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a b s t r a c t

We discuss the efficiency of the quadratic bridge volatility estimator in comparison with
Parkinson, Garman–Klass andRoger–Satchell estimators. It is shown inparticular that point
and interval estimations of volatility, resting on the bridge estimator, are considerably
more efficient than analogous estimations, resting on the Parkinson, Garman–Klass and
Roger–Satchell ones.
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1. Introduction

Volatility, defined as the variance of the increments of the log-price over a specific time interval, is a universally used risk
indicator. Most of the existing high-frequency variance estimators are modifications of the well-known realized volatility
(see, for instance, Refs. [1–3]), and are based on the knowledge of the open and close prices of n time-step intervals dividing
the whole time interval of interest.

With the growing availability of high-frequency tick-by-tick price time series, a number of new efficient volatility es-
timators have been developed (see, for instance, Refs. [4–6]). We present here a comparative analysis of the efficiency
of the quadratic bridge volatility estimator [7] and the well-known Parkinson (PARK) [8], Garman–Klass (GK) [9] and
Roger–Satchell (RS) [10,11] volatility estimators, based on high and low values of the log-price increments within given
time intervals. Some fruitful information and detailed analysis of stochastic price models and efficiency of high–low-close
volatility estimators one can find in the recent article Ref. [12]. Detailed and valuable discussion of stochastic volatilitymod-
els and volatility estimators, related to the topic of the present paper, are provided in G. Ramey and V. Ramey Ref. [13] and
in Bonanno et al. Refs. [14,15].

We show that the high–low quadratic bridge estimator, discussed in this work, is significantly more efficient, for the
point and interval volatility estimations, than the above-mentioned PARK, GK and RS estimators, at least in the framework
of the geometric Brownian motion with a drift model of the price stochastic process. Notice that some related results
concerning statistical properties of volatility estimators were obtained in Saichev et al. Ref. [16], where they have discussed
constructions of most efficient volatility estimators. It was shown that efficiencies of the pointed out most efficient
estimators are very close to the efficiency of the quadratic bridge estimator discussed in this paper. From another side,
the shortcoming of the most efficient estimators, discussed in Ref. [16], is that they have much more complicated structure
than the quadratic bridge estimator, discussed in this paper.

For the Brownian motion model of log-price process, the advantage of the quadratic bridge estimator can be intuitively
understood as follows. It is well-known that the high and low values of a Brownianmotion process are most probably found
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in the neighborhood of the edges of the observation interval. In contrast, by construction of the bridge, its high and lowvalues
are in general distant from the edges (see Fig. B.1 at the end of the article, where are depicted distributions of instants of
high value occurrence for the Brownian motion and the corresponding bridge). As a result, the high and low of a bridge
incorporate significantly more information about the variability of the original stochastic process than its own high and low
values.

It is worthwhile to stress additionally that one cannot calculate intraday volatility, due to the lack of historical financial
markets data, during themiddle (and even at the end) of the previous century. But now there are accessible even tick-by-tick
price data for most financial markets and stocks. So, one can now easily calculate values of the intraday bridge high–low
volatility estimators.

Notice in conclusion that it seems at first glance that high-frequency (or even tick-by-tick) realized-volatility estimators
might be more efficient than any high–low estimators. It is, of course, right in the framework of the geometrical Brownian
motionmodel of the price stochastic behavior. Unfortunately, thementionedmodel failed at the small time scales.Moreover,
there is a microstructure noise effect, making high-frequency realized-volatility estimators biased and less efficient even in
the case of zero drift. Concerning quantitative description of the microstructure noise effect see our paper [17] and the
references therein.

The paper is organized as follows. In Section 2 a short description of high–low volatility estimators, including the
quadratic bridge estimator, suggested in this work, is given. In Section 3, the statistical description of high–low volatility
estimators, in the framework of the Brownian motion model of the log-price stochastic process, is discussed in detail.
In Section 4, we compare the efficiency of PARK and quadratic bridge estimators. In Section 5, we give a comparative
probabilistic analysis of the interval estimations, resting on the bridge, PARK, GK and RS volatility estimators. In Section 6 the
results of statistical testing of the above-mentioned volatility estimators are described. In Section 7we draw the conclusions.

2. Examples of volatility estimators

Consider the dependence on time t of the price P(t) of some financial instrument. As a rule, in discussing volatility, one
consider its logarithm

X(t) := ln P(t).

