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BBenenne

JlanHas paboTa OTHOCUTCS K TEOPUU CHHTE3a U CJAOKHOCTH YHPABIAIONMX cucTeM. B
Hell paccMaTpuBaeTcs 3a/1a4a O CJI0KHOCTH peaan3anuu HYHKIUH MHOTO3HAYHON JIOTUKU
dopmyiamMu HaJ KOHETHBIME CHCTEMAMHU.

3ajada CHHTE3a U CJIOKHOCTH YIPaBAANHX cucteM [72, 33, 37, 106] B obimem caydae
dopmyaupyercs caemyomum obpasom. Jan Habop G 6a3UCHBIX 3JIEMEHTOB HEKOTOPOTO TH-
na (Hanpumep, GYHKIHOHATbHBIE JTeMEeHTH K (hOPMYJIBI), KazKJIOMY U3 KOTODPBIX MPH-
MUCAHO HEKOTOPOe MOJIOZKUTETbHOEe YHCI0 — Bec dmeMeHTa. C MOMOIIBIO ITHX JI€MEHTOB
[0 3a/[@HHBIM IIPABUJIAM CTPOSTCH OoJiee CJI0KHBIE 00beKThl — cxembl. Kaxaoit cxeme S
CTABUTCSI B COOTBETCTBHE HeKoTopas GyHkuus f u quciao L(S), paBHOE cymMMe BECOB BCex
BXOJISIINX B HEE 3JIEMEHTOB; TIPU 9TOM TOBOPAT, 9T0 PYHKIHSA [ peannsyercs cxemoit S co
caoxkuocrbio L(S). Cnoxkuocrsio dyuknun f naspiBaercsa Besmanna Le(f) = min L(S),
rJae MEHHEMYM Oepercs 1o BceMm cxeMaM S Han G, peanusyiomuMm pyHKmuio f. JInsg kax-
joit dyuknun f Tpebyercs nafitu MuHEMaAbHy0 cxemy S Haj G, peasmsyiomyio f (1o
€CTb TaKylo cxemy S, peaju3yonlyio f, CJI0KHOCTb KOTOPOH y/IOBIETBOPSET DPABEHCTBY
L(S) = Lg(f)). Tlpu usyuennu dyHKIMA W3 3aaHHONO0 KOHEYHOTO MHOXKecTBa H pac-
cMarpuBaercs Beanania Lg(H) = max Lg(f), rae makcumym G6epetcst o BceM (pyHKIHAM
f n3 H. ©yuknnsa Lg(H) nazsiBaercs dyukmueii [lennona. Ona xapakTepusyer CI0XK-
HOCTBH PEAJM3aINN B PACCMATPUBAEMOM KJIACCE YIPABJSIONAX CHCTEM CAMBIX CJIOXKHBIX
dbyukmuii u3 maoxkectBa H. Dr1a dyukinus 6biia seegena K. [Tlennonom B padore [107], n
TaM ¥Ke OBLIN TMOJTy9IeHbl MePBbIe 3HAYNTETbHbIE PE3Y/IbTATH O €€ MOBEJIeHNN.

DopmyJbl 1 cxeMbl 13 (DYHKIIMOHATBHBIX 9JIEMEHTOB (HA3BIBAEMBbIE JTAJIEe CXEMaMI ), pe-
AJHU3YIONINe TUCKPeTHble (DYHKIINH, ABJISIOTCS OJHUMHU U3 OCHOBHBIX MOJIEJBHBIX KJIACCOB
YIPaBJIAOIINX cucTeM. MHOXKecTBO Py, Beex dyHKIM k-3HaIHON JTOTUKH, k > 2, IBIIeTCA
BaKHBIM MPUMEPOM KJIACCA JUCKPETHBIX (DYHKIUH, MPeAICTAB/ISIONUM OOJIBIION WHTEPeC
KaK ¢ TEOPEeTHIECKOM, TaK M ¢ MPHUKIAIHON Touek 3pennsa. OaHoil n3 HanboIee N3y IeHHBIX
KJiaccudukanuii GyHKnuii k-3Ha9HOM JIOTUKH ABILIOTCA KJaacchl (DYHKIUN, 3aMKHYThIE OT-
HOCHTEJBHO OTlepAlliH cyTeprno3uiun (cM., Hampumep, |71, 74, 8, 38]). B ¢Bs13u ¢ s1uM BO3-
HUKaeT 337ada 0 peanu3anuu OYHKIUH k-3HATHON JIOTUKH U3 3aMKHYTBIX KJIACCOB POp-
MyJiaMu (MM CXeMaM$) HaJl KOHEYHBIMHU CHCTeMaMu. B 910it 3aa4e MOKHO BBIJAEIUTD /[BA
HAIPABJIEHUST UCCAEIOBAHUI: CHHTE3 cXeM U (POPMYJT B TMOJHBIX 0A3WCAX W CHHTE3 CXeM W
¢dopMyJT B HETIOJIHBIX 0a3MCax.

[IpuBesnem cHadaa HEKOTOPBIE Pe3yJIbTAThl, TOJYUIEeHHbIE B ITHUX HAIPABIEHUAX s
dbyuKIuUit aaredbpsbl JJOruku. B 3ajade o CJI0XKHOCTH peatu3alun OyJeBbIX (DYHKINH OCcHO-
BomoJiaraione pe3yabrarsl obiu nosydenst O. B. Jlynanosbim, npeioKuBimuM acuMoTo-
THYECKH ONTHMAJIbHBIE METO/IbI CHHTE3 [T Psijia KJAACCOB YIPABISIOMUX cucteM [25-34].
B wacrtHOCTH, 77151 TTPOM3BOIBLHOTO MOJHOTO KOHEIHOTO 6asmca (G OyseBbix (DyHKIHIT OH

3



nokazaJt [29, 30] cipaBe/IMBOCTD CJIeyIONHUX COOTHOITeHUH:

27”L
L& (Pa(n) ~ p=,

271

LE(Pa(m) ~ oy —
2

riie LEP2 (Py(n)) u LE(Py(n)) — dynkuunu [Mlennona npu peanuzanuu HyHKIAN cXeMaMA |
dbopMyIaMI COOTBETCTBEHHO, & p — KOHCTAHTa®, OHOZHAYHO OIpeeaseMad 110 basucy G.
Ornenku BbICOKOH crenenn TodnocTu Ay ¢byuknuii [[lennona npu peanmmsaruu Oy/ieBbx
dbyuKIHIit popMysTaMu B CXeMaMI B MOJTHBIX Oa3ucax mosaydensl B paborax C. A. Jloxkkuna
[22, 23, 25, 26].

Banada o nopegenuu pyukiumit [Hlennona aas MHOKeCTBa Beex OyJeBbIX (DYHKIUN Tec-
HO cBsi3aHa ¢ 3aja4eil o nosegenun pyuknuii [llerHoHA, COOTBETCTBYIONUX 3aMKHY THIM
KjgaccaM OysieBbIX (DYHKIUI mpu peann3anuu (yHKIUHE cxemMamu U (opMyJiaMH B TOJI-
HBIX KOHEYHBIX Oasucax. [oTHOe omncaHme MHOKECTBA BCEX 3aMKHYTHIX KJIACCOB OYJIEBBIX
dbyukimii moaydeno D. JI. Tlocrom [101, 102] (em. Takxke [88, 75, 62, 105, 94, 41, 42, 95, 68|).
OH noKaszaJ, 9To TO MHOYKECTBO CYETHO, MPUYeM KazKJIblii 3aMKHY THIH KJIacC HMeeT KOHed-
ublii 6asuc. B psie pabor |70, 73, 53, 51, 43, 17, 18, 85| uzyuasack 3aja4a 0 CJI0KHOCTH pea-
JIM3AIMH MOHOTOHHBIX OysieBbIX GyHKIUiT (MHOKECTBO BCeX TakuX (DYHKIHHA 0603HATAETCS
depe3 M). Acmvnrornaecku Tognbie dbopmyasl ais dyuknuii [Tlennona mpu peamusamun
dbyukHit 13 knacca M cxemMaMu B TPOW3BOJIBHBIX IOJHBIX KOHEUHBIX Oa3Wcax MpHBeEe-
uel B paborax [55] u [100] (31w bopMysabl TOMYUEHBI Ha OCHOBE METOJOB KOTMPOBAHUS
MOHOTOHHBIX byHKIHi w3 pabor [86] u [87] coorBercrenno). Ilpn peamusanuu byHKIHI
CXeMaMMU JIJTs KayK/I0r0 3aMKHYTOTO KJ1acca Oy/meBbIX (DYHKIHIT, HE COMEepPKAINEerocs B MHO-
xecree! LU K U D, u mo6oro nojmoro koneunoro 6asuca A.B. Yroabaukorbiv [58, 63]
HOJIyYeHa aCHMIITOTHYECKH TOYHad dopMmysia g cooTBeTcTByomeil dyuknun [llernona.
[Ipu peanmusanuu GyHKIUN popMyIaMu 11 BCeX 3aMKHYTBIX KJ1acCOB OyJIeBbIX (DYHKITHIA,
He cofeprKaluxes B MHOKecTBe” S UL UK U D, 1 1s 11060r0 KOHEIHOTO HOTHOTO 0a3nca
ACUMIITOTHIECKH TOUHBIE (POPMYJIBI [1jist cooTBeTcTBYOMNX pyukiuit [1lennona mosydenst
A.E. Anapeesniv [1, 2, 4].

Cnenyer OTMETHTH, UTO YIOMSIHYTHIE BBHIIIIE METOJbI CHHTE3a cXeM U (POpPMYJ CyIIe-
CTBEHHBIM 00PAa30M HUCHOJIB3YIOT MOTHOTY OasucoB. [losToMy 3amada o cuHTe3e cxeMm u
¢dopMyJT B HENOJHBIX Oa3ucax TpedyeT pa3paboTKH JAPYIUX METOH0B cuHTe3a. OTMeTuM
HEKOTOPBIE PE3Y/IBTATHI, IOy IeHHbIE B 3a/[a4€e O CJIOZKHOCTH pean3annu 0yaeBbx (hyHK-
Uil U3 3aMKHYTHIX KJIACCOB cxeMaMu U (pOpMYJIaMu B HEITOJHLIX Oasucax. [Ipu peanuzarmn
dyHKIMI cxeMaMu st 3aAMKHYTHIX KJIACCOB (DYHKIHIA, COXPAHSIONMNX KOHCTAHTHI, U JIFO-
OBIX KOHEYHBIX CHCTEM, MOPOXKIAONINX ITU KJIACCHI, ACHMITOTUYECKH TOYHBIE (DOPMYJIBI
st coorsercTByomux dbyukuuit [ennona 6pumn nonydenst . 1. Hewunopykom [44, 45].

2351ech W manee BCAKHM pa3, KOrJa pedb WAET 06 ACHMIITOTHYECKHX ONEHKAX, MOJIPa3yMEBAETCH, YTO
9TH OLIEHKH UMEIOT MECTO IIPH 1, — OO.

SKoncTanTa p HA3LIBAETCS MUHIMAJILHBIM IPUBEICHHBIM BECOM 3JIEMEHTOB Oasmca.

“Yepez L, K n D 0603HaUAIOTCA MHOMKECTBA BCEX JMHEHHBIX (DYHKINH, KOHBIOHKIWN U TH3bLIOHKII
COOTBETCTBEHHO.

5Yepes S 0603HaTAETCS MHOKECTBO BCEX CAMOIBOHCTBEHHBIX (DYHKITII.



L psaja 3aMKHYTHIX KJIACCOB (DYHKITUH a/IreOphl JIOTHKY aHAJOTHIHbIE YTBEPXKICHUS JI0-
KazaHbl B paborax [56, 57, 59, 3|. IIpu peanusanuu dbyHKuii hopMyTaMu st HEKOTOPBIX
3aMKHYTBIX KJIACCOB («OIU3KUX» K MHOXKECTBY Ps) M JIIOOBIX KOHEUHBIX CHCTEM, MOPOKIa-
IOIIUX 9TH KJIACCHI, aCHMITOTHIECKHA TOYHBIE (POPMYJIBI IIsI COOTBETCTBYIONUX (DYHKITH
[Mennona nostyvensl B paborax [56, 57|. B paborax [60, 61, 108] mokazano, 4o s 1060ro
3aMKHYTOr0 KJjacca B u y000ii KOHeYIHOI CHUCTeMBbl, TOPOK/Taolieil Kiace B, CI0KHOCTh
peaju3anuu ¢popMyIaMu Kaxkoit pyukiuu u3 B uMeer He 60jee 4eM SKCIOHEHIIHATbHBII
MOPSIOK POCTA OT YHCTA TepeMeHHbIX (M. Takzke [40]). BepxHue OleHKH CJIOKHOCTH pea-
nu3anun QYHKIMA U3 HEKOTOPBIX 3aMKHYTHIX KJIACCOB CXeMaMH B (DOPMYJIAMHU B HEITOJTHBIX
basucax npusenenbl B paborax [46, 52, 2, 50, 59, 66].

Taxum obpazom, B 3ajia4e O CJIOKHOCTU peau3aruu Oy/aeBbiX (pyHKIHil cxemMaMu u
dopmyIaMu B KOHEIHBIX Da3HCaxX € MOJIOKUTEIbHBIMEA BECAMH BCEX BXOJSIINX B HUX 3Je-
MEHTOB IOJIyUeH Psij CYIIECTBEHHBIX pe3yabTaToB. [loyueHne aHAIOTHYHBIX Pe3yJIbTaTOB
s PYHKIUA MHOTO3HAYHON JIOTHKH HATAJTKHBAECTCA Ha 3HAYUTEIbHBIE TPYAHOCTH. DTO
CBA3aHO C IIpUHOUIIMAJIBHBIMA OTJIMYUAMA MHOI'O3HAQYHBIX JIOTHK OT ,ZLByX3HaLIHOI7'I. OILHI/IM
U3 OCHOBHBIX OTJIMYUI SABJISIETCH KOHTUHYAJIbHOCTH MHOZKECTBa BCEX 3aMKHYTBIX KJIaCCOB
dbyuxunit k-3nadnoit oruku npn k > 3 (cm. [77]). B ¢Ba3u ¢ 9THM BasKHBIM HAIPABICHU-
eM HCCJIeIOBAHUI sIBJISETCS U3YYeHHEe CBOMCTB OT/EJbHBIX CeMEeHCTB 3aMKHYTHIX KJIACCOB.
Cpen Takux ceMeHCTB OJHO U3 MEHTPAIbHBIX MECT 3aHHUMAET CeMeHCTBO BCeX IPeIIOJTHBIX
KJ1aCCOBY | M3y 4eHUIO CBOMCTB KOTOPOIO HOCBAIIEHO 3HAYUTE/IbHOE YUC/I10 IyGuKanuii (eM.,
Hanpumep, (69, 20, 21, 71, 39, 96, 97, 98, 99, 13, 14, 5]). [ToaHoe onucanne MHOKECTBA BCEX
IPE/IIOMHBIX KJIaccoB mpu Beex k > 3 momydeno M. PozenGeprom [103, 104] (cm. Takzxe
[19, 76, 6, 95]). K gucsty nanbosee u3yIeHHBIX ceMeHCTB 3aMKHYTHIX KJIacCOB (DyHKIHI k -
3HAYHOI JIOTHKM OTHOCHUTCSI TAKzKe ceMeilcTBO BCeX 3aMKHYTBIX KJIaccoB QYHKIHN U3 Py —
MHOKeCTBa, BceX (DYHKIMHA k-3HAYHON JOTHKM, MPUHIMAIONIAX 3HAYEHUS TOJIBKO U3 MHO-
xkecrBa {0,1,....,0 — 1}, k > | > 2. Hekoropsle cBOHCTBa 3THX KJIACCOB H3y4YeHbI B paboTax
. Bypoma |78, 79| u apyrux asropos [89, 90, 80, 91, 81, 95]. CBoiicTBa 3aMKHYTHIX KJIaCCOB
dbyukuumit u3 Mmuoxkectsa Py o, k > 3, u3yvasnucs B paborax [80, 91, 84, 81, 92, 95|. B pabo-
tax . Jlay [93, 95] u H. IpromBanpaa [79-81] usydensl HeKoTOpbie CBOHCTBA 3aMKHYTHIX
K1accoB GyHKNuit u3 MHOXKecTBa FPs,. B 3Tnx paboTax paccMaTpmuBaeTcs OTOOpazKeHHe
(HaspiBaeMoe mpoekuueii) dbynknuit 3 MuoxkecTBa P39 B MuoxkecTBo 5. Ha ocnose sroro
oTOOparkeHHs /1 KaxKJIoro MHOXKecTBa [ C P39 omnpenesnseTcsa MHOXKecCTBO pri’ = Upr f,
rje prf — npoeknuga GyHKIuK f, a 00beauHeHne Oepercs mo BceM dyukImusaM f € F. B pe-
3yJabTaTe KaxKIOMY 3aMKHYTOMY Kjaccy B OyjeBbIX (DYHKIHI COMOCTAB/ISIETCS CeMeHRCTBO
M(B) Bcex 3aMKHYTHIX KjaaccoB F' dynknuit u3z Ps o, Takux, 4ro prF = B. lna Kaxa0ro
3aMKHYTOrO Kjacca B GyieBbix GyHKIuil HalijgeHa MOUHOCTL MHOXKecTBa D(B) u npuse-
JIEHO OTMCAaHWe 3TOTO MHOYKECTBA JJisl TeX CJIydaen, Korga MorHocTh J1(B) KoHedHa nin
CUeTHA.

OTMeTuM HEKOTOpBIEe Pe3yJbTaThl, IMOJyYeHHBbIE B 3aJade O CJA0KHOCTH PeAJTH3aIfH
dbyukImil MHOrO3HAaUHOM Joruku. B. A. OpJios [47, 48] BBe1 MOHSATHE ONTUMAIBLHOTO MOJI-
noro 6asuca’ dynkuuii k-3naunoii jjoruku, k > 3, n i KazKJI0ro TakKoro 6a3uca mpeJiio-

63amxmyThIil K1ace F' C P, Ha3BIBAETCSA TIPEINONHBIM B Py, k > 2, ecn F' # P, u ny1a mr060it GyHKINm
f € Py \ F muoxkectso F'U {f} nopoxknaer Pj.

"Komneunblit MOMHbIH B Py 6a3uc aBIAeTcs ONTHMAIbHBIM, €CTH aCHMITOTHIeCKOe MOBEIEHHE COOTBET-
crByiomieit pyuknuu [IleHHOHA OMpeenseTcss MUHIMATbHBIM TPUBEJIEHHBIM BECOM 3JIEMEHTOB 0Oa3uca.



JKUJT ACHMIITOTHYECKY HAWIYYIIANR METOJ CHHTE3a cXeM U3 (DYHKIMOHAJIBHBIX JIEMEHTOB.
On nokazan takxke [44-46], 4ro mouru mo6oit KoHedHslit mosHblilt B Py, 6a3uc apisgercs
ONITUMAJILHBIM, MIPUYEM J10JIs1 OA3UCOB, He ABIMIONINXCA ONTUMAJIBHBIMHI, YOBIBACT TPHKIbI
9KCIIOHEHIIMAJIBHO C POCTOM MAKCHMAJBHOTO YHC/Ia BXOI0B 3JIEMEHTOB Oa3uca u OoJee dem
JIBAZK/IbI AKCHOHEHINAJIBLHO ¢ pocToM k. Ilpm peanmumsanuum QyHkiuit cxemamu st J000-
r0 MOJTHOTO KOHEYHOTO 6a3mca aCUMITOTHYECKN TOYHAST OTMEHKA COOTBETCTBYIOMIEH (hyHK-
nun [llenrona anoncuposana B pabore [27|. Tlpu peanuzanuu dbyukuuit dbopmyaamu st
HEKOTOPBIX NOJIHBIX B Py, (k > 3) 6a3ucoB acUMITOTHYECKH TOYHBIE (DOPMYJIBL Il COOTBET-
crytomux ¢yuknuii [[lennona noayvenst B padorax E. FO. Baxaposoii [15], C. B. Tamkosa
[9] u apyrux aBropos (cm. [16, 24, 49]). [Ipumeps! mociegoBareabrOCTeR DYHKIWMA 13 Py
u Ps;, CJIO)KHOCTb KOTOPBIX B KJjacce opMyJT HaJI HEKOTOPOH KOHEYHOI HEeNOJHON CucTe-
MOil IMeeT CBePX3IKCIOHEHIHAJIbHBIN IOPAI0K POCTa OT YHC/Ia IEePEMEHHBIX, IPUBEJICHLI B
paborax [67, 64, 60, 108]. [lepBbie 3KCIIOHEHIUATBHBIE HUZKHIE OIEHKH JIJIsT CJIOKHOCTH pe-
anuzanuu GyHKuM k-30a49H0i oruku (k > 3) cxemamu u3 (byHKIMOHAIBHBIX 3JIEMEHTOB
B HeNoJIHbIX Gasucax noydensl . A. Tkauenbim |54).

B nacrosieii pabore paccMarpuBaeTcsd 3a7a9a 0 CJI0KHOCTH peau3anuu QyHKIT 13
P 5 (MuHOKecTBa Beex (DYHKIUI TPEX3HATHON JOTUKHN, IPHHUMAIONINX 3HAYCHUS U3 MHOYKe-
crBa {0, 1}) dopmysamu HaJT KOHETHBIME CHCTEMAMU. [Jisl ps/Ia KOHEIHBIX CHCTEM TIOJTY Ye-
HbI BepXHHUE M HUXKHHUE ONEHKHU CJA0KHOCTH peaau3alud (PYyHKINH U3 3aMKHYTHIX KJIaCCOB,
HOPOXKJICHHBIX ITUMHU CHCTEMAMHU.

Jamum HeobxoquMble onpesesterus (M. Takxke maparpad 1).

Iycts By = {0,1,....,k — 1}, k > 2. O6o3naunm depe3 E}' MHOXKeCTBO Bcex HaOOPOB
a=(oq,...,0p), TAKAX, 9TO 1, ..., 0, € Fg, n > 1. MuOXKecTBO Beex byHKIHU k-3HATHOI
JIOTUKH 0003HAUNM depe3 Py, a MHOXKeCTBO BeeX (pYHKIU u3 Py, IpUHIMAIONINX 3HAYCHUA
TOJIBKO U3 MHOXKecTBa [y, — depes P 5.

B nannoit pabore OyieM npuiepKuBaThbcsd 0003HAUEHUN JIs 3aMKHYTBHIX KJACCOB Oy-
neBbix yHKIWMA n3 pabor [68, 62|, a uMeHHO: S — MHOMXKECTBO BCEX CAMOJBOHCTBEHHBIX
dyukmuit; T; — MHOXKeCTBO BceX (DYHKIUNA, COXpaHAIOMUX KOHCTAHTY 4, ¢ = 0,1; M —
MHOKECTBO BCEX MOHOTOHHBIX (DYHKIUN; [ — MHOXKeCTBO BCeX JUHEHHBIX dyHKnii; O™ —
MHOXKECTBO BCeX (YHKIUH, YIOBICTBOPAIOMEUX ycaoBuio < 07 > m = 2,3, ...,00; [ —
MHOKECTBO BceX (DYHKIMIA, yI0BJIETBOPLIONUX ycjaouio < 1™ > m = 2,3,...,00; K —
MHOXKECTBO BCeX KOHBIOHKIHIT; [) — MHOXKECTBO BCeX AU3BIOHKIUI; U/ — MHOXKECTBO BCeX
byHKIHIA, CYIECTBEHHO 3aBUCAIIUX He OoJiee 9eM OT OfHOM mepeMeHHOit; C' — MHOXKECTBO
BcexX (pYHKIHE, He UMEIONUX CYIIEeCTBeHHBIX IIePeMeHHbIX.

[Tomoxxum

Li=LNT, M;=MNT, K;,=KNT;,,D;,=DNT,,U;,=U0UNnT,C;=CnT;, 1=0,1;
Tor = ToNTy, Moy = MoN My, Loy = LoN Ly, Koy = KoN Ky, Doy = DoN Dy, Uy, = UgNUs;
So1=SNTy,SM=SNM,SL=SNL,SU=SNUMU=MnNU;

Oy =TonO™I"=T1NI" m=2,..00;

MO™ = MNO™, MI™ = MO I™, MO™ = MAO", MI"* = MAI", m=2,..,00.

Omnpegenum cemeiictBa Ny, Ny, N3 3aMKHYTBIX KJIaCCOB OysieBbIX (DYHKIUI CJ1€yFOIIM
obpazom. [Tomoxum

Nl = {PQaTOaThTDlaM; MU7M1aM01757 SOlasMa

6



o™, 0, MO™, MOT, I™, I, MI™ MIT", 2<m < oo},
Ny ={L,Lo,L1,LS, Lo; },
N3 = {0, I, MO™, MI® 0, I°, MOF, M,
K, Ko, K1, Ko, D, Dy, Dy, Doy, U, Uy, Uy, Upt, MU, SU, C, Cy, C }.

N3 pesyabraros . JI. ITocta ciemyer, aro N1 U NoU N3 — 370 MHOXKECTBO BCEX 3aMKHYTHIX
KJIACCOB OyJieBbIX (DYHKITHIA.

[ycts f(x1,...,2,) € Pso. Ilpoeknueit dyuxmun f(xy, ..., x,) Ha3pIBaeTCS Takas Oy/IeBa
dbyuknus (prf)(z, ..., x,), 3HAYeHHe KOTOPOil Ha TPOU3BOJIBHOM Habope a € EI ompee-
asiercst pasenctsoM (prf)(a) = f(a). Takum obpasom, kaxkuoit dyuknuu f € Py 10-
craBjieHa B coorBercrBue (yHkuusa prf € Pp. B pajgpHeilimem st yOpOIIEHUsT 3aliCH
dbyuknuo (prf)(zy, ..., x,) 6ynem obosnauars depesd prf(xy, ..., z,). [Ipoekumeir prF muo-
xkecrBa dyuknnit F' C P35 nassiBaercs muoxectso |J{prf}, rue obbeaunenne 6epercs mo
BceM yHKnuaMm f € F.

Jl1st KazK10m0 3aMKHYTOTO KJacca OysIeBbIX (DYHKIW B onpene M MHOKECTBO (hyHK-
nmit

pr'B={f€ Py | prf € B}.

JIerko BHJIETH, 9TO MHOKECTBO pr-'B sBJIsSeTcs 3aMKHYTBIM Kaaccom dbyHKmuit n3 Pjo.
BaMKHYTBI K1ace pro' B Ha3bIBaeTCA MAKCHMAJIBHBIM KJIACCOM (COOTBETCTBYIOIIUM KJIAC-
cy B C P,). TakuMm 06pa3oM, KaxKJI0My 3aMKHYTOMY KJaccy B 6y/aeBbix (bYHKIHHA cOOT-
BETCTBYET MAKCUMAJTbHBIH Kiace pr-'B C Ps,. Ouesmano, uto Kaace pr-'B comepKar
KaxK/Iblil 3aMKHYTHIH Kjaacc H n3 Pso, Takoil, uro prH = B. Jl1a KaKa0ro 3aMKHYTOTO
KJiacca OyseBbIX (pyHkmmit B ompeseimM MHOKECTBO 3aMKHYTHIX KJIaCCOB

N(B) = {AC Py, | A=[A], prA = B}.

Mokazano (cm. [95]), 4ro MakcEMaTbHBIT Kaace pr-'B uMeeT KOHEYHYIO TTOPOKIAIONLY IO
CHCTEMY B T€X U TOJBbKO Tex ciaydagax, korjga B ¢ {C, Cy, C}. Ilokazano takzxke, 9To ecau
B € Ny, To cemeiictBo M(B) roreuro, eciiu B € Ny, o M(B) cuerHo, eciu B € N3, 10
M(B) uMeeT MOIIHOCTH KOHTHHYYMA.

Oyukius [ u3 Py Ha3bIBaeTCs ICeBIONNHERHOM, ecoun prf € L. Ouncamnme MHOKECTBA
BCEX 3aMKHYTHIX KJIACCOB IICEBIOINHENHbIX GYHKIHM cM., HanpuMmep, B kaure [95|. Byaem
0003HAYATH 3AMKHYTHIE KJIACCHI, TPOEKIMA KOTOPHIX COBIAJAET C MHOKECTBOM L BCEX JIH-
HeHHbIxX OyneBrIX dynkuit, depes L, Lo, Zo oML, Zo1NL, Lo, e r = 1,2, ..., c0. U3Bect-
HO, YTO BCE IEPEUNCTICHHbIe KIACCH, 33 HCKIOUYeHHeM Kiaacca Lo o, ABIAIOTCS KOHETHO-
nopoxaeHueiMu (cM. [95]).

[Tycts ¥ — kouewnasi cucrema ynknuii u3z Py, k > 2, [U] — 3ambikanune cucrembr W
OTHOCHUTEJILHO ONEepaIuii Cyneprno3uiiiy 1 BBeJACHUs HeCcylnecTBeHHoi nepemennoit. [lycrn
f(z1,...,x,) € [V], ® — bopmyna nag U, peanusyomas byuknuio f, a F C [¥]. Yepes
L(®) 0603HAYAM THCIO CUMBOJIOB [IEPEMEHHBIX, BXOAAIINX B hopmyry P (caoxuOCTb Hhop-
myaiet @), wepes Ly (f) — caoxnocrs peasmsannu byuxiun f € F naj cucremoii U, a yepes
Ly(F(n)) — dyukmuo [Mlennona no ciaoxuoctn st Mmuoxkectsa F. Yepes D(P) Gyaem
obozravaTh riyouny dbopmynbt $, wepes Dy (f) — raybuny peanusanun byuxmun f € F
Ha 1 cucremoit W, a depes Dy (F(n)) — dyuknuio [ennona mo riaybune s MHOXKecTBa F.



[IpuBesem KpaTKoe onucanue cojepkanus paboThl.

B naparpadre 1 npuBoggTCcs OCHOBHBIE ONpejieeHns U 0003HAUEHUs, UCIOIb3YOTIHe-
cd B paboTe, a TakKe BCIIOMOTaTeIbHBIE YTBepXKIeHus. B gacTHOCTH, TOKa3bIBaeTCsd psi
cBoiicTB (pyHKIHI U3 P39, HAXOAATCA KOHEUHBIe HOPOXKIAIONIHe CHCTeMbl HEKOTOPBIX 3a-
MKHYTBIX KJIACCOB (PYHKIUH, TPUBOIATCS U3BECTHBIE MTPOCTEHIIe METOIbI CHHTE3A.

B maparpade 2 m3y4uaroTcs KOHEUHBIE CHCTEMBI MCEBIOINHEHBIX (DYHKINNT U 3aMKHY-
TBI€ KJIACCHI, MOPOK/ICHHDbIC STHME cucTeMaMu (cM. takzxe [10]). CrposTea KoHednsle mo-
poxxgatomue cucreMbl D, €, A u € kinacco Lo, Lo, ZogN L u Zy; N L COOTBETCTBEHHO,
1 < r < oo. Hnga dyHkuit u3 3TUX KJIACCOB JTOKA3BIBAIOTCS BEPXHUE W HUKHUE OIECHKH
CJIOYKHOCTH.

JLst Kaxkaoit nceBmonHeHON (hyHKIMN f CTPOUTCS KAHOHIMIECKOe npeacTapienmne. Ha
OCHOBE 3TOI'O IIPeJICTaBJICHUs OIIpeJle/IdloTCs ClielluaJbible MHOKecTBa dpynkuuit Hy, Jg,
Ky u Y. Kpome toro, nia kaxoit dbynknun f u3 kinacca Lo BBoAATCs Benanubl A(f) u
B(f). HdokaspiBaiorcst caeyiomue TeOpeMbl O CI0KHOCTH (DYHKIUI U3 PACCMATPUBACMBIX
KJIACCOB .

Teopema 1 (reopemsr 2.2.3, 2.2.1). [Tycmo f(z1,...,xn), g(x1, ..., Tp) w h(z1, .00y y) —
npoussorvrue PyHKYUL U3 KAaccos Lo, ZooNL u Zy1NL coomeememeento, cyujecmee-
HO 3asucaujue om n nepemeruur, n = 2, 1 < r < co. Toeda umerom mecmo pasercmea

Lo, (f) = [Jy| + |Hy| 47| K|,

La(g) = |Jy| + |Hyl, Le(h) = |Jn| + |Hpl.

B sTom naparpade TakKe HaXOIATCS TOTHBIE OIEHKH JIJIsT COOTBETCTBYIOMNX (DYHKIIHH
[MTennona.

Teopema 2 (reopemst 2.2.4, 2.2.2, 2.3.1). Ilycmo Q = ZogNL, U =2Z1NL, r > 1.
Tozda umerom mecmo pPaGeHcmMeaq

Lo (Lo;(n)=14+n+7r(Ch+C2+ .. +CL), n=r>1; (1)
La(Q(n) = Le(U(n) =n +1, n>2; (2)
Le(Ly(n)) =n2" 42" — 1, n>2. (3)

Pasencrsa (1) u (2) u3BIEKAIOTCH HENOCPEACTBEHHO U3 TeopeMbl 1. OuuimeMm KpaTKo
cxeMy JloKazaresbeTBa paBeHcTBa (3). Huskusisa oneHka B (3) J0Ka3bIBACTCS CJEAYIOIAM
obpazom. CHava/a M3yIarOTCA CBOWCTBA MUHUMAIbHBIX (popmys Haj cuctemoit €. Kax-
JI0fl MUHUMAJIbHON (hOpMYyJie CTaBUTCA B COOTBETCTBHE HEKOTOpoe nepeBo. [Ipm sTom Bce
BHCSYMe BEPITUHBI ITOTO JiepeBa pa30MBaIOTCS HA JBA THIA. 3aTeM s KayKIoro n > 2
onpeensercss GYHKIUs T, (X1, ..., Tp, ), KAHOHUYIECKOE MPEJICTABIEHNE KOTOPOl MMeeT CIie-
nuaabhblil B s munumanbnoit popmysibl @, peanusyiomnieit pyHKIUMIO T, pacCMaTpU-
BaeTrcs aepeBo 1, coorBercTByiomiee (popmyite ¢. B nepese T orieHUBaeTCs MO-0TAEABHOCTH
YUCJI0 BUCAYIUX BEPIIMH KayKJI0T0 TUIA. B pe3yabraTe mosrydaercs HUZKHsS ONEHKA I/ Be-
auauHbl Le(T,), a, cIe10BaTeIbHO, U i BeJquduHbl Le(Lo(n)).



Jnst nomydenns Bepxueii oneHkn B (3) cHavasa ast soboii dyakuun f € Lo(n), cy-
MIECTBEHHO 3aBUCAINCH OT 1 > 2 IepeMeHHBIX, JTOKA3bIBAIOTCA HepaBeHCTBA

Vi <n2" ' +2" B(f)<2"—1.
Sarem AO0Ka3bIBa€TCAd HEPABEHCTBO
Le(f) < Yyl + B(f)

13 9THX COOTHOIIEHUH cyejyeT BepxHsis onenka Jst dyaknuu Le(La(n)).

B sTom maparpade takzke miist Kaxk o Gyakmun f u3 MaoKectBa Lo(n), CYIECTBEHHO
3aBHCAIIEil OT 1 > 2 mepeMeHHBIX, JokasbiBaercs paseHcTBO Le(f) = |Yi| + A(f) (oM.
teopemy 2.3.2). Orciona, npuanMas Bo Banmanune Hepasencrso A(f) < B(f), B wactHocTH,
CJIEJIYIOT HePaBEHCTBA

Yyl < Le(f) < Y|+ B(),

13 KOTOPBIX [Tl MTIPOKOT0O KJIACCA MOCTIeT0BATeTFHOCTEH (hYHKITHIT MOKHO Oy YUTh BEPX-
HHEC OICHKUN CJIO2KHOCTH, 6JII/13KI/IG K COOTBETCTBYIOIIUM HU2KHUM OIICHKaM.

Kpome Toro, B maparpade 2 mas8 MaKCHMAaIbHOrO Kiaacca £ = pr-lL m HekoTopoii
KOHEYHOH MOPOKIAIONIeH crucTeMbl B 3TOro Kjacca MPUBEJICHO aCHMITOTHYECKH TOYHOE
pasencrBo s dyuxnun Lg(L(n)) (kotopoe ciremyer w3 Teopembl 3.3.2, T0KA3aHHON B
naparpade 3).

Teopema 3 (reopema 2.2.5). Hmeem mecmo coommowenue

3n

Lo (L(n)) ~ log, 1

B naparpade 3 paccmMarpuBaeTcs 3a1a4a 0 CJI0KHOCTH PeaTn3aui GyHKITHIT 13 KOHEUHO-
MOPOYKIEHHBIX MaKCHMAJBbHBIX 3aMKHYTHIX KjaccoB (cM. Takzxke [11]). Cragana ¢ momo-
IHIO TPAHEHTHOTO ajropur™a (cM. [7]) cTpouTces creruaabaoe pasOueHne MHOKeCTBa FY,
r > 3, na noamuozkectsa Uy, Uy, ..., Upey. Ilpn sTom xazoe muoxectso Uy, @ = 1,...,T(r),
00JIafaeT CACAYIONUMI CBORCTBAME:

1) U; siBaisteTcsi HOAMHOYKECTBOM HEKOTOPOTO Iapa pajauyca 1;

2) maitnercs aucio [ = 1(i), 1 <1 < r, takoe, 9T0 [-51 KOMIIOHEHTa KayKI0r0 Habopa u3
U; paBua 2.
3areM OIEHHBAaETCS MOIIHOCTDH JIAHHOIO pa3dumenus. [lajiee Ha OCHOBE 3TOro pa3dOHeHUS
CTPOUTCS TpeJcTaBIenne (DYHKIUHA U3 MAKCUMATBHBIX KJIACCOB, AaHATIOTHYHOE (TpeTheMmy )
npejcrasaennio Oyiaesbix dyuknuii u3 paborer O.B. Jlymanosa [33]. ITocae sroro Ha oc-
HOB€ ITOJIYYEHHOI'O IIpeaCTaBJeHNd BbIYUCIAIOTCA BEPXHHUE OICHKH CJIO02KHOCTHU peaJin3allun
dyukiuit. Hakonen, npuBogATCS J10Ka3aTE/IHCTBA MOITHOCTHBIX HUYKHUX OIIEHOK COOTBET-
creytonux dbyukuuii Hlennoma (cm. [33, 37]).

B stom maparpade 118 KaxKI0ro 3aMKHYTOTO Kjacca OyyieBbIX (byHKIHi B, Takoro,
aro Up; C B, oupejiesisiercsd HeKOTopast Koneunas cucrema G = G(B), Koropast HOPOxK 1aeT
kaace pr-1B. Jloka3bBaeTcsd CAeIyIOmas TeopeMa.

Teopema 4 (teopema 3.3.2). I[Tyems B — npouseosvhvili 3amMKkHymuil kaacc 6Yresus
dynryut, maxot, wmo Uy C B. Toeda 6binosnaomes coommoweHus

3" 3"

2 < -1p < —— + L,a(B(n)).
o S Lol BO) S o Ly (B(n)
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13 310it TeopeMbl cjiejlyeT, 4To 3a1a4a o nosejgenuu dbynknuu Lg(pr~B(n)) B nekoro-
PBIX CJIyYadx CBOJIUTCH K 3a/1ade O CJOXKHOCTU peasn3anuu OyaeBbIX (pyHKIUH B HEITOJTHBIX
6asucax (To ecTb K 3a71a1e 0 noBegeHnn GyHKunn Ly.¢(B(n))). B wactroctn, u3 Teopemsr 4
U M3BECTHBIX paHee ONMEHOK CJIOXKHOCTH OYIeBBIX (DYHKIINH U3BIEKAIOTCI aCHUMITOTHYECKT
toanbie (popmyiibl Jutst dynkiuit [[lerHOHA, COOTBETCTBYIONINX HEKOTOPHIM MAKCHMaJ/IbHBIM
KJIACCaM.

Teopema 5 (teopembr 3.4.1-3.4.4). [lyems B — samrnymoid kaace 6yaresur @yrryul,
Marxotl, 4Mo BLNOAHAECCA NO Kpalinet mepe 0010 U3 CACOYOUUL YCA0B8UL:

1) Loy C B;

2) Mo C B;

3) Be {O0®,0:°,I°,I3°, MO>®, MO, MI*®, MI*};

4) B € {Do1, Dy, D1, D, Koy, Ko, K1, K, U, SU, Uy, MU, Uy, U1 }.

Tozda 6BNOAHACTNCA COOMHOUEHUE
3n

La(pr~'B(n)) ~ Tog, 1’
2

OTMeTHM, YTO U3 TEOPEMBI 5 HEIOCPEICTBEHHO CJIeAyeT YTBEPKICHNE TEOPEMBI 3.

B maparpade 4 paccmarpusaeTcd ceMefiCTBO 3aMKHYTBIX KJACCOB (DyHKIH n3 F3 o,
IIPpOEKNUA KOTOPBIX IPUHAJJICZKUT OIIPpEJCICHHOMY BbIIIC MHO2KECTBY N1 3aMKHYTBIX KJIaC-
co OysreBbix dyHKnumii (cM. Takxke [12]). B pabore qis kaxkaoro kimacca B € Ny, s
Kazk1oro kaacca H u3 muoxectsa 91(B) u 118 npon3BoJIbHOM KOHeUHOH cucrembl G, 110-
potatotieil kiace H, nosyueno onucanue (¢ TOTHOCTHIO JI0 TIOPSAIKA) MoBeieHns by HKIHI
D¢ (H(n)).

Teopema 6 (reopema 4.3.2). I[Tycms B — npouseosvhoili 3amkHymuld kaacc 6yresos
dyrryui us mroocecmea Ny, H — npouseosvroil samxrnymut xiacc Gynryud ud Pso,
maxot, umo prH = B, a G — npou3eoivhas KOHEYHAA NOPOACIAIOULGA CUCTIEMA KAGCCA
H. Tozda svinosnaemcs coommnowerue

Dg(H(n)) < n.

IIpu goKa3aTeabeTBe STOM TEOPEMBI HCIIOIL3YIOTCA METOIBI CHHTE3a, (POPMYJI HAJL, HEIIOI-
HBIMH CHCTeMaMu, peaiusyonmx GyHkiun aarebpst jgoruku (cm. |60, 61, 108, 65]).
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I's1aBa 1

Onpeseiienusd U BcIioMorarejbHbIe
yTBEP2KJIeHMISA

B »7oit TyiaBe IPUBOIATCA OCHOBHBIE OIIPe/ieIeHIs U BCIIOMOTaTeIbHble YTBepZK IeHus],
KOTODPBIE OYAYT UCIIOTB30BATHCSA B JaJIbHeTIeM.

1.1 Omnpenenennsa m 0003HAYECHUS

[Iycrs B = {0,1,...,k — 1}, k > 2. O6osnaunm [epe3 E}' MHOXKeCTBO BceX HaOOPOB
a = (o, ..., ), TAKHX, 9TO Q1 ..., 0 € Ey, n > 1. ®yukuusa ™ (2, ..., 1,) naseisaercs
n-MecTHO# dyHKIHeil k-3HATHON JIOTUKU, ecau ee 00JIACThIO ONpeJie/IeHUsT sIBISIeTCS MHO-
JKecTBO L}, a 006s1acThIo 3HAUEHUH — MHOXKeCTBO L. Bepxuuit nueKc y GyHKINOHAIBHOTO
cuMBoJIa [ obo3HadaeT MeCTHOCTH (PYHKIUU. TaM, rie 9To He NPUBOJUT K IIYTAHHIIE, MbI
OyaeM OImycKaTh BepxXHUil mHaeKc. MHOKeCTBO BeeX (PYHKIUM k-3HAUHON JTIOTHKH 0D03HA-
yaercd depe3 P, a MHOXKeCTBO BeeX (pyHKIMH u3 Py, NPUHUMAIONINX 3HAYEHUS TOJHKO U3
MHOXKeCTBa [y, — depes Py o.

Bynem oboznadars depe3s X cuyeTHOE MHOXKECTBO IMEPEMEHHBIX X1, ..., Ly, ... L10J0KIM
X, ={x1,...,xn},n > 1.

Ilycts f(x1,...,2,) € Py. [lepemennas x; € X,, Ha3BIBAETCS CYIIECTBEHHOM EPEeMEHHOI
dbyHKIME f, €C/u CyMEeCcTBYIOT TAKAE TUCAA OV, oy (i1, Ot 1y -y Oy, 3,77 € B, B F 7y, 910

f(ala "'>ai—1757ai+17 "'7an) 7£ f(ab ey OG—1, 7, QG4 "'7an)-

[Tepemennas x; € X,, Ha3bIBAETCs HECYIIECTBEHHON mnepemenHoit hyHKIUU f, ecam r; He
SIBJISIETCSI CYTIIECTBEHHOI mepeMeHHo (qpyukiun f.

ToBopsr, aro (n + 1)-mectnas dyukuus f(z1,...,T,41) € P monyuena mobabiaeHnem
HECYIIECTBEHHOM TepeMeHHOi T, 1 K n-MecTHOH dbyHKImu §(1, ..., T,) € Py, ecan mis Jo-
6oro mabopa (v, ..., pr1) € EpT semonmserces pasenctso f(ay, ..., ni1) = glau, ..., ).

Onpegenum ousTue Gopmysibl. IlycTh ecTh HEKOTOPOE MHOXKECTBO

A= () @iy e i )y 18 (@10 e 0 )5 o}

dyukiuit n3 Py 1 MHOXKECTBO COOTBETCTBYIONUX (PYHKIIMOHAIBHBIX CUMBOJIOB

B={fm™ fr 1

11



Bripaxkenne z;, rae x; € X, asagercs dbopmynoit Hag A (Takas u TOJAbKO Takast Gopmyia
Ha3BIBACTCA TPUBHAIBHOM). Ecmm @4, ..., ®, — dopmymst nax A, a f — byHKIuOHATLHEL
cuMBoa u3 B, n > 1, To Bhpaxenune ¢ = f(")(<I>1, ., @) sBASIETCST bopmyoit Hag A,
a cumBos f(™) HaspIBaeTCs BHENTHHM (bYHKIHOHAIBHBIM CHMBOIOM dbopmyasl ®. JIpyrux
dopmya HaL A He CyIIeCTBYeT.

