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Following Krotov and Polyakov [Nucl. Phys. B849, 410 (2011)], we show that in global de Sitter space

its isometry is broken by the loop IR divergences for any invariant vacuum state of the massive scalars. We

derive a kinetic equation in global de Sitter space that follows from the Dyson-Schwinger equation of the

Schwinger-Keldysh diagrammatic technique in the IR limit and allows us to understand the physical

meaning and consequences of the loop IR divergences. In many respects, the isometry breaking in global

de Sitter space is similar to the one in the contracting Poincaré patch of de Sitter space. Hence, as a warm-

up exercise we study the kinetic equation and properties of its solutions in the expanding and contracting

Poincaré patches of de Sitter space. Quite unexpectedly, we find that under some initial conditions there is

an explosive production of massive particles in the expanding Poincaré patch.

DOI: 10.1103/PhysRevD.87.044049 PACS numbers: 04.62.+v

I. INTRODUCTION

The de Sitter (dS) space isometry is crucial for its
stability. Obviously, if it is not broken then the cosmologi-
cal constant cannot be secularly screened. There are states
of the massive scalar field theories in which they respect dS
isometry at tree level [1,2]; they are referred to as � vacua.
But in the loops, the situation becomes more complicated.
The one-loop calculation in the expanding Poincaré patch
(EPP) of dS space shows that the isometry is broken for
all � vacua except for the Bunch-Davies (BD) one [3]
(see also the Appendix of Ref. [4]).

However, we find it rather unphysical to address the
question of the stability of the system under such condi-
tions when all its symmetries are respected exactly. We
propose to consider excitations above the highly symmet-
ric state and to trace where they evolve in the future
infinity. For the finite particle density on top of any �
vacuum (including the BD one), dS isometry is broken
even at tree level [3,4]. The obvious question to ask at this
point is whether this density decays or rapidly increases
with time. Rephrasing this, we would like to understand if
the system has the dS invariant ground state.

The standard answer to this question is that the density
will decay due to the rapid expansion of the space. But the
situation happens to be more complicated and actually
quite counterintuitive. We show in this paper that the
proper quantity to study is the number density per comov-
ing volume: It is crucially important and may be counter-
intuitive that the particle creation and decay rates are
defined at the nonlinear level via the density per comoving
volume rather than per the physical one. (Unlike the physi-
cal volume, which inflates with time, comoving volume
remains constant.) Note that the number density per co-
moving volume of the spatially homogeneous dust remains
constant throughout the history of dS space independently

of whether the space is expanding or contracting. But
such a density will grow unboundedly if one will turn
on only the process of particle production by the gravita-
tional field. That is, in particular, the source of the loop
IR divergences and large IR contributions, which are
under study in this paper. Of cause for the backreaction
problem it is important to know how fast is such a
growth in comparison with the expansion of the space,
especially when the loss processes are also taken into
account (on top of the production ones).1 The main goal
of this paper is to address this problem.
In global dS space the situation is more intricate. There

is a one-loop IR divergence even for massive scalars [5]. It
reveals itself via the impossibility to take the moment of
turning on self-interactions t0 to past infinity. We will see
that t0 plays the role of IR cutoff. Thus, unlike the situation
with the BD initial state in EPP, in global dS space,
isometry is broken in the loops for all possible vacua
(including the Euclidean one). Furthermore, the presence
of such IR divergences means that the growth of particle
density wins against the expansion of the space-time.
However, it remains unclear whether or not one can take

t0 ! �1 after the summation of all loop leading IR con-
tributions. We show that this problem is related to the one
of the presence of a stationary state in dS QFT. If such a
state does exist, then t0 can be taken past infinity and the dS

1Note that turning on only a single process of the particle
kinetics rather than all of them may cause an instability; i.e., it
may cause a divergence in the collision integral (see Ref. [3] for
the detailed discussion). However, as we show, in many cases
these instabilities do disappear when one takes into account all
kinetic processes together. I.e., the collision integral becomes
well defined. But then, in turn, new instabilities of different
kinds, which cause an explosion of the solution of the kinetic
equation (but not of the collision integral), may appear under
some conditions.
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invariance is restored. Otherwise, the dS isometry is not
restored at higher loops, and the backreaction due to the
particle production cannot be neglected. It was explained
in Refs. [4,6] that to approach such a problem one has to
solve the kinetic equation, which is the tool for the sum-
mation of the leading IR contributions in all loops. Below
we derive this equation in global dS space.

Although in EPP there are no IR divergences, one has
large IR contributions there. As a result, one can also
derive the kinetic equation in EPP for the finite initial
particle density on top of the BD vacuum. In Refs. [4,6]
the problem of the existence of the stationary state in EPP
was addressed with the use of the corresponding kinetic
equation. The conclusion was that it could exist under the
appropriate initial conditions.

In the contracting Poincaré patch (CPP), the situation
happens to be similar to the global dS space. There, unlike
EPP, we also encounter loop IR divergences. In the main
body of this paper, we explain the reason for such a
difference between EPP and CPP. We derive the kinetic
equation in CPP. Such equations in EPP and CPP can be
simply mapped to each other because we are dealing with
the spatially homogeneous states and study the density per
comoving volume. As a result, there is a quite simple map
between the solutions of the kinetic equations in EPP and
CPP. In particular, we find that there is the stationary
solution even in the CPP, which is related to the above-
mentioned stationary solution in EPP. Its presence means
that under the appropriate initial conditions and in the
circumstances of the perfect spatial homogeneity, dS
isometry can be restored after the summation of all leading
loop contributions, even in CPP.

But one of the main messages of this paper is that there is
also a solution of the kinetic equation (both in CPP and EPP)
which describes explosion within a finite proper time of the
particle density. The presence of such a solution means that
under some initial conditions, backreaction from the particle
production can become enormous even in EPP. The last
situation should lead to the deformation of the dS metric
and probably bring the system to the FRW space-timewith a
secularly decreasing cosmological constant.

A. Subtleties

To proceed, let us point out some subtleties with field
theory in curved space-times, in general, and in dS space,
in particular. For illustrative reasons, consider a 4D
massless conformally coupled scalar field with the quartic
self-interaction ½hþ R=6�� ¼ ��3 on a global dS back-
ground. We are interested in the following classical scat-
tering problem. Self-interaction is adiabatically turned on
somewhere in the far past and then eventually switched off
in the far future. At past infinity, we excite a single free
wave and ask the following question: Will the solution of
the equation under consideration (at the linear order in �)
contain three free waves in future infinity or will it not?

