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Abstract. We describe all formal symmetric solutions of dispersionless 2D Toda hierarchy.
This classification we use for solving of two classical problems: 1) The calculation of conformal
mapping of an arbitrary simply connected domain to the standard disk; 2) Calculation of 2-
Hurwitz numbers of genus 0.

Explain from the beginning of these 2 problems are reduced to integrable systems.

Calculation of conformal mapping

Let Q be a simply connected domain on the Riemann sphere without two points. According
to Riemann theorem, there exists a biholomorphic function into a standard disk

wQ(z) : Q→ Λ.

The Riemann theorem does not give algorithm for calculation of the function. But this function
is very important for applications in gas dynamics, hydrodynamics, the oil industry ets.

After conformal transformation of the Riemann sphere, we may assume that

0 /∈ Q,Λ 3 ∞.

Let H be the set of all such Q with smooth boundary γ = ∂Q. The set of moments

t0(Q) =
1
π

∫∫

C\Q
dx dy tk(Q) = − 1

πk

∫∫

Q

z−k dx dy , k ≥ 1

forms local coordinates t(Q) = (t1(Q), t2(Q), . . . , ) on H (1992, P.Etingof, A.Varchenko [1]).
Moreover, t(Q) are global coordinates for stars domains Q (1938, P.S.Novikov [2]). Put t̄(Q)
= (t̄1(Q), t̄2(Q) , . . . , ).

The conformal function wQ(z) : Q→ Λ is single if

wQ(∞) =∞, and w′Q(∞) is real positive.
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P.Wiegmann and A.Zabrodin (2000, [3]) proved, that there is a not dependent from Q
symmetric solution of dispersionless 2D Toda hierarchy Fcon(t0, t, t̄), such that

wQ(z) = z exp



(
−1

2
∂2

∂t20
− ∂

∂t0

∑

k≥1

z−k

k

∂

∂tk

)
Fcon


 (t0(Q), t(Q), t̄(Q)).

Thus, in order to find a conformal mapping for all Q we have to find the universal function
Fcon(t0, t, t̄).

Hurwitz numbers

Hurwitz numbers are appeared in the 19th century. They describe a numbers of coverings of
surfaces. In recent years they have been actively used in moduli spaces of algebraic curves and
mathematical physics. We consider only 2-Hurwitz numbers of genus 0. That is, the number of
different rational functions of general position with fixed types divisor of poles and zeros.

In more detail. Fix Young diagrams ∆ = [µ1, . . . , µ`], ∆̄ = [µ̄1, . . . , µ̄¯̀] of degrees
|∆| = |∆̄| = d and different points z1, . . . , zk ∈ C \ 0, where k = ` + ¯̀− 2. Let us consider
rational functions ϕ : C → C of degree d with degrees of its zeros ∆ = [µ1, . . . , µ`], degrees of
its poles ∆̄ = [µ̄1, . . . , µ̄¯̀] and simple critical values z1, . . . , zk.

Functions ϕ and ϕ̃ we consider as equivalent if ϕ̃(z) = ϕ(hz), where h is an automorphism of
Riemann sphere. The number H0(∆, ∆̄) of equivalence classes is finite and does not depend on
z1, . . . , zk. For k > 0 the number H0(∆, ∆̄) is called a double Hurwitz number of genus 0. For
k = 0 the double Hurwitz number is 1

d .

Let us look the generating function

F (t0, t, t̄) =
t30
6

+
∑

|∆|=|∆̄|

e|∆|t0 H0(∆, ∆̄)
(`(∆)+`(∆̄)−2)!

`(∆)∏

i=1

µitµi

`(∆̄)∏

i=1

µ̄it̄µ̄i ,

where t = {t1, t2, . . . }, t̄ = {t̄1, t̄2, . . . }, ∆ = [µ1, . . . , µ`(∆)], ∆̄ = [µ̄1, . . . , µ̄`(∆̄)].

A.Okounkov proved (2000, [4]), that F (t0, t, t̄) is a symmetric solution of dispersionless
2D Toda hierarchy.

Dispersionless 2D Toda hierarchy

Dispersionless 2D Toda hierarchy was defined by K.Takasaki and T.Takebe (1994, [5]) for
application in mathematical physics. In the future, its applications have been found in the
topology, complex analysis, and algebraic geometry.

Dispersionless 2D Toda hierarchy are equations on a function F = F (t0, t, t̄) from a variable
t0 and two infinite sets of variables , t = {t1, t2, . . .}, t̄ = {t̄1, t̄2, . . .}. To determine the hierarchy
is convenient to introduce the auxiliary formal complex variables z, z̄, ξ, ξ̄.

