al., 1994; McKee, 1988; Mehoh et al., 2005].

TonmuHa ¢poHTa yoapHO BOJHBI JOCTAaTOYHO OoJibllas 2...5 MK, YTO HAMHOTO
Gonbie pagmyca obnaka. Pamuyc obGrnaka paseH 7, =0,051K, Bpemsi MPOXOXaeHUs
yIApHOU BOJTHOM PacCTOSTHUS TUaMeTpa 00JIaka IIpUOIU3UTEILHO paBHO 960 JreT.

OmHnM 13 HamOoJiee BaXKHBIX MapaMeTPOB IIPOIlecca B3aMMOICHCTBUS YIapHOI
BoJIHBI ¢ MO sBisieTcst oTHoLeHue roTHocT MO K totHoct M3C:

J— me
X= 5 (4)
pism
30€Ch Py;o — IUIOTHOCTb MOJIEKYJISIDHOTO 00JIaKa; Py3c — IUIOTHOCTb MEX3BE3NHOM
cpenbl cooTBeTcTBeHHO. IIpenmnonaraem, 4To ynapHasi BoJHA He MOIBepraeTcsl pagua-
HMOHHOMY OXJIAXICHMIO M YNCIIO Maxa yoapHOM BOJTHBI JOCTAaTOYHO OOJIBIIIOE.
Torma MOXHO MoKa3aTh, YTO CKOPOCTh YAApHOH BOJHBI B 00J1aKe MOXKHO MPUOJIM-
3utenbHO olleHUTh [McKee, Cowie, 1975] Tak:
v
__ _sh
Vesh = 2 (5
X
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Hcnonb3ys BbeipakeHus (4) u (5) MOXHO OLIEHUTb BpeMs, 3a KOTOPOE yaapHas
BOJTHA TOCTUTHET IIeHTpa obJaKa:

1/2
x'°R
T, ="—F. (6)
vsh
OBE3PASMEPUBAHWE

3amnuiieM MpUBEAEHHYIO CUCTEMY TPEXMEPHBIX YpaBHEHMI Diijiepa B Oe3pa3MepHOM
Buze. [st aToro OyneM MpelcTaBiIsTh pa3MepHble BeMYUHBL B Bune f = f,f '. 3nech
f" — pasmepHnas BenuumHa; f, — KOHCTaHTa oGe3pa3MepuBaHus. Bce BeTMYMHBDI,
MpeAcTaBieHHbIC B paboTe, IPUBEACHBI K Oe3pa3MepHOMY BUY.

HAYAJIbHbIE N TPAHUYHBIE YCJTOBUA

IIpuBenéHHbie B paboTe pe3ynabTaThl OBLIM pacCUMTaHBl Ha CETKE C pa3Mepamu
1024x512x%512. Paguyc MOJeKy/IsIpHOTO obiaka ObUT paBeH 64 sueiikaMm, U ero LieHTP
pacrioyiarajicst B To4Ke ¢ KOOpAMHaTaMu ¢, ¢, ¢, . Ha jeBoii u npaBoii rpaHuuax pac-
Y€THOM 00JIaCTU MCIIOJIB30BAIUCh YCIOBUS OTKPHITON TpaHullbl. Ha ocTanbHBIX rpaHU-
11ax 3aaBajvCh MepUOIUYECKIEe TPaHUYHBIC yCcJIOBUs. [Ipy 3amaHHbBIX HaYyadbHbBIX yC-
JIOBUSIX HAUMHAETCS pacuéT Ipoliecca B3auMOIeACTBUSI BBICOKOMHTEHCUBHON y1apHOI
BOJIHBI C MOJIEKYJISIDHBIM OOJIakoM. B HavyaibHBIE MOMEHT BpEMEHU yAapHas BOJIHA
MPUMBIKAET K JIEBOI T'paHHIIe 00Jlaka, U B MOMEHT BpeMeHHM ¢ = () HauMHaeT B3aMO-
JIEiCTBOBATh C 00JIAKOM.

METOA YACNEHHOTO PELLEHNA

Hns pemeHnsT 3agayy OBLT CO3MaH MapaJUICIbHBIA aJITOPUTM, WCIIONB3YIOIINNA pa3-
HOCTHBIE CX€MBbI BICOKOTO pa3pelleHnsl, OCHOBaHHbIN Ha cxemax Turia TBJ [TooyHoB,
1959; Toro, 2009]. PazHocTHasI cxeMa UMEET BTOPOI MOPSIOK TOYHOCTH M TTO3BOJISICT
BECTH PACUET C BBICOKMM pa3pelleHUueM IBUXKEHUS YIApHBIX BOJTH U KOHTAKTHBIX pa3-
PBHIBOB M IIPEIOTBPAIIATh He(hU3NICCKIE OCIIVILISIIINN.

Hnsa BepubuKay MpOrpaMMHOIO KoJa ObUIO MPOBEAEHO OOJIbIIOE KOJIMYECTBO
pa3IMYHLIX IBYX M TpEXMepHBIX TecToB [Rybakin, 2013, Rybakin, Goryachev, 2014].
IIpoBenéHHOE TeCcTMpOBaHUE MOKA3ajJ0 XOpOIllee COBMAJACHUE Pe3yIbTaTOB PAcuETOB
C AHAJIUTUYCCKUMU PEIICHUSIMHU W SKCIEPUMEHTAILHBIMM JaHHBIMUA. POPOHTHI ymap-
HBIX BOJH pa3Ma3blBAIMCh Ha BEJIUYMHY 3-4 sYeiiku, KOHTaKTHbIE pa3pbiBbl — Ha
3—5 saJeexk.

s Xopolero paspelieHus mpoleccos, mpoucxoasimx B MO HeoO6XoauMo, 4To-
OBl pagnyc obaka ObUT He MeHee 64 pacuéTHBIX s4yeek. PasMep pasHOCTHOM CETKA ObLT
BBIOpaH M3 3TUX COOOpaXkeHU I, OCHOBHBIE PACUYEThI POBOAUIUCH Ha CETKE pa3MepaMu
1024%x512x512. MeHbllIee KOJTUUECTBO sSTYeeK OTPUIIATEIIBHO CKa3bIBaeTCsI Ha pa3pellie-
HUU MPOUCXOSIIINX ITPOLIECCOB.

Panunyc Bemectsa MO — r.; Ge3pasmepHble 3HAYEHMs rasa — pé =500. ®ponr
yIAapHOI BOJHEI, KOTOpasl IBWKETCS CJieBa HAIpaBO, B HAYaJIbHBIM MOMEHT BPEeMEHU
npuMbikaeT K JieBoit rpaHuue MO. Yucno Maxa ymapHoii BOJHBI paBHO M =7.

Benuuyunel 3a GpoHTOM ynapHOU BOJHBI HaxondTcs u3 ycioBuil Rankine-Hugoniot
cy=5/3.
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IITar mo BpeMeHu omnpeaensieTcsa U3 yciaoBuil ycroitunBoctu Courant-Friedrichs-
Lewy. IlpoBenénHas TmaTeabHas BepudUKalMs TporpaMMbl IOKaszajga Xopollee
COBMaleHNWE C AHATUTUYECKMMM PELICHUSIMU W 3SKCIEePUMEHTATbHBIMU TaHHBIMU
[Rybakin, Goryachev, 2014; Rybakin et al., 2014].

PE3YJIbTATDI

B nporecce B3aMMOAEHCTBUS yOIApHOU BOJIHBI C O0JAaKOM BBIAEJSIIOT HECKOJIBKO Xa-
pakTepHbIx cTaauii. Ha HauanbHOM cTanuuy non AeCTBUEM Maaarollleil yiapHoi BOJHBI
obnako cxxumaertcsi. PazHocts BenmnuuH B M3C, MonekyasapHOM o0Jiake U 3a (PPOHTOM
yIapHOU BOJHBI MEHSIETCS Ha HECKOJIBKO IOpSAIKOB. [1oaToMy Ha TIpUBEIEHHBIX I'pa-
(ukax vcrnosb3yercs Joraprucm IJIOTHOCTU, IHEPTUHU U TeMIIepaTyphl.

Ha puc. 3 mpuBenéH 4YMCIeHHBINA IUITMPEeH IS JIoraprdMa IUIOTHOCTH HA MOMEHT
oe3pasmepHoro BpeMeHu ¢ = 50. Ha puc. 3 oTpaxkeHbl OCHOBHBIE XapaKTEPUCTUKU BO3-
HUKAIOIIEeT0 TEYCHMS. YCIOBHBIC OOO3HaueHMs: M1 — mepBWYHAs ymapHasi BOJTHA
(SW), oTpaxk€HHass OT OCHOBHOI yIapHOI BOJHBI, BOZHUKIIAS TIpU OTpakeHun Maxa
Ha ocu cuMmMmeTpum; M2 — Bropuunblie SW; S1 — nepBuuHble HOXKM Maxa; S2 — BTO-
puuHble HOXXKM Maxa; T1 — nepBUYHBIC TPOiiHbIE TOYKU; T2 — BTOpUYHBIE TPOITHBIE
TOUYKHW; V1 — TepBUYHBIC OTPBIBHBIC BOJHEI, BBI3BAHHBIC PETYISIPHBEIM OTpakeHUEeM
OT BOTHYTOTO (pPpOHTA OCHOBHO! yOapHOI BOJIHBI; V2 — BTOpMYHBIC BUXpEBbIe 0Opa-
30BaHUS — BOJHBI, BEI3BAHHBIC OTPaXeHUWEM OT BOTHYTOTO ()pOHTAa OCHOBHOM ymap-
HOI BOJIHBI M BBIMYKJIOCTU B 00J1acTU 0O0pa3oBaHus HoxXeK Maxa. [Tocne nmpoxoxaeHus
ymapHoil BonHO# L = 3/4 muameTpa obaka HaumHAeTCsl IIpoliece ero (pparMeHTaInm,
Y aKTUBUPYETCSl COBMECTHBIN mpouecc abasiiun — nepemeninpanue MO ¢ oGiacTbio
yIapHOI BOJHBI M MEXK3BE3THOU cpemoil. B leBoM HMKHEM yINIy MpHUBeAeHA M30II0-
BEPXHOCTh Jiorapudma IIJIOTHOCTM B MOMEHT BpPEMEHHU IIocjie MPOXOXIEHUs yaap-
HOI BOJIHO# 00JIaKa, IIBET Ha IOBEPXHOCTU OTOOpaXkaeT MOMYIb MECTHOM CKOPOCTH
TEYESHMSI.

GS . ocHosHoM DpoHT YOAPHOR BONHE!

Puc. 3. LludpoBoii uMpeH AJisd rpaaueHTa INIOTHOCTU npy £ = 50 1 u3o0paxkeHue OIHOI U3 U30-
MOBEPXHOCTEI MOIYJISI POTOPa BEKTOPHOTI'O ITOJISI CKOPOCTH, ¢ MIPUBEIEHHOM Ha Hell KapToil pac-
IpeIeIeHNs JIOKaJIbHOM CKOPOCTH IIOTOKA rasa
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Puc. 4. Lludposoit nummpeH U1l rpairieHTa TUIOTHOCTY ipu ¢ = 50 1 M300paxkeHre 0JHOI 13 30~
MOBEPXHOCTEN MOAYJISI POTALlMM CKOPOCTHOTO IOJIsI, C MMPUBEAEHHON Ha HEW KapToil pacripenee-
HUS JIOKaJIbHOI CKOPOCTH MOTOKA rasa

loeg( 2 )

5.0

Puc. 5. U3omoBepXHOCTH IJIOTHOCTU [isd log = 2, 4, 5. Ha U301OBEpXHOCTSAX LIBETOM
oTOOpaXkeHo pacrpenesieHne sHeprun. CTpeaKaMu oKa3aHbl JUHUHU TOKa
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B HauvayibHBIE MOMEHTBI BpEMEHU, KOT/a TOJIOBHAS yaapHasi BOJIHA HAYMHAeT OTU-
0aTh MOJIEKYJISIpHOE 00J1aKO, Ha JIeBOM I'paHMLIe 00pa3yeTcsl BOJIHA, KOTopasl ABUXKET-
Cs HaBCTpeuy MOTOKY. 3a CUET ITOro Ha JIEBOU rpaHulle obsiaka HaYMHaeT (hOpMUPO-
BaThCsl MEpBUYHOE BO3MylleHUWe. Ha mpaBoif rpaHuIle BO3HMKAET HEYCTOMYMBOCTH
Puxtmaeiipa-MeiikoBa (P-M). Cneayomasi ctaagusi XxapakKTepu3yeTcsl pacllupeHUueM
obiaka 1 oOpa3oBaHMEM CJIOXHOM BOJHOBOM CTPYKTYpHI. 3a (DPOHTOM MpOIIEHIIeii
yaapHOU BOJHBI (POPMUPYETCS BUXPU, KOTOPbIE Pa3BUBAIOTCS C TEUEHUEM BpPEMEHMU.
Ha nmoBepxHocTH 00J1aKa BUIIEH Mpoliecc adsauu (yHOCA BEIECTBA).

Ilocne nmpoxoxneHus ynapHoil BoJHOHW cdepudeckoro obnaka npoduib yaiapHOn
BoJiHBI (YBC) craHOBUTCS BOTHYTHIM, Ha TIepelHENl KPOMKE BUIHBI TPOITHBIC HOXKH
Maxa (cm. puc. 3). Ilagatomasa ynapHasi BojiHa pacrnajaeTcs Ha MPOXOASIIYI0 U OTpa-
XKEHHYIO yIapHylo BouHbl. Ha mo3aHeil craguu nociie mpoXoXIeHUsl YIAPHON BOJHOMN
BCEro o0Jyiaka Ha OCU ThLJIbHOU MOBEPXHOCTU 0OJIaKa B 00JaCTU OTPaXEHHOU yaapHO
BOJIHBI (pOpMUpPYETCS 00JIACTh BHICOKOTO JaBJCHMS. DTa 00JACTh BEICOKOTO NABICHUS
00pa3yeT ymapHyl0 BOJIHY, KOTOpas HauMHAeT PaclpOCTPaHSThCS HABCTpedy Majaro-
ILLIEH BOJIHE.