In the metric with noncompact spatial slices ds2 ¼
1
�2 ½d�2 � d~x2�, � 2 ð�1;þ1Þ (see Fig. 1), the problem

can be mapped via conformal transformation to the one in
Minkowski space. The intensity of the process in question,
at the leading � order, will be proportional to the � function
ensuring energy conservation [7]. The latter will put an
obstruction to the process under consideration.
If, however, one addresses the same problem in the

metric ds2 ¼ dt2 � cosh 2ðtÞd�2 ¼ 1
cos 2ðTÞ ½dT2 � d�2�

(see Fig. 2), then it can be converted to the one in an
Einstein static universe with the compact range of time,
T 2 ½� �

2 ;þ �
2�. As a result, instead of the aforementioned

� function one will encounter sin ½��E�
�E , where �E is

the energy deficit in the process in question. Hence, the
process will be allowed.
The resolution of the apparent disagreement with the

general covariance is that the result of this scattering
process strongly depends on the initial/boundary condi-
tions. Approaching the same problem with the use of
different ways of spatial slicing of dS space, we implicitly
assume different initial conditions. In fact, while in the
case of noncompact spatial sections, one has such harmon-
ics as e�i!�; for the situation with the compact sections,
the harmonics are e�i�T . The map between these harmon-
ics under the coordinate and conformal transformations
should be the main concern for those studying the scatter-
ing problem under consideration.

FIG. 1. Penrose diagram of dS space. Left and right sides of
the depicted rectangle are glued to each other. Here we show
Cauchy surfaces (e.g., constant � slices) for the global dS metric
of the form ds2 ¼ 1

�2 ½d�2 � d~x2�, where � 2 ð�1;þ1Þ.

FIG. 2. Here we show Cauchy surfaces (e.g., constant t or T
slices) for the global dS metric of the form ds2 ¼ dt2 �
cosh 2ðtÞd�2 ¼ 1

cos 2ðTÞ ½dT2 � d�2�, where t 2 ð�1;þ1Þ and
T 2 ½� �

2 ;þ �
2�.
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The observations of the above paragraphs are relevant
for us because below we study the IR contributions whose
causes are sensitive to the conditions at the boundaries of
various patches of the entire space-time. Also, they give
one a hint on the explanation of the disagreement between
the conclusions of Ref. [8] and those of the present paper.
The spatial slicing of Fig. 1 was used in Ref. [8]. Although
in the latter paper the entire dS space was considered, the
BD state was imposed at the boundary separating contract-
ing CPP and EPP. We do not quite understand the physical
meaning of this approach, but we can see that in such a way
it is possible to respect dS isometry at each step of the
construction of the correlation functions. In fact, as we
have already pointed out above, to respect dS isometry in
all loops, one has to impose the BD state exactly at the
boundary separating EPP from CPP.

At the same time, in the kinetic theory approach, one can
use both spatial slicings of Figs. 1 and 2. In this setting
there is nothing behind the initial Cauchy surface, and the
dS isometry is broken, at least in the loops, unless we start
with the exact BD state exactly at the boundary of EPP.

B. The setup of the problem

Our eventual goal is to see whether the backreaction
from the particle production in dS space is negligible or
not. But in this paper we neglect backreaction and consider
self-interacting massive scalar field theory on the fixed dS
background. We restrict our attention to the behavior of the
solutions of the kinetic equation in the IR limit and try to
see if the assumption of the negligible backreaction is self-
consistent. Note that in EPP (CPP), the IR limit of the
physical momentum corresponds to future (past) infinity.

We study D-dimensional minimally coupled real scalar
field theory:

L ¼
ffiffiffiffiffiffi
jgj

q �
g�	

2
@��@	�þm2

2
�2 þ �

3
�3 þ � � �

�
: (1)

The dots here stand for the higher power self-interaction
terms, which make the theory stable. However, below we
will consider formulas only due to the unstable cubic part
of the potential. The reason for that is just to simplify the
equations. This instability does not affect our conclusions
because similar IR contributions do also appear in massive
�4 theory [9] or in the other nonconformal theories in dS
space [10–14].

To set the notations, we describe here some of the
properties of this space and the free scalar harmonics on
it. It is the hyperboloid X2

0 � X2
i ¼ �1, i ¼ 1; . . . ; D in the

(Dþ 1)-dimensional Minkowski space ds2 ¼ dX2
0 � dX2

i .

Throughout this paper, we set the curvature of the hyper-
boloid to 1. The dS isometry group is the SOðD; 1Þ Lorentz
group of the ambient Minkowski space in question.
Throughout this paper, we assume that D is even. For
odd D, the situation is a bit more subtle, but it is still not
much different [3].

The global dS metric is induced through the solution
of the equation X2

0 � X2
i ¼ �1 via X0 ¼ sinh t and Xi ¼

!i cosh t, where !2
i ¼ 1 defines the coordinates on the

(D� 1)-dimensional sphere. The induced metric is then
ds2 ¼ dt2 � cosh 2td�2.
The EPP is the half-space of this hyperboloid. It is

defined by the condition X0 � XD. Any other EPP is
obtained by a rotation of the latter patch around the X0

axis, i.e., there is a family of EEPs, which is parametrized
by the angle of the rotation around the X0 axis. Such a
patch of dS space respects only some subgroup of the
whole isometry group. Its induced metric is ds2 ¼ dt2 �
e2td ~x2 ¼ 1

�2 ½d�2 � d~x2�, where � ¼ e�t is the conformal

time, which is flowing in the reverse direction—from
infinity (in the past) to zero (in the future).
The CPP also is a half-space of the hyperboloid, which is

defined, e.g., by the condition X0 � XD; i.e., it is comple-
mentary to EPP within the global dS space. The induced
metric on the CPP is ds2 ¼ dt2 � e�2td ~x2 ¼ 1

�2 �
½d�2 � d~x2�, where � ¼ et 2 ½0;þ1Þ.
For large enough D, the theory (1) becomes nonrenor-

malizable. However, as we explain in the concluding
section, if there is a stationary state in this theory, then in
the IR limit, we do not care about UV divergences and the
renormalizability of the theory in question. We assume that
all couplings in all equations take their physical values;
i.e., all UV divergent (��2 log�) or finite (��2) contri-
butions are absorbed into their renormalization. It is
straightforward to do that during the derivation of the
kinetic equation from the Dyson-Schwinger one. At this
point, one should keep in mind that for the propagators
which have proper Hadamard behavior, the UV divergen-
ces in dS space are the same as in the flat one. Only BD
harmonics provide the proper Hadamard behavior in EPP
and CPP. In global dS space, the same is true only for the
Euclidean harmonics.
The scalar field harmonics in global dS space satisfy the

Klein-Gordon equation�
@2t þ ðD� 2Þ tanh ðtÞ@t þm2 ��D�1ð�Þ

cosh 2ðtÞ
�
� ¼ 0; (2)

where �D�1ð�Þ is the Laplacian on the (D� 1)-
dimensional sphere. Any solution of this equation
can be expanded in harmonics as follows: �pðt;�Þ ¼
gpðtÞYp ~mð�Þ, where Yp ~mð�Þ are (D� 1)-dimensional

spherical functions, and gpðtÞ can be expressed through

the hypergeometric function [1,2].
For large enough p, we can somewhat simplify Eq. (2) in

the limit t ! �1. In fact, under these conditions and after
the change of variables, �� ¼ e	t, the global dS metric,
can be approximated by ds2� 
 1

�2
�
½d�2� � d~x2�. Here

conformal time �þ flows towards zero ( ! þ0) in future
infinity and thus covers a part of the EPP; similarly, ��
starts from zero (0þ ! ) at past infinity and covers a part
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of the CPP. Furthermore, the substitution of�ðt ! �1Þ 

�

D�1
2� h�ðp��Þe	i ~p ~x into the simplified (by the limit

t ! �1) form of (2) reduces it to that of Bessel for
h�ðp�Þ. The index of the obtained Bessel equation is i�,

where � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � ðD�1

2 Þ2
q

.

