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0. Introduction

In 1960, Steve Smale [31] introduced a class of dynamical systems (flows and diffeomorphisms) called later Morse-Smale
systems. It was proved that Morse-Smale systems are structurally stable and have zero entropy [26,28,30]. In this sense,
Morse-Smale systems are simplest structurally stable systems. One can define Morse-Smale systems as being those that are
structurally stable and have non-wandering sets that consist of a finite number of orbits. There are deep connections be-
tween dynamics and the topological structure of support manifolds [8,18,24,31,32]. On a closed manifold, any Morse-Smale
system has at least one attracting orbit and at least one repelling orbit. Thus, the simplest Morse-Smale system has the non-
wandering set consisting of two points: a sink and source. In this case, the supporting n-manifold is an n-sphere S", and
any orientation preserving Morse-Smale systems are conjugate i.e., have the same dynamics (of north-south type) [17,29].
It is natural to study Morse-Smale systems whose non-wandering sets consist of three fixed points. The existence of such
systems follows from [15], where one proved the existence of closed manifolds admitting Morse functions with exactly
three critical points, and [31] where one proved that any gradient flow can be approximated by Morse-Smale gradient
flow.

Our first theorem (that is a generalization of [15]) describes closed manifolds admitting Morse-Smale systems with the
non-wandering set consisting of three fixed points.

Theorem 1. Suppose a closed n-manifold M" admits a Morse-Smale system U (diffeomorphism or flow) such that the non-wandering
set of U consists of three fixed points. Then

e the only values of n possible aren € {2, 4, 8, 16};
o M? is the projective plane;
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e forn > 4, the homotopy groups mi(M™") = ... = a4 (M™) =0, and hence, M" is simply connected and orientable;
e M" is a compactification of R" by an 3 -sphere.

The first step of the proof is based on the following result.

Theorem 2. Let S be a Morse-Smale system on a closed n-manifold M", such that the non-wandering set NW(S) of S consists of three
fixed points. Then NW(S) consists of a sink w, a source «, and a saddle sg. In addition, (a) n is even, and every (stable and unstable)
separatrix of sg is %—dimensional; (b) M? is the projective plane; (c) for n > 4, M" is a simply connected and orientable manifold.
Moreover, the topological closure of the unstable and stable separatrices Sep (sg), Sep’(sg) are a topologically embedded %—spheres
WU (sp) U{w} =S, WS(sg) U{a} =S, respectively.

Later on, the proof of Theorem 1 connects with the possibility for the closure of separatrices to be wildly embedded. Such
possibility for simple Morse-Smale systems was discovered by Pixton [25] who constructed the gradient-like Morse-Smale
diffeomorphism f : S3 — $3 with two sinks, a source, and saddle such that the closure of 2-dimensional separatrix of the
saddle is a wildly embedded 2-sphere while the closure of the 1-dimensional separatrix forms a half of the wildly embedded
Artin-Fox arc [6]. The similar examples were constructed in [7,10], where the classification of gradient-like Morse-Smale
diffeomorphisms was considered. The effect of wildly embedding looks the most interesting when the number of fixed
points is minimal, and there are no heteroclinic intersections. It follows from [25,9] that four is the minimal number of
fixed points when the effect of wildly embedding holds for 3-dimensional Morse-Smale diffeomorphisms. One can easy
prove that the closure of separatrix is locally flat for any 2-dimensional Morse-Smale systems (diffeomorphisms and flows)
and 3-dimensional Morse-Smale flows.

The second step of the proof of Theorem 1 is based on the following theorem that is interesting itself.

Theorem 3. Let S be a Morse-Smale system on a closed n-manifold M™, n > 6, such that the non-wandering set NW(S) of S consists
of a sink w, a source o, and a saddle sg. Then the spheres W (sg) U {w} = S,,, W5(s0) U {&t} = Sy are locally flat.

The following theorem shows the difference between flows and diffeomorphisms for the dimension n = 4. Denote
by MS1®W(M" k) the set of Morse-Smale flows the non-wandering set of those consists of k fixed points on a closed
n-manifold M". Note that a flow ff e MS1°%(M™, k) is gradient one [31]. Similarly, denote by MSYT(M™ k) the set of Morse-
Smale diffeomorphisms the non-wandering set of those consists of k fixed points.

Theorem 4. (1) Given any ft e MS1oW (M4, 3), the spheres W (so) U {w} = So and WS(sg) U {a} = Sy are locally flat. (2) There is
f e MSYT (M4, 3) such that the spheres S,,, Sq are wildly embedded.