Ha puc. 4 npuBeneHbl U30ACHCHI /11 3HaUYEHUs MIOTHOCTU log r= 2, 4, 5. Ha sToit
ITOBEPXHOCTH IIBETOM OTOOpakeHO 3HAYCHME SHEPIUU, MPUBEACHBI JMHUU TOKA IS
BbIAEJEHHbBIX YacTull. OHU M300paxkaloTcsl JMHUSIMU co cTpefkamu. Ha neBoit ctopoHe
ob6Jaka 1Mo ocu X Xopol1lo BuaHa 00JIaCTh BEICOKOTO AABJICHUS.

IMpomenmiasg ymapHasi BOJIHA <«COyBacT» BO3MYIIECHHUS C ITOBEPXHOCTH MOJIEKY-
JgpHOTo obmaka. Ha puc. 5 MOXHO OTMETUTh OOpa3oBaHUE IMOBEPXHOCTHBIX BO3MY-
meHuii. Ha pucyHke mpencraBiieHO 3Ha4eHHWe poTopa mosisi ckopocTeil. LBeTom mo-
Ka3aHO pacIpeneicHue JIOKAJTbHOM CKOPOCTHM ITOTOKAa Ta3a Ha 3TOM ITOBEPXHOCTH.
HeycroitunBocts PuxTtmaeiipa-MelikoBa sIBIsIETCSI YACTHBIM CJIydaeM HEYCTONYMBO-
ctu Panes-Teiutopa n Bo3HUKAeT M3-3a HapacTaHUS BO3MYIIICHUST Ha TPaHUIIC pa3aena
JIBYX CpeJl C pa3IMYHbIMU MIOTHOCTSIMU, MOABEPTHYTHIX BO3AECHCTBUIO yIapPHON BOJTHBI.
Ha puc. 5 BunHo dhopmupoBanme HeycToitumBoct P-M Ha mpaBoit rpanurie. Ha mpa-
BOIl mosioBuHE cdepbl, 32 GPOHTOM YIapHOU BOJHBI, BUTHO (DOpMUPYEMOE BUXPEBOE
KOJIBIIO, KOTOPOE C TEUCHNEM BPEMEHU Pa3BUBACTCS U 00pa3yeT BUXPEBYIO CTPYKTYPY.

BaxHoil 0coOOeHHOCTBIO Mpoliecca B3aMMOJEWUCTBUS YIApPHOU BOJHBI C MOJIEKY-
JISIPHBIM 00JIaKOM SIBJISIETCSl 0Opa3oBaHuE BUXpell. Y1apHO-BOJIHOBOE B3aUMOIEICTBIE
o0pa3syeT cucTeMy BUXpeil IByMsI criocobamu:

*  0apOKJIMHHBIN (M GHEKT co3MaéT CIBUTOBOM CI0i MEXIY 00JIAKOM 1 OKpYKalo-

1Le cpenoi;

* a(deKkT NUCKPUBAEHHON yIapHOI BOJHBI CO3MAET TYpOYJIEHTHOCTh B INDDY3-

HOM cpefie B HEMOCPEACTBEHHON O6JU30CTH OT 0bJ1aKa.

BosHukatonye Bo3MyIleHUsT PUBOIST K 0OpPa30BaHUIO 3aBUXPEHHOCTH HaJ TO-
BEPXHOCTbIO 00JIaKa M YHOCY (a0JIs1KMu) ero BelliecTBa. DTO XOPOILIO BUIHO Ha puc. 6.
Ha atom pucyHKe TipencraBieHa BU3yaau3alys U30TTOBEPXHOCTH JIJISI BTOPOTO MHBapH-
aHTa TeH30pa ckopocTn — Q-Kputepus [Hunt et al., 1988].

Buxpu 00pa3yioT KoJblieBble CTPYKTYPbl Ha TMIOBEPXHOCTH obsiaka. Ha puc. 7 npu-
BEICHBI PE3YJIbTAaThHl PACUETOB B <«ITO3IHME» MOMEHTBI BpPEeMEHU. 3apOXKIAIoIIrecs
BUXpU TIPEBpAIIAIOTCS B BUXPEBBIE JOPOXKW W WHMIIMHUPYIOT BUXPEBbIC IITUIBKU.
CocenmHue BUXpH C IIPOTHUBOIOJIOXHBIM HaIlpaBJeHHEM BpaIlleHUsI 00pa3yioT CUCTEMY
TTepPBUYHBIX M BTOPUYHBIX BUXPEBBIX CTPYKTYP.

Co BpeMEHEM 3TH BUXPEBBIC CTPYKTYPHl PACTATUBAIOTCS, U3TUOAIOTCS U MEHSIOT
(opMy, 00Opa3yst BTopuuHbIe, TPETUYHBIC U T.J. CUCTeMbl. Ha puc. 7 moka3aH KBa3u-
MIPOIOJBHBIN BUXPh (quasi-streamwise vortex). XopoIlo BUIHBI BUXPEBbIC INMUIbKU,
KpacHBIM IIBETOM TTOKa3aH MyYOK YIJTMHEHHBIX BUXPEH.
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Puc. 6. Bo3amylieHns B IPUIIOBEPXHOCTHBIX CJIOSIX OTPAXKAIOTCSI C UCIIOIb30BAHUEM
UIeHTU(GUKALUYU BUXpeil mocpeacTBOM Q-KpuTepust

1IHBIE BMX e

Yanbl W3 BEITAHYTEIX BUXpER

Puc. 7. HeycroitunBocth Puxrmaiiepa- MenikoBa — MHTEHCUBHOE BUXpeoOpa3oBaHUe —
dparmMeHTaIMs 11O TUIOTHOCTH ra3a 06j1aKa Mocjie MPOXOXKICHUS YIapHO BOJHBI

NAPAJTIENbHBIV AITTOPUTM

MareMaTnyeckKoe MOAEIMPOBAaHUE TPEXMEPHBIX 33a1a4y HECTAllMOHAPHOW Ia30BOU M-
HaMUKU Ha JOCTaTOYHO OOJIBIIMX CeTKaX TPeOYyIOT OOJIBIIMX BHIYUCIUTEIBHBIX PeCyp-
coB. [lnst cokpalleHusi BpEMEHU pacu€ToB ObLI MOCTPOEH Mapasljie/ibHbIA aJropuTMm
M TIporpaMma, KOTopasl MO3BOJISIET MPOBOAUTH BBIYMCIECHUS Ha TMOPUIHON BBIYMC-
JIUTENbHOM cucTteMe. HacTpolika IpoM3BOAMTEIHPHOCTH I1apajUICIbHOTO aJrOpUTMa
npoBoauaack ¢ moMmoupio Intel VTune Amplifier XE. OH 1mo3BosisieT BBITOIHSITH MPO-
(bunpoBaHUe TIPUIIOXKEHUI HEITOCPENCTBEHHO Ha y3je KiacTepa. bbul mcmop3oBaH
tun aHanusa Lightweight Hotspots. C moMolplo 3TOro CpeacTBa ObUIM OIpeaeaeHbl
(byHKIIMM, HA BBHIITOJTHEHUE KOTOPBIX TPATUTCS OOJIBIIIE BCETO BPEMEHM. TeXHOIOTHUS
Lightweight Hotspots ocHOBaHa Ha MCMOJb30BAHUU CHELIMATBHBIX alnapaTHbIX PEru-
ctpoB (Performance Monitoring Units), KoTopsie TTpenHa3HAYEHBI TSI yYETA pas3idd-
HBIX HU3KOYPOBHEBBIX COOBITHA.
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Puc. 8. AHaim3 KavecTBa pacnapayieIMBaHUS TIPOTPaMMBI,
MpOBeAEHHBIN ¢ TOMOIIBIO MporpaMMbl Amplifier XE

B npoueccopax Intel Xeon, KoTopble ObUIM MCITOJIb30BaHbI B pacyéTax, Ha SApPO
MPUXOAUTCS ABA PETUMCTPa, HAKAIUIMBAIOIIMX MH(MOPMALIMIO O COOBITUSIX, CrieLnbUd-
HBIX JUIS ITOTOKA WM siapa. Ha puc. 8 mpuBeneHbl pe3y/IbTaThl IPOBEAEHHOTO aHaIM3a
o pacnapajuieuBaHuio mporpammbl Ha CPU. Ha aToM prcyHKe ITOKa3aHO «KauyeCcTBO»
IOCTPOEHHOro mapajuiejibHoro aiaropurma. bonee 80 % oO6iiero BpeMeHM 3aHUMAET
pacuér 4eThipéx moamporpamm. Ilocie onTMMHU3ALUK 3TUX IIOAMNPOrPaMM UX CTEIICHb
pacrapaijieIMBaHUs CTajla JOCTaTOYHO BBICOKOIA.

Ha puc. 8 3e€HBIM LBETOM IOKA3aHO «UAEaJbHOE» paclapauleuBaHue, KEJ-
TBIM — XOpolliee, KpacHbIM — IIoxoe. [liioxoe pacnapajuieiBaHue 03Ha4aeT, 4yTo 3¢ -
(bexTUBHOCTH B 3TOM citydae MeHbliie 50 %. HekoTopble MOAIpOrpaMMbl pacCYMThIBA-
JIUCh Ha TpaMUeCKOM IIPOLIECCOPE.

BbIBObI

ITpoBeneHo 4yuciIeHHOE MOAETMPOBAHUE TIpollecca B3aMMOAEUCTBUST YIApHOW BOJIHBI
C MOJIEKYJISIpHBIM o0akoM. ITogpoOHO M3ydeH Ipolecc abasauuu ¢ MOBEPXHOCTH 00-
JIaka 1 00pa30BaHNE BUXPEBEIX CTPYKTYp. B HauaabHbIE MOMEHTHI BpeMEHM Ha JIEBOI
rpaHulie obnaka HaYnMHaeT (popMUPOBAThCS TIepBUUYHOE Bo3MylleHne. Ha mpaBoii rpa-
HUIIE BO3HUKAET HEYCTOMUMBOCTh PuxT™Maeiipa-Menikosa. Cienyromias CTaaus Xapak-
TepU3yeTCs paclIMpeHreM obIaka M 00pa30BaHUEM CIIOKHOM BOJHOBOI CTPYKTYpHI. 3a
(dpoHTOM TpoIIenIIei yIapHON BOJHBI (POPMUPYETCS BUXPHU, KOTOPEIE Pa3BUBAIOTCS
¢ TeueHreM BpeMeHHU. Ha moBepxHOCTH 00j1aka BUIEH Ipoliecc absiuuy (yHoca Belle-
crBa). B MOMeHTHI Ge3pa3sMepHOro BpemeHM, HaunHas ¢ =80, obpasyercs crucreMa
BUXpel. Buxpu 00pa3yioT KoJbIeBEIe CTPYKTYPHI Ha TTOBEPXHOCTH 0bj1aka. C TeueHneM
BPEMEHHU OHU IPEBPALLAIOTCS B BUXPEBBIEC JOPOXKU U UHULIUUPYIOT BUXPEBBIE IUTMAJIb-
kn. CocemHre BUXPU C TIPOTUBOIIOJIOXHEIM HaIlpaBJIcHMEM BpalllcHUSI 00pa3yioT CH-
CTEMy TIEPBMYHBIX U BTOPUYHBIX BUXPEBBIX CTPYKTYp. Co BpeMeHEM 3TH BMXPEBbIE
CTPYKTYPBI PacTATUBAIOTCSI, M3TU0AIOTCS W MEHSIOT (hopMy, 00pa3ysl BTOpUIHEIE, Tpe-
TUYHBIE U T.H. CUCTeMbl. Busyanu3zaius BO3HUKAIOIIMX MHOTOMEPHBIX TEUYEHUI OCy-
1IeCTBsIach ¢ Tomolnblo rpaduyeckoro komriekca HDVIS [Rybakin, Goryachev,
2015].
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MATHEMATICAL MODELING OF THE PROCESSES OF FRAGMENTATION
AND ABLATION OF THE MOLECULAR CLOUDS BY STRONG SHOCK WAVE

B. P. Rybakin

Scientific Research Institute of System Analysis, Russian Academy of Science (SRISA RAS)
Lomonosov MSU

The results of computer simulation of a shock wave interaction with a molecular cloud in
three-dimensional statement are presented in the paper. Clouds compression caused by shock
waves, jets, and other processes are common in galaxies. As the result of such interaction the
Molecular Clouds (MC) are either destroyed or the processes of stars and planetary systems
formation are accelerated in them. Shock waves, which propagate in the Interstellar Media
(ISM), are formed as a result of various astrophysical processes such as jets, supernova explo-
sions, collisions of MC, etc. For simulation the three-dimensional parallel program has been
constructed with sufficient effective resolution for the cloud diameter. The detailed analysis of
the processes of molecular cloud ablation, deformation and fragmentation has been carried
out. Formation of passed and reflected waves system, material compression and ablation has
been studied particularly. Post-processor treatment of calculations results made it possible to
find features of emerging flow — the formation of vortexes, erosion and ablation of molecular
cloud substance.
Keywords: supersonic flows, shock waves, parallel calculations.

Rybakin Boris Petrovich — leading scientist, doctor of physical and mathematical science, ryba-
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MPUMEHEHUE COBPEMEHHbIX BbICOKOMPOW3BOAUTENbHbIX TEXHONOT U
ANA MOAETUPOBAHUA 3AAAY CEWCMUKN U TEOOU3UKK

H. W. Xoxnos, 1. b. llempos

MockoBckuii dnsnko-TexHnuecknn uHcTUTyT (MOTI)

B pabote paccmaTpuBaeTcst TporpaMMHbBIN KOMIUIEKC, CO3MaHHBIN JIJIST MOJIETMPOBAHMS 3a-
Jla4y pacrpoCTpaHEeHUsT AMHAMUYECKUX BOJTHOBBIX BO3MYIIIEHUI B TBEpABIX Temax. Komruieke
HCTIOJIb3YEeT ABYMEPHbIE U TPEXMEPHBIE CTPYKTYpPHbIE OJIOUHBIE CETKU C HAJIMUYMEM HEOIHO-
ponHocteil. JIJisi YMCIeHHOTO UHTETPUPOBAHUS IPUMEHEHBI CETOYHO-XapaKTeprUCTUIECKUE
1 KOHEYHO-00BbEMHBIE METOBI 2—4 TIOpsIIKa TOYHOCTU. AJITOPUTM pacliapajuieieH 110 TeX-
Hosornu MPI. PeanuzoBana HU3KoypoBHeBasi ONTUMU3ALMS KOOa C MCIOJIb30BAaHUEM T10-
ToKOBBIX SIMD mHcTpykumii neHTpanbHbIX IIpoueccopoB SSE u AVX. B cucremax ¢ 00-
e TaMsAThIO AJITOPUTM pacliapajiiesieH 1o rexHonoruu OpenMP, a kon — 1Mo TeXHOJIOTMU
CUDA. IpuBeneHsl pe3yibTaTbl TECTUPOBAHUST YCKOPEHUS M IPUMEPBI PACUETOB.