Throughout this paper, we will work with the massive
fields from the principal series m> ðD� 1Þ=2. It can be
shown Ref. [9], however, that for the fields from the
complementary series m< ðD� 1Þ=2, one-loop IR diver-
gences have the similar logarithmic character as that of
massive fields. However, for the fields from the comple-
mentary series, it is not clear how to write the kinetic
equation of the conventional form, because for them the
necessary separation of scales between the time depen-
dence of the harmonics and of the particle density is not
obvious.

II. CONTRACTING POINCARÉ PATCH

The reason why we start our discussion with CPP is that
the physics of IR divergences there is relevant for the field
dynamics in global dS space.

To calculate loops in the nonstationary situation, one has
to use the in-in or Schwinger-Keldysh diagrammatic tech-
nique. The Feynman rules in EPP can be found in Ref. [15].
In CPP the rules are very similar.

Each particle in the nonstationary situation is described
by the matrix of propagators. The constituents of this
matrix are the retarded and advanced propagators DR;A

that carry information about the particle spectrum of the
theory in question, and the Keldysh propagator DK that
carries the statistical information; i.e., it shows which
levels are populated.

Because of spatial homogeneity of CPP together with
the initial state, we find it convenient to perform the
Fourier transform of all quantities along the spatial direc-

tion ~x: DK;R;A
p ð�1; �2Þ �

R
dD�1 ~xei ~p ~xDK;R;Að�1; ~x;�2; 0Þ.

Then at tree level, the Keldysh propagator isDK
0pð�1;�2Þ¼

ð�1�2ÞD�1
2 Re½hðp�1Þh�ðp�2Þ�, the retarded and advanced

propagators are DR
0pð�1;�2Þ¼
ð�1��2Þ2ð�1�2ÞD�1

2 �
Im½hðp�1Þh�ðp�2Þ�, and DA

0pð�1; �2Þ ¼ �
ð�2 � �1Þ�
2ð�1�2ÞD�1

2 Im½hðp�1Þh�ðp�2Þ�; hðp�Þ is a solution of
the Bessel equation, which we do not specify so far. The
choice of the solution defines which harmonic basis we are
using to quantize the theory. In other words, it specifies
what we have chosen as the background state in our
problem.2

In the limit � ¼ ffiffiffiffiffiffiffiffiffiffiffi
�1�2

p ! 1, �1=�2 ¼ const and

�0 ! 0, the leading one-loop IR contribution to
DK

p ð�1; �2Þ is contained within the following expression:

DK
1pð�1; �2Þ ¼ ð�1�2ÞD�1

2 ½hðp�1Þh�ðp�2Þnpð�Þ
þ hðp�1Þhðp�2Þ�pð�Þ þ c:c:�;

where npð�Þ 
 �2SD�2

ð2�ÞD�1

Z
dD�1q

ZZ �

�0

d�3d�4ð�3�4ÞD�3
2

� h�ðp�3Þhðp�4Þh�ðq�3Þhðq�4Þ
� h�ðjq� pj�3Þhðjp� qj�4Þ; and

�pð�Þ 
 � 2�2SD�2

ð2�ÞD�1

Z
dD�1q

Z �

�0

d�3

�
Z �3

�0

d�4ð�3�4ÞD�3
2

� h�ðp�3Þh�ðp�4Þh�ðq�3Þhðq�4Þ
� h�ðjq� pj�3Þhðjq� pj�4Þ: (3)

The details of a similar calculation in EPP can be found in
Refs. [4–6]. The largest IR contribution to (3) comes from
the region of integration over dq, where q  p. It is
instructive to study the character of such divergences for

different choices of the harmonics hðp�Þ. If hðxÞ /
H ð2Þ

i�ðxÞ, the IR divergence is present both in np and �p,

and it is proportional to log ð�=�0Þ ¼ t� t0 if p� � 1,
which is the proper time elapsed from �0 ¼ et0 to � ¼ et.
If, however, p�  1, then the divergence is proportional
to log ð1=p�0Þ. The explanation for the latter behavior is
given at the end of the next subsection.
The in harmonics of the CPP are proportional to the

Bessel function Yi�ðxÞ. In this case, npð�Þ diverges as

log ð�=�0Þ if p� � 1, and as log ð1=p�0Þ when p� 
1. At the same time, �pð�Þ does not have any IR

divergence. We interpret this fact as follows: for the in
harmonics the backreaction on the background state due
to the particle production is small. That is the reason
why we choose these harmonics for the proper definition
of the quasiparticles in the IR limit [6] (see also the
discussion below). For any other type of � harmonics.
the IR behavior of np and �p is similar to that of the

H ð2Þ
i�ðp�Þ harmonics.

A. The physical interpretation of the one-loop
IR divergence

Now we will show that np given in (3) is the total

particle number density per comoving volume haþp api
created by the gravitational field during the time passed
from �0 to �. Similarly, �p is the measure of the strength

of the backreaction hapa�pi due to the particle production

process on the background state during the same time
period.

2The choice of any other � vacuum except the Bunch-Davies
one at past infinity of EPP would affect the UV behavior in the
theory. But we are interested in studying the IR properties of the
� vacua. At this point, one should keep in mind that Bogoliubov
rotation in the low energy effective BCS theory does not affect
the UV behavior of quantum electrodynamics (QED).
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To explain the statement of the last paragraph, for the moment let us forget about the presence of �p and consider

the situation in flat space with the plane wave harmonics. If the time of the turning on self-interactions is t0 and the time of
the observation is t, then the kinetic equation is (the derivation can be found, e.g., in Ref. [6])

dnp
dt

/ ��2
Z dD�1q

�ðpÞ�ðqÞ�ðp� qÞ
�Z t

t0

dt0 cos ½ð��ðpÞ þ �ðqÞ þ �ðp� qÞÞðt� t0Þ�½ð1þ npÞnqnjp�qj

� npð1þ nqÞð1þ njp�qjÞ�ðtÞ þ 2
Z t

t0

dt0 cos ½ð��ðqÞ þ �ðq� pÞ þ �ðpÞÞðt� t0Þ�½nqð1þ njq�pjÞð1þ npÞ

� ð1þ nqÞnjq�pjnp�ðtÞ þ
Z t

t0

dt0 cos ½ð�ðqÞ þ �ðqþ pÞ þ �ðpÞÞðt� t0Þ�½ð1þ nqÞð1þ nqþpÞð1þ npÞ

� nqnqþpnp�ðtÞ
�
; (4)

where �ðpÞ is the energy of the particle with the momen-
tum ~p. The rhs of this equation is the collision integral IColl.
In the limit ðt� t0Þ ! 1 the dt0 integrals transform into
the � functions ensuring energy conservation in some
processes, which we will define now.

