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Abstract—The paper deals with real autonomous systems of ordinary differential equations in
a neighborhood of a nondegenerate singular point such that the matrix of the linearized system
has two pure imaginary eigenvalues, all other eigenvalues lying outside the imaginary axis. The
reducibility of such systems to pseudonormal form is studied. The notion of resonance is refined, and
the notions of removable and irremovable resonances are introduced.

DOI: 10.1134/S0001434612110107

Keywords: ordinary differential equations, linearization, normal form, pseudonormal form,
removable/irremovable resonances, shearing transformation.

1. INTRODUCTION

The paper deals with issues of reducibility of a real autonomous system of ordinary differential
equations to normal form in a neighborhood of a singular point. Namely, we consider systems for which
the matrix of the linear part has two pure imaginary eigenvalues, all other eigenvalues lying outside the
imaginary axis. Our approach is based on the methods presented in [1].

The normal form of a system of ordinary differential equations is sufficiently well studied. In particular,
the problem of analytic reducibility to normal form has been analyzed in detail (e.g., see [2, Chaps. II, III]
and [3]). The reduction to normal form is closely related to the local equivalence problem for systems of
equations. Finitely smooth problems of this kind are well studied, but most of the relevant papers deal
with systems with nondegenerate singular point (or invariant manifold), while even weakly degenerate
systems remain largely unexplored yet. As to partially degenerate systems, see [4]. The problem
of infinitely smooth equivalence for systems with one zero eigenvalue or a pair of pure imaginary
eigenvalues was considered in [5]. We point out that the papers [1] and [5] use methods suggested
in [6] and [7], where the relationship between formal and infinitely smooth solutions of linear systems
of equations with one zero eigenvalue was studied, and involve transformations with singularities.
Since these transformations are not invertible, we refer to the system obtained with the use of such
transformations as a pseudonormal form rather than a normal form. This approach was developed
in [1], where a new insight into the pseudonormal form of systems with one zero eigenvalue was
suggested. (In that paper, we did not use the term pseudonormal form and referred to it as a normal
form.) The present paper develops the cited methods further and uses them to provide new information
on the pseudonormal form of systems with two pure imaginary eigenvalues.

Consider the real autonomous system

ξ̇ =
dξ

dt
= Q(ξ), (1)

where ξ,Q(ξ) ∈ R
n+2, n > 0, Q(ξ) is a function of class C∞ in some neighborhood of the origin,

Q(0) = 0, and the matrix ˜A = Q′(0) has n eigenvalues outside the imaginary axis and a pair of pure
imaginary eigenvalues. The aim of the present paper is to define what the pseudonormal form looks like
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and construct a transformation reducing system (1) to pseudonormal form in some neighborhood of the
origin.

Let λ1, . . . , λn be the eigenvalues of ˜A with nonzero real part, and let±iω be the pair of pure imaginary
eigenvalues of ˜A, where ω > 0 and i is the imaginary unit.

By a standard linear transformation, we reduce system (1) to the following form, where ˜A becomes
a Jordan matrix:

ẋ1 = iωx1 + f1(x, y),
ẋ2 = −iωx2 + f2(x, y),
ẏj = εjyj+1 + λjyj + gj(x, y), j = 1, . . . , n.

(2)

Here x and y are complex coordinates, x = (x1, x2), x2 = x1, y = (y1, . . . , yn), complex conjugate
variables satisfy complex conjugate equations (e.g., see [2, pp. 167–168]), and the Taylor series of the
functions f1, f2, and gj , j = 1, . . . , n, do not contain linear terms. We say that the variables x are
degenerate and the variables y are nondegenerate.

Remark 1. The present paper deals with transformations of systems of equations for complex variables.
At the same time, the original system (1) is real. When passing from system (1) to the complex
system (2), all equations split into pairs of complex conjugate equations (corresponding to complex
conjugate eigenvalues) and real equations (for real eigenvalues). It is important that all subsequent
transformations of complex systems have the property that complex conjugate variables and the
corresponding equations are taken to complex conjugate ones. To every transformation of this kind,
there corresponds a real transformation of the original system. We refer to this principle (condition) as
the reality principle (condition).

The following theorem, whose statement uses the well-known notion of resonant monomial (e.g.,
see [2]–[4]), is standard, and we omit the proof.

Theorem 1. There exists a nondegenerate C∞ transformation reducing system (2) to a form such
that the Taylor series of the right-hand side is a sum of resonant monomials in all variables
(degenerate as well as nondegenerate ones).

In what follows, we assume that system (2) has already been reduced to the form indicated in
Theorem 1.