Let us point out one of the conventional volatility V (T ) definitions, which we are using in this work. It is the variance

V (T ) := Var[Y (t, T )] = E[Y 2(t, T )] − E2
[Y (t, T )]

of the log-price increment Y (t, T ) := X(t + T ) − X(t) within a given time interval duration T .
Recall that GK [9], PARK [8] and RS [10] volatility estimators are resting on the high and low values:

H := sup
t ′∈(0,T )

Y (t, t ′), L := inf
t ′∈(0,T )

Y (t, t ′).

Accordingly, the PARK estimator is equal to

V̂p := (H − L)2/ ln 16, (1)

while the GK estimator is given by the expression

V̂g := k1(H − L)2 − k2(C(H + L) − 2HL) − k3C2,

k1 = 0.511, k2 = 0.0109, k3 = 0.383.
(2)

Here C := Y (t, T ) is the close value of the log-price increment. Recall also the RS estimator, equal to

V̂r := H(H − C) + L(L − C).

Besides thementionedwell-known estimators, we discuss the quadratic bridge estimator. Belowwe call it briefly the bridge
estimator. Before we define it, recall the definition of the bridge Z(t, t ′) of stochastic process Y (t, t ′). It is equal to

Z(t, t ′) := Y (t, t ′) −
t ′

T
Y (t, T ), t ′ ∈ (0, T ). (3)

Let introduce the high and low of the bridge:

H := max
t ′∈(0,T )

Z(t, t ′), L := min
t ′∈(0,T )

Z(t, t ′).

Accordingly, the bridge volatility estimator mentioned above is given by

V̂b := κ(H − L)2. (4)

The value of the factor κ will be calculated later on.
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Fig. 1. Typical paths of canonical Brownian motion x(τ , γ ) (5) for γ = 1 and corresponding canonical bridge z(τ ) (9).

3. Geometric Brownian motion

One of the conventional models of price stochastic behavior is geometric Brownian motion (see Refs. [18–20]). In
particular, it is used in theoretical justification of GK, PARK and RS estimators. Below we discuss statistics of the mentioned
volatility estimators in the framework of the geometric Brownian motion model. Namely, we assume that the increment of
the log-price is of the form

Y (t, T ) = µT + σB(T ).

Here µ is the drift of the price, while B(t) is the standard Brownian motion B(t) ∼ N (0, t). The factor σ 2 is the intensity of
the Brownian motion. Using the well-known Brownian motion self-similar property, one can ensure that

Y (t, t ′) ∼ σ
√
Tx(τ , γ ),

x(τ , γ ) := γ τ + B(τ ), γ := µ
√
T/σ , τ := t ′/T ∈ (0, 1).

(5)

Henceforth we call process x(τ , γ ) by canonical Brownian motion, while the factor γ by canonical drift. Using relations (1),
(2), and (4) and (5), one finds that

V̂p ∼ V (T ) · v̂p(γ ), V̂g ∼ V (T ) · v̂g(γ ), V̂b ∼ V (T ) · v̂b,

V̂r ∼ V (T ) · v̂r(γ ), V (T ) = σ 2T .

We have used the above canonical estimators:

v̂p(γ ) := d2/ ln 16, v̂b := κs2, d := h − l, s := ξ − ζ ,

v̂g(γ ) := k1d2
− k2(cd − 2hc) − k3c2, v̂r = h(h − c) + l(l − c),

(6)

containing high, low and close values
h := sup

τ∈(0,1)
x(τ , γ ), l := inf

τ∈(0,1)
x(τ , γ ), c := x(1, γ ), (7)

of canonical Brownian motion, and high and low values
ξ := sup

τ∈(0,1)
z(τ ), ζ := inf

τ∈(0,1)
z(τ ), (8)

of the canonical bridge
z(τ ) := x(τ , γ ) − τx(1, γ ) = B(τ ) − τ · B(1), τ ∈ (0, 1). (9)

Plots of the typical paths of the canonical Brownian motion x(τ , γ ) (5) for γ = 1 and corresponding canonical bridge z(τ )
(9) are given in Fig. 1.

It is worthwhile to note that the closer the expected values of canonical estimators v̂p(γ ), v̂g(γ ), v̂r and v̂b are to unity,
the less biased are the corresponding original volatility estimators. Analogously, the smaller the variances of canonical
estimators the more efficient the original volatility estimators V̂p, V̂g , V̂r and V̂b.