HccnenoBanue BBITIONIHEHO Mpu mojuepxke Poccuiickoro ¢doHma dyHaamMeHTa b-
HbIX uccnenoBaHuit (mpoekr Ne 15-37-20673 mon_a Bem) u rpanTta Ilpesumenra PD
MK-3383.2014.9.

Karwueswie cnrosa: MPI, CUDA, OpenMP, SIMS, SSE, AVX, ceTouyHO-XapaKTepruCTh-
YECKUI METOI, CUCTEMBI TUTIEPOOTNYECKUX YPABHEHU N, MeEXaHUKA e(hOPMUPYEMOTO TBEP-
JIOTO Tea.

BBEOEHWE

YucaeHHOE MOIESIMPOBAHUE PACIPOCTPAHEHUS AUHAMUYECKUX BOJHOBBIX BO3MYILE-
HUIi B TBEPABIX TeJIaX UCIOJb3YETCs MPU PELIEHUHU IIMPOKOIo Kpyra 3aiay, B TOM YHUC-
Jie, CeCMOpa3BeaKM, CECMUKU M CEIICMOCTOMKOCTU. MaTteMaThu4ecKoe MOIEIMpOBa-
HUE MPOBOJUTCS B Pa3IMUHBIX T€OJOTMYECKUX CpelaX, B TOM UYMCIe, B CJIOUCTBIX U B
cpemax ¢ HaJUM4heM pa3IMIHBIX HECOMHOPOTHOCTEH (HAIIpuMep, TPEIINH WA KaBEepH).
3agauyu Takoro pofa MpeacTaBJIsSIOTCS OUeHb PECYPCOEMKMMU C TOYKHU 3PEHMST BHIYMC-
JINTEJIbHBIX pecypcoB. O61acTh BRIYUCIEHUSI, KaK IIPaBUJIO, MPEACTABIISIET COOOI celic-
MUYEeCKuii Ky0 ¢ JmHHOM pedpa ot 1 o 10 kM. B ToXXe BpeMsi, HEOTHOPOAHOCTU MOTYT
ObITH Pa3MEPOM B HECKOJIbLKO MeTpOB. [Ipu MoaennpoBaHuu 3afad CECMOCTOMKOCTH
TaKXe TPUXOIUTCSI CTAJIKMBATLCSI C MHOXKECTBOM HeOomHopoaHocTei. [1lapameTphl 31a-
HUI, TaKie KaK TOJILIMHA CTEH, pa3Mephl MPOEMOB U IIp. HAMHOIO MEHBIIE pa3MEPOB
pacy€THBIX oOsacTell, BKJIIOYAIOIIMX B ceOsl MOpoil MaccuBbl Mopoibsl Oojiee 10 KM
BIOOJIb OMHOIrO HampabieHMs. TakuMm obpa3oM, pacuéTHasl CETKa JOJIKHA ObITh JOCTa-
TOYHO MOAPOOHOM, YTOOBI UMETh BOBMOXHOCTh MPABUJILHO BBIICINTh BCE HEOMTHOPOI -
HOCTHU. 11 JOCTATOYHOM TOYHOCTU pacyéra U y4éra OOJIBILIOrO YKCIa HEOAHOPOIHO-
CTeil TpeOyeTcsl MCIOJIb30BaHME OOJIBIIMX BBIUMCIUTENIBHBIX CETOK pa3MepaMu 3aya-
CTYIO IO HECKOJIBKUX JIECITKOB MUJUIMAPAOB Y3JI0B.

B nanHoii paboTe paccMaTpuBaeTCsi MPOrPaMMHBIN KOMILUIEKC, CO3MaHHBINA ISt
MOAEIMPOBAHUS 3a0ay PACIpPOCTPAHEHUS AUHAMMYECKUX BOJHOBBIX BO3MYILEHUIA
B TBEPHBIX Tejax. KOMIUIEKC MCIONIBb3YeT ABYMEPHBIE M TPEXMEpPHbBIC CTPYKTYPHBIC
OJIOUHBbIE CETKM C HAIMYMEM HEOAHOPOAHOCTEH. [I/Isi YMCIEHHOro MHTErPUPOBAHMS
MPUMEHSIIOTCS CeTOYHO-XapakTepuctuyeckue [[omyoes u ap., 2013; MBaHoB u ap.,
1990; Maromenos, Xoaonos, 1969, 1988; Ilerpos, Topmacos, 1990; Iletpos, X0s1010B,

XoxuoB Hukonait UropeBudy — crapiuuii Hay4yHblid COTPYIHUK, KAaHAUAAT (U3UKO-MaTeMaThye-
CKUX HayK, k_h@inbox.ru

IIetpoB Mrops bopricoBrY — rnaBHbBII HAyYHBIN COTPYIHUK, YIeH-KOppecnoHAeHT Poccuiickoit
aKajeMuHU Hayk, petrov@mipt.ru
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1984a, 6; IletpoB u ap., 1989; Xonogos, Xononos, 2006] 1 KoHedyHO-00BEMHBIE [ROE,
1986] meTonbl 2—4 mopsiaka TOYHOCTU. AJITOPUTM pacliapajuleieH M0 pa3IuYHbIM TeX-
HOJIOTHMSIM HaIMCaHWS MapaylJIeIbHBIX TIPIIOKeHWI. B HacTosIee BpeMsl JOCTUTHYTA
addexTrBHOCTh pacnapasuieiauBanust 1o 70 % 1o texnosjorun MPI npu Maciuitabu-
poBaHUM N0 16 ThICSY BBIMMCIUTEIBHBIX siaep. B cucrteMax ¢ oOIeil maMsThIO ajiro-
PUTM pacnapajuiesieH ¢ ucrnoab3oBaHueMm TexHonorum OpenMP, texnonornu CUDA,
yto obecrneunBaeT S50-KpaTHOE YCKOpeHHE MO cpaBHeHUI0 ¢ omnHuM sapom CPU.
[IporpaMmMa MOXeT MCIOJIb30BaTh HECKOJBKO KapTOUYEK B paMKaX OIHOro XocTa. B naH-
HOW paboTe pacCMOTPEHBI Pe3yJIbTaThl OMHOTO M TOTO K€ aJTOPUTMa MPU MCITOIB30-
BaHUU Pa3IMYHbIX TexHojorui. [IpuBeneHbl TECTH pacHapa/uleuBaHus 10 16 Thicsd
simep CPU u 6 ycrpoiicte CUDA. B kauectBe npuMepa paboThl TPOrpaMMHOTO KOM-
IJIeKCa TIPUBOIUTCS PACUET CEICMMIECKOTO OTKIIMKA OT CUCTEMBI TPEIIIHH.

MATEMATUYECKAA MOJEJb

PaccMOTpMM OCHOBHBIE YpaBHEHMS JIMHEWHON NUHAMWYECKOW TEOPUM YIIPYTOCTH,

KOTOPbIM IOOYHUHACTCA COCTOAHHNE OECKOHEYHO Majioro o0bEéma HHHeﬁHO—prerﬁ

cpelbl:
= ()

O = juiCu-

31ech 0 — IUIOTHOCTb CPEIIbl; V; — KOMIIOHEHTbI BEKTOPA CKOPOCTU CMEILEHMSI; O U
€,/ — KOMIIOHEHTBI TEH30pOB HanpspkeHuit Kowm n nepopmanmu; V; — KoBapuaHT-
Hasl IPOM3BOIHAS TI0 j-i KoopauHarte. Buig KOMIOHEHT TeH30pa 4-ro mopsuka g,

OTIpeZIeIISIeTCS peoJiorneil cpebl. Jist TMHeHO-YIIPYToTo cIyJyast OHM UMEIOT BUIL:
iy = MO0 + (DD 8,0 ).

B sTOM cooTHomeHuun, Kotopoe o6oOIaer 3akoH I'yka, A U U — mapameTpsl
Jlame; 8; — cumBon Kponekepa.

IlepBag cTpoka B cucteMe (1) mpencraBisieT TpU ypaBHEHUS ABVKEHUS, BTOpast —
IIECTh PEOJIOTUUECKUX COOTHOLICHUI. BekTop MCKOMBIX (DYHKILIMI, COCTOSIIMI M3
9 KOMIIOHEHT, UMEET BUJ:

_ T
U={V},,,05,0,;,0),,03,05),053, 033} .

OTMeTHM, 4TO cUCTeMa TMHAMUKU Aecdopmupyemoro TBépmoro Tena (1) Moxer
OBITh 3aIiCaHa B MATPUYHOM BUJIE:

o S Ou
=1 0%
rme A, — Marpuibl pasmMepoM 9X9, (x;,x),X;) — OPTOHOPMHMPOBaHHasI CUCTEMa
KOODIMHAT.

H7s1 e€ pellleHus UCIOIB3YETCSI CETOUYHO-XapaKTepUCTUICCKUI METOI Ha KPHBO-
JIMHEMHBIX TeKcasApalbHbIX pacu€éTHhIX ceTkax [[leTpoB, Xononos, 1984a]. McxomHas
cucTeMa ypaBHEHUM (2) mpeoOpa3yeTcsl K BULY:

}1

/GE

3
?
/3:1 3)
2

TN
ox,

i’
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rne (§,§,,&;) — HampaBieHUs] paclUeIUIeHUs] B IMPeoO0pa3oBaHHOM IPOCTPAHCTBE.
CucreMa (3) pacramaeTcst Ha TpU OJHOMEPHBIX CUCTEMBI YpaBHEHMUIA:

ou - Ou
—:Aj—,j:1,2,3. 4)
ot OE ;

Kaxnmass u3 3TUX CUCTEM SIBISIETCSI TUIIEPOOIMYECKOM M 0bJjlagaeT MOJHBIM Ha-
0OpOM COOCTBEHHBIX BEKTOPOB C AEHCTBUTEILHBIMU COOCTBEHHBIMU 3HAUYEHMSIMU.
Kaxnyro u3 cucteM MOXHO Iepenucath B BUJIE:

ou _ ou

——AQ —,

ot I 3EJ~

rae Matpuiua Q ; — MarpHulia, COCTaBJICHHAs U3 COOCTBEHHBIX BEKTOPOB; A ; — nMaro-
HajbHasg MaTpuua. s KaXmoro Iiara paclleruieHus Ui HampaBJIeHUS & ; Marpuua
A ; MMEeT BUA:

A= diag{cllj,

 row, . : : —
3necn 7= 7—; = ”z_\/g; lj:‘wj‘:\/(W{)2+(W§)2+(W§)2; w/ =V-E,. [ina onpenene-

HUA KO3(PdUIMEHTOB W/ BBIYKMCIIAETCI MaTpULia, oOpaTHas K Matpule Skoou. E€ He-
00XOIMMO BEIYUCISITh B Kaxmoil sueiike. KoaddulmeHTs MOTyT OBITh BBIYMCIICHBI
aHAJIUTUYECKU, B CiIydyae, Korma mnpeobOpa3oBaHue 3amaHo &=E&(Xx), 1mnOO YMCIIEHHO

ol eyl —e el —cyl,,0,0,0).

C CNOJIb30BaHUEeM (POPMYJIBI BTOPOTO MOpPsiiKa TOUHOCTHU [w’ } [(E Y1 — (&, )m | /Ax
ITocne 3aMeHBI TTIepeMeHHBIX V=Qu Kaxmast U3 CUCTEM (4) pacnaﬂaeTcsl Ha JIEBSITh
HE3aBUCUMBIX CKAISIDHBIX YpaBHEHUN MepeHoca (MHAEKC j Jajee OIMyCKaeTcs, rae 3TO

BO3MOXHO):
ov ov
A =o.

ot 0x

OmnHoMepHbIe YpaBHEHMSI TIepeHOoca PEIIaloTCs ¢ MOMOIIBI0 METONa XapaKTepu-
ctuk [Xosmomos, Xononos, 2006]. ITocie TOoro, Kak Bce KOMITOHEHTHI V IEPEHECEHBDI,
BOCCTaHABJIMBAETCS CAMO pelleHUe:

un+l = 9—lvn+l.

B nporpamme peannzoBaHbl cxeMbl 2—4 Mopsiika TOYHOCTU. B pabore pacuérsl
MPOBOIUIVICH C UCTIONB30BAHUEM CXEMbI 4-TO MOPSIAKA TOYHOCTH:

vl =vr —o(A —o(A, —o(a,—04,)),
%{ 2516V, — 16 4207
2i4[ vl 16— 30v2+16v271—v272],
i[zv;+2 2,
%[vzﬁ Vi 6V — 4 v

KpoMme Toro, mcrnonb3yercss CeTOUHO-XapaKTePUCTUUECKUI KPUTEPUil MOHOTOH-
HoCTHU. B ciiyyae mojaoXuTeabHOro 3HaYeHUsI A KpUTEPUIA MOHOTOHHOCTU UMEET ClIeay-
IOLIMI BUM:
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. n n n+l1
mm{vm,vmfl}gvm gmax{v vm 1}

JUis oTpULaTeNIbHbIX 3HAaUeHUI A OH OyneT cumMmeTpuyeH. B npocreitieit peanu-
3alliM B CJIy4yae HEBBIMIOJHEHUS JTAaHHOTO KPUTEPUSI MOHOTOHHOCTH MTPUMEHSIETCS KOp-
PEKTUPOBKA PEIIEHUS BUIA:

n+l
max{v vm 1} Vo >max{v vm 1}
n+l __ : n+l .
v, = mm{v vm 1} Vo <mm{v vm 1}
+1 . n o ..n n+l
,mln{vm,vmfl}gvm gmax{v vm 1}

JaHHBIN OrpaHUYNUTETb COXpaHSEeT 4-il TOPSOOK B O0JIACTSX, TIe pellleHue BT
cebsl JOCTATOYHO IIaaKo (BBIMOJHSIETCS XapaKTepUCTUYEeCKUil Kputepuii). B ciydae
OOJIBIITNX TPAUEHTOB PEIIEHUS TIOPSTOK CXEMBI IIOHMXKAETCS 10 3-TO.

