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Macdonald polynomials, Laumon spaces and perverse
coherent sheaves

Alexander Braverman, Michael Finkelberg, and Jun’ichi Shiraishi

ABSTRACT. Let G be an almost simple simply connected complex Lie group,
and let G/U_ be its base affine space. In this paper we formulate a conjecture,
which provides a new geometric interpretation of the Macdonald polynomials
associated to G via perverse coherent sheaves on the scheme of formal arcs in
the affinization of G/U_. We prove our conjecture for G = SL(N) using the so
called Laumon resolution of the space of quasi-maps (using this resolution one
can reformulate the statement so that only “usual” (not perverse) coherent
sheaves are used). In the course of the proof we also give a K-theoretic version
of the main result of Negut (2009).

1. Introduction

1.1. Notations. Let g be a semi-simple Lie algebra over C and let G be the
corresponding simply connected group. Let B, B_ C G be a pair of opposite Borel
subgroups with unipotent radicals U, U_ and let T'= BN B~ be the corresponding
maximal torus. We denote by A the lattice of cocharacters of T' (this is also the
coroot lattice of G, since G is simply connected) and by A the lattice of characters
of T. We denote by A the cone consisting of sums of positive coroots of G with
non-negative coefficients. Similarly, we denote by A* the cone of dominant weights.

We denote by B the flag variety of G. It can be identified with the quotient
G/B. The choice of B_ gives a point in the open B-orbit in B.

For a pair of variables p, g and for any n € NU oo we set

(D@m= (L =p)(L—gqp)...(1—¢" 'p).

1.2. Quasi-maps and Laumon spaces. For o« € A, we denote by jM¢
the moduli space of maps P! — B of degree o and by ;QM® its quasi-maps com-
pactification (cf. [2] for a survery on quasi-maps); we shall sometimes omit the
subscript g when it does not lead to a confusion. The scheme QM possesses a
natural stratification

oM = | | M? x Sym*F(ph,
0<B<a

where Sym® #(P!) stands for the space of all formal linear combinations 3>,z
where v; € Ay, z; € P! and Y +; = a. The points {z;} are called the points of
defect of the corresponding quasi-map.
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Similarly, we denote by Z¢ the space of based quasi-maps of degree « (i.e. those
quasi-maps, which have no defect at oo € P! and which send oo to B_ regarded as
a point in B). The space QM has a natural action of PGL(2) x G; here the first
factor acts on P! and the second on B. This action does not preserve Z%; however,
G, x T still acts on Z¢.

It is well-known that the space QM® is usually singular, but when G = SL(N)
it has a natural small resolution of singularities by means of Laumon’s quasiflags’
space Q%. By the definition, it consists of flags

0CW, CWyC---C Wy = 0h,
where W; is a locally free sheaf on P! of rank i and such that
degW,; = —{a, @;).

We shall denote by Q% the corresponding “based” version of Q2.
As before, Q% has a natural action of PGL(2) x G and Q“ has a natural action
of G,,, x T.

1.3. Geometric interpretation of the “Macdonald function” for G =
SL(N). In the case G = SL(N) we identify A, with NV=1 by using the simple
coroots a; as a basis of A. Similarly, we identify At with N¥~! by using the
fundamental weights @; as a basis. Also we have the natural isomorphism T ~
G-,

For any o € A let us set
(1.1) Jalg,t,2) = [H*(Q%, Q%)) = > (-1 [H(Q%, Qh.)].

0,J
Here [Hi(Q",Qz)a)] means the character of Hi(QO‘,an) as a representation of
G, X T'; in other words, it is a function of ¢ € G,,, and z € T. More precisely, the
coordinate functions z;, i1 =1,..., N — 1, satisfy &; = 21 -+ - 2;.

We would like to organize all the J, into a generating function. Namely, let us
set:

N-1
J(q,t,z,x) = Z 2°Jalq, t, 2); J(g,t, z,x) H xlog @i /loqu(q,t,z,x).

aeNN-1 i=1
Also, for 1 < i < N, we consider the difference operator T; ,+1 defined as follows:
E7qilF(q,t,Z7$1,...,.’L’N71) = F(qutazu‘rh"-71:7;727qxlxifluqilxiyxi+17"'7
Zn—1). Our first main result is the following

THEOREM 1.4. (1) Define the function zy on the Cartan torus T of SL(N) b

ZN = 2;1 . '2&1,1' Then we have

Dﬁ(qatvzax) = (Zl + ...+ ZN)ﬁ(Q7taZ7x)a

where
tk*iJrl

1—qg Moy 1—g¢q Ti o Th_1
D:= — J ! . T _
ZH 11—tz miy H 1 —th—ig; xp_ b
=1 j<1 k>1
(2)

lim Jo(q,t,2) = H (9tzj/zi; ) ((qt; q)(x,)N_1 y Ai:f <M)N11

a—teo Lcicien (473/75 @) (4 @)oo Pl
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Some remarks about [[4] are in order. First, the operator D is a version of one
of the Macdonald difference operators; it is easy to see that the first assertion of
[C4 implies that J is an eigen-function of all the (suitably normalized) Macdonald
operators and thus (up to some normalization factor) it is equal to the Baker-
Akhiezer function for the Macdonald operators in the terminology of [9] or [7]; it
is also often called the Macdonald function. Moreover, the second assertion can be
deduced from the first one and the results of [9], [7], but we are going to give an
independent proof of this result.

