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Abstract The complexity of the coloring problem is known for all hereditary classes
defined by two connected 5-vertex forbidden induced subgraphs except 13 cases. We
update this result by proving polynomial-time solvability of the problem for two of
the mentioned 13 classes.
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1 Introduction

A coloring is an arbitrary mapping from the set of vertices of a given graph into a set of
colors. A proper coloring of a graph is a coloring, where any neighbors are colored by
different colors. In other words, a proper coloring of a graph is a partition of its vertices
into independent sets i.e., sets of pairwise nonadjacent vertices. The chromatic number
of a graph G (denoted by χ(G)) is the minimal number of colors in proper colorings
of G and any corresponding coloring of G is called optimal. The coloring problem
for a given graph and a number k is to determine whether its chromatic number is at
most k.

There are some natural bounds for the chromatic number of a graph. A clique of a
graph is a set of its pairwise adjacent vertices. The size of a largest clique of a graph
G is called the clique number of G denoted by ω(G). Clearly, χ(G) ≥ ω(G). The
gap between the parameters can be arbitrarily large, as there are triangle-free graphs
with arbitrarily large chromatic numbers (Mycielski 1955). The situation is similar

D. S. Malyshev (B)
National Research University Higher School of Economics, 25/12 Bolshaja Pecherskaja Ulitsa,
Nizhny Novgorod 603155, Russia
e-mail: dsmalyshev@rambler.ru; dmalishev@hse.ru

123

Author's personal copy

http://crossmark.crossref.org/dialog/?doi=10.1007/s10878-014-9792-3&domain=pdf


834 J Comb Optim (2016) 31:833–845

in the computational sense, as the coloring is NP-complete for triangle-free graphs
(Maffray and Preissmann 1996). So, computing the clique number in polynomial time
does not yield polynomial-time solvability of the coloring. But, sometimes finding
out the clique number produces an efficient algorithm for the problem. A result of the
present paper is based on this idea.

A graph H is called an induced subgraph of G if H is obtained from G by deletion
of vertices. A class is a set of simple unlabeled graphs. A class of graphs is called
hereditary if it is closed under deletion of vertices. It is well known that any hereditary
(and only hereditary) classX can be defined by a set of its forbidden induced subgraphs
Y . We write X = Free(Y) in this case. If Y is finite, then the problem whether a
given graph G belongs to X is decided in polynomial time (e.g., by determining in G
an induced copy of a graph in Y).

A complete complexity dichotomy for the coloring is known within the family of
hereditary graph classes defined by a single forbidden induced subgraph (Kral’ et al.
2001). A study for forbidden pairs was also initialized in the paper. Only partial results
are known in the case of two forbidden induced subgraphs (Dabrowski et al. 2012,
2014; Golovach and Paulusma 2013; Kral’ et al. 2001; Korpeilainen et al. 2011; Lozin
and Malyshev 2014; Schindl 2005). Moreover, a complete classification for pairs is
wide open. For example, there are two pairs of 4-vertex forbidden induced structures
for which the complexity of the coloring is still open (Lozin and Malyshev 2014).

The complexity of the coloring under forbidding two 5-vertex connected induced
subgraphs was considered in the paper of Malyshev 2014. It was determined for all
pairs of this type except 13 explicitly listed cases. We update the result by prov-
ing polynomial-time solvability of the problem for two of the mentioned 13 classes.
Namely, we show tractability of the coloring for {claw, bull}-free graphs and
{P5, sinker}-free graphs.

2 Notation

We use the standard notation Pn,Cn, On for the simple path, the chordless cycle and
the empty graphwith n vertices respectively. The graphs claw, bull, sinker are drawn
in the Fig. 1 below.

The complement graph of G (denoted by G) is a graph on the same set of vertices
and two vertices of G are adjacent if and only if they are not adjacent in G. The sum
G1+G2 is the disjoint union of G1 and G2 with non-intersected sets of vertices. For a
graph G and a set V ′ ⊆ V (G) the formula G \V ′ denotes the subgraph of G obtained
by deleting all vertices in V ′.

Fig. 1 The graphs claw, bull and sinker
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We associate the following notationwith a given graphG: N (x) is the neighborhood
of a vertex x ; N (V ′) is the neighborhood of V ′ ⊆ V (G) i.e., the set of vertices
outside V ′ adjacent to at least one vertex in V ′; NV ′(x) = N (x) ∩ V ′; Nk(V ′) =
N (N (. . . (N
︸ ︷︷ ︸

k times

(V ′)) . . .)).

3 Methodology

In this section we present some algorithmic tools to be used in obtaining the main
results. The first natural idea is to drop one or more vertices preserving the chromatic
number or changing it in a regular manner. To implement this idea we need the notions
of a simplicial vertex and quasi-twins.

A vertex of a graph is called simplicial if its neighborhood is a clique. Verifying that
a given vertex is simplicial is done in polynomial time by checking its neighborhood
for the completeness.

Lemma 1 If a vertex x is simplicial in a graph G, then χ(G) = max(|N (x)| +
1, χ(G \ {x})) and ω(G) = max(|N (x)| + 1, ω(G \ {x})).
Proof Let H = G \ {x}. Clearly, χ(H) ≥ |N (x)| and χ(G) ≥ max(|N (x)| +
1, χ(H)). If χ(H) = |N (x)|, then an optimal coloring of H induces a partial proper
coloring of G. The vertex x of G can be colored by the (|N (x)| + 1)-th color (not
participating in the coloring of H ). Hence, χ(G) = |N (x)|+1, as there exists a proper
coloring ofG with |N (x)|+1 colors and χ(G) ≥ |N (x)|+1. Let χ(H) ≥ |N (x)|+1
now. For each optimal coloring of H there is a color c by which every vertex of N (x)
is not colored. Therefore, this coloring plus coloring of x by c yield a proper coloring
of G with χ(H) colors. Hence, χ(G) = χ(H), as χ(G) ≥ χ(H). The equation
ω(G) = max(|N (x)| + 1, ω(G \ {x})) is obvious. ��

Two vertices of a graph are called twins if they have coinciding neighborhoods. Two
vertices are called quasi-twins if the neighborhood of one of them is included in the
neighborhood of the second one. Clearly, checking that given two vertices are quasi-
twins is done in linear time. The significance of the quasi-twins notion is certified by
the following lemma.