IMpuBen€HHBIN BhIIIE aJTOPUTM IIO3BOJISIET HAXOMUTh PEIIeHUWE BO BHYTPEHHUX
TOYKax objacTu. JIJIs 3TOTO ciaydast Bce XapaKTepUCTUKH, BRIXOISAIINE M3 PACIETHOTO
y3J1a Ha CJIeAYIOIEM BPEMEHHOM CJI0€, OCTaloTCs JiexKaTh B 00JIaCTM MHTErPUPOBAHUS.
B rpaHmuHEBIX y3max curyanus mHas. OgHa XapaKTepPUCTHUKA BBIXOOUT M3 PACUETHOMU
oosactu [[letpoB, XosonoB, 19846]. B Takom ciiyyae HEOOXOIUMO UCIIOIb30BaTh I'pa-
HUYHEBIC YCJIOBHS. YUET TPAaHNYHBIX YCJIOBUIT OCYIIECTBIISICTCS MPAKTUIECKN ONMHAKO-
BO JUISl Bcex IpaHull. PaccMoTpuM mepexoa oT MHBapuaHTa PruMaHa K eCTeCTBEHHBIM
IIepeMeHHBIM B TPAHUYHOM Y3J1€:

un+1 -1 n+l Zvnﬂ (5)

roe r, — BCKTOpr cronbusl Matpuibl @', v — cooTBeTCTBYIOIINE KOMIIOHEHTHI

1
BekTopa v'"'. Pa3o6béM cymMMy (5) Ha nBe yacTu. JJIsl IEpBOro C1araéMoro oCTaBUM Te
YJIEHBI, )1 KOTOPBIX COOTBETCTBYIOIINE XaPaKTEPUCTUKY MONANAIOT BHYTPb PACYETHOM
obacTi, 0603HAYMM MHOXKECTBO MHAEKCOB | Kak X'. Y BTOpPOro octaBUM Te XapakTe-
PUCTUKU, KOTOPbIE BBIXOIST 3a FPaHULIbl obacTu MHTerpuposanusd — . Torna pa-

BEHCTBO (5) MOXHO TepenucaTh B BUIIE:

ZvnHr _ Zv l' + Z V l' _ Ev l' +90ut out um+90ut out (6)

ien” e iex"

rae 2” — npsIMOYrojibHasi MaTpUlla, COCTABJIEHHAs U3 MIPaBbIX COOCTBEHHBIX BEKTO-
pPOB, COOTBETCTBYIOIINX XapaKTePUCTHKAaM, KOTOPBIE BEIXOAAT 3a 00JIaCTh MHTETPUPO-
BaHUs; v — BEKTOp, COCTABJIEHHBI U3 COOTBETCTBYIOLIMX KOMIIOHEHT UHBApUAHTA
Pumana. Bektop u” MoXeT OBbITh HAiileH pelIeHNeM COOTBETCTBYIOLIMX YpaBHEHWIA
nepeHoca (4). Ocraéres HailTu BexTop v

I'paHMYHOE yCIIOBUE B IMHEWHOM CJIydae MOXKET OBITh IPEICTABICHO B BUIE:

Bu""' =b, (7)

roe — IpsIMOyrojibHas maTpuua; b — n3BectHblil BekTop. IToacrasus (7) B (6), moiy-
YYM 3aIliCh TPAHNYHBIX YCIIOBUI B OOIIIEM BHIIE:

B (uin + Qourvout) —b
Orciona MOXKHO BbIPa3UTh BeKTOp v*
— 7(B90m )71(Bul—n o b)

C y4éToM HaMIEHHBIX BEIXOAHBIX 3HAYEHWI MHBAPUAHTOB PUMaHa 1 BBIpaXKEHUS
(6) mony4nm:

un+1 _ uin _ gnut(Bgout )— 1 (Buin _ b)
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PaccMOTpUM HECKOJIBKO BapMaHTOB T'paHWYHBIX yCIoBUil. Eciiu Ha rpaHulie 3aaa-
Ha MOBEPXHOCTHAS TIJIOTHOCTD CYUIBI BO3IeUCTBUS f, TO Ha rpaHUIlE BBITIOJIHEHO YCIIO-
Bue Tn=f, rne T — TeH30p HamNpsKEHUI; N — BHELIHSAS HOpMaJb. B ciydae ¢cBoboI-
HOWM T'paHMLBblI BHELIHSSI CUJa paBHA Hyd0. KoppekTupoBKa 3HaY€HWI B TPaHUYHBIX
y3J1aX UMEET BUII;

I 1

Cs Cp

; 1
,Un+l —v"— z+

o¢

(z-m)n,

8)
T = T" —[z@n+ 082l -—— (M- 20, ) @)),
A+2u

e Bektop z=T"n—f; I — eIMHUIHBII TEH30D.
Ecnu Ha rpanule 3agaHa BHEIHsISI CKOPOCTh V, TO Ha TPaHULIE BBIIIOJIHEHO YCIIO-

Bue v=V. B ciyyae eciu CKOpOCTh HyjleBasg — TIpaHUILA XECTKO 3aKperJieHa.
KoppektupoBka 3HaueHNI B TpaHUYHBIX y371aX UMEET BUI:
,Un+l -V
- b

T = T" 7p{(n-z)[(cs —2cp —¢)(n®@n)+cl +cs(n®z+z®n)},

z=v"-V,
}\‘2
C3 =,
P(A+2u)

D,OHOIIHI/ITGJ'ILHO paCcCMOTpUM CMCIIAHHBIC TPAaHNYHBIC YCJIOBUS. B takom clyqae
3aJlaHa HoOpMaJibHadA CoOCTaBJIAdolIad CKOPOCTM M TaHICHIMaJlbHasd CoOCTaBJIdroIIada
cuibl. B CJIydya€ OTCYTCTBUA CWJIbI TPEHUA MEXKAY TCJIaMH, TAHICHLIMAJIbHAA COCTaBJIA-
oniadg Cujbl paBHa HYJIIO. Eciu 0603HauuTH TaHTCHIUAJIbHYIO COCTaBJIAIOLIYIO Kaca-
TEJIbHBIX CHUJI f'r’ d HOpMAJIbHYIO COCTAaBJIAIONIYIO CKOPOCTHU Vn’ TO 'PaHUYHBIC YCIIOBUA
MOZKHO 3aIimMcaTb B BUJC:

Tn=f, van=V, f=f —{ n)n+(fn)n.

KoppekTtupoBka Oyner ocyiiecTBIsAThCs 1o dopmysie (8), B koTopoii f 3amaérest
BBIpaXKEHUEM:

f=f +[pchn +

T"n— pcpvi” - fT}n}n. )

B cnyyae KoHTakTa ABYX TeJ IPOU3BOAMUTCS KOPPEKTHUPOBKA COOTBETCTBYIOIIMX
TPaHUYHBIX Y37I0B. B maHHO# paboTe MCTOMB30BAIMCH YCIOBUSI CBOOOTHOTO CKOJIbXKE-
Hus. [Ipu Takoil TOCTAaHOBKE Y KOHTAKTUPYIOIIMX TeJl COBIAIAIOT HOPMAaJbHBIE KOM-
TIOHEHTHI CKOPOCTH Ha TpaHUIIe, HOPMaJIbHbIE KOMITOHEHTHI CYUTBI KOMITEHCUPYIOT APYT
Ipyra, U TAaHTeHIIMAJIbHbIE KOMIIOHEHTHI CHJIBI paBHBI HyJt0. O003HAYMM KOHTAKTHUPY-
follKe TeJla MHAEKCAaMU g U b, TOTJa yCIIOBUS KOHTaKTa MOXHO 3aITicaTh B BUJIE:

vn=vn=V, f'=—f" fi=f=0. (10)

Torna u3 BoipaxkeHus (9) ¢ yuyétom cooTHoieHus (10) MOXHO HAWTU CUIy IS
KOPPEKTUPOBKU Y3J10B B KAXKI0M U3 TEJ:

fi=ocV, + [T;”n fpcpv;”]n,
fpb =pc,V, +[—T,ﬁ”n—pcpv2”]n, (11)

.
VP:E v, +06, —

1

pc,

[T;” le’;”]n ‘n.
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ONMTUMW3ALNA PABOTbl OAHOMOTOYHOW BEPCU ATTTOPUTMA

PaccmoTpum 6a3oByto opraHusaluio padboThl pacu€THOro ajaroputMa. Mcnonab3ylorcs
SIBHBIC CETOYHBIC METOMBI, T.€. IIEPEXOd OT OMHOTO Iara 1Mo BPEMEHM K CIICAYIOIIEeMY
MIPOUCXOIUT ITyTEM 00XOma BCEil pacUETHOIM CEeTKU M BBIYMCIICHUS 3HAYCHUS B HOBOM
y3Jie, UCXOAs M3 3HAYCHMSI B MCXOIHOM Yy3Jie M HEKOTOPOil ero okpecTHOcTu. O0xon
CETKU OpTraHM3yeTCs IYyTEM IBYX BIOXEHHBIX IMKIIOB. MccaenoBanne Takoit peain3a-
LIMY TT0KAa3aJ10, TIPY JOCTATOYHO OOJIBIIOM pa3Mepe pacuETHON CETKM BOZHUKAET OIpe-
JeJIEHHOE YUCJI0 MPOMAaxXOB K3IIIa MPOLEeccopa, YTO BEAET K YBEJIUUYEHUIO BpEMEHU pa-
060ThI TporpamMmbl. [TyTéM n3MeHeHUs aaropuTMa 00xoJa pacy€éTHOM CeTKH, a TaKxXKe 3a
CYET MCTOJIB30BAHUS JOTIOJIHUTEILHBIX MACCHBOB MAMSITH W MMPUHYIUTEILHOTO KEIII-
pOBaHUSI TaHHBIX, YIAJIOCh ONITUMU3UPOBATh PA0OTY C MAMSIThIO, UTO TTO3BOJIMIIO B PSIIe
CJIy4aeB YCKOPUTH pabOTHI aJITOPMTMA Ha OOJIBIINX pACUETHBIX ceTKaX. BemumHa ycKo-
DPEHUS 3aBUCUT OT MOJIE/IY LIEHTPaJbHOTO Mpoleccopa.

Ha puc. 1 ipuBeneHa 3aBUCUMOCTh YMCJIa TaKTOB IIpOLIeccCopa, 3aTpadyeHHBIX Ha
TePEeHOC OIHOTIO y3Jia PaCU€THOM CETKM B 3aBUCMMOCTHU OT pa3mepa ceTku. [lokazaHbl
pe3ynbTathl 17151 6a30Boii (Not optimized) u onTuMusupoBaHHo# Bepcuu (Optimized).
Pa3mep ceTku yKa3aH 110 OIHOI 13 OCH, T€CT IMPOBOIUJICS Ha ABYMEPHOI1 3amave. B Te-
CT€ Y4acTBOBAJIM CJIeAyIOLINE MPOLIECCOPhl M KOMIUISATOPHI (YKa3aH pa3Mmep Kauia L.2):

* Intel Xeon 5110, 4 MB, icc-11.1;

+ Intel Core2 Quad Q8200, 2 Mb, gcc-4.4.4.

ITpy KOMITMISLIMY TECTOBBIX IIPOTPaMM HUCTIOJIB30BATIACH CIICAYIOIINE OITIIAN KOM-
nuaaTopoB: gee-03; icc-03. Kak BugHO u3 rpaduKoB, B 3aBUCUMOCTU OT MOJIEJIN TIPO-
11leccopa yCKOpeHUe MOXeT TOCTUTATh 5 pas.

JaHHBI adTOpUTM TakKXKe OBLI HOopadoTaH i MCIIOJIb30BaHUS TOTOKOBOTO
SIMD-pacmmpennst neHtpaipHoro npoueccopa (SSE). SSE BxkitoyaeT B apXUTEKTY-
Py HECKOJIBKO pacCIIMPEHHBIX perUCTPOB (8 HA COBPEMEHHBIX TPOLIECCOPAX) pa3MepoOM
128, mu6o 256 6ut B ciyyae texHojoruu AVX. [TpenMyiecTBo B MPOU3BOIUTETbHO-
CTH JOCTUTAETCS B TOM CJIy4ae, €CIU IMPOM3BOAUTCS OHA U Ta XKe MOCIEN0BATEIbHOCTh
JleicTBUIA Hax pa3HbIMU JaHHBbIMU. B TakoM citydae 61okoM SSE ocyuiectBiasieTcst pac-
MapajieIMBaHue BEIYUCIUTEIBLHOTO TIpoliecca MEeXKAY JTaHHBIMU.

7151 BOBMOXHOCTU onepupoBaHus faHHbIMU B SSE perucTtpax norpedoBanoch u3-
MeHeHMe (opmaTa XpaHeHUsI pacu€éTHOM ceTKU. UTOOBI MPOU3BECTU KaKUe-I1Mbo orle-
pauuu, ucnoabdysd SSE, TpebGyeTcsl MOMeCTUTb B PETrMCTP HEOOXOAMMbIE pacUETHBIE
JIaHHbIE, B CIydyae KOria 3Ta ollepallus 3aHMMaeT MHOTO BPEMEHU BCE MPEUMYIIECTBO
TTOTOKOBBIX MHCTPYKIIUM TepsieTcsl. B CBSI3M ¢ 3TUM BO3HMKAeT HEOOXOMUMOCThH BO3-
MOXKHOCTH OBICTPOI1 3arpy3KM U BHITPY3KU JaHHBIX B SSE perucrpsl. M3HavaabHO JaH-
Hble XpaHWINCh B BUJIE MaccuBa CTPYKTyp, uinm AOS (Array of structures), mpu Takom
roaxoae HeoOxXoaumo mo ogHomy uucay Tuna float mamu double KomMpoBaTh JaHHBIE
B SSE, 3aTeM NMpou3BOAWTHL BBIYMCIEHUE U KOMUPOBATh AaHHbIe 0OpaTHO. [Ipu 3TOM
TepeMeHHbIe, MpeaHa3HauYeHHbIe UIST MCIoab3oBaHus B omHOM SSE peructpe, OymyT
PacIoIOXEeHBI B TTaMSITH HE TTOCJIE0BATEILHO.