For the systems in question, as well as for systems with one zero eigenvalue, the main challenge
is to reduce the linear (in the nondegenerate coordinates) part of the system to a convenient form.
Here the so-called unit weight resonances (see [8]) are the main obstruction; they occur if the number
(λj1 − λj2)/(iω) is an integer for some j1 and j2, 1 ≤ j1 �= j2 ≤ n. Such eigenvalues, as well as the
corresponding variables and equations in the system, will be said to be equivalent to each other. If the
above-mentioned resonances are absent, then system (1) can always be reduced to polynomial normal
form by a transformation of finite smoothness [8, Theor. 3]. Of the above-mentioned resonances, we
single out those for which λj1 = λj2 . This means that 2ω−1 Imλj1 is an integer. The resonances for
which this number is odd will be said to be singular. The variables corresponding to the eigenvalues λ
for which 2ω−1 Im λ is odd will be referred to as singular variables as well, while if this number is not
odd (or is noninteger), then we say that the corresponding variables are nonsingular.

The formal system corresponding to system (2) has a two-dimensional invariant center manifold,
which corresponds to the imaginary part of the spectrum. It follows from [5] that system (2) has
an invariant center manifold of class C∞ (in general, nonunique) as well; on this manifold, the integral
curves in a neighborhood of the singular point are either closed (the case of a center) or are spirals (the
case of a focus). The present paper studies systems of the form (2) having a focus on a center manifold.
On every center manifold, the system can be reduced by a formal transformation to the normal form

ẋ1 = x1(iω + ig2(r̃ ) + g1(r̃ )),
ẋ2 = x2(−iω − ig2(r̃ ) + g1(r̃ )),
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where r̃ = x1x2 and the gj(r̃ ), j = 1, 2, are real formal series without constant terms. We restrict
ourselves to the main case in which g1(r̃ ) �≡ 0 (the case of a structurally unstable focus).

In view of Eq. (2.7) in [9] and reality considerations, we find that, in the case of a focus, the system
can be reduced by a formal transformation to the following normal form on the center manifold:

ẋ1 = x1(iω + iϕ(r̃ ) +˜b(r̃ )),

ẋ2 = x2(−iω − iϕ(r̃ ) +˜b(r̃ )).
(3)

Here and in what follows,

r̃ = x1x2, ϕ(r̃ ) =
m

∑

j=1

ϕj r̃
j , ˜b(r̃ ) = br̃m + cr̃ 2m,

m ≥ 1 is an integer, ϕ1, . . . , ϕm, b, and c are real numbers, and b �= 0. Note that the variable r̃ satisfies
the equation ˙̃r = 2r̃˜b(r̃ ). Let us fix one of the center manifolds. After an appropriate change of variables,
one can assume that it is specified by the equation y = 0. The possibility of a formal transformation in
the case of a focus on the center manifold means that there exists a C∞ transformation reducing the
system on the center manifold to the form (3) (e.g., see [5]). We assume that this transformation has
already been made in system (2).

Consider the part of system (2) linear in the nondegenerate coordinates,

ẋ1 = x1(iω + iϕ(r̃ ) +˜b(r̃ )),

ẋ2 = x2(−iω − iϕ(r̃ ) +˜b(r̃ )),
ẏ = A(x)y.

(4)

Note that, by an appropriate renumbering of variables, one can ensure that the matrix ̂A(x), which is
the formal counterpart of the matrix A(x), is block-diagonal with each individual block containing only
a group of equivalent variables. (By ̂A(x) we mean the Taylor series of A(x).)

In the present paper, we often use the argument that the existence of formal transformations of the
systems in question implies the existence of the corresponding C∞ transformations (see [5]–[7]). Hence
we replace the analysis of the system itself by the analysis of its formal counterpart in such cases. In view
of this, we assume in what follows that the matrix A(x) in (4) has the above-mentioned block-diagonal
form as well.

Now note that if 2ω−1 Imλj is an integer, then the variables yj and yj are equivalent and the equations
for these variables lie in one and the same block. Hence it is easily seen that, for each set of equivalent
variables yj , all numbers 2ω−1 Im λj are either simultaneously integer (and then all pairs of complex
conjugate variables yj and yj lie in one and the same block) or simultaneously noninteger (and then
complex conjugate variables lie in distinct blocks).

Our main goal is to reduce system (4) to a form such that the matrix A(x) is in Jordan form.
In view of the block-diagonal form of A(x), it suffices to prove the corresponding assertion for the
system corresponding to an individual block of A(x). In each block of equivalent equations including
complex conjugate equations (all 2ω−1 Im λj are integer), we renumber the nondegenerate variables so
that the variables with positive imaginary parts of the eigenvalues come first, then the variables with
negative imaginary parts of the eigenvalues follow, and the variables corresponding to real eigenvalues
close the list. Note also that, in such a block, the numbers 2ω−1 Imλj are all even or all odd
simultaneously; accordingly, all variables in a block are singular or nonsingular simultaneously. Indeed,
if two numbers λj1 and λj2 lie in the block, then

2ω−1 Im λj1 = 2ω−1 Im λj2 + 2(iω)−1(λj1 − λj2),

the second term on the right-hand side being obviously even, which implies the desired property.
In [1], the author considered shearing and weakly degenerate transformations, which were widely

used by Wasow when studying systems with one zero eigenvalue (see [6]). Here we also use similar
transformations, albeit of a broader class. Let us give the corresponding definitions.
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Definition 1. A shearing transformation is a transformation of the form

y = S(r̃ )z, y = S1(x1)z, y = S2(x2)z, (5)

where

S(η) = diag(ηδ1 , ηδ2 , . . . , ηδn),

the δq being rational numbers, and

Sj(η) = diag(ηh1j , ηh2j , . . . , ηhnj ),

the hqj being integers.