The last theorem allows to us to prove the following theorem concerning the topological equivalence.

Theorem 5. Any flows ft € MS1V(M1, 3), g € MS1°% (M3, 3) are topologically equivalent. In particular, M§ homeomorphic to M3.

Remark that Theorem 1 can be obtained from [15,32] for the flows MS1°%(M™, 3). Indeed, one can prove that a flow
ft e Ms1o%(M™, 3) is gradient-like. Due to [32], M" can be endowed with a Riemannian structure such that ff becomes
a gradient flow ie., f¢ is defined by a Morse function. Now the result follows from [15]. However, Theorem 2 shows that
there exist Morse-Smale diffeomorphisms f € MS4ff(M", 3) that are not embedded in a flow.

We see that the closure of separatrices for Morse-Smale flows with three fixed points are always locally flat. For Morse-
Smale flows with four fixed points, we prove that the closure of separatrices can be wildly embedded. To be precise, the
following result holds.

Theorem 6. Given any n > 4, there are a closed n-manifold M" and gradient polar flow ft e MS1°%(M", 4) such that f has no
heteroclinic intersections, and the closure of some separatrix of f* is a codimension two wildly embedded sphere.

The structure of the paper is the following. In Section 1, we formulate the main definitions, give some previous results,
and describe the special neighborhood of saddle fixed point. In Section 2, we prove Theorems 1, 2, 3, the first item of
Theorem 4, and Theorem 5. At last, in Section 3, we construct the corresponding examples that are essential parts of last
item of Theorem 4, and Theorem 6.

1. Main definitions and previous results
Basic definitions of dynamical systems one can find in [4,30,33]. A dynamical system (diffeomorphism or flow) is Morse-

Smale if it is structurally stable and the non-wandering set consists of a finitely many periodic orbits (in particular, each
periodic orbit is hyperbolic and, stable and unstable manifolds of periodic orbits intersect transversally). Many definitions
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for Morse-Smale diffeomorphisms and flows are similar. So, we shall give mainly the notation for diffeomorphisms giving
the exact notation for flows if necessary.

Let f: M"™ — M" be a Morse-Smale diffeomorphism of n-manifold M". A periodic (in particular, fixed) point o is called
a saddle periodic point (in short, saddle) if 1 < dimWU(o) <n—-1, 1 <dimW5(0) <n—1 where W¥(o) and W*(o)
are unstable and stable manifolds of o respectively. A component of W% (o) \ o denoted by Sep (o) is called an unstable
separatrix of o. If dimW"(o) > 2, then Sep" (o) is unique. The similar notation holds for a stable separatrix. Following [1],
one says that the saddle o is of type (u,v), if 4 =dimW"(o), v =dim W*(o). The number w (v) is called an unstable
(stable) Morse index.

1.1. Special neighborhood

Here, we describe some constructions on the boundary of the special neighborhood for later use. Let R" be Euclidean

space endowed with coordinates (x1,...,X;), and a vector field V; defined by the system

5{] = —X1, e )’(k:—Xk, k’(+1 = Xk+1> ey )’(n = Xp. (1)
We assume that k > 2, n —k > 2. The origin O = (0, ...,0) is a saddle of \75 whose k-dimensional stable separatrix W5(0)
and (n — k)-dimensional unstable separatrix W!(0) are the following

WS(0) = {(X1, ..., %) | X%k31=0,..., %, =0} = RF C R",

def
W"(0)={(X1,....%) |1 =0,..., % =0} SR}, CR".

Lemma 1. The function F (X1, ...,Xp) = Z:-‘zl xi2 Z'}=k+1 x? is integral one for the system (1).

Proof. Taking in mind (1), one gets
k

dF & OF - - :
@=L = @k DD G 3 @k YN
v=1 v i=1

i=1 j=k+1 j=k+1

k n n k
=-2) x> K42 > XY X =2F(X,....x) —2F(x1..... %) =0. O

=1 j=k+1 j=k+1  i=1

By Lemma 1, F =1 defines an (n — 1)-manifold, denoted H"~!, that divides R" into the two open sets

=t |[FG <1} 0. Z=0a.m) | F) > 1} €U,

Clearly, Ug is an invariant neighborhood of O, called special, Fig. 2.
Fix k > 2 and denote by T{‘*Z the set of points whose coordinates satisfy the equations
AAtx=rt (et ag) =1