It should also be noted that some limiting cases of [[L4l have been known before.
In particular, the case t = 0 is treated in [3] (cf. also [5] for a generalization to
arbitrary G). Also, in [16] the ¢ — 1 version of [[4]is proved. It should be noted
that the proofs in loc. cit. are representation-theoretic: they are based on an
interpretation of the (localized) equivariant K-theory (resp. localized equivariant
cohomology) of all the Q% as the universal Verma module for the quantum group
Uy (8I(N)) (resp. of the lie algebra s[(IV)). On the other hand, the proof of [ given
in this paper is purely computational: using Atiyah-Bott-Lefschetz localization
formula one can produce a combinatorial expression for the function J, and thus
reduce [[4(1) to a combinatorial identity, which can be proven by an explicit (but
fairly long) computation. It would be very interesting to extend the methods of
loc. cit. to the present situation.

1.5. Geometric interpretation of Macdonald polynomials for G =
SL(N). The Macdonald operators are usually used in order to define the so called
Macdonald polynomials. This is a series of W-invariant polynomials PA(q7 t,z) on
the torus 7' (recall that z € T) depending on a dominant weight A € AT and
on the variables ¢,t € G,,,. We would like to present a geometric construction of
these polynomials. Let us explain how to do it in the SL(N)-case. The conjectural
generalization to arbitrary G is discussed in the next Subsection

First, for any A € A one can construct a line bundle O(\) on QM*; abusing the
notation we are going to denote its pull-back to Q% also by O(A). The construction
is discussed in [5]. We are not going to recall the construction in the Introduction,
but let us just note that it requires a choice of a point co € P'. Hence, the bundle
O(\) is not PGL(2)-equivariant. However, it is still equivariant with respect to
the diagonal torus G,, C PGL(2). In particular, it makes sense to consider the
character of H*(Q%,Q8. ® O(\)) with respect to the action of G,, x G, which we
shall denote by [H*(2%, Q8. ® O(N))]. By definition this character is W-invariant
function on G,,, x T

THEOREM 1.6. (1) Assume that A\ € A is not dominant. Fix j,k € N. Then
for a sufficiently large we have
H*(Q%, Q). ® O(\)) =
(2) For any X € A there exists the limit ali_)rr;O[H‘(Qa,Q?)a ® O(N\)]. We shall
denote the above limit by Hx(q,t,2). Note that it follows from the first assertion
that H5 = 0 when A is not dominant.

(3)

1+l +t+t3) ... (14+t+...+tV ! 1
Ho(gt,2) = — Q00 +t4). (A+tt. +t77)

(1 —tN=-1)2(1 — ¢N-2)4 (1 — 3)2N—6(1 — 2)2N—1 ) (1—tN)(1 —t)N-2
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(4) For any X = 3. Li; € At (here @; denotes the i-th fundamental weight of
SL(N)) we have

(CCAanst/) IS
H; = Hy | I (tj—i . ) J Ps.
1<i<j<N-1 G+ +1;

In other words, Hy is equal to P up to an explicit factor.

1.7. The case of arbitrary G. In this subsection we are going to give a
conjectural formulation] of for arbitrary GG. The formulation is based on the
theory of perverse coherent sheaves developed by D. Arinkin and R. Bezrukavnikov
(cf. [A]). For simplicity, in this Introduction we shall assume that G is simply laced
(in the general case certain modification of the construction given below is needed;
the details are explained in [B]).

First let us introduce the infinite type scheme ;Q (discussed also in [6] Sec-
tion 2.2]): it is the quotient by the action of the Cartan torus T' C G of the space of
maps from Spec R = Spec C[[t™!]] to the affinization of the base affine space G /U_
taking value in G/U_ at the generic point. This scheme is equipped with the ac-
tion of the proalgebraic group G(R); the open orbit ;Q. = E,QO is nothing but
G(R)/T - U-(R): the maps taking value in G/U_ at the closed point r € Spec R.
We denote by j the open embedding of Q° into ;Q. All the G(R)-orbits in ;Q
are numbered by the defects at r taking value in the cone of positive coroots A of
G: Q= |_|a€A+ ¢Q%. The codimension of ;Q® in §Q equals 2|a|.