Mycrs & = f™)(dy, ..., ,) — bopmyna nax A. Jamum onpenenenne moabopmyiis: ¢hop-
myJisl $. @opmynst Oy, ..., @, aeagorcs noadopmynamu dhopmysasl P (OHE TakKe Ha3bIBa-
1oTcs riaBHbiME o opmytamu dopmyiast P). Tloadopmytavu dopmyasr $ Ha3bIBAIOTCS
Takxke cama dopmyiaa ® u Bce moadopmyab dopmya Py, ..., d,. Hpyrux momdopmysr y
dopmysibl ¢ He cylecTByer.

Dopmynty P, B KOTOPYIO BXOJAAT CHMBOJIBI IEPEMEHHBIX T, ..., Ly ¥ TOJBKO OHHU, OyIeM
obosnagars 4depe3 P(xq,...,x,). dag moboro nabopa a = (ay,...,a,) € E} oupeneanm
suavenue @ (&), koropoe npunumaer (opmysia ¢ va Habope a. Eciu dopmyna & spisercs
CHMBOJIOM TepeMeHnoit x;, 1 < i < n, To moaoxum O () = ;. [lycrs dbopmyna & umeer
BH

CD(:L’l, vy l’n) - f(m)(q)l(:fl)v ES) Qm(%m>>7

rae ™ — GyHKIHOHAIBHBIN cuMBOT U3 B, m > 1, T, ...,7™ — noanabopsl Habopa T =
(71, ..y ), @ Dy, ..., P, — bopmyanst mag A, nis koropbix suauenus @ (al), ..., @, (a™)
y7Ke omnpeseneHbl U paBHbl 31, ..., £, COOTBETCTBEHHO. TOrIa MOJOKHM

®(@) = " (B, s Bn).

Takum obpasom, dopmyine & comocraniena Hekotopas dyukus f(rq,...,x,). Byaem ro-
BOpUTH, uT0 byHKIugA [ peanusyercs dpopmyaoit ®. Ecan dyurmusa f peaausyercss HEKoO-
TOPOIl HeTPUBHAILHON (hopmysioit Han A, TO OyaeM rOBOPUTH, UTO (PyHKIHUs [ HOJydeHa
orepareil cynepno3unuu u3 GpyHKnii cucrembr A.

st mo6oit hopmystsr $ u 1060i epementoit x 0603nadnM gepes N (P; ) ancio BXOK-
Jenuit mepemennoit r B popmyny P.

[Iyctes F' C P,. 3aMbIKaHWeM MHOYXKeCTBa F' Ha3bIBaeTCsd MHOMKECTBO BceX (DYHKITHI,
KOTOPbIE MOTYT ObITh MOJIy4YeHbl n3 (DYHKIMI MHOXKECTBA F mpuMeHeHHeM orepanuii cy-
HepIO3NInK 1 JOOABIEHHs HECYIIECTBEHHON mepeMeHHOil (obo3nadenue [F). Hepes F(n)
0003HAYNM MHOKECTBO BeeX (hYHKIU u3 F', 3aBUCAIINAX OT MEPEMEHHBIX X1, ..., Tp, 1 = 1.

Oyukuuu f(21,...,2,) 1 g(x1,...,x,) € Py Ha3BIBAIOTCA DABHBIME, €CJIH JJIs JHO6O-
ro Habopa (o, ..., ) € EJ cupaBemBo paBeHCTBO f(aq,...,q,) = g(aq, ..., ). IlycTh
fx1, .., zn), g(x1, ooy T) € Pry m < n. Hycrw h(xq, ..., x,) — OYHKIUS, HOJyUYeHHAS B Pe-
3yJabrare gobapienust K GYyHKIUH ¢(Z1, ..., Ty, ) HECYIIECTBEHHBIX TIEPEMEHHDBIX Typi1, -y Ty
[To onpenesennto dyHknua f paBaa yHKmuu g, ecam st Jgoboro Habopa (o, ..., ap) €
E} Boinonugercs paBencrso f(aq, ..., o) = h(aq, ..., o). AHATOrEIHBIM 0OPA30M MOMKHO
PACIPOCTPAHUTD OIpe/IesieHne PaBHBIX (DYHKIHN Ha caydait aByx dyukmumi f(z1,...,2,),
9(Y1,s .-y Ym ), 3ABUCSIINX OT MPOU3BOJBHBIX MEPEMEHHBIX.

OyuKIUY, TPUHAIIEZKAIINE MHOXKECTBY P», HazpBawoTCa Oysiesbivu. OupesesimM ¢ mo-
MOIIBIO TADJIUIBI 3HAYEHNTT HEKOTOPhIe OyJieBbl (DYHKIINH, CYIIIECTBEHHO 3aBUCsIIe He 6O0-
Jiee 4eM OT OJIHO# IepeMeHHOM’, a TaKzKe HEKOTOpbIe OY/IeBbl (DYHKIIMH, CYIIECTBEHHO 3aBH-
csIlye OT JIBYX mepeMeHHbX (cM. tabaunsl 1.1 u 1.2).

OyHKIMS T HAa3bIBaeTcsa oTpunanneM x. OyHKus &y HA3BIBACTCSI KOHBIOHKIHEH Ty
u To. OyukIms x, V Ty HA3BIBAETCS AU BIOHKINEH T U To. PyHKINSA T B To HABBIBAETCS
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Tabmuna 1.1

z | 0(x) | 1(z) | e(z) | T
0 0 1 0 1
1 0 1 1 0
Tabmuna 1.2
1 | 2o || ;1&zo | 2y Vg | 21 Dxe | 1 — To
0 0 0 0 0 1
0 1 0 1 1 1
1 0 0 1 1 0
1 1 1 1 0 1

CJIOJKEHUEM II0 MOIYJIIO 1B T U To. DyHKINA T — T9 HA3BIBACTCA UMILIIKALIAEH 11 U To.
B manbneitireM hyHKIMOHANBHBI CHMBOJI KOHBIOHKIMH T U L9 10 AHAJOTHA ¢ CHMBOJIOM
YMHOKEHUS MBI OyJeM ONYCKAThL TaM, TAe 9TO He BEJET K JBYCMBICCHHOCTSIM.
Oyukuus f(xq,...,x,) € P Ha3bIBACTCS JIMHEHHON, €CJIU CYIIECTBYIOT Co,Cl,...,Cp €
{0, 1}, rakue, 9ro0
f(x1, ., xp) = oD 121 D ... B Cpp;

KOH'BIOHKIIHE, eCJIU CYIECTBYIOT TaKue Co, C1, ..., ¢,{0, 1}, 9410
fz1,.xn) = colcr V ay)...(cn V xy);

JU3BIOHKIMEH, eC/Il CyIeCTBYIOT TaKue Cg, C1, ..., ¢, € {0,1}, aro
flz1,.yxn) =coVarzy V.. V ey,

Oyuknus f(xq,...,x,) € Py HA3bIBAETCA MOHOTOHHOI, €CJIU IS TIOOBIX JBYX HaOOPOB
(1, ey an), (B1y ey Bn) 13 EY makux, aro oy < B, @ = 1,...,n, BHIIOJHIETCS HEPABEHCTBO
flag,...,an) < f(B1, .-y Brn). ToBopst, uro dyukiws f(xq,...,x,) € P cOXpaHdeT KOHCTaH-
ty i, 1 = 0,1, ecu f(i,...,7) = i.

st mro6oit byukuun f(xq, ..., x,) € Py oupegeaum ABOHCTBeHHYIO (DYHKINIO K DYHK-
wun f (o6osuauenue — f*(x1,...,7,)). Honomum f*(x1,...,x,) = f(T1, ..., Tpn). dirs so6oro
muOkecTBa F' C P, obo3Hauaem depe3 F™* muoxkecTBo Uf*, rae obbeannenne Gepercs 1mo
BceMm dyukiuam f € F. Oyakuns f(zq,...,x,) € P, HA3BIBaETCSI CAMOJIBOICTBEHHOI, ecn
fz1, . mn) = f* (21, .., x0)-

Iycrs f(z1, ..., x0), g(x1, ..., Tp) € P, k > 2. 1o onpenesenuio dbyuknus f e mpeBocxo-
aur dynknun g (obosuadenue f < g), ecau Jyist Joboro nabopa (aq, ..., o) € ' BbIOJ-
HseTcsa HepaBeHCTBO f(aq,...,a,) < g, ..., an). Mlyers f(21, ..., xp), g(21, ..., 2) € P,
m < n. [ycrb h(zq,...,x,) — byHKIMA, NOJTyYeHHAsT B pe3yiabraTte qobaBieHus K (yHK-
mun g(xq, ..., Ty) HECYIIECTBEHHBIX MEPEMEHHBIX Ty i1, ..., Ly. 110 ONpeseneHuio byHKITHsI
f =e mpeBocxomuT HYHKIMU ¢, ecan i J060ro Habopa (aq, ..., ) € EJ BBIIOJHSETCS
HepaBeHcTBo f(aq, ..., a,) < h(ag, ..., ). AHATOTHIHBIM 00PA30M MOYKHO PACTPOCTPAHUTD
9TO ompejiesienne Ha caydail 1yx dyukmuii (1, ..., 25), g(Y1, -y Ym), 3ABUCAIIHAX OT IPO-
M3BOJIbHBIX MEPEMEHHBIX.

13



ToBopsit, uro OyneBa dyukmus f (1, ..., x,) yaoBrersopsier ycaosuio 0™ (cOOTBETCTBEH-
HO 1), m > 2, ecsu Jr00bie m HABOPOB, HA KOTOPBIX GYHKIUA f paBHA HYJIIO (COOTBET-
CTBEHHO €JIMHUIE), UMEIOT OOIIYI0 HYJIeBYI0 (COOTBETCTBEHHO €JIMHUYIHYI0) KOMIOHEHTY.
ToBopsT, uro Gynesa dyukiust f(xq, ..., T,) yaoBreTBopsgeTr ycaobuio 0% (COOTBETCTBEHHO
1°°), ecaim cyriecTByer nepemensas x; € X, Takas, 9410 f (1, ..., T,) = &; (COOTBETCTBEHHO
f(x1, .y zn) < @;).

Onpeeum cJieyonme MHOXKeCTBa Oy/IeBbIX (bYHKINI: S — MHOKECTBO BCEX CAMOIBO-
CcTBeHHBIX (PYHKIUN; T; — MHOXKeCTBO BeexX DYHKIUN, COXPAHAIOMMUX KOHCTAHTY ¢, ¢ = 0, 1;
M — MHOXKeCTBO BCeX MOHOTOHHBIX (PYHKIH; L — MHOXKECTBO BCeX JUHEUHBIX (DYHK-
muit; O™ — MHOXKeCTBO Bcex (DYHKIIT, yaoBiaeTBopsomux ycaosuo 0™, m = 2,3, ..., 00;
I™ — mHOXKecTBO Bcex (OYHKINI, yA0BJAeTBOPAOINX yejaouio 1™, m = 2,3, ...,00; K —
MHOYKECTBO BCEX KOH'BIOHKIHI; [) — MHOXKECTBO BCeX JU3BIOHKIMI; U/ — MHOXKECTBO Bcex
bYHKIUI, CYIIeCTBEHHO 3aBHCAIIUX He 0oJiee 4eM OT OfHO# nepeMennoit; C' — MHOKECTBO
BceX (PYHKIUHM, HEe MMEIONINX CYIIeCTBEHHON IepeMeHHOil.

[Tosioxkum

Li=LNT,M;=MNT,,K;,=KNnT,,D;=DNT,,U;=UNT,,C;=CNT;, i=0,1,;

Tor = ToNTy, Moy = MoN My, Loy = LoN Ly, Koy = KoN Ky, Doy = DoN Dy, Un = UgNUy;
So1=5SNTy, S M =SNM,SL=SNL,SU=SNU;
Oy =Tono™I"=1T1NI" m=2,..00;
MO™ = MAO™ MI™ = MO I™, MO = MAO®, MI™ = MAI", m=2,..,00
MU =MnNU.

Bynesa dyuknus f(zy,...,T,), n > 3, HA3BIBACTCI MAYKOPUTAPHON, €CTH BBHITOTHSIIOTCS
cJeyIoNIe paBeHCTBA!

f(Il,SCl...,SL’l,.IQ) = f(xl,l’l...,l’g,l’l> = ... = f(IQ,SL’l...,Il,Il) = T.

Omnpenennm orobpazkenue pr («mpoekiuss) u3 Pyo B Py, Ilyers f(xq,...,2,) € Pso.
[Mpoeknueit dynkuuu f(xy, ..., z,) Ha3biBaeTca Takast Oynea dyukius (prf)(xy, ..., z,),
3HaUeHMe KOTOPOil Ha IPOU3BOJBLHOM Habope & € EY onpenensercs paserctsoM (prf)(a) =
f(a). B nampueitimem miast yrnpomenust 3anucu byuknuio (prf)(xy, ..., x,) Oyaem obo3na-
JaTh 4epe3 prf(xy,...,x,). lpoeknueit prF muoxecrBa dbyukmuit F' C P3 o Ha3bIBaeTCH
muozkectBo | J{prf}, rae oobeaunenne Gepercs no Becem dyukiuam f € F. s awoboro
3aMKHYTOIr0 KJjacca 0yiaeBbix GyHKIUA B onpenenM MHOKECTBO dOYHKITHT

priB = {f € Psslprf € B}.

OueBnHO, 9TO MHOZKECTBO pr— ! B aBagercda 3aMKHYTBLIM KJIacCOM. 3aMKHYTHIH Ki1ace pr— !B
Ha3bIBaeTcsd MaKCHMaJIbHBIM. 1 jmo6oro Ki1acca B kiaace pr-' B comepKuT J1060i Kiace
U3 MHOYKECTBa KJaccoB Pjo, MPOeKIus KOTOPBIX cOBHajaeT ¢ KjaaccoM B. Taxum obpa-
30M, KarK/JOMYy 3aMKHYTOMY KJiaccy OyJjieBbIX (PYHKIHH COOTBETCTBYET OJIMH MaKCUMAaJIb-
HElE K7ace B Pso. Kpome Toro, mjia moboro 3aMKHYTOro Kiaacca OyieBbix yHimuit B
OIpeIe UM MHOYKECTBO

N(B) = {A = [4] C PyslprA = B).
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B [95] anst ro6oro knacca B npuBeseHa MontHOcTh MHOKecTBa (B). Tam ke mpuBeieHo
onucamre MHOKecTBa N(B) /1 TeX Cayvaen, KOTIa MONTHOCTh MHOYKecTBa D B) KoHedna
WIH CYETHA.

sBectHo [95], uTo eciu B — oiuH U3 CJIEAYIONMUX TPEX 3AMKHYTHIX KJIACCOB OYIEBBIX
dbyuaxuuii: C, Cy, O}, To MaKCHMaILHBI K1ace pr- B He mmeer KoHednoro Oasmuca. Takzxke
u3BecTHO [95], uTo ecin B — 3aMKHYTHI Kiace Oy/aeBbx (DYHKIHA, OTINIHBIA OT KJIaCCOB
C, Cy, C1, To MaKCUMaIbHbI Kjaace pr— B aBideTcs KOHedHO-IIOPOZKIeHHbBIM.

OmnpenenM ¢ TOMOIIBIO TaOIUIIBl 3HAYeHHN HEKOTOPBle MYHKINH U3 Pj o, CYIIeCTBEHHO
3aBHcAIIe He Ooee 4eM OT OJHON IepeMeHHO, a TakxKe HeKOTopble bYHKIHU u3 P,
CYIIECTBEHHO 3aBUCSIIIE OT JBYX mepeMeHHbX (cM. Tabuuner 1.3 u 1.4).

Tabmuna 1.3
ji(r) | ja(z) 30(55) 51(37) 52(95)

[Nl Rl en] S
o
OOO@
N~—

L(x) | jo(x)
1 1 0 0 0 1 1
1 0 1 0 1 0 1
1 0 0 1 1 1 0

OyrKIMIO jo(2) MBI TakzKe GyleM MHOLIa 0603HadaTh Yepes k(x).

Tabnuna 1.4
x| Ty | X1+ X | 21T | (X, 22)
0 0 0 0 0
0 1 1 0 0
1 0 1 0 0
1 1 0 1 0
2 0 0 0 0
0 2 0 0 0
2 1 1 0 0
1 2 1 0 1
2 2 0 0 0

Ormerum, 9T0 (71, 72) = ji(1) - Jo(w2).

B nmanpreitiiiem Ml OyeMm o603HaYaTh OYJIeBY (DYHKIUIO, TOXKIECCTBEHHO PABHYIO HY-
Jio (exuuune), 1 QYHKIUIO TPEX3HAYHOM JIOIUKH, TOXKJCCTBEHHO PDABHYTO HYJIO (euHHIE),
onmuaxkoBeiMu cumBosavu 0(z) (1(z)), ecam 310 He mpuBoaUT K myTaHure. Kpome Toro,
TaM, e pedb UIeT O (DYHKIUSIX TPEX3HAYHON JIOTMKH, CUMBOJI «-+» O3HAYAeT PyHKIHO-
HAJbHBIH CHMBOJI, COOTBETCTBYIONUN (DYHKIIUU & + Y, & CUMBOJI «-» — (DYHKIINOHATHHBIH
CHUMBOJI, COOTBETCTBYIOMUi hbyHKIHY « - y. s u3bekanus AByCMbBICTIEHHOCTH HHOTIA MBI
6yaeM 06o3HaIATH DYHKIHIO T+Yy depe3 A(z, y). Takke I COKpAIIeHNsl 3aUCH TPU HEO/I-
HOKPATHOM IOC/IEI0BATETbHOM PUMeHEHUH (DYHKIUHA = + Y U T - OyAyT HCHOIb30BATHCSA
oboznauenust »  u [[ coorBercrBenno. [TocKoIbKY MOPSIIOK coaraemMbix (MHOKHUTEsEI) B
9TOM CJIydae He UIPAeT POJid, 3TU 0003HaUYeHUs KOPPEKTHBbI. PyHKIIMOHAIbBHBIN CHMBOJI -
B HEKOTOPBIX CJIYYasiX MbI OyJeM OMyCKATh.

Onpenenum GyHKITT

O(w1,22) = ji(x1) - k(22);
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0(x1, 22) = ji(z1) + ja(@2);
pp(1, T2, ¥3) = j1(@1) + Jp(22) - Jo(w3), p € Es;
VYp(w1, 02, 3) = J1(w3) + ji(21) - Jp(2) - Jol3), p € Es;
Cp(w1, w2, w3, w4) = J1(xa) + J1(21) - Jp(22) - Jo(3), P E E3.

Ormernm, uro npoeknuu byHKRIuil 0,0, pp, ¥y, G, p € E3, upuHagzexkar MHOKeCTBY Uy .
[Tonoxum

U= {41,680, po, p1, p2, Yo, ¥1,1%2}.

Torma pryu C Uy,.
st kaxkaoro r > 2 onpejgesum GYHKIAO V. (T1, ..., T,). [logoxum

Vr(xla "'>xr) = j2<$1) BEEEE j2(-rr)'
IIycts n > 1. [lonoxum

Mo ={f(@1, .. Tpq1) € Pap|f = ji(wng1) + 9(@1, ..., 20), T g € Py, prg =0} (1.1)

IIycts W — konegnasi cucreMa dbyukuuit u3z Py, f(z1,...,x,) € [¥], ® — dopmyaa Haz
U, peanusyromas dbyuknuio f, a F C [¥]. CiaoxuocThio GopMyasl @ Ha3bIBAETCS YHC-
JIO CUMBOJIOB LI€PEMEHHbIX, BXOsuux B (Gopmyay @ (o6oznauenue L(P)). CioKHOCTBIO
peanmzanuu byukmun f € F naj cucremoii U HazbiBaercs BesmanHa min L(P), rie MuHu-
MyMm Gepercst o Beem dbopmyaam Hag W, peamusyonium dyakiuo f (obosnavenne Ly (f)).
®yuknueit [IleHHOHA O CJOKHOCTH JIjisi MHO)KecTBa F' HazbiBaeTcsa Beawdanna max Ly (f),
e MakcuMyM Gepercst mo BeeM byHKIusiM f u3 MHOKecTBa F'(n) (obo3nadenune Ly (F(n))).
Omnpenennm o nuayknuu rayouny D(P) dopmynsr &. Eciu dopmyrna ¢ sasasercs cum-
BOJIOM Tiepemennoii z;, ¥; € X, ro D(®) = 0. Ecm & = f(dy, ..., ®,,), rue &y, ..., P, —
dbopmyssr Hag ¥, ro D(P) = 1 4+ max D(P;), rjae makcumym Gepercst 1mo BeeM i = 1, ..., n.
[Cny6unoii peanusanuu dyukiuu f € F wan cucremoii U HasbiBaercs Besmansa min D(P),
rie MUHUMYM Oepercst o BeeM bopmysiam Haj W, peanusywomum GyHknuio f (0bo3Hade-
uue Dy(f)). @yukuueii [llenrona no riaybune st MHOXKeCTBA F HA3BIBAETCS BEJUYUHA
max Dy (f), nae makcumym Gepercst o BeceMm dyuknusam f u3 maoxkectBa F'(n) (06o3nade-
une Dy (F(n))).

Unorma pacemarpuBaroT Japyroe onpejenenne ciaoxuocru dopmyna [37]. Tlycers U =
{91, ..., i} — koHeunas cucrema pyukuuii u3 Py, [ > 1. Kaxmoit 6a3ucHoii byHKIMHT ¢; cTa-
BUTCS B COOTBETCTBHE TOJOKATENbHOE uncao L(g;) — Bec dyuxunm g;, i = 1, ..., 1. [IycTs
® — dopmyaa nax V. Toraa caoxuocrbio LY(®) nerpusnaibhoit bopmy.ibl @ naszpibaer-
cs cyMMa BecoB Beex GasucHbIX dyHkiumil, Bxogsmux B dopmyny ¢ (¢ yuerom KpaTHOCTH
Bxozienuit). Ecjn ® — tpusnanbnas dbopmyna, To nojaoxkum L1(P) = 0. Tlyers F C [¥],
a f € [F]. Croxnocrpio peanusanun Gynkimun f (nazg cucremoii V) HA3LIBACTCS BEJTHIHHA
min L' (®), rxe munnmym Geperca mo Beem dopmyaam @ nan ¥, peanusyomumm (yHKIHAIO
f (oGozuauenue LY (f)).

Jns kaxknoit byskuu g;, 1 < i < [, 3aBucsieit ot r(g;) > 2 nepeMeHHbIX, PACCMOTDHM
BEJININHY



HA3bIBAEMYIO NMPHUBEJICHHBIM BecoM (yukmuu ¢;. [losoxkum p = min p;, rae MuauMyM Oe-
peTcs 1O BCEeM ¢, TAKUM, UTO (PYHKIUS ¢; 3ABUCUT HE MeHee 4eM OT JIBYX ITepeMEeHHBIX.

[Ipeaukarom na MuOXKeCTBe Fj OyneM Ha3bIBATDH BCAKYIO DyHKIUIO & (21, ..., Tp), 1 = 1,
¢ obmacTeio ompefeneHusa E} m MHOXKecTBOM 3HadeHHil, comepzkamuMcs B Fy. [oBopsr,
aro Habop (aq, ..., a,) € E} yaosaersopsier npeaukary &(y, ..., Tp,), ecan &(aq, ..., o) = 1.
MHuOKecTBO Beex HAOOPOB, yIOBIETBOPSIONMX Tpeaukary &(xq, ..., T, ), HA3bIBATCS MHO-
JKeCTBOM UCTUHHOCTH Tpenukara &(xq, ..., T,). [Ipeiukar Ha3plBaeTCsl HEIYCThIM, €CJIH ero
MHOKECTBO UCTHHHOCTH HemycTo. Marpuia, mo crojoinaM KOTOpOi paciio/IozKeHbl BCe Ha-
OOpBI U3 MHOYKECTBA MCTHHHOCTH mpenukara &(Ty, ..., T,), YIOPSIOUeHHbIE B JIEKCHKOTPA-
brueckom nopsiiKe, HA3BIBAETCS MATPHIEH HCTUHHOCTH npeaukara &(zy, ..., T, ) 1 0003Ha-
qaerca Ae. Bymem rosoputs, uro dyuknms f(xq,...,2,), m > 1, coxpaHser Hemycroii
npeaukar &(xy, ..., T, ), eCJau JJist JIObIX M CTOJI0I0B

QA14q 14y,

am'l CLm‘m

13 MaTpHIB A¢ cTomber

f((Lh‘17 ceey a/lim)

f(am-l, ceey amm>
Takuke IpHHaAIekuT Marpute Ae. Hepes Poli(Ag) 0603HaUnM MHOXKECTBO BeeX (byHKIHI
u3 Py, coxpausiiomux npenukar €. M3sectro |76], aro mist 1060ro HEImycToro mpejamka-
ta (21, ..., ©,) MHOKeCTBO Poly(A¢) fBIseTCH 3aMKHYTHIM KjaccoM (yHKnuit k-3HaqHOI
aorukn. Yepes Pol(A¢) oboznatnm maoKectBO Pols(Ag) NP3 5. Jlerko BuneTsb, 9T0 116 J110-
6oro Herycroro upegukara &(z1, ..., T,) MHOKecTBO Pol(A¢) TakKe SBIsTCS 3aMKHYTHIM
kaccoM. OnpesielnM cieIyomne 3aMKHY Thle KIacchl. [lomoxmm

01 2 01 2
Z2’0_POZ(O 1 O), ZQJ—POZ(O 1 1)

13 onpegesennst CaeayeT, 9To B KJIACCE La 4 JEYKAT T€ H TOILKO Te QyHKImn f(xy, ..., x,) €
P55, xoTOpPBIE 00/13/IAI0T CJIELYIOMNM CBOACTBOM: ecsin HAbOp o € EY nosyden u3 xHabopa

f € E} 3amenoit Bcex nBoek na a, o f(a) = f(8), a =0, 1.
g ¢ = 0,1 onpeaeanM 3aMKHYTBHIH KJ1ace

T = Pol (i 2).

3aMeTuM, 4TO B KJacce Ti(Q) JexaT Te U ToJabKO Te (byHKmmu f(x1,..,2,) u3 Py,
KOTOPBIE PABHBI § HA BCeX Habopax m3 MHOXKecTBa {i,2}".

[Mycrs 1 < ¢ < 3w (a1,b),...,(a;,b;) € {(2,0),(0,2),(2,1),(1,2),(2,2)}, upuuem
(ay,b1), ..., (a;, b;) momapuo pazamdubl. OUpenesnM 3aMKHY THIT KJ1ace

’ 0 01 a .. a
(albl),...,(alb,) — 1 K3
M Pd(011 by .. @)'
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Jlerko Buserh, uTo Kiacce M (20EDE2) - pr02)2N)E2) i A r(02)(2)(22) copnanaror ¢ mEO-
yKecTBOM ByHKNUi U3 P39, MOHOTOHHBIX OTHOCHTENBHO mopaaka 1 >0>2,1>2>0mn
2 > 1 > 0 cooTBETCTBEHHO.

Knace M©2) cocrour u3 dbyuxunit f(zq,...,2,) € P2, YIOBICTBOPIIONIUX CJIeIYIONIEMY
ycsI0BHIO: ecan Habop a € K nosyden u3 mabopa 5 € [JY 3aMeHOIl Bcex JIBOEK Ha HYJIH,
ro £(a) < f(3).

Knace M@ cocrour u3 dbyuxuuit f(zq,...,2,) € P32, YIOBIETBOPIIONIUX CJIeIYIONIEMY
YCJIOBHIO: ecyin HA0Op v € FY nostyden u3 nabopa E € EY 3aMeH0il BceX IBOEK HA eJMHUIIBI,
vo £(@) > f(B).

[Iycts s(z) — mpom3BoIbHASI TOJCTAHOBKA Ha MHOXKecTBe Fy. Oyuxmus f*(xy, ..., z,) =
s f(s(x1), ..., s(x,))) nasviBaerca apoitcreenuoit Kk dbynkuuu f(x,...,T,) OTHOCUTEJLHO
nozacranoBru s(x). st moboro muoxkecTBa dynknuiit A C Py, gepes A® Gyaem 0603Ha-
JaTh MHOXKECTBO BCeX (DYHKIHIl, TBONCTBEHHBIX K (DYHKIINAM MHOKecTBa A oTHOCHTE/BHO
IIOJICTAHOBKH S.

Ilycts p — npenuxatr Ha MHOXKecTBe E), A, = (a;;) — €ro MaTpuIa HICTUHHOCTH, i, j > 1,
a s(r) — npousBoJIbHASI NOJACTAHOBKA Ha MHOxkecTBe Fy. Yepes s(p) Oyuem 0603HAUATH
IIPeINKAT, MATPHIA HCTUHHOCTH Ag(,) KOTOPOTO COCTOMT U3 3I€MEHTOB 5(;j).

IIycts & C P35, a  — NPOU3BOJIbHBI HAOOP pa3invHbX mmepemenubix u3 X. [lycrs
dyukmun hi(z,F) € [6], i = 1,..,t, t > 1, Takossl, ut0 hi(2,%) = j1(2) + hi(F), rae
EZ(E) € P;,, a mepeMeHHas 2 IPUHAJIEKUT MHOXKeCTBY X , HO He BXoauT B Habop Z. Ilycrs
st Beex © = 1,...,t dopmyna ®; wax & peanusyer dyuknuto h;, npuaem N(P;;z) = 1.
st mo6oit nepementoit y € X u Jsoboro ¢t > 1 onpenenum dbopmyast F[®q, ..., Oy; y]
wag &. Ob6osmaunm uepes F[Pq;y] dopmyny, momyqaaomyocs u3 dhopmyasl P 3amenoit
eIMHCTBEHHOTO BXOXKJEHHSI TePEeMeHHOil 2 Ha mepeMenuyio y. [lycts mist mekoroporo I,
1 <1< t—1, mocrpoenst hopmysst F[®q;yl, ..., F[®q, ..., D y], nmpuuem

NF[®;y);y) = ... = N(F[®q, ..., P55 9];y) = 1.

O603uaunm depes F[Dq, ..., &, 1;y] dopmymy, nonyuatoryocst u3 dbopmyast F[Dq, ..., O;; y]
IOJICTAHOBKON BMECTO € TMHCTBEHHOTO BXOXKIeHUsT TiepeMeHHo# y hopmysibt F[®,1; y]. Oue-
BusHO, 910 N (F[Pq, ..., §ry1;y];y) = 1. Jlerko Bujers, aro dopmyra F[Pq, ..., §y; y] mocrpo-

to~
eHa HaJ cucreMoit & u peanmsyer byukmmio j1(y) + Y hi(Z). Kpome Toro, jerko Bugers,
i=1

9TO
t
L(F[®y, ..., 2139]) < > L(P;) + 1 (1.2)
i=1
u
[Iycrn

A= {fV@n), 152 (g, 5 )y 3 (@i ooy iy )} C P
rae fi — &dyHKIUS 0T OIHOH MepeMeHHOl, TOXKIeCTBeHHO paBHas eaunune. llycrs f € P
u dopmyna ® Haxm A peanusyer dbyuknuio f(zi,...,x,). ConocraBum dhopmyae ¢ mepe-
Bo Ty = (Vo, Ey), tae Vo — muo)kecTBo Bepminh, Ey — muO)KecTBO pebep. CymecTByer
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eCTeCTBEHHOE B3aMMHO-OTHO3HAYHOE COOTBETCTBHE MEYKJIy BepITUHAMU jJepeBa 1y m TOJ-
dopmyaamu dpopmyssl P: KOpHEBOI BepIiuHe coOTBeTCTBYET (hbopMmysia P, cMeKHBIM ¢ KOp-
HEBOI BepIIHHAM COOTBETCTBYIOT IuIaBHBIE MoadgopMyasl popmyasl @ u 1.1, Kazkmoit Bep-
IIIHHEe JepeBa, OTANYHON OT BUCAUei, TpunuieM (hpyHKIINOHAJIbHBIN CHMBOJI, COBIIATAIONTH M
¢ BHENTHUM (DYHKIMOHAJIBHBIM CHUMBOJIOM COOTBETCTBYIONIEH mojadopMyabl. Ecan aepeBo
Ty comepxut HEKOTOPYIO BepimuHy Cy, KOTOPOil TPUIUCAH CAMBOJ f1, TO 3aMEHUM YaCTh
nepeBa Ty, cocrosyto u3 Bepmuabl Cy, CMEXKHOR ¢ Heil Bucsdeil BepmiuHbl u pebpa, ux
coemHsoNIero, Ha oany Bepinmuny C. llpumumem Bepmune C' cumBosa 1. Ilpumenus sto
MPaBUJIO KOHEYHOE YHUCJI0 pa3, MBI TOMYIHM JdepeBo 1. Kaxkmoit Bucadeil BepimHe aepeBa
T, KoTopoil He HPUIUCAH CUMBOJ 1, IPUIKIIEM COOTBETCTBYIOMMI CUMBOJI II€PEMEHHOM.
Takum obpazom, Kaxkoit (opmyne Hasm A MOXKHO TMOCTABUTH B COOTBETCTBUE J1€PeBO 1,
BHCAYMM BEpIIHHAM KOTOPOIO MPHUITHCAHBI CUMBOJIBL 13 MHOKecTBa X, U {1}, a ocTagbHbiM
BEpIIHHAM — CHMBOJIBI U3 MHOXKecTBa { fo, f3,...}.

IMycts @ = (v, ..., ) € B}, E = (B1, ..., Bn) € E}. PaccrosimmeM no XeMMHUHTY MEKLy
HabOpaMu o U B Ha3bIBACTCA YHCJI0 KOMIOHEHT, B KOTOPBIX Pa3jnvyaroTcs HabOpbl & U B
(o6osnavenue p(a, 3)). lapom paauyca 1 ¢ neHTpoM B HAGOpe & HA3BIBAETCS MHOMKECTBO

mabopos [ € E}, takux, 4ro p(a, f) < 1.

1.2 CBg3b MexX/ay JABYMS MepaMu CJOXKHOCTI (POPMY.JI

B sTom pazesie Mbl yCTAHOBHM CBSA3b MEXKJIY IBYMSI BBEICHHBIMHU paHee MepaMH CJI0K-
nocru dopmyst @, a umenno mexy L(®) u L1(D).

B [37] ormeuaercs, aro ecom KoHeuHas cucrema byHKmit U HE COMEPKUT HU OJHOM
dbyHKIUN, 3aBUCAIIE OT 1 mepeMeHHoi, a Bec KaxKA0i (PYHKIUU, 3aBUCHIICH OT ¢ Tepe-
MEHHBIX, ¢ > 2, paBeH ¢ — 1, To jyig Jo6o#t dopmyasl ¢ wayx ¥ cupaBeJInBO PABEHCTBO
L(®) = LY(P) + 1.

Crenyromuit (6osiee cabbil) pe3yabTaT CupaBeiuB s GoJiee MUPOKOr0 MHOKECTBA
0a3uCoB.

JIemma 1.2.1. ITyemo U = {gy, ..., g} — xoneunaa cucmema Pynxyuti uz Py, 1 > 1, a & —
npouseosvnas gopmysa nad V. yems das w060l dynkyuu g;(x1, ..., Tp,) U3 MHONHCECTNEA
U, maxoti, wmo r; > 2, ewnoanaemes pasencmeo L'(g;) =r; — 1, 1 <1 < . Toeda umeem
MECTMO HEPABEHCME0

L(®) < LY(®) + 1. (1.4)

HokazareabcTtBo. llycth & — npousposibnas dopmysta Hayg V. Jlokaxkem yTBep:K/ie-
HEe JeMMbl WHIyKIue# no riaybune dgopmyast @. Eciu & — tpuBnaibuas dopmyma, TO
yTBep:KIenue gemMmbl odeBuano. Ecaun D(P) = 1, o dopmyna ¢ umeer Bum g;(yi, ..., Yr, ),
el <i<l,r 21 Eaumr,=1,10 L(®) =1< LY®)+ 1. Ectu r; > 2, 10 L(®) =1; 1
LY(®) =r; — 1. Tosromy L(®) < LY(P) + 1.

IIycts k > 1 u g Beex dopmya @ wag ¥, rakux, aro D(P) < k, yTBepK/IeHHe JT€MMBbI
soimostasiercs. [lycrs D(®) = k + 1. [lyers dopmyna ¢ umeer Bus

gj((I)l, RS ®Sj)7
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e 1 <j <, 5521, &p,..., P, — bopmynsr nax V. U3 onpegenenust caeayer pPaBeHCTBO
L(®) = L(®1) + ... + L(Dy,). (1.5)

Tak xak mas Bcex | = 1,...,s; cupasegnuso mepasencTso D(P;) < k, To k dbopmynam
Oy, ..., &, npuMenuMo npeanookenue uuayknun. Ilosromy g seex | = 1,...,s; uMeer
mecto HepaseHcTBo L(®;) < L'(®;) + 1. Econ s; = 1, 1o

Ecau s; > 2, To ¢ ygerom pasenctsa L'(g;) = s; — 1, mosnyuaem
L(®) = L(®1) + ... + L(Dy,) < (L'(P1) + 1) + (LN(Ds,) + 1) =

=L"(®1) + ...+ L'(Ds,) + 55 =L'(g;) + L' (1) + ... + L'(D,,) + 1 = L'(®) + 1.

JlemMma, moKazaHa.
OTmeTnm, 9TO 3Ta JeMMa MO3BOJIET MOJydaTh CJCJACTBASA B TEPMUHAX MEPbI CJIOKHO-
cru L(®) u3 pesynbraToB, cOpMY/IMPOBAHHBIX B TePMAHAX Mepbl cokuoctu L1(®).

1.3 HekoTopble olleHKN CJIOXKHOCTHU OyjaeBbIX (PyHKIIii

B sTOM pasjesie npuBeieHbl HEKOTOPbIe H3BECTHbLIE Pe3yJIbTATHl O CJI0KHOCTH Deasii-
saruu Oysebix dyHknmit. CHaYaga Mbl DACCMOTPUM 33J1a9y O CJIOKHOCTH Deau3alin
OyaeBbIX DYHKIUHA HAJT HOTHBIME CHCTEMAaMH, & 3aTeM IepeifIeM K CJIy9alo HEeIOIHBIX HO-
POXKIAIONIHX CHCTEM.

OJH U3 LPOCTERIIMX MeTOJA0B CHHTe3a OyjeBblX (GYHKIUI OCHOBAH HA peaju3aluu
COBEPIIEHHBIX U3 bIOHKTUBHBIX HOpMasbHbIX (opM. VIMeer Mecro ciejyrommuii pesyabsrar
(em., mampumep, [37]).

JIemma 1.3.1. ITyemv A = {x&y, 2y, T}. Toeda das w0601 bysesot pynxuyuy f(x1, ..., T,),
n > 1, 6uNoAHACINCA HEPABEHCINGO

La(f) < n2™. (1.6)
OTMGTI/IM TaK2Ke CJaeAyromee O9eBUAHOE YTBED2KACHUE.

JIemma 1.3.2. Ilycmov B € {Lo1, Lo, L1, LS, L, Doy, Dy, D1, D, Koy, Ko, K1, K'}. Toz2da dan
210000 KoHeuwHnol nopostcdaroulet cucmemsvr F' xaacca B natidemes xoucmarma ¢, maxas,
Ymo

Lr(B(n)) < cn.

B [37, 30, 33| npeiorkeH acMMITOTHYECKH ONTHMAJIBHBIA MeTO/ cHHTe3a (hopMyI1, Ha
OCHOBE KOTOPOIO IIOJyYaeTCs CACLYIONHNA pe3yabTar.
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Teopema 1.3.1. [37|. ITycmv F' — npousdeoivHas KOHEWHGA NOAHAA CUCTEMG OYAEEUT
dynxuuti. Tozda 6binosHAECNCA COOMHOULEHUE

2n

~ logyn

Lp(Py(n))

[Tepeitgem Tenepb K Ciydalo HEIOJHbIX HOPOZKpaonux cucrem. Vssecruo |61], aro jis
HPOU3BOJBHON KOHEYHOH cucTeMbl Oy/ieBbIX (byHKmit [’ mMeeT MecTo BepxXHdsd JIMHEHHAT
orenka coorBercTByoliei ¢pyukmun [Tlennona no riybune, a TakzKe BePXHAA IKCITOHEHIIH-
aJIbHas OleHKa cooTBeTcTBYIOMel dpyaknun [[lerHoHa MO cioxKHOCTH.

Teopema 1.3.2. [61]. [Tycmv F' — npoussosvhas koneunan cucmema 6yreeus Gynryud
u B = [F]. Tozda cywecmsyrom xoncmanmu ¢, d, sasucauue om F, maxue, wmo

Dr(B(n)) <cn, Lp(B(n)) < d"

JIji HEKOTOPBIX KOHEYHBIX ITOPOXK/IAIONIMX CUCTEM OIeHKH W3 TeopeMbl 1.3.2 mMoryT
6eITh yenstensl. B [56, 57| mokasaHbl cie/yoniye Be TeOpeMbI.

Teopema 1.3.3. [56]. ITycmov B € {S, Sp1, 0%, 1,08, I7°}. Toeda daa 210601 koneurot
nopostcdaroweti cucmemv, F kaacca B 6unoanaemes coommowerue

2n—1
log, n’

Li(B(n)) ~ p

ede p — munumym npusedennoir eecoe Gyrruutl us F.

Teopema 1.3.4. [57|. [Tyemv B € {To,T1,To1}. Toeda daa 110600 koneurnol noposcoaro-
wetl cucmemvt F' kaacca B evinoanaemes coommowenue

2n

LE(B) ~ pio—.
2

ede p — munumym npusedennoir eecoe Gynxuutl us F.

CrencTBueM U3 3TUX TEOPEM SBJSIOTCA CJAeAYIONIe IBe TeopeMbl. [100:KnM Bec KarK-
Jioit 6a3ucHOM (PYHKINU, 3aBUCAIIEH OT r > 2 IepeMeHHbIX, PaBHbIM 7" — 1.

Teopema 1.3.5. ITycmo B € {5, Sp1, 0%, 1,08, I7°}. Tozda dasn 410600 Konewnotl no-
poscdaroweti cucmemnvr F xaacca B evinoansaemes coommowenue

2n—1

Lp(B(n)) ~ log, 1’
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Teopema 1.3.6. ITycmo B € {Ty,T1,To1}. Toeda das 060l woneunol noposrcdaroued
cucmemsv, F' xaacca B sbinosnaemes coomowenue
27’L

Lp(B(n)) ~ logy 1’

JlokazaTebCTBO BEPXHHUX OIEHOK B THX TEOPEMaxX BhITEKAeT HEMOCPEJACTBEHHO M3 TeO-
pem 1.3.3, 1.3.4, nemmbl 1.2.1 u onpesesienns BeJHIUHBI p. HuKHWE ONMEHKHU CJIeAYIOT W3
CTAHJAAPTHBIX MOIIHOCTHBIX COOOParKeHUIA.

Tak:ke nMeeT MecTO CJIeayIontas TeOpeMa.

Teopema 1.3.7. [57|. Hycmv B € {MO>, MI* MO, MI°}. Ilyemv F' — npouseosn-
HaA KOHEUHAA TOPOHCOWOWAA cucmema kaacca B, das komopot p = 1. Tozda
1 2n

~ o Vvnlogyn'

Lp(B(n))

1.4 Hekoropsle cBoiictBa dynknmii u3 P

B srom paszzese MBI IpuBeeM HEKOTOPBIe cBoiicTBa (pyHKINi U3 P35, KOTOpBIE OyIyT
HCIIOJb30BAThCS B JTaJbHENTIIEM.
MMeroT MecTo cliefiyioliue JiBa yTBepKIeHus (¢M., Hampumep, [76]).

Jlemma 1.4.1. ITycmo s — nodemanoska na muosicecmee Ey,. Tozda' ecau

flx1, e xn) = go(g1(z1, ooy )y ooy g1, oy ),

fs(Ill? "‘7xn) = gg(gf(x:L? "'7xn)7 "‘7gfL<$17 "'737”))'

JIemma 1.4.2. [Tycmv s — nodemanoska na mmoocecmse Ey, &(xq,...,x,) — npeduxam
na mmoscecmee By, a Ae — mampuya ucmunnocmu npedurama §. Toada

(POlAg)S = POlAs(g).

Caenyiomee yTBepzK/ieHHEe JeMOHCTPUPYET CBA3b MeZK/1y 3aMKHYTBIMH KjaccaMu FPs o u
3aMKHYTBIMHU KJaccaMu OYJIeBBIX (DYHKITH.

Jlemma 1.4.3. Iyems F' — samrxnymut xaace pynryud us Pso. Toeda mnoscecmeo prF
ABAAETNCA 3AMEHYMBM KAACCOM OYAEET PYHKUUL.