Then Tﬂ‘z c H™ ! and T}”“z is naturally homeomorphic to the product of the spheres S']‘_k1 (r) x SZ;’l‘_nl (%) where

k
s’l‘jkl(r)z {(xl,...,xk,o,...,O) ‘ Zx?:rz} C Rk,
i=1

(1 ! 1
S;Z+’1"n]<?>={(O,...,O,xH],...,xn)‘ > x?:r—z}chH.

j=k+1

The sphere S’]‘_k] (r) bounds the disk D’]‘ =11, ..., %, 0,...,0) | ZL] x2 <r?} c Rk, For r =1, denote S’{‘kl(l) by S’f_k].

i
Similarly, Sz;’]‘j(l) = SZ;’{‘; One can check that every trajectory of \75 belonging to H™! intersects T{‘*Z at a unique
point. Therefore, H"~! is homeomorphic to T" 2 x R.

Let H'c‘_l(O < 17 < 1) be the union of trajectory arcs of \75 that start at S’]‘_k1 x S"k=1 and finish at S¥7!

1
k+1,n 1,k («/E) X
52111(7,1] (v/e). Another words,

1 k—1 n—k—1
H'7'(0<t<1)= LJfﬂ%kxsmm)‘
0<r<1

Certainly, H*™ 1(0< v < 1) c H* L,
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1.2. Flatness and wildness

For 1 <m < n, we presume Euclidean space R™ to be included naturally in R" as the subset whose final (n — m)
coordmates each equals 0. Let e: M™ — N" be an embedding of closed m-manifold M™ in the interior of n-manifold N".
One says that e(M™) is locally flat at e(x), x € M™, if there exists a neighborhood U(e(x)) = U and a homeomorphism
h:U — R" such that h(U Nne(M™)) =R™ C R". Otherwise, e(M™) is wild at e(x) [14]. The similar notation is used for a
compact M™, in particular M™ =[0; 1].

For the reference, we formulate the following lemma proved in [19] (see also [17,20]).

Lemma 2. Let f : M" — M" be a Morse-Smale diffeomorphism, and Sep® (o) a separatrix of dimension 1 <d <n — 1 of a saddle o.
Suppose that Sep® (o) has no intersections with other separatrices. Then Sep® (¢) belongs to unstable (if T = s) or stable (if T = u)
manifolds of some node periodic point, say N, and the topological closure of Sep® (o) is a topologically embedded d-sphere that equals
WT(o)U({N}.

Note that a separatrix Sep” (o) is a smooth manifold. Hence, Sep® (o) is locally flat at every point [14]. However a priori,
closSep™ (0) = W' (o) U{N} could be wild at the unique point N.
The crucial statement for the proof of Theorem 4 concerning flows, and Theorem 5 is the following statement.

Lemma 3. Let M be a compact 4-manifold whose boundary consists of two 3-spheres S3 and S3, M2 = S3 U S3. Suppose that there
is a vector field V on M2 such that:

1. Vhasa unique fixed point s, which is a hyperbolic saddle of type (2, 2);
2. V is transversal to dM%, to be precise, with V|3 pointing into M#% and Vi3 out of M%;

3. Every trajectory of v, except the trajectories belonging to the separatrices W3(sy), WU(s,) of the saddle s, intersects the both
spheres S3, S3;

4. The stable separatrix WS(s,) and unstable separatrix W' (s,) intersects the spheres S3, S% along the closed curves W*(s,) N
S3 =Cq, WU(s,) N S3 = C; respectively.

Then each of the curves Cy, C; is unknotted in S3, S% respectively.

Proof. The curves C1, C; bound in W5(s,), W (s,) the closed disks D1, D, respectively. Since s3, S% are transversal to \7,
sy is inside of each D1, D3, and s, = D1 N D>.

Suppose the contradiction, and assume that C; is knotted in 53 (the case when C5 is knotted in 53 is similar). Due to the
extended version of Grobman-Hartman theorem there is a neighborhood U of D1 U Dy such that VIu is locally equivalent
to the vector field defined by the linear part of V at S«. By Proposition 2.15 [27], V|U is equivalent to VS when n=k =2.

By conditions, the exterior of Cq in S is homeomorphic to the exterior of C, in 53. Hence, C; is knotted in S , [16].
Moreover, Sg can be considered as a result of knot surgery of S? along the knot Cy. Because of this surgery is not trivial,
S% is not homeomorphic to a 3-sphere [16,22]. The contradiction follows the statement. O

2. Proof of main results

Proof of Theorem 2. The time-one-shift along the trajectories of a flow f' e MS1°%W(M", 3) gives Morse-Smale diffeomor-
phism f from MSYff(M", 3). Therefore, it is sufficient to prove Theorem 2 for diffeomorphisms. By a connectedness of M",
the non-wandering set of f consists of a sink w, a source «, and a saddle o.