Notice additionally that canonical drift γ of the canonical Brownian motion x(τ , γ ) (5) is, as a rule, unknown. Neverthe-
less, to get some idea about dependence on drift µ of bias and efficiency of volatility estimators, we will discuss below in
detail the dependence of canonical estimator statistical properties on possible values of the factor γ .
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Fig. 2. Plot of canonical PARK estimator v̂p(γ ) mean value, as function of canonical drift γ . It is seen that with growth of γ PARK estimator becomes more
and more biased. Straight line is the plot of canonical bridge v̂b , mean value.

4. Comparative efficiency of PARK and bridge estimators

Resting on analytical formulas for probability density functions (pdfs) of random variables (7) and (8), given in Appendix,
we explore in this section some statistical properties of canonical PARK estimator v̂p(γ ) and the bridge one v̂b (6).

Let us check, first of all, the unbiasedness of the canonical PARK estimator. To make it, let us calculate, with the help of
pdf qx(δ) (A.4), the mean square of oscillation d = h− l of the canonical Brownianmotion x(τ , γ ) at the zero canonical drift
(γ = 0). After simple calculations we obtain

E[d2
] = 2 +

∞
m=1

2
m(4m2 − 1)

= ln 16.

From here and from expression (6) of canonical PARK estimator v̂p(γ ) one can see that the following expression is true

E[v̂p(γ = 0)] = 1.

Let find now the factor κ at expressions (4) and (6). To do it, we calculate first of all the mean square of the bridge
oscillation. Due to expression (A.5) for the bridge oscillation s (6) pdf, one has

E[s2] =

∞
m=1

1
m2

=
π2

6
.

Accordingly, the unbiased canonical bridge estimator has the form

E[v̂b] = 1 ⇒ κ = 1/E[s2] ⇒ v̂b = 6 s2/π2. (10)

The great advantage of the bridge estimator is its unbiasedness for any drift. This remarkable property of the pointed out
estimator is the consequence of the fact that the bridge Z(t, t ′) (3) and its canonical counterpart z(τ ) don’t depend on the
drift µ (canonical drift γ ) at all. On the contrary, the PARK estimator becomes essentially biased at nonzero drift. In Fig. 2
the depicted dependence on γ of the canonical PARK estimator expected value illustrates the bias of the PARK estimator at
nonzero drift. The corresponding curve is obtained with the help of analytical expression (A.3) for the canonical Brownian
motion’s oscillation d pdf.

Let calculate variances of the canonical PARK and bridge estimators. After substitution into the rhs of expression

E[v̂2
p(γ = 0)] :=

1
ln2 16


∞

0
δ4qx(δ)dδ

the sum (A.4) for the canonical Brownian motion oscillation pdf qx(δ), and after summation we obtain for γ = 0:

E[v̂2
p(γ = 0)] = 9 ζ (3)/ ln2 16 ≃ 1.40733.

Accordingly, variance of canonical PARK estimator v̂p is

Var[v̂p(0)] =
9 ζ (3)
ln2 16

− 1 ≃ 0.407. (11)
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Fig. 3. Plots of dependence on γ of canonical PARK estimator variance. Straight line is the variance of canonical bridge estimator.

As the next step, we calculate variance of canonical bridge estimator v̂b (10). The sought variance is equal to

Var[v̂b] :=
36
π4

E[s4] − 1.

After substitution here, following from (A.5), the relation

E[s4] :=

 2

0
δ4qb(δ)dδ = 3

∞
m=1

1
m4

=
π4

30
,

obtains

Var[v̂b] =
6
5

− 1 = 0.2. (12)

Comparing equalities (11) and (12), one can see that variance of the bridge estimator is approximately twice as small than
variance of the PARK estimator.

Recall that variance of the bridge estimator does not depend on drift. On the contrary, variance of the PARK estimator
essentially depends on the drift. One can see it in Fig. 3, where a plot of dependence, on canonical drift γ , of the canonical
PARK estimator variance is depicted.

Notice else that bias of some estimator is insignificant only if it is much smaller than the rms of the corresponding
estimator, i.e. is smaller the relative bias:

ϱ :=
E[v̂(γ )] − 1
Var[v̂(γ )]

. (13)

A plot of the canonical PARK estimator relative bias, as a function of canonical drift γ , is depicted in Fig. 4.