Let us put
∂0 = ∂/∂t0, ∂k = ∂/∂tk, ∂̄k = ∂/∂t̄k

and

D(z) =
∑

k≥1

z−k

k
∂k , D̄(z̄) =

∑

k≥1

z̄−k

k
∂̄k ,
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The hierarchy is presented by equations

(z − ξ) exp
(
D(z)D(ξ)F

)
= z exp

(−∂0D(z)F
)− ξ exp

(−∂0D(ξ)F
)
, (1)

(z̄ − ξ̄) exp
(
D̄(z̄)D̄(ξ̄)F

)
= z̄ exp

(−∂0D̄(z̄)F
)− ξ̄ exp

(−∂0D̄(ξ̄)F
)
, (2)

1− exp
(−D(z)D̄(ξ̄)F

)
=

1
zξ̄

exp
(
∂0(∂0 +D(z) + D̄(ξ̄))F

)
. (3)

Differential equations arise, if we expand the right-hand and left-hand sides in the formal
Laurent series and equate the coefficients of like powers.

The coefficient for z−iξ−j in (1) for positive i, j gives, for example an equation

∂i∂jF =
∞∑

m=1

∑
s1+···+sm=
i+j; sk>1

P̃ij(s1, . . . , sm)∂1∂s1−1F . . . ∂1∂sm−1F.

Formal solutions

We consider formal solutions i.e. solutions in form of formal Taylor series

F (t0, t, t̄) =
∑

µ1≥µ2≥...≥µ`>0
µ̄1≥µ̄2≥...≥µ̄¯̀>0

F (µ1, µ2, . . . , µ`|µ̄1, µ̄2, . . . , µ̄¯̀|t0)tµ1tµ2 . . . tµk t̄µ̄1 t̄µ̄2 . . . t̄µ¯̀.

The indexes µ1 ≥ µ2 ≥ . . . ≥ µ` > 0 and µ̄1 ≥ µ̄2 ≥ . . . ≥ µ̄¯̀> 0 form Young diagrammes ∆
and ∆̄.

Denote by t∆ = tµ1tµ2 . . . tµk , and t∆̄ = t̄µ̄1 t̄µ̄2 . . . t̄µ¯̀. Then

F (t0, t, t̄) = F (∅|∅|t0) +
∑

∆

F (∆|∅|t0)t∆ +
∑

∆̄

F (∅|∆̄|t0)t̄∆̄

+
∑

∆,∆̄

F (∆|∆̄|t0) t∆t̄∆̄.

Main Theorem

We say that a function F (t0, t, t̄) is symmetric if

∂kF (t0, 0, 0) = ∂̄kF (t0, 0, 0) = 0 for k > 0.

Theorem 1 (2015, S.Natanzon, A.Zabrodin [6]). Any formal symmetric solution of 2D
dispersionless Toda hierarchy F is defined by any formal function Φ(t0) and it is equal

F = Φ(t0) +
∞∑

i>0

if itit̄i+

∑

|∆|=|∆̄|

∑
s1+...+sm=|∆|

r1+...+rm=`(∆)+`(∆̄)−2>0

N(∆|∆̄)

(
s1 . . . sm
r1 . . . rm

)
∂r10 (f s1) . . . ∂rm0 (fsm) t∆t̄∆̄, (4)

where f(t0) = exp(Φ′′)(t0) and the sum is given by all Young diagrams ∆, ∆̄ and all positive
integer indexes.
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In Theorem 1 and in Theorem 2 we are correcting misprints in [6] in indexes of sums. The
correct formula given also in S.Natanzon, A.Zabrodin arxiv.org/1302.7288v4 .

Calculation of N(∆|∆̄)

(
s1 . . . sm
r1 . . . rm

)

We find also recursion algorithm for calculation of N(∆|∆̄)

(
s1 . . . sm
r1 . . . rm

)
. It consists of several

steps.
1. Denote by Pij(r1, . . . , rm) is the number of sequences of positive integers (i1, . . . , im),

(j1, . . . , jm) such that i1 + . . .+ im = i, j1 + . . .+ jm = j and rk = ik + jk.

Put Tij(p1, . . . , pm) =
∑

k>0, ni>0
n1+···+nk=m

(−1)m+1

k n1!...nk! Pij

(
n1∑
i=1

pi,
n1+n2∑
i=n1+1

pi, . . . ,
m∑

i=n1+...+nk−1+1
pi

)
.

2. Define

Ti1i2

(
s1 . . . sm
`1 . . . `m

)
=




Ti1i2(s1, . . . , sm), if `1 = . . . = `m = 1

0 otherwise,

and

Ti1...ik

(
s1 . . . sm
`1 . . . `m

)
=

∑

16i6j6m
`!

(`i − 1)! . . . (`j − 1)!
×

Ti1...ik−1

(
s1 . . . si−1

`1 . . . `i−1

s
`
sj+1 . . . sm
`j+1 . . . `m

)
Ts,ik(si, si+1, . . . , sj),

where
s = si + si+1 + · · ·+ sj − ik > 0, ` = (`i − 1) + · · ·+ (`j − 1) > 0.

3. Consider Ñ�i1 . . . ik
ī1 . . . īk̄

�(s1 . . . sm
r1 . . . rm

)
=

i1 . . . ik ī1 . . . īk̄
s1 . . . sm

∑
Ti1...ik

(
s1 . . . sm

r1−n1 + 1 . . . rm−nm + 1

)
,

where the summation is carried over all representation of the set {̄i1, ..., īk̄} as a union of non-
intersecting non-empty subsequences {bj1, ..., bjnj} ⊂ {̄i1, ..., īk̄} such that bj1 + . . .+ bjnj = sj and
j = 1, . . . ,m.