Hns1 ycKopeHus Tipoliecca HeOOXOOUMO PACIONOXUTh BCE KOMIIOHEHTHI CTPYK-
TYpBI B MAMSITU TTOCJIENOBATEILHO M 3aTeM TOATPYXaTh UX 1o Heobxomumoctu B SSE
peructphl. BT Mpou3BengH Mepexon K XpaHEHUIO CTPYKTYphl MaccuBOB, win SOA
(Structure of arrays), 9TO MO3BOJUJIO OBICTPEE OCYIIECTBIATh KonmmpoBaHue B SSE pe-
ructpel. Ha puc. 2 mpuBeneHo BpeMst pabOThI pa3IMYHbBIX BEPCHUI aJIrTOpUTMa Ha OMHUX
U TeX K€ TaHHBIX.

Pesynbrathl mpuBeneHsl Al 6a30BOI peaqu3allii, BEpCUM ONTUMU3UPOBAHHOM
10 MaMsITU M ucTob3ytonieit cucreMy xpaneHuss SOA (Cache-friendly), a Takcke aByx
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BapuaHTOB MOTOKOBbIX UHCTPYKIMIA SSE u AVX. Pazmep pacu€THOi ceTKU, UCTIOJIb-
3oBaHHOI B TecTe — $4096\times4096$. TecTupoBaHMe TPOBOAMIOCH IS PA3TUUYHBIX
BapyaHTOB IPOIIECCOPOB Y KOMIUJISITOPOB, BCE TPOLIECCOPHI TTOAIEPKUBAIN MHCTPYK-
unu AVX:

+ Intex Xeon E5-2690, gcc-4.4.6;

+ Intex Xeon E5-2690, icc-12.1.0;

+ AMD Opteron 6276, gcc-4.7.2.

Takoke MeHSIICS TUTT UCITOJIB3yeMbIX faHHBIX: float 1 double.

ITo pe3ymbTaTaM TeCTHPOBAHUSI BUTHO YCKOPEHHE OO CEMU pa3 MPU MCIIOIH30Ba-
HUM YMCEJl ONMHAPHOW TOYHOCTU M 10 ABYX pa3 NPU YMCIAX C IBOMHOU TOYHOCTHIO.
B 3aBHCUMOCTH OT BepCHUU KOMITUJIATOPA U IPOIeccopa pe3yabTaT HeCKOJIbKO OTINYA-
eTcsl, B YaCTHOCTH, B PsIie CIydaeB MMEeTCsl aBToMaThudeckasi Bekropusanus. CKOpocThb
paboThI aTOPUTMA, UCIIOB3yIomero AVX MHCTPYKINH, TTPAKTUIECKI HEe OTIMYAETCS
OT CKOPOCTU PabOThI aJITOPUTMA, TIOCTPOSHHOTO Ha MCITOJIb30BaHUU MHCTpYKLMii SSE.
DTa 0COOEHHOCTH CBSI3aHa C TEM, YTO CKOPOCTh pabOThI MaMITH MPU 3arpy3Ke JaHHBIX
B perucTtpbl AVX Takas xe, Kak 1 y SSE.

220
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= 200 Xean 5110 - ice-11.1 (Optimized) .
g Core2 Quad Q8200 - gec-4.4.4 (Not optimized) | L
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= ] 1
a 160 |- 11 l,ﬁ'
3 |
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g 1200 _._;I#" :
i el
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5 s0l e
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E 60 ,'-- = l'_ | | .
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PACIMAPAJUTENIMBAHUE MPI

751 paboTHI B cHCTEMaX ¢ pacIipeeIEHHON MaMsThIO ITPOrpaMMHBIN KOMILIEKC paclia-
pajutesieH o TexHonorun MPI ¢ Mcronbp3oBaHEM CTaHZAPTHBIX aJITOPUTMOB JTEKOM-
TO3UIIMK PACYETHOIN 00JacTH U OOMEHA NIPUTPAHUYHBIMU sTYeiikaMu. OTHO U3 OCHOB-
HBIX TpeOOBaHUIA K aJITOpUTMY — paboTa Ha OGOJIBIIOM YKCIIe BBIYUCIUTEIBHBIX SIICP
(TRICSTUM) WIS obecrieyeHUs] TIpUEeMIIEMOTo BpeMeHHM pacuyéTta. Ha puc. 3 mpuBeneHsI
pe3YIIbTATHl TECTUPOBAHUS MACIITAOMPOBAHMSI aJITOPUTMA ITPU YBEIMICHUH YHCIa pac-
y€THBIX s11ep oT 128 10 16 384.

B Ttecte ucrnonb3oBasiachk pacuétHas cerka pazmepoM 1000x100x01000 y3znos.
TectupoBanue mposomuiochk Ha kiaactepe HECToR. JlaHHBI CYIIepKOMITBIOTED CO-
cTouT U3 2816 BBIYMCIUTENBHBIX Y3710B. KaXablil U3 y3710B OCHAIIEH ABYMs IIPOLIEC-
copamu 16-core AMD Opteron 2.3GHz Interlagos. OnepaTiBHast ITaMsITh COCTaBJIsSIET
32 T'b Ha y3en. YckopeHue coctaisieT 10 100 pa3 npu yBeJIMYEHUU YUCa BHIYUCIU-
TeNbHBIX A1ep B 128 pa3. Ha puc. 4 npuBeneHbl rpadpuku 3pPeKTUBHOCTU pabOTHI T1a-
paJIEIBHOTO aJITOPUTMA.

TectnpoBaHue Mmokaszano, 4To 3(PHEeKTUBHOCTH cocTasisieT okono 70...80 %, uro
SIBJISIETCSI XOPOIIMM pe3YJIbTaTOM TSI TaKOTO KOJMUYECTBA BBIYMCIUTEIBHBIX SIIEp.
Pe3ynbTaThl HECKOJIBKO OTJIMYAIOTCSI MPU 3amycke 16 u 32 MOTOKOB Ha OAWH y3ei Cy-
TMEePKOMITBIOTEpa. DTO CBI3aHO C OCOOCHHOCTSIMM pPabOThI BBIYMCIMTENBHBIX Y3JIOB.
B cnyyae, korma Ha KaxaoM U3 siaep paboTaeT OAMH IIPOLeCC U UHTEHCUBHO MCIIOJIb-
3yeT IIWHY MaMSITHU, MPOUCXOIUT MPOBaJl B CKOPOCTU €€ paboThl. B pesynbTaTe, eciiv Ha
OIIHOM Y3JI¢ 3aITycKaTh Mo 32 IMOTOKa, MPOUCXOIUT IIPOBAJI B CKOPOCTU PabOTHI C TTaMsi-
ThI0. JlaHHAsg 0COOCHHOCTh OTHOCHTCSI TOJBKO K TEKYIIEMY BBIYMCIUTEILHOMY KOM-
TUIEKCY M He SIBISIETCS 0COOEHHOCTHIO pabOTHI aITOpUTMA.

Emé ommH TecT — MacIITaOMPyeMOCTh Pa3MepOB 3adadydl MPU OTHOBPEMEHHOM
YBEIMYCHUM Ymcia siaep. B maHHOM TecTe Ha KakKmoe BBIYMCIUTEIBHOE SIIPO TPUXO-
IATCS OOWHAKOBOE UYNCIIO Y3JIOB pacu€THOU ceTKM. Ha puc. 5 TIpuBeneHBl pe3yIbTaThl
TaKOI'0 TECTUPOBAHMSI.

TecTrpoBaHue MPOBOIUIOCH TIPU M3MEHEHUN YMCJIa BEIYMCINUTEIBHEIX SIep OT 1
10 4096. Ha rpaduike BUAeH XapaKTepHbII IIpOBaJl IIpU pacuéTe B 32 MOTOKA, CBSI3aH-
HBIIT ¢ OCOOCHHOCTSIMU PabOTHI BBIYUCIMTEIIEHOTO KOMIUIEKCA, ONMMCAHHBIMU BEITIIE.
MaxkcuMajbHBIN pa3Mep CETKM B JaHHOM TecTe — oKoJio 33 muipa y3imoB. Kak MoxXHO
BUZIETh, aJITOPUTM MOKA3bIBaeT XOpOIllee YCKOPEHHME M MOXET BECTH PacdeéT Ha OOJIb-
IIMX 3a1a4ax.

PACNAPANNENTMBAHWE OPENMP

AJITOPUTM TakXKe pacrapajjiesieH B CUCTeMax C O0IIell MaMsThio MPU UCIOIb30BaHUU
texHosoruu OpenMP. B maHHOM HamipaBJieHUM paboTa TOJIbKO HavyaTa M IIpU yBEIMIe-
HUM yucia siaep ot 1 1o 32 anroput™ nokasbiBaeT 3 deKTUBHOCTb 0KoJio 60 %. Ctoib
HM3KWE M0Ka3aTeNN CBSI3aHbI C HEMOCTATOYHO (D (EeKTUBHON paboTOM C MaMSThIO, BbI-
YUCIUTEbHBIM SIIpaM MPUXOIUTCS MHOTO OOpallaThcsl K 00JIACTSIM MaMSTU Y COCEM-
HUX SAep, YTO BBI3BIBAET 3aMemyieHne pacuéra. BemyTcss paboThI MO TOBBIIIEHUIO 3(-
(bexTUBHOCTHM paboTHI ¢ TexHoNoruet OpenMP.

PACIMAPAJUTENIMBAHUE CUDA

AJnropuTM Takxe ObUT pacnapasuieneH Ha rpadpudyeckux GPGPU-npoueccopax NVidia
npu ucnonb3oBaHuu TexHosoruu CUDA. TlotpeboBasioch MOJTHOE MEPENUChIBAHUE
YacTU PacyETHOTO MOMYJIS MO JaHHYIO apXUTEKTYPY.
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Puc. 6. PacrrapayieinBaHue Ha HECKOJBKUX KapToukax nVidia

Ha Texyuinii MOMEHT HOCTUIHYTO NpUMepHO 80-KpaTHOE YCKOpPEHUE IO CpaB-
HeHuto ¢ ogHUM sapoM CPU mnpu mcnonb30BaHUM 4YMCIA C OAUHAPHON TOYHOCTHIO,
n 30-kpatHoe — ¢ OBOIHOI. B TecTax ucnonb3oBanvch KapTouku nVidia Tesla s2050
u npoueccopsl Intel Xeon X5670 2.7 I'Tu. Texyiias peaausanus alrOpUTMa MO3BOJISIET
KCIIOJIb30BaTh HeCcK0JbKO GPU KapTouyek B paMKax OJHOIO Pacy€THOro y3ja. DTo cae-
nmaHo cpeacrBamMu TexHojornn CUDA. Ha puc. 6 mpuBenéH TeCT YCKOPEHUS TIPU yBe-
JIMYEHUU YUCIa KapTouekK OT 1 10 6, B 3aBUCMMOCTH OT pa3Mepa pac4éTHOM CETKH.

ITpu HeOoMbIIUX pa3ZMepax CETKM aJlfTOPUTM He MaET MPUPOCTa CKOPOCTU PabOThI
IIpY YBEJIMYEHUH YUCJIA YCTPOMCTB. DTO CBI3aHO C OOJBLIMMM HAKJIaOAHBIMU Pacxoda-
MU Ha B3auMMOJIEHCTBME MeXay ycTpoicTBamMu. OQHAKO Ha OOJIBIIMX PACUETHBIX CET-
Kax peajm3alus Ja€T yCKOpeHue A0 4 pa3 MpU yBeJIMYEeHUHU YKCJia YCTPOMCTB B 6 pas.
Benytcst paboThl MO MepeHOCY alropuTMa Ha rubpuaHbie apxutekrypsl MPI+CUDA.

PAC‘;IET BOJTHOBOTO OTKJIMKA OT TPELLHOBATOIO KOJIJTIEKTOPA
B TPEXMEPHOW MOCTAHOBKE

B xauecTtBe TIprMepa pabOTHI MPOTrPaAaMMHOTO KOMILIEKCA TIPUBEIEH pacuET ceiicMuye-
CKOTI'0 OTKJIMKA OT KJIacTepa IyCThIX U (DJIIOMIOHACHIIIIEHHBIX TPEILIMH.

H7s1 ormmcaHusT BepTUKAIBHBIX TPEIIMH MPUMEHSIACh ITapajulelielTuIIe Hast pac-
y€THas ceTka. MonenupoBascs Kiaactep u3 31 mapajielbHON TPEIUHbI TPOTIXKEHHO-
cteio 3000 M m BeicoTOl 100 M, pacroioXeHHBIX Ha paccTtosHuu 100 M opyr ot mpy-
ra. OH Haxomuics Ha rayouHe 2000 M oT AHEeBHOI MoBepxHOCTU. BMmemaromuii Mac-
CHB TIpeACTaBJIsT coboit mapamienenumen (10X10X3 KM) co CIIeAyIOINMU YIIPYTUMEA
XapaKTepUCTUKAMU: CKOPOCTb MPOAOJbHBIX BoJH — 4500 M/c, CKOPOCTb MOMEPEUYHbIX
BoMH — 2250 M/c, IIOTHOCTB cpenbl — 2500 kr/M° (puc. 7). B kadecTBe MCTOYHMKA
BO3MYILIEHUS] HMCIOJb30Bajach IPOAOJbHAS YMpyras BOJIHA, PaCIpOCTpaHSIONIAsICs
OT THEBHOM ITOBEPXHOCTH TOJ YIJIOM 5° K BEPTUKAIH B INIOCKOCTH OXZ.

B xone uncieHHOro pacuéra mpoM3BOAUTCS BHIYMCIIEHUE MTOJIHOTO BEKTOPa CKOPO-
CTU W T€H30pa HaNpsDKEHUS B MOCJIeI0BaTeIbHBIE MOMEHTHI BpEMEHHM B KaXKIOM Y371
pPacy€THOM CETKM, UTO IO3BOJISIET BM3YyaJIM3UMPOBaTh BOJIHOBYIO KapTHHY BIOJb MPO-
M3BOJILHOTO ceueHMs obmactu (puc. 8). HeobxomnumMo OTMETUTh, OTHAKO, YTO IIPU I10-
JIEBBIX U3MEPEHUSIX MMeJach BO3MOXHOCTh PErMCTpallMM JIMILIb KoJieOaHU JHEBHOM
ITOBEPXHOCTH.
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Puc. 7. T'eomeTpust pacu€THOIM 00J1aCTH B 3a7aue O KJIacTepe BEPTUKATBHBIX TPEITUH

Puc. 8. CeueHue pacu€THoii o6sacTu 1miaockocTelo OYZ. HachblllieHWe BepTUKAJIbHBIX TPELIMH:
mycrota (cieBa) u umounn (cmpaBa). Momyinb CKOPOCTH B Tpafalliy CEporo I[BeTa W BEKTOP

CKOPOCTH
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B xome pacuéra Ha BepXHeil rpaHMIle TapajUlejieNiIiea BBHIIOJHSIIACH 3aIlNCh
TTOJTHOTO BEKTOpPa CKOPOCTH B MECTaX PAaCCTAaHOBKM CeMCMOIPpUEMHMUKOB. PaccTaHoBKa
MpencTanisia coO0Oi TMIoAaHOe MOKPHITHE B BUIE KBAAPATHOM CeTKU ¢ mmaroMm 50 m
" ocsiMu, mapatebHeIMU OX u OY.