The expressions multiplying the three dt0 integrals in (4)
have the following meaning. The first term describes the
competition between the following two processes. One
is that the particle ~p decays into two excitations: ~q and
~p� ~q; it corresponds to the term npð1þ nqÞð1þ njp�qjÞ
and appears with the minus sign in the collision integral
because it describes the loss of the excitation with the
momentum ~p. The inverse gain process corresponding to
the term ð1þ npÞnqnjp�qj with the plus sign is such that

two particles ~q and ~p� ~q are merged together to create the
excitation ~p.

The second term in (4) also describes two competing
processes. The first is that the particle ~p joins with another
one, ~q� ~p, to create the excitation with the momentum ~q.
This is the loss process. The inverse gain process is the one
in which the particle ~q decays into two; one of which is
with the momentum ~p. The coefficient 2 in front of this
term is just the combinatoric factor.

Similarly, the third term describes two processes. The
gain process is when three particles, one of which is with
the momentum ~p, are created by an external field, if any.
The loss process is when three such excitations are annihi-
lated into the vacuum.

All six types of processes are not allowed by the energy-
momentum conservation for massive fields with �3 self-
interaction in flat space-time. Hence, the collision integral
is vanishing as ðt� t0Þ ! 1.

However, in dS space they are allowed [16–20] because
there is no energy conservation. As we show below, the
collision integral in dS space can be obtained from (4) as
follows. One exchanges dt0 for d�0, multiplies by the
proper weight coming from the metric, and then uses under

the corresponding integrals the dS harmonics gpð�Þ ¼
�

D�1
2 hðp�Þ instead of the plane waves e�i�ðpÞt=

ffiffiffiffiffiffiffiffiffiffi
�ðpÞp

.
Then, in place of the above-mentioned � functions, which
ensure energy conservation, there are some expressions

whose physical meaning is that they define the differential
rates (per given range of ~q) of the processes described in
the above three paragraphs.
Now, put np to zero under the collision integral (4) with

the substitutions described in the previous paragraph. The
only term which survives is present in the last line of (4)
and describes particle creation by the gravitational field. If
one takes the integral of this term over the conformal time
from �0 to �, he obtains exactly the expression for npð�Þ
represented in (3). Using the collision integral for �p

derived in Refs. [4,6] (see also the discussion below),
one can make a similar observation about the origin of
the corresponding expression in (3).
Thus, in the nonstationary situations, when IColl is not

zero, it is natural to expect the linear divergence / ðt� t0Þ
in np and �p. That should be true for the homogeneous in

time background fields (such as, e.g., constant electric
fields in QED) when particle production rates are constant
in time. But, in the time-dependent metric of dS space, one
encounters a bit different situation. In particular, in EPP the
largest IR contribution has the form of �2 log ðp�Þ, and
there is no IR divergence, as one takes the moment of
turning on self-interactions to past infinity of the EPP
(�0 ! þ1). That happens because the creation of parti-
cles with comoving momentum p effectively starts at �� �
1=p rather than at �0 ! þ1. Similarly, in the case of CPP,
the particle creation process goes on until �� � 1=p and
then stops. We encounter such a situation, because, first of
all, the collision integral is not just a constant and depends
on time. Second, past (future) infinity in EPP (CPP) cor-
responds to the UV limit of the physical momentum. In this
limit, gpð�Þ harmonics behave as plane waves eip�. As the

result, all the rates inside the collision integral can be well
approximated by � functions ensuring energy conservation
[6]. The latter fact has a clear physical meaning because
the modes whose wavelengths are much smaller than the
cosmological horizon size, practically do not feel the
curvature of the space-time. Hence, for them the conditions
should be similar to those in flat space.
Thus, the collision integral becomes negligible as

p� ! 1 both in EPP and CPP. That is the reason why
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independently of the type of harmonics, in EPP one can
put the moment of turning on self-interactions �0 to
past infinity. Similarly, these observations explain the
log ð1=p�0Þ behavior of the leading IR contribution in
the CPP when �> 1=p.

B. Kinetic equation in the contracting Poincaré patch

In (3) we have found the created particle density np and

anomalous average �p under the implicit assumption that

throughout the time period ½�0; �� both np and �p have

been zero inside the collision integral. In fact, we have
been using the tree-level propagators in the calculation of
(3). For the proper consideration of the phenomenon, one
has to redo the calculation and take into account the change
of np and �p in time. If we care only about IR contribu-

tions, this is done with the use of the following ansatz for
the IR behavior of the exact Keldysh propagator [4]:

DK
p ð�1; �2Þ ¼ ð�1�2ÞD�1

2 ½hðp�1Þh�ðp�2Þnpð�Þ
þ hðp�1Þhðp�2Þ�pð�Þ þ c:c:�;

� ¼ ffiffiffiffiffiffiffiffiffiffiffi
�1�2

p
; (5)

where one has to assume the usual separation of scales in
the kinetic problem; i.e., that np and �p are slow functions

of � in comparison with the harmonics hðp�Þ. Such a
separation of scales is quite obvious for the massive fields
from the principal series because their harmonics do oscil-
late in the IR limit. However, for the light fields from the
complementary series, the separation of scales is not so
transparent because their harmonics do not oscillate in the
same limit.
It is not hard to see that after the assumption about the IR

behavior of the exact propagator (5), the problem of the
calculation of np and �p reduces to the solution of the

Dyson-Schwinger equation in the Schwinger-Keldysh
diagrammatic technique [4]. In the IR limit, which is of
our interest, the Dyson-Schwinger equation reduces to a
variant of the kinetic equation. One can write the kinetic
equation both in EPP and CPP [4,6]. With the use of the
following matrixes:

Npð�1; �2Þ ¼ �
D�1
2

2

npð�1Þh�ðp�2Þ �pð�1Þhðp�2Þ
�pð�1Þhðp�2Þ npð�1Þh�ðp�2Þ

 !
;

P ¼ 0 1

1 0

 !
: (6)