1910 yTBep:KIeHIe HA3HIBAIOT IPHHINIOM JBOHCTBEHHOCTH.
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HoxkazareanbcTso. Ilycts [ — 3amkuyThiil Kiaace Gynknuit n3 Ps . [lycts @ — mpo-
M3BOJTbHAsI HeTpUBHATbHAs opmyia Haja cucremoit prF. Obosnauum depes h(xq, ..., x,)
OyneBy dyuknuio, peamunsyemyio dopmymoit &, n > 1. lomoxum = = (xq,...,z,). [o-
KaxkeM, 910 h € prF. ®opmyna ¢ Ge3 orpanndenus: obuHOCTH UMeeT BUA go( A1, ..., Aj),
e [ > 1, A; — dopmyant nag pri’, i = 1,...,1, go(2°) € prF, 7° — nekoropsiii nHaGop
epEeMEHHbIX, KazK/as W3 KOTOPHIX BXOANUT B MHOKecTBO X, = {21,..,2,}. Bygem 6e3
OrpaHIIeHHUA OOIMHOCTU CIUTATh, ITO Aq, ..., Ay, 1 <m < [, — 9TO CEMBOJIBL IIEPEMEHHBIX
Liyy ey Ty € X, COOTBETCTBEHHO, 1 < i1,...,0p < N, & Api1, ..., 4] — 9TO HETPHUBHAID-
He1e (popMyIBI Hajl pr ', peanusyionue HeKoTopbie 6yaeBbl (bYHKIUH Gpy1 (Z™11), ..., gi(T1)
coorsercrBenno, rae ™! .. 7! — HekoTopble HAOOPHI IEPEMEHHBIX, KaxKaasd U3 KOTO-
PBIX BXOJAUT B MHOXkecTBO X,. Tak kax ¢o, gmi1, .., g1 € prk, To cymecrByior pyHKIuu
30(2°), g1 (™), ..., (7)) € F, Taxume, uTo

pr(@) =g, 1=0, i=m+1m+2, .1

Pacemorpum dbopmyny Go(Ziy, - Tiy s a1 (T™), ., G1(7)), koTOpas peamusyer HekoTo-

pyio dyukimo h(xy, ..., x,) € F.
st siroboro vabopa o = (g, ..., ay,) € EY cupaBejjiuBbl PABEHCTBA

ﬁ(&) = Go(iyy ooy Qs Ga1 (), o, G1(Q)) = go(iys oovs Qs Gr1 (A, ooy gi(@0)) = B(@).

CanenoBarenbuo, h = prﬁ u h € prF. Jlemma noxkasaHna.

B cnenyiomeit 1emMme s J1I060T0 3aMKHYTOTO KJacca OyneBuIX yHKIHM B, Takoro,
gyto Uy C B, onmceipaloTcd MUHEMaJbHBIE 10 BKJOYEHHIO KaacCchl (DyHKIui u3 Fs o,
MPOEKINS KOTOPBIX COBIAIAET C KaaccoMm B.

Jlemma 1.4.4. [Tycmo B — npoussosvmulli 3amknymolli kiacc oyaesux dynkuut, marot,
wmo Uy C B. Tozda mmosicecmea pr BN Zy;, i = 0,1, A64410MCA MUHUMAADHBLMU 1O
BKANOMEHUN 3AMEHYMBMY Kaaccamu Gyrxuyuld us Pso, npoexyua xomopwx cosnadaem c
Kaaccom B.

JIOKa3aTeNbCTBO. 3aMKHYTOCTh MHOMKECTB pr- B M Z;; BbITEKAET W3 3aMKHYTOCTH
MHOYKECTB pr-'B u Zsi, 1 = 0,1. O4eBrIHO, 9TO TPOEKIMS KIACCOB priBN Zoi, i =10,1,
COBIAJIAET ¢ KaaccoM B. JlokaxkeM, 9To JIBa 3TUX KJIaccCa ABJISIOTCI MUHUMaJIbHBIMA. [IycTh
H — npousBonbHBIH 3aMKHYTHI Kilace dyHkmmit u3 Ps o, Takoit, uro prH = B. Tak kak
prH = B u Uy; C B, 10 B kiacce H wnaiinercss dbyukuus f(z1,...,2,), n > 1, rakas 410
prf = e(xy). Torga, B wactaocru, f(0,...,0) =0 u f(1,...,1) = 1. Paccmorpum dynknuio
g(x1) = f(z1,...,z1). OueBnano, aro g(z,) € H, g(0) =0mu g(1) = 1.

Ecmu ¢(2) = 0, to g(x1) = ji(z1) u ji(xy) € H. lycrs h(zy, ..., Ty) — TPOH3BOIB-
Hag byHKuua u3 knacca pr- B N Zyy. [okaxkem, uro h € H. Tak xak prH = B, To
B k1acce H maiinerca dyukuus t(z1, ..., 2, ), Takasg, ato prt = prh. Pacemorpum byHK-
mato t(j1(x1), ..., j1(zm)). Tak kak t € H u j; € H, 10 t(j1(21), ..., j1(zm)) € H. Tax kak
h € Zyp, To dyukiua h yaoBiersopser cieayooleMy yCIOBHIO: ecin HAOop a € EI' no-

ayden u3 Habopa € EY* 3aMeHOi Bcex nBOEK Ha HOsb, T h(a) = h(f). CiaegoBaresnbo,

t(jl(l'1>, ...,jl(l’m)) = ]’L(Ih ,In) uh € H.
Ecmm g(2) = 1, To aHATIOrEIHBIM 00pa30M JIETKO MOKa3aTh, 9TO pr- B N Zs1 C H.
Jlemma nokasana.
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Janee 1j1s1 HEKOTOPBIX OYJIE€BHIX KJACCOB B mpuBejeM omnmcaHue MHOXKECTBa KJIACCOB
u3 Pjo, MPOEKINs KOTOPBIX COBIAMAET ¢ KaaccoM B (70Ka3areqberBa 9TUX GAKTOB CM. B

195]).

Jlemma 1.4.5. [95]|. CymecrByer poBHO 3 Kiacca B Pj o, MPOEKIHS KOTOPBIX COBIIAIACT €
P27 a IMEHHO. P3’2, P372 N 22’07 P372 N 2271 (CM. puc. ].].)

/P?’K
Zao N Pso Za1 N P

Puc. 1.1: Kiaccel, npoexiusg KOTOpPbIX coBHaJaeT ¢ Py

Jlemma 1.4.6. [95]|. CymecrByer poBHO 3 Ki1acca B Pj o, IPOEKIH KOTOPBIX COBIAIACT C
kaaccom S, a mvenno: pr-S, prtS N Zyg, pr-tS N Zy; (cm. puc. 1.2).

pr—1S

T

ZQ,U ﬂpr‘ls Z271 ﬂpT_IS

Puc. 1.2: Kiacchbl, npoekIus KOTOPBIX COBIIAIAET ¢ KJIacCOM S

JIemma 1.4.7. |95]. CymecrByer poBHO 5 KJIACCOB B P55, 1poeK1A KOTOPBIX COBIIaJAET C
KJIaCCOM S()l, a UMEHHO! pr_lSm, pT_IS()l OTOQ), pr‘lSm ﬂTl(Q), pr_lSm ﬂZZ(), pT’_ls()l mZQJ
(em. puc. 1.3).

prtSm
T(EQ) Npr=tSe T1(2) Npr=tSe

Zoo Npr~tSp Za1 Npr=tSn

Puc. 1.3: Kiacchl, mpoekIuss KOTOPBIX COBIAIAET ¢ KJIaccoM Sgi

Jlemma 1.4.8. [95]. [nst soGoro a € Ey cymectByer poBHO 4 Kitacca B Pj o, TPOEKITHS

KOTOPBIX COBIAAAET ¢ KaaccoMm Ty, a mmenno: pr— T, Ta@), pr T, N 230, pr 1T, NZy1 (cm.
puc. 1.4).

Jlemma 1.4.9. [95]. CymectByer poBHO 5 KJ1accoB B Ps o, IPOEKIHA KOTOPBIX COBIIAIALT €
kaaccoM Tyi, a nmenno: pr— Ty, pr—1Ty ﬁTO(Q), pr— T ﬁTl(Q), pr= 01N Zag, pr-tTo1NZaa
(cm. puc. 1.4).
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pr— T pr 1T,
To(z) T1(2)

ZQ’O N pT’_lTO Z2’1 N p?”_lTO ZQ,O N p’f’_lTl Zg’l N p’f‘_lTl

Puc. 1.4: Knacesr, npoexiust KOTOphIX coBragaer ¢ kaaccom Ty (ciaesa) u Ty (cripasa)

pr— Ty
To(z) Npr~ Ty T1(2) Npr~ Ty

Zap Npr—Ty Za1 Npr—y

Puc. 1.5: Knaccsl, mpoeKInust KOTOPBIX COBIMAJIAET ¢ KJaaccoM 1y

1.5 IIpocreiinine MmeTo/ibl CUHTE3a

Cradasia paccMOTPUM MeTon, cuHTe3a dyHKIUH u3 Fjo, aHATOTUYHBIE MOIEINDPOBa-
HUIO COBEPIIEHHON MU3bIOHKTUBHON HOpMaabHOi dopwmbl. [Tycrs a = (ay,...,ap) € EY.

Oyuknuio Buga Kg = jo, (1) * - * Ja, (T,) OyIeM Ha3bIBATh KOHBIOHKIIHEI.
Hanomunm, uto B pasgese 1.1 6butu onpeesens GbyHKIMT

O(w1,2) = ji(x1) - k(22);

0(x1, 22) = ji(x1) + Ja(z2);
Pp(T1, 2, 03) = ji1(21) + Jp(22) - Jo(23), p € Es;
Up(@1, T2, w3) = ji(@s) + ji(z1) - Jp(@2) - Jo(w3), p € Es;
Cp(@1, T2, T3, w4) = J1(2a) + Ji(1) - Jp(22) - Ja(w3), p € Es.

Yepes U Mb1 0003Ha9aeM cucremy (QyHKIHT

{jla5707P0,P1,P2,¢o,¢1,¢2}.

Huist Jir060it hopmysibt @ u Jir0boit nepemennoii © yepes N(P;x) Mbl 0003HAUAEM UYUCIIO
BXOZKJIeHUH iepemennoit © B popmyry P.

JIemma 1.5.1. Ilyemv a = (aq, ..., ) € EY \ EY u t(xy, ..., Tn, Tni1) = j1(@nt1) + Kg,

ede n > 1. Toeda cywecmsyem dopmyaa A nad cucmemot UU {(o, (1, (2}, peaausyrouan
dynryuro t, maxas, wmo

LIA)<2+3n u N(®z,41) =1
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HoxkazareanscTBo. llycts n = 1. Torna
t(x1, x2) = ji(w2) + Ja(1)-
Jlerko Bugersb, aro dbopmyna A = (zy, 1) peamusyer OYHKIMIO ¢, TpHIEM
L(A) =2, N(A;z5) = 1.
ITycts n = 2. Be3 orpanndenusi OOITHOCTH MOYKHO CUUTaTh, 9T0 oy = 2. Torma

t(x1, 2, 23) = j1(xs) + j2(T1) jay (T2).

Jlerko BueTh, 9T0 /715 JIOO0TO (9 € F3 dbopmyia A = (,, (0(x1, 21), 9, 21, T3) peannsyer
dbyukiyo t = ji(x3) + j2(21)ja, (T2), npHUeM

L(A) =5, N(A;x9) = 1.
[Iycts n > 3. Be3 orpannyenus oOIIHOCTH MOXKHO CUUTATh, 9YTO arp = 2. Torma

t(xh ooy Ly $n+1) = jl(xn+1) + j2(x1)ja2 (I2)"'jan(xn)'

[Toctponm dbopmyny A naz cucremoit 34U {(o, (1, (2}, peanusyonnyio dyuknuto t. Pac-
CMOTPHM MOCJIEIOBATCIBHOCTD (DYHKIIMI

g3(ZE,IE1,{E27I'3),g4(Z',ZE1, "'7$4)7 "'agn-f—l(w?xlv "'7$n+1)7

TaKUX, 4TO
93(x, v1, 29, 23) = J1(w) + j1(23)2(21)Jas (22),

ga(w, 21, .., 24) = j1(x) + J1(24)72(21) Jao (72) Jas (3),

In1 (2,21, oy Tng1) = J1(2) + J1(Tng1)d2(21) oo (22) - o+ Ja (Tn).

OdeBuIHO, YTO

LTy ooy Ty Tig1) = Gt (Tpg1, T1y oony Ty, O(21, 1)) (1.7)

IToctpoum dhopmyser X, Hag cucremoit U U {(o, (1, (2}, peanusyromue dbyHKIMT g;, j =

3,...,n+ 1. ITonoxum
Y3 = Cay (73, T2, 71, 7).

Bamernm, aro dhopmyia Xz peanusyer GyHKIHIO j1 ()4 j1(23)j2 (1) jay (22), TO €cTb dyHK-
o g3, npudem N (X3; ) = 1. Ilycrs mra wHexkoToporo j € 3, ..., n dopmyta ¥; yiKe mocTpo-
era, npuiem ¢opmyna X; peasusyer dyuxuuio g; u N(X;;2) = 1. Obo3naunm 4epes f]j
dopmyity, nostydaronyocs U3 GOpMyJIbl Y; 3aMEeHOlt eJIMHCTBEHHOI0 BXOXK/eHUs IIepeMeH-
HOIl T Ha IIEPEMEHHYTO T'1 U 3aMeHOIl KazK/I0r0 BXOXK/IEHHS [I€PEMEHHON X; Ha IepeMeHHYO
Zjp1. Homoxum

ZjJrl = Caj(zjuxﬁxlux)'
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Tax xak dgopmyna X; peaausyer yHKIHIIO
9; = (@) + J1(x;)j2(21) Jag (2) - o - Jay_, (25-1),
TO popMyIa ij peanu3yer OyHKIHIO

J1(w1) + J1(@11) J2(21) Jan (T2) - oo - Jayy (T5-1),

a dbopmyma Xji peanusyeT dOyHKINIO
Ji(w) + 1 (@) + J1(zj01)d2(21) Jas (02) - o v oy (T5-1)) - J2(21) o, (25) =

= J1(%) + Jj1(2j41)J2(T1)Jan (T2) - oo+ oy, (Tj-1) = gja1-
JIerko BUIEeTH, 9TO
CaenoBaresnbho, dopmyrta X,y peanusyer OYHKIHIO Gni1, upudeM N (3,11, 2,41) = 1.
Paccvorpum hopmyny O, momydaroniytocss w3 (QOPMYJIbL Y, 41 MOACTAHOBKOI (hopMyJTbI
0(x1, 1) BMECTO €JMHCTBEHHOT'O BXOK/IEHUS MEPEMEHHON X, 1. HeTpyauo ybeauTrbes, 9ro
dopmyaa O peanusyer GpyHKIUIO

Ji(@) + j1(J1(@1) + g2(21)) 2 (71) o (72) - oo+ Ja, (T0) =

= j1(7) + J2 (1) Jan (T2) - o+ Ja (T0)

Ob6oznaunMm depe3 A dhopmyay, TogyUdaOIMyocs u3 GopMyIbl © IIOICTAHOBKO IepeMeH-
HOU Z,.1 BMecTO mepemenuoit x. OueBuano, uro dhopmyaa A peanusyer GbYHKIHIO ¢ H
N(A, zpy1) = 1.

Tak kax L(X;) =3+ L(X;_1), j =3,...,n+ 1, r0o L(X,+1) = 1 + 3n. CrenoBaressHo,
L(Ag,) = 2 + 3n. PasencrBo N(A;x,.1) = 1 oueBunno. Jlemma goka3ana.

i

JIlemma 1.5.2. [lycmo

m

t(xla ---,fm?/) = ]1(?/) + ZKam

i=1
edem =1,y € X u cymma bepemcs no npouseosvhvim Konsonkuusm Kg,, maxum, 4mo
a; = (1, .y un) € EY\ EY, i =1,...,m. Toeda cywecmeyem gopmyaa ® nad cucmemot
UU{Co, C1, G}, pearusyrowan dynrkyuro t, makas, wmo

L(®) < (24 3n)m+1, N(®;y) =1.

okazareabcTBo. Hadg Bcex ¢ = 1, ..., m TOJI0XKUM
t&i('xlv"'?xn>z) :jl(z)+K&ia (18)

rae z € X\ X,,. Jdus kaxkmoro ¢ = 1,...,m B cuny semmbl 1.5.1 cymecrByer dbopmyna A,
Ha 1 cucremoit MU { (o, (1, (2}, peasusytomnias GbyHKIHUIO t5,, TaKast, 4TO

L(A;) <2+3n, N(Ajz) =1.
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Paccvorpum dhopmyny

JIerko BuIeTH, 4TO
L(®) <Y L(A)+1<(2+3n)m+ 1.
i=1

OueBuno, uro N(P;y) = 1. Jlemma nokasana.

Pacemorpum nipousBoabayto GyHKIuo f(xq, ..., Ty, Tyyp1) W3 MHOKeCTBa H,, n > 1.
[To ompenenenuio, f(xy,...,Tn, Tny1) = Jj1(Tnt1) + g(x1, ..., 2,), THE g € P3o, prg = 0.
OdeBuano, 9ro pyHKIUA [ MOXKeT OBITH IPEJICTABICHA B BUIE

m
f(xla ooy Ty anrl) = jl(‘rnJrl) + Z Kai7
i=1
re cymma Oepercs mo BceM Habopam «; € E¥ \ EJ, takum, uro g(a;) = 1. Tak kak

m < 3" — 2", ToO UMeeT MeCTO CJIeJCTBHE U3 JOKA3aHHON BBIIIIE JIEMMBI.
Cuaencrue. g mwoboit dynkmun f(xq, ..., Tn, Tur1) € Hy, n = 1, cymectByet Hop-
mysia © man cucremoit U {(p, (1, (2}, peasusyiomas dbyHkiuo f, rakas, 4ro

L®) < (2+430)(3"=2")+1 u N(®;z,4) =L

IIpuBeseM ele OJUMH METOJl CHHTE3a HKIU#H u3 P39 Hag 6a3mcaMu, COmep:KaIlnMA
3, 9
(GYHKIMIO OIpeeIeHHOrO BHIa. DTOT METOJ CHHTE3a ONUPACTCS Ha JIEMMY, SBJIAIONLYIOCS
aHasioroM JieMMbl 3 u3 [65]. dagaum Heobxopumble OlpeiesieHust.
Mycrs p > 2, 1 < i < p. Homoxum 2° = (24, ..., Tj_1, Tiyq, oy 7). OB03HATIM Tepes XP
nabop (r',...,2P), cocrosmuit uz p(p — 1) nepeMeHHbIX.
Ilyers f(xq, ..., x,) — npousBoabHag GyHKIUA U3 P35, n > p. ByneMm obo3Ha4garh depes
) ) 3,25
i
fj(DCh sy Lj—15 T4, woy Tp) byHKIHIO

f;(l’l, ...71'j,1,$j+1, ,ZL'n) = f(:l)'l, --~,5L’j717$i,33j+1, ,.fL'n)

Yepes Y;’ OyaeM obozHadaTh HabOp (YHKIHMMA, HoJIydalomuiics w3 Habopa XP 3ameHoii
nepeMennbix r; Ha ByHKIUM fi COOTBETCTBEHHO, Tae i, ] = 1,..,p u i # j.
Jlns kazkoro p > 3 oupenennm OyieBy dynknmio 0,(X?). TTomoxum

6,(X7) = \/ (&),

rjie JU3BIOHKIMSA O€PeTCs M0 BCEM i1, ...,04 = 1,...,D, &y, 7# 1s UPA U F# S, & KOHbIOHKIIHS
Oepercd 1o BceM 7, [, Takum, uyto 1 < j < < 4.
[IpuBeseM HECKOTBKO BCHOMOTATEABHBIX YTBEPIKICHMIA.

JIemma 1.5.3. [65]. st sii060ro m > 2 cymiecTByer HATYpasbHOE 9UCI0 (M), TaKoe, 9T0
dbynxmmg 0, () HpuHALITEKAT KAaccy O™.

O6oznaunm 1depes D, muOo)kecTBO byHKIMA A,(XP) n3 Pso, Takux, 410 pri,(X?) =
3, (XP).

Crenymomast jleMmMa aHajJorndna jgemmve 3 u3 [65].
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Jlemma 1.5.4. Jlaa mobwx namypasvuo n = p > 9, daa aobot gynkyuu Ay(XP) us D,
u 060t dynkyuy f(yi, ..., yn) u3 Pso suinoansemes pagencmeo

f(yh ---73/71) = AP(Y;}>

HokazareabcTBo. /lokazxkeMm cHadaia, 9TO B YCJIOBHAX JIEMMBI JJIs JII0OOTO HabOpa
- " ~ b~
a € By soimosngerca nepasenctso f(a) < Ay(Y7 (). Pacemorpum nepsbie p paspaion
Habopa . Tak kKak p > 9, 1O cpeJiu LUEPBBIX p pa3pdJoB Haiijercsd 4 OJMHAKOBBLIX. be3
OrpaHIIeHNs OGIIHOCTH MOYKHO CHHTATh, 9TO (v = (p = (3 = . lora 3navenus fi(a)
pasubl f(a) miasg mobeix 4,7 = 1,2,3,4, i # j. CienoBaresbHo,

o~

Ap(Yf(@) = fla@) v f(a) = f(a),

rie f — HekoTopast (bYHKIHS U3 Ps 5. Taxum obpasom, mepasenctso f(a) < Ay(Y7 (@)
JOKA3AHO.
IMokazem, uTo a5 moboro nabopa & € By Beimosmsercs nepapenctso f(a) > A, (VY (a)).

Bamerum, uro ecian 1 < iy = iy < n, TO f; (@) = f(@). Cpenu J1060ii deTBEPKH Pa3psIOB
Habopa a 00s13aTeIbHO HARIYTCS 110 KpaiiHeil Mepe 1Ba oauHaKoBbIX. C/ie10BaTeIbHO, MHO-
xutesb f(a) ectb B Kazxkaom caraemom dbynkinun A, (Y7 (@)). Snaunr, f(a) > A, (Y7 ().
Taxum obpasom, f(a) = A,(Y7(a)). Jlemma noxasana.

3ameuanme. Takke cupaBe/inB ABOHCTBEHHDBIN K jjeMMe 1.5.4 pe3yibTaT OTHOCHTE b=
HO TepectanoBku § = (01)(2). st 100bIX HATYPATBHBIX 1 > p > 9, mias n060i dbyHKIHN
A% (X?) u3 Dy n moboit Gynxkmun f(y1, ..., Yn) U3 P32 BHIIOTHAETCA PABEHCTBO

1.6 Ilopoxkagaroiue cuCTEMbl MAKCIMAJbHBIX KJaCCOB

B 5TOM pasjese HPUBOISTCH HEKOTODBIE ITOPOZAIAIONIHE CUCTEMbI [ BCEX MAaKCH-
MaJBHBIX KJIacCOB, KpoMme Kiaaccos pr— Oy, pr—tCy, pr=1Cy.
HanomuaumMm, 4aTo

L( = {j1,5,8,00,P1,P2:¢07¢1a7v/}2}-

B cirenyromeit 1eMMe TOKA3BIBAETCA, UTO CUCTeMa U SIBAIETCA MOPOKIAIONIEH CHCTeMOit
kaacca pr Uy (em. Takwxe [95]).

JIlemma 1.6.1. Buinoanaemcea coomuowerue

[ﬂ] = prilUm.

HoxkazarenbcTBo. Brmouenne (U] C pr~1Uy BeNoOMHAETCA B CHIIY TOTO, YTO KazKIas
dbyurmma MuozKecTBa LU TpUHAIEKAT MHOKecTBY pr— Uy, a TaK:Ke 3aMKHYTOCTH MHOZKe-
crea prUy;. Jlokaxem, uro umeer mecto Brjovenue pr— Uy C [U]. Tlycrs f(z1, ..., Tn) —
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nponsBoabHas Gynknnsa n3 kaacca pr-Uy. Hoctponm dbopmyny Ham U, peaawsyonLyo
dyuxmmio f.

Bes orpanndenust obmaocT 6y1eM CIuTaTh, 910 prf(xy, ..., x,) = x,. llyers ay, ..., @y —
BCce HaOOPBI, HA KOTOPLIX (GyHKIUS [ npuHuMaeT 3uaderue 1, m > 0. Jlerko BuaeTh, 4TO
dbyuxust f(xq, ..., T,) MOXKeT ObITH IIPEJICTABJIECHA B BHJIE

(@1, oo n) = j1(xn) - k(zy) - o k(a_y) + ZKai. (1.9)

OueBnHO, 9TO CyliecTByeT Hekoropasi dopmyrna X Hazx {J}, peanusyiomas QyHKIUIO
J1(zn) - k(xy) - oo k().

Ecim m = 0, To yTBep:KieHre JeMMBbI BBITTOJTHSETCS, TaK KaK Y peaju3yeT (PyHKIIUIO
f m moctpoena wan cuctemoit Y. [lycts Temepp s > 1. 3 jmemmbr 1.5.2 ciemyer, 9TO
cymectByeT dopmyna ¢ man iU, peammsyromasa GyHKIHIO

Ji(y) + ZKam (1.10)

rae y € X\ X,. [Hoacrasus B hopmyiy ¢ Bmecto nepemernoii y hpopmyJty 3, Mbl 10y 4UM
dbopmymy Haz U, peanusyromyo dbyaxmuio f (cm. (1.9)). Jlemma nokasana.

B crenyrommem yTBep:iKIeHUN MPUBOISTCS MOPOXKIAIOIINE CUCTEMbBI I JTIOO0TO KJIac-
ca Buja pr- 1B, rae B — 3aMKHYTBII Kjacc OyjeBbIX (DYHKIHUI, OTJIMYHBI OT KJaccoB

C, Cy, C.

Jlemma 1.6.2. ITycmv B — samrxuymoitl KAacc 0yaesuix GyYHKUULl, OmauaHvlll om Kaaccos
C, Cy, Cy. Tozda daa n106020 mrosicecmsa A C Py, makozo, wmo [prA| = B, muoscecmeso
AU YU aeasemea noposcdaroweti cucmemoti xaacca pr—'B.

JokazarenncTBo cM. B [95].
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I's1aBa 2

CJI02KHOCTD IICeBJIOJANHeHbIX (PyHKIIii

B macrogiiem naparpacde uccieryercsd CJI0XKHOCTD IICeBAOJTMHEHHBIX (PYHKIIHT, TO eCTh
byHKIMI TPeX3HAYHOI JIOIMKY, TPUHUMAIONINX 3HadeHns n3 MHOxKecTBa {0, 1}, n orpanu-
YeHWs KOTOPBIX HAa MHOYKeCTBe HAOOpPOB M3 HYJEH W eJWHUI SBJIAIOTCS JUHEHHBIMU Oyie-
BeIMH byHKIUsIMH. MHOXKecTBO Beex TakmX (byHknuit obosnadaercs: depe3 L. B pazmene
2.1 orMeyarorcsi OCHOBHbBIE CBOMCTBa 1ceBjonHeiHbIX dyHknuit. B pasiene 2.2 naxogaur-
cd CIOXKHOCTH Dean3alfi NceBIoanHeilHbX GyHKnuil u3 knaccoB Zs; N L, 1 = 0,1, u
Lo,, 1 <17 < 00, a TaKyKe NPUBOANTCA acUMNITOTHYecKas onenka dynkuun Ilennona mis
ki1acca L. B paszene 2.3 HAXOAUTCS CJIOKHOCTH PEAJUBANUU MCEBAOIUHEHHBIX DyHKITHA
3 kaacca L.

2.1 IlceBposmueiinbie (pyHKIIUM M UX CBOICTBA

Hosmoxum L = {f € Psys|prf € L}. @yukuus f(xq,...,x,) € P39 HA3BIBACTCS 1ICEBLO-
smHelnoit, ecau f € L.

HanomuuM HeKOTOpBIe 0603HaYeH s, BBeIeHHbIe B maparpade 1. Yepes A(z,y), u(x,y)
u V. (1, ..., ;) Mbl 0003HaYaeM (byHKIUHI

Mr,y) =z +y, plry) =5(2) 52(y), velzr, .. 2,) = jo(21) - oo - Jol,).

IlpuBenem onucanue 3aMKHYTHIX KjaaccoB H C Ps,, Takux, uto prH = L. Ilyctb
f(z1,...,x,) — npousBosbHas nceBgoanHeliHasg GyHknusa. HerpynHo BuaeTh, 9T0 BBIIOJI-
HSETCS PABEHCTBO

flzy,.xy) = ngl(xl) et Jon (),

rJe CYMMHPOBaHHe MPOU3BOAUTCSA 10 BeeM Habopam o = (o4, ...,0,) € EY, Takum, 9To
f(o) = 1. Bamennm Kazxkgoe BXOXKAeHHe GQYHKIUH jo(y) B MPaBOil YacTH STOTO PABEHCTBA
Ha paBHyIO eit dynkuuo 1+ j1(y) + jo(y) u packpoem ckobku. ITosryanm npejcrapieHne
byukmun f(z1,...,2,) B CACAYIONEM BUJE:

f(x1, s mp) = (@1, o, ) + 04 (21, 0, ),

rie

Ne(x1, . p) = a+ ZCLFQF(xl, @)y Op(T1, e, ) = ZQLJ%LJ(xl, ey X)),
F 1,J
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QF(I'l,...,[En) :Hjl(l'z)7 %]J([El,...,l'n> = H]l(xz) . H]Q(CL’J) s
el el jeJ
a,ap,ary € By, cymMmupoBanue B onpejenenun (hyHKINH 6 IPOU3BOAUTCS 1O BCEM HEILy-
CTBIM HOAMHOZKeCTBaM MHOXKecTBa {1,...,n}, a cymmupoBaiue B oupeaesenun (GyHKIU 0 ¢
IPOU3BOUTCA 1O BeeM MHOKecTBaM [, J, takum, ato [TUJ C {1,...n}, INJ =@, J # @.
[Tockonbky prf = a+ prOr u prf — nuneitHas GyHKIHUS, TO

9F(3317 ---79€n) = Z aijl<xi)>
i=1

rjae a; € Fy. CiaenoBaTeibHO, MBI ITOJYYHJIM IIPEICTABICHUE MCEBAOJHHEHHON DyHKInn f
B BHIE

f(x1, s zp) = (@1, o, n) + 0 (21, .00, 20), (2.1)
e

n
(@1, .o, Tn) = a+ Zaijl(azi), Sp(T1, ey Tp) = ZaI,J%LJ(Il, ey ),
i=1 I,J

717 (T1y ey Tn) = Hjl(xi) . sz(%‘) ;

i€l jeJ
a,a;,ar,; € s, a cymmvmmposanne B onpesiesieHn (DyHKIN 0 TTPOM3BOANTCA O BCEM MHO-
xkecrBaMm [, J, rakum, aro JUJ C {1,...n}, INJ =&, J # &. Ecin ar ; = 1, To byukuns
»r. (21, ..., T,) Ha3pIBaETCS KOMIIOHEHTON byHKIMH f. MHOXKeCTBO BCeX KOMIIOHEHT (hyHK-
mun f Oysem obosznadars uepes K. Ilonoxum K = |J Ky, rue obbenunenue Gepercs 1o
BceM ncesnoaunneiinbiM dynknuam f. [Ipencranenne Gynknuu f € L B Buge (2.1) Gyaem
HA3BIBATH KAHOHUIECKHM.

Jlemma 2.1.1. Kanonuueckoe npedcmasaenue a0boti ncesdosunetinoti Gyrurxuun edun-
CMBEHHO € MOUHOCTNBIO 00 NEPECMAHOBKU CAGRAEMBLT U NOPAJKA MHOMCUMELET 6 Caazae-
MbLL.

HokazarenbcTBo. [lokaxkem cHavdasa, 9TO €IUHCTBEHHO KAHOHHYECKOE IIPEICTABIIE-
HHE IICEeBIOINHEHOH DYHKINH, TOXKISCTBEHHO PABHON HYJII0 M 3aBUCAIIEH OT mepeMeHHBIX
Z1, ..., Tn. OueBUIHO, 4TO ecsu Bce Kodddunuentsl a,a;, ar ; pasubl 0, T0O COOTBETCTBYIO-
mee KAHOHUYIECKOe TPeICTAB/IeHNe Pean3yeT TOXKIeCTBEHHBIH HOJIb. [Ipeamnookum, 910
cymiecTByeT Jpyroif Habop Ko3dUImenTos a,a;,ar j, TaKO#, ITO COOTBETCTBYIONIEE Ka-
HOHHMIECKOE IIPEeICTABICHIe pean3yeT TOXKIeCTBeHHBIH HOb. Ecaun a = 1, To Ha HabOpe
(a1, ...,a) = (0,...,0) byHurHsa, peasnsyeMasi TAKHM KaHOHHICCKUM IIPEJICTABICHUEM,
paBHa 1 — mpoTtuBopeune. 3uaunut, a = 0. IlycTh cymecrByeT ¢ Takoe, uro a; = 1. Torma
Ha HAGOpe (Qv, ..., Q_1, U, Qg 1, ...y ) = (0,...,0,1,0,...,0) byuKIHs, peannzyemas TaKuM
KaHOHWIECKHUM TIpPeJICTaBIenneM, papHa 1 — nporuopedne. CrenoBaresibHO, Bce KO du-
mueHTH a; paBHH 0. Tak Kak He Bce KO3MMUINEHTH a, a;, @7 ; PABHBI HYJIIO, TO CPeJH KO-
sdunmenTos a; ; Haiinercs 1o Kpaiineil Mepe oguH Ko3dUIIeHT, paBHbIil equHAIE. BBI-
Hepem cpeu K03 HHIHEHTOB a7 7, PABHBIX €IUHHUIE, TOT, s KOTOporo cymma |I|+|.J| mu-
HUMAJIbHA (JPYTUME CJIOBAMH, BEIOEPEM CaMyI0 KOPOTKYIO KOMIIOHEHTY ). DTa KOMIIOHEHTA
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umeer BU j1(z, ). J1(2r,)j2 (2 ). de(xs,), 1 <t <n, 0 < s <n, 1< Uy, oy lgyiny oy iy <,
l, #i;opur=1,..,suj=1,..,t Torna KanoHmIecKoe IIpeJcTaBaeHue peatnsyer (pyHK-
U0, PABHYIO eIWHUIlE, Ha HAOOpe, B KOTOPOM Ha [1, ..., [;-bIX TIO3UIUSIX CTOUT € THHUIIBI, Ha
11, ..., 1;-BIX TIOUIIUAX CTOST JBOMKM, a HA OCTATBHBIX MO3UIUSIX — HYJIU. DTO MPOTUBOPE-
YUT TOMY, 4TO KAHOHUYECKOE MPEJICTABICHIE peajn3yeT (DyHKIMIO, TOXKIECTBEHHO PABHYIO
aya0. Takum 00pa30M, KAHOHUYECKOEe MpejcTaBicHne (HPYHKIUU, TOZKJIECTBEHHO PaBHOM
HYJIIO, €JIAHCTBCHHO.

[IpeaosioKuM, 9T0 Y TPOU3BOIbHOM IICeBI0InHERHON (DyHKINK [ CyIIeCTBYeT 10 Kpaii-
Hell Mepe JBa pa3AnYHBIX KAHOHUYECKUX MIPEJICTABICHUS

flxy,.yxy) = n}(xl, ey Tp) + 5}(201, ey Tp),s

flzy,.xy) = nfc(xl, ey X)) F 5?(%, ey X))

CJ103KHB 9THU JBa PABEHCTBA MO MOIYJIIO 2, MOJYYUM, 9TO

0= (n}(ml, ey Tp) F 77]20(:171, ey Tp)) + (5}(%, ey Tp) F 5;@1, ey Tp))-

ITo kpaiineii Mepe oana u3 AByX bYHKIMi 1; + 07 U 0f + 07 He PaBHA TOXKIECTBEHHOMY
HYJIIO, TAK KAK ObLIM B3STHI JIBA PA3JIUIHBIX KAHOHMYECKUX MPEJCTaBIeHus PyHxknuun f.
CnemoBarenbuo, (gpyukius 0 10MycKaeT KAHOHHYECKOE MPEeJCTaBIeHne, B KOTOPOM He BCe
k03 DUnnenTsl @, a;, ar,; PaBHB HYTIO. DTO NPOTUBOPEUYUT JOKA3aHHOMY BbIIIe. Jlemma
JIOKa3aHa.

Obo3naunm depes J; MHOKecTBO Beex dyHKIui ji(x;), 1 <@ < n, Takux, 4ro a; = 1 B
KaHOHIYeCKOM IpefcTapaenun dbynxnun f. OnpeaeanM MHOXKeCTBO Hy ciieayionumM obpa-
30M: ecst @ = 1 B kanonmveckoM upexacrasiaennn ¢yuxmun f, to Hy = {1}; B nporusaom
ciydae Hy = @. Ionoxum Yy = Ky U Jp U Hy.

OmnpejiesuM cieyonue moaMuozkecTsa Muoxkectsa L. [looxum

Ly={f€LIK; C {sq,€K| |I| <1}},
Loy ={f€LIK; C s e K| I=2,|J[<r}}, 1<r<oo,
‘62700 = {f € £|Kf - {%]7(] € K| I = @}}

B [95] mokazaHo, 9TO MHOXKECTBO BCEX 3aMKHYTHIX KiiaccoB F' C L, takux, uto prF = L,
cocTonuT u3 caegyomux kaaccos: L, Lo, Zog N L, Zy1 N L, Loy, tie 1 < 1 < 00 (cm. puc.
2.1). Ilpu 9TOM KasKABIH M3 MEPEYHCJICHHBIX 3aMKHYTBHIX KJIACCOB, KpoMe Kiacca Lo oo,
UMeeT KOHEUHBIH Oa3mnc.

Onpegeum ciaemaytoniue cucteMbl dyHKIUN u3 L. [Tomoxum

A={LAz,9)} B=AU{)j(y)j(2),jo(z),j1(x),ja(z)}, € =AU {u(z,y)},

9, =AU{v (21, m)}, €={1,jo(x) + jo(y)}-
Ussectro [95], uro [A] = Zoo N L, [B] = L, [€] = Ly, [D,] = Lo, [€] = Zo1 N L.
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Puc. 2.1: IlceBonnHeiHble KJIACCHI

2.2 Knaceel Zy; N L, Lo, 1 L

B srom nmaparpade paccMaTpuBaioTCsl CaeyONHe KIaCChl ICeBI0NHEHHBIX DYHKITAH:
ZoiNL,i=0,1; Lo,, 1 <7 <005 L.

Teopema 2.2.1. ITycms Q) = ZyoNL, U = Zy NL. Hyemo f(xq, ..., x,) € Q, g(x1, ..., 2,) €
U, npuvem dynxuun f, g cyuecmeenno 3a6Ucam om Nepemermbis T, ..., Ty, 1 = 2. Tozda
BHNOAHAIOMNCA COOMHOULCHUA

La(f) = |J5| + [Hgl, Le(g) = |Jg| + [Hyl. (2.2)

HokazareabcrBo. Hamomnum, uro B knacce Zs,, a = 0,1, gexxaT Te U TOJBKO Te
dbyukun h(zy, ..., x,) € P32, KOTOPbIe 00/1aIAI0T CJIEIYIONINM CBOHCTBOM: ecin Habop & €

EY monyven u3 nabopa § € EY} 3aMenoit Bcex IBOeK Ha a, T0 h(a) = h(f). 3naunT, Kaxkias
dyuxnus 3 kaaccoB () u U OTHOCTHIO 33/1a6TCsl CBOUME 3HAYEHUSIMHU Ha Habopax n3 HyJiei
u exunni. Torpa qs byakuuit f(xq,...,x,) 1 g(xq, ..., ;) BBIIOJHAOTCS COOTHOITEHUST

La(f) = Ligaryy(orf) = |yl + [Hyl, Le(9) = Ligaryy (rg) = |Jo| + [Hyl.
Teopema jilokazana.

Teopema 2.2.2. IIycmo QQ = Zy0NL, U = Zy1NL. Tozeda npu ecex n = 2 umerom mecmo
COOMHOUEHUSA

La(Q(n)) = Le(U(n)) =n +1. (2.3)

HoxkazarenbcrBo. Hemocpencrsenno us reopemsr 2.2.1 caeayet, uto Ly(Q(n)) = n+1,
Le(U(n)) =n+ 1. Teopema joka3aHa.
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[Tepeiinem x n3y4deHnIo KjaaccoB Lo, 1 < 7 < 0o. OnumeMm HEKOTOpPbIe CBONCTBA MIHN-
MaJIbHBIX (POPMYJI HAJL CUCTEMOMH D, 1 = 2.

Iycrs f(x1,..,2,) € La,, ® — MuHEMaNbHas dopMyIa, peajgusymomas QyHKIHIO f
HaJ cucremoit ©,., T — mepeBo, coorBercTByONIee dhopmyae ®. B cuny MEHEMATBLHOCTH
dbopmyssr ¢ uu ogna noadopmyna bopmyssl ¢ He MOKeT UMETh BUA, Uy (X1, ..., Xy ), TE XOTSI
661 ofHA 13 TTOAMDOPMYIT X1, ..., 3, OTJIMYHA OT CHMBOJIA MEPEMEHHOI (B IIPOTUBHOM CJIydae
noadopmyna v, (X, ..., %,) peanusyer GyHKIUIO TOXKICCTBEHHBIH HOb u P He gBIsteTCs
MUHIMAJIBHOM). TTo9TOMy MOXKHO cuuTaTh, uTo Jobast noadopmyaa dopmyas ® umeer
OZIMH U3 ABYX BUIOB: 60 A(2, Q), rae X, Q) — dbopmysst Hag D,., mubo v, (i, ..., T;, ), TIe
1 <4 <... <1 < n. llycrb v — Bepuuna nepesa 1, ve sistitonasics sucsaeit. Obo3HadanM
qepe3 f, QYHKINIO, peatn3yemMyo moadopMyIoil, COOTBETCTBYIOIIEH BepimuHe v. [lycth w
— BHCcgYag BepiuHa jgepesa 1. O6o3HauuMm depes y,, cuMBoa u3 MHOXKectBa X, U {1},
NPHUITUCAHHBIA BePIIHHE W.

Jlemma 2.2.1. ITyemv © — munumanrvrnan dopmysa nad cucmemotd ®,.. Tozda popmyaa

® peanusyem Pyrryu0
Z jl(yw) + Z fv'

weA vEB

doka3zaTeabCTBO 1poBejieM uHjayKiueil 1o riayoune dpopmysibl P. Iepeuncsium mu-
HUMabHbIe bopMysbl LIyouubl 1, peanusytonme Gynknnn u3 Kiaacca Lo 1(x), A(xq, x2),
Vr(Ziyy ey iy ), T 1 < iy < oo < 0 < 1, 21,29 € X JIerko BujieTh, 9To JJist KaxkI0i u3
HUX YTBEpKJIeHUe JJeMMBbI BhIIoJHAeTC . [IycTh Tenepsb yTBepzKIeHIe JJeMMBbI CIIPABEIJINBO
JIJIST BCeX MUHHUMAJIBHBIX popMmyJ1 riayouasl He Gogee [, [ > 1. Ilycrs & — munuMaibHasd
dopmyna, D(®) = [ + 1. Tak kax dopmyra ¢ MuHEMATbHA, TO OHA HE MOXKET HMEThH
BUJL V(X1 ..., 2p), TJI€ XOTsI OBl OfHA U3 HOAPOPMYIT X1, ..., X OTJHYHA OT CHMBOJIA IIe-
pemennoii. Tak xkak D(®) > 2, to dopmysa $ He Moxker uMeTh BUA Vp(Tj,, ..., T;, ), TJI€
1 <41 < ... <14, < n. CaegoBarenbho, dopmyaa ¢ umeer sug A(X, ..., Q), tae 3, Q — mu-
HUMaJIbHBIE hopMy/Ibl HaI D,.. Tak Kak X u () 9BASI0TCAd MUHUMAJBHBIMEA (POPMYJIaMH, TO
K HUM OPAMEHHMO IPEeII0JI0KEeHNe HHIYKIIUN, U3 KOTOPOTO YTBEPZKICHHUE JIEMMBI CJIeIyeT
TPUBHAJBLHBIM 00pa3oM. Jlemma jiokazaHna.

O6o3uaunM Yepe3 Ar MHOKECTBO BUCSIINX BePIIUH AepeBa 1, TaKuX, 9TO e THHCTBEHHOIT
CMeXKHOIT ¢ Heil Bepiuae coorBeTcrByeT nomdopmyaa suga A(X, ). O6oznaunm depes By
MHOYKECTBO BepINHUH JiepeBa T, KOTOPBIM COOTBETCTBYeT o hbopMysia BEAA vy (21, ..., Xy ).

Jlemma 2.2.2. ITycmov ¢ — munumanvran dopmyasa Had cucmemol 3.,., pearusyOuLaL
dynryuro f, a T — coomsememeyrwee et depeso. Tozda 6viNOAHANOMCA HEPABEHCTNEA,

[Ar| = |Jg| + |Hyl, [Br| > [Kl.

JoxkazarenbcTBo. [lokazkem Hepasenctso |Ap| > |Jg| + |Hy|. Ilycrs, or npoTuBHOTO,
|Ar| < |Jf| + |Hy|. Torna maiigerca cuvson y € X, U {1}, KoTopblii He IPUONCAH HU OJ-
HOW M3 BHCAYNX BepIIMH MHOKecTBa A, n Takoi, €ro ji(y) € Jr U Hy. Tak xkak cuMBos y
He IPHUINCAH HA OJHON M3 BHCSYUX BepIIMH MHO:KecTBa A, To B cmiy jqemMm 2.2.1 u 2.1.1
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dopmysa ¢ peannsyer PyHKINIO, Y KOTOPOl B KAHOHUYECKOM MpeacTaBieHnn Ko3dduim-
eHT IPH J1(Y) paBeH HYIIO. DTO IPOTUBOPednT TOMY, 4to j1(b) € JrU Hy. CremoBaTesbHo,
|Az| = |J¢|+|H/|- Hepaerncrso |Br| > C}+...4+C! noka3bIBaeTCst AaHAJIOTHIHBIM 00PA30M.
JlemMa, moKkazaHa.