Ilar ceTku coctasisi 5 M Brojib ocu OZ u 10 M Baoab oceit OX u OY, u oHa co-
gepxama 600 MUIH y3JI0B. 3amycK IpOrpaMMbl ITPOM3BOLWICA Ha BBIYMCIUTEBHOMN
cucteme ¢ 30 pacu€THpIMU sgapaMu. [TOCKOIBEKY TIpU TaKOM 00bEME BHIUMCIICHUI, He-
CMOTpPSI Ha TIapaJUIebHOCTh aJITOPUTMA, OMHO BBIIIOJHEHHE ITPOTPaMMBI 3aHUMAJIO
MIPUMEPHO CYTKH, OBLIO pellleHO 3aJaBaTh 3arIy0JeHHOEe HavyaJdbHOE BO3MYIICHME Ha
paccrostHUM 1700 M OT THEBHOM ITOBEPXHOCTHU (HAI KJIACTEPOM).

AHa3 pe3yIbTaTOB YMCJIEHHBIX PACUETOB IO3BOJISIET YCTAHOBUTbL HEKOTODPBIE
OCOOEHHOCTH AMHAMHWYECKMX IPOIECCOB, MPOUCXOIAIINX B TPEXMEPHOM TPEIIMHO-
BaToii cpele. BHe 3aBHCMMOCTH OT BMIA HACBIIMICHUS TPEIIMH IPOUCXOIUT (POpMU-
poBaHME KaK IIPOMOJBHBIX CEMCMMUYECKMX BOJH OTKJIMKA, TaK M IIOMEPEYHBIX BOJIH.
OnmHOM M3 MHTEPECHBIX OCOOCHHOCTE! Mpoliecca IBJsIeTCS TeHepalus TepruoINnIecKo-
ro «mureiida» ympyrux KosjaedaHUil, COMPOBOXIAIOIIETO OCHOBHBIC (Da3bl OTKIIMKA U,
ITO-BUINMOMY, BBI3BAHHOTO MEXTPEIIMHHBEIM B3auMopeilictBueM. [lo Bceil ImmpuHe
KJIacTepa MHULIMUPYETCS IIJIOCKUI BOJHOBOM (DPOHT, a OT €ro KpaéB HAYMHAIOT pac-
MIPOCTPaHIThLCS cheprudeckre BoJHBL. [Ipy 3TOM IpY HACBIIIEHUM TPEIIUH (DITIONIOM
WHTEHCUBHOCTH IIPOXOMSIIETo Yepe3 TPEIIMHOBATHIN KiIacTep BO3MYIIEHUsS HAMHOTO
BBIIIIE, YeM TTPU OTCYTCTBUU 3aITOTHUATE]IS.

JINTEPATYPA

[Tony6eB u np., 2013] Toaybes B. H., Ilempos U. b., Xoxaoe H. H. YucneHHOe MOAEIMpPOBa-
HUE CeCMUYECKOIl aKTUBHOCTH CETOYHO-XapaKTepUCTUIECKUM MeTomoM // 2KypH.
BBIYMCIIUTENBHON MaTeMaTUKu U MaTematudeckoit ¢usuku. 2013. T. 53. Ne 10.
C. 1709—1720.

[MBaHOB u ap., 1990] Heanos B. /., [lempos HU. 5., Cysoposa FO. B. Pacuér BOJTHOBBIX MPO-
116CCOB B HACJIEICTBEHHBIX BSIBKOYIIPYTUX cpeaax // MexaHuka KOMITO3UTHBIX MaTepu-
anoB. 1990. Ne 3. C. 447—450.

[Maromenos, Xononos, 1969] Mazomedoe K. M., Xonodoe A. C. O TOCTPOEHUU Pa3HOCTHBIX
CXeM IUTS YpaBHEHUI TMIepOOJIMUECKOTO THIIA Ha OCHOBE XapaKTepUCTUIECKUX COOT-
HomeHuit // ZKypH. BEIYMCIUTEbHON MaTeMaTUKKU U MaTeMaThudecKo pu3nku. 1969.
T.9. Ne 2. C. 383—396.

[Maromenos, Xononos, 1988] Maecomedos K. M., Xonodos A. C. CeTouHO-XxapaKTepucThye-
ckue ynciaeHHble MeTonnl. M.: Hayka, 1988. 288 c.

[ITerpoB, Topmacos, 1990] Ilempos HU. b., Topmacoe A. . O 4ucCIeHHOM UCCIeN0BAHUMN
TPEXMEPHBIX 3a1a4 00TeKaHUsI BOJTHAMM CKATUSI MPETSITCTBUS UM TIOJIOCTH B YIIPYTO-
miacTudeckom noiymnpoctpanctse // Jokmanet AH CCCP. 1990. T. 314. Ne 4. C. 817—
820.

[[TetpoB, Xononos, 1984a] ITempos H. b., Xoa000s A. C. O peryasipuzaliui pa3pbIBHbIX YHC-
JIEHHBIX pellleHU ypaBHEHU I runepodosnyeckoro tumna // ZKypH. BBIUYMCIUTETbHOM
MaTeMaTUuKu U MaTemMaTudeckoit pusuku, 1984. T. 24. Ne 8. C. 1172—1188.

[TTeTpoB, Xononos, 19846] Ilempos U. b., Xorodoe A. C. HucieHHOE uccaenoBaHne HEKOTO-
PBIX IMHAMHWYECKMX 3a1a9 MEXaHUKHU 1e(opMUPYeMOTO TBEPIOTO Tejla CETOYHO-XapaK-
TEPUCTUYECKUM MeToAoM // 2KypH. BBIUMCIUTEIBHOM MaTeMaTUKN U MaTeMaTUIeCKOM
¢usuku. 1984. T. 24. Buin. 5. C. 722—739.

[TTetpoB u ap., 1989] Ilempos U. b., Topmacog A. I, Xor0dog A. C. O 4yucieHHOM U3y4eHUHU
HeCTallMOHAPHBIX MPOLIECCOB B 1e(OPMUPYEMBIX CPelaX MHOTOCIOWHON CTPYKTYPhI
// U3Bectuss AH CCCP. Cep. MTT. 1989. Ne 4. C. 89—95.

184



[pumeHeHMe COBPeMEeHHbIX BbICOKONPOU3BOAUTENbHBIX TEXHONOMNI A4 MOAENMPOBAHNA 3a4ay CEMCMUKM 1 FEO¢M3MKM

[Xonomos, Xononos, 2006] Xoa0dos A. C., Xoaodos 4. A. O Kputepusix MOHOTOHHOCTU pa3-
HOCTHBIX CXEM JUISl ypaBHEHU I rurepoosnyeckoro Tuna // AKypH. BBIUMCIUTEIbHOMN
MaTeMaTHKM U MaTeMatudeckoi dhusuku. 2006. T. 46. Ne 9. C. 1638—1667.

[Roe, 1986] Roe P. L. Characteristic-Based Schemes for the Euler Equations // Annual Re-
view of Fluid Mechanics. 1986. No. 18. P. 337—365.

APPLICATION OF MODERN HIGH PERFORMANCE TECHNOLOGIES
FOR SEISMIC AND GEOPHYSICS MODELING

N. 1. Khokhlov, I. B. Petrov
Moscow Institute of Physics and Technolofy (MIPT)

The numerical simulation of seismic wave propagation presents an essential part of the explo-
ration work the oil industry has to address on a day-to-day basis. The application presented
here allows the simulation of the propagation of dynamic wave disturbances in various geolog-
ical mediums, including layered mediums and mediums with different inhomogeneities (e.g.
cracks or cavities). The type of numerical problem solved in these simulations is extremely
compute-intensive and mandates large-scale HPC systems. The area of the ground medium
simulated in these computations is typically a seismic cube with an edge length in the order
of 1km to 10km. At the same time, inhomogeneities can be as small as a few meters in dimen-
sion. Therefore, the computational grid needs to be adequately small to be able to properly
capture all inhomogeneities. Obtaining sufficient accuracy and specifying a large number of
irregularities requires the use of very large computational grids; real-world computations use
grids with several billion nodes.

This paper describes SEISMO, a new numerical seismology code that models the propa-
gation of seismic waves in ground media with inhomogeneities on 2D and 3D structured and
unstructured grids, and outlines its performance on a range of current HPC platforms. The
mathematical model used in SEISMO is based on the theory of linear elasticity. The finite-
difference and finite-volume methods are then use to solve the resulting hyperbolic partial
differential equations (PDEs). SEISMO implements the Total Variation Diminishing (TVD)
discretisation scheme. The code is parallelised using MPI, with low-level optimisations of the
algorithm on SIMD CPUs using SSE and AVX instructions; it currently runs at 70\ % parallel
efficiency when scaled up to 16k cores. The aim is to improve on this by exploring the benefits
of using hybrid and accelerator programming approaches. The core algorithm of the applica-
tion was ported to GPU accelerators using NVidia CUDA.

Keywords: MPI, CUDA, OpenMP, SIMS, SSE, AVX, grid-characteristic method, hy-
perbolic systems, elastic equation.
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K BOMPOCY 06 UHOOPMALMOHHO-TENEKOMMYHUKALIMOHHON
WHOPACTPYKTYPE, A TAKXE 0 BO3SMOMHOCTU NMPOBEAEHUA }
YYPEXJEHWAMMN OAHO UCCNENOBAHWUW B OBIACTU MHTEHCUBHOW
OBPABOTKW AAHHbIX C LLENbIO U3BNEYEHNA HOBOIO 3HAHUA

J1.H. Wyp

HayuHbin LeHTp Poccuinckon akapemunn Hayk B YepHoronoske (HLIY PAH)

[IpuBomuTCST aHAIU3 BO3MOXHOM posi MH(POopMaoHHO-TeaeKoMMyHuKaoHHoi (MKT)
nHdpacTpykTypsl PefepalbHOr0 areHTCTBa HaydyHbIX opranusaiuii (PAHO) B pasButuu
(yHnaMmeHTaNbHBIX UccienoBaHuii. OcoOblil akieHT caenad Ha poib MKT B obnactu uH-
TeHCUBHO# 00paboTku bonbmux nanHbix (Data-Intensive Scientific Discovery). [Tpuuém,
Kak ¢ IIeJTbI0 U3BJICUCHNSI HOBOTO 3HAHMS, TaK W IJIST Pa3pabOTKM METOAOB U MEXaHU3MOB
OCYIIIECTBJICHUST TaKOW NEATEIbHOCTH HayYHBIMU KOJJIEKTUBaAMU. MBI TIpe/iaraeM MOAXon
K BbIpaboTKe npemioxeHuit mo pa3sutuio MKT uHbpacTpyKTyphl M pa3paboTKe MporpamMM-
HO-armapaTHbIX PelIeHWi I MPeaoCTaBIeHNS] BO3MOXHOCTU KOHEYHOMY ITOJIb30BaTEeIO
pabothl ¢ bonpmmvu nanaeiMu (BD) HemocpenctBeHHO ¢ ero pabodyero Mecra.

Karouesvie crosa: MHGOOPMAIIMOHHO-TEIEKOMMYHUKALIMOHHAs MHGMPACTPYKTypa, Xpa-
HEHHWE U Nepenaya JaHHbIX O0JIbILIOro 00bEMa, MHTEHCUBHAsI 00paboTKa O0JIbIINX JAHHBIX,
pacrpeneI€HHbIN ITporpaMMHO-arnIapaTHbI KOMIUIEKC, MHTepdeiic mojib30BaTeIsl.

BBEJEHWUE

Hagamo 1990-x rr. B MHpe OTMEYEHO aKTUBHBIM DPAa3BUTHEM KOMITBIOTEPHBIX CETCH.
Haubosee akTHBHYIO pOJb MPU 3TOM UrpaM YYpeXIeHUs HaykKu UM oOpa3oBaHMSI.
MuunyatuBa y4€HBIX mpuBena K paspadotke ammuHuctpaumeii CIIA mokymeHTa,
KOTOpBII TIpefAonpeaeana MOJUTUKY U TEXHOJOTUM CO3MaHUSI COBPEMEHHBIX KOM-
MbIOTEPHBIX CETEM, a TaKXKe MX HACBILLIEHUS] NMPOrpaMMHBIMU MPOAYKTaMU U UHGOP-
MaLMOHHBIMM TeXHOJOrusAMHU (rmoapodHee cM. ctatbio [Ilyp, 2012]). B Hameli cTpa-
HE CO3IaHMe TeJICKOMMYHMKAIIMOHHOW WH(MPACTPYKTYPHl OBLJIO MTOTOM aKTMBHOCTH
COTPYIHUKOB yupexnaeHuit Poccuiickoil akamemMuu Hayk, KypyaTOBCKOro MHCTUTYTa
U YHHBEPCUTETOB, CPEeIU KOTOPBIX CJIEAyeT 0CO00 OTMETHTh MOCKOBCKMII rocymap-
CTBeHHBI yHuUBepcuteT uMeHu M. B. JlomoHocoBa (MIY), SpocnaBckuii rocynap-
ctBeHHBIM yHUBepcuTeT uM. [1.T. Hemumosa (Apl'Y) m HoBocmbupckuii HammoHab-
HBII MccaenoBaTeabcKuii rocyaapctBeHHbIn YHuBepcuteT (HI'Y). IlonoxurenbHyio
POJIb B TIPOIIECCe CO3MaHUS CETH IS HayKu M 00pa3oBaHUs chirpai B 1990-e 1T. hoHm
Copoca (Muctutyt «OTKpbITOE 001IecTBO»). Co3gaHue u pa3Butue B Poccum Kom-
MTBIOTEPHBIX CEeTE M1 HAYKA M 00pa30BaHUsI TIPOMCXOIMIIO Ha CPEICTBA, BEIIEIIeMbIC
Poccuiickum doHmom dyHaameHTanbHbIX UccaenoBanuii (PODU) u MuHucTepcTBOM
Hayku P®. C 1997 mo 2013 r. pa3Buthe KoMIbloTepHbIX ceteii PAH mpoBommioch
B paMKax IporpaMmbsl 1ieseBbix pacxonos I[pesuanyma PAH «Co3naHue cpencts Tese-
KOMMYHUKALIMI 1 UX 00CIy:KMBaHUE», TTO30HEe Tpeodpa3zoBaHHON B rporpammy PAH
«BBICOKOTTPOU3BOAUTENBHBIE BEIYMCIUTENbHbIE CUCTEMbI U TEJIEKOMMYHUKALIMW».