Obviously, n > 2 because a Morse-Smale diffeomorphism of a circle has an even number of fixed points. First, we
consider a 2-manifold M2 admitting a Morse-Smale diffeomorphism with three fixed points: w, o, and o. The stable and
unstable manifolds of o are 1-dimensional. Since a Morse-Smale diffeomorphism has no heteroclinic points, the union
of stable manifold W3(o) and the source « forms the closed simple curve C C M2. The set M2 \ C is the basin of w,
M?\ C = W5(w). By [33], WS(w) is a disk. Hence, M? is the projective plane.

Since f e MSYff(M™, 3) has only one saddle, f has no heteroclinic intersections. It follows from [9] that if a Morse-Smale
diffeomorphism of a closed 3-manifold has no heteroclinic intersections, then the number of periodic points cannot be three
and five. As a consequence, dim M" =n # 3.

Now, n > 4. Recall Morse inequalities for Morse-Smale diffeomorphisms. Let M; be the number of periodic points p €
Per(f) those stable Morse index equals j =dim W*(p), and g; = rank H;(M", Z) the Betti numbers. According to [31],

>pfo, Mi—Mo=p1—Bo, Ma—Mi+Mo=pB2—B1+Bo, ..., (2)

Y =DIMi=) (1B (3)
i=0 i=0
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Let f e MSYfT(M", 3), n > 4, and let us show that 2 < d = dimSep? (¢) <n — 2. Suppose the contradiction. By Lemma 2,

Ws(o) U {a} def S(lx, Wt (o) U {w) def S”w_1 are topologically embedded circle and (n — 1)-sphere respectively. Since n > 4,

there is a neighborhood U, of 52)‘1 homeomorphic to 52)‘1 x (=1; +1) [11,14]. Without loss of generality, one can assume
that f(Uy,) C U. The sphere S™-1 does not divide M" because of S%! intersects S} at a unique point o. As a consequence,
M =M"\ U, is a connected manifold with two boundary components each homeomorphic S”w‘l. Gluing n-balls to these
components, one gets a closed manifold MY. Since f(U,) C Uy, one can extend f to M} such that f will have a source
and two sinks. This is impossible.

By [17], the absence of 1-dimensional separatrices implies that a Morse-Smale diffeomorphism has unique source and
unique sink, and M" is orientable. We show above that k# 1 and k #n — 1. As a consequence, M1 = M;_1 =0, and M" is
simply connected.

Suppose o is of type (n —k, k). Then Mg = M, = My = 1. For f~!, one holds Mg =M, = M,_x =1. For j#0, n, k, n —k,
one holds M; = 0. Since the left parts of (3) for f and f~1 are equal, (—1)¥ = (—=1)"*. Hence, n = 2m is even, where m > 2.

Let us show that k = m. Suppose the contradiction. Assume for definiteness that k > m. It follows from (2) that g1 =
-+ = fBn_k_1 =0 because of My =--- = M;,_k_1 = 0. The Poincare duality implies that 8y =--- = 8x_1 = 0. Hence, 8; =0 for
alli=1,...,n—1. Then (3) becomes 1+ (—1)¥ + (=1)" =1 + (—1)™. This is impossible. O

Proof of Theorem 3. It remains to prove that S’fo = WH(sg) U{w}, Sfx = W5(sg) U{a} are locally flat provided n > 6. It follows
from [13] (see [34,12]) that k-manifold has no isolated wild points provided n > 5, k #n — 2. As a consequence, S’(j), Sﬁ are

locally flat k-spheres. This completes the proof of Theorem 3. 0O

Proof of Theorem 1. Before, we proved that M? is the projective plane, and n is even. It follows from Theorem 2 that M" is
a simply connected and orientable manifold provided n > 4. Keeping the notation of Theorem 2, we see that M" is the union
of the basin W¥(w) of the sink w and the topological closure of the separatrix Sep®(sg) that is a topologically embedded
Z-spheres. Since W*(w) homeomorphic to R", M" is a compactification of R" by an 3-sphere.

The existence of closed manifolds M" admitting a Morse-Smale system (diffeomorphism or flow) the non-wandering set
of whose consists of three fixed points follows from [15].