Lemma 2 If G is a graph, x, y ∈ V (G) and N (x) ⊆ N (y), then χ(G) = χ(G \ {x})
and ω(G) = ω(G \ {x}).
Proof Taking an arbitrary optimal coloring of H = G \ {x} and coloring of x by the
y’s color produces a proper coloring of G with χ(H) colors. Hence, χ(G) = χ(H).
If x belongs to a largest clique Q of G, then Q \ {x}∪{y} is a largest clique of G \ {x}.
Thus, ω(G) = ω(G \ {x}). ��

The second algorithmic idea is to decompose a graph into more simple parts with
a connection between the chromatic numbers of the graph and its parts.

A vertex x of a connected graphG is called cut-vertex if its deletion disconnects the
graph. An x-block of G is its induced subgraph produced by vertices of a connected
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component ofG\{x} and x . Verifying that a given vertex is a cut-vertex and computing
all its blocks is done in linear time by any depth first search algorithm.

Lemma 3 Let G be a connected graph, x be its cut-vertex and G1,G2, . . . ,Gk

be all x-blocks. Then, χ(G) = max(χ(G1), χ(G2), . . . , χ(Gk)) and ω(G) =
max(ω(G1), ω(G2), . . . , ω(Gk)).

Proof Every graph among G1,G2, . . . ,Gk contains x . Let Vi be the set of vertices
having the same color as x in an optimal coloring of Gi . Hence,

⋃k
i=1 Vi is an inde-

pendent set of G and χ(Gi \ Vi ) ≤ χ(Gi ) − 1. Therefore, any connected com-
ponent of G \ ⋃k

i=1 Vi can be properly colored by at most max
i

χ(Gi ) − 1 colors.

As
⋃k

i=1 Vi is independent, then χ(G) ≤ max
i

χ(Gi ). Thus, χ(G) = max
i

χ(Gi ),

as the inequality χ(G) ≥ max
i

χ(Gi ) is obvious. The relation ω(G) = max(ω(G1),

ω(G2), . . . , ω(Gk)) is clear. ��
Lemmas 1–3 show that the corresponding compression of a graph polynomially

reduces the coloring in a hereditary class to the same problem for its connected
graphs without simplicial vertices, quasi-twins and cut-vertices.

The third idea is to extend graphs in a polynomial case preserving tractability.
For a hereditary class X and a number k the class [X ]k is a set of graphs, for which

one can delete at most k vertices such that the result belongs to X .

Lemma 4 (see Malyshev 2014) LetX be a class with the coloring solvable in poly-
nomial time, the problem whether a graph belongs to X is polynomial-time solvable
and for some fixed number p the inclusion X ⊆ Free({Op}) (p ≥ 2) holds. Then,
for any fixed q the coloring is also polynomial in the class [X ]q .

4 Polynomial-time solvability for {claw,bull}-free graphs

Lemma 5 Any connected graph in Free({claw, bull}) belongs to Free({C4 +
P1,C5 + P1, . . .}).
Proof LetG ∈ Free({claw, bull}) be a connected graph containingCn + P1 (n ≥ 4)
as an induced subgraph. Consider in G a shortest induced path P connecting the
isolated vertex v of Cn + P1 with the vertices of its n-cycle. Let x ∈ V (P) be the
last its vertex counting from v. Among vertices of P only x has neighbors in Cn

(as P is shortest). If x is adjacent to three consecutive vertices of Cn , then x , two
its nonadjacent neighbors in Cn and its unique neighbor y ∈ V (P) induce claw.
Hence, if (x, z) ∈ E(G), z ∈ V (Cn), then Cn has a common neighbor of z and x
(otherwise, claw is an induced subgraph of G) and such a neighbor is unique. But,
x, z, two neighbors of z in Cn and y induce bull. Thus, we have a contradiction with
the existence of G above. ��
Lemma 6 The coloring for Free({claw, bull}) is reduced in polynomial time to
the coloring for Free({claw, bull,C4,C5}).
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Proof LetG be a connected {claw, bull}-graph that has inducedCn , where n ∈ {4, 5}.
By Lemma 3, this cycle dominates all vertices of G. In other words, each vertex
outside Cn has a neighbor in this cycle. We will show that H = G \ V (Cn) belongs to
Free({O3}). Assume that H contains three pairwise nonadjacent vertices x, y, z. For
each of them the intersection of its neighborhood with V (Cn) is a set of at least two
consecutive vertices. By S = (i, j, k) we denote a tuple with the cardinalities of the
intersections sorted by ascending (i.e., i ≤ j ≤ k). All elements of S are at least 2.
Without loss of generality we can assume |N (x) ∩ V (Cn)| = i , |N (y) ∩ V (Cn)| = j ,
|N (z) ∩ V (Cn)| = k.

Let n = 4. Clearly, i = 2, otherwise C4 has a common neighbor of x, y, z and
G /∈ Free({claw}). For the same reason, ( j, k) �= (3, 4) and ( j, k) �= (4, 4). Only
three cases remain: (2, 2, 2), (2, 2, 3), (2, 3, 3). In the first two cases x and y have no a
common neighbor on C4 (otherwise, G /∈ Free({claw, bull})). Hence, G obligatory
contains bull or claw as an induced subgraph for S ∈ {(2, 2, 2), (2, 2, 3)}. In the last
case to avoid induced claw the set N (y)∩N (z)∩V (C4)must contain two consecutive
vertices of the 4-cycle and N (x) ∩ N (y) ∩ N (z) ∩ V (C4) = ∅. The vertices x, y, z
and two elements of N (x) ∩ V (C4) induce bull. Thus, we have a contradiction in all
cases.