Iyp Jles Hukonaesuu — 3amectutens npeacenatens HI[Y PAH, 3aBenyroniuii otaenoM npu-
kinaaHbix ceteBbix uccienoBaHuiit HIIU PAH, 3aBemyrommii 6a3oBoit kKadenpoit HayuHo-
HCCIIeq0BaTeNbCcKOro yHuBepcuteTa Bricinas mkosna sxkoHomuku «[IpuxiagHeie nHdopManm-
OHHO-KOMMYHUKAITMOHHBIE CPEACTBA M CHUCTEMbl», BEMYIIUI HAyYHBIA cOTpymHUK MHcTUTYyTa
teopetrueckoit ¢pusuku um. JI.J1. JJannay PAH, npodeccop, nokrop ¢puznko-maTeMaTuuyeckKux
Hayk, e-mail: Shchur@chg.ru
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K HacrosiieMy BpeMeHU Ha GajaHce HayYHBIX YUpesKIeHUI, ITOABEIOMCTBEHHBIX
DAHO, umeercs cepb€3Hast UHGOpMaLUOHHO-TeJleKoMMyHKamoHHass (MKT) un-
dpacTpykrypa. Hizke MBI prBOANM €€ OCHOBHBIE XapaKTePUCTUKU.

1. VIKT UHOPACTPYKTYPA YYPEXOEHUN ®AHO — TEXHWUYECKME ACMEKTbI

HUKT unbpacrpykrypa yapexxkaeaniit PAHO ¢ TeXHMIeCKOM TOYKH 3PEHUSI COCTOMT:

* 13 MarucTpajJbHbIX KaHAJIOB CBS3H;

*  KOMMYHHMKAIIMOHHOTO 000pyI0BaHMs, 00€CTICUMBAOIIETO CBI3HOCTD CeTeil yu-
pexaenuit DAHO c cetsamu Apyrux BeIOMCTB HayKu U oOpazoBaHusi PD;

*  KOMMYHHMKAIIMOHHOTO 00OpyIOBaHUsS, 00ECIEUYNBAIONIETO CBA3HOCTh C Hayd-
HBIMU CETSIMU 3apyOeKHBIX CTPaH;

* CHCTEeM XpaHEHUS JaHHBIX;

* cucTteM 00pabOTKM JaHHBIX.

2. OYHKUMW UKT MHOPACTPYKTYPbI YYPEXAEHN OAHO

C dyukumonanbHoi Touku 3peHust UKT undpactpykrypa yupexnenuit ®AHO obe-
CIIeUYMBAET, HAIIpUMeEP:
* 00MEH JaHHBIMU OOJIBIIOrO 00BEMa Mexay yupexkneHusmu @AHO;
* pacnpenenéHHbIe HAydHbIE CEeMUHApPhI M KOH(pepeHuun yupexaennit PAHO;
* (yHIaMeHTalbHbIe HayuyHbIE UccieaoBaHus ¢ ucnonab3oBaHuemM MKT uHbppa-
cTpykTypHl yupexaeunit DAHO.

3. OCOBEHHOCTb UKT MHOPACTPYKTYPbI YYPEXAEHNIA GAHO

®dyukumnonansHocTh MKT uHbpactpykTypsl yupexaennit ®AHO obecrnieunBaercs 3a
CcU€T Hannuus TpeThelt coctabnsiBuiein MKT nHdpacTpykTyphl, KOTOpask BKJIIOYAET:
* MpOBeIeHUE 0CO0O0I CeTeBOI MOMUTUKHU yupexaeHusmMu @AHO;
+ obecrieueHNe 0CO00I CEeTeBOM IMOJUTHKHU B3aMMOIEICTBUSL C CETIMU HAyKH
1 00pa3oBaHMUs;
* TIpoBeleHHEe (PyHIAMEHTAIbHBIX HAYYHBIX MCCICHOBAaHMI C HMCITOIb30BaHUEM
KT undpacrpykrypsl yupexknenuiit ®AHO.

4. VKT UHOPACTPYKTYPA YYPEXOEHUY ®AHO
N OBPABOTKA BOJIbLUX JAHHbIX

OXxugaeMblii TIPOPEIB B Pa3BUTUM (DYHIAMCHTAIBHBIX WCCIICIOBAHU CBSI3BIBACTCS
¢ peann3aiueid Metogojoruu «bospine naHHeie» (Big Data, BD) ¢ ucnons3zoBaHuem
nogxona «Hayka ¢ MHTeHCHMBHBIM MCITOJIb30BaHMeM daHHBIX» (Data Intensive Scientific
Discovery, DISD). Bc€ 6osnee npu3HaHHBIM CTAHOBUTCSI MHEHUE, UTO Mbl HAaXOAUMCS
Ha TIOpPOre BO3HUKHOBEHHS HOBOM IMapaaurMbl HAyYHBIX MCCJICTOBAHUM B IOITOJTHE-
HUE K YK€ YCTOSIBILIMMCS TTOIXO0IaM ITOJIyYeHUs] HOBOTO 3HAHUSI IyTEM 3KCIepUMEHTa,
TeOpUM M KOMITbIoTepHOTO MonenupoBaHus [Gray, 2009]. Beur mpoBenéH aHaIu3 WH-
(bopMalIMOHHBIX PECYPCOB, KOTOPHbIE MOTEHIIMAIbHO MOTYT OBITh MCIIOJb30BaHbI IS
BemonHeHWsT DISD. [ aToro OBIIM MpoaHATU3UPOBAHEI pecypchl 29 YHUBEpCHUTE-
toB P®, monyuuBmmx cratryc HUY, yupexnenuit Otaenenust pusndeckux Hayk (ODH)
PAH, HecKOJBKHX BeIyIINX YHUBEPCUTETOB M TOCYIAPCTBCHHBIX HAYYHBIX JTA0OPATOPHUIiA
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CIIIA; paccMoTpeHBl pabOTHI MO MOAEPHMU3ALMU WHGPACTPYKTYPhl YHMBEPCUTETOB
CIIA u EBpombl ¢ Lienblo TIpeaoCcTaBlIeHusT BO3MOXHOCTH padoTsl ¢ BD, kak cepBuca
JUTSI HAYIHBIX COTPYIHUKOB U aCITUPAHTOB.

IIpoBenéHHbBIC IpeaBapUTEIbHBIC WMCCICIOBAHUS ITOKa3allM, YTO WHTYUTHUBHOE
M pacrpocTpaHEHHOE MHEHME O TOM, YTO «...B VIHTepHETe MHOTO JOCTYITHBIX HAYUHBIX
TMAHHBIX», 0Ka3aJIOCh CUJIBHO TTPEYBEIMUCHHBIM.

Ha ceromnsiiauii neHs (opMaibHOe onpeneieHnue bonblinx TaHHBIX OCHOBAaHO
Ha 4eThIpéx V, T.¢. (Very) Big Data — 310 cieaytommit Habop IMpu3HAKOB v*

*  Volume — 6oavutoii 066ém 0auHbIx;

»  Velocity — 6oavuas ckopocmos 06pabomiu NOMoKa OAHHbIX;

»  Variety — boavuioe paznoobpasue 0aHHbIX;

*  Veracity — boavwas docmosepHocms 0aHHbIX.

MmeHHo Ha aTOM Ha60pe JAHHBIX 1 MOKHO OXKHNIAaTh, YTO UCCJICAOBAHUSA C MHTCH-
CUBHON 06pa6OTKOI71 TaKUX JaHHBLIX MOTYT IPUBECTU K IMOJYYCHHIO ITPUHIMIINAJILHO
HOBOTI'O 3HAHUSI.

4.1. bonbluve faHHble HayUYHbIX U 06pa3oBaTeNbHbIX yupexaeHuin PO

Nudopmanmonnsie pecypcol yupexaenuii Otnenenust pusnueckux Hayk (O@H) PAH
COCTOSIT B OCHOBHOM, U3 3JIEKTPOHHBIX OMOJIMOTEK, a TAKXKe OrpaHMYEHHOIo Habopa
JMAHHBIX 110 UCCIIENOBAHUSIM B 00J1acTU acTpoM3UKU, UCCIEIOBaHNIT KOCMOCa M MeTe-
oposornu. Cpeau HarmmoHanbHBIX MCCaenoBaTeIbcKuX yHUBepcuTeToB Poccun (HUY
P®) mumrs 1mojoBUHA MMeeT HEKOTOphle MH(POpMaIlMOHHBIE HaydHBIe pecypchl (MIY,
Bricmas mikona skoHomuku (BIIBD), Hmkeropoackuii rocynrapcTBEeHHBIN YHUBEPCH-
ter uMenu H.MWN. JlobaueBckoro (HHI'Y), HI'Y, Cauxkr-IlerepOyprckuii HaloHaab-
HBIIl MCCIENOBATeNbCKUI YHUBEPCUTET WHGOPMAIIMOHHBIX TEXHOJOTMH, MEXaHUKU
u ontuku (MTMO)). B o0CHOBHOM 3TO JaHHBIE B 00JIACTU COLIMOJIOTUH.

Bonee OnarompusiTHasi KapTMHaA B OOJACTU IOJHBIX TEKCTOB HAyYHBIX CTaTei.
JBagnaTh IBa pOCCUMCKMX HAyYHBIX XypHaJla UMEIOT TTOJIHbIe TEKCTBI CTaTell — 3TO
«[Tucema B KOTD», «Ycnexn ¢usmueckux Hayk», «Ipynst MUAH», «IlpuxknagHas
MexaHuKa U TeopeTudeckas Gusnka», «[IpobiaemMbl Tniepenaun WHGOPMAITUN»,
«MartemaTuueckue 3aMeTKu», «KypHal 3KCIEepUMEHTaJIbHONH M TeopeTUYecKoil pu-
3uku (KOTD)». [Tpruém aBa TepBbIX XKypHaja MPEIOCTaBISIIOT B CBOOOTHOM JOCTYITE
TOJIHBIE TEKCThI CTaTeil BCEX TOMOB C Havyayia ocCHOBaHUs. Takass KOMOMHAIIMS TTOJIHO-
Thl U OTKPBITOCTH SIBJISIETCSI YHUKAJBHOW, W BBIIEJISIET 3T KYpPHAJIBl B OOIIIEMUPOBOM
UKT npoctpaHcTBe.

3aMeTuM, 4TO MMeeTCsl OOIbIIIOe KOJTMIeCTBO HAYYHBIX 0a3 JaHHBIX U JIEKTPOH-
HBIX XpaHWJIUII HAYYHBIX ITyOIMKaAILMiA, HO JOCTYII K HUM OTPaHMYCH CIEIIMATbHBIMU
cornamreHusIMu (GMHAHCOBOTO U OPTAaHM3AIIMOHHOTO TTOPSIIKa.

4.2. bonbluve AaHHbIE HaYYHbIX 1 0O6pPa3oBaTeNbHbIX
yupexzeHuin 3apybexbs

3apyOexXHble HayYHBIC YUPEXKICHUs COMEepPKAaT B OCHOBHOM JIOKAJIBHYIO, C 3aKPBITBIM
JOCTYTIOM, WH(OPMALIMIO UISI COTPYIHUKOB M CTyAeHTOB. OTKpBITast 4acTh MH(popMa-
LINU COMEPKUT JINIITh IEMOHCTPAIITMOHHBIN HAa00p JaHHBIX, B OCHOBHOM, C IICJIBIO ITOITY-
JIIpU3aIIM HAYIHBIX UCCIIEMOBAaHUI 1 CO3MaHMS MpecTrXa yupexaeHus. Mckimouenne
COCTaBJISTIOT TOJIBKO OTKPBITHIC MaHHBIe YHHBepcuTeTa Kanrex (Kammdboprusa, CILA),
KOTOPBIN TIPEIOCTABISIET OTKPBITHIN JAOCTYIT K HAYYHBIM JTaHHBIM B O0JIACTU Te€HOMA,
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HICCJIEMOBAHUS MO3Ta, TeOMMHAMKUKHN M UCCIIENOBAaHUS KOCMOca. DTU TaHHbBIE, OMHAKO,
HE YIO0BJIETBOPSIOT TPEOOBAHUSIM MO OOBEMY, MPEABIBAIEMbIM K BOJBIIMM JaHHBIM.

Cpenn 3apyOeXHBIX HAYYHBIX XYPHAJIOB MSATHAOLATh UMEIOT 3JIEKTPOHHEIE BEp-
CHM BCEX CTaTell 3a BCIO MCTOPUIO XypHasoB, HarmpuMep, Philosophical Transactions,
Nature, Physical Review, Chemical Reviews, Science. DTu TeKCTbl HAXOAATCS B 3aKPbl-
TOM JIOCTYTIC U JJIsI O3HAKOMJICHHS C HUMU TpeOyeTCsl CrielIMabHOE COIIalleHUE.

4.3. TeHAeHUMMN B 06N1aCTN HayUYHbIX NCCEAOBAHNN
C VIHTEHCMBHOW 06paboTKOI JaHHbIX

YTo MOXET JaTh TOCTYII K bobimm naHHBIM? YTO MOXHO U3 HUX M3BIICYb?