Now, let n > 6. By Theorem 3, the spheres W!(sg) U {w} = S,, W5(sp) U {a} = S, are locally flat. Hence, the tubular
neighborhood T of S, is a locally trivial bundle B over S, and the fiber %—ball B2 [21]. Since the non-wandering set
consists of three fixed points, the boundary 4T belongs to W!(«) that homeomorphic to R". Because of the %—sphere
S is simply connected, the bundle T is orientable. It follows that T admits a vector field that is transversal to aT and
directed to the center of B? at each fiber of T. This implies that one can define a flow @' on W¥(«) such that « is a
source and any point of W¥ (@) \ {«} is a wandering point of ¢!. Obviously, there is an (n — 1)-sphere X"~ 1 c W¥(a) \ {o}
that does not bound a ball in W () \ {}. In [23], one considered connected components of wandering set of topological
flows, and it was proved that if a connected component contains an embedded (n — 1)-sphere that does not bound a ball,
the connected component is homeomorphic to the prime product X"~ x (0, 1). As a consequence, 3T homeomorphic to
(n — 1)-sphere S"~1. Therefore, B induces the fiber bundle of S"~! over an %—sphere with a fiber (% — 1)-sphere. It is well
known that for n > 6, such bundles are Hopf bundles existing forn —1=7 and n — 1 =15 [2].

It follows from above results that the %—sphere S is the retract of M" \ {«}. Hence, the homotopy groups

m(M") = (M"\{e}) =0, ..., 71_y(M")=mu_y(M"\{a})=0.

This completes the proof of Theorem 1. O

The proof of the first item of Theorem 4. Here, we have to prove that given any f e MS1°%(M#*, 3), the spheres W¥(sq) U
{w} =S, and W3(sg) U {a} = S, are locally flat. There are neighborhoods U, U, of o and w respectively homeomorphic
to a 4-ball such that aUy, N W3(o) (resp., dU, N WH(o)) is a simple closed curve, say Cy (resp., Cy,). By Lemma 3, Cqy
(resp., Cy) is unknotted in dU (resp., dUy ). This implies that S,, and S, are locally flat. O

Proof of Theorem 5. Let wy, ay, oy be the sink, source, and saddle of ft respectively. There are neighborhoods U(w )
U(ay) of ay, oy respectively such that the boundaries dU(wyr), 0U(as) are transverse to ft, and or ¢ U(wyr) UU(ay).
Without loss of generality, one can assume that the both U(wy) and U(a ) homeomorphic to a 4-ball. The similar notation
holds for gt.

By Proposition 2.15 [27], there are neighborhoods V(of), V(og) of oy, og respectively such that each flow ff|v((,f),
gt|v(gg) is equivalent to f!|y,, where Uy is the special neighborhood. In particular, each intersection V(o) N9U(ct) =T,
V(og) NdU(ag) =Tg is a solid torus. We see that there is a homeomorphism h: V(o) — V(o) taking the trajectories of
f t|v(af) to the trajectories of gt|v(gg). Since T and T, are transversal to the flows f t and f¢ respectively, h induces the
homeomorphism T; — T, denoted again by h. Obviously, h takes Sep“ (o) to Sep“ (o). Therefore, h takes Sep“ (o) N Ty to
Sep“(og) N Tg. According to the flow structure in the special neighborhood Uy, the both Sep”(of) N Ts and Sep“(og) N Tg
are axes of solid tori Ty and T respectively.

By Lemma 3, the curves Sep“(of)N Ty and Sep"(og) N T are unknotted in the 3-spheres aU (ctf) and dU (cg) respectively.
Hence, the complements to Ty and T, are solid tori, and h can be extended to a homeomorphism U (af) — dU (ag). It
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Fig. 1. Pixton-Bonatti-Grines constructions.
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Fig. 2. Special neighborhood.

follows that there is a homeomorphism h,, : M*\ (a fUwr) — M4\ (ag Uwyg) taking the trajectories to the trajectories. Then
h, is easily extended to M* to get a homeomorphism taking the trajectories of f! to the trajectories of gf. O

3. Examples

The proof of the second item of Theorem 4. Here we follow [7,25]. For the convenience of the Reader, we briefly review the
constructions in [7,25].

Let fis be the north-south type flow on the 3-sphere S3, Fig. 1(a). If S3 thought of R3 completed by the infinity point,
fIEJS is defined by the system Xy = x1, Xo = x2, X3 = x3. The origin O = « = north is a source, and the infinity point w = south
is a sink. Let fys = f,\l,s be the shift-time t =1 along the trajectories.