Teopema 2.2.3. Ilycmov f(z1,...,2,) — npoussosvhas Gynkyua us waacca Lo, cyuie-
CMBEHHO 3ABUCAULAA 0m N nepemernnr, n = 2, 1 < r < oo. Toeda

Lo, (f) = [J¢| + [Hy| + 7| Kyl

HdokazarenbcrBo. Bepxuss onenka. [lycts f(z1, ..., 2,) — npousBosbHast GyHKIUS U3
kjaacca Lo, a1 U 0§ — COOTBETCTBYIONINE DYHKIMA U3 IPEACTABICHAA [ B KAHOHHIECKOM
Buge. Ecn Ky = &, To dyuxuus f umeer Buzn f = ag+ayj1(z1)+... +anj1(x,), 1 Bepxuss
ounenka o4esugua. Ilycts Ky = {ky,..., 5}, t > 1. U3 onpenenenns knacca Lo, CIEAyeT,
9TO KaxKjasd KOMIoHeHTa k € Ky mmeer Bun £ = jo(2i)...J2(25,), p < 7y 1 < iy, nyiy <
n. Jliobasg xkoMmnonenra k € Ky Moxker ObITH HOIydeHA U3 bYHKIHE jo(X1)j2(T2)...J2(2r)
OTOXKJECTBJICHIEM HepeMeHHbIX. Ilosromy cymecrsyer dpopmyna © nan D,., peaan3yomas
dbyuknuio §¢(x1, ..., T,), Takas, aro L(O) < r|Ky|.

Jasnee paccmorpum Tpu BO3MOXKHBIX ciaydas. Ecau |Jf| + |Hf| > 1, 10 oboznaunm
gepe3 A dopmyiy, peannsyouryo GYHKIHO 77 (21, ..., T,) €O c10xKHOCTBIO |Jf| + |Hy|, 1
noctponM dopmyny & = A(O, A). OgeBnano, uro dbopmyna ¢ peannsyer dbyukiuo f u
L(®) = [Jy| + [Hy| + r|Kyl.

Ecnu |J¢|+|Hy| = 1, To 0603HAYHM Yepe3 @ eIMHCTBEHHbLIT 3/1eMeHT MHOXKecTBa JpUH ¢
u paccmorpum dopmysy © = A(a, ©). Jlerko Bugers, uro dhopmyia ¢ peanusyer pyHKIUIO
fu L(®) = |J¢| + [Hy| + r[ Kyl

Ecmu |Jf| + |Hf| = 0, 10 dopmyna © peammsyer dyuxunio f n L(O) = r|Ky| =
| J¢| + |Hf| + r|K¢|. Bepxuss onenka JoKa3ama.

Hwuxusag onenka HemocpeACTBEHHO caeayeT u3 JeMMbl 2.2.2. Teopema jJoKa3aHa.

Teopema 2.2.4. Ilycmv V, = Lo, 2de 1 < r < oo. To2da npu scex n = r = 1 umeem
MECTMO COOMHOULEHUE

Lo, (Vi(n)) =1+n+r(Ch+C.+ ...+ C}). (2.4)

HokazareabcTBo. Eciiu n = r = 1, To yrBepxkKiaenue odeBuano. llyctb n > 2,
n > r > 1. Jlerko Bugerb, uro mig Joboit dbyukuuu f(xq,...,x,) € V,.(n) BIIOTHIIOT-
cst mepasenctsa |Jp| + [Hy| < 1+n, |[Ky| < CL+ ...+ Cr. Ilosromy B cuity jgemmbl 2.2.2
Lo, (Vi(n)) < 1+n+7(Cl+C?+ ...+ C"), aTo u N0OKA3BIBAET BEPXHIOI OIECHKY.

O6oznaunm depes 6, GyHKIN0O U3 MHOKeCTBa V,.(n), y KOTOpOii B npecrasienun (1)
Bee koapdunuents pasub 1. Ouesuyno, uro |Jp, |+ |Hy, | =1+nu |Ky, | = Cl+ ...+ C".
13 Teopembr 2.2.3 caenyer, uto Lo, (6,) = |Jo, |+ |He, | +7|Kp,| = 1+ n+r(CL+...+CI).
[osromy Lo, (Ve(n)) = Lo, (0,) =1+ n+7r(Ch+ C2+ ... + Cr). Creacreue j10Ka3aHo.

[lepeitnem k caydaio Kiacca £ — MaKCHMAJIBLHOTO KJIAcca MCEBIOJINHEHHBIX (DYHKITMH.
Nmeer mecTo ciepayromniast
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Teopema 2.2.5. Hmeem mecmo coomuoulenue
37’L

Loy(L(n)) ~ Togy

(2.5)

VTBepIKIEHNE ITON TEOPEMBI SIBJISIETCSI CJAEICTBAEM OJHOTO W3 PE3YJIbTATOB CJIe Ty IOIIe-
ro naparpada.

2.3 Kuaace Lo

Janubiit pasjesn yerpoen ciaepyoium odpasoM. B nynkre 2.3.1 usydaiorcs HEKOTOPbIE
CBOCTBA MUHUMAIBbHBIX (hopMmys Ha cucTeMoit € — mopozkparorieil cucremoit kmacca L.
B nmynkTe 2.3.2 mokaswiBaeTcss HUKHAS oreHka s dyaknuu [Tlenrona mas kiacca Ls.
Hamee B myHKTe 2.3.3 mosiydeHa BepxHss oneHka mid dyakmun [llernona g kiaacca
Lo. Hakonen, B mynkTax 2.3.4 m 2.3.5 ycTaHaBJIHBJIaeTCd TOYHOE 3HAYEHUE CJIOXKHOCTH
peajin3anuu NpoOu3BOJIbHON (pyHKINN 13 Kjaacca Lo.

2.3.1 CsoiicTBa MUHUMAJBHBIX (POPMYJI

Cuagajia BBeJeM HECKOJIBKO OINPeIeTeHHIl.

B nmanmnom maparpade OyjgeMm Ha3bIBaThb (popMyay TPUBUAJILHON, €CJIH OHA SBJISETCS
cumBosioM u3 MHOkecTBa X U {1}. B mporuBHOM ciryuae dbopMmyna HA3BIBAETCS] HETPUBH-
AJILHOM.

Obo3nauum vepes T,(T1, ..., T,) OYHKIUIO u3 MHOKECTBAa Lo(N), Y KOTOPOH B KAHOHU-
JeCKOM HpeJICTaBICHAN BCe KOIP@PUIMEnTH a, a;, ay ; PaBHBL 1.

Bynem rosoputh, uro dyukuus f(z1,...,x,) u3 kiracca Lo sSBISETCS MOHOMOM, €CJIH
BBIIIOJIHAETCA 110 KpailHel Mepe OAHO U3 YCIIOBUM:

1) f(z1, ..., xn) = 0;

2) f(x1, . mn) = ji(a), rae a € X, U {1}

3) f(xla 7*1.71) = jl(a)jZ(bl)j2(bk>7 rae a, bl: ) bk € Xn U {1}7 k > L.

Onpefennm moHaTHE HOpMaabHON dopmyssl Han cucremoit €. [Mycre f(xq,...,2,) —
dyukIus u3 Lo, CYyIIECTBEHHO 3aBUCAIIAsI OT N IepeMeHHbIX, n > 2. Ilycrs & — dopmysa
HaJ1 cucteMoit €, peausyiomasa pyaknuio f, a T — coorBeTcTBYIOIIEE €ii gepeBo. Hazopem
dopmyny ¢ HopManbHOU, ecau J00as ee HeTpUBHAIbHAA TOAMOPMYIa UMeeT OIWH U3
caenytomux sugon: A(X,Q), u(Z, x;), voe X,Q, = — dopmyast vHax €, 1 < i < n.

OTMmeTnM HEKOTOPBIE CBOWCTBA MUHUMAJIBHBIX (hopmyst HaL cuctemoit &.

JIemma 2.3.1. ITycmo f(xq,...,x,) — Pynkyusa us kaacca Lo, CYUWECMBEHHO 34BUCAUIA
om n nepemennwvir, n = 2. Hyemv ® — munumasvras popmysa nwad €, pearusyrouas
dynxuyuro f. Tozda 6 dopmyse ® ne cyuwecmeyem noddopmyn, pearusyouur moscde-
CMEEHHBIT HOND.

HokazareabcTBo. [lycTrh, or nporuBHoro, cymecrByer noadopmyaa 2 dopmyiast P,
PeAM3yIoIas TOXK IeCTBeHHBI HOIb. Tak Kak popmyna ¢ — MuHEMAaIbHAS, TO §) — MUHH-
MaJibHas hOPMYIIa, peaau3yoIas TOXKICCTBeHHbBINH HOIb. JIerKO BUAETH, YTO HaI CHCTEMOI
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¢ me cymecTByeT (DOPMYJI CJIOKHOCTH 1, peann3yroluX TOXKIeCTBeHHBI HOTb. Kpome To-
ro, cyrecTByer (opMyJIa CJIOKHOCTH 2, PeaTu3yIolias TOXKIeCTBeHHbINH HOTb: A(z, z) = 0.
CaegoBarenpro, L(€2) = 2. Bo3MOKHBI HECKOJIBKO CJIYYaeB.

Cayuaii I: 2 = ®. Torna dopmyna & peanusyer TOKIACCTBEHHBIN HOTb — IPOTUBOpEUNE
C yCJIOBHEM.

Cayuait IT: 8 dopmyne ¢ moadopmyna () moacrapisercss Ha MECTO TIEPBOrO apryMeHTa
dbyuxnun p. Tak xkax w(€2,-) = p(0,-) = 0, m L(u(2,-)) = L(Q) + 1 = 3, To B dbopmy.ie
® noadopmyna (€2, -) He ABAETCS MUHAUMAIBHOM (hOPMYJIOi, peanTn3yoreil TOXK 1eCTBeH-
HBI HOJIb. DTO MIPOTUBOPEYHT MUHUMATIHLHOCTH (hopMyIsl P.

Cayuait I1I: B dopmysae @ moadopmyta () momcrapiaseTcss Ha MECTO BTOPOrO apryMeHTa,
dyukmun . HeBo3MOKHOCTL 3TOTO CIydasi JOKA3bIBAETCA aHAJOTHIHO ciaydato [1.

Cayuaii IV: B dopmyne ® mogdopmyna Q noacrasisiercs B dyukmuio 1(x). Tak kak
dbopmysia 1(2) peaqusyer TOXKIECTBEHHYIO €JUHUILY CO CJIOXKHOCTBIO 2, TO Takas (HpopMy-
J1a He SBJIFeTCS MUHMMAJIBHON (DOPMYJIOi, peaan3yomeil TOXKIeCTBEHHYIO eIHHUAILY. DTO
HPOTUBOPEYUT MUHUMAJIBLHOCTU HOPMYJibl P.

Chayuait V: B dopmyne & noadopmyna ) momcrapiasercs Ha MeCTO OTHOIO H3 apry-
MeHTOB QyHKIEE A. [lycth © — ¢dopmyna, KOTOpasi MOJACTABISETCS HA MECTO JIPYTroro
aprymenta (byHKIuI A (Apyrumu ciaoBamu, B dbopmysie ® ¢ TOYHOCTHIO J0 MEPECTAHOBKH
aprymenToB cytectsyer noadopmyaa A(€, ©)). Cuyuait Va: dopmyna © He siBaseTCst TPH-
BuajibHOl. Torga dopmysisl © u A\(€), ©) peanusyior paBubie QYyHKIMUA. DTO HPOTUBOPEUUT
muaIMaIbHOCTH dopmysbl @. Ciayuait Vb: dopmyna © gasiaserca Tpusmanbuoit. Caydait
Vbl: © = 1(z), To dopmyaa A(£2, ©) peannsyer TOKICCTBEHHYIO INHUILY CO CAOKHOCTHIO
3. 910 mpoTuBOpeunT MUHUMAILHOCTH hopmysibl P. Ciy4ait Vb2: © — cuMBoJI IepeMeHnHOoi
x;, 1 < i < n. Torma dopmyna A(§2, ©) peasmsyer dynkmuio ji(x;) co caoxmoctsio 3. Ilo
yenoBuo GyHkIms f(xy, ..., ;) CYNECTBEHHO 3aBUCUT HE MEHee 4eM OT JIBYX MEePEMEeHHBIX,
nosromy ¢ # A(Q2,0). Crnenosarennro, dhopmyra A(§2, ©) noacraBasgercs B HEKOTOPYIO
dbyuxmuo. Popmyaa A(§2, ©) He MoKer moACTABIATHCsT B byHKIMO 1(z), Tak Kak Toraa
dbopmyaa 1(A(2, ©)) peanusyer TOKIECTBEHHYIO €AUHUILY CO CJIOKHOCTLIO 2 U HE SIBJISCT-
sl MUHUMAJIbHON — MpOTHBOpeUdne MUHUMAILHOCTH (hbopMmysibl ®. Popmyrna A(€2, ©) Takke
He MOYKET MOJACTABIATHCS B DYHKIMIO (X, ), TAK KAK ITO MPUBEIET K MTPOTHBOPEUHIO C
MUHEMATBHOCTBIO (hopmyabl @ (em. Takzxke caydail 11 u coayuait I1T). CienoBaresbro, B
dbopmyse ® ¢ TOTHOCTBIO 10 MOPsiKa caraeMbix cymectByer noadopmyaa A(A($2, ©), A),
rie A — Hekoropas dbopmyna Hag €. OdeBunno, aro dopmyast A(A(Q,0), A) u A\(O,A)
pean3yioT paBHbIe (DYHKIHH, IIPHYEM CJI0KHOCTH IMepBOH (OPMYJIBI GOJIbIITE CJIOXKHOCTH
BTOPOii. DTO MPOTUBOPEYUT MUHUMAIbHOCTH hpopmyasl P. Jlemma mokazaHa.

CaeactBue. [lycrs f(xy,...,x,) — bynknus u3 kiaacca Lo, CYyNIECTBEHHO 3aBUCAIIAS
OT N TepeMeHHbIX, N > 2. Toraa cymecrByer MUHIMAbHAs popmyia Ha €, peagn3yoas
dbyHKIMIO f, KOTOpas SBISIETCS HOPMAJIBHOI.

HokazareabcTtBo. [lycts & — munumanbiag dopmysia nHan €, peaausyiomas (pyHkK-
muio f. [lo memme 2.3.1 B Heit orcyrerByor noadopmysst Buga (-, 2), rae 2 — dopmyna,
oraMyuHast 0T cuMBosia nepemennoit. Ecom B Gopmyse ¢ perpeuatorcsa noadopmyibl Buja
1(Q), tae @ — dbopmysa, oTMUHAA OT CUMBOJIA EpeMeHHoil, 10 nocrpoum Gopmyiy P,
samennB B dbopmysre ¢ pee noadopmyasr Buga 1(2) Ha dopmyay 1(z1). OgeBnmno, 910
dopmyia o peasuzyer (HYHKIUIO f, dBigeTcd MEHUMAJIbHONU 1 HOpMaJbHO. CreacTBue
JIOKA3aHO.
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2.3.2 Hwxknagaa oneaka ajia dyaknuu [Ilerrnona

[Iycts f — npousBosibHast dpyHKIUS U3 Kaacca Lo,  — dopmyna nax cucremoit €,
peanusyomaga gynknmio f, a T — coorsercrByiomee eii nepeso. Conocrasum dopmyne
jgepeso 1" 1o ciepyitomemy upasuiy. [lycts v, — KopueBas BepinuHa Jepea 1. /lobaBum
K jsiepeBy 1’ BepiimHy vy, KOTOPYIO COeJIMHUM pPebpoM ¢ BepIiuHoil v,. Byaem cuntars,
9TO U3 BEPIIMHBI Uy BBIXOJUT OJHO PeOpPO, B BEPIIMHY Uy BXOJUT OJHO pedpo. Obosnatum
TOJIYIeHHOe JIepeBo depes3 1.

[Iycts f — npousBosbHas GpyHKIMS U3 Kaacca Lo, & — dopmyna nazg cucremoii €, pea-
smsyomas Gysknuio f, a T — coorsercrByromee efi gepeso. Packpacum sucsine BepiinHbl
nepea T B aBa npera. [lycrs U — mpomsBo/ibHAs BepIInHA JjiepeBa 1, KOTOPOH COOTBET-
cryer modopmyna Buga u(%, ), nae X — dbopmyna Han €, a () — CHMBOJ TIEPEMEHHOI.
[TokpacuM BHCAYYIO BEpIIMHY v JI€PEBa f, COOTBETCTBYIONIYIO Hojdopmyte (), B Gesblit
upeT. [IpoBenem 3Ty onepaiuio sl BceX BEPIIUH jepeBa 1', KOTOPBIM COOTBETCTBYET IOJI-
dopmysa Buga (3, Q), rae X — dopmyaa wag € a ) — cuMBoOJI HepeMeHHO. 3arem Bee
BHUCSIYHE BEPIUHBI JePeBa T , HE MIOKPAIleHHblEe B O€JIBIi 1(BET, HOKPACHM B Y€DHBII IBET.

[Tycrs @ — nponssoabnast HopMmaibHas dbopmyna Han &, a T — coOTBETCTBYIONIEE €ii
Aepeso. Jlerko Buzers, 9To0 B Jepese 1 cyliecTByer XoTs Obl O/1Ha UepHas BepumHa. O60-
3HaYUM UepHble BePIIHHBL Aepesa I’ yepes vy, ..., Uy, p = 1. IlycTb vy — KopHeBad BepiinHa
Jepena T Pacemorpum cieayiomntyio mpoueaypy P, cocrosiiyo u3 p maros. Omnuimrem i-
BIil IAr 3Toi mponeaypsl, ¢ = 1,...,p. PaccMOTpuM 1elb, COEIUHAIONIYIO BEPIIUHY vU; C
BEPIIMHO Vg, W TOCTCOBATE/TbHOCTh BePIIUH {q;}5_;, Iepe3 KOTOpbIe MOC/IeI0BATEbHO
IPOXOJUT 3Ta Helb, ¢; = U;, ¢s = Vg, S = 2. Illyctb e; = (g5, ¢j+1) — pebpo, coeaunsiomee
BePIIHHEL ¢j U ¢j+1, J = 1,...,5 — 1. Ilpunumem pebpy e;, 2 < j < s — 1, dynkuun u3 Lo
0 CJIeAYIOIINM TTPABUAIAM:

1) ecoim BepiuHe ¢y TPUIKMCAH CHMBOJ A, a BepimuHe ¢ — cumBoa a € X, U {1}, To
npunuieM pebpy e; Gynrmmio ji(a);

2) ec/iu BepIIUHE ¢o TPUITHUCAH CHMBOJI [, BepiuHe g1 — cuMBo a € X,, U{1}, a Bropoii
BHCsSYEH BepIIMHe, CMEXKHOH ¢ @2, — cuMBOJ b € X, TO npunuiieM pedbpy e HYHKIUIO
p(a,b);

3) ecsu BepimHe g, | > 3, IPUIHCAH CUMBOJI A, a PeOPY €;_1 Ha i-OM IIare mpoIey phl
‘P 6bLna npunucana GpYHKIHUS ¢, TO TpUIAIIEM pedbpy e; MYHKIHUIO ¢;

4) ecsiu BepituHe ¢, | > 3, IpUIHCAH CUMBOJ [, PeOPY €1 Ha i-OM IIare mpoIeyphl
P ObLna npunucana pyHKIus g, a BUCAd4Yell BepiinHe, CMeXKHOU ¢ ¢, — cumBoa b € X, 10O
upunutiem pebpy e; dyukmuo (g, b).

Ha sTowm ¢-brit mar nponenypst P 3akondern. OTMeTnM, 9TO TOCTE HECKOJIHKUX TIATOB
HIPOIEYyPhl P MOXKET 0Ka3aThbCs, 9YTO HEKOTOPOMY peOpy MPHIIUCAHO HECKOJIBKO (PYHKITHIA.
HexkoTopsie n3 3tux dbyHKIUHE MOryT ObITH paBHBIMU. B HaJsbHeiieM, roBops «pebpy mpu-
nucano t GpyHKIuiAy, Mbl MOAPA3YMEBAEM, 9TO HEKOTOPHIE U3 STUX (PYHKIHNA MOTYT OBITH
PaBHBIMH.

[TpuBenem HECKOBKO CBOMCTB MpoIemsypsl P.

CsoiicTBo 1. B pe3syiibrare npuMenenus npomeaypol P pedpam, BHIXOIAIINAM H3 BUCAINX
BEDIINH, He MOKeT OBITh IPUIMCAHO HUKAKMX (DyHKIMH.

Csoiicrio 2. [lycrs @ — nopmasibhas opmyia naj €, T — cooTBeTcTBYIONIEe eil JepeBo.
[IycTh e — mpousBoJibHOE pedpo JepeBa 1, He COeIMHAIONIee BUCAUYIO BEPIIHHY CO CMEZKHON
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¢ Heit BepumHOil. Torja econ wepes pedpo e npoxoauT ¢ nemneii, COEANHAOUMX PATNTHbIE
YepHBbIe BEPIIMHBI ¢ KOPHEBOil BepIiuHOl gepeBa 1, t > 1, To B pe3yabrare IpUMeHEHHs
nporeaypsl P pedpy e OyaeT npunucano t pyHKIUI. R

Csoiictpo 3. [IycTth & — HOpMaIbHAs dopmyaa nag €, T'— cooTBETCTBYIOIIEE €if TepeBo,
v — HOPOW3BOJIbHAS BEPITUHA JepeBa 1, OTIMIHAsT OT KOPHEBOii, € — pedpo, BBIXOIsINee 13
BepmnHbl v. [IycTh g — onna w3 GyHkmii, npunmcannpix pebpy € B pesy/IbTaTe IPUMEHeHNs
nporeaypel P K jgepeBy 1. Torna GpyHKIUS ¢ SBISIETCS MOHOMOM. R

okazarenbcTBo cBoiicTBa 3. ObGo3HAYNM dYepe3 v; YepHYIO BepIIuHy Aepesa 1, co-
OTBETCTBYIONIYIO TOMY Iary HoMep ¢ mporeaypsl P, Ha KOTOPOM pedbpy e ObLTa MpUIACaHa
dyukiug g. PaccMorpum nenb, coeUHLIONIYI0 BEPIIUHBL v1 U v. IlycTh 3Ta nenb mnocjeso-
BATEJILHO MPOXOIUT depe3 BePIIUHBL {q1, ..., s }, ¢1 = V1, ¢s = v, s > 1. Ilycre € = (g5, ¢j11)
— pebpo, coeluHAIOINIee BePUINHLL ¢j U ¢jy1, J = 1,...,5 — 1. Ecim s = 1, To 10 cBoiicTBY
1 nponeaypsl P pebpy e He MOxkKeT OBITH NPUIKCAHA HH OJaHa (PYHKIHA. SHAYUT, S > 2.
PeGpy memnu, BEIXOISINEMY U3 BEPIIHHBI (o, B COOTBETCTBUU C MpaBUIaMK 1 1 2 IpOIeLyphl
P moxker ObiTh npunmucana Jaubo dyukius suga ji(a), rae a € X, U {1}, mubo dynk-
must Buga p(a,b), rme a € X, U{1}, b € X,,. Bce takue dbyHKIMN SBASIIOTCS MOHOMAMH.
ITyctn Tenepn dbynKnus h, npunucannas pedpy €; Ha t-oM Hiare npoleypbl P, aBjsercs
MonoMmoM, j > 2. [lokaxkem, 4To dbyHKINS ¢, IpUNUCAHHAA PeOPY €41 Ha t-OM IIare Ipore-
Iypel P, gaBideTrcd MOHOMOM. Ecin Bepiiune g4 IPUIHCAH CEMBOI A, TO pebpy €41 Oyaer
npunucana Gysxnua h, gapiagomasica MonoMoM. Ecin Bepiiune ¢j4q IPUIACAH CUMBOJIL [L,
TO pebpy €;41 Oymer npunucana dyuknus p(h,a), tae a € X,,. OueBngno, uro dyHKINA
siBjisieTcst MOHOMOM. OTCIO/Ia BBITEKAET CIIPaBeIMBOCTh YTBEPKIEHHS CBOMCTBA 3.

JIemma 2.3.2. Hycmo f(xq,...,x,) € Lo, n = 1, & — nopmaavras gopmysa nad €, pe-
arusyrowes Gyrnrxuuro f, T — coomsememeyloulee et depeso, v — BePUUHG Jepesa f,
e — ewzodawee us wee pebpo. Ilyemv 6 pesyavmame npumenenus npouedypv. P pebpy
e npunucanv, pyrukyuu £, ...,&, 1 <t < p, ede p — wucao wepuuxr sepwun 6 depese T
ITycmov nodgopmyaa O, dopmyasve ®, coomeememeyrouias eepuwune v, peasusyem GyHk-
yuro g(xy, ..., x,). Toeda

g=&+ ... +&.

JokazaTeabCTBO BeleM HHAYKIHUEH 110 HapaMeTpy M — MAaKCUMyMy U3 JJIMH Iemneii,
COeIMHAIONNX v ¢ BUCTunME Bepmuaamu, m > 0. Ecim m = 0, To v — Bucagag Bepimuna.
Tora usz onpeiesienus: upouegypol P ciejyer, 4To pedpy € He npulrcaHa Hu OjHa (PyHK-
Us — NPOTHBOPEYne ¢ ycaoBueM JeMmMmbl. [lycts m = 1. Torma y Bepmmubl v €CTh aBe
CMEXKHBIE BUCSTUUE BEPITHHBL. [1yCTh 9TUM BepIIMHAM IPUNUCAHBI CUMBOJIHL a, b € X, U {1}
COOTBETCTBEHHO. PaceMOTpUM HECKOJIBKO CiIydaes. Eciau BepmimHe v OPHINCAH CAMBOJ A,
TO pebpy € B pe3ysibrare MPUMEHEHUsT TPOoneaypsl P mpunucansl ase GyHKun — ji(a) u
j1(b). OueBnano, uro g = A(a,b), ¥ yTBepKaAeHHE JTEMMBI BBIMIOJHSAETCs. Eean Bepmune v
npunucan cumpona p u O, umeer Bug pu(a,b), To a € X, U {1}, b € X,,. Torna pebpy e B
pesyJibTare IpUMeHeHust nporeaypol P npunucana byakuus i(a, b). llpu stom g = p(a, b).
DTUM NpoBepeHa 6a3a WHLYKIIHH.

ITycTh ang Bepmmi v, TakKux, 4ro 1 < m < [ yTBepxKIeHHe JeMMbI BBITOIHgercs, [ > 1.
JlokazkeM, 9TO OHO BBIMOJHSCTCS I BEPIIMHBI v, Takoil, uro m = [ + 1. Pacemorpum
HECKOJIBKO BO3MOKHBIX CJIyJaeB.
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Ciyuaait 1. Bepruae v mpunucan cuMBoJT p. 'Toraa noagopmyaa @, coorBeTcTBYOMIAS
Bepiune v, umeer Buj (A, D), tie A — dopmyra van €, b € X,,. O6o3Haunm vepes u
BEpIIUHY, COOTBETCTBYIONIYIO oadgopmyae A, depe3 d — pebpo, COeIUHSIONEE U C U, de-
pe3 e — pebpo, BBIXOIdAIee W3 BepIIUHBI v. Tak Kak peOpy e B pe3yjabTare MpUMeHEHUsI
nporeaypbl P oka3ajaoch mpunucano t (pyHKIUA, TO HA HEKOTOPBLIX Iarax i, ...,%; HIPO-
neaypbl P pebpy e ObLI0 NMPUIICAHO MO OJAHONH (DYHKIWHU, a Ha OCTAJbHBIX Iarax — HU
onHolt. B coorBeTcTBUM ¢ mpaBmioM 4 mporeaypbl P 3T0 03HadaeT, 4TO pebpy d TakzKe
IPUIHCAHO t HEKOTOPBIX byHkumit (1, ..., (;, Takux, 910 & = u((,b), 1 = 1,...,t. Ilo npexn-
MOJIOKEeHNI0 UHAYKIuu, (bopmyna A peanusyer dpyuknuio (; + ... + (. CraegoBaresbHo,
g = p(C + ...+ ¢, b). Jlerko Bugerb, ato (¢ + ... + (i, b) = p(Ch, b) + ... 4+ (G, b). Tlosromy
g =p(C,b) + oo + (G, b) = & + ... + &, 9TO M TPEOOBATIOCH TOKA3ATh.

Cayuaii 2. Ilondopmyna ®,, coorBercrByiomias Bepiuiunae v, umeer Buji A(A, B), riae
A, B — "erpuBnajbhbie ¢popmyabl Hag €. O003HAYUM depe3 U, U U BEPIIHHBI, COOTBET-
crBytomtue moadopmyaram A u B, yepes d; u dy — pebpa, CoeaUHSIONINE BEPIIUHY U C U
U Uy COOTBETCTBEHHO, 4epe3 € — pedpo, BBIXOJAINEe U3 BePIUHbI U. TaK KakK 10 YCJIOBUIO
pebpy e B pe3yabrare NPUMeHeHHUs IMPoreaypbl P okazaJjoch npunucano t > 1 dyHKIwmii,
TO Ha HEKOTOPBIX TIArax %y, ..., &; TPOIegypbl P pedpy € ObLI0 NPUIHICAHO 10 OHOI (HDYHK-
IIIH, a Ha OCTAJBHBIX ITarax — Hu ofuoii. [Iycts pedpam dy u dy B pe3yabrare NpuMeHEHUs
npoIeaypsl P ObLIO HpUIIKCAHO t1 U ty MyHKIUNA coorBeTcTBeHHO, 0 < t1, 19 < t. VI3 cBOI-
crBa 2 muporejaypbl P ciepyer, 4to ti,to > 1. B coorBercTBum co cBOiicTBAMU ITPOIE/LY Pbl
P cupaBeyinBo paBeHCTBO t; + to = t. Obo3naunm (yHKINN, npunucanuse pedbpy di,
gepe3 (1, ..., ;,, a pedpy dy — depe3 1y, ...,1,. B cooTBeTcTBHE ¢ TPaBHJIOM 3 IIPOIELY-
Pl P, C1yeeey Gy s U1y ooy gy, € {1, 00, &} Tlo mpemostoxkennto uHayKiun moagopmyasr A
u B peamusytor GyHKIHHA ¢ + ... + (; @ Y1 + ... + Yy, coorBeTcTBeHHO. CleoBaTEIBHO,
g=C+...+C +V1+ ...+, =& + ... + &, 9TO U TpebOBAIOCH TOKA3ATD.

Cayuait 3. Tlondopmyna ®,, coorsercrBytomas Bepiinae v, umeer Bujg (A, D), rie
A — uerpuBnanpnasi dopmyaa wag € a b € X, U {1}. O6osnaunm 4epe3 u BepIiuHy,
COOTBETCTBYIONTY O o opmyte A, depe3 d — pebpo, coeTuHSIONee BePIINHBL U U U COOT-
BETCTBEHHO, Yepe3 e — pebPo, BRIXOJSINee U3 BepIIHHbI v. Tak Kak pedpy e B pesy/brare
IpUMeHeHUsT TpOoIeayphl P oKa3ajaoch mpunucano t GYHKIHHA, TO HA HEKOTOPLIX Iarax
11, ..., 4¢ TPOIEAYPHI P pebdpy e ObLIO HPUIUCAHO 110 OAHOW (DYHKIMHU, a HA OCTAJIbHBIX
marax — Hu ofHoi. 13 mpasui 1 u 3 ciemyer, aro pebpy d B pe3y/ibrare IPUMEHEeHUs PO-
neaypsl P Obuia npunucana t — 1 dyuknuda. Obo3nayuM (pyHKIHH, IPUITHCAHHBIE Pebpy
d, aepe3 (1, ...,(;—1. B coorBercTBUM ¢ npaBusiaMu 1 u 3 mponeaypsl P MOXKHO CUYUTATD,
ato & = (i, ooy o1 = (o1, & = J1(b). Io mpennonoxenuto unaykiun moadopmyta A
peasmzyer pyuknuuio (; + ... + (1. Ciaemoarensuo, nogadopmyna @, peanuzyer yHk-
o ¢ + ... + Go1 + J1(b) = & + ... + &, 910 B TPebGOBAIOCH J0KA3ATh. DTO 3aBEPIIAeT
JIOKA3aTehCTBO WHIYKTUBHOTO Tepexoa. JlemMmMa jjoka3aHa.

Jlemma 2.3.3. Illycmo f(xq,...,x,) € Lo, 2 € Yy, ® — nopmasvraa dopmyaa, peanu-
syrowan Gynkyuto f, T — coomeemcmeyruiee popmyne ® depeso. Iycmov v, — eep-
wuna depesa T, cmescnan ¢ KopHesot, e — pebpo, ewvirodauiee u3 sepuluHv, Uy. Ilycmo
H = {h1,....h}, ¢ = 1 — muoorcecmeo dynryut, npunucannur pebpy e 6 pesyavmame
npumererus npouedypo. P. Tozda z € H.

HoxkazarenbcrBo. [lycrs, or nporusuoro, z ¢ H. [lycrs m; — 4ucjio maros mupore-
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Jaypbl P, Ha KOTOPBIX pedpy e ObLIN npunucanbl yHKImu, pasubie h;, 1 <1< n, m; > 1.
ITo nmemme 2.3.2 dopmyta ¢ peamusyer dyuknmo g = Y h;, rae cymma 6epeTcs mo BceM
J. 1 < j < ¢, TakuM, 4TO m; — HedeTHOe 4yucia0. Tak Kak Kakjaad u3 ynkuuit by, ..., Ay
SIBJISIETCS MOHOMOM, TO MHOZKECTBO Y, He COAEPKUT (PYHKIUIO z. DTO IPOTHBOPEUUT TOMY,
gyro dpopmyna ¢ peanusyer bynknuio f u z € Y. Jlemma nokasana.

Caexncrsue 1. Ilycrs f(21,...,2,) € Lo(n), & — MurnManbras Gopmysa, peagnsyo-
mas QYHKIHo [, a T— coorBercTByIolee popmyste P nepeso. Torma jiepeBo T COJIEP2KUT
He MeHee |Y}| 4epHBIX BepIIHH.

Cnencrsue 2. llycrs @, — muanManbras dbopmynta xan &, peanusyomasa QyHKIUIO
Ta(T1, ...y Ty), a T, — coorBercrByomiee eif jepeso. Torga gepeBo T), COAEPKUT HE MeHee
n2"~! 4+ 2" 4epHLIX BepITHH.

[Mycrs f(xq,...,x,) € Lo, P — vMuaMMaTHHAS dopMyIa, peannsyomas GyHkmuo f,
T — COOTBETCTBYIOIIEE €ii J1epeBo, v, — BEpIIMHA JepeBa f, cMerKHas ¢ KopHeBoi. [lycThb
v — IPOU3BOJIbHAA BEpIIMHA AepeBa 1, KOTOpO# MPHUINCAH CUMBOJ (. ByZeM roBopurs,
4TO BepUInHA v npuHajiekur MHoxkecrBy Vi = Vi(®), k > 1, eciu nenb, coeguHsioniast
BEPINIUHY ¥ C BEPIIUHON VU, COAEPKUT POBHO k BEPITNUH, KOTOPHIM MPUITHCAH CUMBOJI [i.

JIemma 2.3.4. Ilyemo f(xy,...,x,) € Lo, & — Mmunumasvias Hopmasvuas Gopmyaa, pe-
aarusyrowas pyrwkuuo f, T — coomeemcemeyroulee el 0epeso, v, — BEPUWUHA JePesa f,
cmentcrad ¢ kopresol. ITycmv vy € Vi, (D), vg € Vi, (D), k1 > ke = 1, npunem sepwuna ve
npuHadiescum yenu, coedunaoueld eepuiuns v1 U Vy. Iyemo p(Aq, z,) — nodgopmyaa,
coomeememeylouas sepuure vy, (g, xs) — noddopmyaa, coomeememeyouas epuLuHe
vy, 2de 1., s € Xy, A1, Ay — Popmyan, nad €. Tozda r # s.

JokazareabcTBo. [lycTh, 0T nporuBHOro, 7 = 5. O603HAMUM epe3 e BhIXOJIsIee 13
BepIIMHBL v, pebpo gepesa T'. Pacemorpum dopmyny @, nomydaoniyocs u3 dhopmyas @
sameHoit mogdopmyrst p(Aq, x,) Ha dhopmyay A;. Oboznaunm depe3 T cOOTBETCTBYIOIIEE
eif 1epeBo; Yepes v, — BePIIHHY JepeBa T, CMEZKHYIO ¢ KOPHEBOii; 4epes €, — pebpo, Bbi-
xofiaTIee 3 BepimuHbl 1'; gepes vy — BepmiuHy jepesa 1', COOTBETCTBYIONIYIO BEpIITHE Uy
nepeBa 1. Tlokaxkem ¢ momorpio jJeMMbl 2.3.2, aro dopmyna @ peanunsyer GyHKIuo f.
JokazkeMm, 9T0 pebpaM e U € IPUIUCAHBI OJHH U Te Ke (BYHKIuH. Pasgennm Bce depHbIe
BepIIUHBI JepeBa 1’ Ha JaBa Tumna. byaeM roBoputb, 9To YepHasl BepIInHa JepeBa 1’ MpH-
HaJJIEZKUT TUIYy 1, €cji 1enb, COeNHIIONAs €e ¢ BEPIITHON Uy, NPOXOJIUT Yepe3 BEPITHHY
v1. Bce ocrasibubie YepHbie BEPIIUHLI Jgepesa 1 oTHeceM K THITY 2. _

[Tycrs w — BepmuHa Tuma 1, a W — COOTBETCTBYIOIIAS €l BEPITHHA nepesa T'. Ilycrs
BepIIHHAM W M W COOTBETCTBYIOT IIAIH G, U ig NPOIeaypbl P mis aepesbeB T u T’ cooTBeT-
creenno. Tak kak nenb C, COeUHAIONAA W ¢ BEPITHHON v, TIPOXOJUT Yepe3 BePIIUHY U1,
TO OHA [POXOJUT U Yepes3 BepiiuHy vy. CiiegoBaresibHo, neib C, coeMHSIoNnast W ¢ Bepiiu-
HOIi U, IIPOXOIUT Yepe3 BEPIIUHY Us. TaK KaK KarKias IPUIUChIBAEMast B X0/ IIPUMEHEHKS
nponeaypbl P byHKIua aBIsgeTCa MOHOMOM, TO ¢ y4eTOM OTMEYEHHOTO BBINIE CBOHCTBA Tie-
neit C'u C, Ha MIArax i, u iy nponeaypsl P g aepesbeB 1 u T coOTBETCTBEHHO, pedpaM
€ ¥ € IPHUIUCHIBAIOTCA paBHble DYHKIINH. B

Ilycts 2z — BepmmuHa THHA 2, a 2 — COOTBETCTBYIOMmasdA eif BepmmHa gepesa 1. Ilycrb
BEpPLIMHAM Z U Z COOTBETCTBYIOT LIATH 7, U iz upoueaypbl P i aepesbe 1T u T coor-
BercTBeHHO. [0 MOcTpoeHwto nenb C';, COeTMHAIONIAS 2 C BEPITUHON U, COBIAIAET C IMENbIO
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C, coequmstomas w ¢ pepmuHoil v,. CregoBaTebHo, Ha marax i, u iz Tponeaypsl P s
nepeBbeB 1 u T’ COOTBETCTBEHHO, pedpaM € U € HPUIUCHLIBAIOTCA paBHbIE (DYHKIIHUM.

CaenoBarebHO, B ¢y JeMMbI 2.3.2 (popmystsl @ u ® peanusyior papubie hynknuu. Ho
9TO MPOTUBOPEIUT MUHUMAJIHLHOCTH (hOpMYJIbl O, TIOITOMY Tpeanoao:KeHne 1 = S HeBEPHO.
Jlemma mokasana.

Jlemma 2.3.5. Hyemo f(xq,...,x,) — Pynruua us Lo, maxas, wmo f # 0, f # ji(x;),
i =1,.,n. Hycmo ® — munumarvnas Hopmasvhas Gopmyaa, pearusyrousas Gynxyuro
f, T — coomeemcmeyrowee eti depeso, v, — eepwuna depesa T, cmeschan ¢ Kophesoti, a
ex — pebpo, suizodauee us Gepuiunbl Uy, Ilycmo v, va — npouscosvibe uepHvle 6epuLHbL
depesa T, a g1, ga — MOHOMbL, NPUNUCAHHBLE PEODPY €, HA COOMEEMCMGYIOULUT GEPULUHAM
vy, Vg wazax npoyedypu, P. Tozda g1 # go.

Hoxkazarenbcrso. [lycts [ — dyuknus uz Lo, Takas, aro f # 0, f # ji(x;), z; € X,,.
[IpeamonoKuM, OT TPOTUBHOIO, YTO B JIepeBe T mammcs YepHbIe BePIINHBI VU1, Uy, TAKHUE,
410 g1 = ¢ = ¢. JloKazkeM, 4TO 3TO MPOTUBOPEYUT MUHUMAJILHOCTU (popmysibl P.

IIycts wy, ..., w; — TOCTEIOBATEHHOCT BEPINHH, Yepe3 KOTOPhIe MPOXOANUT IeMb, CO-
eJINHAIONIAA BEPIIUHBL U1 U Uy, W1 = VU1, W) = U, | > 2. Tak kak popmyna ¢ umeer 1mo
KpaiiHeil Mepe jiBe depHble BepIiuHbl, TO hopmyaa ® umeer sug ® = \(Z1, Z,), rie Zq, 2y —
dopmyssr Han €. [Toctponm mo dhopmyiae ¢ dopmyny A 1o caeayoOmuM TPaBUIAM:

1) ecam Bepiune wy coorBercryet nojdopmyna A(a, X)), e a € X, — cuMBOJL, IIPUITA-
caHHBIl Beprnae vy, 3 — dopmyna vax €, 1o 3amernm noadopmyry A(a, ) Ha dopmyrty
%

2) ecim | > 3 W BepUIMHAM Wa, W3, ..., W; TPUIHCAHBI CABOJIBI (i, & BEPIIHHE W41 CO-
orBercTByeT Moadopmyna A(,X), rae 2 <t < [ — 1, Q — dopmyna, cooTBeTCTBYIOMAS
BepiHe wy, ¥ — dopmya Haj €, 1o 3amenum noadopmyay A(€2, ) na dbopmyiy €.

Jlerko BusieTh, 4yTo K popmyse ¢ npumennmMo poBHO oHo u3 npasuia 1 u 2. [ocTtpoen-
Hasg ¢opmysa A COIEPKUT HA OJHY TEPHYIO BEPIMTHHY MeHbIre, deM ¢opmyna P, a gucyo
Oenbix BepmuH B opmyne A He Goibiie, qeM qucio Geqbix sepumH B dopmyie P. Ilo-
sromy L(A) < L(®). llycts 17 — nmepeso, coorBercTBytomee dopmyite A, v,, — BepinHa
JepeBa fh CMeXKHasl ¢ KOPHEBOH, a e,, — pebpo, BBIXOIAIIEe U3 BEPITHHDBI V. Bce menn
Aepesa 11, COeJIMHSIIONINE BEPIIMHY Vs C 9EPHBIMA BEPIIMHAMH, COBIHAIAIOT € COOTBETCTBY-
oumn nensvn gepesa . Tlosromy B pesysbrare npuvenenust nponeaypst P pedpy €.
IPUIIHACHIBAIOTCS Te Ke caMmble (DYHKIHMH, ITO U Pedpy e, JaepeBa T, 3a HCKIIOUEHHEM OJl-
HOTO dK3eMILIsIpa (hyukimu g. CraegoBaresbHo, byHKIUS h, peanusyeMas dpopmytoi A,
OTIMYAETCS OT (DYHKIMH f OJHHM CJIaraeMbIM ¢ B KAHOHHYECKOM IpeJICTaBIeHHH. Bymem
ropoputh, 1To dhopmyaa A nomyuniaack u3 Gopmyssl @ yranennem 4epHoil BepIIMHBL V1.

O6o3HaunM 4epe3 v3* YepHYIO BeplInHy jepeBa 1), COOTBETCTBYIOIIYIO BEPIIHHE Vs
Jepena T. [Iycte © — dopwmyna, noaydaomasacsa u3 GopMyabl A yaaaeHneM BePITHHbI
v3*. AnajormauniM obpa3zoM MoxHO yoemurbes, uro L(©) < L(A) < L(P), a dopmyna ©
peasin3yer (pyHKIHIO, OTJIAIAIONIYIOCS 0T GYHKIUK h OMHUM CJIaraeMbIM § B KAHOHHYIECKOM
npeactapiaennn. CiaeaoBaTeabHo, ¢popMyaa © peanusyeT pYHKIHIO f. TO HIPOTHBOPEUHUT
MuHUMaJ bHOCTH hopmysibl P. Jlemma jokazana.

Jlemma 2.3.6. Ilycmo f(z1,...,2,) € Lo, & — MUHUMAADHAA HOPMAALHAA HOPMYAL HGO
¢, pearusyrowan pynkyuto f, T — coomeemcemeyrouiee popmyare © depeso. Tozda cy-
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wecmeyem gopmyaa ) wad €, pearusyrowan Pynryuto f, maxas, wmo L(Q) = L(P) u
UMENWaA 6ud

Q= A(Zo, M (1, y1), M (B2, 12) 5 oo M (Bg—1, Y1), 1(Xq, Yq))))),

ede opmyna Yo peanusyem Gynryuo N, 31, ..., 25 — popmyave nad €, yi, ...y, € X,
q=0.

HoxkazarenbctrBo. Ecin [ = 0 win [ = ji1(x;), z; € X,,, TO yTBepKIACHHE JEMMBbI
OYEBUJIHO. R

[Mycrs f # 0, f # j1(x;), x; € X, Ilycrs v, — Beprnna nepesa T', cMezKHAs ¢ KODHEBOIA,
a e, — pebpo, BBIXO/IdIee M3 BEPITHHBL U,. 1Iycth Vo = {vy, ..., v/} — MHOXKECTBO YepHBIX
BepIIHH Jepesa 1, TAKHX, YTO HAa COOTBETCTBYIOUIMX MM IIAAM NPOLELYPbl P pebpy e,
HPUIHCHIBAIOTCS (DYHKIMA 1, ..., ¢; U3 MHOXKecTBa € = {1, j1(x1),...,j1(xn)}, I = 0. U3
JIeMMbI 2.3.5 cjeyer, 9To s Kaykao# (pyHKIun n3 MHOXKecTBa £ cyliecTByer He Dojee
OJIHOI COOTBETCTBYIONIEH YePHON BEPITUHBI U3 MHOXKECTBa Vj.