5. Interval estimations on the basis of PARK and bridge estimators

Given in Appendix analytical expressions (A.3), (A.4) and (A.5) for canonical Brownian motion and canonical bridge
random oscillation pdfs allow us to explore in detail probabilistic properties of PARK and bridge canonical estimators. Let
us find, at first, pdfs of the mentioned canonical estimator random values. It is well-known from Probabilistic Theory that
pdf Wp(x; γ ) of the canonical PARK estimator is expressed through pdf qx(δ; γ ) (A.3) of the canonical Brownian motion
oscillation by the relation

Wp(x; γ ) =


α

4x
qx
√

αx; γ

, α = ln 16. (14)

Similarly, pdf of the canonical bridge estimator is equal to

Wb(x) =


α

4x
qb
√

αx

, α =

π2

6
. (15)
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Fig. 4. Plot of relative bias (13) of canonical PARK estimator as function of canonical drift γ .

Fig. 5. Plots of canonical PARK and bridge estimators pdfs, clearly demonstrating ‘‘probabilistic preference’’ of bridge estimator in comparison with the
PARK one.

Here qb(δ) (A.5) is the pdf of the canonical bridge oscillation. Plots of the canonical PARK estimator pdf, for γ = 0, and pdf of
the canonical bridge estimator are depicted in Fig. 5. In Fig. 6 are compared pdfs of the canonical PARK estimator, for γ = 1,
and pdf of the canonical bridge estimator. It is seen in both figures that the pdf of the canonical bridge estimator is better
concentrated around its expected value E[v̂b] = 1 than the canonical PARK estimator pdf.

Knowing estimator pdfs, one can produce interval estimations of possible volatility values. Consider typical interval
estimation. Let V̂ be some volatility estimator, equal to

V̂ = V (T ) · v̂. (16)
Here v̂ is the corresponding canonical estimator, while V (T ) is the measured volatility. One needs to find the probability

F(N) := Pr{V (T ) < N · V̂ }

that the unknown (random) volatility V (T ) is not greater than N times the known (measured) volatility estimated value V̂ .
It follows from (16) that the following inequalities are equivalent:

V (T ) < N · V̂ ⇔ v̂ > 1/N.

The lastmeans in turn that the sought probability F(N) is expressed through the pdf of canonical estimator v̂ in the following
way:

F(N) = Pr{v̂ > 1/N} =


∞

1/N
W (x)dx. (17)

HereW (x) is the pdf of canonical estimator v̂.
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Fig. 6. Plots of PARK and bridge canonical estimators pdfs for γ = 1.

Fig. 7. Plots of probabilities Fp(N) and Fb(N) that true volatility is less than N times exceeding the values of PARK and bridge estimators.

Calculations, based on the relations (14), (15) and (17), give the result that the probability that the true volatility is less
than twice the given bridge volatility estimator value V̂b is equal to Fb(2) = 0.918. This is substantially larger than the
analogous probability in the case of the PARK estimator: Fp(2, γ = 0) ≃ 0.813. The plots of the probabilities F(N) (Eq. (17))
as a function of the level N , for the PARK estimator (in the case of zero drift µ = 0) and for the bridge volatility estimator,
are shown in Fig. 7.

6. Comparative statistics of canonical estimators

Above, we explored in detail statistical properties of the PARK and bridge estimators. Here we compare their statistics
and statistics of other well-known volatility estimators: the GK and RS ones. Despite the previous sections, where we have
used known analytical expressions for pdfs of canonical PARK and bridge estimators, below we use predominantly results
of numerical simulations.

Namely, we produceM ≫ 1 numerical simulations of random sequences

xn(γ ) := γ
n
N

+
1

√
N

N
n=1

ϵn, n = 0, 1, . . . ,N, x0(γ ) = 0, (18)

where {ϵn} are iid Gaussian variables∼N (0, 1). Notice that stochastic process xn(γ ) of discrete argument n rather accurately
approximates, for large N ≫ 1, paths of canonical Brownian motion x(τ , γ ) (5).
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Fig. 8. Upper panel. Histogram ofM samples of canonical bridge estimator v̂b . Solid line is the plot of canonical bridge estimator’s pdf, given by analytical
expression (15), and (A.5). Dashed line is the pdf of canonical PARK estimator for γ = 0. Lower panel. Histogram of M samples of canonical GK estimator
v̂g for γ = 0. Solid line is the plot of the canonical bridge estimator pdf. Dashed line is the canonical PARK estimator pdf for γ = 0.

KnowingM iid sequences {xn(γ )} one can find corresponding iid samples of the canonical estimators pointed out above.
Everywhere below we take the number of iid samplesM and discretization number N equal to

N = 5 · 103, M = 5 · 105.

Plots in Fig. 8 demonstrate rather convincingly the accuracy of numerical simulations. In Fig. 9 are given two hundred
samples of canonical GK, RS, bridge and PARK estimators, ensuring ‘‘by the naked eye’’ that the canonical bridge estimator
is more efficient than the GK one.