Definition 2. A weakly degenerate transformation is a change of variables of the form

r̃ = dul, y = T ∗z = BV Tz. (6)

Here B = S1(x)S2(x) and T = T (r̃ ) is the product of finitely many transformations, some of which are
shearing transformations of the form S(r̃ ) and the remaining ones are C∞ transformations close to the
identity. The number l is a positive integer, and d = const > 0. The transformation V has the same
block-diagonal structure V = diag(V1, . . . , VK) as the matrix A(x). Moreover, the Vj are the identity
transformations for the blocks that do not include complex conjugate equations (i.e., the corresponding
numbers 2ω−1 Im λq are noninteger), and the Vj have the form

Vj = diag(eiehαE1, e
−iehαE1, E2), α = arg x1, eiα =

x1√
r̃

for the blocks including complex conjugate equations, where ˜h is the minimum of the positive numbers
hq = ω−1 Im λq corresponding to the given block. Here E1 and E2 are the identity matrices of sizes
corresponding to the groups of complex and real variables in the block in question.

Note that the transformation (6) does not affect the variable α, while the degenerate variables are
transformed as follows:

xj =
√

dul−1 uj , u = u1u2, j = 1, 2.

The following theorem (which is an analog of Theorem 2 in [1]) is our main result about system (4).

Theorem 2. There exists a weakly degenerate transformation (6) reducing system (4) to the
following pseudonormal form:

u̇1 = u1(iω + iψ(u) + b1u
p + c1u

2p),

u̇2 = u2(−iω − iψ(u) + b1u
p + c1u

2p),

ż = (A0 + uA1 + · · · + up−1Ap−1 + upAp)z.

(7)

Here u = u1u2, ψ(u) =
∑p

h=1 ψhuh, ψ1, . . . , ψp, b1, and c1 are real numbers, A0, A1, . . . , Ap−1 are
constant diagonal matrices, Ap is a constant Jordan matrix, and p = 2ml. The matrix Ap has the
property that if two diagonal entries λh

j1
and λh

j2
of some matrix Ah, 0 ≤ h ≤ p − 1, are distinct,

then the corresponding diagonal entries of the Jordan matrix Ap belong to distinct Jordan blocks.
The variable u = u1u2 satisfies the equation

u̇ = 2(b1u
p+1 + c1u

2p+1).

By an appropriate choice of d in the transformation (6), one can ensure that |b1| is an arbitrary
given positive number.

Remark 2. Any finite segments of the Taylor series of the C∞ transformations occurring as factors
in T are determined, according to Theorem 2, by finite segments of the Taylor series of the matrix A(x)
of system (4). The total number of factors forming T depends as well only on a finite segment of the
Taylor series of A(x), the length of this segment depending on m and n. The shearing transformations
occurring as factors in T are determined by a finite segment of the Taylor series of A(x), the length of this
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segment being some number m1(m,n). The number l depends on n alone. Note also that, for x �= 0,
the transformation T in (6) is a nondegenerate C∞ transformation. The same is true for V , provided
that none of the numbers 2ω−1 Im λq is odd (i.e., there are no singular variables). If some of the integers
2ω−1 Im λq are odd (i.e., there are singular variables), then the transformation V is discontinuous at the
points where x1 is a real positive number and nondegenerate of class C∞ at all other points where x �= 0.

Now consider the system obtained from system (2) by a transformation that reduces the linear part (4)
of system (2) to the form (7). If there are no singular variables, then the system will have the form

u̇1 = u1(iω + iψ(u) + b1u
p + c1u

2p) + G1(u1, u2, z),

u̇2 = u2(−iω − iψ(u) + b1u
p + c1u

2p) + G2(u1, u2, z),

ż = (A0 + uA1 + · · · + up−1Ap−1 + upAp)z + F (u1, u2, z),

(8)

where

F (u1, u2, z) = u−hF1(u1, u2, z), Gj(u1, u2, z) = u−hG1j(u1, u2, z),

F1(u1, u2, z) and G1j(u1, u2, z) are C∞ functions whose Taylor series are sums of resonant monomials
nonlinear in z, and h > 0 is an integer. To get rid of the negative powers, we make the change of variables
z = uh+1w. As a result, the negative powers of the degenerate variable disappear from the equations
in (8), and the Taylor series of the functions F (u1, u2, z) and Gj(u1, u2, z) become sums of resonant
monomials nonlinear in z; moreover, F (0, 0, z) = 0 and Gj(0, 0, z) = 0. The last n equations in the
linear (with respect to the nondegenerate variables) part of the system will now contain “superfluous”
terms of the order of u2p, but, by analogy with what is indicated in the proof of Theorem 2 in [1], one can
remove these terms by a nondegenerate infinitely smooth transformation. In the presence of singular
variables, these transformations should be supplemented by the change of variables α = 2α̃, after which
the system acquires the desired form. The above remarks concerning smoothness (see Remark 2) also
pertain to this transformation. To avoid clumsiness in the exposition, we assume that the resulting
system (8) already has the desired form. With regard for the above remarks, system (8) will be called the
pseudonormal form of system (1).