ITycte Vi(®) = {wy,...,w,} (cM. ompesenenne muoxkecTBa Vi mepen jgemmoii 2.3.4).
IIycts Bepumuam {wy, ..., W, } COOTBETCTBYIOT HEKOTOPBIE HPOPMYITBL (t(X1, Y1), .., 1124, Yq)s
rae i, ..., 5 — dopmyiasl Hag €, yi, ..., Yy € Xy

Paccmorpum dopmyaty

O = AM(Zo, A(p(X1, y1), M2, 92), -, )‘(M(qulay(rﬁ?/L(qu yq))))),

rae Yo = A(g1, AM(g2, - A(gi-1, 1)) Tycrb T, — cooTBeTCTBYIoMEe eii jepeso. Popmymna ©
uMeeT TpedyeMblii B JJeMMe BU/IL. R

[okazxem, ato L(©) = L(P). Bamernm, uto B Aepese T’ e, COCIUHSIONIAE BEPITHHBI
U3 MHOZKECTBa V() ¢ BepUIMHOH v,, He MPOXOJAT HU Uepe3 OJIHY U3 BEPITUH MHOMKECTBa
V1. O6o3naunm depe3 () Takuwe BUCAYHE BEPIIHHBI JepeBa 1, 4TO MEIH, COEIUHSIIONIe
UX C BEPIIMHOf v, IPOXOJAT Yepe3 ojHy u3 Bepiimn Muoxecrsa Vi. Torjaa Bee pucsaune
BEpIIMHBI jiepeBa T MOXKHO pa3buTh Ha JBa HelepecKaromuxcs MHoxkecrsa: Vo u Q. Ilo
noctpoernio L(Xg) = |Vo| u L(p(X1,y1)) + ... + L(p(E4, y4)) = |Q]. Hostomy L(O) = L(®P).

ITo mocrpoenuto dopmyna Xy peanusyer byHkumio 1y, a dopmyna pu(Xq,yi) + ... +
w(Xy, yy) — dbyuxuuio d5. [Tosromy dopmyna O peanusyer Gynkmmo f. JIemma gokazaua.

st sioboro HarypasbHOro k u j106oit HopMasbHOi dopmyner ¢ onpenesum MHOXKe-
crBo yuknuit Ay = Ag(®P). [Iycrs v — BeputuHa nepesa T', NIpUHAITEKAIIAST MHOXKECTBY
Vi(®), 1 < k < n. PaceMoTpuM Tienib, COEJTUHSIONIYIO BEPIIUHY U ¢ BEPITHHON V., W MO-
CJIeI0BATEJILHOCTD BEPIIUH (1, ..., §;, 9€Pe3 KOTOPbIE MOCIeI0BATEILHO IIPOXOIUT Ta Ielb,
G1 =0, @ = Uy, | > 1. Bbigesum u3 nocaie0BaTeibHOCTH 1, ..., ¢ TOIOCIEI0BATEIBHOCTD
Qjy s ---» Gj,, BEPUIMH, KOTOPbIM Npunucan cumsoa p, 1 < jy < ... < j; < [. IlycTs Bepiune
¢;,, s = 1, ..., k, coorBercrByer noadopmyna pu(X;, y;, ), tie Xy — dbopmyna vazx €, y;, € X,
[onoxum Ay = ({j2(y;,)---72(yj, ) }, tae obbeaunenne Gepercs o BceM BeprmHam v € Vi,
k > 1. Jlerko BujieTh, 4TO KaxKaas (PYHKIUS U3 MHOXKECTBa A\ paBHA HEKOTOPOMY MOHO-
my. OueBuyino, uro |Ag| < [Vi(®)|. U3 siemmbr 2.3.4 caepyer, uro eciu ¢ — MuHuMaibHast
dbopmyta, To Kazk bt MOHOM U3 MHOKecTBa Ak (P) cocront u3 k pasamaHbIX MHOKATEJEH.

Jlemma 2.3.7. Ilyemo @, — MUHUMAALHAS HOPMANDHAA POPMYAG, DEAAUSYOWGA PYHK-
YU Ty, 1 = 2. Toeda das mobozo k = 1,....n cnpasediuso coommowerue

Vi(@n)| > .
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HokazareancTBo. [Iycth fn — JiepeBo, coorercTByloiiee gpopmyse P, e — pedpo,
BbIXO/ISIIIEE U3 BEPIIUHBI, CMEXKHOW ¢ KOpHEBOMH. [lycTh, OT MPOTHBHOIO, JJIsT HEKOTOPOIO
k > 1 swmonnserca nepasenctso |Vi(®,)| < CF. Tax xak |Ay| < [Vi|, To |Ax] < C*.
CrenoBaresbHO, HARMIYTCS MEPeMeHHbIe T;,, ..., T;, € X, Takue, 9T0 jo(x;,)...Jo(x;, ) & Ay.
[TokazkeM, 9TO TOIyIa B pe3ysbrare IPpUMEHEHUs TPOIEAYPhl P pebpy € He MOKeT ObITh
npunucana GyHKuus jo(;, )...52(z;, ). Ilycrs v — npousBosibHast 4epHast BepIIHHA JePEBa
T,,. PaccMoTpuM Hellb, COSAMHAIONYI0 BEpIIHY ¥ ¢ KOPHeBoil Bepuunoil gepesa T, IycTs
kmae — MaKCHMAJIbHOE TEJIOe JHCJIO, TAKOe, U4TO JAHHASA IEeNb MPOXOJAUT Yepe3 BEepIIHHY
3 MHOXKecTBa V), . PaccMoTpuM HECKOJBKO BO3MOXKHBIX CaydaeB. Lcan k., < k, TO
MOHOM, MPHUIIMCAHHBIA pebpy € B pe3yJsbraTe NMpUMEHEHWs MpONeAyphl P Ha Imare, cOOT-
BETCTBYIONIEM YEPHOI BepIuHE v, COACPKUT MeHee k MHOKUTETeH BUAA jo(+), U MOITOMY
9TOT MOHOM OTJIHYEH OT jo(Z4, )...J2(24, ). Ecn ke = k, TO MOHOM, HpUnHCAHHDINE PEODY €
B pe3yJibTaTe TMPUMEHEHHUs IPOIeLyphl P Ha Iare, COOTBETCTBYIONEM UePHON BEPITIHE v,
OTJIIYeH OT Jo(Zy, )...Jo(T4, ), TOCKOIBKY Jo(Xy )...Ja(2s, ) & Ag. Ecint kpop > k, TO ¢ yueTom
JeMMBI 2.3.4 MOHOM, MPUIUCAHHBIH peOpy e B pe3yjbrare HpUMeHEHUs IPONeayphl P Ha
mare, COOTBETCTBYIONIEM YePHON BepIuHe v, CONep:XKUT Gosee k MuOKHUTETeH BUga jol-),
H [I09TOMY 9TOT MOHOM OTJINYECH OT jo(Z4, )...J2(2;, ). Jlemma nokazana.

Caenctsue. llycts ¢, — Munumaibuasd popmyia, peaan3yiomas QyHKIHIO T,, 1 > 2.
Torma dopmyna P, conep:kut He Meree 2 — 1 DesIbIX BEPIITHH.

HokazaTenbcTso. 1o gemme 2.3.7 dopmyna ®,, cogepxur e menee Cl + ... + C" =
2" — 1 6enbix BepiiuH. ClaeacTBHe JTOKA3aHO.

2.3.3 Bepxuasa onenka aaa dysknonu Illearona

OmpegeuM MHOXKeCTBO HabopoB V™ n > 1, ¢ HaTypaJbHBIMUA KOMIIOHEHTaMH CJIeLy-
fomuM obpazom. st m00bix [ > 1 u n > 1 noaoxum

VI =A{(i1, ..., 0)|1 < iy, ..., 9y < N, TPUYEM CPETH i1, ..., 7 HET OJUHAKOBBIX THCE }.

[Tomoxum V" = | JV7, e oobeaunenne Gepercs mo | =1, ..., n.
[Iycts F C V™. g moboro k = 1, ..., n onpegenum muoxkectBo D(F, k), apasiorieecs
MHOKECTBOM BCeX HAaDOpOB U3 F, KOTOpble UMEIOT KOMIIOHEHTY, paBHy1o k. [Tosoxkum

D(F., k) ={(i1,...,7;) € F| cymecrByer marypasbuoe j, rakoe, uro 1 < j <[, i; = k}.

[TonokuM dyax(F) = max |D(F, k)|, rae makcumym Oepercst o k = 1,...,n. Obo3nadnm
uepe3 d(JF) HAMMEHbIEE M3 HATYPAIbHBIX k, ynosiaersopstiomux paserctsy |D(F, k)| =
dmax('r)'

IIycts f(xq,...,2,) € Lo, n = 1. Pacemorpum npeicrasienue dbyukmun f B Buge (1).
Omnpegennm muOKecTBO Z = Z(f) HAGOPOB ¢ HATYDATHHBIMU KOMIIOHEHTAMY CJIEJLY OTIAM
obpazom. Habop I = (iq,...,%;), tae 1 <1 < n, | =1(I), upunajjexkur Muokecrsy Z roria
U TOJBKO Tormaa, korga 1 < 41 < ... < ¢y < N W BHIOJHIETCS MO KpaftHeil Mepe 0aHO U3
JABYX YCJIOBUA:

1) jo(s, ). da(xs) € Ky,
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2) j1(ze)g2(i,)...ja(xs,) € Ky x01st 681 gyist omuoro t € {1,...,n}\ {i1,..., 4} (manomumM,
qr0 K f — 9TO MHOYKECTBO BCEX KOMIIOHEHT (byHKIHH f).

Obo3na4yuM depe3 [y MHOKECTBO HAaTYpaJbHBIX 4UCET %, TAaKUX, 9TO0 1 < ¢ < n u
B MHOXKecTBe Z(f) cymmecTByeT XoTst 6bI OUH HAGOD, UMEIOIMNii KOMIIOHEHTY, PABHYIO 1.
[Mosmoxum ry = |Ry|.

Onpeeny #HAYKIHEH M0 Beandnue 7y Beanduny B(f), Koropas O1HO3HATHO BBIYMHC-
aserca no dyskmun f € Ly, llycrs f(z1,...,2,) € Lo, n > 1. Ecim rp = 0, TO mos10KuM
B(f) = 0. Illyctb ry # 0. Crpynnuposas BMecTe Bce KOMIIOHEHTH! GyHKINA [, copeprKalye
MHOXKHTENb Jo(Lq(7)), TOTyIuM npeacTapienue dbynkmmn f B suae f = jo(xaxz))fi1+ f2, T1e
f1, fo — bynxuun u3 Lo, Hu 0j1Ha KOMIOHEHTa KOTOPBIX HE COAEPAHT MHOKHTEH J2(Ta(z))-
Torma 1y, <1y, ry, < ry. Homoxum B(f) =14 B(f1) + B(f2).

3 oupenenenns B(f) ciaemyer, aro masa moboit dyuknuun f, takoii, uro Ky = o,
crpaseiuBo paBercTBo B(f) = 0. B wacTHOCTH, ClIpaBe/INBBl PABEHCTBA

B(O) =0, B(l) =0, B(Jl(xl)) =0, B<1 +j1(I1)> =0, B(l —|—j1(1’1) +j1(I2)> =0.

Berauncium 3Hadenne B(f) st HekoTopbix ByHKIWA f(21), CYIMECTBEHHO 3aBUCSIITAX
He GoJiee UeM OT OJHOI TepeMeHHoi. PaccMOTpuM KaHOHHYECKOe MpecTaBieHne (byHK-
man f. Ecom f(z1) = 1+ ji(x1) + ja(z1), 10 Z(f) = {(1)} (10 ecrp muoxecTBO Z(f)
COCTOHT U3 OAHOr0 HAOOPA JIMHEL 1, ¢ AMHCTBEHHAs KOMIIOHeHTa KoToporo pasua 1). Torxa
Amaz(Z(f)) = 1, n, BBIHOCS 33 CKOOKY MHOXKHUTEIb jo(Z1), MBI MOJYYaeM MPEICTABICHIE
dbyuknuu f B Buge f(x1) = jo(z1) - 1+ (1 4 ji(x1)). Tak KaK BBIIOJHAIOTCS PABEHCTBA
B(1) = B+ ji(1)) = 0, 10 B(L+ jaaa) + o)) = 1+ BO) + B(1 + ja(m)) = 1.
AHajIorugHbIM 00pa30M MOZKHO yOEAUThCsI, 9TO

B(ja(21)) =1, B(1+ja(21)) =1, B(ji(x1) + ja(21)) = 1.
Jlemma 2.3.8. [lycmo f € Ly, Tozda

B(f) <2 — 1.

JokazarenbcTBO BeneM nHayKiwmeit mo rp. Ecau rp =0, 10 Ky = @ u B(f) =0, 1o
€CTb YTBEpIKIEHUE JIeMMbI BHITIOIHsIeTCs. [IycTh yTBepKAeHHE JIeMMBI BBITIOTHSICTCS TSI
Beex dynkuumit f, rakux, uro ry < s, s € N. IIycrs f Takosa, 4ro 1§ = s 4 1. Paccmorpum
paBeHcTBO [ = jo(xq(z)) f1+ fo. Tak kax ry, < s, 15, < 8, 70 K DyHKIMAM f1, fo IPIMEHIMO
IpeJIInosioKenue nuayKnuu. Toraa

B(f)<K1+B(fi)+B(fe) <1+2°—1+42°—1=2""1 1.

JlemMa, moKa3aHa.

Hanomunm, uro depes3 Yy mMbl o6o3HataeM MHOKecTBO K r U Jr U Hy (cM. KAHOHHYIECKOE
npejcrapienne dbyukuun f). [ycrs f — npoussosbHasg byukuus u3z Lo. Pacemorpum
KaHOHI4YecKoe npejcrasienne Gynkiun f. Beinecem 3a cKOOKH MHOXKHUTENb ja(Zq(7)):

[ =Jga(xae)) fr + fo

46



Ormernm oxHO cBoiicTBO dyHKImil fi n fo, a umenno: |Yy, |+ Yy, | = |Yy|. Jna cokpamenns
3anucn 0603Ha4nM GYHKIMIO j2(247)) fi depes fz. OueBnino, uro |Yy, | = |Yy,|. Hokazxewm,
YTO BBINOIHSIETCS paBeHCTBO |Yi,| + |V, | = |Y7|. Bamernm, uro MuOKecTBa Yy, U Yy, He
TIepeceKaloTCs, TaK KaK KazK /bl 97/eMeHT MHOMKECTBA Y7, CONEPIKHT MHOKHUTEND jo(Z4(1)),
a HI OJMH U3 3JIEMEHTOB MHOXKeCTBa Y/, ero He coaepxkut. Torgaus a € Yy, caeayer a € Yy;
uu3 a € Yy, caenyer a € Yy. Cnenosarensuo, Y| + |Yy,| < |Yy|. Haobopor, eciun a € Yy,
TO n3 paBeHcTBa [ = fo + f3 caenyer, uro uam a € Yy, umm a € Yy,. CiaenoBaresnbHo,
Y, | + Y, | = |Yy|. Taknm obpasom, |Yy,| + Yy, | = |Yy|. C yuerom pasenctsa |Yy, | = |V,
nosy4aeM coornomtenue |Yy |+ |Yy,| = |Yy|.

JIemma 2.3.9. ITycmo f(x) — npoussosvnas dynkuyusa us Lo(1), maxas, wmo f # 0 u
f# (), i=1,..,n. Toeda
Le(f) < Y|+ B(f)-

JokazaTeabCcTBO. Y0eanMcs HEIOCPeICTBEHHOI TTPOBEPKOi, ITO CITpaBe/IIMBO Hepa-
BercTBo Le(f) < B(f) + |Yy|.

Ecmu f = ja(x;), To B(f) =1, |Ys| = 1 u dopmyna p(1(x;),x;) peanusyer dbyHKIUO
f co croxunocreio 2. Crenosarensuo, Le(f) < B(f) + |Yy|. Ecau f = ji(x;) + ja2(2), TO
B(f) =1, |Yf| = 2 u bopmyna A(z;, u(1(z1), ;) peanusyer byHKnuo f co CI0KHOCTHIO
3. Cnenosarensno, Le(f) < B(f) + |Y7|.

Ecmn f =1, o B(f) =0, |Ys| =1 u dopmyra 1(x;) peanusyer GyHknuio f co CI0K-
Hocteio 1. Cuenosarensno, Le(f) < B(f) + |Y¢|. Ecmn f = 1+ ji(z;), o B(f) = 0,
Yr| = 2 u bopmyna A(1(x;),z;) peamusyer dbynkuuio f co croxuoctsio 2. CiegoBa-
reasio, Le(f) < B(f) + |Y¢|. Ecmm f = 1+ jo(z;), 10 B(f) = 1, |Y¢| = 2 u dop-
myna A(1(xqy), u(1(z1),z;)) peanmmsyer dbyukumio f co caoxkuocThio 3. CiiemoBaTesbHO,
Le(f) < B(f) + |Yf|l. Ecmn f = 14 ji(x;) + jo(i), 10 B(f) = 1, |Y¢| = 3 u dop-
myaa A(A(L, z;), p(1(x1), x;)) peamusyer dyukimmio f co caoxkuoctsio 4. CirenoBaTesbHo,
Le(f) < B(f) + |Yy]. Jlemma noxazana.

JIemma 2.3.10. ITycmo f(xq,...,x,) — Pynryus us kaacca Lo, CYWECMEEHHO 306UCAULAA
HE MEHEe Yem om 08Yyx nepemennvix. Tozda

Le(f) < |Y¢l+ B(f).

HoxkasaTenbcTBo. [lokasareabcTBo BeJeM MHIyKIueil mo sejuaune ry. Beam rp = 0,
o B(f) =0 u K; = @. OgeBuaHo, 410 /1714 1106010 1 > 2

Le(u(z) + . +1(wn)) =n=[Ys],  Le(l+51(21) + o+ j1(2n)) = 1+ 1 = [Yy].

CrenoBarenbHo, B ciiydae 7y = () yTBEPKI€HUE JTEMMBI BBIIOIHIETCS.

Ilycts ps moGoit dbyukmun ¢(x1, ..., T,) u3 Lo, Takoii, 9r0 7y < M, U CYIIECTBEHHO
3aBHCAIINEil He MeHee YeM OT JBYX IIepeMeHHBIX, BBIIOTHAeTC HepaBeHCTBO Le(g) < |Y,| +
B(g); m = 0. Ilycrs f(xq, ..., ,) — dyukuus u3 Ly, CYIMECTBEHHO 3aBUCSIIAS He MeHee 4eM
OT JIByX IEPEMEHHBIX, U TaKad, 9T0 7y = m+ 1. PaccmoTrpum Kanonndeckoe mpeicTaBieHne
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dyukmun f. CrpynmupoBaB BMeCcTe BCe KOMIIOHEHTHI (DyHKIUU f, cofeprKaline MHOKUTETh
Ja(2a(z)), momyqum npescrapienue dynxnun f B Buge f = jo(van)fi + fo, TAC f1, fo —
dbyuxum u3 Lo, npudeM 7y, < 7y U Ty, < Tf. PaccMOTPEM HECKOJIBKO BO3MOYKHBIX CIIy4aeB.

Cnyuait 1. @yurmun fi, fo CYIIECTBEHHO 3aBUCAT HEe MeHee 4eM OT JIBYX MePEeMEeHHBIX.
Torma x HuM npuMenuMo npeamosoxkenue uumykuuu. [lostomy Le(f;) < B(fi) + |Y5,
1 =1, 2. CrnenoBaresbHO,

)

Le(f) 1+ Le(fr) + Le(f2) T+ (B(f1) + [Y]) + (B(f2) + Y3 ))-

[To ompenenenuto 1 + B(f1) + B(f2) = B(f). Kpome Toro, no csoiictBy dyukmuii f; u fo
BhIIOHSETCA paBeHcTBO |Yy, | + |Yy,| = |Y}|. Crenosarensho,

Le(f) < (1+ B(f1) + B(f2)) + (Y| + [Yr]) = B(f) + [V,

9TO 3aBEPLIAET JOKA3ATEIbCTBO EPeXoia WHLYKIHH.

Cayuyait 2. OyHKIM f] CYIIECTBEHHO 3aBUCHT HE MEHee ueM OT JIBYX HepeMeHHBIX,
bYHKIU fo CYIMIECTBEHHO 3aBUCUT He HoJee ueM OT oHOoi nepemennoii. Torma K dyHKINNA
f1 mpumenumo npeanosnoxenue naaykiun. Cregosarensno, Le(f1) < B(f1) + |Y|-

Ecmu fo, =0, o B(f2) =0 u f = ja(xax)) fi1- VI3 pasencrsa B(f2) = 0 n onpenenenus
sesmuaunbl B(f) crenyer, uro B(f) = 1+ B(f1). U3 pasencrsa f = ja(x41)) f1 caeayer, aro
Le(f) < 14 Le¢(f1). U3 coiicra dyukmmii fi u fo, a Tak:ke paBercTBa fo = 0, ciemayer,
uro |Yy| = |Y},|. CaegoBarensHo,

Le(f) S T+ Le(fi) <1+ (BUA) + [Yi]) = B(f) + Yyl

Ecma fo = ji(w;), # € Xy, 10 B(f2) = 01 f = A, jo(waez)) f1). I3 paBencrsa
B(f2) = 0 u onpenenennst Besmunubl B(f) caenyer, aro B(f) = 1 + B(f;). Tak kak
= Xxs, jo(zacr)) fr), 10 Le(f) < 2+ Le(f1). 3 croitcta dyukmuit fi n f, ciaemyer, uro
\Y¢| = Y5 |+ Yy, = Y| + 1. CaenosarensHo,

Le(f) S 14+ 1+4 Le(fi) S T+ 1+ (B(fA) + Vi) = B(f) + Y.

Ecau fo £ 0w fo # ji(x;), 7o B cuny aemmbr 2.3.10 cnpaBemyinBo HepaBeHCTBO Le(f) <
Yy + B(f).

Tax kak f = jo(wq(z)) f1+f2, T0 Le(f) < 14Le(f1)+Le(f2). U3 onpenenenns BeTmannbl
B(f) cnenyer, uro B(f) = 1+ B(f1) + B(f2). U3 cBoiicrBa dyukuuii fi u fo ciaegyer, 4ro
Yy = [V | + [Yy,|. Torna

Le(f) 14 Le(f1) + Le(f2) T+ (B(f1) + Y ]) + (B(f2) + [Yp|) =

= (1+B(f) + B(f2) + (Val + [Y5|) = B(f) + [¥;l.

Chyuaait 3. @yukius f; CymecTBeHHO 3aBUCHT He OoJjiee 4eM OT OJHOI TepeMeHHOil, a
byHKIHUS fo CyNECTBEHHO 3aBUCUT He MeHee 9eM OT JIBYX mepeMeHHbIX. Torma K dbyHKIMNn
f> mpumennmo tpegnonoxkenue uuaykiun. CienoBarensto, Le(fo) < B(fa) + |Ys, |-

U3 oupejenenus sesmaunbl B(f) caenyer, uro fi # 0.

48



Ecmu f1 = ji(z;), z; € X, 10 B(f1) = 0. Torna u3 oupenenennst Besmanubl B(f)

creayer, uro B(f) =1+ B(f2). Tak xak [ = jo(z4z))j1(2:) + fo, T0 Le(f) < 2+ Le(f2)-
113 cBoiictBa dbyukimit f1 u fo crenyer, aro |Yy| = |Yy, | +|Yy,| = Y, |+ 1. Crenosaternsho,

Le(f) < 2+ Le(fa) <2+ (B(f2) + [Yil) = B(f) + Yl

Ecau fi # 0w fi # ji(x;), 1o B cuny gemmsl 2.3.10 cupaseyiuBo HepaBeHCTBO Le(f) <
\Y¢|+ B(f). Tax xax f = jo(zacz)) fr + fo, 10 Le(f) < 14 Le(f1) + Le(f2). U3 onpenenenus
sesqmannsl B(f) crenyer, uro B(f) = 1+ B(f1) + B(f2). I3 cBoiictBa dyukiumit fi u fo
caeayet, aro |Yy| = |Yy, | + |Y7,|. Torma

Le(f) S T+ Le(fr) + Le(f2) ST+ (B(f1) + Vi) + (B(f2) + [Yp|) =
= (14 B(fi) + B(f2)) + (V| + Yp|) = B(f) + [Ys].

Cayuait 4. @yakmun fi, fo CyIIeCTBEHHO 3aBUCUT He 0OJIee 9eM OT OJHON IepeMeHHOI.
Ormernm, urto fi # 0 mo onpeaenenuto Beaunannbl B(f). [Tycrs d(Z) = i.

Cayuait 4a. llycts fi = ji(x;), x; € X, \ {;}. Torga Bo3MOKHO HECKOIBKO CIIydaes.

Cnyuait 4al. Ecm fo = 0, To f = ji(zj)j2(xi), @i € X, Torma B(f) =1, |V =1
u dopmyna p(x;,x;) peamusyer dyukmuio f co ciaoxuocTbio 2. CremoBarensho, Le(f) <
B(f) + [Yyl.

Caywuait 4all. Ecan fo = ji(zk), vx € Xp, 10 f = ji(x;)j2(xi) + j1(xy). Torma B(f) =1,
Y¢| = 2 u dopmyna A(zg, u(z;, x;)) peamusyer Gyukmuio f co croxuocrsio 3. Crenosa-
reabuo, Le(f) < B(f) + [Yy|.

Cayuait 4alll. Ecimm fo # 0 u fo # ji(zk), v € X,, To 1m0 Jemme 2.3.9 Le(fz) <
Y| + B(f2). Tak kax f = Mu(zj, i), f2), 10 Le(f) < 24 Le(f2). Tak kak fi = ji(z;),
to B(f1) = 0. Crenosarensno, B(f) = 1+ B(f2). Tax xak |Yy,| =1, ro 1 + |Y3,| = |Y7|.
Torma

Le(f) <24 Le(f2) <24 B(f2) + [Yp| = (1+ B(f2)) + (1 + [V, |) = B(f) + [Vl

Cnywait 46. Ilycts f1 # 0 u fi # ji(z;), z; € X,,. Torma mo remme 2.3.9 Le(f;) <
Y5, |+ B(f1)-

Cayuaii 461. Ecin fo = 0, 1o f = fija(2;), x; € X,,. Caenosarensuo, B(f) = 1+ B(f1).
Ouesnzgno, uaro |Yy| = |Yy,|. Tak xax f = pu(f1, ), to Le(f) <1+ Le(f1). Torma

Le(f) 14 Le(fr) <14 B(fy) + Y| = B(f) + [Yyl.

Cayuait 4611. Ecmu fo = ji(x;), 10 f = fija(@i) + ji(z;), zi,z; € X,. Tak kak
B(ji(z;)) = 0, ro B(f) = 1+ B(f1). Kpome Toro, u3 cpoiicrBa dbyuxunuit f; u fo cie-
ayer, ato |Yy| = |Y | 4+ Yy, | = |Y | 4+ 1. Us pasencrsa f = fij2(z;) + j1(x;) caeayer, aro
Le(f) <24 Le(f1). Torna BHIIOIHSIOTCS COOTHOMICHUS

Le(f) <2+ Le(f1) <2+ B(f) + Vil = (1 + B(f)) + (1 + Y |) = B(f) + [V,

Cnyuait 46111. Ecnu fo # 0 u fo # ji(z;), x; € X, to mo gemme 2.3.9 L¢(f2) <
|Yf2| + B(fg) TaK KaK f = A(N(fl;l‘z)y fg), TO L@(f) < 1 + Lg(fl) + L@(fg) I/IS CBOMCTBAa
dbyuxuumit f; u fo crexyer, uro |Yy| = |V | + |Y},|. Toraa

Le(f) <1+ Le(f1) + Le(fo) < 14+ B(fi) + B(f) + Y| + Y| =
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= (1+B(f1) + B(f2) + (Vnl + [Y5|) = B(f) + [Y;l.

JlemMa, 1oKa3aHa.
CreacTBueM U3 JOKA3aHHBIX PE3YIbTATOB SIBJISETCS CJIEAYIONAs TeOPeMa.

Teopema 2.3.1. Ilpu scex n = 2 umeem Mmecmo COOMHOWEHUE

Le(Ly(n)) = n2" 1 20+ — 1.

HokazareabcTBo. Bepxusaga onenka. 3 jemmbr 2.3.9 cieayer, uro ad 060t pyHk-
nnn f (21, ..., 2,), ommasoit or ¢yukumit 0 u j(x), cupasegmmsa onenka Le(f) < |Yy| +
B(f). C yaerom Toro, aro B cuiay jemmsl 2.3.8 B(f) < 2" — 1, a rakxke |Yy| < |Y,,
n2" 1 4+ 27, MBI nMeeM:

Le(f) < Y3+ B(f) <n2" 42" 42" — 1 =n2" 1 4 27 — 1.

R Hwxuasa onenka. Ilycrs @, — MuanMag bHast dopmylia, peausyormas GYHKINIO T,
T,, — cooTBeTcTBYyIOIIEe eit mepeBo. [lo caemacTruio 2 u3 teMMbI 2.3.3 1epeBo I” COIEPKUT HE
Menee n2" ! 4 2" gyepnplx Bepuiud. 1lo ciaencTsuio u3 JeMMbl 2.3.7 depeso 1), COIepzKUT He
menee 2" —1 Geprx eprmun. Coremosarenbno, Ly, (f) = n2" 1427427 —1 = p2n—142n 1,
Teopema joxkazana.

2.3.4 BepxHdasa olleHKa CJIOX>KHOCTHU MTPOM3BOJIBHOW (pyHKITUN

OnpenesnuM uHIyKIeil o Bejgudune rp Beandauny A(f), KoTopas 0JHO3HAYHO BBIYHC-
asiercs o dyukuuu f € Lo, llyers f(24,...,2,) € Lo, n > 1. Ecim 7y = 0, TO mosoxum
A(f) = 0. Ilycrs r¢ # 0. Ilycrs fi, ..., fs — Takue dynknun u3 Lo(n), 970 0OJHOBPEMEHHO
BBITIOJIHAIOTCH CJEYIONINE yCIOBUS:

1) s > 1;
2) U KaXKA0r0 ¢ = 1, ..., s BBIIOIHAETCA HepaseHCTBO Y| > 1;
3) mist Kaxgaoro i = 1,...,s Haiimercs mepemennast r; € X,, | = [(i), Takas, 9ro0

MHOXKHTENb j2 () COMEPAKUTCS B KAXKIOM SJIEMEHTe MHOKECTBA Y7,
4) ans mobwbix i, j € {1,..., s} BBImoangercs coornomenne Yy, | N |[Yy, | = 2;

5) flxg,...,x,) = nfixl, oy ) F+ 1@y, ey ) o+ fo(x, o x).

Ob6osznayum depe3 f; PYHKIUIO, KOTOpas MOJyYaeTcsd U3 KAHOHUYIECKOrO IpeJ/IcTaBJie-
Hust GYHKIUK f; BBIHECEHHEM 3a CKOOKHM MHOKATENS jo(x;), | = (7). Torma BEIIOTHSIOTCS
coornomennst f; = fijo(x) u l ¢ Rj. Hamomunm, uto vepes Ry Mbl 0603HaaeM MHOZKe-
CTBO HATYPAJBHBIX YHCEN {, TAKAX, YTO XOTsd Obl OjIHA KOIIMOHEeHTa (DYHKIUK f COEPKUT
MHOKHATEND jo(x;). Tak kax [ ¢ Ry, ror; <rpi=1,..s.

3ameuanue 1. OueBuaHO, ITO ﬁ # 0.

Bamewanue 2. 13 yciosnit 4-5 crenyer, aro Y| = |V, [+ [V, |+ ... + Y}, |. C yaerom
oueBHHbIX pasencts |Yy| = [Y7|, ¢ = 1,..,s, Bbmoingerca rakxe pasencrso |Yy| =
Yo, |+ Y5+ o+ YE

Homoxum D = {fi, ..., fs}. Oboznaunm depes Z; MHOKECTBO BceX MHOKecTB D, yao-
BJIETBOPSIONTHX ycsroBusiM 1-5. B cuiy koneunocru uncia Gynkuuii u3 Ps o, CyIIecTBEHHO,
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3aBHCAIIAX He 60Jiee 4eM OT 1 MepeMeHHBIX, MHOKeCTBO Z; KOHeIHO. OYeBHIHO, ITO OHO
menycro. Ilyere Z¢ = {Ds,..., D}, t > 1. lna gaxoro @ = 1,...,t pacCMOTPHM MHOZKe-
cto D; = {fui, o, fsi}, s = s(i). Homommm A'(f) = (1 4+ A(f15)) + ... + (1 + A(fsi)) =
s+ A(f1) + ... + A(fs), tme s = s(i). [omoxum A(f) = min A*(f), tne Mmurumy™M Geperca
mo BceM ¢ =1, ..., ¢t.

Ormernm cBa3p Mexxay Benmunnavu A(f) u B(f). [lyers f € Ly. Ecu rp = 0, TO u3
onpepnenennit sesmunu A(f) u B(f) sorrexaer pasencrso A(f) = B(f) = 0. Ilycts ¢ # 0.
[To onpenenennto Bennanabl B(f) BHIIOJIHIETCS COOTHOIIEHTE

B(f) =1+ B(f1) + B(g),
rae f1, 9 — dyakmun n3 Lo, TakKue, 9TO
f=J(xazig))fi + 9,
npuiem d(Z) ¢ Ry,, d(T) ¢ R,. AHATOrHYHO BBIIOJHSIETCS COOTHOIIEHIE
B(g) = 1+ B(f2) + B(h),
rae fo, h — dyakmum u3 Lo, TaKue, 4T0
9 = J2(Taz(g))f2 + I,
npuiem d(Z) ¢ Ry,, d(Z) ¢ R),. CaenosaresbHo,
B(f) =2+ B(f1) + B(f2) + B(h),

u T.71. [IpogonzKasg Takum 00pa30M BLIHOCHTH 33 CKOOKY Hambo/iee 4acTO BCTPEYAIONTAICS
MHOYKHTEJb, IIOKA 9TO BO3MOXKHO, MBI IIOJIy4UM IIpejicTapjienue MyHKIUU [ B BHJIE

[ = j2(xi1>f1 + .. +j2(xiz)fl + 15,

e [ > 1, 1y, ...,4; € X,,. [Ipu 3T0OM BBIIIOJIHAETCS PABEHCTBO

B(f) =1+ B(f1) + B(f2) + ... + B(f).

OueBuno, aro Muozkectso dbyuxuuii {ja(x;,) f1, ..., j2(x;,) fi} yaoBaersopser ycaoBusam 1—
5 u3 onpejesenust MHOKecTBa Zf. ClleJOBATEIBHO,

{a(wa) fi, s Jol) fi} € 25

Torma MuHAMYM B onpeenennn Benaunbl A(f) He Moxker 6bITh Gostbiie B( f). Utaxk, as
moboit byuknuu f € Lo Bumoaasiercsa nepaserctso A(f) < B(f).

Tax kak npejcrasienuio Gyukinun f € Lo B Buge f = jo(va))f1 + fo n3 onupenenenns
BesmauHel B(f) COOTBETCTBYET OAMH 13 3JEMEHTOB MHOXKECTBA Zf B OIPE/ICCHAN BEJININ-
uol A(f), To as moboit dyukunn f € Loy, Takoit, ato vy # 0, CIpaBeINBO HEPABEHCTBO

A(f) < B(f)-
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13 oupenenenns A(f) crexyer, aro mia sroboit dysknmn f, taxoit, uto Ky = o,
cupaseyuBo paseHcrBo A(f) = 0, rak Kax g takux dbynkmnuil 7y = 0. B gactHOCTH,
CIpaBeJIJINBbI PABEHCTBA

A(O) =0, A(l) =0, A(]1($1>> =0, A(l +j1(x1)) =0, A<1 —|—j1(ZL‘1) +j1(x2)) =0.

Borauconm snavenune A(f) mist mekoropbix GyHKImi f(x1), CYIMECTBEHHO 3aBUCSIIAX
He Gosiee ueM OT OJHOU mepeMenHoit. PacemorpuM mnpeacrasinenne dbyukuun f B suje (1).
Ecmu f(x1) = 14 ji(z1) + ja(z1), 10 Z(f) = {(1)} (10 ecrb muO)kecTBO Z(f) cocrout u3
ozHOTO HAbOpa JIHHBIL 1, eIMHCTBEHHAs KOMIIOHEeHTa KoToporo pasaa 1). Torga MHOKeCTBO
Zy cocTouT u3 eauHCTBeHHOrO meMenta Dy = {jo(z1)}, Tak kak D — eIUHCTBEHHOE
MHOKECTBO, YIOBICTBOPSIONIee yeaoBusaM 1-5. BeiHocs 32 ¢CKOOKY MHOKHTEND jo(Z1), MBI
norygdaeM mpegacrasienune dyukmun f B Buge f(xy) = jo(zy) - 1 4+ (1 + ji(x1)). Tak xak
Boinosastiorest papeHcerBa A(1) = A(1+4j1(xq)) =0, to A(1 4+ ji(z1) + jo(21)) = 1+ A(1) +
A(1+ ji(x1)) = 1. AnanormansiM 06pa30M MOYKHO yOEAUTHLCS, 9TO

AQGa(z1)) =1, A1+ ja(21)) = 1, A(ji(1) + ja(z1)) = 1.

JIemma 2.3.11. ITycmo f(xy,...,z,) — npouseosvhan dyrkyus us Lo(1), npuvem f # 0

u f # ji(x;). Tozada
Le(f) < Yyl + A(f).

HoxasaTenbcTBo. Y0eluMcs HeoCpeCTBer ol posepkoil, 1ro Le(f) < [Yi[+A(f).

Ecmu f; = ja(x;), 10 A(f;) =1, |Y]77_\ = 1 u dopmyna u(1(zy), x;) peanusyer HyHKIAIO
fi co crnoxmocrpio 2. Creposarensuo, Le(f;) < A(f;) +[Yy | Ecm f; = ji(2:) 4 ja(2:), To
A(f;) =1, ]ij\ = 2 u popmyna A(z;, p1(1(z1), z;)) peanusyer pyHKIUIO f; CO CIOKHOCTBHIO
3. Crenosarennuo, Le(f;) < A(f;) + |ij|.

Ecm f; =1, 10 A(f;) =0, |ij| = 1 u dbopmyna 1(z;) peanusyer GyHKIUIO f; CO CI0XK-
nocreio 1. Caenosarenvuo, Le(f;) < A(f;) + [Vi | Ecmn f; = 1+ ji(x:), 10 A(f;) = 0,
|ij}‘ = 2 u dopmyna A(1(z;),x;) peammsyer dyuknmo f; co caoxknocreio 2. CrenoBa-
renwno, Le(f;) < A(f;) + Vg |- Bom f; = 1+ ja(x:), 10 A(f;) = 1, [Y;| = 2 u dop-
myna A(1(z1), p(1(z1), 7;)) peammsyer dynknmo f] co caoKHOCTBIO 3. CileoBaTeNIbHO,
Le(f;) < A(f;) + Yz | Bemn f; = 1+ ji(w:) + ja(w:), 70 A(f;) = 1, Vi | = 3 u dop-
myna AA(L, z;), p(1(21), 2;)) peammsyer dynkumio f; CO CJIOYKHOCTBIO 4. Cﬂe;LOBaTeJIbHo,
Le(f;) < A(f]) + |Y~| Jlemma Jlokazana.

JIemma 2.3.12. ITycmo f(xq,...,2,) — Pynkyus us kaacca Lo, CYULLCMEEHHO 346UCAUAA
He MmeHnee wem om d8yx nepemennur. Tozda

Le(f) < Y|+ A(S)-
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HokasaTenbcTBO Begem unaykiueit mo seauuune 7y. Iycrs vy = 0. Torpa K; =
@. llo onpenenennio A(f) = 0. OueBunno, uro Le¢(f) = |Y}| u yrBepxienue seMmbl
BBLITIOJTHSIETCS.

Ilycte mng smoboit dbyuxkuuu f(xq,...,x,) 13 Lo, Takoif, uTo 1y < M, U CYMECTBEHHO
3aBUCAIIE]T He MeHee 4eM OT JIBYX HePeMEHHBIX, BhIIoHsaeTcs HepasencTso Le(f) < |Yy|+
A(f), m = 0. Tlycrs f(21, ..., 2,) — bdyHKIUA U3 Lo, CYNECTBEHHO 3aBUCSINASI He MEHEE YeM
OT JIBYX IlepeMeHHBIX, Takas, 910 1y = m+ 1. [lycts Z;y = {Dy, ..., D;}, t > 1. Paccmorpum
MHOXKecTBO D; = {fi1,..., fs} U3 MHO)KecTBa Z§, Ha KOTOPOM JocTuraercst Beaudanaa A(f)
(ecau TAKMX MHOXKECTB HECKOJIBKO, TO BbhIGepeM Jioboe u3 Hux). Torma

f(@1, oy mp) = np(xe, oy Tn) + fr(@, o, xn) + o+ fo(zr, 0, 20),

rae s > 1, fi(x, ..., xn) = ja(xj,) filx1, ..o, Tn), ﬁ € Lo(n), j; ¢ Iy CureioBaTEILHO,
Le(f) < Le(ny) + Le(f1) + . + Le(fs)-

Cpeman dbyuknuit fi, ..., fs, MOIYyT oKa3aTbcs (pYHKIUU, CYIIECTBEHHO 3aBUCSIITE He 6O-
Jiee ueM OT OJIHOI nepeMenHoit. be3 orpanumdenust o6IIHOCTH OyIeM CIUTATh, 9TO 9TO HYHK-
muu fi, ..., fp, 0 < p < 5. Tak Kak ry <rgpi=1,..,5 10upK i > p K QyHKIUAM fi MoxkHO

%

IPpUMEHHUTDH IIPEeAIIOJOZKeHne WHIYKIUN. HOSTOMy

U3 onpenesnenust Beauwannbl A(f) caeayer, ato ]71 # 0,...,}; # 0. Cpenu dbyHrnui
ﬁ, ...,ﬁ MOTYT okasarThest pyHkunu Buga ji(y), y € X,. be3 orpanudenust obmuocT
OyJileM cYuTaTh, 4YTO 310 (PYHKIUU ﬁ, e f;, 0 < ¢ < p. Torna upu Beex ¢ = 1, ..., p BbIOJI-
HAeTCs PaBeHCTBO f; = j1(yi)j2(7y,), Te v, € X \ {yi}. Oyukums f; = j1(yi)j2(71,) Moxker
66T peasnnsoBana Gopmysnoi u(y;, ;) co caoxkuOCThIO 2. OueBHIHO, 9TO DYHKIWS, Cy-
MECTBEHHO 3aBUCHIIAs OT JIBYX IepeMeHHBIX, He MOyKeT ObITh peann3oBaHa HOPMYIOH co
ciaoxkuOoCThIO () mm 1. 11o3ToMy BBIIOSAHIOTCSA paBEeHCTBA

Le(f) =2, i=1,..q (2.7)

N3 nevmmbr 2.3.11 cireryer, 9T0 UMEIOT MECTO HEPABEHCTBA
Le(f) S A+ Y5l i=a+1,..p. (2.8)

PacecmorpuMm Tpu cirydad.
Cuaywait 1. Ilycrs ny = 0. Torna f = fi + ... + f,. Caenosarensno, Le(f) < Le(f1) +
o + Le(fs). Torma
Le(f) < Le(f1) + -+ Le(fs) =

= (Le(f1) + -+ Le(fy)) + (Le(for1) + -+ Le(fp)) + (Le(fpr1) + -+ Le(fs))-

Torma ¢ yuerom 2.6,2.7,2.8 cripaBeijiuBbl COOTHOITECHUS

Le(f) €24+ 4+ 2+((1+ Y7 |+ Alfer1) + - + 1+ [V | + A(F))+

q pas
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HA+ Y |+ Alfper) + oo+ (L4 Vi + A(R))) =
[+ A(fgr)) + -+ (Y + A(S) =

= (q+ Vi |+ V) + (5 + Afgrr) + - + A(f))-

q+1

=20+ (s—q) + (Y

a+1

Tak kax [Yj| = ... =Yz [ =110 ¢+ Y} [+..4+ V[ = V5| +.. + V| U sameuanna
2 x oupenenenuto seaniunnt A(f) cueayer, uro [Yy| = [Y7| + ... + [Y7[. Tlosromy g +
Yi |4+ Yz | = [Yy]. Hockomeky A(f1) = ... = A(fy) = 0, 10 s + A(f41) + ... +

A(fs) =s+ A(f) +..t A(f). Ilo onpeaenenmio BeTnUHEL A(f) BBIIOJIHAETCS PABEHCTBO
s+ A(f1) + ...+ A(fs) = A(f). Crenosarensuo, s + A(fyr1) + ... + A(fs) = A(f). Suaunr,

Le(f) < Y5l + A(S),

4TO 3aBepIIaeT J0Ka3aTeJIbCTBO JIeMMBI B caydae 1.
Caywuait 2. Ilyers np = ji(x;). Torma f(x1, ..., z,) = AMai, f1 + ... + f5). CirenosaressHo,
Le(f) <14 Le(fi) + .. + Le(fs). Torna

Le(f) <1+ Le(f1) + ... + Le(fs) =

=1+ (Le(f1) + - 4 Le(fg)) + (Le(for1) + -+ Le(fp) + (Le(fpr1) + - 4 Le(fs))-
Torya ¢ yuerom 2.6,2.7,2.8 Mbl umeem:

Le(f) K 1+2+4 .+ 2+((1+ [V |+ A(fgr1) + o+ (L Ve |+ A(R)+

HA+ Y7, [+ Alfpin) + o+ (L4 [V + A(L)) =
= 1429+ (s —q) + (V| + Alfor) + - + (V| + A(f2) =

= (L4 g+ Yz [+ +[VED + (s + Alfgsr) + - + A(f2).