Take the Artin-Fox configuration consisting of three arcs, see Fig. 1(b). One can assume that the Artin-Fox curve I is
the union of shifts f, m € Z, so that l4r connects @ and o, and lsr is invariant under fys. Well known that the Artin-
Fox closed arc Isr U {a} U {w} is wild at w and « [6,14]. Let T be a tubular neighborhood of I4¢ such that T is invariant
under fns. Actually, T is an infinite cylinder that can be thought of the support of Cherry type flow g' with a saddle, say o,
of type (2,1) and an attracting node, Fig. 1(c). One can assume that the shift-time-one g! =g on 3T coincides with the
restriction fys|sr. The Pixton-Bonatti-Grines diffeomorphism f : S> — $3 equals fys on S>\ T and equals g on T. It is
easy to see that f is a gradient-like Morse-Smale diffeomorphism such that the closure of unstable separatrix of o is a
topologically embedded 2-sphere that is wild at w.

Developing this idea we consider a 4-sphere S* being the result after the rotation R of 3-sphere S such that R(w) = o,
R(cx) = a. Instead of T, one takes R(T), and instead of Cherry type flow g' we take the flow on the special neighbor-
hood Ug with a unique saddle of type (2, 2).

Here, we keep the notation of Section 1 for n =4, k = 2. Given a 2-torus T? that is the boundary of solid torus P3 =
ST x D%, T2 =9P3 =S x 9D?, any curve {-} x dD? is called a meridian, and S x {-} is a parallel. Recall that a 3-sphere S>
can be obtained after a gluing of two copy of solid torus P3, $3 = P3 U, P3, where the glue mapping v : T2 — T2 takes a
meridian to parallel and vise versa. This representation of S is a standard Heegaard splitting of genus 1.

Given any t € R, we introduce 2-torus

T? = | (x1, %2, X3, X4) | X3 + X3 = exp(—21), X} + x5 =exp2t} C H?
that is the boundary of the following solid tori

P?Z,t ={(x1,x2,X3,X4) | 18 + x5 = exp(—-20), X3 + x5 < exp2t},

P§4’t ={(x1,x2,X3,%4) | 1 + x5 < exp(—20), X3 + x5 = exp 2t},

that form a standard Heegaard splitting P, , Ug P3,, of genus 1. The 3-sphere P, Ujg P3,, bounds the 4-ball, say Bg.
Moreover, P?z,ro and P§4_t0 divide Uy into three domains B2, Uia(t < tg), Usa(t > to), Fig. 2, where
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//\ﬁ
//ﬁ/
/1)

(b)

Fig. 3. Artin-Fox configuration.

Uty (t <to) = {(x1, X2, %3, x4) | X2+ x5 > exp(—2to), X3 + x5 < exp2to, (x% +x§)(x§ —|—xﬁ) <1},
>

U3,(t > to) = {(x1, %2, %3, x4) | X2+ x5 < exp(—2to), X3 + x5 > exp 2to, (x% +x§)(x§ —|—xi) <1}

We see that a 2-torus Ty divides H into two parts T7, = Uy<r, Tts Trsy, = Urse, T7 Such that aU1(t < to) = Ty, and
U3a(t > to) =Tr .
Let us introduce the coordinates (¢, u, v) on H3 = 3Uq as follows
x1 =e ‘cos2ru, xo =e tsin2mu, x3 =e'cos2mv, x4 =e'sin2mv, (4)

where u, v € [0; 1) are cyclic coordinates on meridians or parallels on ’[Ff. Later on, (t,u, v) becomes (ty, uy, v3).
Take the copy of R* endowed with the coordinates (x1, X2, X3, X4), and the flow f,f,s that is defined by (7) for n = 4. The
diffeomorphism

1 .
Ins = fys : (X1, X2, X3, X3) — (X1, exa, ex3, exa)

is a shift-time-one along the trajectories of f,f,s. Clearly, the family of spheres

S3 = {(x1,....x8): X4+ B+ xS =ezm}, S2 =St N{xg =0}
is invariant under fys.
Now we construct the special Artin-Fox curve as follows. On S2. one takes the points Yg(%; 0; @; 0), Y?(O; 0;1;0),

YS(?; 0; 5 0). Between the spheres S3 and fys(S3) = S3, one takes arcs dy, da, d3 forming Artin-Fox configuration such

that dy connects YJ, Y?, and d; connects fys(YD), fns(Y9), and d3 connects Y3, fns(YQ), Fig. 3(a). One can assume that the
union