Let n = 5. Clearly, i �= 2 (otherwise,G /∈ Free({bull})), k �= 5 and ( j, k) �= (4, 4)
(otherwise, x, y, z have a common neighbor on C5 and G is not claw-free). We have
only two remaining cases: (3, 3, 3) and (3, 3, 4). AsG is {claw, bull}-free, then in the
5-cycle x and y must have only one common neighbor. It implies a contradiction for
S = (3, 3, 3) (as here |N (x)∩N (z)∩V (C5)| > 1 or |N (y)∩N (z)∩V (C5)| > 1). Let
S = (3, 3, 4). If N (x) ∩ V (C5) ⊆ N (z) ∩ V (C5) or N (y) ∩ V (C5) ⊆ N (z) ∩ V (C5),
then G has claw as an induced subgraph. If both inclusions do not hold, then x, y, z
and two internal vertices of N (z) ∩ V (C5) induce bull. We have a contradiction in all
cases.

So, H is O3-free. The coloring is polynomial-time solvable for O3-free graphs,
since it is equivalent to finding amaximummatching in the complement graphs, which
is well known to be polynomial. Hence, by Lemma 4, the coloring is solved in poly-
nomial time for Free({claw, bull})\Free({C4,C5}). Thus, we have the polynomial-
time reduction. ��

A circular-arc graph is the intersection graph of a set of arcs on a circle. It has
one vertex for each arc in the set and an edge between every pair of vertices corre-
sponding to arcs that intersect. A proper circular-arc graph is a circular-arc graph
that has an intersection model in which no arc properly contains another. A mini-
mal set of forbidden induced subgraphs for the class of proper circular-arc graphs is
known and completely described by Lin and Szwarcfiter 2009. It is constituted by
C3 + P1,C5 + P1,C6,C7 + P1,C8,C9 + P1,C10, . . ., byC4+ P1,C5+ P1, . . . and
the graphs drawn in the Fig. 2 below (see also www.graphclasses.org/classes/gc_881.
html).

Theorem 1 The coloring is polynomial-time solvable for {claw,bull}-free graphs.

Proof Every graph presented in the figure contains C4 or bull as an induced
fragment. The complements of C3 + P1 and C5 are claw and C5. For every
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Fig. 2 Some forbidden induced subgraphs for proper circular-arc graphs

n ≥ 6 the complement of Cn contains an induced C4, as it is true even for P5.
Hence, Free({claw, bull,C4,C5,C6+P1,C7+P1, . . .}) consists of proper circular-
arc graphs. The coloring is solved in polynomial time for proper circular-arc
graphs (Bhattacharya et al. 1996). Hence, by Lemmas 5 and 6, it is also true for
Free({claw, bull}). ��

5 Polynomial-time solvability for {P5, sinker}-free graphs

In the next few lemmas we will suppose that G is a connected {P5, sinker}-free graph
without simplicial vertices, cut-vertices and quasi-twins and Q is a maximal under
inclusion its clique with at least 4 vertices. Every vertex of N (Q) is adjacent to one
vertex in Q or to |Q|− 1 such vertices (as G is sinker -free and due to the maximality
of Q). Moreover, N3(Q) = ∅. We will say that x ∈ N (Q) is Q-simple if |NQ(x)| = 1.
It is Q-complex otherwise.

Lemma 7 If there are no Q-complex vertices, then χ(G) = χ(G \ Q).

Proof As G does not contain simplicial vertices, then each element of Q has an
adjacent Q-simple vertex. Assume, that a vertex x ′ ∈ N (Q) with the neighbor x ∈ Q
has a neighbor x ′′ /∈ N (x). If for some x∗ ∈ Q we have (x∗, x ′′) ∈ E(G) (i.e.,
x ′′ ∈ N (Q)), then any vertex y′ ∈ N (Q) \ (N (x) ∪ N (x∗)) with the neighbor y ∈ Q
is adjacent to x ′ and x ′′ simultaneously. Why? If (x ′, y′) /∈ E(G), (x ′′, y′) /∈ E(G),
then x ′′, x ′, x, y, y′ induce the 5-path. If (x ′, y′) ∈ E(G), (x ′′, y′) /∈ E(G) (or vice
versa), y′, x ′, x ′′, y and a vertex in Q \ {x, x∗, y} induce P5.

Let x ′′ ∈ N2(Q) now. For each vertex y′ ∈ N (Q) \ N (x) with the neighbor y ∈ Q
we have (x ′, y′) ∈ E(G), (x ′′, y′) ∈ E(G). Indeed, if (x ′, y′) /∈ E(G), (x ′′, y′) /∈
E(G), then x ′′, x ′, x, y, y′ induce the 5-path. If (x ′, y′) /∈ E(G), (x ′′, y′) ∈
E(G), then y′, x ′′, x ′, x and a vertex in Q \ {x, y} induce the path. If (x ′, y′) ∈
E(G), (x ′′, y′) /∈ E(G), then x ′′, x ′, y′, y and a vertex in Q \ {x, y} induce P5.
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The set N (Q) must contain two adjacent vertices with different neighbors in Q
(otherwise, by the previous paragraph, N2(Q) = ∅ and each element of Q is a cut-
vertex). Let Q′ be a maximal (under inclusion) clique of N (Q) containing at least two
such adjacent vertices. Each vertex of Q has an adjacent Q-simple vertex belonging to
Q′. Indeed, if for some vertex x ∈ Q we have N (x)∩Q′ = ∅, then for any y′ ∈ Q′ and
z′ ∈ Q′ with NQ(y′) �= NQ(z′)we have N (x)\Q ⊆ N (y′) and N (x)\Q ⊆ N (z′) by
the first paragraph. The clique Q′ is notmaximal in this case. Each vertex in Q has only
one neighbor in Q′, otherwise, G has an induced sinker or Q′ has a non-Q-simple
vertex 〈1〉.