Tak xak [V;|=..=[Yz| =110 q+[Y; [+..+[Y;|=[Y;|+.. +[Y}] U3 3ameuanns
2 x onpesesennto seuanubl A(f) ciaeayer, uro [Yy| = Y, |+ [Y7 | + ... + [V} |. [losromy
Lt g+ Y7 [+ + Vil = V5] Tockonbky A(fy) = ... = A(fy) = 0, 10 s+ A(fgr1) + -+
A(fs) =s+A(fr)+... + A(fs). Tlo onpenenenuio Besmanust A(f) BBIIOIHSIETCS DABEHCTBO
s+ A(fL) + .. + A(f,) = A(f). Crenosarensuo, s + A(fyi1) + ... + A(f.) = A(f). Buaunr,

Le(f) < [Yil+ A(S),

9TO 3aBEPINAET JOKA3ATEIBCTBO JIEMMBI B Clydae 2.
Cnyuait 3. ny # 0, ny # ji(x;). Torma Le(ny) = |Y;, |- Vs pasencrsa f(zy,...,2,) =
ng+ fi + ...+ fs caenyer, wro Le(f) < Le(ng) + Le(f1) + ... + Le(fs).
Torna
Le(f) < Le(ng) + Le(f1) + - + Le(fs) =

= Le(ny) + (Le(f1) + oo 4+ Le(fy)) + (Le(fgr1) + oo + Le(fp)) + (Le(fpe1) + - + Le(fs))-
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Torna ¢ yyerom 2.6,2.7,2.8 Mbl umeeMm:

Le(f) < Le(ng) + 24+ 2+ (1 + Yy |+ A(fgr1) + - + (1+ Y5 | + A(F)+

q pa3

+H((1+ Y5

pt1

|+ A(fpr) + o+ L+ V7] + A(fL)) =

= Yol + 20+ (s — ) + (1Y, | + A1) + -+ (Y5 + A(f) =

= (Y| +q+ |qu+1| o YR + (5 + A(fgr1) + o+ A(SS))-
Tak kax [Yj| = ... =Yz [ =110 ¢+ Y} [+..4+ V[ = V5| +..+ Y| Us sameuanna
2 k oupesesennto sesnunusl A(f) caenyer, uro [Yy| = [V |+ [Y5 | + ... + [Y} |. Tlosromy
|Y},f]—i—q—|—]Yﬁ+1\+...—|—\Yﬁ\ = |Yy|. Hockomeky A(f1) = ... = A(f,) =0, 10 s+A(fg1)+...+

A(fs) = s+A(f1)+...+ A(f,). o onpenenennio BeTnUHEL A( f) BBIIOJIHAETCS PABEHCTBO
s+ A(f1)+ ... + A(fs) = A(f). CaenoBarensro, s+ A(fy11) + ... + A(fs) = A(f). Bnauur,

Le(f) < [Yy| + A(S),

9TO 3aBepIIaeT J0Ka3aTe/JIbCTBO JIEMMBL B CJIyYdae 3. Jlemma JOKa3aHa.

2.3.5 HwuxKHgd OIleHKa CJ0XKHOCTU MPOU3BOJIBHOI (DYyHKITNN

Jlns mpousBosibHOM (hyuKIMu f € Lo M0KaKeM HUKHIOK OTEHKY CJI0KHOCTHU ee pea-
aunsarnmu na 6asucom €.

JIemma 2.3.13. Ilyemo f(xq,...,x,) — npoudsosvhas Pynryus us kaacca Lo. Tozda

Le(f) = Vsl + A(f)-

Hoxkazarensbcrso. [lycrs f(xq,...,x,) € Lo. JlokazarenberBo GyjeM BecTu uHyKIueil
no sBesmanue ¢ [lyers rp = 0. Torna Ky = @. o onpeaenenuto A(f) = 0. Ouesummuo,
aro Le(f) = |Y|. CrenoBarenbHo, yTBep K IeHNE JTEMMBI BBIIOIHSIETCS.

Ilycrs ans moboit dyuxkuun f(x1,...,2,) 13 Lo, TaKOH, ITO T4 < M, BBHIIOIHIETCH
HepaseHcTBO Le(f) > |Y¢| + A(f), m > 0. llycts Teneps f(z1,...,2,) — dbynknus u3 Lo,
Takagd, 4ro ry = m + 1. I[lycrb ® — munuMasbHasg HOpMaJbHad (popMyIia, peaausylomasd
dyuRIHO f, T — COOTBETCTBYIOIIEe eif 1epeBo, v, — BepIIHHA JepeBa f, CMeKHas C
KOPHEBOIi, a € — pebpo, BBIXOSIIee U3 BEPIIUHBI Us.

Hanomuum onpejenenne muozxecrsa Vi (P). Ilycrb v — npousBojibHast BepIInHA J1€PeBa
f, KOTOPOIl NpUIHCcaH CUMBOJ L. Beprinua v npuHajexuT MEokectBy Vi = Vi (P), ecau
TeTb JIepeBa T , COEJINHSTONIAs BEPIIMHY U ¢ BEPIIMHOIT v, COJEPKUT POBHO OJIHY BEPIINUHY,
KOTODOil IPUIHCAH CUMBOJI [t (& HMEHHO BEPINUHY V).

Ilycrs Vl(f) = {v1,...,v,}, ¢ =2 0. Ecsim ¢ = 0, To dopmyna ¢ peannsyer hyHKIHIO
f, He UMelomy1o HE OHON# KOMIOHEHTHl, To ecTh Ky = 0. Torma ry = 0. I3 onpezgenenus
Besimannbl A(f) ciaenyer, uro A(f) = 0. Torpa yrBepz ieHue JieMMbl OUE€BUJIHO.
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[Tyctb ¢ > 1. Beprune v; coorercrByer noadopmyaa Buna p(X;, y;), e X — dopmyrta
aag €y € X, [ =1,...,q. I3 1emmbl 2.3.6 cienyer, 9To cymiecTByeT popMmy/ia

Q= AMXo0, A(p(E1, y1), M2, 42), s A Eg—1,Yg-1), 11(Eq, Yg))))),

peanusytomas bynkmuio f, rae dopmyna Xy peamusyer dyukumo 1y u L(Q) = L(P).
Bynem 6e3 orpanndenusi 0OIIHOCTH CYUTATh, uT0o ® = ). CupaBeyINBO OYEBUIHOE HEPa-
BeHCTBO L(Xg) > |Jy¢| + |Hy|.

[Iycts dopmyna X peanusyer dpyukiuio g, [ = 1,...,q. o nemme 2.3.4 dopmyna X
He MOKeT comepzKarh nodopmyr suna p(€2,y;), rae Q — dbopmyna wan €. CiaenoBaresb-
HO, Y ¢ R, (mamoMmumM, ITO depe3 Ry Mbl 0003Ha4aeM MHOYKECTBO HATYDAJIbHBIX THCE
i, TAKUX, 9TO XOTs1 ObI OJIHA KOMMOHeHTa (DYHKIMH [ COAEPIKUT MHOKUTEIb Jo(z;).) Ho
Toraa rg, < ry 414 Beex [ = 1,...,q. CienoBaTenbno, K GYHKIUAM ¢ MOXKHO IPUMEHUTH
npegnonaozkenne uayknuu. [losromy L(3;) > Yy, |+ A(q), I =1, ..., ¢.

[Tyctb k£ — mpoussosbHast KommonenTa dyukimun f. Torma cpenu bynkumit (X, y;),
[ =1,...,qmaitmeTcd XoTs ObI O/1HA DYHKIINS, IMEIOIIasd KOMIIOHEHTY k. Torna BEIOTHIETCS
nepapenctso |Jr| + [Hy| + Yyl + - 4 [Yug,pol = (7] Tax kax [Yg 40| = Yo,
l = 1, .. q, TO |Jf| + |Hf‘ —f‘ |Y;71| + —f- |qu| > |Yf’

[Tokaxkem, aro st m06bix 4, j € {1,...,q}, i # j BbIIOMHSETCH COOTHOMIEHHE Yy(g, ;) M
Yi(g; ;) = 9. Ilyers, or mporusroro, cymectsyior 4,5 € {1,..,q}, i # j, Takue, 9TO
MHOZKECTBO Yy(g, ) M Yy(g;.y;) COTEPIKUT MO Kpaifieil Mepe oI MOHOM (0DO3HAYMM €ro
k). OGo3HaunM uepes e; u ey pebpa JepeBa f, BBIXOJSINNE M3 BEPIINH, KOTOPHIM COOT-
BercTByIoT HoAdoOpMyIIn (1(g;, yi) n i(g;,y;) coorBercrenno. Tak Kak K € Yj(g 4, TO
o JsemMe 2.3.3 B mogdopmyste, cooTBercTBYONEeR OyHKIMA (g, Y;), HalimeTcs no Kpaii-
Hell Mepe oJiHA BUCAYAs YepHAasi BEPITNHA W, TaKas, 9T0 pedpy e; HA COOTBETCTBYIOIIEM
mare nporeaypol P st popmynst (i(g;, y;) npunuceiBaetcs GyHkius k. AHATOTHYIHO, B
nojadopmyie, coOOTBETCTBYIONIEH (DYHKIMH u(gj, yj), HaWJIeTCd MO KpalitHell Mepe OHa, BU-
cgdasd depHasl BepIINHA Wo, TAKasd, ITO PpeOPY s HA COOTBETCTBYIONIEM IIare POy phl
P ana bopmymst p(g;,y;) npunuceisaercsa ¢ynkmus k. Tak kax dopmyna ¢ nmeer Bux
Yo + p(X1,y1) + .. + (X4, y,), To Ha marax uporeaypst P ags dopmyast @, coorser-
CTBYIOIIUX BEPIIXHAM W U Ws, peOpPY e Oyaer npumucana QyHKIUAL K. DTO HPOTHBOPEIUT
yTBep:IeHnto gemmbl 2.3.5. Crenoparenbro, s aobbix 4,7 € {1,...,q}, i # j BBIIOIHS-
ercst COOTHOIIEHUE Y, (g vy N Yy(g 0y = 2.

[Tosromy muoxkectso dyukmuit {4(g1,v1), .., 11(9q, Yq)} yAOBIETBOpsier ycaoBusiM 1-5
u3 oupenenenns sennannsl A(f). Cnemosarensno, {f(g1,y1), .., 11(9q,Yq)} € Zy. Torma
¢+ Alg) + - + Algq) = A(f).

Taxum obpa3oM, cIpaBeJIEBa CJIEAYIONAs IeI0YKa HePaBeHCTB:
L(®) = L(Xo) + (1+ L(X1)) + ... + (L+ L(Xy)) = |J¢| + [Hel + (1 + Yy, | + Algr)) + -

ot (U Yo, [+ Alge)) = (15| + [Hyl 4 Yo, [ 4o 4 [Yg,[) + (g + Algr) + .. + Algq)) =
2 |Ye[+ (¢ + Algr) + . + Algg)) = Ve + A(S).

Jlemma JoKa3aHa.
Nnmeer MecTo caemayromias TeopemMa.
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Teopema 2.3.2. [Tyemov f(x1,...,2,) — npouseoavhas dywrkuus us kaacca Lo, cyue-
CMBEHHO 3ABUCAULAA OM N nepemernur, n = 2. Tozda

Le(f) = [Ysl + A(S)-

Bepxussa onenka BoiTekaet u3 jemmbl 2.3.12. CrpaBeyinBoCTh HUKHEI OIEHKH CJIeyeT
nu3 jgeMmbl 2.3.13.
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I'maBa 3

CaoxKHoCcTh (pyHKIIIA U3
MaKCIMAaJbHBIX KJIAaCCOB

B nannom maparpade uzydaercs 3aja4a 0 CJIOXKHOCTU peau3aiuu popMyaamu pyHK-
Ui 13 MaKCHMAaJIbHBIX 3aMKHYTBHIX KJIacCOB. HamoMHHM, 9TO /I KaKIOr0 3aMKHYTOIO
Kaacca OyyeBbIX byHKIHE B ompemeaseTcs MHOXKECTBO (PYHKIIM

pr B = {f € Pss|prf € B}.

JIerKo BHJETDH, 9TO MHOMKECTBO pr- DB dBideTcd 3aMKHYTBIM KJaaccoM. Kpome Toro, mis
moboro 3aMkuyTOro Kiaacca F' C Pso, Takoro, 4ro prl’ = B, BbIIOJHSETCS COOTHOIIE-
aue [ C pr-!B. Knace pr—!' B Ha3biBaeTcsd MaKCHMAaJIbHBIM 3aMKHYTBIM KJIaccoM. Taknum
o0pa3oM, KazKJI0My 3aMKHYTOMY KJIacCy OyJieBbIX (DYHKIUIl COOTBETCTBYET OJIMH MAaKCH-
MaJIbHBIN Kjaace B Pj .

ssectHo [95], 9T0 MakcUMaIbHBIA Kaace pr- ' B aBageTcs KOHEYHO-IOPOXKIEHHBIM TO-
raa u ToJbKo tormaa, korga B ¢ {C, Cy, C1}.

OmnuireM cxeMy JI0Ka3aTeJIbCTBA OCHOBHOTO pe3y/bTara JaHHOro maparpada, chopmy-
JIUpOBaHHOIO B pazjese 3.3. [Iyctb B — 3aMKHY Tl Kj1ace OyJieBbiX PYHKIMH, TaKO, 4TO
B ¢ {C,Cy,C1}, a pr~'B — coorsercTByoluil eMy MaKCUMaJbHbIH Kjiace QyHKIuil u3
Pss. Tyers f(z1,...,2,) € pr'B, n > 3. Crpourca npencrapnenne dbyHkuun f B Brje
cynepnosunun AByX byukmit hy u ¢(z1, ..., x,)k(21)...k(x,), 1epBasg U3 KOTOPHIX MPUHAI-
Je:KUT MHOKecTBY H, C pr—1Uy, a BTOpas coBHajaeT ¢ f Ha MHOKecTBe HabOPOB U3
EY w paBua uyJio na nabopax u3 muoxkecrsa B} \ EY. Pazuen 3.1 comepxkur Beromora-
TeJIbHbIE TIOCTPOEHUSI, & MMEHHO, B HEM CTPOUTCS CIEIMUAJIBHOE TIPeacTaBieHne (hyHKIHi
n3 MHOXKecTBa H,. B pasaesne 3.2 BLIYNCASIOTCS BEPXHUE OIEHKW CJIOYKHOCTH pPeasn3alinu
dbynxmmit 13 MHOzKecTBa H,, HaJl HEKOTOPBIM 6a3ucoM Kiaacca pr- iUy Ha OCHOBe JIAHHOI'O
npejacrapiaerus. OTcioma, B 9aCTHOCTH, CJIEIYET, BePXHdAd OINEHKA JIJIsS CJI0XKHOCTH pea-
mu3anun dynkmun hy. 3arem BBoauTca Gazuc G = G(B) kiacca pr~1B, noKa3bIBaeTcs
BepxHsst oneHka s Lg(f) n mokasbiBaercs: BepXHsish aCHMITOTHYECKAs ONEHKA JIJIsT BeJIH-
annbl Lo (pr=tB(n)). JTokazaTebcTBa HUZKHUX MOIIHOCTHBIX oleHoK (yukiuii [Ilennona
NpHUBOJIATCA B pasjese 3.3. Takxke B 3ToM pasjese (popMyJHpyeTcd OCHOBHAdA TEOpeMa,
SIBJISIONIAACS CJICJICTBHEM U3 pe3yabraToB naparpados 3.2 u 3.3. B pasgene 3.4 B KauecTBe
CJIeJICTBUS M3 OCHOBHOT'O PE3y/IbTaTa M U3BECTHBIX paHee OMEHOK O CJA0KHOCTH PeaJu3allun
Oy/ieBbIX (DYHKIINH yCTAHABJIMBAIOTCA HEKOTOPBIE ACUMIITOTHYECKHT TOYHBIE OTEHKH.
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3.1 IIpencraBiaenue pyHKIIA 13 MaKCUMAJIbHBIX KJIacC-
COB

Hacrosmuit paznen ycrpoen ciaemytonum obpaszom. CHada a CTPOUTCH CIEIHAJTHHOE Pa3-
Onenne MHOXKecTBa F%, r > 3. 3areM OIeHMBAeTCsS MOIIHOCTH 3TOro pasbuenns. lasee
CTPOUTCH CIEIUaJIbHOe MpeJjicTaBaeHue (PYHKIUH U3 MHOXKeCTBa H.,, OIHpalolneecs Ha I0-
cTpoeHHOe paszOuenue MHOXKecTBa 5. Ilocsie 3TOrO oneHmBaeTcs CJIOKHOCTH peaTH3alluu
GYHKIUH 13 MHOXKeCTBA H,, Ha OCHOBE JAHHOTO IpeicTaBIeHud. VICIoMb3ys Moy deHHbIe
pe3yJIbTaThl, JOKA3bIBaeTCd BepxHssd orneHka iaad dyukiuu I[Tlennona g BceX KOHETHO-
MOPOKJAEHHBIX MaKCUMAJIbHBIX KJIACCOB.

3.1.1 CnenmaJjbHoe pa3bueHne MHOXKeCTBa [;

Cuayvasa g jiroboro r > 3 nmocrpouM pasdueHue MHOXKeCTBa [5 Ha I10JMHOYKECTBA OIpe-
meaeHHoro BuAa. IlomoxuMm

W; ={(a,...,a,) € E}| cpean ay, ..., . POBHO i 1BOeK}, @ =0,...,7. (3.1)
O4eBHIHO, YTO BBINOIHSAIOTCS COOTHONICHUSI

Wil =CL-277" i =0,...,7; (3.2)

W,NW; =@ upnscex 1,7 =0,...,r, i # j; (3.3)

p=Jws (3.4)
=0

g Beex ¢ = 3, ..., paccmorpuMm MuOkectBa W, m W;_4. Tlycrn
~1 ~N; 7l aM;
VVZ:{Oé y ooy & 1}7 W'—IZ{B 7"')/8 2}7

rae | | | |
Ni = ‘Wz‘ - C:ﬂ 27 M= |W'—1| = C,Zfl L or—itl

O6o3nauum depes Z; map pajguyca 1 ¢ neHTpomM B Habope El, l=1,.., M;. Jioooi map 7,
l=1,..., M;, conepxkut r — ¢ + 1 nabopos u3 muoxecrsa W,.

ITocTrpoum pazdbuenne muokecTBa WW; Ha HenepeceKaronnecs MOAMHOYKECTBaA, KarK10€e 13
KOTOPBIX SBJISETCs IIOJMHOXKECTBOM OJHOTO U3 mapoB Z;, | = 1, ..., M;. lng nocrpoenus
Oy/1eM HCIIOTB30BATH MeTOT U3 PaboThl |7]. PaccMoTpuM mpsiMOYTOJIbHY 10 TabJIHILy pasMepa
N; x M;, B KOTopoii 0 cTpoKaM pachojozkenbl Habopsl {at,...,a’Vi}, a mo cronbunam —
mapwl £y, ..., Zy,. B 1ann0il TabIHnIe Ha nnepeceveHnn k-0il CTPOKH u [-ro cToI01a TOCTaBAM
mudpy 1 B TOM U TOIBKO TOM cIydae, ecanm Habop o mpunamtexut mapy Z;, 1 < k < N,
1 <1 < M;. Jlerko Bugerhb, 9T0O B KaxKJI0i CTPOKe 3TOH TAOJIUIBI CTOUT POBHO ¢ €IUHUII, &
B KarKJIOM CTOJIOIEe — POBHO T — 1 + 1 eIWHUIA.

BribepeM HEKOTOPOE KOIUIECTBO CTOIOIOB TabIUIIBI TaK, YTOOBI KarKIas CTPOKA B ITOM
moATab INIe COMeprKaa Mo KpaiiHeil Mepe OHy eIUHHUILY, TO eCTh 9T00bI BHIOPAHHBIE TIIAPbI
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(cTonbrel) TOKpBIBaIM Bce Habophl (cTpoku). Ha kazxjom mmare Gygem BoIOHpATH OTHH
odepeHON cTos0el TaK, YTOObI BBRIOMpaeMblil cTOI0el] HOKPBIBAI HAHOOJIbIIee YHUCI0 eIlle
He IMOKPBITHIX cTpoK. Obo3nauuM depes V;,, MHOKeCTBO HAOOpOB u3 W, KoTophie JiexKaT B
BBIOMpaeMOM Ha m-oM Inare mape, m > 1. O003HAYUM Yepes3 a,, INCJI0 HEIOKPBITHIX CTPOK
nocJjie m maros, m > 1, ag = N;. Tak Kak KaxK/1agd HEIOKPBITAs CTPOKA COJAEPKUT 1 €IUHUIIL,
TO TIOCJIEe M~TO Tara B TabJNIe OCTAHETC id,, eJIUHUI. Toraa croJiber, BoIOWpaeMblii Ha
m + 1-oM mmare, OyJeT cojiep:KaTh He MeHee mﬁm eannanil. Cjie10BaTe/IbHO,

U1 < Ay — (3.5)

WIH
1
i1 < A <1 - —) ) (3.6)

Orcrona caemayer, 910

i m
<N 1T—— | . .
A < Mz) (3.7)

[Tycts m — Takoe, aTo a,, > 0. Torga B Tabaure ecTb HEMOKPHITHIE CTPOKH. OUeBHIHO,
9TO JJIA KayKJI0M HETIOKPHITOW CTPOKU HaMAeTCst XOTst Obl OJIH TTOKPHIBAIOIINIT ee cToJIOeIL,
He BRIOpAHHBIN Ha IEePBBIX M IIarax. Torjga cymecTByeT MOKPBITHE BCEX CTPOK, COCTOAIIEE
He DoJiee ueM U3 m + a,, cToab1os. Ilpu sTom

m+ a, <m+ N; (1—%) <m+NZ-e_§‘%. (3.8)

(2

Tonozxkum

m = [% In N] il
i M;
OueBuHO, 9TO
%lniNi <m < %lniNi

Torua, ¢ yaerom (3.8), nosydaem, 94To CyIecTBYeT MOKPHITHE BCEX CTPOK, YHCIO CTOJIO-

+ 1.

OB B KOTOPOM H€ IIPEBOCXOAUT

—im_ M; iN; i (Mg W M; . iN; —In i
m+ Ne Mi < — In + 14 Ne Mi(ll Mi>< : In +1+ Ne " <
] Ml [ Mz

M;  1N; M, M, 1N;
<—n +1l+—<—=(In +1)+1. (3.9)

1 i 1 i

Tak Kak

—_— = 3.10
M; 2 ( )
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TO, MOJCTaBAsIA B Bhipazkenue (3.9) snavennss M; u N;, momydanm:

M, N, (i1 . gr—itl i1 i1 . gr—itl
—,(lnz +1)+1— T <ln(r Z+)+1)+1<T—,~21nr.
1 M; ) 2
(3.11)
O6o3naunm depe3 ¢ = ¢(i) MEHEMAJIbHOE HATYpPAIbHOE YHCJIO, Takoe, 910 a, = 0.
Takum o6pasom,
q(7)
W; = Vi, (3.12)
m=1
rie
Ci—l . 2r—i+1
q(i) < 2——F+——1Inr. (3.13)
i
ITonoxkum
m—1
Un =Vit, Ui =Vim \ |J Vir, 2<m < (i), (3.14)
k=1
Torna
q(i) i —i
Cz 1, or i+1
Wi = Um: ali) <272 Inr, (3.15)
m=1 v
npudeMm MHOKecTBa Uy, u Uy He mepecekarorcs npu k # 1.
ITonoxkum
Uy =Wy U Wi UWs. (3.16)
Torna
r (I('L)
E;=U Ul | Ui (3.17)

1=3 m=1

TaxmM 0Opa3oM, IOCTPOEHO HEKOTOpOe pa30dHeHne MHOXKecTBa [ Ha HelepeceKaloIuecs

IIOAMHOZKECTBA.

g ynoberBa mepeiieM or HyMepanuu MHOXKeCTB Uy, JABOHBIMU WHJEKCAMHU K HY-
MepaIluu OJUHAPHBIME. 3aHYyMePYeM B IPOU3BOJILHOM IMOpsjake Bce MHOxKecTBa Usy,, 1 =

3,.,ry,m =1,...,q(i), aucnavu 1,...,T, tne T = T(r) < r - max{q(3), ...

obo3HaYaTh 3TH MHOXKecTBa 4depe3 Uy, ..., Ur.
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3.1.2 BepxHsasa omeHKa MOMNIHOCTU pa30ueHus
OneHuM 9UCJI0 MOJAMHOXKECTB Pa30UeHus], IOCTPOCHHOIO B IIPEABIAYIIEM pasele.

JIlemMva 3.1.1. /[as 4106020 1 > 3 66iN0OAHAEMCA COOMHOWEHUE

r+1
3 “lnr.

T(r)<2-
(<2

HokazarenbcTBo. B coorsercTsuu ¢ (3.13) mosyuaeM, 9To IUCI0 MHOXKECTB B pa3tu-
ennn B 1pasoil gactu (3.17) He NPEBOCXOAUT BEIHIHHBI

. or— i+1 r+1 Cz 1 .or— i+1

1+ZQCZ : Inr < 2Inr- Z . (3.18)

Boraucium cymmy
(3.19)

JIerko BuIeTH, 4TO

gr—i+l Il ! or—it1

i1, ‘
Zfzz(i—l)!-(r—i—kl)!' i

i=1 =1

_gi LT i+1 1 gi (7,4_1)!.27"—1'—&—1 _
! r—z—l—l) Tl lo(r—i4 1)

=1

§ it 27"-1-1 - 3r+1 _27"-1-1
Tl r+1  r+1

CremnoBaTeabHO, C YIETOM (3.18), YHCI0 MHOZXKECTB B MOCTPOEHHOM pasbuenun (3.17) He
IPEBOCXOTUT

3r+1
2.

“Inr. 3.20
. nr ( )

JlemMa, moKa3aHa.

3.1.3 IlpencraBienue pyHKIMiT 13 MHOXKeCTBa H,

B stom pazzese s dyuknumii w3 Muoxkectsa H, (cMm. coornomnrenue (1.1) B maparpade
1), n > 1, 6yeT HOJIy4eHO ClenualbHOe HPEeICTABICHNE, AHAJIOIMIHOE TPETheMY Mpe/l-
craBjeHuio Oy/aeBbix GyHKuii u3 [33]. D10 HpejcTaBIeHEe HMEET B KAYECTBE apaMeTPOB
HATypaJbHble YUCaIa 1, k, S, Takue, 9410 r + k + 1 < n.
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[Tycrb f(xq, ..., Tpe1) — npousBosbHas dyHKIHMs 13 MHOKecTBa H,. Torma nveer mecto
PaBEHCTBO

f(ﬂUh e $n+1) = jl(InH) + g(l’h oo xn)a (3~21)
rae
prg(e, ..., x,) = 0. (3.22)

Aprymentsl dyakImu f pa3obbeM Ha YeThHIpe TPYHIbL. B IepByO I'PYIIY BXOIAT Iepe-
MEHHBIE T7, ..., Ly, BO BTOPYIO — TEPEMEHHBIC Tpi1, ..., Lyik, B TPETBIO — Tpifil, ...y Ty B
YETBEPTYIO — MEPEMEHHAT Ly 1.

Onpenemum bynkmun fi(xy, ..., Tny1), @ = 0,1, creayromum obpazom. [Tomoxkum

Fo@1s o 0, o) = J1(Tnga) + Z K3, (3.23)
FeCo
rie
C® = {(71, ) € BZ\ E3|(71, %) € Un, g(y1, - 7m) = 1}
[Tonoxkum
fl(mla ooy s xn+1> = jl(anrl) + Z K§7 (324)
yect
rjae

Cl - {(717 77n) S Egl \ E;L|(’)/1, "‘77"‘) ¢ U07 g(f}/l? 77”) - ]'}

13 onpenenenns caemgyeT, 9TO

fl(xl, ey Ty, fo(xl, ey Ty T1)) = f(T1y ooy Ty Tg1)- (3.25)

JaJee MBI IOCTPOUM HIpejcTabieHne g GyHkiun fL.

OTMeTHM, YTO IO TOCTPOEHHIO /1 J1Ioboro MHOXKecTBa Uy, | = 1, ..., T, HajimeTca HOMep
i, 1 <4 < r, Takoii, uyro jg Jioboro vabopa (aq, ..., ) € U, BBIIOJHIETCS PABEHCTBO
Oy = 2.

Hns Beex | = 1,..., T onpenenum GyHKIuo @ (xy, ..., z,) caeayoinmmM obpasom. IToso-
JKIAM

o) = i)+ > oy (1) e o (). (3.26)

(a1, )€Y

Tak Kak Mo MOCTPOEHUIO 7151 JTI000T0 HAbOpa & = (ay, ..., v.) € U CIpaBeyIuBO PABEHCTBO
a;, = 2, 10 GynKnug ¢; paBHa 1 Ha HaADOPaAX, KOTOpPbIe BXOAAT B MHOKecTBO U;. O4eBnIHO,
qaro ecan @ = (o, ..., ;) ¢ Up, 10 (@) = ji(a,).

OrmeTnM cBOHCTBO, KOTOPHIM obstanaer dyukuus ;. [lycrs |Uj| = q. O6o3naunm Ha-
Gopbl u3 MHOKecTBa U wepes (oy1, ..., ), 1 < t < ¢. ITo mocTpoenuto Kazxapii u3 HaGOPOB
(1, ..., i) OTIIMIAETCS OT TEHTPA TMAPA, KOTOPOMY TPUHAIEKAT HAOOPLI U3 Uj, B 0qHOM
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KOMIIOHEHTEe — ODO3HAYUM ee HOMep 4Yepe3 X;, — HpHUYeM KOMIIOHEHTa ¢ HOMEpPOM Y; B
Habope (a1, ..., ) paBHa nBoiiKe. [IpegcTaBum GYHKIUIO ¢; B BHJE

Y = jl(xil) + Kl 4+ ...+ Kd,

e Ky = Jo, (1) - oo v Jag, (2,). Tlo nocrpoennto st mo6uix j € {X1, ..., Xa} MHOXKHUTEJb
Ja(x;) comepxkurest posHo B oxuoit u3 dyuknuit K7, .., K,. [lycts, nanpumep, MHOKATEb
Ja2(x;) comepxur dbynkmus K;. Tak kak 1is Bcex ¢ = 2, ..., ¢ O9eBUIHBIM 00PA30M BBITIOJI-
HsleTCsl paBeHCTBO K - jo(x;) = 0, To ymMHOKeHHe DYHKINH @) HA J2(7;) «BHINAIIACT> U3
CYMMBI B OTIpe/iesieHun (DYHKIIUH () OTHO CJIaraeMoe, B KOTOPOM TPUCYTCTBYET MHOXKHUTETh
Ja(x;), a UMeHHoO:

@1 Jo(wy) = ji(x,) - jalwy) + Ky (3.27)

Tak kaxk dyuxuus ji(x;) npuanmaer 3nadenue 0 Ha Bcex Habopax m3 muoxecrsa U,
TO Ha Habopax U3 MHOXKecTBa U) 3HadeHHus DYHKIHUA ¢;jo(T;) COBIAAAIOT CO 3HATCHHAMM
dyurmun K.

st kazx10ro Habopa 0 = (041, ..., On) € Egl_r_k oupeaeauM pyHKIUU

fl,&(%, ooy $r+k) = jl(%) + <Pl(9€1> oo l’r)fl(l"h vy Lk Opgk41y -+, Ony 2)]2(%)-

ITomoxkum
R, = {(Ozl, m,Oér—i-k:) € E§+k\(a1, ...,Oér) € Ul}

3navenusa dbyHKIUU f; 7 Ha HabOpaX U3 MHOXKECTBa [ MOTYT OBITH OZHO3HAYHO 3a]1a-
Hbl Tabsuneit M, B KOTOPOit M0 CTPOKAM PACTIONOKEHBI BCe HABODPBI (01, ..., Opyy) U3 X
a 1o crojibunaM — Bce HaOOpbl u3 U;. lpunuiiem nabopaMm, pacioJiOKEHHbIM 110 CTOJIONAM
Tabsner, Homepa 1, 2, ..., ¢, ¢ < r. [Iaa moboro j = 1, ..., ¢ obosHaunm depes §; HOMeD ITIepe-
MEHHO, 3HaTeHne KOTOPOil B HADOpe HOMED j OTIMIAETCSI OT 3HAYEHUST COOTBETCTBYIOIIEH
KOMIIOHEHTHI IEeHTPa Iapa, B KOTOPOM JIEKUT j-ii Habop. OTMETHM, 9TO IO IMOCTPOECHUIO
(em. ompenesienne MHOKecTB U;) B j-0M Habope KOMIOHeHTa &; paBHa 2. OTMeTHM TaKKe,
YTO B KarKJIOM U3 HAOOPOB, CTOMAIIUAX IO CTOJOIAM TaOJIUIBI, ;-asi KOMIOHEHTA paBHA 2.
Tabmuua M umeer 3% crpox u ne Gosee r cronbmnos. Ecmu & = (Qpy1,..., apyp) € ES m
v € U, — cronben, koropoMy npunucan Homep t, 1 < ¢ < ¢, To Ha TepecevyeHnn CTPOKH,
COOTBETCTBYIOIIEl HAOOPY (v, W CTOJ0IA, COOTBETCTBYIOIIETO HAOOPY 7, CTOUT 3HAUECHIHE
flﬁ(av ?) :

Pazobbem crpokm Tabsmmnsl M Ha p mosoc Aj,...,A, Tak, uTo B momocax Ai, ..., A,y
OyJer 10 s CTPOK B KazK10i, a B nostoce A, Oyzaer He 6osee s CTPoK, 1 < s < 3%. OueBnno,
q9T0

3k 3k
—<ps —+1L (3.28)
S S

Onpegemny dynxnun fizi(21, ..., Tryr) 1 fizi(T1, .., Trpr), © = 1,...,p, caeyommm
obpasom. Ilycrs & = (aq,...,04p) € E5t*. Eem o ¢ Ry wm (Qpyr, ..., pqp) € Ag,
TO mONOKUM fi5(aq,...,001) = 0. Ectn & € Ry u (41, ..., ppy) € Aj, TO HOIOKEM

fizilar, .. ompr) = fiz(ag, ..., qppp).
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Tr41 Trik—1  Trik t
0 0 0 Ay
0 0 1
Qi1 Apyf—1  Optk fl,&(&7 :77)
Ap
2 2 2
Tabmmna 3.1: Saganue bynknun f; 7 Tabamneit M
ITonoxum
fizi(@r, ooy rvr) = J1(xi,) + fizi(T1, o Trgr). (3.29)

Tak kak dyHKIUSI ﬁ757i<3}1, eesy Tpy)) MOXKET NPUHUMATH 3HAUYEHHE | TOJBKO Ha Habopax,
B KOTOPBIX -2 KOMIIOHCHTa DPABHA 2, TO prﬁai = 0. Crenosarensno, prfiz; = e(x;).
[Tockosibky B J1I00OM HaOOpe M3 MHOXKecTBa [; 4;-asd KOMIIOHEHTa paBHa 2, TO (DYHKIU
f15.i coBnanaer ¢ dynknueil f; 7 Ha momoce A; Tabaunsl M u pasHa 0 Ha BceX OCTAJIbHBIX
noocax Tadbaunsl M. OTMeTHM, 9TO BBIIOJIHSIETCS PABEHCTBO

fig(@1, oo wrer) = Ji(xs,) + Z figi(@1, o Togn) | Ja(@i,). (3.30)

JeficTBHTeNbHO, TyeTh & = (i, ..., Qpyr) € B3, Ecim @ ¢ Ry, To o6e qacTH paBeHCTBA
paBubl ji(a;,). Ecmm & € R, To B cymMMe B mpaBoil dacTu poBHO ofHa (dYHKIUS fi5,
IpUHUMaeT Ha HabOpe O HeHyJIeBOE 3HAYCHHe, 3 IMeHHO 3uadenne fiz(a). Takum obpasom,
pasencTso (3.30) BepHo.

Ilycte T — mpomsBospHbLl Habop u3 Ej. Yepe3 Bz ;7 0003HAYUM IDYIIY CTOJOIOB
U3 MATPHIBL i f; 5, PaBHBIX 7 B i-0if mosoce. Ilomoxum b = b(l,0,i,7) = |Bis.i7|.
Jlyig yopolnenns 3anuci B JajbHeimeM Mbl OyaeM IIPH 3allCH OIYCKATh 3aBUCUMOCTH b
or l,0,1,7. Obo3HauUM 4epe3 Ty, ..., Tjg, I€PEMEHHbIE, COOTBETCTBYIOLINE CTOIONAM 13
I'PpynIibl Bl,&,’i,? (TO €CTh TaKue IepeMeHHbIC, B 3HAYCHHAX KOTOPbIX Ha60pbl U3 T'PYIIIbI
B 5.i7 OTIIMYAIOTCS OT MEHTPA COOTBETCTBYIOMIETO MIAPa).

Onpenenum byskuun fiz,;7(1, ..., Tryr) 0 fiziz(T1, .., Tppp) CIEAYIOMUM 0OPA3OM.
Ilycrs a = ((/:v\l,...,ozﬂrk) € E§+k. Ecmm (i1, 0pk) € Ay mmm (o, ...,00) € Bisiz,
TO IOJI0KHM fiziz(al,...,oppk) = 0. Ecm (g1, ..y k) € A 1 (0, ., ) € Big iz, TO
HOJIOZKNAM fl,E,i,?—(aly vy Q) = fl,&(ala oy Qi)

ITonoxkum

figiz(@, o ppr) = J1(,) + ﬁ,&,i,?(iﬁl, ooy Typ k) (3.31)

ITockoabKy GYHKIMS f) 5 ;7 MOKET IPUHUMATD 3HaUYeHHe 1 TOJIBKO Ha HAGOpaX, B KOTOPBIX
ij-ast KOMIOHeHTa paBHa 2, T0 prfi5,7 = 0. Crenosaresnsuno, prf; s, = e(x;,). Tak kak B
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TI000M HA0Ope N3 MHOYKeCTBa R 4;-asd KOMIOHEHTa paBHA 2, TO GYHKIHUA f; 5,7 COBIAIAET
¢ dynkmnueit f; 7 na rpynmne ctoabnos B 5 ;7 Tabmunsl M u pasHa 0 B ocTaJbHBIX f49eifKax
Tabunsl M. R

Omnpenenum byuxmun fiz;71(21,...,2,) I ]fl\,&,i,?,l(xly ey Tp). Hyers a0 = (o, ..., ;) €
E%. Ecan (0417...,04T)A§é By z.7, T0o nonoxuM fiz,71(a1,...,ap) = 0. Econ (g, ..., ) €
By 7, 10 nomoxuM fiz,;71(aq, ..., o) = 1. Tomoxnm

figiza(xy, . x.) = ji(zy,) + fizgiza(Te, ., ). (3.32)

C ydeTom TOTO, UTO (DYHKIIHS ﬁg,i,m MOKeT MPUHUMATH 3HaYeHrue 1 TOJIbKO Ha HabO-
pax, B KOTOPHIX 4;-as KOMIIOHEHTA PaBHA 2, MOJIYyIaeM, 9TO prﬁg,i,;,l = 0. Tormaprfiz.z1 =
e(x;,). Tak kak B sI060M HaGOpe n3 MHOKecTBa U ij-ast KOMIIOHEHTa paBHA 2, TO DYHKINSA
fi5.i71 paBHa 1 Ha cTonbnax u3 D)5, n paBHa 0 B OCTAJIBHBIX gYeifkax Tabaumsl M.

Onpenenum pyHKImI fl,zf,z',?,Q(IrJrh --wxr—i-k) u fi,?,2($ilyxr+lu '-'7xr+k) caeayomum 06-
pazom. Ilyetb & = (g1, ..., pir) € E5. Ecmu (g1, ..., i) € Aj, TO TOTJA TOTOKEM

fiziza(@) = 0. Ecaa (i1, ..., Qpyx) € A;, pudeM HAOOP (U ABJISETCS j-BIM IO CUETY Ha-
Gopom mnostocel A;, 1 < j < s, TO HOJIOKUM 3HAUEHUE f;5;72(041, ..., Qpt) PABHBIM j-OMY
10 cyery vjiemenrty crojbdua 7. [Toaoxum

fiziz2(Tis Trgrs oo Trak) = J1(23,) + fizizo(Trst, oo Togr) J2 (@) (3.33)

Jlerko BuzmeTh, 9T0 pPrfizi72 = e(z;,). Tak kak B moboM Habope U3 MHOKecTBa [
1j-ad KOMIIOHEHTa paBHA 2, TO KazK/Iblil cTosn0el 3HadeHuit GYHKIUA f; 5,72 B 1-0if IOI0CE
MaTpuisl M coBmajgaer co cTOJAOIOM T, a B OCTAJbHBIX sdeiikax Tabaunbl M yHKIHS
J15,i72 PaBHA HY.IO.

Samernm, 4TO

fiziz (@1, s k) = fiziza(@1, o 20) fiziz2 (@i, Ty ooy Trgr)- (3.34)
IIycth
fizgizs(@y, o xe) = ji(wy) + (Jo(zie,) + -0+ Jalwig,)) ja(23,), (3.35)

I7ie CyMMEPOBAIHHE IPOM3BOUTCS IO MHOXKECTBY CTOIONOB 1, ...,b u3 B 5,7. B cuny (3.27)
BEPHO PaBEHCTBO

o115 s ) fiizi73(T15 s T0) = fizaza (T, - Tr).
Ce10BaTeIbHO, IMEET MECTO PABEHCTBO
frzi(@, o xryr) = Ji(zy) + @iz, .0, ) Z Ji5i72(Ti Trgas oo, Togr) fiz073(21,5 0, @),
' (3.36)

Tlosozkum

fl(xla 7*7;“) = jl(xiz) + Zj0r+k+1 (ITJrkJrl) BEEEE .jcfn(xn)fl,& ' ]2<le> (337)
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13 (3.37), (3.30) u (3.36) caeayer, 9T0 MMEET MECTO PABEHCTBO

fl(xb axn) = jl(ajil) + 901(3717 "-7377") ]2($Zz)

) (Z Jorsrin (Trakr1) oo Jo, () Z Z f15.07.2(@i, ey s Trgk) fr07.3(T15 Ir)> .
(3.38)

[

ITokazkeM, 9TO UMEET MECTO PABEHCTBO
T
FH@1 s @y o) = 1 () + > fil@n, ) ja (). (3.39)
1=1
[ycts & = (@, ..., py1) € BT Tlo moctpoennto HAGOP (i, ..., () JEKAT POBHO B OJHOM
u3 muokecTB Uy, Uy, ..., Up. Pacemorpum cravana caydait (o, ..., ) € Uy. Torma s
Beex | = 1,...,T BeimoJHsIeTCst cooTHOMIeHuE @y, ..., ) = 0. Torma u3 (3.38) cuemnyer,
aro mpasag dacth (3.39) paBHa ji(a,41). [lo onpegenenuio (em. (3.24)) nesas gacts (3.39)
TakkKe paBHa Ji ().

[Mycrs (g, ...,c) € U, 1 < 1 < T. Torma s Beex k = 1,...,T, k # [, Boimosasier-
st paBeHcTBO i (ayq, ..., o) = 0. Kpome Toro, ¢(ay,...,a,) = ji(ay,) + 1 = 1, Tak kak n3
(a1, ..., ) € U caenyer o, = 2. Torna npasast gacts (3.39) paBua ji (1) + filan, ..., ap).
U3 pasencrBa (3.38) ¢ yuerom «; = 2 cuenyer, 910 fi(aq, ..., ) = glaq,...,ay). Tlo
oupezesennio (cm. (3.24)) sesast wacrs (3.39) pasna ji(opn11) + g(aq, ..., ). Tak kak
(a1, ..ya) € Uy, 1o fi(ag,...,a) = glay, ..., ap). Crenoarensro, paBeHcTBO (3.39) BbI-
TTOJTHAETCA.

Taxum obpazoM, Kaxkjaoi dpyukiuu f € H, mocrapjeHbl B COOTBETCTBUE (DYHKIIHH

f07 f17 fl? fl,E? fl,&,ia fl,&,i,?,37 fl,&,i,?,Z-

Byaem rosoputh, 4to 31u hyHKmuu cooTBeTCTBYIOT DyHKIMH f.
Cdopmynupyem 1oJIyIeHHbIE CBOICTBA B BUJE JIEMMBI.

JIemma 3.1.2. Jlas w0600 gynxyuu f(x1, ..., Tp, Tng1) U muoscecmsa H, umerom mecmo
PABEHCTNBA

f(xla coey Ty anrl) = fl(xla coey Ly fo(wla "'7xn7$n+l))7 (340)

fl(‘Tl) axn) = jl(xw) + Sol(xlv "'7‘737“) ]2(1:11)

) (Z Jorsrin (Trakr1) oo Jo, () Z Z f15.07.2(@i, ey s Trgk) fi07.3(X05 Ir)> )
(3.41)

T
fl(xla --~,$n,xn+1) = jl(l‘n—&-l) + Z fl<x1a 7$n)j2($”) (342)
=1

Taxum obpaszom, jajs ja0b6oit HyHKIUKT U3 MHOXKECTBa H, MOCTPOEHO TPEJCTABICHHE;
DU 9TOM HATYpaJIbHBIE YUCTa K, S, T ABJILAIOTCA IapaMeTPaMU 3TOTO IIPE/ICTABICHUs, IPHU-

qu1<k,r<n71<8<3’“ap:F§]
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3.2 Bepxune onenkn ajsa dyaknuii I[lleanona

B srom pazmene ans KaxKIoro MakKCUMATBLHOTO KJIACCA M HEKOTOPOTO KOHEYHOro Oa3mca
9TOr0 KJACCa JIOKA3bIBAeTCH BepxHsist oneHka g Gyakmuu [Tlennona. CHavaga Mbl J10-
KaykeM BepXHIOI OneHky uist pyakmuu [[lennona jaas muoxectsa H,. 3areM Ha OCHOBE
9TOH OIEHKH OY/IET MOy YeHa BepXHss oneHKa /s pynknuu [Tlennona st mpon3BOJIHLHOTO
MaKCUMaJIBHOTO KJIacca.