1L fhsdi Udy Uds)
keZ
is a simple arc connecting the origin O = N and the infinity point S such that I ={S, N} UI° is Artin-Fox curve [6]. Here,
we consider the 3-sphere S3 the both as R3 completed by the infinity point S, and as the natural part of the 4-sphere S?.
Without loss of generality, we can suppose that I intersects transversally all spheres S3,, m € Z.
Let R be the rotation of the half-space Ri about 2-plane x4 = 0 = x3 that is defined as

X1 = X1, Xy = X2, X3 =X3COS2TTV — X4SiN2mV, X4 =X3SIN27TV + X4 COS 2TV, (5)
where v € [0,1]. Since S and N are fixed under R and I° =1\ ({S,N}) c R3, R() =l is a topologically embedded
2-sphere. It follows from [3,13] that Iz is wild at S and N.

One can introduce the smooth injective parametrization @ : R — [° such that | intersects every S3,, m € Z, at three points
[°(m), I°(m+ %), l°P(m+ %) with parameters t =m, m+ % m +% respectively. Since [ is invariant under fys, there is a tubular
neighborhood T (I°) of I° such that T(I°) is invariant under fys, and T(I°) is diffeomorphic to R x D2, and T(I°) intersects
every S3,, m € Z, at three disks

1 2
2 2 2
Dmo={m} x D%, D 1={m—i—§}><D, Dm+%’2={m+§}xD,

W=

m+

where Y €D, ,,i=1,2,3.
i,
Clearly, R(R x D?)4F is a neighborhood of R(I°) = I% which is homeomorphic to R x D? x S the boundary of those is
R x S! x S1. Therefore, this boundary is endowed with the coordinates (t, u, v) defined by (5). Here, we denote (t, u, v) by
(t1,u1, v1).
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Put by definition, Z = int(R x D%)ar U {N, S}, M1 = S*\ Z, and M, = closUg. We see that dM; is homeomorphic to
R x S! x ST ~ 3M, = H3. Recall that H3 endowed with the coordinates (t,, uy, v2). The mapping & : §M, — dM; is defined
as follows:

ty =to, Uy =uy — vy, Vi =V3. (6)
According to [21], the set M2 = My Uz M> is a non-compact manifold. Clearly, the set M| = S$4\ int(R x D?)ar is compact,
and My = M/ \ {N. S}.

The tori T3, T2 divide H> into three sets Tt2>], T(2)<t<1‘ Tf@ where Tégrgl is compact while the others are
non-compact. Denote by &r>1, Zo<r<i, Sr<o the restriction of Z on 'JI‘t2>1, T%grgv ’Jl‘f@ respectively. Similarly, the
circles ({0} x aD?)ar, ({1} x 3D?)ar divide the boundary of (R x D?)sr into three cylinders Co<r<1 = ([0,1] x SV)ar,

Ce>1=([1,400) x SHYAF, Ct<o = ((—00; 0] x SHar where Cogeg1 is compact while the others are not. Denote R(Cogr<1),
R(Ce=1), R(Ctgo) by

Co<t<1.r = [0,1] x ST x ST, Ces1.r = [1,400) x ST x ST, Ci<o.r = (—00,0] x ST x §1

respectively.

Clearly, R(S2) = S3, C R*\ {N, S}. Let K(>m) = {(x1,X2,X3,Xa): X3 + x5 + X3 + x5 > €?™} be the exterior of S3,, and
K(< m) the interior of S?n with the hole N. Denote by K(my,my) the closed annulus between the spheres Sﬁn, S%Z.
Because of (6), Mfk1 = M1 Uz M3 is the union of the following sets:

def
1) Una(t <0) Ug,, [K(< O\ T1E By,
2) Usa(t2 DUz, [Kr=DA\TI] &' B,
3) BY0<t< 1) Ugyeye, K(-1.D\T]1¥B..

0<t<1

It follows from (6) that the set

3 3 3 def 3
Sw,—m YUZ<o (Plz,—m U P]z’_m_,_% U P]Z‘_m_,_%) = St
is a 3-sphere, since the lens L(1, —1), L(1, 1) are the 3-sphere S3 = L(1,0). Note that if | deforms outside of some compact

part to being rays, | becomes a locally flat arc. It follows that the set Ky(—m,—m — 1) between S?n’*, an 414 €an be

embedded in R*. This implies that Ky(—m, —m — 1) homeomorphic to the annulus S3 x [0; 1], and hence By can be
completed by a point to be a smooth manifold. Similarly, Bs. We see that M* = M) Uz M; admits a structure of closed
smooth 4-manifold.