In Figs. 10 and 11 are given, obtained by numerical simulations, plots of canonical GK, PARK, RS and bridge estimators
mean values and variances. These plots clearly demonstrate unbiasedness and high efficiency of the bridge estimator in
comparison with the PARK, GK and RS estimators.

Finally, in Fig. 12 are shown the plots of probabilities that the true volatility V (T ) is larger than half the corresponding
estimator value and less than twice it:

P∆ := Pr

V̂/2 < V (T ) < 2V̂


=

 2

1/2
W (x)dx. (19)

It is seen that for any γ the mentioned probability is essentially larger for the bridge estimator than for the GK, RS and PARK
estimators.

Notice in conclusion that there are, in Figs. 10 and 12, some evident (but not essential) regular gaps between analytical
curves and the results of numerical simulations. We suppose that the mentioned gaps are the consequences of the obvious
discrepancy between, the comparatively regular, behavior of the process xn (18) of discrete argument n and the wildly
wrinkled dependence, on continuous time t , of the Brownian motion B(t).

7. Conclusions

In this work we have analyzed statistical properties of the quadratic bridge volatility estimator, which is significantly
more efficient than most, previously known, high–low-close volatility estimators.
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Fig. 9. Plots of two hundred samples of canonical estimators. Top to bottom are samples of GK, RS, bridge and PARK estimators. It is seen even by ‘‘the
naked eye’’ that bridge estimator estimates volatility more accurately than the other mentioned estimators.

Fig. 10. Mean values ¯̂v of canonical PARK (�), GK (�), RS (⋆) and bridge (N) estimators. Solid lines are theoretical expectations, borrowing from Fig. 2.

Appendix A. Probabilistic properties of high, low and close values

Here are given pdfs of random variables (h, l, c) (7) and variables (ξ , ζ ) (8), which one needs for canonical estimators
(6) statistical analysis. Let us begin with random variable c = x(1, γ ). Obviously, its pdf is

f (χ; γ ) :=
1

√
2π

exp


−
(χ − γ )2

2


, χ ∈ (−∞, ∞).

It is easy to show, additionally, that joint pdf qx(η, χ; γ ) of high value h (7) of canonical Brownian motion x(τ , γ ) and the
close value c = x(1, γ ) is equal to

qx(η, χ; γ ) =


2
π

(2η − χ) e2γ η exp


−
1
2
(2η − x + γ )2


, χ < η, η > 0.
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Fig. 11. Estimations D̄ of variance of PARK (�), RS (⋆), GK (�) and bridge (N) canonical estimators. Solid lines are plots of theoretical variances, borrowed
from Fig. 3. It is seen that for any γ bridge estimator’s variance is significantly smaller than variances of other mentioned estimators.

Fig. 12. Probabilities P∆ (19) at different γ values for PARK (�), RS (⋆), GK (�) and bridge (N) estimators. Solid lines are results of theoretical calculations,
resting on formula (19).

In turn, pdf of high value h (7)

qx(η; γ ) :=

 h

−∞

qx(η, χ; γ )dχ

is given by expression

qx(η; γ ) =


2
π

exp


−
(η − γ )2

2


− γ e2γ η erfc


η + γ

2


, η > 0.

Let us write here an explicit expression for joint pdf qx(η, ℓ, χ; γ ) of random variables (h, l, c) (7). Using formulas, given
in the monograph [21] and in the article [22], one might show that the pointed out joint pdf is given by:

qx(η, ℓ, χ; γ ) = f (χ; γ )S(η, ℓ|χ),

χ ∈ (ℓ, η), h > χ1(χ), ℓ < χ1(−χ). (A.1)
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Here 1(χ) is the unit step function, equal to unity for χ > 0 and zero otherwise. Besides, above there is the function

S(η, ℓ|χ) :=

∞
m=−∞

m [mF (m(η − ℓ), χ) + (1 − m)F (m(η − ℓ) + ℓ, χ)] ,

F (η, χ) :=

(χ − 2η)2 − 1


e2η(χ−η).

(A.2)

To explore statistical properties of the canonical GK estimator, we need the joint pdf qx(δ, χ; γ ) of canonical Brownian
motion x(τ , γ ) (5) oscillation d = h − l and the close value c = x(1, γ ). As it follows from (A.1), and (A.2), the mentioned
pdf is equal to

qx(δ, χ; γ ) = 4f (χ; γ )

∞
m=−∞

m ×

m(δ − |χ |)[(|χ | + 2mδ)2 − 1] − (m + 1)(|χ | + 2mδ)


e−2mδ(|χ |+mδ),

δ > |χ |, χ ∈ (−δ, δ).