The reduction of the linear part of the system in question to the form (7) provides new opportunities
for refining the notion of resonance. From now on, it is expedient to pass to polar coordinates on the
center manifold by the formulas

u1 = reiα, u2 = re−iα.

System (8) in the new coordinates becomes

ṙ = b1r
2p+1 + c1r

4p+1 + H1(r, α, z),

α̇ = ω + ψ(r2) + H2(r, α, z),

ż = (A0 + r2A1 + · · · + r2pAp)z + H(r, α, z).

(9)

The terms of the Taylor series of the functions F (u1, u2, z) and Gj(u1, u2, z) in (8) become monomials
of the form rLeiKαzs, where L ≥ 0 and K are integers and s are tuples of nonnegative integers. We use
the standard notation adopted in [1]: zs = zs1

1 · · · zsn
n , s = (s1, . . . , sn), where s1, . . . , sn are nonnegative

integers, and |s| is the weight of a tuple s, |s| = s1 + · · · + sn. These monomials satisfy the following
resonance relations:

• Kiω + (s, λ) = 0 if the monomial occurs in the first or second equation of the system.

• Kiω + (s, λ) = λj if the monomial occurs in the jth equation, 3 ≤ j ≤ n + 2.

In particular, it follows that K is uniquely determined by the tuple s and the number j of the equation
where the given monomial occurs.
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Definition 3. The level of a resonant monomial rLeiKαzs occurring in the jth equation, where
3 ≤ j ≤ n + 2, of system (9) is the integer q, 0 ≤ q ≤ p − 2, satisfying the conditions

(s̃, λh) = λh
j−2, 0 ≤ h ≤ q, (s̃, λq+1) �= λq+1

j−2. (10)

Here and in what follows, we write

s̃ = (K, s1, . . . , sn), λh = (λh
0 , λh

1 , . . . , λh
n), 0 ≤ h ≤ p, λh

0 = iψh, ψ0 = ω.

Recall that the λh
j , 1 ≤ j ≤ n, are the diagonal entries of the matrices Ah, 0 ≤ h ≤ p.

If, for some j, 3 ≤ j ≤ n + 2, the conditions

(s̃, λh) = λh
j−2, 0 ≤ h ≤ p − 1, (11)

are satisfied, then the level of the monomial rLeiKαzs occurring in the jth equation is defined to be p− 1.

If the monomial rLeiKαzs occurs in the first or the second equation, then conditions (10) and (11) are
replaced by the conditions

(s̃, λh) = 0, 0 ≤ h ≤ q, (s̃, λq+1) �= 0, (12)

(s̃, λh) = 0, 0 ≤ h ≤ p − 1, (13)

respectively.

Definition 4. We say that a monomial rLeiKαzs is removable if

• either this monomial is a monomial of level q, 0 ≤ q ≤ p − 2, and L ≥ 2(q + 1)

• or it is a monomial of level p − 1, L > 2p, and one of the following inequalities is satisfied:

(s̃, λp) + b1(L − 2p) �= λp
j−2

if the monomial occurs in the jth equation for some j, where 3 ≤ j ≤ n + 2, or

(s̃, λp) + b1(L − 4p − 1) �= 0

if the monomial occurs in the first equation, or

(s̃, λp) + b1(L − 2p) �= 0

if the monomial occurs in the second equation.

A monomial rLeiKαzs is said to be irremovable if it is not removable.
It is clear from the last definition that all monomials zs that are resonance (in the traditional sense)

are irremovable.

Remark 3. It follows from the preceding definition that, for

L > 4p + 1 + |s̃ ||b−1
1 | max

0≤j≤n
|λp

j |,

all monomials rLeiKαzs are removable.

Consider the following formal system similar to (9):

ṙ = b1r
2p+1 + c1r

4p+1 + H∗
1 (r, α, z),

α̇ = ω + ψ(r2) + H∗
2 (r, α, z),

ż = (A0 + r2A1 + · · · + r2pAp)z + H∗(r, α, z).