The system of kinetic equations for np and �p can be

written compactly. The real equation has the form

dnpð�Þ
d�

¼ 2�2
Z dD�1q

ð2�ÞðD�1Þ
Z 1

0

d�0

ð��0ÞD ReTrfCp;q;p�qð�Þ½ð1þ N�
pÞNqNp�q � N�

pð1þ NqÞð1þ Np�qÞ�ð�;�0Þ

þ 2Cq;q�p;pð�Þ½N�
qð1þ Nq�pÞð1þ NpÞ � ð1þ N�

qÞNq�pNp�ð�;�0Þ
þDp;q;pþqð�Þ½ð1þ NpÞð1þ NqÞð1þ NpþqÞ � NpNqNpþq�ð�;�0Þg þ ½N ! PN�: (7)

At the same time the complex equation is as follows:

d�pð�Þ
d�

¼ �2�2
Z dD�1q

ð2�ÞðD�1Þ
Z �

0

d�0

ð��0ÞD ð ~p ! � ~pÞTrfCp;q;p�qð�Þ½ð1þ NpÞð1þ NqÞð1þ Np�qÞ � NpNqNp�q�ð�;�0Þ

þ 2C�
q;q�p;pð�Þ½N�

qð1þ Nq�pÞð1þ NpÞ � ð1þ N�
qÞNq�pNp�ð�;�0Þ

þD�
p;q;pþqð�Þ½ð1þ NpÞN�

qN
�
pþq � Npð1þ N�

qÞð1þ N�
pþqÞ�ð�;�0Þg � ½N ! PN�: (8)

The term ½N ! PN� means that we have to add to the

explicitly written expressions in (7) and (8) the same

quantities with every N substituted by the product PN;

Re Tr means that one has to take the real part and the trace

of the expression following after these signs; ð ~p ! � ~pÞTr
means that one has to take the trace and add to the ex-

pression following after these signs the same term with the

exchange ~p ! � ~p. Finally, Ck1k2k3ð�Þ¼�
3ðD�1Þ

2 h�ðk1�Þ�
hðk2�Þhðk3�Þ and Dk1k2k3ð�Þ ¼ �

3ðD�1Þ
2 hðk1�Þhðk2�Þ�

hðk3�Þ.
Actually, the system of Eqs. (7) and (8) represents just a

preliminary version of the kinetic equations. It is not yet
suitable to sum only the leading IR terms in all loops.
It contains the latter contributions, but on top of that it
also accounts for some of the subleading expressions.

In particular, one should restrict the dq integrals in (7) and
(8) to the region q  p. It is this region from where the
leading IR contribution comes. For more details, see
Refs. [4,6] (see also the discussion in the next subsection).
Because of the presence of �p, in (7), we have extra

terms on top of those which are shown in (4). All of them
can be obtained from (4) via the simultaneous substitutions
of ð1þ nkÞ’s and nk’s by �k’s or �

�
k’s. E.g., we encounter

terms of the type

½ð1þ npÞ�knp�k � np�kð1þ np�kÞ�: (9)

The meaning of (9) is that it describes the following two
competing processes: The particle with the momentum ~p is
lost (gained) in such a situation, in which instead of the

creation (annihilation) of the two particles, ~k and ~p� ~k, we
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obtain single ~p� ~k excitation, and the missing momentum
~k is gone into (taken from) the background quantum state
of the theory.

Similarly, we encounter terms of the type

½ð1þ npÞ�k�p�k � np�k�p�k�; (10)

which describe the processes in which both momenta ~k and

~p� ~k are coming from (going to) the background state.
These observations, in particular, justify the interpretation
of �p as the measure of the strength of the backreaction on

the background state of the theory.

C. Solving the system of kinetic equations

Spatially homogeneous kinetic equations in EPP and
CPP can be trivially related to each other, because to
perform the map from EPP to CPP, one just has to flip
the limits of d�0 integration inside the collision integrals in
(7) and (8). On top of that, it is necessary to make the
change of hðxÞ to h�ðxÞ because the positive energy har-
monics are exchanged with the negative ones under the flip
of the time direction. As a result, solutions in both patches
can also be mapped to each other. That is physically mean-
ingful because the system of kinetic equations (7) and (8) is

valid for the spatially homogeneous states and is imposed
on the quantities which are attributed to the comoving
volume.
Before continuing with the solutions of (7) and (8), let us

stress that these equations are not yet unambiguously
defined because one has to specify harmonics hðxÞ in
their collision integrals. This issue is related to the question
of the proper definition of quasiparticles in the IR limit.
One should keep in mind, however, that the quantum
kinetic (or better to say Dyson-Schwinger) equations and
their solutions for different choices of hðp�Þ can be
mapped to each other via Bogoliubov transformations.
Intuition from condensed matter should tell one that the

proper choice of hðp�Þ has to correspond to the situation in
which there is a solution with �p ¼ 0. It was shown in

Ref. [6] that in EPP there is such a solution of the IR limit
of (7) and (8), if one chooses out-Jost harmonics hðxÞ �
Ji�ðxÞ. Moreover, it is stable under small linearized per-

turbation of �p [4]. The systems of kinetic equations for

the other harmonics do not allow such a solution.
All these observations can be extended to the CPP. Thus,

for the out-Jost (in-Jost) harmonics in EPP (CPP) the
system of Eqs. (7) and (8) can be reduced to the single
Eq. (7), in which �p is set to zero [4,6]:

dnpð�Þ
d log�

¼ �2SD�2

ð2�ÞD�1�

Z 1

0
dq�ðq�ÞD�1

2

Z 1

0
d�0qðq�0ÞD�1

2 � fRe½ðq�Þ�i�Vðq�Þðq�0Þi�V�ðq�0Þ�½ð1þ npÞn2q
� npð1þ nqÞ2�ð�Þ þ 2Re½ðq�Þi�Wðq�Þðq�0Þ�i�Wðq�0Þ�½nqð1þ nqÞð1þ npÞ � ð1þ nqÞnqnp�ð�Þ
þ Re½ðq�Þi�Vðq�Þðq�0Þ�i�V�ðq�0Þ�½ð1þ nqÞ2ð1þ npÞ � n2qnp�ð�Þg: (11)

To obtain (11) from (7), we have neglected p with respect to
q under the integral and Taylor expanded hðp�Þ and hðp�0Þ
in the limit p�, p�0 ! 0. The latter approximations allow
one to obtain the equation which accounts for only leading
IR contributions in all loops [6]. Furthermore, we have
subtracted from h2ðxÞ, ðh�ðxÞÞ2, and jhðxÞj2 some polyno-
mials of 1=jxj to obtain VðxÞ ¼ h2ðxÞ � const

jxj � . . . and
WðxÞ ¼ jhðxÞj2 � const

jxj � . . . . That makes the collision in-
tegral well defined and does not change the IR behavior [6].