After integration of above joint pdf over all χ values we obtain pdf qx(δ; γ ) of oscillation d:

qx(δ; γ ) = 2
∞

m=−∞

m


8
π
e−

γ 2
2 −2m2δ2

×


e−

δ2
2 (1+4m) cosh(δγ )(1 + m(2 + γ 2)) − m(2 + γ 2)



+ γ [a(δ, γ ,m) + a(−δ, γ ,m)]


, δ > 0. (A.3)

Here we have used the auxiliary function

a(δ, γ ,m) := e2mδγ [1 + m(3 + γ (2mδ + γ + δ))] ×


erf


2mδ + γ + δ

√
2


− erf


2mδ + γ

√
2


.

In the particular case of zero drift (γ = 0), one gets from (A.3) the following expression

qx(δ) =


32
π

∞
m=−∞

m

(1 + 2m)e−

(1+2m)2δ2
2 − 2me−2m2δ2


. (A.4)

All statistical properties of high and low values (8) of canonical bridge (9) are defined by their two-fold joint pdf qb(η, ℓ),
given by the relation

qb(η, ℓ) =

∞
m=−∞

m [mF (m(η − ℓ)) + (1 − m)F (m(η − ℓ) + ℓ)] ,

F (η) := 4(4η2
− 1)e−2η2 .

Following from here the pdf qb(δ) of canonical bridge oscillation s = ξ − ζ is given by the equality

qb(δ) = 8δ
∞

m=1

m2(4m2δ2
− 3)e−2m2δ2 , δ > 0. (A.5)

Appendix B. Probabilistic properties of high value and its instant

Consider random high value h (7) of canonical Brownian motion x(τ , γ ) (5) and the random instant θ of the occurrence
of this high is recorded:

θ := h = x(θ, γ ).

Using formulas, given in themonograph [21] and in the article [22], onemight show that the pointed out joint pdfφ(η, ϑ; γ )
of the mentioned pair of random variables (h, θ) is given by the expression:

φ(η, ϑ; γ ) =
η

ϑ
√

πϑ
exp


−

(η − γϑ)2

2ϑ


V(1 − ϑ, −γ ), η > 0, ϑ ∈ (0, 1), (B.1)

where

V(ϑ, γ ) =
1

√
πϑ

exp


−
γ 2ϑ

2


+

γ
√
2
erfc


−γ


ϑ

2


.
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Fig. B.1. Typical plots of the canonical Brownian motion x(τ , γ ) (5) high value occurrence instants pdf φ(ϑ; γ ) (B.2), for γ = 0; ±1, and corresponding
uniform pdf ϕ(ϑ) (B.5) of the high value occurrence instances of the canonical bridge z(τ ) (9).

After integration of joint pdf φ(η, ϑ; γ ) over the whole η values η ∈ (0, 1), we obtain the pdf φ(ϑ; γ ) of the random instant
θ of the high value occurrence:

φ(ϑ; γ ) = V(ϑ, γ ) V(1 − ϑ, −γ ). (B.2)

One can get an analogous pdf of the low value, replacing at the right hand side the last equality γ by −γ . In particular, in
the case of zero drift (γ = 0) pdf (B.2) of the high (low) value occurrence reduces to the well-known arcsine distribution:

φ(ϑ; 0) =
1

π
√

ϑ(1 − ϑ)
. (B.3)

Consider now the high value ξ (8) of the canonical bridge z(τ ) (9) and the instant ρ of the high value occurrence:

ρ := ξ = z(ρ).

Joint pdf ϕ(η, ϑ) of the random variables (ξ , ρ) is well-known (see, for instance, Refs. [21,22]) and is equal to:

ϕ(η, ϑ) =


2
π

η2
ϑ3(1 − ϑ)3

exp


−
η2

2ϑ(1 − ϑ)


, η > 0, ϑ ∈ (0, 1). (B.4)

After integration of the last equality over all η > 0 values, we obtain the uniform distribution of the random instant ρ:

ϕ(ϑ) = 1, ϑ ∈ (0, 1). (B.5)

Plots of the pdf of the canonical Brownian motion high value occurrence φ(ϑ; γ ) (B.2) and uniform distribution (B.5) of the
high (low) value of the canonical bridge occurrence are depicted in Fig. B.1.
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