(14)

Here the matrices Aj , 1 ≤ j ≤ p, are the same as in (9), and H∗
1 (r, α, z), H∗

2 (r, α, z), and H∗(r, α, z) are
formal series whose terms are resonant monomials of the form rLeiKαzs mentioned in the definition of
system (9). Note that |s| > 1 in these monomials. The following theorem holds for this system.
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Theorem 3. There exists a formal transformation that is close to the identity and reduces
system (14) to a formal system of the following form (for simplicity, we preserve the notation
used in system (14)):

ṙ = b1r
2p+1 + c1r

4p+1 + ˜H1(r, α, z),

α̇ = ω + ψ(r2) + ˜H2(r, α, z),

ż = (A0 + r2A1 + · · · + r2pAp)z + ˜H(r, α, z),

(15)

where ˜H1, ˜H2, and ˜H are formal series whose terms are irremovable monomials.

In view of the definition of irremovable monomials, the terms in the formal series ˜H1, ˜H2, and ˜H in
system (15) can be represented in the form P (r, α)zs, where P (r, α) is a finite sum of monomials of
the form rLeiKα with integer L ≥ 0 and K, the maximum degree L of these monomials being a linear
function of |s|.

2. EXAMPLES

Here we illustrate the proof of Theorem 2 on the reduction of a linear (in the nondegenerate
coordinates) system (4) to a pseudonormal form. Consider the system of equations

ẋ1 = x1(iω + x1x2) + f1(x, y),
ẋ2 = x2(−iω + x1x2) + f2(x, y),
ẏ1 = λ1y1 + g11(x)y1 + g12(x)y2 + g1(x, y),
ẏ2 = λ2y2 + g21(x)y1 + g22(x)y2 + g2(x, y).

(16)

Here the variables x1 and x2, as well as y1 and y2, are complex conjugate, the same is true for
the pair (λ1, λ2), and complex conjugate variables satisfy complex conjugate equations. Moreover,
fl(x, 0) = glj(0) = 0 and |gl(x, y)| = o(‖y‖), 1 ≤ l, j ≤ 2. Let

λ1 = a + βi, λ2 = a − βi, a �= 0, β > 0, and ω > 0.

In contrast to the general case (see system (3)), we assume that ϕ(r̃ ) = 0 and ˜b(r̃ ) = r̃. Note,
however, that all the results remain valid in the general case. By Theorem 1, we can assume, without
loss of generality, that the Taylor series of the functions on the right-hand sides in this system are sums
of resonant monomials. However, the resonant monomials in the last two equations of the system can
only be linear in the nondegenerate variables, while the first two equations contain no such resonant
monomials related to the functions fj(x, y), j = 1, 2, at all. Consequently, all functions fj(x, y) and
gj(x, y) are planar. Since, according to [5], the formal equivalence of systems of the form (16) implies
their C∞ equivalence, we can assume that these functions are zero. Thus, without loss of generality, we
assume that the system in question has the form

ẋ1 = x1(iω + x1x2),
ẋ2 = x2(−iω + x1x2),
ẏ1 = λ1y1 + g11(x)y1 + g12(x)y2,

ẏ2 = λ2y2 + g21(x)y1 + g22(x)y2.

(17)

The monomials xp
1x

q
2 occurring in the Taylor series of the function g12(x) satisfy the resonance

equation (p − q)iω + λ2 = λ1. A similar equation holds for g21(x). Consequently, if (λ1 − λ2)/(iω)
is not an integer, then the functions g12(x) and g21(x) are planar and can be assumed to be zero (see
the above reasoning). In this case, the reduction of system (17) to a system of the form (7) is rather
elementary and can be achieved by a nondegenerate C∞ transformation (e.g., see Lemma 2 in [8]).

Now consider the case of integer h = (λ1 − λ2)/(iω) > 0. The functions glj(x), 1 ≤ l, j ≤ 2, can be
represented in the form

gll(x) = dll(r̃ ) + γll(x), glj(x) = xh
l dlj(r̃ ) + γlj(x), l �= j,
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where r̃ = x1x2, γll(x) and γlj(x) are planar functions, and dll(r̃ ) and dlj(r̃ ) are C∞ functions. By [5],
all functions γll(x) and γij(x) can be assumed to be zero. In addition, note that dll(0) = 0, l = 1, 2.

In what follows, we give a detailed consideration of the nonsingular case, where h is even. As to
the singular case, we restrict ourselves to the special (but important) example of system (17); it will be
considered at the end of this section.

We set ˜h = h/2 and make the following change of variables:

y1 = eiehαν1, y2 = eiehαν2, α = arg x1, eiα =
x1√

r̃
. (18)

The variable α satisfies the equation α̇ = ω. Note that this transformation is nondegenerate for r̃ �= 0.

The first two equations in system (17) remain the same, and the last two equations become

ν̇1 = aν1 + d11(r̃ )ν1 + r̃
ehd12(r̃ )ν2,

ν̇2 = aν2 + r̃
ehd21(r̃ )ν1 + d22(r̃ )ν2.