Assume, there is x ′ ∈ N (Q)\Q′. It has a neighbor x ∈ Q and there is a vertex x ′′ ∈
Q′ being a neighbor of x . As x ′′ is the unique neighbor of x in Q′, then x ′ is adjacent to
all vertices of Q′ \ {x ′′} (see the first paragraph and 〈1〉). Due to the maximality of Q′,
(x ′, x ′′) /∈ E(G). As x ′ and x ′′ are not quasi-twins, then there exists a vertex x ′′′ with
(x ′′′, x ′) ∈ E(G) and (x ′′′, x ′′) /∈ E(G). If x ′′′ ∈ N (x), then it must be adjacent to
all elements of Q′ \ {x ′′} (by analogy with the corresponding property of x ′ above). If
x ′′′ ∈ N2(Q), then x ′′′ is adjacent to all vertices in Q′ \ {x ′′} (by the second paragraph
and 〈1〉). If x ′′′ ∈ N (Q) \ N (x), then, by the first paragraph and 〈1〉, x ′′′ is adjacent to
at least |Q′| − 2 vertices of Q′ \ {x ′′}. In all cases x ′, x ′′, x ′′′ and any two elements of
Q′ ∩ N (x ′′′) induce sinker . So, there are no elements in N (Q) \ Q′ i.e., Q′ = N (Q).

As |N (Q)| = |Q| and N (Q) is a clique, then, by 〈1〉, any optimal coloring of
G \ N (Q) can be extended to a proper coloring of G with the same number of colors.
Hence, χ(G) = χ(G \ Q). ��
Lemma 8 Two Q-complex vertices x and y are adjacent if and only if NQ(x) �=
NQ(y). A Q-simple vertex u and a Q-complex vertex v can not have a common
neighbor in Q.

Proof If x, y are adjacent and NQ(x) = NQ(y), then x, y, two vertices of NQ(x) and
the remaining vertex of Q induce sinker . If x, y are not adjacent and NQ(x) �= NQ(y),
then x, y, the vertex in NQ(x)\NQ(y) and any two vertices in NQ(x)∩NQ(y) induce
sinker .

Assume that there is a common neighbor t ∈ Q of u and v. The vertices u and v

can not be adjacent, otherwise t , two other elements of NQ(v), u and v induce sinker .
There exists a neighbor w′ of the vertex w ∈ Q \ NQ(v), which is not adjacent to v

(otherwise, v andw are quasi-twins). The vertexw′ is Q-simple (as NQ(v) �= NQ(w′)
and v,w′ are not adjacent). The vertices u and w′ can not be adjacent, as v, any vertex
in NQ(v) \ {t}, w,w′, u induce P5. There is a vertex v′, which is adjacent to v and
nonadjacent tow (otherwise, v andw are quasi-twins). Clearly, v′ can not be Q-simple
or Q-complex (as (v, v′) ∈ E(G) andw /∈ NQ(v′)). Hence, v′ ∈ N2(Q). If (v′, w′) /∈
E(G), then v′, v, t, w,w′ induce the 5-path. If (v′, w′) ∈ E(G), (v′, u) /∈ E(G), then
v′, w′, w, t, u induce the path. If (v′, u) ∈ E(G), (v′, w′) ∈ E(G), then w′, v′, u, t
and a vertex in NQ(v) \ {t} induce P5. ��
Lemma 9 There are no adjacent Q-complex vertices.

Proof Assume, x and y are adjacent Q-complex vertices. Let u ∈ Q be the non-
neighbor of x and v ∈ Q be the non-neighbor of y. There exist vertices u′, v′ outside
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Q, such that (v, v′) and (u, u′) are edges of G and (v′, y) /∈ E(G), (u′, x) /∈ E(G).
Indeed, the opposite would imply that v, y or u, x are quasi-twins. Both vertices v′
and u′ are Q-simple (by Lemma 8). But, v′ and x have a common neighbor in Q. A
contradiction (by Lemma 8). ��

Let Q really have Q-complex vertices. By Lemmas 8 and 9, withdrawing a vertex
from Q yields a clique Q∗ with independent N (Q∗). The set N (Q∗) consists of all Q-
complex vertices and one vertex of Q. Hence, |N (Q∗)| > 1. Any element of N (Q∗)
is adjacent to all vertices of Q∗. Denote G \ Q∗ by G∗.

Lemma 10 If |N (Q∗)| ≥ 4, then any two elements of N (Q∗) dominate all vertices
of N2(Q∗).