Put

N(∆|∆̄)

(
s1 . . . sm
r1 . . . rm

)
=

1
σ(∆)σ(∆̄)

Ñ�µ1 . . . µk
µ̄1 . . . µ̄k̄

�(s1 . . . sm
r1 . . . rm

)
, (5)

where ∆, ∆̄ are Young diagrams with rows [µ̄1, . . . , µ̄`] and [µ1, . . . , µ`] and σ(∆), σ(∆̄) are
orders of the automorphism groups of rows for the Young diagrams ∆, ∆̄.

Example 1. If ∆ = [µ1, . . . , µl], ∆̄ = [µ̄1, . . . , µ̄l̄] and d = |∆| = |∆̄|, then

N(∆|∆̄)

(
d

`(∆) + `(∆̄)− 2

)
=

ρ(∆)ρ(∆̄)
dσ(∆)σ(∆̄)

,

where ρ(∆) = µ1 · · ·µl. For other cases N(∆|∆̄)

(
s
r

)
= 0.
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Example 2.

N�i1i2
ī1 ī2

�(ī1ī2
11

)
= N�i1i2

ī1 ī2

�(ī2ī1
11

)
= − i1i2

2σ([i1, i2])σ([̄i1, ī2])
min{i1, i2, ī1, ī2}).

For other cases N�i1i2
ī1 ī2

�(s1s2

r1r2

)
= 0.

Application to Hurwitz numbers

Okounkov’s theorem says that

F (t0, t, t̄) =
t30
6

+
∑

|∆|=|∆̄|

e|∆|t0 H0(∆, ∆̄)
(`(∆)+`(∆̄)−2)!

`(∆)∏

i=1

µitµi

`(∆̄)∏

i=1

µ̄it̄µ̄i

is a symmetric formal solutions of dispersionless 2D Toda hierarchy with Φ(t0) = t30
6 and therefore

f(t0) = exp(t0). Thus, Theorem 1 gives

Theorem 2 (2015, S.Natanzon, A.Zabrodin [6]). Double Hurwitz numbers of genus 0 for
`(∆) + `(∆̄) > 2 are

H0(∆|∆̄) =
(`(∆) + `(∆̄)−2)!

ρ(∆) ρ(∆̄)

∑
sr11 . . . srmm N(∆|∆̄)

(
s1 . . . sm
r1 . . . rm

)
,

where the sum is carried over all matrixes
(
s1 . . . sm
r1 . . . rm

)
such that s1 + . . . + sm = |∆| and

r1+. . .+rm= `(∆)+`(∆̄)−2.

In particulary examples 1 and 2 give

Example 3.

The double Hurwitz numbers of polynomials for `(∆) > 1 are

H0(∆|[n]) =
(`(∆)− 1)!
σ(∆)

n`(∆)−2.

Example 4.

The double Hurwitz numbers of simplest Laurent polynomials are

H0([i1, i2]|[̄i1, ī2]) = 2
d−min{i1, i2, ī1, ī2}
(1 + δi1i2)(1 + δī1 ī2)

.

These nice formulas were at first found by integration on compactification of moduli spaces
of algebraic curves (2002, S.Lando [7]; 2005, I.Goulden, D.Jackson, Vakil [8]; 2008, S.Shadrin,
M.Shapiro, A.Vainshtein [9]). Theorem 2 enables us to find a lot of other formulas of this type.

XXIII International Conference on Integrable Systems and Quantum Symmetries (ISQS-23) IOP Publishing
Journal of Physics: Conference Series 670 (2016) 012036 doi:10.1088/1742-6596/670/1/012036

5



Application to Riemann theorem

Wiegmann-Zabrodin function Fcon is a symmetric solutions to dispersionless 2D Toda
hierarchy, Φ(t0) = Fcon(t0, 0, 0) = 1

2 t
2
0 ln t0 − 3

4 t
2
0 and therefore f(x) = t0. Thus, theorem 1

gives

Theorem 3 (2005, S.Natanzon [10]). The conformal map wQ : Q→ Λ is

wQ(z) = z exp



(
−1

2
∂2

∂t20
− ∂

∂t0

∑

k≥1

z−k

k

∂

∂tk

)
Fcon


 (t0(Q), t(Q), t̄(Q)),

where

Fcon(t0, t, t̄) =
1
2
t20 ln t0 − 3

4
t20 +

∞∑

i>0

iti0tit̄i+

∑

|∆|=|∆̄|

∑
s1+...+sm=|∆|

r1+...+rm=`(∆)+`(∆̄)−2>0

N(∆|∆̄)

(
s1 . . . sm
r1 . . . rm

)
∂r10 (ts10 ) . . . ∂rm0 (tsm0 ) t∆t̄∆̄.
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