(19)

Here a = Reλ1, d22(r̃ ) = d11(r̃ ), and d21(r̃ ) = d12(r̃ ). The variable r̃ satisfies the equation ˙̃r = 2r̃ 2. In
the resulting system, consider two cases, first with ˜h > 1 and second with ˜h = 1.

In the first case, system (19) can be rewritten as

ν̇ = (aE + r̃B1 + r̃ 2B2(r̃ ))ν, B2(r̃ ) ∈ C∞. (20)

Here B1 is a constant diagonal matrix whose diagonal entries are d′11(0) and d′22(0) = d′11(0). Consider
the auxiliary system

ν̇1 = (B1 + r1B2(r̃1))ν1, ṙ1 = 2r1. (21)

Since the difference d′11(0)− d′22(0) is not a nonzero integer, it follows that this system has no resonance
terms. Consequently, there exists a nondegenerate transformation

ν1 = H(r1)z1, H(r1) ∈ C∞, (22)

reducing system (21) to the form

ż1 = B1z
1, ṙ1 = 2r1.

Then the same transformation ν = H(r̃ )z reduces system (20) to the normal form

ż = (aE + r̃B1)z. (23)

This completes the analysis of the case where ˜h > 1.

If ˜h = 1, then system (19) acquires the form (20), where the eigenvalues of B1 may differ by a nonzero
integer. If this is the case, then the eigenvalues are real and hence so is the Jordan form of B1. By
passing to real coordinates in system (20) and by reducing the matrix B1 to Jordan form, we obtain the
real system

u̇ = (aE + r̃ ˜B1 + r̃ 2
˜B2(r̃ ))u, ˜B2(r̃ ) ∈ C∞, (24)

where the matrix ˜B1 is diagonal with the difference of diagonal entries being an integer. In this situation,
it is expedient to consider shearing transformations of the form

u = P (r̃ )u1,

where

P (r̃ ) =

⎛

⎝

1 0

0 r̃

⎞

⎠ or P (r̃ ) =

⎛

⎝

r̃ 0

0 1

⎞

⎠ ,
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which can be used to ensure that the matrix ˜B1 in system (24) has no eigenvalues differing by an integer
(see [6]). Assuming that this condition is satisfied, we can use a nondegenerate transformation of the
form u = H(r̃ )u1, H(r̃ ) ∈ C∞, with real matrix H(r̃ ) to reduce system (24) to the form

u̇1 = (aE + r̃B1)u1,

which completes the analysis of the case where ˜h = 1. Thus, we have proved the assertion of Theorem 2
for system (16).

Now consider the exceptional case in which the number h = 2ω−1 Imλ1 is odd. The following system
provides the simplest example of this kind, where h = 1:

ẋ1 = x1(iω + x1x2),
ẋ2 = x2(−iω + x1x2),
ẏ1 = λy1 + x1y2,

ẏ2 = λy2 + x2y1,

where ω = 2 Im λ.

The change of variables y1 =
√

eihα ν1, y2 =
√

e−ihα ν2 reduces the equations for the nondegenerate
variables to the form

ν̇1 = aν1 +
√

r̃ν2,

ν̇2 = aν2 +
√

r̃ν1, a = Reλ.

The main trouble is that this transformation is discontinuous at the points where x1 is real and positive.
Obviously, the passage to real coordinates reduces the resulting system to diagonal form, and hence

the original system acquires a pseudonormal form.

3. PROOF OF THE MAIN THEOREM

Proof of Theorem 2. First, consider the formal system corresponding to system (4). For simplicity, we
preserve the notation used in system (4) and so far make no distinction between system (4) and its formal
analog. Let us give a detailed description of the equivalence relation, mentioned in the Introduction, for
the variables and the corresponding equations. Unless stipulated otherwise, we speak of equations for
the nondegenerate variables. We split these variables and the corresponding equations in system (4)
into separate groups according to the equivalence principle mentioned in the Introduction; namely, two
variables yj and yl (and the corresponding equations) go into one and the same group if (λj − λl)/(iω)
is an integer. We say that the variables (and the corresponding spectral points λj) occurring in the
same group are equivalent and indicate this by the symbol ≈. (This equivalence relation was also used
in [5].) Note that if yj ≈ yl ≈ yj , then yl ≈ yl. In this case, the numbers 2ω−1 Im λj and 2ω−1 Im λl

are integers. If yj ≈ yl and yl is real (yl = yj), the yj ≈ yj . In this case, ω−1 Im λj is an integer.
Obviously, the numbers Reλj are the same for the group of equivalent variables yj (but are in general
distinct for distinct groups). Also, note that all variables in a group of equivalent variables are singular
or nonsingular simultaneously (see the Introduction).