Proof Let N (Q∗) = {x1, x2, . . . , xk} and k > 3. Suppose that x1 and x2 do not
dominate the whole set N2(Q∗). Hence, N (Q∗) contains a vertex (say, x3) having
a neighbor that is not adjacent to x1 and x2 simultaneously. Denote the set N (xi ) \
(N (x1) ∪ N (x2)) by N ′(xi ) (i ∈ {3, 4}), N ′(x3) �= ∅. The sets N (x1) \ N (x2) and
N (x2) \ N (x1) are not empty (as G does not have quasi-twins). Any vertex in N (x1) \
N (x2) is adjacent to any vertex in N (x2) \ N (x1) (otherwise, some vertex in N (x1) \
N (x2), x1, an element of Q∗, x2, some vertex in N (x2) \ N (x1) induce the 5-path).
Any vertex of N (x1) ⊗ N (x2) can not be adjacent to a vertex in N ′(x3) ∪ N ′(x4)
(if a vertex v ∈ N (x1) ⊗ N (x2) is adjacent to a vertex u ∈ N ′(x3) ∪ N ′(x4), then
v, u, x1, x2 and a vertex of Q∗ induce P5) 〈1〉. Any vertex y ∈ N (x1) ⊗ N (x2) must
be adjacent to x3, otherwise, y, its neighbor in {x1, x2}, an element of Q∗, x3 and a
vertex (that obligatory nonadjacent to y by 〈1〉) in N ′(x3) induce P5 〈2〉. By analogy,
if N ′(x4) �= ∅, then any vertex in N (x1) ⊗ N (x2) is adjacent to x4 〈3〉.

Let z be an element of N (x1)∩ N (x2) that is not adjacent to x3. It must be adjacent
to all vertices of N (x1)⊗N (x2), otherwise, x3, a non-neighbor of z in N (x1)⊗N (x2)
and x1, x2, z induce the 5-path (take into account 〈2〉). The vertex x4 has at least one
neighbor in each of the sets N (x1) \ N (x2) and N (x2) \ N (x1) (say, a ∈ N (x1) ∩
N (x4) \ N (x2) and b ∈ N (x2) ∩ N (x4) \ N (x1)). It is trivial, when N ′(x4) �= ∅
(by 〈3〉). If N ′(x4) is empty (i.e., N (x4) ⊆ N (x1) ∪ N (x2)), then it follows from
the facts that (x1, x4) and (x2, x4) are not pairs of quasi-twins. Hence, x4 and z can
not be adjacent, since a, b, z, x3, x4 induce sinker otherwise (keep in mind 〈2〉).
Therefore, any neighbor of x4 in N (x1) ∩ N (x2) is adjacent to x3. This and 〈2〉 imply
N (x4) ∩ (N (x1) ∪ N (x2)) ⊆ N (x3) ∩ (N (x1) ∪ N (x2)) 〈4〉.

As x3 and x4 are not quasi-twins, then there exist x ′ ∈ N (x4) \ N (x3) and x ′′ ∈
N (x3) \ N (x4). Moreover, N (x4) \ N (x3) = N ′(x4) \ N ′(x3) (by 〈4〉) and N (x3) \
N (x4) = (N ′(x3) ∪ N (x1) ∩ N (x2) ∩ N (x3)) \ N (x4) (by 〈2〉, 〈3〉 and 〈4〉). If x ′′ ∈
N ′(x3), then x ′′, x3, a vertex in Q∗, x4, x ′ (when (x ′′, x ′) /∈ E(G∗)) or x ′, x ′′, x3, a
vertex in Q∗, x1 (when (x ′′, x ′) ∈ E(G∗)) induce P5. Let x ′′ ∈ N (x1)∩N (x2)∩N (x3).
By 〈2〉, to avoid an induced sinker there is a vertex x∗ ∈ N (x1) ⊗ N (x2) with
(x ′′, x∗) /∈ E(G). We have (x∗, x4) ∈ E(G), (x∗, x ′) /∈ E(G) (by 〈3〉 and 〈1〉). If
(x ′′, x ′) /∈ E(G), then x ′′, x2, a vertex in Q∗, x4, x ′ induce the 5-path. If (x ′′, x ′) ∈
E(G), then x∗, x4, x ′, x ′′, x2 induce the 5-path. We obtain a contradiction. ��
Lemma 11 If |N (Q∗)| ≥ 4, then there exists an optimal coloring of G∗ with mono-
chromatic N (Q∗).
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Proof If there is an optimal coloring ofG∗ with two vertices in N (Q∗) having the same
color c, then, by Lemma 10, all vertices of N (Q∗) can be recolored by c keeping the
optimality and the properness. Hence, we may assume that elements of N (Q∗) have
pairwise different colors. For each of such colors there is a vertex in N2(Q∗) having this
color (otherwise, repainting by one color also works). So, there are |N (Q∗)| vertices
in N2(Q∗) with pairwise different colors. We will show that any two such vertices
x, y must be adjacent. There are x ′, y′ ∈ N (Q∗), such that x, x ′ are monochromatic
and y, y′ have the same color. This observation and Lemma 10 imply that (x, y′) ∈
E(G∗), (y, x ′) ∈ E(G∗). But, x, x ′, y, y′ and a vertex in Q∗ induce the 5-path. We
have a contradiction. Hence, the vertices form a clique Q′ with |N (Q∗)| ≥ 4 vertices.
Every vertex in N (Q∗) has a neighbor in Q′, as this vertex and any other vertex in
N (Q∗)will not dominate Q′ otherwise (no one element z ∈ N (Q∗) can dominate Q′,
as Q′ has a vertex with the same color as z has). By the previous lemma, N (Q∗) does
not contain two Q′-simple vertices. Hence, there are at least two Q′-complex vertices
in N (Q∗) and they can not dominate Q′ (by Lemma 8). We have a contradiction (by
Lemma 10) with our assumption. ��
Lemma 12 If N (Q∗) = {x1, x2, x3}, then χ(G∗) ≤ 3 or there is an optimal coloring
of G∗ in which elements of N (Q∗) have at most two different colors.

Proof One may assume that χ(G∗) > 3 and all vertices of N (Q∗) have different
colors in any optimal coloring of G∗. Let us fix some optimal coloring, xi has a color
ci and c∗ be a color in the coloring different from c1, c2, c3. A vertex x ∈ N2(Q∗)
will be called an i -vertex if |N (x)∩ N (Q∗)| = i . A 2-vertex x will be called a (2, xi )-
vertex if N (x) ∩ N (Q∗) = N (Q∗) \ {xi }. Any 1-vertex and any 2-vertex do not have
neighbors in N3(Q∗) (as G is P5-free) 〈1〉. For the same reason, all 1-vertices are
adjacent to the same element of N (Q∗) (say, x1), any 1-vertex is adjacent to each
(2, x1)-vertex, a (2, xi )-vertex and a (2, x j )-vertex (i �= j) must be adjacent 〈2〉.