Nmeer MecTo ciemyromnas

Teopema 3.2.1. Iyems G = U U {(o, (1, (2}, Tozda enpasedauso coommowenue

3n
La(Hy) S

. 3.43
S Togon (3.43)

Hoxkazarenscrso. [lycrs f(xq, ..., Ty, Tyy1) — TPOU3BOALHAS DYHKIHS W3 MHOKECTBA
H,. Torna f umeer Bu

f(xla "'7$n7$n+1) = j1($n+1> + g('rl? "'7$n)7

rae g € P, prg = 0. PaccmorpuM npejcrasienne 1t GyHKIUN f, IPUBEIEHHOE B JIEMMe
3.1.2 (em. coornomenus (3.40), (3.39)). Harypasbusie wncia k, s, 7 aBJISIOTCS HapaMerpa-

Mu 3roro npejacrasienua u 1 < kr<n, 1 <s <3k p= [%—‘

[Tonyuum BepXHHE OIMEHKH CJA0XKHOCTH JIJIsT (PYHKIU

O fs s iz fizizs, fisiza.

1. CrauaJia oneHuM CJI0KHOCTD peanusanuu hynkmuu fO(xy, ..., Ty, T, 1) U3 IpeICTaB-
nerusi (3.40) Ha OCHOBe METOJA CHHTE3a, AHAJOTHYHOTO MOCTPOEHUIO COBEPITEHHON N3 b-
IOHKTHBHOI HOpMaJsibHO#T dbopmbl (eM. pazgen 1.3). Tlokaxem, uro cymecrByer (hopmyia
®° mag U U {o, (1, (o}, peamusyroman dyuknmo fO, Takas, 4To

L(®%) < 9n? 3" 2", (3.44)

N(®% 2,1) = 1. (3.45)
ITo onpegesnenuio Gynknuu fO umeem
o1, e Ty 1) = G1(Tpsr) + Z K5, (3.46)
ﬁeC()

rie
oY = {1,y ) € EX\ EX|(71, %) € Uy, g(71y ey Y0) = 1}

HOMHHM, YT — 3TO MHOXKECTBO H By u uM uxX H i BYX KOM-
Hamo , uro Uy — 3T0 MHOXKeCTBO HabOPO 3 b3, uMero e bomee 0
IOHEHT, PaBHBIX ABOIKe. JIerko Bumers, 4To cymecTByer posHO 2" - 3"7" mabopos u3 EY,
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mepBble ' KOMIIOHEHT KOTOPHIX paBHbl 0 mwan 1. OUeBnIHO TakKe, 9TO CYIIECTBYET POBHO

r- 21 . 3" gabopos u3 EY, B KOTOPBIX CPEIH MEPBBIX I' KOMIOHEHT €CTh POBHO OJIHA

o —1 _ _
nBofika. Kpome Toro, cymecTByeT poBHO % <2772 . 3" HaGopoB U3 E%, B KOTOPBIX

CPelld TMEePBBIX 7 KOMIIOHEHT €CTh POBHO B JIBOMKH.
3HavyuT, B CyMMy B mpaBoii dactu paBeHcTBa (3.46) BxomuT He Gosree

r(r—1)

27" . 3n7r P 27‘71 . 3n77’ 4 5

-1
. 27‘72 X 37177" 27"72 A 3nfr . (4 o r(rz ))
KOHbIOHKINI. Tak kak r < n, To

—1
27“—2 . 371—7‘ . (4 + o + T(TQ )) < 3n—7‘ . 2r—2 . 7n2.

Cnenosaresibno, B cuiy jgemmbl 1.5.2 cymecrsyer dopmysa ®° man cucremoii UU{ (o, ¢1, (o,
peanuzyiomas GyHKIuo fO(x1, ..., T,y 1), Takas, 9To

L(®%) < (2+3n)3" - 27720 + 1< 9n® - 377" - 27,

N(®°% 2pq) = 1.

Takum o6pazom coornonrenus (3.44) u (3.45) moka3anbl.
2. OneHnM €JI02KHOCTD peausanun GyHKIHR f; 5,7 2. [lokazxkem, aTo cymecTByeT dop-
myia D)z, 70 mag U {(o, (1, (2}, peanusyiomas GyHKIUIO fi 5,79, TaKast, 9TO

L(®15,72) < 6k - 3%,
[To onpenesenuio
fiziz2 (@i Trgas oo, Togr) = J1(4) + figizo(Teits oo, Trgr)J2(24,). (3.47)

B cuny aemmbr 1.5.2 cymectByer dbopmyia 65737@;72 wax U U {(o, (1, (o}, peamusymormas
dYHKITUIO R
J1(@i,) + fiziz2(Trits o Trgr),

TakKasl, 9TO
L(®15.72) < (24 3K)3F + 1 (3.48)

Pacemorpum dbopmyiy pr (2, i z.i72, ;). OdeBrgno, 9To ona peausyer QyHKIHIO f 7, 79.
[Ipu 3Tom

L(®i5,72) < L@l,&if) +2< 6k 3" (3:49)

3. doxazxem, uro cyrectByioT opmyist @, 5 ; =5 mag UU{(p, (1, (2}, peanusymue HyHK-
uuu fi 5731, ..., T;) COOTBETCTBEHHO, TAKUe, ITO

> L(®izirs) < 20+ |UI.

69



Hamomumnm, aTo depe3 b Mbl 0603Ha9aeM 9UCJI0 CTOJOIOB B MHOXKeCTBe B3 ; >, TO €CTh
b="0(,0,i,7) = |Biziz7|
OueBunnO, 910 JI00ast DYHKIMSA BUIA

Ji(ws) + J2(y1) + o + Ja(ys)

MOXKeT ObITh peasusoBaHa dopmyaoit Ay wan {0(z1,x9) = ji(x1) + jo(x2)}, Taxoii, uaro
L(A;) <1+ b. Torza dbopmyna Ay Buga py(z;,, A1, x;,) peanusyer yHKIUIO

Ji(ws) + (Galyr) + o+ J2(ve))ja (i),

npudem L(A;) < 3+ b. Crenosaressno, cymecrsyer dhopmyaa O 5, 75 man UU {p, (1, (2},
peanusymmast GyHKINo fi5,;73(x1, ..., 2, ), Takas, 910 L(P;5,73) < 3+ b. CoeoBaressho,

> L(Pizizs) <3-2°+|U. (3.50)

4. Tlonoxkum

T

Figi(xe, o @rir y) = J1(y) + (Z fi5,072(@ips Trits s Trik) fii5,0.73(T15 oy 960) Jo (i)
(3.51)

[Tokazkem, ato cymecryer dbopmyaa D, 5, nax U U {(o, (1, 2}, peammsyiomast byHKIHIO
F‘l,g,i(l‘ly ooy Ttk 9)7 Takad, 9TO

L(®5,) < 9k - 3% - 2° + |U]. (3.52)
Pacemorpum popmyiist
U = G(Puzi73, Pugiz2, Tips 2), (3.53)

j=J4(T)=1,...,2°, u bopmyay ®,5; Buna F[¥y, ..., Vss; y]. OueBumnuo, uro dbopmyna P, 5 ;
noctpoena Haj cucremoit LU {(y, (1, (o} U3 (3.51) corenyert, 9to oHa peanusyer (byHKIHIO
1,5
C yuerom coornomrennit (3.49), (3.50) u oupenesenus (3.53) croxuocts dhopmyiast Y, 5
OICHUBACTCS CJICLYIOIIUM O0PA30M:

T

L(®i50) = Y (L ®uzim2)+ L(®usizs) T+ <Y L(®izira)+ Y L(Pisirs) +2°+1 <

<6k-3F-2° +|U|+3-2°+2°+1<9k-3"-2°+|Uy].

Taxkum o6pazom, coorHorrerne (3.52) moKa3aHo.
5. Ilosozkum

Fig(@1, oo Tk, y) = Ji(zy,) + (Z Z fi572(Tips Trgrs s Tri) fiz iz (@, o $r)> Ja(i,)-
(3.54)
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OnennM cI0KHOCTH peannsanuu Gynknmit F)z. Jlokaxkem, uro cymecTByer dopmyna @, 5
mag U U {(o, (1, (2}, peamusyromas bynknuo F (1, ..., i), TaKas, 9T0

L(®5) < p(11k - 3% - 2° + |Uy)). (3.55)
Jnsg kaxkgoro ¢ = 1, ..., p oupejenuMm (hopmyJry
Oi(z,x1, ..., xx) = p1(z, Prz, xi,)-

Paccmorpunm dopmyny @, 5 suga F[O, ..., 0,; x; . 113 mocTpoennst J1erko BUAETH, 9TO 3Ta
dbopmyna peamusyer dyHkmoo Fjz. V3 mpeaplayiiero myHKTa JOKa3aTelIbCTBa CJIeyeT,
9TO

p
L(®15) <1+ Z(L(cpl,a,i) +1) <1 +p(9-3%-2° +|U| +1) < p(11k - 3% - 28 +|U)).

i=1

Takum o6pazom, coorrorrenne (3.55) m0Ka3aHo.
6. Iomoxxnm

Fi(zy, ..., wn) = ji(zg) + jo(z,)-

: (Z ja,.+k+1(xr+k+1) et Jon (Tn) Z Z fi57.2(@i, ey oo Trgk) f17,07,3(@15 xr)> )
(3.56)

Hokazewm, arto cymecrsyer dopmyna ®; wax U U {(o, (1, (2}, peamusyomnias QyHKIIIO
Fy(z, ..., ), Takas, 910

L(®;) < 3" Fp(32k - 38 . 25 + |U))). (3.57)

Iepexon ot dyukunit Fjz kK GyHKnun F; nponcxoauT 3a n — r — k MAaros cjeayomnM
obpazom. st yrporienus 3aiucu BBeieM 0003HAUEeHUSI

’0\-/d = (O—T+k2+17 ceey O-d)7

5d,a = (5(1,&), a < {0, 1, 2}.

Cuauasa na nepsom mare u3z 3" "~% dopmyn @5 crposres 3" "F1 dbopmyn @5, .
[Honoxkum
a
En — Ca(q)lﬁnfl,wxn;mimz% a = 07172

(blygn—l = F[227 Z]7]%7 27217 xil]'
Jlerko Bumers, uto bopmyna @, 5, |, peamnsyer QyHKINIO

2
E’5n71 - j1<IZZ) + Z E7En71,anjan (In)jQ(I”)

anp=0
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N3 mocTpoenns ciemyer, 9To

D Uiz, ) =) L(Pis,) + 737

On—1 On

BareMm Ha ¢-M mare, 1 < ¢ < n —r — k, aHATOTHIHBIM oOpazoM u3 3" "~ F~4t1 dopmyn
n—r—k—
®;5, .., CTPOATCA 3 7 bopmynnl @5, . [Tomoxum

a
ER*Q‘FI = Ca(él,g,L,q,a7 T, xil’ Z)’ a= 07 17 2

_ 0 1 2 .
(I)l,gn—q - F[Enqurl? Enqurl? 2nqurh xil]‘

Jlerko Buzersb, uto gopmyna Pz, peanusyer (QpyHKIHIO

F},&YL—Q == .jl (Q:Zl> + Z F}»an—q:a"*qul7~--,an.j&n,q+1 (In*(I‘i’l)jan (xn)j2($il>,
rae cymMMma Gepercd 1o BCeM lp_gi1, ---, Oy, = 0,1, 2. VI3 mocTpoenus ciemnyet, 4To
Z L(q)l,&n,q) = Z L(®175n7q+1> + 7. 371—7‘—k—q'
En—q En—q—‘—l

B utore na (n —r — k)-m mare 6yaet noctpoena dhopmyta Oy, peannsyromias pyHKIITIO
Fy. Tlpu stom

L(Q) <73 + . 43" ) + 3 L(®yz) < 73" 437 Ep(11k - 38 20 +|U)]) <

<3 Rp(32k - 38 - 28 4+ |U)).

Takum o6pazom, cooTHormenue (3.57) A0Ka3aHO.
7. Ouenum ciaoxuocrs peaiusanuu Gyukinuu f1(xq, ..., 2y, T,p1). Joxkazkem, 4To cy-

mecrByer dbopmyma O max U U {o, (1, (2}, peammsyomas byukmmio f1(21, ..., Tn, Tni1),
Takad, 9T0'

L(®) <Y L(®y) +22r% - T, (3.58)
N(®; 2p41) = 1. (3.59)

W3 onpenenenusd byHKIUH @©; U JeMMbl 1.5.2 ciepyet, 4To Jjsd Jioboro [ = 1,...,7T
cytmecTByer bopmyaa ©;, peamusyiomas GYHKIHO ©;(T1, ..., T,), TAKasd, 9TO

L(6)) < (2+3n)|U)| + 1 < 6r|U)| < 6r-3r = 1877,
Jna kaxporo [ = 1, ..., T paccmorpum GpopMysty

A = Cl(@z,q)z,xm%)-

'Hanomunwm, uto T = T'(r) — MOIHOCTH MOCTPOEHHOTO BhIE pa3bueHus MHOKeCTBa Ej.
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3 (3.41) caeayer, uro dopmyra A; peamusyer dbyukiuo f;. [Tomoxum

QO =pi(z, A xy), 1=1,....T.
Pacemorpum dbopmyny @6 suna F[Qy, ..., Qp; v,41]. U3 (3.42) BoiTekaer, uro dopmyna P!
peanusyer dbyHkmo f1. VI3 nocTpoenns ciaeayer, 4To

L@) <Y L) +1< Y LA +T+2<

=1 =1

T T T T
<Y L(@)+ Y LO)+3T+2< Y L(®)+T-18° +3T +2< > L(®) +22r° - T.

1=1 1=1 1=1 1=1

Pasencrso N(®';x,,1) = 1 ouesuno.

Takum o6paszom, coornommenus (3.58), (3.59) gokazambl.

8. Ha ocHoOBe 011€HOK CJI0KHOCTH (DYHKIHIA, TIOJIyI€HHBIX B IYHKTaX 1—7, HOJIy UM OIeH-
Ky CJIOXKHOCTHU peayim3anuu GYHKIUU f.

ITycth

Sy =9n®-3"T2" S, =T-3"""Fp.32k-37.2° Sy =3""Fp S, =222-T. (3.60)
Jlokazkem, aro cymectByer dopmysna ® van G, peanusyiomas GpyHKIuo f, Takas, 1m0

L(®) < S1 + S5 + S5 + S, (3.61)

N(®;zp41) = 1. (3.62)

U3 coornomenwit (3.44) u (3.45) cremyer, aro cymecrsyer dpopmyaa @0 max UU{(y, (1, (o},
peasmsyiomas dbyHKIuo fO, Takas, 4To

L(®°) < 9n®-3"772" = 5y, (3.63)

N(®%z,41) = 1. (3.64)

U3 coornomenuit (3.58), (3.59) ciemyer, aro cymecrsyer dopmyna ! max U {(o, (1, G},
peaausylomas pyHKIMIO f1, Takad, 4TO

L(®Y) <) L(®)) +22r% - T, (3.65)

=1

N(®Y2,41) = 1. (3.66)

Pacemorpum popmyay @ suga F[P0, @1z, 1], B ey (3.40) dopmyna @ peamusyer
dyukmuio f. Jlerko BugeTh, 4TO

N(®; i) = 1. (3.67)
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Onennm ciaoxuoctb dopmyasl ®. 13 onpenesnenns dbopmyasr @, coornorrennit (3.63),
(3.65) u (3.57), ciemyer, uTo

T T
L(®) < L(P) + L(D") < Si+ Y L(®) + 54 < Si+ Ss+ Y 3" Fp(32k-3F-2° + |U]) <

=1 =1
<S4+ 8, +T-3""Fp-32k-38. 243" Fp. 3" < S 4+ S5+ S; + S

OueBuano, 9To dopmyna P mocrpoena najg cucremoit G.
Takum obpazom, coorromrenne (3.61) moKa3zaHo.
Bribepem 1t mapamMeTpos T, S, k CAeyIonme 3HAYCHHS:

r = 2lleean=1 s — [log, n — 4log, log, n], k = [2logzlogs n]. (3.68)

[TokazkeM, 9TO «ACHMITOTHYECKU IVIABHBIM» CJATACMBIM B BLIDAKCHUH U3 MPABON YaCTH
coornomenus (3.61) apaserca ciaaraemoe S3. C yaerom (3.68) Jerko BHIETH, 9TO BBIIOJ-
HSIFOTCsI COOTHOTITEHUST . n

—<r< .

4 2
[Tpuaumast Bo BHEMaHue HepaBeHCTBa (3.28), a Takxke jgemmy 3.1.1, nosydaem, 4To

Sy 9n®.3nror s (2\ L (2\1
o Lo (2] st (2
Sy p.3nk \g) TSR3

Sy T-3vrR.p.32k-3F.25 2.3 2Inr.32k-3k.2°

2 — < <
Sy p- 3k h 3. h
log, n - logg logz n - (logzn)? - n logs logs n - (logg n)? logs logs n
X C1 X C1 X C1
n - (logy n)? (logy n)? logy n
Sy 22r2.T r?.s-3"Inr r-s-lnr 5 n
T T T e SO ey S S ant -3 2,
5'3 D - 3n7k C2 r. 3k . 3nfk C2 3nfr c3n
LJIe C1, Co, C3 — HEKOTOPbIE KOHCTAHTHI. [103TOMY LIpU 1 — 0O BbIparKeHHs
Sy Sy Sy
S37 S37 S

crpemsTest K 0. Core10BaTeIbHO, «aCHMITOTHICCKH [VIABHBIM» CJIATAEMBIM B ITPABON 4aCTH
coornorrenust (3.61) sBistercst caaraemoe Ss. Jlerko Bujernb, 4To

3* 3"
p-3"F g (—+1) 3k < .
s log, n

Torma u3 coornomenus (3.61) caeayer, 410

3n
La(Hy) S

~ logyn’

Teopema 3.2.1 noka3ana.
Tenepp mosyumm BepxHiolo oneHky ¢dyuknuu [llenHona aas MpOM3BOJBHOTO MaKCH-
MaJILHOTO Kjiacca. CrpaBeinBa Cjieyomas TeopeMa.
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Teopema 3.2.2. ITycmo B — npoussosvhuill 3amxHymsitl kiacce 6ysesvix Gynryudl, ma-
koti, wmo Uy C B. Ilycmv A(B) — npouseosvroe konewHoe MHOHCECTNE0 Gyrkuul u3
Ps5, ydosaemsopmowee yeaosuro [prA(B)] = B, a G = A(B) U U U {{, (1,2} Tozda
CNPABEIAUBO COOMHOULEHUE

n

La(pr~'B(n)) <

~Y

+ Ly (B(n)). (3.69)

log, n

HokazaTeabcTBo. [lycTh B — npou3BOJILHBIN 3aMKHYTHIH KjIacc OYyIeBbIX (DYHKITHIA,
orsimunblit oT Kaaccos Cy, C1, Co1, pr~t B — cooTBeTCTBYIOMUI eMy MaKCUMAaJbHBIH KJace,
a 2((B) — npou3BOJbHOE KOHEUHOE MHOXKECTBO (DYHKIHIT u3 P 9, YI0BIETBOPSIOINIEE YCJIO-
suio [prA(B)] = B. B cuty aemmbt 1.6.2 cupaBeiinBoO paBeHCTBO

[RUB)UY] =pr'B.

Iomoxum

G =2A(B) UUU {(, (1, (2}

Ouerunno, uro dyukiun (o, (1, (o npunajexar kiuaccy pr-B. Tlosromy [G] = pr!B.
Ilycrs f(xy, ..., 2,) — npousBosibHas dbyHKIUA U3 Kiaacca pr- 't B. Oupejennm dbyHKITIO
he(z1, ..., T, Tyt ). Llomorkmm

hy(@1, ooy Tny Tpg1) = J1(Tns1) + Z Jon (T1)-+-Jan (Tn)-
(a1,-.,0m) EEF\EY
flag,...,an)=1
3amernumM, uTo prhy = Tyyq. Hosromy priy € Uy, .
Tax kak [prA(B)] = B, 1o Haiinerca dynkuus q(zy,...,x,) € [A(B)], yaoBrerBopsito-
mast ycjaoBuio prq = prf.
Omnpegennnm GYHKIUO f(X1, ..., Ty, Tpyq) CAeayommuM 06pazom. [lomoxum

~

fx1, o xn) = hp(xr, ooy 2, q(x, o ) K(21) . K (2)).

3 onpenenenna dynkuuu hy caemyer, 9To

~

flx, o xy) = alxy, .oy xp) + 0(21, .y ),

riae
a(xy, ..., xy) = q(x1, o0y ) k(7). K (2y),

b(xy, .. y) = > o (1) Gy ().

(a1,...,an)EEF\EY|
F(@1sn)=1

-~

[Mokazxkem, aro f(xq,...,x,) = f(x1,...,2,). yctsb ¥ = (71,...,7,) — HPOU3BOJIBHBII
Habop u3 Ef. Ecim 7 € EY, 1o a(y) = q(7), b(7) = 0 u, cregoBarensuo, f(7) = q(7). Tax
KxaK prq = prf, 10 q(7) = f(7). Crenosaremsno, f(7) = f(7).
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[Iycrs 7 € E} \ EY. Jlerko Bumets, aro a(y) = 0. Ecau f(7) = 0, o b(y) = 0. Creo-

~ -~

BaresibHO, f(7) :9. [Mosromy f(7) = f/ﬁ) Ecau f(7) =1, 1o b(¥) = 1. Buauur, f(7) = 1.

Taxkum obpasoMm, f(7) = f(7). Urak, f(xy,...,2z,) = f(x1,...,2,). CregoBaTespHo, HMeeT
MECTO PABEHCTBO

f(@1, s my) = hy(z1, ., xn, (21, ooy 20 K (21) . K (2)). (3.70)

Taxum 06paszoM, JJid NpousBoabHON dyHknun f(11,...,T,) U3 Ki1acca pr-'B nouyde-
HO HpeJcTaBieHne f B BUJle cynepuosunuu AByX dyuxumit hy u q(z1, ..., x,)k(21)...k(x,),
nepBast U3 KOTOPBIX MPUHAJIEKUT MHOYKECTBY H,,, & BTOpPas COBINATAET ¢ f Ha MHOXKECTBE
HabopoB n3 L.

Ouesnznno, uTo cymecryer dopmyna @y, man G, peanusyomas QyHKINIO

q(z1, oy ) k(21). K (24),
L(®,) < Lya(B(n)) + n. (3.71)

N3 nyukTa 8 mokazareabcTBa Teopembl 3.2.1 ciemyer, aTo cyiiectByet dopmyia Py, HaL
G, peanusyiomas (hbyHKIUIO f, TaKasd, ITO

3’ﬂ
L(®y) <

N((I)}“ .Z'n_;'_]_) =1.

Paccmorpum popmyity @, koropas nostydaercs us popmysibl @y, 110JcTaHOBKOM (hopmy-
a6l @y, BMECTO €ITMHCTBEHHOTO BXOZKIeHHA HePEeMEeHHOR T, 1. JIerko BumeTs, 4To popmyia
® peasm3yer (pyHKIHUIO f, MpUYEM BBITIOJIHSIETCS HEPABEHCTBO

L(®) < L(®y) + L(Dy). (3.73)

(3.72)

Torga u3 reopemsr 3.2.1 u coornomenust (3.71) caenyer, 4ro
3n
log, n

La(pr~'B(n)) S + Lpra(B(n)).

Teopema 3.2.2 noka3ana.

3.3 Hwmxnane onenku aaga dpyuakiuii Illeanona

B srom pasmesie 10Ka3bIBaeTCsl HUZKHsIS MOIIHOCTHAsI olleHKa f1/ist pyrkiuii [Hennona
JIIST MAKCHMAJIBHBIX KJIACCOB.

[Iycrs B — npou3BOJIbHbBII 3aMKHYTbIH KJ1acc OyJieBbiX dyHKImil, Takoit, uro Uy C B.
[Tycre 2A(B) — npou3BoJbHOE KOHETHOE IMOAMHOXKECTBO Pjo, Takoe, uro [prd(B)|] = B.
Yepes N(n, k,A(B)) 0603HaIIM THCIO PA3IHIHBIX (POPMYJ HAJ CHCTEMOIT

G=AB)UhU{GUG UG}

CJ0KHOCTH He OoJiee k, peaJausyiomuX (MYHKIHA OT HEePEMEHHBIX I1, ..., T,. Cleayiolas
JIEMMa SIBJISIETCsT AHAJIOTOM JieMMbI 16 u3 [33].
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JIemma 3.3.1. Jlaa wascdoti cucmemor A(B) cywecmeyem woncmawma ¢ = c(A(B)),
MaKas, 4mo

N(n, k,A(B)) < (cn)*. (3.74)

JIoKa3aTebeTBO ITOM JIeMMBI AHATOTHYIHO T0KA3aTeIbCTBY JeMMbl 16 u3 [33]. Ciuery-
[OITAsT JIEMMA, SIBJISIETCST AHATIOTOM JIeMMBI 9 13 [33].

Jlemma 3.3.2. ITycms B — npoussoavtuiil 3amkHymuwil Kiacc 6yaesvx dynruuti, maxot,
umo Upy C B. Tozda ecau dasn nexkomopotl dynruuu k(n) evnoansemesn coommowerue
N(n, k(n),%(B))
[pr='B(n)]

— 0 npun — oo,

MO HAMUHAA € HEKOMOPO20 N evinoanaemcs nepasencmeo La(pr'B(n)) > k(n).
JIoKa3aTeIbecTBO ITOM JeMMBI AHAJIOTHYHO JTOKA3aTETbCTRY JieMMbl 9 u3 [33].

Jlemma 3.3.3. I[lycmo B — npousgoavtuiil samkrymult xiacc 6yaesoix dynkuut, maror,
wmo Uy, C B. [laa arob60z20 € > 0 npu docmamouro 60AbWUT 1N 8WNOAHAEMCA HEPAEEHCTNE0

n

La(pr~tB(n)) > (1—e¢).

log, n
HdokazareanbcTBo. B cuiry gemmvbr 3.3.1 mocTaTodHOo MOKa3aTh, 9TO TPH

~ logyn

k(n) (1-¢)

U 1 — OO BBINIOJHAETCI YCJIOBHE

N(n,k(n),A(B))
lpr=1B(n)|

— 0.

Tak xak Uyy C B u Uy (n)| = n, to [pr'B(n)| = n23"~?". Ilo nemme 3.3.2 cymecTByer

KOHCTaHTa ¢, Takast, ato N (n, k(n)) < (cn)*. Torma mosygaem:

N(n, k(n), 24(B))
[pr='B(n)]

log, = logy N(n, k(n),A(B)) — log, ’PT%B(“)‘ <

37’L
< klogy en —logyn — (3" — 2") <

S Togyn (L &) logon +logy o) — logym — 37 427
2

[Tocieinee BbipakeHHE CTPEMUTCA K —OO TPU N — 00, OTKY/IA BBITEKAET, 9TO

N(n, k(n), A(B))
[pr='B(n)|

— 0 npu n — oo.

JlemMa, moKa3aHa.
Taxum obpazomMm, crpaBeJIMBa CJIAYIONIAasd TeOPEMa.
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Teopema 3.3.1. ITycmov B — npoussosvhwill 3amxHymsitl kiacce 6ysesvx Gynryul, ma-
koti, wmo Uy C B, A(B) — npoussosvnoe koneunoe nodmmoscecmso Pso, ydosaemeso-
parowee yeaosuio [prd(B)] = B, a G = A(B) U U U {(, (1,C}. Tozda umeem mecmo
COOMHOULEHUE

3n
L B 2> :
S B) 2 o

C yuerom teopem 3.2.2 u 3.3.1, nosrydaeM CJIeyIOMANA pe3yJIbTaT.

Teopema 3.3.2. ITycmo B — npoussosvhuill 3amrHymsitl kiacc 6ysesvix Gynryuil, ma-
koti, wmo Uy C B, A(B) — npoussosvhoe koneunoe nodmmosicecmso Pso, ydosaemeso-
parwee yeaosuo [prd(B)] = B, a G = A(B) U U U {(o, (1, }. Toeda umeem mecmo

COOMHOWEHUE
3n

3.4 AcumMmnTorudeckm TOYHBIE (DOPMYJIbI AJad (DyHKIMit
ITTernona

B stom pazesie 11 HEKOTOPBIX KOHEYHBIX ceMefcTB (DYHKIINI, ITOPOXK AAIOIIIX MAKCH-
MaJIbHbIE KJIACCHI, HAXOJASATCS aCUMITOTUYECKHA TOUYHBIE OIEHKH COOTBETCTBYIOIMHUX (PYHK-
muit [Hlennona.

Nmeer mecTo ciieaytomnuii pe3y/abTar.

Teopema 3.4.1. Ilycmv B — 3amrnymuoiti xiace bysesuns dynkyut, makxot, wmo Ly, C B.
Tozda cywecmeyem xonewnnidi 6asuc G xaacca pr—' B, maxot, wmo

3n
logyn

La(pr~'B(n)) ~

HokazareabcTBo. [lycth B — 3aMKHYTbI# Kjace OyseBbIx (pynkmuii, Takoii, aro Lg; C
B. Pacemorpum 6azuc G, yaoBmeTBopsioniuit yeaousM Teopembr 3.3.2. Torma mo Teopeme
3.3.2 BBHIMOJIHAIOTCA OIEHKH

3TL

3n
<L B <
o S La(r™ B(w)

™~ logsn

+ Lya(B(n)). (3.75)

B coornomennn (3.75) omennm Beqawanny L,,.c(B(n)). MHOKeCTBO BCeX 3aMKHYTBIX
K/1acCcOB OyseBbIX (DYHKITHI, COMeprKAIINX KIacc Lo, COCTONT U3 KJIACCOB

LOl,LO,Ll, LS, .[/7 SOl, S, TOl,TO,Tl’ P2

PaccMoTpuM KazKk bl U3 9THX CIy9aeB U /I KazKI0r0 CIydas HoKazxKeM, 9To Ly.¢(B(n)) =

n
o ().
0gy N
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Ecim B = P,, To B cuity Teopembl 1.3.1

et~ 2o (1)

- log, n log, n

Ilycts B € {Lo, Lo, L1, LS, L}. Toraa mo jemme 1.3.2 HaiifeTcss KOHCTAHTA ¢, TaKasl,
qTO

Sn
L B <en= .
(B < en=o ()

Ecau B € {S, Sp1 }, T0 0 Teopeme 1.3.5

ettt 2o (1)

~ log, n log, n

ITycrb, nakonen, B € {Ty, 11, To1 }. I3 Teopembr 1.3.6 caemyer, 9To

T

log,n  \log,n

Taxum obpazoM, Ijs JI0O0T0 3aMKHYTOIO Kjaacca OyaeBbIX (YHKIHUH B, Takoro, 4ro
Ly; C B, BbIIIOJIHSIETCSI COOTHOIIIEHNE

Lyvo(B(n)) = o( > ) -

log, n

Torma u3 coornomenus (3.75) caeayer, 410

3TL

LG(prilB(Tw) ~ 10g2 n'

Teopema joka3zana.
Tax:ke UMeeT MeCTO CJIEIYIONIAsT TEOPEMA.

Teopema 3.4.2. [lycmv B € {O®,08°,1°,I3°, MO, MOg°, M1, MI*}. Tozda cyue-
cmeyem koneunnli 6asuc G kaacca pr—B, maxoti, wmo

3TL
log,n’

La(pr="B(n)) ~

Hokazarenscrso. [Tycte B € {0, O5°}. Pacemorpum 6asuc G, yaoBaeTBOPSAIONTHIA
ycaoBusaMm Teopembl 3.3.2. Toryma o Teopeme 3.3.2
3" 3"

< -1p <
o S Laler B0 S

+ Lya(B(n)). (3.76)

B cuty Teopemsr 1.3.5 cripaBejiiBO COOTHOIICHHE

bt ~ 2 =),

~ log, n log, n
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CrenoBaresbHO, ¢ yaeToM cooTHomenuit (3.76), HMeeT MecTo COOTHOMICHIE

3n
logyn’

La(pr~'B(n)) ~

Ecau B € {I°°, I{°}, 10 yTBepkKjeHne TEOPEMbl BBINOJHIETCA B CHJY COOODazKeHMil
JBONCTBEHHOCTH.

B cayaae B € {MO>®, MO, MI°°, MI{®} yTBep:Kaenne TeopeMbl aHATOTHIHBIM 00-
pa30oM U3BJIeKaeTcs U3 TeopeMbl 1.3.7.

Teopema mokazana.

Teopema 3.4.3. IIycmv B € { My, My, My, M'}. Tozda cywecmeyem koneunwid basuc G
xaacca prL B, makot, wmo

3’fL
~ logyn’

Le(pr'B(n))

Hokazarenbcrso. [lycte B € { My, My, My, M}. Paccmorpum 6asuc G, yaoBieTBo-
PSIONIUI YCJIOBHSIM TeopeMbl 3.3.2 U Takoit, uyro xy,x V y € prG. Torma nmo teopeme 3.3.2

3n
log, n

< La(pr'B(n)) <

~Y

+ Lya(B(n)). (3.77)

Jlerko BujeTh, 4ro s Jaw060i dyukun f(xq,...,x,) € B(n) Haiigyres takue dyHKIHA
g(x9,...;x,) € B(n — 1) u h(xa, ...,z,) € B(n — 1), uro

f(z1, .y xn) = 219(29, oy ) V h(2g, ..y 2y).

CJ’IG,HOB&TGIH)HO7 BBITIOJIHAETCA COOTHOIIIEHHE

et =025

log, n

Torma, ¢ yuerom coorHotenuii (3.77), mojaydaeM yTBepKaeHne TeopeMbl. Teopema ToKa-
3aHa.

Teopema 3.4.4. Ilycmo
B € {Do1, Dy, D1, D, K, Ko, K1, K,U, SU, Uy, MU, Uy, Uy }.

Toeda cywecmeyem xonewnnli basuc G xaacca pr—' B, maxot, wmo

3n
log,n’

La(pr="B(n)) ~

HdokazareancTBo. IlycTh

B € {Dw, Dy, Dy, D, Koy, Ko, K1, K, U, SU, Uy, MU, Uy, Uy }.
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Paccvorpum 6a3uc GG, ymomiaeTBopsromuit yeaosusm Teopembr 3.3.2. Torma mo Teopeme
3.3.2
3n

1 < Le(pr'B(n)) <
0gy M

+ Ly (B(n)). (3.78)

OueBHIHBIM 00PA30M BBIMOJIHSAETCSI COOTHOIIEHUE

Lnc(B) =0 (o).

log, n

OTKY/Ia, C y4eTOM COOTHOIMeHu# (3.78), ciemyer yrBep:KaeHne Teopembl. Teopema mokaza-
HA.
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I's1aBa 4

I'nybuna ¢popmysi, peaan3yonix
bynkmnm u3 P39

B nmannom maparpade msydaercsa BOIpoOC O TayomHe (hopMys, peajusyomux (yHK-
nun u3 P 5. Ussectno [61], 4ro a1s npou3BoibHOil KOHEUHON cucTeMbl Oy/1eBbIX (dyHKIHI
BCsAKaAsT (DYHKIUS U3 3aMKHYTOTO KJIACCA, TOPOZKIEHHOTO 9TOH CUCTEMOI, MOYKeT OBITh pea-
qu3oBaHa hopMyJI0#, riiybrHa KOTopoil mMeeT He Oojiee YeM JIMHEHHBII MOPSI0K pOCTa OT
Jucaa nepeMeHHbIX. Huxke aHajorndnblii pakT ycTaHABJIMBACTCS /I HEKOTOPBIX KOHEU-
HBIX cucTeM DyHKIui u3 P .

4.1 Kiaccsl, IpoeKnus KOTOPBIX COAEP2KUT (PYHKIIHIO ),
nim 9,

HanomuuMm HEKOTOpBIE ONpeeeHus, npuBeaennbe B naparpade 1. nsg gaoboro p > 2
u mo6oro i = 1,...,p Gyaem obosmadars depes ' HaGop (i, ..., x| 1, &%, , ..., x}), a depes
XP — mabop (z', ..., 2P), cocrosmmuit u3 p(p — 1) nepeMeHHbIX.

Iycrs f(z4,...,2,) — npousBojbHasg GyHKIuA u3 Pyo, n > p > 2. ng mo6wIx 4, 7,
rakux, 90 1 < 4,7 < pu i # j, Oyaem obo3HavaTh yepes f;(ml, ey L1y Tjg1y ey Tpy) DYHK-
a0 f(x1, ..., Tj_1, Tis Tjt1, ..., Tp). depe3 YP obo3aunm HAOODP QYyHKIMIA, TOLY TAIOMMCS
w3 maGopa XP 3amenoii mepemenubix o) Ha byHKIuH f; cOOTBETCTBEHHO, Ta€ 1,7 = 1,...,p
ui#j.

s mobeix p > 3 B naparpade 1 6bL1a onpenenena Oynesa dbyuxuus d,(XP):

6p(XP) = V&

(7

rje IA3bIOHKIUS OepeTcs 1Mo BCeM iy, 1,103,014 = 1,...,D, 1y 7 is IPA U # S, & KOHbIOHKIIHS
Oepetcs 1Mo BceM 7, [, TakuMm, uto 1 < j < < 4.

Yepes D, Mbl 0603HaIaeM MHOZKeCTBO hyHKIuit A, (X?) u3 Pj 5, Takux, 410 prA,(XP) =
B,(X7).

Omnpejenm MHOXKeCTBa ) 1 R 3aMKHYTHIX KJaccoB u3 P, O6o3HaunM 4epes3 £ cie-
JIyIoIIee MHOXKEeCTBO

{P27T07T17T01>M7M0>M17M0170m7 817M0m7M081>[m7[T7M[m7M[F7 2 g m < 00}7
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a Jepe3 R — MHOYKECTBO
{P27T17T017M7M17M017Om7 gl)MOm’MOgL’ <m<oo}

JIerko BUIEeTH, 4TO

RUR =N.

NmeeT MecTo ciemyionias TeopeMa.

Teopema 4.1.1. ITycmv B — npoussosvhvili 3aMEHYMbLT KAGCC OYAe6br PyHKUUL U3
mroscecmea Q, H — npoussosvruiti 3amrnymuti xaace dyrrkuyut us Pso, marot, wmo
prH = B, a G — npousdsoavrad konewnas nopostcdarouwas cucmema kaacca H. Tozda
CYULLCMBYEM KOHCMARMA C, MAKAA, YMO NPU 6CEX N = 1 8bINOAHACNCA HEPABEHCMEO

D¢ (H(n)) < en.

HokazareabcTBo. Ilycth B — npon3BoJibHBINR 3aMKHYTHIH Kjaace Oy/aeBuiX byHKIUiT
U3 MHOXKecTBa £, H — IPOM3BOJIBHBEIN 3aMKHYTHIN Ki1acc DYHKIUN u3 Pso, Takoil, 4TO
prH = (), a G — npousBo/ibHasg KOHEYHas MOPOXKaaromas cucreMma kKiacca H. Pacemor-
puM cHadaja ciaydail, korga B € R. U3 jgemwmbr 1.5.3 caepyer, 9to mjs joboro purcu-
POBAHHOTO M 2> 2 CyNIeCTBYeT HATypajbHOe YuCI0 © = 7(m), Takoe, 910 YHKIUs O,
NPUHAIEXKAT 3aMKHYTOMY Kjaccy Oyirebix dyakmmit O™. CienosaTeabHO, s J0O0T0
Kjaacca B € R u 14 1060ro 3aMKHyTOro Kiaacca H u3 Pso, Takoro, uro prH = B, Haii-
Jayrest HarypasabHoe = r(m) u dynknusa A, (X") u3 maoxkecrsa D,., Takue, 410 DyHKIHA
A, (X") mpunasgrexut kiaaccy H. 13 memmbr 1.5.4 cireyer, ato Toraa Asst 000 dbyHKIHI
f(x1, .., zn) € H, n > 10, semosmserca pagenctro f = A, (Y]). @ynxmun Y} sapucar me
boJtee yeM oT n — 1 nmepemennoii. CiiegoBaTe/bHO, A5 JI000T0 KoHeYHOro basuca (G Kjac-
ca H, comepxkamiero dyukmuio A, (X") u Bce dbyurnun w3 muoxkectsa H (9), BBITOTHIETCS
coornorenue D, (H(n)) < con, vae co — wekoropas Koncranta. OTcioa ciiejyer, 9ro s
nopoxk aaoreii cucrembl G kiracca H Boimosasiercs coornorenne D (H (n)) < cn, roe ¢ —
HEKOTOPasi KOHCTAHTa, TAK KaK MEePeX0 OT OJHOTO Da3uca K JAPYroMy BjedeT YBeJUIeHUe
rIyounsl GYHKIUN He 0ojiee YeM B KOHCTAHTY Pas.

Ecau knace B npuHajiexkutr MHOKeCTBY £ \ IR, TO yTBEpXKIEHUE TEOPEMbI CJEIVET U3
cooOpakeHuii JIBORCTBEHHOCTH.

Teopema nokazana.

4.2 Kuaaccel, DpoeKnusa KOTOPBIX COBIIAJIAeT ¢ S Ml Sy

B sTom pazjiesie ycranaB/IuBaeTcs BepxXHsis JuHeliHas onenka jjig pyukinuu [Tlennona
o rayOuHe Uit BCeX 3aMKHYTHIX KaaccoB [ u3 Py, Taknx, uro prF € {S, Sy}, u Bcex
KOHEUYHBIX 0a3ucoB Kjacca F.

YcranoBuM cHadasia ogul (akT o riaybure hopMy, peajusyiomux GYHKIUT U3 KIac-
coB Buga pr-'B N Zy,;, riae B — Upou3BOJIBHBI 3aMKHYTHIH Kiaace OyieBbix byHKIWI,
rakoit, uro Uy C B, i =0, 1.
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Jlemma 4.2.1. I[Tycms B — npoussosvhuill 3amkHymuil xkiacc 6yaesvx ynruuti, maxot,
wmo Uyy C B. Iyemy H; = pr—tBN Zsi, a G — Npou36osbHAA KONEUHAA TOPOHCOAIOULAA
cucmema xaacca H;, i = 0,1. Tozda natidemca xonemanma c;, 1 = 0,1, maxas, umo

D¢, (Hi(n)) < ¢n.

HoxkazarenabcTBo. [lycTh B — Npou3BOJIbHBII 3aMKHYTHIN Kaace GyJIeBbIX (PYHKIINI,
takoit, uro Uy C B. Mycrs H; = pr'B N Zy,;, a G; — Npon3Bo/JbHas KOHEUHAs TIOPOK-
Jnatorrag cucreMa kJacca H;, 1 = 0, 1. Paccmorpum cragasa cayqait kinacca H.

Kaxknaa bynknusa f u3 k1acca Zs g yAOBIETBOPIIOT CJEAYIONEMY YCIOBHIO: €CJIH HAOOD
& € E? nonyuen ns mabopa [ € EY 3amenoit Bcex /BoeK Ha Hy/aH, To f(a) = F(B).
3Haunt, 3HaYeHNsd MYHKIUH [ TOJTHOCTBHIO ONPEIEIIIOTCd 3HAUeHUIME Oy1eBoit hyHKITHI
prf. Oycrs f(z1,...,2,) € Hy. Toraa BbiojiHSETCS HEPABEHCTBO

Dey(f) < Dpray (prf)- (4.1)

TOF,ZLa ClIpaBe/JIMBO COOTHOIICHUE
DGO(HO(n)) < DPTGO<B(n))' (42)

ITo Teopeme 1.3.2 cymiecrByeT KOHCTAHTA ¢, Takast, 910 Dy, (B(n)) < cn. CiegoBaresbho,
¢ yaeroM coortHomrenns (4.2), nosydaem

D¢, (Ho(n)) < cn.

Jlig knacca Hy noka3aresbCTBO MPOBOJIMTCS aHAJOTHIHBIM 00pa3oMm. JlemMa Jloka3aHa.

Bynem roBoputs, uro bynknus f(xq, ...,x,) € P32 ABIgeTCH HYJEBLIM JOOIPE/IeTeHIEM
Oynesoit byHKIMA (X1, ..., Tp), €cau prf(zy, ..., x,) = g(x1, ..., T,) U 11 KazKA0r0 HAGOPaA
a € EY\ EY umosngercs coornormenue f(a) = 0. Yepes 5§n)(x1, <esy Tpp) ODO3HAYUM HYJTE-
BOE JI00IIpe/ie/ieHHe Oy/1eBoil (hyHKITUU 65”)(1;1, ey Xy) = 21, n > 1. Herpyaso y6eauThest B
CIpaBeINBOCTH PABEHCTB

851) (l‘l) = 852) ('rlu xl); (43)

a§i+1)(:€1, s Tig1) = 552)(5?)@17 e @)y T ), 12 2. (44)

2
CareroBaresibHO, J1s1 J1060ro 1 2> 1 cpaBe/I/InBO COOTHOIIIEHNE gﬁ") € [{5§ )}}, puveM Jjid
n 2 2 BBIIOJHAETCA HEPABEHCTBO

D{a(12)} (Egn)) < n.