The shift-time-one diffeomorphisms fys: M1 — My, fs1 : M — M induce the diffeomorphism f : M* — M* with two
nodes, say o and o, and a saddle. By construction, the spheres S, S, are wildly embedded. This completes the proof of
Theorem 4. O

Proof of Theorem 6. First, we introduce the special Morse-Smale flows MSE%"[,{(M"A) c MSTOY(M", k), where k > 2,
n—k>2.In R", consider the linear vector field V, defined by the system

X1 =X1, X2 =X, Xn—1=2Xn—1, Xn = Xp. (7)

Clearly, O = (0,...,0) is a repelling node, and (n — 1)-sphere S’}._] ={X=(X1,....,%) | X3 + -+ x2 = j?} is transversal

to \7n for any j € N. Let S’{fl be a smoothly embedded in S']’*1 (k — 1)-sphere. Denote by T(S’l‘”) C S']’*1 a closed tubular
neighborhood of S’l‘*1 diffeomorphic to S’l‘*] x D"k Let Q" be the union of rays starting at O = (0, ..., 0) through T(S’l‘*]).

Actually, each ray is the node O and a trajectory through T(S’{_l). Since 8T(S’{_1) is diffeomorphic to Sk=1 5 gn—k=1 " the

boundary of the set R def g \ (0 Uint Q™) is diffeomorphic to Sk~ x §"*k=1 x R where the last factor R corresponds to

the time parameter of (7).

Recall that dUg = Sk=1 x §"~k=1 x R where the last factor R corresponds to the time parameter of (1). Let : dUg — 9R
be the natural identification. Then (closUg) U, R is a manifold. Because of n is a homotopy identity on the fac-
tor Sk=1 x $" %=1 one can extend the structure of smooth manifold to O U (closUp) Up R def R, such that the set
(S'}_1 \T(S’l‘_l)) Uy (S’{‘k1 X DZ;’{ o) is homeomorphic to 5’11_1 that bounds the neighborhood of O in R, homeomorphic
to R™.

Let A be a closed annulus bounded by S'}_l, Sg_l in R*, and B} C R" the closed n-ball bounded by Sg_l. By construc-
tion, n glue H"~1(0 < v < 1) with (A \ Q"). Therefore, 1 glue 8(53_1 \ Q™M with

5( DX r « Sh—k—1 \/_E — gk-1 T  §n—k-1 £
1,k «/E k+1,n r 1.k «/E k+1,n r :
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Put by definition,

p'r<0)= |J fr (D’{’k<L> x s;};’;;} <$>> B, =D"(t <0) Uy, 3(B3\ Q").

0<r«<1 \/E

The set B is a part of R, with the piecewise smooth boundary

n— n r n—k— e
0By = (52 ! \Q ) Uy (Dllc,k(jg) X 5k-+-’]<,n1 <\/T—>>

The vector fields \75, \7,1 define the vector field v on int B,. Smoothing the boundary of B, and V to get a smooth vector
field (denoted by v again) that is transversal to dB,. By construction, v has the repelling node O and the saddle, say sg, of

the type (n — k, k). Note that 5']"_,(1 =W53(sg) N Srl’_] = 5'1"_,(1, SZ;’f—n] =WU(sp) N 9B, = SZ;’f—n] Take the copy Bj, of B, with

the vector field —v. Clearly, —v has an attracting node, say O’, and saddle, say sy, of the type (k,n —k). The intersection of
n—k—1,x n—k—1,x
’ m s ’

k+1.n krtn =Y because of

W?3(sp) with 9By, is a sphere S;};';_nl* Without loss of generality, one can assume that S
k> 2.
, def >

Let By Uy B, = M" be the manifold obtained by the identification v of the boundaries of B, B; [21]. The fields v,

n
—V define on M" the Morse-Smale vector field V that induces the Morse-Smale flow denoted by f,g nik(S’l‘_kl). Obviously,
f,g n_k(Sll‘_k]) € MS,t< a_k(M", 4). For k=n—2 and n > 4, take S'{_1 = 5'11_3 to be smoothly embedded and knotted codimen-
sion two sphere. Well known that such spheres exist [14]. According to [5,3,13], the spheres W*(so) U O, W¥(sp) U 0" are

wild at O and O’ respectively. This completes the proof of Theorem 6. O
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