Let us show that for every xi the set of (2, xi )-vertices is nonempty and independent
〈3〉. The set coincides with N (x j ) ∩ N (xk) \ (N (x1) ∩ N (x2) ∩ N (x3)) ({x j , xk} =
N (Q∗) \ {xi }). Clearly, N (x j ) \ N (xk) and N (xk) \ N (x j ) are nonempty (otherwise,
x j and xk are quasi-twins of G). If xi has an adjacent 1-vertex (hence, i = 1), then
x1 is adjacent to all vertices of N (x2) ⊗ N (x3) (otherwise, N (x2) ⊗ N (x3) has an
1-vertex and this contradicts 〈2〉). This fact implies that there exist (2, x1)-vertices,
as x1, x2 are quasi-twins otherwise. Let xi does not have adjacent 1-vertices. Either
N (x j )\N (xk) ⊆ N (xi ) or N (xk)\N (x j ) ⊆ N (xi ) is true, as x j and xk have adjacent
1-vertices otherwise (a contradiction with 〈2〉). There are (2, xi )-vertices, (N (x j ) \
N (xk))∩N (xi ) �= ∅ and (N (xk)\N (x j ))∩N (xi ) �= ∅ (otherwise, (xi , x j ) or (xi , xk)
is a pair of quasi-twins of G). Hence, there are neighbors x ′

j ∈ N (x j ) \ N (xk), x ′
k ∈

N (xk)\N (x j ) of xi . If x ′
i is a (2, xi )-vertex, then (x ′

j , x
′
i ) ∈ E(G∗), (x ′

k, x
′
i ) ∈ E(G∗),

otherwise, xi , x ′
k, xk, x

′
i , x j or xi , x

′
j , x j , x

′
i , xk induce the 5-path. Any two (2, xi )-

vertices can not be adjacent, as they and x ′
j , x j , xk induce sinker otherwise.

An 1-vertex v can not have an adjacent (2, xi )-vertex v′ for i ∈ {2, 3} 〈4〉. Indeed,
v, v′, x j ( j �= 1, j �= i), a vertex in Q∗, xi induce P5 otherwise.

A 3-vertex x can not be adjacent to a (2, xi )-vertex and to a (2, x j )-vertex simul-
taneously for i �= j , otherwise x , these two vertices, xk (k �= i and k �= j) and x j
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induce sinker (see also 〈2〉) 〈5〉. The vertex x can not have a neighbor in N3(Q∗), as
G∗ contains an induced 5-path otherwise (by 〈1〉 and 〈2〉, the neighbor, x , xi for some
i , a (2, x j )-vertex and a (2, xi )-vertex induce P5) 〈6〉. If x is adjacent to an 1-vertex
v, then v can not have adjacent 1-vertices 〈7〉. If there is such a neighbor v′, then
v′, v, x, x2 and a vertex in Q∗ induce P5, when (v′, x) /∈ E(G∗)). If (v′, x) ∈ E(G∗),
then for any (2, x1)-vertex u the subgraph sinker is induced by x1, x, v, v′, u (when
(u, x) /∈ E(G∗)) or by u, x, v, v′, x3 (when (u, x) ∈ E(G∗)) (see also 〈2〉).

Denote by V̂i the set of 3-vertices colored by c∗ and having a neighbor (2, xi )-vertex.
By 〈5〉, V̂1 ∩ V̂2, V̂2 ∩ V̂3, V̂1 ∩ V̂3 are empty. The set V̂0 is the set of 3-vertices colored
by c∗ that do not have a neighbor 2-vertex. Clearly, V̂i ∩ V̂0 = ∅ for any i . The set of
3-vertices colored by c∗ coincides with V̂0∪ V̂1∪ V̂2∪ V̂3. The set of 1-vertices having
a neighbor 3-vertex will be denoted by V̂ . It is independent and any vertex of V̂ does
not adjacent to an 1-vertex outside V̂ (by 〈7〉). By 〈1〉 and 〈6〉, {x1, x2, x3} dominates
all other vertices of G∗. Hence, only x1 and some (2, x1)-vertices were colored by
c1. For the same reason, only x2 (resp. x3), some 1-vertices and some (2, x2)-vertices
(resp. (2, x3)-vertices) were colored by c2 (resp. c3). We recolor V̂ , x2, x3 by c∗, all
(2, x1)-vertices by c1, all (2, x2)-vertices, V̂1, V̂3 and V̂0 by c2, all (2, x3)-vertices and
V̂2 by c3. By the comments above and 〈4〉, the result is a proper coloring and, hence,
an optimal coloring. ��
Lemma 13 If ω(G) ≥ 4 and Q is not largest, then χ(G) = max(χ(G∗), ω(G)).