Equation (11) does not have the Planckian distribution
as its stationary solution because there is no energy con-
servation. However, one can find a distribution which
annihilates the collision integral of (11) in a different
manner: while Planckian distribution in ordinary kinetic
equation annihilates each term, describing aforementioned
couples of competing processes, separately, in the present
case we will see the cancellation between different terms.
The situation is somewhat similar to the one in which
appears the stationary Kolmogorov scaling solution in
the turbulent hydrodynamics, as is natural to expect in a
system with energy pumping.

For very small densities, the only two terms which
survive in the collision integral of (11) are those which

are responsible for the particle production from the vacuum
and for the decay of the produced particles into two [6]. As
a result, in the EPP the behavior of the solution in the
vicinity of the stationary distribution (i.e., as p� � 1) is as

follows [6]: npð�Þ ¼ �2

�1
½Cðp�Þ�1 þ 1�, where C is some

real constant which depends on the initial conditions, �2 is
the total particle production rate, and �1 is the total particle
decay rate. This solution is self-consistent only for heavy
enough particles m  1 because then the equilibrium
distribution �2=�1 
 e�2�� is much less than unity.
Such an EPP’s stationary solution is mapped to

npð�Þ ¼ �2

�1

�
C

�
�0

�

�
�1 þ 1

�
(12)

after the conversion into the CPP. For the given comoving
momentum p, it is valid until �� � 1=p. As p� becomes
comparable to unity, the approximation in which (11) is
derived breaks down. But as we have explained above,
right after ��, the particle production and decay processes
stop; i.e., np remains constant. One encounters a similar

situation in EPP: before �� � 1=p we cannot use (11), but
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also before this moment of time the particle production is
suppressed.

In (12) we see the example of the restoration of dS
isometry in CPP after the summation of all leading loop
contributions. The question is under what type of initial
conditions does the system in question drop into such a stage
as (12) in CPP (and/or in EPP)? To obtain the answer, one has
to perform the Bogoliubov rotation to the out (in) harmonics
in EPP (CPP), and check if the resulting values of np and �p

are small or not, right at the moment when they start to
change (which is �0 in CPP and �� in EPP). If they are
small enough, then it is natural to expect that�p flows to zero

and np flows to the Gibbons-Hawking value in the IR limit.

Note that the number density per physical volume,
which scales as 1=�D�1, decays in EPP and grows in
CPP. Hence, it may seem that the backreaction from the
produced particles eventually will become relevant in CPP.
That is indeed true in the case of the presence of any
slightly spatially inhomogeneous perturbation. But in the
circumstances of the ideal spatial homogeneity, that is not
true because the presence of the stationary state means that
the dS isometry is restored. As a result, in terms of the
invariant expressions such as physical volume and physical
momentum p�, all invariant quantities remain finite. E.g.,
the total particle density per physical volume is equal to
N ¼ �D�1

R
dD�1pnpð�Þ and does not explode.

However, we will see now that the kinetic equation in
question has yet another peculiar solution both in CPP and
EPP. In Ref. [6] it was shown that in CPP there is a solution
as follows: nð�Þ � 1

A� �� log�
� 1

�� log ��
�

for very low momenta

p� ! 0. It is valid for �< �� ¼ econst=�
2  1; A is a

constant which depends on the initial state, and �� / �2

m2 .

The interpretation of this solution is as follows: Because of
the production of particles at low momenta (both by the
gravitational field and by the decays of particles from
higher levels) at high enough initial densities, sooner or
later we have the explosion of their density per comoving
volume.

This solution is mapped to

nð�Þ � 1
�� log �

��

(13)

in the EPP. It is also valid for very low momenta p� ! 0,

for �> ��, where �� ¼ e�const=�2 � 1.

It is worth stressing at this moment that the solution (13)
is possible because of two specific features of dS space [6].
The first one is the flatness of the IR spectrum in dS
space—weak dependence of the harmonics on the mo-
menta in the IR limit. The second is that the background
gravitational field makes possible the particle creation and
decay processes. In particular, one can show that the scat-
tering processes in �4 theory, which are allowed even in
flat space, do not contribute to the analog of (13); only the
particle production and decay processes contribute.
Thus, even in the EPP there is the explosive growth of

the particle density if its initial value was big enough. The
explosion happens at finite proper time and expansion of
EPP will not save the situation. That will cause a modifi-
cation of the dS metric.
Here, it is also appropriate to ask the following question:

Under what initial conditions does the system drop into
such an explosive stage both in EPP and CPP? We are not
yet in a position to give a conclusive answer to this
question.

III. GLOBAL DE SITTER SPACE-TIME

To begin with, following Ref. [5] we would like to show
that in global dS space, the moment of turning on self-
interactions cannot be taken to past infinity. To find the IR
divergences at one loop, we can use the metric of either
Fig. 1 or Fig. 2. However, to define the kinetic equation in
global dS space, we prefer to work with the slicing
depicted in Fig. 2, because as we explained above, for
the metric of Fig. 1 the collision integral vanishes for the
times �� > 1=p and �þ > 1=p, which confuses the whole
picture of particle kinetics.
Unlike higher-dimensional dS space with the spatial

slicing of Fig. 2, in 2D global dS space the one-loop
calculation can be made quite explicit. So let us present
it before continuing with the IR divergences in general
dimensions. Below we will work with even space-time
dimensional dS space. In odd-dimensional dS space the
situation is different, but in many respects it is similar.
Because of spatial homogeneity of 2D global dS space,

together with the initial state, we find it convenient to
perform the Fourier transform of all quantities along the

spatial direction ’2½0;2��: DK;R;A
p ðt1;t2Þ�

R
2�
0 d’eip’�

DK;R;Aðt1;’;t2;0Þ. Then the one-loop contribution to DK
p is

as follows:

DK
1pðt1; t2Þ ¼ ��2

Xþ1

q¼�1

ZZ þ1

t0

dt3dt4 cosh ðt3Þ cosh ðt4Þ
�
DR

0pðt1; t3ÞDK
0qðt3; t4ÞDK

0ðp�qÞðt3; t4ÞDA
0pðt4; t2Þ

þ 2DR
0pðt1; t3ÞDR

0qðt3; t4ÞDK
0ðp�qÞðt3; t4ÞDK

0pðt4; t2Þ þ 2DK
0pðt1; t3ÞDK

0qðt3; t4ÞDA
0ðp�qÞðt3; t4ÞDA

0pðt4; t2Þ

þ � 1

4
DR

0pðt1; t3ÞDR
0qðt3; t4ÞDR

0ðp�qÞðt3; t4ÞDA
0pðt4; t2Þ �

1

4
DR

0pðt1; t3ÞDA
0qðt3; t4ÞDA

0ðp�qÞðt3; t4ÞDA
0pðt4; t2Þ

�
:

(14)
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Here the Keldysh propagator is DK
0pðt1; t2Þ ¼ Re½gpðt1Þg�pðt2Þ�, the retarded and advanced propagators are DR

0pðt1; t2Þ ¼

ðt1 � t2Þ2 Im½gpðt1Þg�pðt2Þ�, and DA

pðt1; t2Þ ¼ �
ðt2 � t1Þ2 Im½gpðt1Þg�pðt2Þ�. gpðtÞ is a solution of the Klein-Gordon
equation, which we do not specify so far; t0 is the moment when self-interactions are turned on.