Consider the equations for some group of equivalent variables. They form an independent subsystem
of system (4); i.e., the right-hand sides of the equations for these variables contain only the variables
from the same group. (Here we speak of the formal system.) By using an appropriate numbering
of the variables, we can assume that the Jordan matrix A(0) in (4) has the block-diagonal form
A(0) = diag(J1, J2, J3), where J2 = J1 is a Jordan matrix of size L, J3 = J3 is a Jordan matrix of
size M ,

λj+L = λj , 1 ≤ j ≤ L, Reλj = a, 1 ≤ j ≤ 2L + M ,

and, moreover, we assume that

Im λj+1 ≥ Imλj > 0, 1 ≤ j ≤ L − 1.
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Let ajl(x) be the entries of the matrix A(x) − A(0), and let âjl(x) be the entries of the corresponding

formal matrix. We represent the terms xh1
1 xh2

2 , which are elements of the series âjl(x), 1 ≤ j, l ≤ L, in
the form

xh1
1 xh2

2 = (x1x2)h1xh2−h1
2 .

In view of the resonance equation

λj = (h1 − h2)iω + λl,

we obtain

h2 − h1 =
λl − λj

iω
.

Consider the integers

αj =
λj − λ1

iω
, 1 ≤ j ≤ L. (25)

It follows that the functions âjl(x), 1 ≤ j, l ≤ L, can be represented in the form

âjl(x) = ˜bjl(r̃ )xαl−αj

2 , 1 ≤ j, l ≤ L, r̃ = x1x2.

By a similar argument, we obtain the representation

âjL+l(x) = ̂bjL+l(r̃ )xαl+αj+2eh
1 , ˜h = ω−1 Im λ1

for the functions âjL+l(x), 1 ≤ j, l ≤ L, and the representation

âj2L+l(x) = ̂bj2L+l(r̃ )xαj+eh
1

for the functions âj2L+l(x), 1 ≤ j ≤ L, 1 ≤ l ≤ M . Note that if there are real variables in the system

(M > 0), then ˜h is an integer. Since the corresponding variables are complex conjugate, we have

âL+jl(x) = ̂bjL+l(r̃ )xαl+αj+2eh
2 , 1 ≤ j, l ≤ L,

âL+jL+l(x) = ̂bjl(r̃ )xαl−αj

1 , 1 ≤ j, l ≤ L,

âL+j2L+l(x) = ̂bj2L+l(r̃ )xαj+eh
2 , 1 ≤ j ≤ L, 1 ≤ l ≤ M.

A similar representation for the functions â2L+jl(x), 1 ≤ j ≤ M , has the form

â2L+jl(x) = ̂b2L+jl(r̃ )xαl+eh
2 , 1 ≤ l ≤ L,

â2L+jL+l(x) = ̂b2L+jl(r̃ )xαl+eh
1 , 1 ≤ l ≤ L,

â2L+j2L+l(x) = â2L+j2L+l(x) = ̂b2L+j2L+l(r̃ ), 1 ≤ l ≤ M.

In view of the remark made in the Introduction concerning the passage from formal functions to
their actual counterparts, we assume, without loss of generality, that similar representations hold for the
functions ajl(x).

Let us make the change of variables

yj = x
−αj

2 νj, yL+j = x
−αj

1 νL+j , 1 ≤ j ≤ L,

y2L+j = ν2L+j, 1 ≤ j ≤ M.
(26)

The system acquires the form

ν̇1 = Λ1ν
1 + B11(r̃ )ν1 + x2eh

1 B12(r̃ )ν2 + x
eh
1B13(r̃ )ν3,

ν̇2 = Λ2ν
2 + x2eh

2 B12(r̃ )ν1 + B11(r̃ )ν2 + x
eh
2B13(r̃ )ν3,

ν̇3 = Λ3ν
3 + x

eh
2B31(r̃ )ν1 + x

eh
1B31(r̃ )ν2 + B33(r̃ )ν3.

(27)
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Here ν1 is the vector whose components are the nondegenerate variables corresponding to the
eigenvalues with positive real part, ν2 = ν1, ν3 is a vector with real coordinates, Λ1 is the Jordan matrix
whose structure coincides with that of J1 and whose diagonal entries are λ1, Λ2 = Λ1, Λ3 = J3, and
Bjl(r̃ ) ∈ C∞. Also, note that the diagonal and subdiagonal entries of the matrices B11(0) and B33(0)
are zero.

Note that similar transformations were used in [5], where, in contrast to the present paper, there was
no need to observe the reality principle.

In the resulting system, we make yet another change of variables

ν1 = eiehαw1, ν2 = e−iehαw2, ν3 = w3, α = arg x1, eiα =
x1√

r̃
. (28)

Note that if ˜h is an integer, then this transformation is nondegenerate and belongs to the class C∞ for
r̃ �= 0. As a result, system (27) acquires the form

ẇ1 = ˜Λ1w
1 + ˜B11(r̃ )w1 + r̃

ehB12(r̃ )w2 + (
√

r̃ )ehB13(r̃ )w3,

ẇ2 = ˜Λ2w
2 + r̃

ehB12(r̃ )w1 + ˜B11(r̃ )w2 + (
√

r̃ )ehB13(r̃ )w3,

ẇ3 = Λ3ν
3 + (

√
r̃ )ehB31(r̃ )w1 + (

√
r̃ )ehB31(r̃ )w2 + B33(r̃ )w3.