Proof Clearly, χ(G) ≤ max(χ(G∗), |Q∗|) + 1 (by coloring N (Q∗) by one color
and the remaining two disconnected parts by at most max(χ(G∗), |Q∗|) other col-
ors). As Q is not largest, then |Q∗| ≤ ω(G) − 2. As ω(G) ≤ χ(G) and χ(G) ≤
max(χ(G∗), ω(G)−2)+1, thenχ(G∗) ≥ ω(G)−1.Asχ(G) ≥ max(χ(G∗), ω(G)),
then the lemma is obvious if χ(G∗) = ω(G) − 1 (here max(χ(G∗), ω(G)) =
max(χ(G∗), |Q∗|) + 1 = ω(G)). So, one may assume that χ(G∗) ≥ ω(G) ≥ 4.
Hence, by Lemmas 11 and 12, there is an optimal coloring of G∗ with at most two
colors arising in N (Q∗). Hence, an optimal coloring of G∗ can be extended to an
optimal coloring of G by coloring Q∗ by at most χ(G∗)−2 colors from G∗ \ N (Q∗).
Thus, χ(G) = χ(G∗). ��

A connected {P5, sinker}-free graph will be called incompressible if:

– it does not contain simplicial vertices, cut-vertices and quasi-twins
– any its maximal clique with at least 4 vertices has a complex vertex
– any its maximal clique with at least 4 vertices is largest

For any largest clique Q, |Q| ≥ 4 of an incompressible graph G there is a vertex
x , such that N (Q \ {x}) is independent and any its vertex is adjacent to all vertices of
Q \ {x} (by Lemmas 8 and 9). The clique Q \ {x} will be called pre-largest.

Lemma 14 The coloring for {P5, sinker}-free graphs is reduced in polynomial
time to the same problem for incompressible graphs. A list of pre-largest cliques of an
incompressible graph is obtained in polynomial time.

Proof The independent set problem is to find a largest independent set in a given
graph. For a graph it is equivalent to finding a largest clique for its complement.
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Note that sinker = P3 + P1 + P1. If Free{G1,G2, . . .} is a hereditary class for
which the independent set problem is polynomial-time solvable, then it is so for
Free{G1 + P1,G2, . . .} (Malyshev 2012, Theorem 1). As P3-free graphs are the
disjoint unions of cliques, then the independent set problem is polynomial-time solv-
able for Free({P5, sinker}). So, finding a largest clique for {P5, sinker}-free graphs
is also polynomial.

The coloring for {P5, sinker}-free graphs can be polynomially reduced to con-
nected graphs in the class without simplicial vertices, cut-vertices and quasi-twins (by
Lemmas 1–3). Let H be a connected {P5, sinker}-free graph without those vertices.
It contains a maximal clique having at least 4 vertices and only simple vertices if
and only if there are vertices a, b, c, d, such that (a, b), (b, c), (c, d) are edges of H ,
(a, c) /∈ E(H), (b, d) /∈ E(H) and the set (N (b) ∩ N (c)) \ (N (a) ∪ N (d)) has two
adjacent vertices. To make sure of this fact see the second part of Lemma 8. There
is a trivial polynomial algorithm to check whether the four vertices exist or not. If
Q1 and Q2 are maximal cliques of H containing at least two common vertices and
max(|Q1|, |Q2|) ≥ 4, then |Q1| = |Q2|. Let |Q1| ≥ |Q2|. Clearly, Q2 \ Q1 �= ∅ (as
Q2 is maximal) and any element of the set is a Q1-complex vertex (as H is sinker -free
and Q1 is maximal). Hence, by Lemma 9, Q2 \ Q1 contains only one element. Thus,
Q2 consists of |Q1| − 1 vertices of Q1 and one vertex outside Q1. In other words,
|Q1| = |Q2|. Hence, the graph H has a maximal clique with at least 4 vertices that
is not largest if and only if it has two adjacent vertices x and y, such that the clique
number of the subgraph induced by {x} ∪ {y} ∪ (N (x) ∩ N (y)) is at least 4 and at
most w(H) − 1. It can be verified in polynomial time.Thus, by Lemmas 7 and 13, we
have a polynomial reduction to incompressible graphs.

Let Q∗
1 and Q

∗
2 be pre-largest cliques of an incompressible graphG. The set Q∗

1∩Q∗
2

is empty (otherwise, neither N (Q∗
1) nor N (Q∗

2) is independent). Hence, any vertex
of G belongs to at most one pre-largest clique. This implies that constructing a list of
pre-largest cliques of G can be solved in polynomial time. ��
Lemma 15 For any pre-largest cliques Q∗

1, Q
∗
2 of an incompressible graph G we

have Q∗
1 ∩ Q∗

2 = N (Q∗
1) ∩ Q∗

2 = N (Q∗
2) ∩ Q∗

1 = ∅. If N (Q∗
1) ⊆ N (Q∗

2) or
N (Q∗

2) ⊆ N (Q∗
1), then N (Q∗

1) = N (Q∗
2). If N (Q∗

1) �= N (Q∗
2), then each vertex of

N (Q∗
1) \ N (Q∗

2) is adjacent to each vertex of N (Q∗
2) \ N (Q∗

1).

Proof The emptiness of Q∗
1 ∩ Q∗

2 was proved in the previous lemma. There are no an
edge (x, y) between any two vertices x ∈ Q∗

1, y ∈ Q∗
2. The opposite implies that x ∈

N (Q∗
2), y ∈ N (Q∗

1), that is Q∗
2 ⊆ N (x),Q∗

1 ⊆ N (y) (hence, Q∗
1 ⊆ N (Q∗

2), Q
∗
2 ⊆

N (Q∗
1)) and N (Q∗

1), N (Q∗
2) are not independent.