The above one-loop expression can be rewritten as

DK
1pðt1; t2Þ ¼ ��2

2
gpðt1Þg�pðt2Þ

X
q

ZZ þ1

t0

dt3dt4 cosh ðt3Þ cosh ðt4Þg�pðt3Þgpðt4Þ � f�
ðt1 � t3Þ
ðt2 � t4Þ

� ½gqðt3Þg�qðt4Þgjp�qjðt3Þg�jp�qjðt4Þ þ c:c:� þ ½
ðt1 � t3Þ
ðt3 � t4Þ þ 
ðt2 � t4Þ
ðt4 � t3Þ�
� ½gqðt3Þg�qðt4Þgjp�qjðt3Þg�jp�qjðt4Þ � c:c:�g

� �2

2
gpðt1Þgpðt2Þ

X
q

ZZ þ1

t0

dt3dt4 cosh ðt3Þ cosh ðt4Þg�pðt3Þg�pðt4Þ � f
ðt1 � t3Þ
ðt2 � t4Þ

� ½gqðt3Þg�qðt4Þgjp�qjðt3Þg�jp�qjðt4Þ þ c:c:� þ ½
ðt1 � t3Þ
ðt3 � t4Þ � 
ðt2 � t4Þ
ðt4 � t3Þ�
� ½gqðt3Þg�qðt4Þgjp�qjðt3Þg�jp�qjðt4Þ � c:c:�g þ c:c: (15)

We need to find the leading divergent contribution to this quantity in the limit t � t1þt2
2 ! þ1, � � t1 � t2 ¼ const

and t0 ! �1. First, to do that we can substitute t1;2 by t in the arguments of the 
 functions. Second, if t ! þ1 and
t0 ! �1, then the leading IR contributions to DK

1p can appear only from the regions of integration over t3;4 in the vicinity
of t and t0.

As we have explained in the introductory section, for arbitrary dimension in these regions gpðtÞ can be approximated by

gpðtÞ 

8><
>:
�

D�1
2þ hþðp�þÞ; �þ ¼ e�t; t ! þ1

�
D�1
2� h�ðp��Þ; �� ¼ et; t ! �1

(16)

for the large enough p. Then as p� ! 0 and p�0 ! 0, the leading IR contribution to DK
1p can be estimated in any

dimension. It is contained in the expressions as follows [5]:

DK
1pðt1; t2Þ ¼ gpðt1Þg�pðt2ÞnpðtÞ þ gpðt1Þgpðt2Þ�pðtÞ þ c:c:;

where npðtÞ 
 �2SD�2

ð2�ÞD�1

Z
dD�1q

ZZ �

1
d�3d�4ð�3�4ÞD�3

2 � h�þðp�3Þhþðp�4Þh�þðq�3Þhþðq�4Þh�þðjq� pj�3Þ

� hþðjp� qj�4Þ þ �2SD�2

ð2�ÞD�1

Z
dD�1q

ZZ 1

�0

d�3�4ð�3�4ÞD�3
2 � h��ðp�3Þh�ðp�4Þh��ðq�3Þh�ðq�4Þ

� h��ðjq� pj�3Þh�ðjq� pj�4Þ; and

�pðtÞ 
 � 2�2SD�2

ð2�ÞD�1

Z
dD�1q

Z �

1
d�3

Z �3

1
d�4ð�3�4ÞD�3

2 � h�þðp�3Þh�þðp�4Þh�þðq�3Þhþðq�4Þh�þðjq� pj�3Þ

� hþðjq� pj�4Þ � 2�2SD�2

ð2�ÞD�1

Z
dD�1q

Z 1

�0

d�3

Z �3

�0

d�4ð�3�4ÞD�3
2 � h��ðp�3Þh��ðp�4Þh��ðq�3Þ

� h�ðq�4Þh��ðjq� pj�3Þh�ðjq� pj�4Þ: (17)

Here � ¼ e�t and �0 ¼ et0 . Thus, the IR divergence in global dS space is just the sum of the contributions from the
contracting (past infinity) and expanding (future infinity) regions (Poincaré patches) of the whole space.

Obviously, one can do the same calculation also with the metric of Fig. 1 and obtain the same result as (17) for the IR
divergences when t ! þ1 and t0 ! �1.

A. IR divergence for different harmonics

In this subsection we describe the character of the IR divergences for different hðp�Þ—the solutions of the Bessel
equation. That could help to specify the convenient choice of the harmonics for the proper definition of quasiparticles in the
IR limit.
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We start with the Euclidean harmonics [1,2] which are
CPT invariant. I.e., in this case, h��ðxÞ ¼ hþðxÞ /
H ð1Þ

i�ðxÞ, where H ð1Þ
i� is the Hankel function of the first

kind. Using that hþðxÞ 
 Aþxi� þ A�x�i� as x ! 0
(with some known complex constants A�), we obtain
the IR divergence as follows:

npðtÞ 
 �2SD�2

ð2�ÞD�1
log

�
1

p2��0

�ZZ 1

0
dx3dx4ðx3x4ÞD�3

2

�
�
jAþj2

�
x4
x3

�
i� þ jA�j2

�
x3
x4

�
i�
�

� h2ðx3Þ½h�ðx4Þ�2;

�pðtÞ 
 � 2�2SD�2

ð2�ÞD�1
log

�
1

p2��0

�
AþA�

Z 0

1
dx3

�
Z x3

1
dx4ðx3x4ÞD�3

2 �
��

x4
x3

�
i� þ

�
x3
x4

�
i�
�

� h2ðx4Þ½h�ðx3Þ�2: (18)

It also follows from the region of integration over dq in
(17) in which q  p. Note that to calculate the expres-
sion for �p, we have used the identity A�þA�� ¼ AþA�.
Thus, for the Euclidean vacuum the leading IR divergence
is proportional to log ð1=��0Þ ¼ ðt� t0Þ and is present
both in np and �p.

For the in harmonics, h�ðxÞ is proportional to the Bessel
function Yi�ðxÞ. Hence, h�ðxÞ 
 Ax�i�, as x ! 0 (past

infinity). At the same time, for this case hþðxÞ 
 Cþxi� þ
C�x�i�, as x ! 0 (future infinity). Here A and C� are
some complex constants related to Aþ and A� via the
corresponding Bogoliubov rotation.