O6os3nauum depe3 V¥, dopMmyry Hal 8(12), pPeATM3YIONIYIO (DYHKIIHIO 5g”+1)(y,x1, oy Tig1)s
MOJIYYEHHYIO B COOTBETCTBUH ¢ cooTHOMmeHusMA (4.3) u (4.4) U ¢ TOCTeAYIONIM MepenMe-

HOBaHUEM IIepeMeHHbIX, 1 > 1. OueBnaHO, 4To
D(V,)<n, n>2. (4.5)

JIokazkeM CJIe/IyIONLy 0 JIeMMY.

84



Jlemma 4.2.2. ITyemv H — npoussoavuuiti samkrymud kaace ynrwyutd us Pso, makod,

wmo prH € {S, S }. Ilycmv G — npouseosvHas KOHEUWHAA NOPOAHCIAOULAA CUCTNEMA KAGC-
2

ca H, maxaa, wmo 55 )(xl, x9) € G. Toeda cywecmeyem xoncmanma c = ¢(G), makas, wmo

npu ecexr n 2 1 swnoanaemea HEPABGEHCNBO

Dg(H(n)) < en.

Hokazareabcrso. [lycrs H — mpousBoibHbBIl 3aMKHYTHII Kiaace QyRKmmit m3 P,
takoit, aro prH € {5, So1}. Ilycts G — npousBoJibHASA KOHEUHAST MOPOZKIAIOIIASI CHCTEMA
knacca H, Takag, 410 552)(x1,x2) € G. lyers f(xy,...,2,) — NpOU3BOJIbHAs (DYHKITHSI
u3 kiaacca H. Pacemorpum komeunyio cuctemy G U {0}. Illyers F' = [G U {0}]. Tak kax
prH € {S,So1}, To prF € {P,,Ty}. Torma u3 Teopemsr 4.1.1 caemayer, 9To cymecTByer
dbopmyna ¢ man G U {0}, peanusyromas dynkuuio f, u koncranta ¢ = ¢(G U {0}), rakue,
gro D(P) < ¢en. Bamennm Kazkmoe BxoxeHne KoHcTaHThl 0 B dopmyny ¢ Ha dopmyrty
U, (cM. ee mocrpoenune mepes Jiemmoit). [Tomyunrest dbopmyna ® nan G, peanusyomasn
HEKOTOPYI0 OYHKIHIO §(Y, 1, ..., Tp).

Iokaxkem, ato g(y, T1,....,2n) = f(x1,...,2,). lycts & = (aq,...,a,,) € EY, B € Ej.
Ecm & € EP\ E2, 1o £"™(B,&) = 0. Hosromy ¢(8,d) = f(@). Hyers & € EY. Ecan
f=0wmmfB =2, 10 55"“)(6,&) =0u g(8,a) = f(a). Ecm 8 =1, o EYZH)(B,&“) = 1.
[TpunuMas BO BHUMaHUE CaMOABOWCTBEHHOCTL (DyHKIUA prf v prg, mMoJay UM CJIeLy oLy o
IEIOYKY PABEHCTB:

9(1,8) = g(0,a) = (&) = f(a).
Taxum obpaszom, dopmysta d peasmm3yer ¢dbyuknuio f. [lpm 310M B CHIy TOCTPOEHUS U C
ydaeToM cooTHotIeHust (4.5) BBINOIHSIETCS HEPABEHCTBO

o~

D(®) < D(®)+ D(¥,) <cn+n+1<cn,

rjle ¢ — HeKOTOopasi KoHcTaHTa. JlemMma Jjoka3aHa.
CupaBeinBa CaeIyIomas TeopeMa.

Teopema 4.2.1. I[Tycmv B — odun us deyx kaaccos bysesvix dynuruyud: S usu Sor. ITycmo
H — npouseoavnolti samxnymut xaace pynwuyut us Ps o, makot, wmo prH = B. Hycmo
G — npoussoavhas Konewnas noposcdaousan cucmema kaacca H. Tozda cywecmsyem
KOHCAHMGA ¢ MAKAA, 4MO NPU 6CET N = 1 8WUNOAHACTNCA HEPABEHCMEO

Dg(H(n)) < en.

HokazareabcTBo. [lycts B — oaun u3 AByX KjaaccoB Oy/eBbIX dpyHKIiwmii: S wim So;.
ITycts H — mpou3BOJIbHBII 3aMKHYTBII Ki1ace GyHKIui u3 Pso, Taxoit, uro prd = B.
[Iycts G — npou3BobHas KOHEUHAs MOPOXKIAIoIIast cucremMa Kiaacca H. Paccmorpum cHa-
qajia ciaydait B = 5. B memme 1.4.6 npuBesero onucanne MHOXKECTBA 3aMKHYTHIX KJIACCOB
u3 Ps 9, IPOEKINSA KOTOPHIX COBIAJAET ¢ KIaccoM S: B Kjaacce S MPOeKTHPYIOTCS KIACCHI

p?"_lS, Za o ﬁjm"_lS7 Za1 N pr_lS
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1 TOJIBKO OHMN.

Jng knaccoB Zog Npr—tS u Zyy Npr~ 'S yreepKaeHne TEOPEMBI BBITEKAET U3 JEMMBI
4.2.1.

Jlerko BUIETh, uTo K1ace pr- 1S comep:Kut OyHKIHIO 5§2) (1, x2). OUeBUIHO, ITO eCH
G — KOHeWHasd TOPOXKAAIOMAS CHCTeMa Kiaacca pr-1S, To m cucrema Gy = G U {552)}
ABJIgeTCa KOHEYHOI MOpoKjatomnieii cucreMoit knacca pr—1S. CriemnoBaTeabHo, 110 JTeMMe
4.2.2 Haiinerca KOHCTaHTa Co, Takast, 910 Dg,(H(n)) < con. Tak Kak mepexos 0T 0JHOrO
basmca K JApyroMy BJIedeT yBeJHYeHHe CA0KHOCTH (PYHKIHil He Oojiee 4eM B KOHCTAHTY
pas, To Haiijercs KoHcTauTa ¢, Takasd, uto Dg(H (n)) < cn.

[lepeitmem kK paccmorpenuio ciaydasds B = Sp;. B jgemme 1.4.7 comep:KuTcs onucanue
MHOKECTBA 3aMKHYTBIX KJIACCOB U3 Pj o, IPOEKIUA KOTOPBIX COBIALAET C KJIACCOM Spi: B
KJIaCC Sp; TPOEKTUPYIOTCS KJIACCHI

pr 1 Son, TO(Q) N pr~—"Son, T1(2) N pr~—"So, 22,0 Npr~—"So, Za1 Npr~—'Sn

1N TOJBKO OHU.

Jlng knaccoB ZooNpr~—'Soy u Za 1 Npr~1Sp; yTBepKIeHHe TEOPEMBI BBITEKAET U3 JIEMMBbI
4.2.1.

Knaccewt pr1Sy; u TéQ) Npr~1Sy; conep:kar GyHKIHIO 552)(%, Tg). JokazareaneTBo yT-
HepKAeHud TCOPEMBL [IJid 9TUX KJIaCCOB CJIeAyeT U3 JICMMbI 4.2.2n IIPOBOAUTCA aHAJOI'TIHO
caydaro Kiaacca pro LS.

Knace T 1(2) N pr=1Sy aBaseTca IBOMCTBEHHBIM K KJIACCY Té2) N pr=1Sy; oTHOCHTEILHO
nepecranoBku (01)(2). ITosToMy Jjisi HETO YTBEPKJIEHHE TEOPEMbI BBINOJHAETCS B CHITY
OPHUHIUIA ABOHCTBeHHOCTH. Teopema qoKa3aHa.

4.3 Kuaacchl, IIpoeKnugd KOTOPbIX COBIAJJAET C KJIACCOM

SM

[TepeiimeM K paccMOTPEHUIO KJIACCOB, MPOEKIMS KOTOPBIX COBMaaaer ¢ Kiaccom SM. U3-
BECTHO 95|, 9TO MHOXKECTBO BCeX KJIACCOB, MPOEKIINs KOTOPBIX COBHaaeT ¢ KiaccoMm SM,
sBJsieTcsi KOHeuHbIM. B [95] mpuBesien meros onucanus sroro MuoKecTBa. [loyiHOE omnuca-
HHE 3TOT0 MHOXKECTBa MOKHO HalTu B [84]. Huxke Mbl He GyieM onupaTbes Ha ITO ONUCAHUE.

[ran pagpHEfIMX PACCYZKIEHUN BBITVISAAT CAeAyomuM obpa3om. CHadaa Mbl BBe-
JIeM HEKOTOPbBIe 0003HAYEHNS U JOKAYKEM Psi/T BCIIOMOTATETbHBIX YTBEPZAKICHUNH. 3aTEeM MbI
OIIpeIeTUM PEKYPPEHTHBIM 00pa3oM Oy/ieBY (DYHKIHIO wWg. 3aTeM I KaxKa0# (hbYyHKIUU
f € P39 Oymer AoKa3aHO OJHO CIENUAIBHOE PA3JIoKeHHe, MOoJydaeMoe C HCIOJb30BAHMU-
eM (YHKIINY, MPOEKINs KOTOPoi coBmajaer ¢ yHKIMeH wg. Hakower, Ha ocHOBe 3TOroO
pasjiokenus Oyjer joKaszaHa Bepxusis onenka g dyukiuu [[lennona mo ruybune jjis
KaKJIOTO KJIACCa, MPOEKIUs KOTOPOTO ABJsIeTcs Kiaaccom S M.

Tasee Mb1 GyeM uCHOIb30BaTh Oy/aery dynkuuo do(X ). Hamomunm, uro

(510<X10> = \/&.CU;],

rJie TU3BIOHKIUST OEPETCS TI0 BCEM i1, 19, 13,14 = 1, ..., 10, 4, # iy TPH ¥ # S, & KOHBIOHKITHS
bepercs 1o BeeM 7,1, Takum, urto 1 < j < < 4.
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HanmomuuMm Takzke, aro depes ds(x,y, z) Mbl 0603Ha"aeM OyJeBy dyHKIHO YV x2z V yz.
Onpeenum dbynknuo 7 (21, 20, X19) € Py. Ilosoxum

(21, 20, X'0) = 21 (29 V 610(X ™)) V 2’25T0(X10)> (4.6)

riie 07(X %) — Gynesa dbynxuusa, apoiicrennag K dyukmun dy9( X '0).
O4eBHIHO, YUTO BBINOTHSIETCS CACIYIONIEe YTBEPIKICHHE.

Jlemma 4.3.1. Qynxuua m(21, 20, X19) npunadaescum xaaccy SM.

OnpenenmuMm GYHKIUT w; € P, 1 = 2, 3,4, 5,6, crexyromuMm obpasoM. [Toroxkum

wz(zhzz,XlO) :W(Zl,Z%XlO)a (4~7)

w3(21, 22, %23, Xw) = d3(w2(z1, 22, Xlo), WQ(ZL Z3, Xw), W2(22> Z3, Xw))’ (4-8)

U.)4(Zl, 22, %3, 24, XlO) = dS(wS(Zla 22, 23, X10)7 w3(217 22, 24, X10)7 UJ3(21, 23, 24, Xlo))? (49)

10
W5(21722,Z37Z4,Z5,X ) =

= dy(wy(z1, 29, 23, 24, X ), wa(21, 29, 23, 25, X '°), wa (21, 22, 24, 25, X '0)), (4.10)

10y _
W6(21,22,Z37Z4725,267X )—

= d3(w5(217 22,23, 24, %5, Xlo)? w5(217 22,23, 24, 26, Xlo)? w5<217 22,23, 25, 26, Xlo))' (411)

OTtMmeTHuM, 9TO U3 onpeesenuit n JeMmbl 4.3.1 cienyer, uro OYHKIUA w;, ¢ = 2,3,4, 5,0,
npuHaIexar Kiaaccy SM.

Obozragnm uepe3 (Q; muOKecTBO byHKnuit ), € Pso, Takux, uto pr{); = w;, ¢ =
2,3,4,5,6.

Ilycrs f(xy,...,x,) € Pyo, n > 5. Oupegenum byHKIHI glf(yl, s Yiy Ty ey Ty) € Pyo,
1=2,3,4,5,6, ciexytonmum obpazom. [lomoxkum

ng(yl, s Yis Ty ey T) = f@1, o 20) (G1 (Y1) Voo V1 (y:)) V g1 (1) - e 1 (). (4.12)

JlokarkeM HeCKOJIbKO cBoitcTB byuknmii €2;, ¢ = 2,3,4,5,6. Hanmomuum, 9To J1s J110060it
dbyuknun f(z1,...,2,), n = 2, w 00010 P, n = p > 2, MBI obo3HaUaeM depe3 YP = YP(f)
Habop pyukImit, noayqamonuiica n3 nabopa nepemeHubx X? moncTranoBkoil (hyHKIMN f;
BMECTO IePeMeHHOlt T st Beex 4,7, 1 < 4,7 <n, i # 7.

Jlemma 4.3.2. ITycmo f(x1,...,2,) € P3a, n > 10, u Qy € Qq. ITyemv & = (o, ) € F3,
vi =), i =1,2, = (P1,.... Bn) € E}. To2da ewnoanaemeca pasencmaso

92(71, V2, Ylo(g)) = gg(al, g, 5)‘
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HoxkazarenbcTso. [Tycrs f(21,...,2,) € Psa,n > 10,1 Qs € Q. Iycrb & = (an, ) €
B2 vi=ji(),i=1,2, B=(B1,...,0n) € EF. Tak KaK 1,7, € Es, a TakkKe B CHIy TOTO,
gyro dynkuuu u3 Habopa Y0 He npuHuMaloT 3HadeHHe 2, BBLIIOJHACTCS PABEHCTBO

Do (11,72, Y'(B)) = waly1, 7, YO(B)). (4.13)
[To onpenenenuio (pyHKIHE Wy
ws (1,72, Y (B)) = m (72 V 510(Y(5))) V 7267, (Y°(B)). (4.14)

ITycts Ayg — npomusBosbHasg byHKIUA U3 P39, Takasd, uTo prA;g = d19. Torna cupases-

queo pasenctso 010(Y19(8)) = Ap(Y19(8)). B cuny semmbr 1.5.4 BbIIOJHSIETCH COOTHO-

menue Ai(Y'(8)) = f(B). Crenosarenno, d10(Y'°(8)) = f(8). Amanoruuno, ¢ yuerom

samedanus K Jgemme 1.5.4, MoxHO n0Kazath, aTo 07, (Y!0(8)) = f(B). Toraa

wa(11, 72, Y2 (B)) = 11 (72 V £(B)) V 72 f(B) =

= f(B) - (m V) V7.
13 onpenenenns Caemyer, 9To

95(04170427@ = f(B) - (m V) V7.

CrenoBaTesIbHO,

92(717 72, Ylo(g)) = gg(ala Qg, 6)
Jlemma mokasana.
Jlemma 4.3.3. Ilyemo f(xy,...,2,) € Pyo, n > 10, u Q3 € Q3. Ilyemv o = (o, e, a3) €

E3, vi=j1(a;),i=1,2,3, B=(B1,..., n) € E}. To20a 6vinoansemcsa pacencmeo

Q3(fy17 V2573 Ylo(g)) = g:{(al, Qg, (3, 6)

HoxkazareascrBo. Ilycts f(z1,...,2,) € Pso, n > 10, u Q3 € Q5. Ilycts a =

3 _ S o
(a1, 0,03) € E3, v = ji(au), i = 1,2,3, B = (B, ..., Bn) € EY. Tak KaK 71, 72,73 € Fo, a
TaKzKe B CHJIy TOTO, 9T0 byHKIMHE u3 Habopa Y0 He mpHHAIMaIOT 3HadeHne 2, BHIIOTHACTCS
PABEHCTBO

Q3<717 V2,73, YlO(B)) = W3(")/1, V2,73, YlO(E))’ (415)

ITo onpeestennto GyHKIMNT Ws

w3<71> V2,73, Ylo(ﬂ)) =
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= dy(wa(71,72, Y'°(B)), wa(71, 73, Y'O(B)), wa (72,73, YIO(B))). (4.16)

[Iycts €2y — upomsBonbuas dyukius u3 muoxectsa Q. Tak kKak 7vy,72,73 € Fa, a
TaKzKe B CHJIY TOT0, 9T0 (byHKINE 13 Habopa Y10 me mpuamMaor 3HaYeHne 2, BHIIOIHAIOTCS
DPaBeHCTBA

wa (71,72, Y'(B)) = Qo (71,72, Y°(B)), (4.17)
w2 (71,73, Y°(B)) = Q1,73 Y(B)), (4.18)
Wz(%,%,ym(g)) = 92(72,73,3/10(5))- (4.19)
ITo memme 4.3.2
92(717727}/10(5)) :gg(alaa%g)? (420)
92(’717’}/37}/10(5)) :gg(a1705375>7 (421)
92(72,73,5/10(5)) :gg(o@vo‘?ng)' (4'22)

13 pasemcts (4.15) — (4.22) noaywaem, 9To

Qa(11, 72, 73, YO(B)) = ds(g5 (a1, 0, B), g5 (a1, a8, B), g (2, 3, ). (4.23)

[Tokazkem, 4To

ds(g3 (o1, a2, B), g4 (a1, a3, B), gf (a2, 03, B)) = g4 (o1, a2, 3, ). (4.24)

PaceMoTpuM HECKOJIBKO CJTyYaeB.
1. Ilyctb oy = ag = a3 = 1. Torna us onpenenenus (pyHKINHT gg cJIeIyeT, 9To

gg(abaQaﬁ) = gg<a1705376) - 95(042704376) = 17

g?{(alua%a&g) =1L

[Tosromy paserncTBo (4.24) BBIIOTHSIETCS.

2. llycrb cymiecTByIOT 7, j, Takme, 910 oy = 1, a; # 1, 1 < 4,5 < 3, 7 # j. Bes orpann-
qeHus OOMHOCTH Oy/AeM cauTaTh, 910 o = 1, g # 1. Torma u3 oupegenenns: pyHKIHN gg
CJIeTYeT, ITO

gg(aha?’B) = f(5)7
95(0&1,@376) = f(g)a
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g3 (az, a3, B) < f(B),

g (ar, az, a3, B) = f(B).

CrietoBaTeIbHO,

d3(gg(ala G, 6)7 gg(alv asg, B)? gg((lg, ag, 5)) = gg(alv G, a3, /8)
1 paBeHCTBO (4.24) BBIOJHSAETCS.
3. ycrb a1 # 1, ay # 1, ag # 1. Torpa u3 oupejiesienust (yHKIUN gg CJICIYET, 9TO

95(041702”5) = 95(0417@37&) = gg(QQaa37§) = 07

g?{(@ha%a&g) =0.

Orciofia BBITEKAET, 9TO PaBeHCTBO (4.24) BBIIONHACTCS.
Takum 06pa3oM, Mbl JoKazaan paBeHcTBo (4.24). 13 pasencrs (4.23) u (4.24) caenyer,
qTo

93(717727’73,Y10(§)) = 9;{(@1,0427043,5)-

Jlemma mokaszana.

JIemma 4.3.4. ycmo f(xq,...,2,) € P3g, n > 10, uQy € Q4. HHycmo & = (o, g, a3, y) €
Ed, vi=g1(ay), i=1,2,3,4, B= (b1, ..., 0n) € E}. To20a evinoansemcs pacencmeo

Q4(’}/17 Y2, 73, V4, Ylo(ﬁ)) = gz{(al, Qg, O3, Oy, 6)

HoxkazareasctBo. Ilycts f(z1,...,2,) € Pso, n > 10, u Q4 € Q4. Ilycts a =
(&1,&2,0&3,@4) S E§7 ’YZ = jl(ai)7 Z = 17273747 ﬂ = (517"'7571) S E:T),l TaK Kak ’7@ S E27
1=1,2,3,4, a TakzKe B CUJIy TOTO, 9YTO (hpyHKIHN U3 Habopa Y'0 He mpEHEMAIOT 3HAUEHHE
2, BBIIIOJIHSIETCS] PABEHCTBO

94(717727737747 Ylo(g)) = W4(717727W3774,Y10<§))7 (4~25)

ITo onpeesiernto OYHKINN Wy

W4(717 V25 V35 V4 Ylo(g)) =

- dB(wL}(’Vlv V2,73, Ylo(é))v WS('Vl, Y2, V4, Ylo(g))’ UJ3(’)/1, V35 V4, YlO(E))) (426)

[Iyctn €23 — npousBosbHas GpyHKIUS U3 MHOXKecTBa Q3. Tak Kaxk i, 7v2,7v3, V4 € Fa, a
TaKzKe B CIIY TOro, uTo (byHKIMHK u3 Habopa Y ¥ He mpuHIMaloT 3Ha4YeHHe 2, BBIIOIHIIOTCH
pPaBEHCTBA,

w3 (V15725 V35 Ylo(g)) = Q3(71, 72,73 Ylo(g))a (4-27)
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w3(717 Y2, V4, Ylo(ﬁ)) = Q3<717 Y25 V4, Ylo(ﬁ))’

w3(71, 73,72, Y0 (8)) = Qs(1, 93, 72, Y B)).

Ilo emme 4.3.3

93(717 V2573 Y10<B)) = g?{(ah Qg, 3, 6)7

93(71772)74aylo(§)) g:{(@l,@g,a%g),

93(717 V3, V4, YIO(E)) = gf{(alv Qsg, Oy, g)

113 pasemcts (4.25) — (4.32) noaywaem, 9to

Q4<’717 Y25 V35 V4, Ylo(g)) = d3(g?{(alv G, a3, B)a 93{(041, Qig, Oy, 5)7 gi{(alv g, Oy, B))

ITokaxkeMm, 9TO

d3(g§(al7a27&37§)79i{<&17 a2,a4,ﬁ),g§(a1,a3,a4,§)) = géjlt(&l?a%a?naﬁbg)'

[Tonoxum
A=mVynVyiVy, B=v 7% 7 %

PaCCMOTpI/IM HECKOJIbKO CJIyY1aeB.

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

1. Ilyctb B = 1. O4eBHAHO, 9TO B 3TOM CJaydae aq = g = a3 = a4 = 1. Torma u3

omnpejenenns PyHKIuit gg n gf: CJEJIYeT, 9TO

9:{(0417042,@3,5) = g;{(@l,@%%ﬁ) = 93{(0417043,@475) =1,

gl{(ah Qa, (3, Oy, ﬁ) = 1
[Tosromy paserncTBo (4.34) BBIIOTHSIETCSL.
2. Ilycto A =1, B = 0. Torna u3 onpejesenus HyHKIAN g}f cJiejlyer, 4To

géjlc(alva%a&a%ﬂ) = f(ﬁ)

I3 pasencrsa A = 1 caemyer, 94To cpead 9HCEN 4, (g, (3, (4 €CTH MO KpaiiHell Mepe of-
Ha exuaua. CrenoBareabHO, cpen Tpex Tpoek (aq, ag, as), (a1, ag, ay) 1 (ay, g, o) 1O

KpaitHeii mepe jBe cojiepkar XoTsd Obl OJHYy eauHUILly. Torjga cpejin Tpex duce

g:{(al,ag,&g,ﬁ), gg(a17a27a4aﬁ)a g?{(alva37a4aﬁ)

1o kpaiineii mepe jBa ne menbiie f(f3). CiegoBare/ibHo,

d3(g§(a1,042,063,6),93{(&1,&2,a4,5),g§(@1, a370447ﬁ)) 2 f(ﬁ)
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13 papencrra B = 0 caieyer, 9To Cpeim YuCes (v, (ly, (3, (44 €CTh 1O KpaifHeil Mepe 0aHo
GHCII0, OTJMIHOE OT euHuIbl. CieI0BaTeIbHO, CPEJIH TPeX TPoek (aq, g, as), (o, g, )
u (o, g, (vg) TIO KpaifHeil Mepe JiBe cojiep:KaT XOTst Obl OJIHO YUCJI0, OTJIHIHOE OT €JIHHUIHI.
Tormoa cpenu Tpex 4ducen

95(041, Qg, 3, 5); 95:(041, Qg, Oy, 5)7 g§(@17 asz, Qy, 5)

o Kpaiineii Mmepe aBa me 6ospire f(3). CregoBaTebHO,

ds(gg(al,az,az,5),95(041,042,064,5),95(041,aa,a4,ﬁ)) < f(ﬁ)-

Takum obpaszow,

d3(9:];(041, 0427043,5)795(041,0427@4,5)a9§(@17043,06475)) = f(8) =
_ 7
= gy (o1, a2, a3, g, B)
1 paBencTso (4.34) BLIIOTHSETCS.
3. [Iycts A = 0. OueBuIHO, 9TO B 9TOM CAyYae CPEIn TUCET (v, (g, (i3, (4 HET €IUHMAIL.
Torna u3 onpenenenns GyHKIT gg u gj: CJIeJIYET, ITO

gg(al,az, 06375) = 93{(041,0427044,5) = 95(0417043,04475) =0,

gl{(aly Qo, 3, Oy, /8) = 0
Orciona BbITEKaeT, 9T0 paBeHcTBO (4.34) BIIOIHACTCH.
Taxum 06pazom, Mbl oka3aau paBeHCTBO (4.34). 13 pasencrs (4.33) u (4.34) caenyer,
qT0

Q4(’)/17 Y2, 735 V4, Ylo(ﬁ)) = 94{(041, Qg, O3, Oy, 5)

JlemMa, moKa3aHa.

Jlemma 4.3.5. [lycmo f(z1,...,x,) € P32, n > 10, Q5 € Qs, 8 = (B1, ..y Bn) € EY u
a = (o, 9, a3,a4,a5) € E3. Ilyems v; = j1(y), 1 = 1,2,3,4,5. Toeda evnoanaemcs
PAGEHCMEO

95(71,72773,747’7573/10(5)) = géf(al, CY2,0437044,045>5)-

HoxkazareasctBo. Ilycts f(z1,...,2,) € Pso, n > 10, u Q5 € Q5. Ilycts a =

5 _ L 3 _
(OZ17Q270537CY47055> € E37 Vi = ]1(0@), t = 1727374757 B - (ﬂlu"wﬁn) € Eg Tak kak
Y1y Y2, V35 V4, V5 € Eo, a Takke B cuay Toro, uto dbyHKIuH u3 Habopa Y'' He nmpuHEMaioT
3HAYEHHE 2, BBIIOJHIETCS PABEHCTBO

95(71,72,73774775, Ylo(ﬁ)) = W5(71772773,74,757 Ylo(ﬁ)% (4~35)

ITo onpeestennto GyHKINN W
QJ5(")/1, Y25 7Y3, V45 V5, Ylo(ﬁ)) =
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= d3(w4(717 V25735 V4, Ylo(ﬁ))7 w4<717 V2,735 V5, Ylo(ﬁ))a w4<717 Y2, V4, V5, Ylo(ﬁ))) (436)

[Tycts 4 — npousBobras dpyuknusa u3 Maoxkectsa Q4. Tak Kax vy, Y2, V3, V4, V5 € Fo, a
TaK’Ke B CHJIY TOTO, 9T0 (byHKINY 13 Habopa Y10 ne mpuHmMaroT 3HaYeHNE 2, BHITOIHAIOTCS
paBeHCcTBA

w4(%,’72,73,747 Ylo(ﬁ)) = 94(717727737747}/10(5))7 (4~37)
W4(717727737757 YlO(g)) = Q4<717727737757Y10<B{))7 (438)
UJ4(’}/1, Y25, V4, V5, Ylo(g)) = Q4<’717 Y25 V45 V5, Ylo(ﬁ)) (439)

Ilo nmemme 4.3.4

Q4(717727737747Y10<§)) = gé{(alﬂ Qg, O3, Oy, E)’ (440)
Q4<71772773775)Y10(g)) = g{(Oﬂ,O@,O[g,Oé&g), (441)
Q4(717727747757 Y10<E)) = gl{(ah A2, Oy, A5, B) (442)

13 pasemcts (4.35) — (4.42) noaywaem, 9To

Q5(71a V25735 V4, V5, Ylo(é)) -

= d3(g4{(a17 Qg, (3, Oy, 6)7 g£<a17 062, a3, a5, B)? gﬁ{(ah Qig, Oy, O3, ﬁ)) (443)

ITokazkem, 910

d3(g£(alv Qg, O3, Oy, 5)7 gz{(ala Qg, 3, O3, /8)7 94{(041, Qg, Oy, O3, B)) -

:95{(&17@230537054704575)' (444)

[Tonoxkum
A=nVreVyuVnuVy, B=v7 7 75
PaceMoTpuM HEeCKOJIBKO CJIydaes.
1. Ilycts B = 1. O4ueBUIHO, 9TO B 9TOM CJIyUae p = g = a3 = ay = a5 = 1. Torma u3
onpejesenus Pyt gic u gg CJeJIyeT, 9TO

g4f(061,042,@3,054,ﬁ) = gi(&la&%ai’nafﬂﬁ) = g4f(C¥1,Ck2,CY4,Oé5,ﬁ) =1

?

gg<a170[27a370‘4a 055,5) =1.

[Tosromy pasenctBo (4.44) BBIIOIHSIETCS.
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2. Tlycts A =1, B = 0. Torna u3 onpejenenns: pyHKINN gg caemyeT, 9To

gg(al,az,ag,a4,a5,5) = f(g)

3 papencrea A = 1 caemyer, 94TO Cpeim 4YUCENT (v, iy, (i3, (4, (U5 €CThH TI0 KpaiiHeil mepe
onHa enununa. Crre0BaTeIbHO, CPed TPeX 4YeTBepoK (o, s, as, as), (a1, s, aq, a5) U
(a, iz, g, (v5) TIO KpadiHedi Mepe JBe coepzKaT XoTd Obl OJIHY eJIuHuUIy. Toraa cpeau Tpex
quces

91(041,042,043, O{4,5), git(ab@%a?nafnﬁ)? g£<&1aa27a4a 065,5)

o Kpaifueii Mepe jBa He Menbine f(f3). CiaemoBarenbHo,

ds(gi(Oél,Oéz,Oé:s,044,5)794{(0417042,0437045,E),gi(ah@m%;%,ﬁ)) > f(ﬁ)-

W3 paBerncrBa B = 0 cjieyer, 4To Cpey 9UCes (v, (g, (i3, (L4, (5 €CTh 110 KpaiiHeil mepe
OJTHO IHCJIO, OTJIMIHOE OT e uHuUIbl. CIe10BaTeabHO, CPEIN TPEX TeTBEPOK (v, (g, (3, Oy ),
(o1, a9, a3, a5) 1 (g, g, (uy, (v5) TIO KpaifHeil Mepe JBe COJepKAT XOTsl OBl OJHO YHUCIIO,
OTJINYHOE OT €JUHHIIDI. TOF,ZLa cpeaun Tpex 4duceJi

g4f(061,OC27O[3, 04476), g{(OZl’O[Q,OKB,O[E),g), gic(Oél,OCQ,Oézl, 0557BI>

o Kpaitueii Mmepe nBa e Gosbine f(f5). CiaenoBaresbHo,

d3(gic(@1,042,0é3,C¥4,§),g£(061,CYQ,Oz3,@5,5),94{(041,&2,044,04576)) g f(ﬁ)

Taknm obpaszowm,

d3(91(041, a27043,0445>,9£(a17042, 043;045,5)791(@1,@27044,%”3)) = f(ﬁ) =
= 95{(0417 Qg, 3, Oy, O, /8)
1 paBeHcTBo (4.34) BLIMOTHSIETCS.
3. Ilyctb A = 0. OueBuaHO, YTO B ITOM CJyUYAE CPEIM UHCET (, o, (3, (g, (5 HET
enunuil. Torma u3 onpenesenust GyHKIUANK gg u gjf cJIeyeT, ITo

gi(&17a27a37a475) = gi(&17a27&37a575) = gic(a17a27a47a575) = 07

gl (an, a9, a3, a4, 5, ) = 0.

Otcrofia BRITEKAET, ITO PaBeHCTBO (4.44) BBITOTHSIETCS.
Taxum 06pazom, Mbl jtoka3aau paBeHcTBO (4.44). 13 paBencrs (4.43) u (4.44) caenyer,
qTo

E{<a17 Qig, (3, Oy, U5, B)

95(717727737747757Ylo(ﬁ)) =g
Jlemma mokaszana.
JIemma 4.3.6. Iycmo f(z1,...,2,) € P3a, n > 10, Qg € Qg,
a = (a1, s, a3, a4, 5, 06) € ES. Ilyemv v; = ji(ay), i = 1,2,3,4,
PABEHCTNEO

B = (Biyesfn) € B u
5,6. Tozda evinoanaemcs

96(717 Y2, Y3, Y4, V55 V6 Ylo(ﬁ)) = gg<a17 g, O3, Ay, A5, Qg /8)
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HoxkazareascrBo. Ilycts f(z1,...,2,) € Psa, n > 10, u Qs € Q4. Ilycts a =
(Oél,OéQ,()ég,Oé4,055,0éﬁ) S E§7 Yi = jl(()éi), i =1,2,3,4,5,6, 8 = (ﬁly---;ﬁn) S Eg Tak
KaK V1,72, V3, V4, V5, Y6 € Fa, a TakzKe B CHJIy TOro, uro hbyHKIMN u3 Habopa YV ne mpu-
HUMaIOT 3Ha4YeHUue 27 BLITIOJIHAETCA PaBEHCTBO

Q6(71; Y25 7V35 V4, V55 V6, Ylo(ﬁ)) = w6<717 Y25 V35 V4, V55 Ve, YIO(E))7 (445)

ITo onpeesnennto GyHKINN W

w6(717 Y2, Y3, V4, V5, V65 Ylo(g)) =

= d3(¢05(’)/1, Y25 7Y3, V45 V5, Y10(6>),W5(’)/1, Y2573, V55 V65 Ylo(ﬁ))7w5(717 Y2, V4, V55 V65 Ylo(g»)
(4.46)

[Iycts 05 — npoumsBosibHas (yHKIUS 13 MHOXKecTBa Q5. Tax Kak 1, Vs, V3, V4, V5, V6 €
E,, a Tak:ke B cuay Toro, uro ¢pyHKnum u3 Habopa Y He mpunHuMaloT 3Hauenue 2, BbI-
TOJTHAIOTCS PABEHCTBA,

w5(71,72,73,74,75,)/10(6)) = 95(7177277&74775,Y10(/§))7 (447)
w5(71, Y2, 73, V4, V6, Ylo(@) = 95(71772773774776, Ylo(g))a (448)
WS('Yla72a737757'767Y10(5)) = 95(71,72773,75776,Y10(§))- (4-49)

Ilo memme 4.3.5
Qs(’Yl;”Yz»”Ys,’M,%, Ylo(g)) = g;{(al, Ay, O3, 74,755% (4-50)
95(’}/17 Y25 V3, V45 V6,5 YlO(B/)) = gg(ab Qg, (3, Qiy, Qg 5)7 (451)
95(717 727 737 757 767 Ylo(E)) = gg(ah Qg, (3, 05, O, E) (452)

13 pasencrs (4.45) — (4.52) noygaem, 4To

Q6(’yl7 Y2, 73, V4, V5, V6 YIO(E)) =

- d3(gg(a17 Q9, O3, Oy, O5, /B)a gg(ala Qg, (3, Oy, Qg ﬁ)a gg(a17 Qy, a3, 05, O, /E)) (453)

ITokakeMm, 9TO

d3(g5f(a1a Qg, O3, Oy, s, 6)7 g5f(a17 Qg, O3, 04, O, B)? g5f(a17 Qg, a3, 05, O, 6)) =
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:gg(al,OKQ,ag,()é4,0é5,(16,g>. (454)

[Tonoxkum
A=1VRVyiVuVyiVy B=7% 7 7% 7 Y-
PaccmoTrpuM HECKOBKO CIydaes.
1. I[Iycts B = 1. O4eBHIHO, YTO B 9TOM CJIyUae (v = Qg = Q3 = Qqy = Q5 = Qg = 1.
Torma u3 ompenesiennst pyHKIHH gg " gg CJIENIYeT, ITO

gg(a17a2)a3aa47a576> = gg<a17a270537a4a05676) = gg(a17a27a3aa57a57/8) - 17

g (o1, a0, 03, a4, 05, 6, B) = 1.
[TosTomy paBeHcTBO (4.54) BBINOTHSIETCS.
2. llycte A =1, B = 0. Torna u3 oupesesenns: pyHKINN géc cJemyer, 9To

gl (o, g, g, g, a5, a6, B) = ().

13 paBencrea A = 1 ciejyer, 94To cpey TUCET (v, (g, (3, (i, (U, (ig €CTh 110 KpaiiHeil Mepe
oziHa ejununa. CjejoBaTesibHO, CPeJH TPEX HATEPOK (v, g, (g, vy, is), (Qrg, o, (i3, (g, )
u (o, g, s, s, ag) M0 KpaiiHeil Mepe J(Be cojiep:KaT XoTda Obl OiHY eAuHuIly. Toraa cpean
Tpex 4uceI

gg(@1,a270437@4,0457ﬁ)> gg(al,az,a&%ae,ﬁ), 9g(0417@2,0437045,046,5)

o Kpaifueii Mmepe j1Ba He Mmenbine f(f3). CiaemoBarenbHo,

d3<95{(a1704270437044;(1575)795{(04170527@370447a676)>g§(041;a2704370457a67§>) 2 f(§>

U3 pagencrrsa B = 0 ciieryer, 9To Cpen Yucest (v, (g, (3, (g, (s, Qg €CTH TI0 Kpaiineii Me-
pe OJIHO YUCJI0, OTJIHYHOe OT enuHuIpl. ClaeoBaTebHO, CPeJl MATEPOK ((, g, 3, (g, A5),
(o, g, (v, vy, i) 1 (v, (i, (v, (v, (vg) TIO KpaiiHeil Mepe JIBe COIEPIKAT XOTsl Obl OJIHO YHC-
JI0, OTJIMYHOE OT eJIUHHILL. Torma cpeam Tpex dmces

95{(0417 Qg, a3, Oy, s, /8)7 gg(ala O, O3, Oy, O, B)7 gﬁ'{(ah Qg, 03, 05, O, 5)

o kpaitaeit Mmepe 1Ba me 6oupire f(3). CregoBaTesbHo,

d3(g5f(OZ1,O{g,Oég,a4,a5,ﬁ),g5f(051,042,@3,&4,&676)7gg(a1,a27&3,(Jjg,,()éﬁ,ﬂ)) g f(ﬂ)

Takum obpaszowm,

d3(g5f<0617062,0637044, a575)7g5{<a17 042;043704470567ﬁ)795{(041a0427043>04570467ﬁ)) = f(/B) =
= gg(a17a2)a3aa47a5ua67g)

u paBencTBo (4.34) BuIMOTHSACTCS.
3. llycrb A = 0. OueBUAHO, YTO B ITOM CJAYUAE CPEIH FTHCET (v, X2, (X3, Uy, (V5 HET
equnuil. Torga u3 onpejesienus QyHKIUA g?{ u gic caejlyer, 4To

gg(alaa27a37a4yg57ﬂ) = gg(&17@2,a3,@4,a6,5> = gg(@ba270437a5704676) = 07
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gg(a17@270437064,0457046,5) =0.

Orciofia BeITEKaeT, 9T0 paBeHcTBo (4.54) BpImONTHACTCS.
Takum 06pa3omM, Mbl JoKazaan pasenctso (4.54). 13 pasencrs (4.53) u (4.54) caenyer,
qTo N N
QG(71772773a74775776>Y10(6)) = 9g(0417@270é370é4,@5,04675)-

Jlemma mokaszana.

OTMeTuM OJHO CIeICTBHE, BHITEKAIONEE U3 IIOCIEIHEH JIeMMBL.

Caeacrsue. llycts f(xy,...,x,) € P3o,n > 10,7 = (x4, ..., 2,). Ilycrs Qg € Q. Torma
BBLITIOJTHSICTCH PABEHCTBO

Q6(51(21), 71 (22), 71 (23), 1. (20), 1. (25), 1 (26), Y'OF)) = 9§ (21, 22, 23, 24, 25, 26, 7). (4.55)

Iycrs f(x1,...,2,) € P3a, n > 4. O6oznaunm uvepes Z* naGop u3 mecrn byHKImi

(f2 f5: fa 15, 12, 1),

Nmeer mecTo ciaemyioniee yTBEPKICHUE.

JIemma 4.3.7. [lyemw f(xq,...,x,) € P32, n > 10. Ilycmo Qg € Qg. Tozda ewinoansemea
PABEHCNBO

Qs(Z4, Y1) = f. (4.56)

HoxkazarenascrBo. Ilycts f(21,...,2,) € P32, n = 10, Qs € Qg, T = (21,...,Ty).
[Tycrs Gopmyna Q6(Z*, Y10) peanusyer nekoropyto dbyukuuio F(xy, ..., 2,) uz Pya. Iyctb
& — npou3BosbHEIl Habop u3 EY. [Mokaxkem, uro F(a) = f(a). B cuny pasencrsa (4.55)
BBITIOJIHSIETCS PABEHCTBO

Qe(j1(21), 51(22), 71 (28), j1.(24), 51 (25), 51 (26), YO (%)) = g (21, 22, 23, 24, 25, 26, ).
[Tockoabky st 060#t byuKIMN g € P35 cpaBeyinBo paBeHCTBO j1(g) = ¢, TO
Q(2*,Y(7)) = 9§ (2, 7).
[To oupejesienuio

G (Zhar, ) = [- (SN BV IV BNV RNV IV - f3-fL- 5 £ f (457)

Hokaxewm cuaudajia nepasencrso F(a) > f(a). Tak cpeau jio6bix duces oy, ..., a4 €
E3 naiijyrcss xors Obl JBa OJMHAKOBBIX, TO cpean iwecrn yukmuii fi, fa, fi. f2 2 f3
HaiigeTcst xors Ol ofna Gyukiws ¢, Takas, aro t(a) = f(a@). Hosromy F(a) > f(a).

Hokazxem terepb HepasercTBo F(@) < f(a). B cuny ymoMsiHYTOro BbIIE CBOWCTBA
bynkuua fo - fa - fi - f2- f? - f? npuammaer ma mabope & 3madenue, He Gosmbmee f(Q).
Kpowme roro, dyuxuust - (f3 V f3V fiV f2V f2V f}) upunumaer na nabope & 3Hauenue,
He Gousbitiee f(&). CoenoBaresbro, F(a) < f(a@). Jlemma qokazana.
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Teopema 4.3.1. Ilycmv H — npouseorvruiti samrnymut kaace gyrrkyuid us Ps o, makxod,
wmo prH = SM, a G — npou3sosvhas KoHeuHas nopoxciarwas cucmema kaacca H.
Tozda cywecmsyem xoncmanma ¢ = c(G) maxas, wmo npu ecex n > 1 ewnoansemcs

NEPABEHCMBO
D¢g(H(n)) < en.

HoxkazarenbcTBo. Ilycrs H — 3amkuyThiii Kiace dynkumit uz Pso, prH = SM. Tak
Kak wg € SM u prH = SM, to naiinerca byukuusa (g u3z H, takas, aro prils = we.
ycrs f((2q,...,2,) € H, n > 10. Tlyets T = (1, ..., 1,,). V3 qemmver 4.3.7 cienyer, 9o
BBIIIOJIHSIETCS PABEHCTBO

f = Q6(2%,Y(2)).

Kaxnag n3 dbyuxmumii B nadopax Z* u Y0 3asuent ne 6oaee deM oT n — 1 TIepeMeHHBIX.
Caenosarensro, MHOKecTBO Gy = {6} U H (9) siBiIsieTcst HOPOK JAIONIEH CHCTEeMOT Kaacca
H. Kpome Toro, BBITIOJHAETCA HEPABEHCTBO

D, (f™) < 1+ Dg,(H(n — 1)).

[Tosromy maiigercst KOHCTAHTA ¢, Takast, 910 D¢, (H(n)) < ¢on. Tax kax mepexos oT ogHOl
HOPOZK/IAIOTIEN CUCTEeMBI K JPYTroil BiiedeT yBesndeHuHe IiyOUHbI (DYHKIHN He Gosee deMm
B KOHCTAHTY pa3, TO JJs J000ro KoHedHOro Oasuca (G kiaacca H cymecTByeT KOHCTaHTA
¢ = ¢(QG) rakas, ato Dg(H(n)) < cn. Teopema nokazana.

ITonoxkum
Nl = {P27T07T17T017 M7 MU7M17 M017 S7 SOl7 SM7

o™, O, MO™, MO™, I™, I™, MI™ MI", 2<m < oo}

C ygerom teopem 4.1.1, 4.2.1, 4.3.1, a TakzKe ¢ YIeTOM CTAHIAPTHBIX MOIIHOCTHBIX OIEHOK,
MOy YaeM CJIEIVIONLYIO TEOPEMY.

Teopema 4.3.2. Ilycmo B — npoussosvnoii 3amxnymo kiacc 6yaesoir Gynkuud us
muoocecmea Ny, H — npoussoavhuil samrxnymul xaace dynwyuil usd Pso, makot, wmo
prH = B, a G — npousdsoavHaa konewnas nopostcdarouwas cucmema kaacca H. Tozda

BVNONHACTNCA COOTMHOWEHUE
D¢(H(n)) < n.

Takum obpazom, s J000TO 3aMKHYTOTO KJacca Oy/ieBbix (pyHKIWMI B, Takoro, 4To
IMN(B)| < oo, ars a0boro 3amMkHyTOrO KIacca H, takoro, uro prH = B, n ajs aw060ii
KOHEUHOM MOpOKIafoIeil cucreMbl Kiaacca H monyden mopsanok ¢yuknun [llennona 1o
riybune.

ABTOp BhIpazkaer IIyOOKYIO IIPI3HATEILHOCT podeccopy A. B. YroabHUKOBY 3a 60./1b-
1I10e BHUMAaHue, y1eJieHHoe JjanHoi pabore. Taxkxke aBrop OJarogaput npodeccopa P. M. Kou-
nakoBa u gomenta O.C. [lyaakoBy 3a psia IMEeHHBIX 3aMedaHui.
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