If N (Q∗
1) ⊂ N (Q∗

2) or N (Q∗
2) ⊂ N (Q∗

1), then any vertex in N (Q∗
1) ⊗ N (Q∗

2) has
a neighbor outside N (Q∗

1)∪ Q∗
1 ∪ N (Q∗

2)∪ Q∗
2 (as N (Q∗

1) or N (Q∗
2) has quasi-twins

otherwise). Therefore, G contains induced P5. Hence, N (Q∗
1) = N (Q∗

2).
Let N (Q∗

1) �= N (Q∗
2). Then, N (Q∗

1) \ N (Q∗
2) and N (Q∗

2) \ N (Q∗
1) are not empty

(by the previous paragraph). If N (Q∗
1)∩N (Q∗

2) is not empty, then the claim is obvious
(to avoid induced P5). Let N (Q∗

1) ∩ N (Q∗
2) = ∅. A shortest path between a vertex of

Q∗
1 and a vertex of Q

∗
2 exists (asG is connected) and it has at most three edges (asG is

P5-free). Hence, a vertex x ∈ N (Q∗
1) is adjacent to a vertex y ∈ N (Q∗

2). Assume that
there are x ′ ∈ N (Q∗

1) and y′ ∈ N (Q∗
2), such that (x

′, y′) /∈ E(G). If (x, y′) ∈ E(G),
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then x ′ �= x . The vertex x ′, a vertex in Q∗
1, x, y

′ and an element of Q∗
2 induce P5.

Let (x, y′) /∈ E(G). Then, y′, a vertex in Q∗
2, y, x and an element of Q∗

1 induce the
5-path. So, our assumption was false. ��

Two different pre-largest cliques Q∗
1, Q

∗
2 of an incompressible graph will be called

near if N (Q∗
1) ∩ N (Q∗

2) �= ∅ and N (Q∗
1) �= N (Q∗

2). If an incompressible graph G
has near pre-largest cliques, then χ(G) ≥ ω(G) + 1 (by Lemma 15). Moreover, if
ω(G) ≥ 15, then χ(G) = ω(G) + 1 by the following lemma.

Lemma 16 For any {P5, sinker}-free graph H we haveχ(H) ≤ max(15, ω(H))+1.

Proof We will prove the bound using the mathematical induction on the number of
vertices in graphs. Its base case (for the one-vertex graph) is clear. Suppose that the
inequality holds for all {P5, sinker}-free with less than n vertices and H is such a
graph having n vertices. By Lemmas 1-3, one can consider that H is a connected graph
without simplicial vertices, cut-vertices and quasi-twins. A. Guarfas showed that any
P5-free graph H ′ has the chromatic number at most 4ω(H ′)−1 (Gyarfas 1987, Theorem
2.4). Hence, the bound is trivial, when ω(H) ≤ 3. We assume that ω(H) ≥ 4.

Let Q be any largest clique of G. If there are no Q-complex vertices, then χ(H) =
χ(H \ Q) (by Lemma 7). By the induction hypothesis, χ(H \ Q) ≤ max(15, ω(H \
Q)) + 1 ≤ max(15, ω(H)) + 1. Hence, χ(H) ≤ max(15, ω(H)) + 1. Let there are
Q-complex vertices. By analogywith the proof of Lemma 13, for some x ∈ Q we have
χ(H) ≤ max(χ(H \Q∗), |Q∗|)+1 = max(χ(H \Q∗), w(H)−1)+1, where Q∗ =
Q\{x}. One can assume that χ(H \Q∗) ≥ 16 and χ(H \Q∗) ≥ ω(H)+1 (otherwise,
the target inequality is obvious). Taking into account the induction hypothesis for
H \Q∗ and the inequality ω(H \Q∗) ≤ ω(H)we conclude χ(H \Q∗) = ω(H)+1.
By Lemmas 11 and 12, an optimal coloring of H \ Q∗ is extendable to a proper
coloring of H with ω(H) + 1 colors by coloring Q∗ by w(H) − 1 colors from
H \ (N (Q∗) ∪ Q∗). ��
Lemma 17 Let G be an incompressible graph with ω(G) ≥ 18. If G has two near
pre-largest cliques, then χ(G) = ω(G) + 1. Otherwise, χ(G) = ω(G).

Proof The lemma is clear if G really has near pre-largest cliques. Let Q∗
1, . . . , Q

∗
k be

all pre-largest its cliques and there are no two near pre-largest cliques. Any two pre-
largest cliques have coinciding neighborhoods or their neighborhoods do not intersect
(by Lemma 15). Let {N (Q∗

1), . . . , N (Q∗
k)} = {N (Q∗

i1
), . . . , N (Q∗

is
)}. An element of

N (Q∗
i1
), an element of N (Q∗

i2
),…, an element of N (Q∗

is
) constitute the s-clique (by

Lemma 15). If s > 3, then some maximal under inclusion clique of G containing
the s-clique is largest (by the definition of an incompressible graph). Deleting some
its vertex produces a pre-largest clique that must belong to {Q∗

1, . . . , Q
∗
k}. We have

a contradiction. Hence, s ≤ 3. For the same reason, H = G \ ⋃k
i=1(Q

∗
i ∪ N (Q∗

i ))

can not have a clique with at least 4 vertices. We have χ(H) ≤ 16 (Guarfas 1987,
Theorem 2.4). As N (Q∗

i1
), . . . , N (Q∗

is
) are independent, then each of them can be

properly colored with its own color. Thus, to extend it to a proper coloring of G we
needω(G)−s additional colors (as every Q∗

i is colorable byω(G)−1 colors depending
on a color of N (Q∗

i ) and χ(H) ≤ 16 ≤ χ(G) + 1 − s). Hence, χ(G) = ω(G). ��
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The following theorem is the main claim of the section.

Theorem 2 The coloring is polynomially solvable for {P5, sinker}-free graphs.
Proof By Lemma 14, we may consider only incompressible graphs with known lists
of pre-largest cliques. For each fixed k the set of P5-free graphs without the k-clique
consists of a polynomial case for the problem (Hoang et al. 2010). Hence, we may
consider incompressible graphs with known lists of pre-largest cliques and the clique
number at least 18 (as the fact that the clique number of a graph is at least 18 is decided
in polynomial time). LetG be a graph of this type. IfG has two near pre-largest cliques
(this fact is verified in polynomial time), then χ(G) = ω(G) + 1 (by Lemma 17).
Otherwise, χ(G) = ω(G) (by Lemma 17). ��
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