Then the leading IR contribution in this case
looks as

npðtÞ
 �2SD�2

ð2�ÞD�1
log

�
1

p�

�ZZ 0

1
dx3dx4ðx3x4ÞD�3

2

�
�
jCþj2

�
x4
x3

�
i�þjC�j2

�
x3
x4

�
i�
�
Vþðx3ÞV�þðx4Þ

þ �2SD�2

ð2�ÞD�1
log

�
1

p�0

�ZZ 1

0
dx3dx4ðx3x4ÞD�3

2

�jAj2
�
x4
x3

�
i�
V��ðx3ÞV�ðx4Þ;

�pðtÞ
�2�2SD�2

ð2�ÞD�1
log

�
1

p�

�
C�þC��

Z 0

1
dx3

Z x3

1
dx4

�ðx3x4ÞD�3
2

��
x4
x3

�
i�þ

�
x3
x4

�
i�
�
Vþðx3ÞV�þðx4Þ; (19)

where V�ðxÞ ¼ h2�ðxÞ � const
jxj � . . . [6]. Note that for the

in harmonics, npðtÞ depends separately on t and t0 rather

than on their difference ðt� t0Þ, and �pðtÞ does not

diverge as t0 ! �1. A similar situation also appears
for the out harmonics with one crucial difference: Now
�p does diverge as t0 ! �1 but is finite as t ! þ1.

One encounters an analogous situation for the one-loop
contribution in the scalar QED on the electric pulse
background [21].
For the other � harmonics, the leading IR contributions

to np and �p also unlike the case of the Euclidean har-

monics depend on t and t0 separately, and they both diverge
when t ! þ1 and/or when t0 ! �1.

B. Kinetic equation in global de Sitter space

Having in mind the discussion of CPP in the previous
section, it is not hard to derive the system of kinetic
equations in global dS space:

dnj
dt

¼ ½N ! PN� þ 2�2
X

j1; ~m1;j2; ~m2

Re Tr

�
Jj; ~m;j1; ~m1;j2 ~m2

Z þ1

�1
dt0C�

j;j1;j2
ðtÞ � ½ð1þ N�

j ÞNj1Nj2

� N�
j ð1þ Nj1Þð1þ Nj2Þ�ðt; t0Þ þ 2Jj1; ~m1;j2; ~m2;j ~m

Z þ1

�1
dt0C�

j1;j2;j
ðtÞ½N�

j1
ð1þ Nj2Þð1þ NjÞ

� ð1þ N�
j1
ÞNj2Nj�ðt; t0Þ þ Ij; ~m;j1; ~m1;j2 ~m2

Z þ1

�1
dt0D�

j;j1;j2
ðtÞ½ð1þ NjÞð1þ Nj1Þð1þ Nj2Þ � NjNj1Nj2�ðt; t0Þ

�
(20)

and

d�j

dt
¼ �½N ! PN� � 2�2

X
j1; ~m1;j2; ~m2

ð ~m ! � ~mÞTr
�
Jj; ~m;j1; ~m1;j2 ~m2

Z t

�1
dt0C�

j;j1;j2
ðtÞ � ½ð1þ NjÞð1þ Nj1Þð1þ Nj2Þ

� NjNj1Nj2�ðt; t0Þ þ 2Jj1; ~m1;j2; ~m2;j ~m

Z t

�1
dt0C�

j1;j2;j
ðtÞ½N�

j1
ð1þ Nj2Þð1þ NjÞ � ð1þ N�

j1
ÞNj2Nj�ðt; t0Þ

þ Ij; ~m;j1; ~m1;j2 ~m2

Z t

�1
dt0D�

j;j1;j2
ðtÞ½ð1þ NjÞN�

j1
N�

j2
� Njð1þ N�

j1
Þð1þ N�

j2
Þ�ðt; t0Þ

�
: (21)

The terms ½N ! PN� and ( ~m ! � ~m) have been defined in Sec. II B. In (20) and (21), instead of the usual flat space �
functions, which ensure energy-momentum conservation, we have
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Jj1 ~m1;j2 ~m2;j3 ~m3
¼
Z

d�Y�
j1 ~m1

ð�ÞYj2 ~m2
ð�ÞYj3 ~m3

ð�Þ;
Cj1;j2;j3 ¼ cosh D�1ðtÞg�j1gj2gj3 ;

Ij1 ~m1;j2 ~m2;j3 ~m3
¼
Z

d�Yj1 ~m1
ð�ÞYj2 ~m2

ð�ÞYj3 ~m3
ð�Þ;

Dj1;j2;j3 ¼ cosh D�1ðtÞgj1gj2gj3 : (22)

Unlike the cases of EPP and CPP, we do not yet understand
what is the appropriate choice of the harmonics for this
system of kinetic equations. Hence, we are not yet in a
position to solve it analytically.

IV. CONCLUSIONS

We derive kinetic equations in CPP, EPP, and global dS
space for the massive scalar fields from the principal series.
Our goal is to see whether the kinetic equation in global dS
space has any stationary solutions. In EPP and CPP we find
stationary solutions. The possibility of their existence
strongly depends on the ratio between the particle produc-
tion �2 and particle decay �1 probabilities. This ratio
defines the equilibrium particle density and is proportional

to the Gibbons-Hawking rate e�2��, � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � ðD�1

2 Þ2
q

.

It is suppressed when the particle mass is very big.
However, as the mass of the particle m approaches the
ðD� 1Þ=2 bound, the solution is not valid anymore.
Furthermore, when such a ratio is grater than 1 then the
solution in question is unstable under the linearized
perturbations [4]. Thus, e.g., for the scalar fields from the
complementary series, the picture of the particle kinetics
can be quite different from what we observe for the
principal series.

Furthermore, in global dS space, particle production and
decay rates are different from those in CPP and EPP. As a
result, the stationary solutions of EPP and CPP found
above are not applicable in global dS space. The question
is if (20) together with (21) have any other stationary

solutions. In this respect, it is worth recalling that the
solutions of these equations for the different choices of
the harmonics are related to each other via Bogoliubov
transformations. Hence, if the stationary solution does
exist, then it means that there is a choice of gjðtÞ harmonics

for which the system of equations under consideration has
a solution with �p ¼ 0. However, we do not see such a

choice so far.
Last, but not least, we would like to mention the UV/IR

mixing. In Ref. [5] it was noticed that UV and IR renorm-
alizations are mixed in the coordinate space correlation
functions in global dS space. In CPP, the situation is similar
and, as we discussed above, it is quite different from EPP
(see also Ref. [20] for the related discussion in EPP). In
fact, the sufficient condition for this mixing is the presence
of IR divergences of the type discussed above. However,
the necessary condition for such a mixing is the presence of
the nonvanishing collision integral. E.g., one can see that in
CPP for the case of the stationary solution, the mixing
disappears and the theory becomes renormalizable.
We conclude that in the circumstances when the

stationary situation cannot be reached over the fixed dS
background, the resolution of the problem comes only
when one takes into account the backreaction on the dS
metric because then the stationary stage should be achieved
in the deformed space.
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