Here ˜Λ1 is the Jordan matrix whose structure coincides with that of J1 and whose diagonal entries are
equal to a = Reλ1, ˜Λ2 = ˜Λ1, Λ3 = J3, and ˜B11(r̃ ) ∈ C∞. The diagonal and subdiagonal entries of the
matrix ˜B11(0) are zero.

Thus, the resulting system can be represented in the form

ẇ = Jw + C(
√

r̃ )w, (29)

where J is a Jordan matrix of the same structure as A(0) in system (4), with the only difference that
the diagonal entries of J are equal to a = Reλ1. The matrix C = C(

√
r̃ ) has the same block structure

as A(x),

C = (Cjl), Cjl = Cjl(
√

r̃ ), 1 ≤ j, l ≤ 3, C21 = C12,

C22 = C11, C23 = C13, C32 = C31, C33 = C33.

All entries of C(η) are C∞. The diagonal and subdiagonal entries of C(0) are zero, so that all eigenvalues
of the matrix J + C(0) are equal to a = Reλ1. Thus, the transformation of the independent system for
equivalent variables is nearly complete. It remains to note that the Jordan matrix J in (29) is not quite
typical. It is real, while the variables wj , 1 ≤ j ≤ 2L, are complex. Thus, it is expedient to pass from
system (29) to the corresponding real system.

Note that if the complex conjugate variables are not equivalent, then they are transformed according
to formulas similar to (26) with M = 0, whence we see that the right-hand side of system (27) depends
only on r̃ in this case, and the transformation (28) is not needed, because we have already obtained
a system of the form (29).

Now the resulting system can be treated by methods presented in [1] (see Theorem 2 in [1]); namely,
one can construct a weakly degenerate transformation

r̃ = dul, w = T (r̃ )z (30)

that reduces system (29) to a pseudonormal form (7). (The description of the transformation (30) is
given in the Introduction.) The proof of Theorem 2 is complete.

MATHEMATICAL NOTES Vol. 92 No. 5 2012



684 SAMOVOL

4. FORMAL PSEUDONORMAL FORM CONSISTING OF IRREMOVABLE MONOMIALS

Proof of Theorem 3. First, note that the series H∗(r, α, z), H∗
1 (r, α, z), and H∗

2 (r, α, z) in system (14)
consist of monomials of the form rLeiKαzs, rLeiKαzs, and rL−1eiKαzs, respectively, where L ≥ 1 and
K are integers. It was mentioned in the Introduction that the number K is uniquely determined by the
tuple s and the number of the equation where the monomial in question occurs.

The subsequent argument largely reproduces that used in the proof of Theorem 3 in [1], and so we
only present the main points.

First, note that, after the passage to polar coordinates, the monomials cup
1u

q
2z

s that are terms of the
Taylor series of the functions F (u1, u2, z) in system (8) acquire the form crLeiKαzs, where L = p + q and
K = p − q. The similar monomials in the first and second equations in (8) are transformed as follows:

rL(Aei(K−1)αzs + Ae−i(K−1)αz s), A =
c

2
, (31)

in the equation for r, and

rL−1(Bei(K−1)αzs − Be−i(K−1)αz s), B =
c

2i
, (32)

in the equation for α. These monomials are terms of the corresponding formal sums in system (14). As
was mentioned in the Introduction, the number K is uniquely determined by the tuple s and the number
of the equation where the monomial in question occurs.

For the reducible monomials rLeiKαzs in the jth equation, 3 ≤ j ≤ n + 2, with level q ≤ p − 2
and L > 2(q + 1), we make the transformation

zj = wj + djr
L−2(q+1)eiKαws, (33)

where

dj =
cj

(s̃, λq+1) − λq+1
j−2

and cj is the coefficient of this monomial in the corresponding equation. For the similar monomials in
the first two equations of the system, the transformations have the form

r = r1 + r
L−2(q+1)
1 (d1e

iKβws + d1e
−iKβw s),

α = β + r
L−1−2(q+1)
1 (d2e

iKβws − d2e
−iKβw s),

d1 =
A

(s̃, λq+1)
, d2 =

B

(s̃, λq+1)
.

If the level q of these removable monomials is p − 1, then the changes of variables have the same form,
but the coefficients dj are somewhat different,

dj =
cj

(s̃, λp) − λp
j−2 + b1(L − 2p)

, 3 ≤ j ≤ n + 2,

d1 =
A

(s̃, λp) + b1(L − 4p − 1)
, d2 =

B

(s̃, λp) + b1(L − 2p − 1)
.

Obviously, the reality condition is satisfied for these transformations (see Remark 1 in the Introduc-
tion).

It remains to reproduce the argument used in the proof of the similar Theorem 3 in [1]. The proof of
the theorem is complete.
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