HaubGonee spxuii M o0OILLIEU3BECTHBIM TIpuUMep — 3TO 00paboTKa AaHHBIX
¢ bonbmroro agponnoro Kojutaiinepa (BAK), Koropast ipuBera K 3KCIIepUMEHTAIbHO-
My OOHapyXeHMI0 6030Ha XUITca, 3JeMEeHTapHOI YacTULbl ¢ 3Heprueit 125 IB. OT1o
OIMH M3 CaMbIX KPYIHBIX HAYYHBIX MPOEKTOB. 71T 00pabOTKM 3KCIIEpUMEHTATBHBIX
JNAHHBIX OblJa BHEIpEHA TEXHOJIOTUS TP, KoTopast o0benHuIa 140 BEIYUMCIUTETbHBIX
HeHTpoB B 35 cTpaHax Mupa. 3aTpaThl Ha cO3JaHWe MHMPACTPYKTYPHl MO Iepemaye,
XpaHEHMIO U 00pabOTKU JaHHBIX COCTaBUJIM OoJjiee MOJOBUHBI 3aTpaT Ha MOMCKHU ca-
Moro 6o30Ha Xurrca. TexHosiorust I'pya pa3BEépHyTa MOBEpX HAYYHBIX KOMITbIOTEPHBIX
ceTeil CTpaH-yJyacTHUI] U UCIOJIb3yeT CrelMalbHbIe KaHalbl CBSI3U MEXIY CTpaHaMMU.
D10 MepBhIit mpuMep U3 paspsaa Big Data, on yomoBiaeTBopsieT 1-My, 2-My U 4-My TIpH-
3HaKaM boJbluX JaHHBIX, TPUBEIEHHBIX Bbille. KpoMe TOro, 3To mpuMep mocTpoeHUs
Mera-ycTaHOBKU U co3aaHus crnietanuzupoBaHHoii MKT uHdpacTpykTypsl mist hyH-
TAMEHTAIILHOM HayKHU.

Bropoii mmpuMmep, Ha 3TOT pa3 B MOJHON Mepe YIOBIECTBOPSIONINI BCEM YEThI-
péM npusHakaM bonblinx naHHbIX, peanus3oBaH ¢upmoii UBM. B HayuyHo-uccneno-
BaTesIbcKoi Jabopatopum Accelerated Discovery Lab (ADLab) cdbupmbl B AnmanmeHe
(Kanmudopuus, CILA) pa3BépHYT mporpaMMHO-arnapaTHbIA KOMILIEKC JJIS1 XpaHEHUSI
¥ 00paboTKM BonbIMx TaHHBIX, a TaKKe IS MpoBedeHUs (yHIAMEHTATbHBIX UCCIIe-
JMIOBaHUI B 00JIACTM MHTEHCUBHOI 00paboTKu maHHbIX [Pease, 2015]. Bo3amoxHocTu
nporpaMMHoO-anmnaparHoro komiiekca «MMBM BarcoH» Obutn MpomeMOHCTPUPOBAHBI
IIMPOKOI OOIIECTBEHHOCTU B XOIe TeJIeBUKTOPUHBI, KoTopyio «MBM BatcoH» BbI-
WTpajl y MHOTOKpATHBIX ¢€ yeMnuoHoB. Kpome Toro, «MBM BaTcoH» mpuHamiIexXuT
cepbE3HOE MOCTMKEHME B 00JIACTM TOMCKa BEIEeCTB, BIMSIOIIMX Ha POCT 3JI0Kaye-
CTBEHHBIX KJICTOK, — 3a MOJITOJa UCCICAOBAHNI C MCIIOb30BaHNeM BoIbIMX TaHHBIX,
XpaHSIIMXCS B LIEHTpe AJMajeHa, ObUIM OOHApyXXeHbI ABa (hepMeHTa, BAUSIONIMX Ha
MPOTeHH P53, OTBETCTBEHHBIN 3a MIPOIIeCC aKTUBAILIMN POCTA 3JI0KAYSCTBEHHBIX KJIETOK.
OOHapyXeHNe HOBBIX (PEPMEHTOB C TAKMUMHU CBOMCTBAMU JeJIaeTCsl BCEMMU J1abopaTopu-
SIMM MUpa C 9aCTOTOI OMHM (DepMEHT B TOI. 3aMETUM, YTO U B 3TOM cjIydae OB CO3MaH
CHeMAIM3UPOBAHHBIN TIPOrpaMMHO-aIMapaTHbI KOMIUIEKC JUIS pellleHUs 3amayuu.
CoszgaHne KOMIUIEKCa TAKOTO pa3Mepa TpeOyeT 3HAUMTEIBHBIX CPEICTB U BEICOKOKBA-
JUGULIMPOBAHHOTO MepCcoHaIa.

4.4. OnbIT oTAeNa NpUKNagHbIx ceTeBbIx nccnegoanHnin HUY PAH

PaGoTbl 1O co3gaHMIO W Pa3BUTHUIO COBPEMEHHON WHMOPMAIMOHHOM, TeIeKOM-
MYHMKAIlMOHHON M BBIUMCINTENIbHON WHppacTpyktypsl B Hayunom wnentpe PAH
B UepHorosoBke Havaauch B KOHIE 1991 I. Mo MHUIIMATHUBE TPYMHITBI HAYYHBIX COTPYI-
HUKOB. B 1995 1. aTa paboTa ObLIa (hopMaM30BaHa CO3MAHNEM JTa00PATOPUU KOMITBIO-
TepHOro obecrieueHrs HayYHbIX MCCleq0BaHuii, peoopa3oBaHHoi B 2001 r. B oTmen
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npukiiagHbix ceteBblx ucciaeaoBanuii (OITCH). OIICH Takxke Ben€r dbyHaaMeHTaIb-
HbIC HayYHBIE HCCIICOOBAHUS B 00JIaCTM WMH(MOPMATUKH, IMPUKIATHOM MaTEeMaTUKH
Y BBIYMCIIUTEIBHOM (PU3UKU, KaK B paMKax TOCYyIapCTBEHHOTO 3aaHMs, TaK 1 IO TpaH-
taM PO®U, Poccuiickoro HayuHoro ¢onaa (PH®), PAH u Muno6pHayku [1llukora,
2013].
B nacrosimee Bpemsi OIICU umeer cnenytomme saeMeHTel MKT wunopa-
CTPYKTYPBI:
* cetb ChANT — omopHast ONTOBOJIOKOHHAS CETh, OObEIUHSIIONIASA YIPEXKICHUS
®AHO B YepHoronoBke Ha ckopocT 1-10 THTabUT B CEKYHIY;
*  TeJEKOMMYHUKAIIMOHHOE 000pyI0BaHUE;
* OubamoTeuHblit cepBep — moctyn K Katajoram BEH PAH, BHII PAH, 6u6au-
oteyHbIM cepBucam [Ilukora u op., 2011];
* cepBep CBOOOAHO PaCIpPOCTPAHSIEMOrO MPOrpaMMHOTIO OOECIIeUeHUsI — apXuB
MPOrpaMMHOro obecriedeHus, ncnonbdyemoro yupexaeHnasmu @AHO [Llyp
u ap., 2010];
e  BBIYMCIUTENBHBIN KitacTep WALL — xiactep u3 12 y3110B;
* TUOPUAHBIA BBIYMCIUTENbHBIA KiacTep Manticore — xiactep u3 4 y3-
JmoB (8 mporeccopoB, 80 duzmyeckux smep) ¢ BOCEMbIO TpadUIeCKUMU
YCKOPUTEIISIMU;
* o0OmayHas nH@pacTpykrypa «Tyuka» — npoOHas cucreMa 13 TPEX CEpBEPOB;
* cepBepbl XpaHeHUs JaHHbBIX — oKoJjio 0,5 T16alT TMCKOBOro MpOCTPaHCTBA;
* cHUCTeMa MPOBEIEHHUsS pacIpeneJeHHbIX BUmeoKoHbepeHinii Bumeolpunm —
MaclTabupyeMblil TporpaMMHoO-anmnapaTHbsiii komruieke [Lyp u op., 2012];
* pacnpenenéHHas MHGOOPMALMOHHASI CUCTEMa COBMECTHOU pabOThl HAayYHBIX
1 006pa3oBatTeIbHbIX KoJIeKTUBOB KoMmndus [[Iukora u ap., 2012].

Ota MHPpPacTPyKTypa MOXET OBbITh MCIIOJb30BaHA IS OpraHM3allii MCClIeI0Ba-
HUIi B 00J1aCTU MHTEHCUBHOU 00pabOTKU OOJIBIINX JAHHBIX.

5. MPEAIOXEHWA NO PA3BUTUIO UKT UHOPACTPYKTYPbI YYPEXXAEHN GDAHO
N0 NOAITOTOBKE K BHEAPEHWIO MPOrPAMMHO-ATNMAPATHbBIX PECYPCOB
C LENbIO OBPABOTKU BOJIbLUNX JAHHbIX

Mpbl genaeM MNpenoXeHUs] MO MHULMUPOBAHMIO KOMILIEKCa padoT, I1ejib KOTOPBIX
COCTOMUT:
* B ucnojib3oBanuu umetomeiics MKT mHbpacTpykTypsl yupexneHuii ®AHO
IJIST TIpoBeleHUs (yHIAMEHTAJIbHBIX MCCIeOOBaHU B obaacTsax ¢ Data-
Intensive Scientific Discovery (DISD);
* pa3paboTKe MpOorpaMMbl HayIHBIX MccaenoBaHuii B oomactu DISD mst e€ BoI-
MOJTHEHUS CUJIaMU HayYHBIX KOJUIEKTUBOB yupexneHunit ®AHO;
* pa3paboTKe MPOrpaMMBl MEPOIPUITHUI II0 BHEIPEHUIO CEPBHCOB pPAOOTHI
¢ bonbmmMu faHHBIMU.

HeotnoxHoro pemieHuss TpeOyioT mpoOjemMbl OrmomkeTHOro (UHAHCUPOBAHUS

MOIAEPXKKU TEJIEKOMMYHHMKALIMOHHON MHGPACTPYKTYpPhI, U 0CO00 — MaruCTpaibHBIX
KaHAaJIOB.
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6. MOJEPHWM3ALUUA NKT MHOPACTPYKTYPbI C LIEJIbIO BHEAPEHWA CUCTEM
OBPABOTKM BOJIbWINX JAHHbIX B MPOLIECC MPOBELEHUA
OYHOAMEHTAJIbHbIX MCCJTIEQOBAHNN

DTa 3amaya MOXET OBITh pellleHa B paMKaxX IOCyIapCTBEHHOIO 3aJaHUs yUpeXkIeHU-
smu @AHO, nMerommmMu Ha cBoéM OanaHce cooTBeTcTBYIomue 3nemMeHTl MKT uH-
dpactpykrypnl. Kak moka3spiBaloT ycneuiHbie mpuMepsbl TexHonoruii rpug (LHC-Grid)
u IBM Watson, 3aaua co3naHust MporpaMMHO-arTapaTHbIX KOMIUIEKCOB JIJISI HAyYHbBIX
HCCIeNOBaHUI B 00JacTh paboThl ¢ bojbliMMM DaHHBIMM TpeOyeT CepbE3HBIX (U-
HAaHCOBBIX BJIOXEHUI W TIPUBJIEUEHUS] BHICOKOKBATM(UIIMPOBAHHBIX CIEIIMAIUCTOB.
B s1tux mpumepax Takoe CTajJio BO3MOXHO, B IEPBOM CiIydae, 3a CYET KOHCOJMIALIUU
(bmHAHCOBBIX CPEICTB NECATKOB TOCYAAPCTB M OOBEMUHEHUSI B paAMKaX IMPOEKTOB U pa-
6ouux rpynn oxkoio 5000 ucciaemoBartesnieii, a BO BTOpOM — Ojarogapsi opraHu3aluu
crneuuanbHoil nabopatopun ADLab u npusneueHus IT Department IBM mns cosna-
HUS U MOIAEPXKUA MPOrpaMMHO-aNIapaTHOro KOMILIeKca. DT MPUMEpHI ITOKa3bIBa-
10T, 4yto yupexnenusiMm @AHO mon cuiy co3math pacnpenei€HHbIN TPOrpaMMHO-ar-
MapaTHBIN KOMIUIEKC, KOTOPBII MPEN0CTaBUT BCEM HayYHBIM COTPYIHMKAM U acIIMpaH-
TaM BO3MOXHOCTh PabOTHI ¢ BoJIbIIMMY JaHHBIMU CO CBOETO pabOYeTo MecTa.

6.1. O nporpamme HayuHblx nccnefoBaHui B obnactu DIS

HeobGxoauMo co3gaTh mporpaMmy 10 IOAAEpKKE HAYYHBIX UCCIEHOBAHUM B 00JACTH
NpoBeaeHUsT (yHIaMEHTaIbHbIX UCCIENOBaHUIl ¢ MHTEHCUBHOUN 00pabOTKOI JaHHBIX.
Takas mporpamMma AOJ/DKHA YYUTHIBATH IIPUOPUTETHBIC HANpaBiIeHUsT (DyHIAMEHTAIb-
HBIX UCCIIEAOBAHUI, IPOBOIUMBIX YupexneHusmMu GAHO.

6.2. O nporpamme MeponpuaATMIA No pa3paboTke METOAOB
N cucTem 06paboTkm bonbLnx gaHHbIX

HeobxoquMo co3marh TporpamMmy MepOTpUSATUIl IO pa3paboTKe METOIOB, CHCTEM,
AITOPUTMOB UM TIPOTPaMMHOTO obecriedeHust ajisi padoTbl ¢ bonbliMMu NaHHBIMU.
BroirenpuBenéHHbBIE TTPUMEPHI JEMOHCTPUPYIOT BaXXHOCTh COBMECTHOW pabOThI CIie-
LIMAJTUCTOB MO0 MH(OPMaTUKe, TIPUKIATHON MaTeMaTUKe U MPEeAMETHBIX 00JacTel st
YCTIEIITHOTO BBITIOTHEHUS TAKOU 3a1a4u.

B moaroroBke 3anMcKy MPUHSIINA y4acTUE COTPYAHUKU OTIENa TPUKIIATHBIX CeTe-
BbIX uccnegoBanuit HIIY PAH, koTopbiM aBTOp BhIpaXkaeT TJ1yOOKYIO 0J1aromapHOCTb.
C uX MOMOIIBIO MIPOBEACHO CKAHWPOBAaHUE OOIIETOCTYITHBIX PECYPCOB BeIyIIIUX Hay4-
HBIX yupexnaeHuit 1 Beiciimx yyeOHbIXx HHCTUTYTOB (BY30B) P®D, HayyHBIX MporpaMm
U TIPOEKTOB B 00J1aCTU 00pabOTKU OOJIBIINX JAHHBIX.

Pa6ota BhITTOJIHEHA B paMKax rocygapctBeHHoro 3aganus HIIY PAH.
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