We introduce the perversity p( ;Q®) = |a; it is immediate that the function p is
strictly monotone and comonotone in the sense of [I]. For a locally free G(R) X G-
equivariant sheaf F on gQD the construction of [1, Section 4] produces an object
i F of G(R) X Gy-equivariant quasicoherent derived category on 4Q.

CONJECTURE 1.8. (a) For a nondominant G-weight \ we have [H*(4Q, jy*(Q;QO)

®O(N))] = 0. §
(b) For a dominant G-weight A\ we have

; (115 9) .5y (71 )
H* 11+ (22 qo) ® O(N))] = H, : : Py
Q@)@ 00N =TI ey 5 1 g =

where P5(gq,t, z) is the Macdonald polynomial for G, and the second product is taken
over all nonsimple positive roots of RT(g).

We explain in [§ why [[.8] is equivalent to for G = SL(N).

1.9. Organization of the paper. In[2 and [3] we gather some combinatorial
information about Macdonald polynomials and the “Macdonald function” for root
systems of type A. Inlwe prove a generalization of the Sommese vanishing theorem,
which in particular implies [L6(1). In [@ and [[ we prove [[4] and Finally, in 8
we give a careful formulation of [[.§ for arbitrary G' and show that for G = SL(N)
it is equivalent to

1The reader should be warned that we do not know how to formulate a version of [[[4] for
arbitrary G.
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2. Combinatorial notations

2.1. Macdonald polynomials. We follow the notations in [I5] (especially,
part VI), cf. also [I7]. Let N be a positive integer and ¢,t be independent inde-
terminates. Let Anr be the ring of symmetric polynomials in /N variables with
coefficients in F = Q(q, t). Set

(2.1) Ty f iy syn) = f(Yr, - @Wis - YN)-

For a partition A, the Macdonald polynomial Py(y;¢,t) € Ay p is uniquely
characterized by the conditions:

(22) Py =m)+ Z UMy
<A
N
(2.3) Djl\[P)\ = Zin’tNiz - Py,
=1

where m,, is the monomial symmetric function, and D}, = D}/(¢,t) is the Macdon-
ald difference operator

N
ty; —y;

(2.4) Dy => [T

i=1 j#i Yi = Y;

2.2. Tableau. Let A = (A1, Ao, -+ ), = (u1, p2, - -+ ) be partitions satisfying
1 C A. The necessary and sufficient condition for the skew diagram 6 = A — u to
be a horizontal strip is

(2.5) AL 2> Ao > g >
This can be written as
(2.6) 0< X — i <Ai— i1 (i>1).
A (column-strict) tableau T of shape A is defined to be a sequence of partitions

such that every skew diagram 0@ = A0 — X\G=1 i a horizontal strip. Writing
N0 = ()\gl), /\g), --+), the condition for the T being a tableau reads

(28) 0<A ATV AP A a<il<j<N).
Note that from A(9) = ¢ and the inequality (Z8) we have
(2.9) AD =0 (i>7).
For each skew diagram #() = \(9) — \(=1) gt
(2.10) 0, =27 AU (1<i<N1<j<N),
for simplicity of display. Then the constraint (Z3]) means
(2.11) bis=0 (i),
N
(2.12) A= 0ix  (1<i<N).
k=i
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Hence the tableau T uniquely gives us a set of N (N —1)/2 nonnegative integers
{0;;]1 <i < j < N} satisfying ([2.8), namely
N
(213)  0<O;<N—Api— Y (Bix—0i1p) (1<i<j<N)
k=j+1
Conversely, a set of nonnegative integers {6; ;} satisfying (ZI3) uniquely gives us
a sequence of partitions A\() = ()\gj), )\gj), .

J
(2.14) M =30,
k=1

which is a tableau.
It is convenient to consider a set of N x N upper triangular matrices M
having {6; ;}’s as nonzero entries, and zeros on the diagonal:

(2.15) M) =40 = (0; ))1<i j<n|bij € Z>0,0i5 = 0if i > 5}.

(N)

We have a natural projection M(N) — M(N=1 forgetting the last column.

LEMMA 2.3. Let A = (A1, ..., An) be a partition. We have a one to one mapping
from the set of (column-strict) tableaux of shape X to the elements in the polyhedral
region Poly € M) defined by

N
(216) Poly = {0 € M(N)|O < 07;1]' <\ — )\i+1 — Z (01'7]6 — 0i+1,k)}-
k=j+1

LEMMA 2.4. The size of the skew diagram 6 = X&) — XCG=1) s written as

i—1 N
(2.17) 0D =X+ i — Y bis.
a=1

b=i+1

2.5. Tableaux sum formula. We recall the tableaux sum formula for the
Macdonald polynomials.
The Macdonald polynomial Py is written as

(2.18) Py = Z‘/’T(q7t)yT~
T

where T runs over the set of tableaux of shape A, y” denotes the monomial defined
in terms of the weights a = (|8, [63)],...,|0N)]) of T as

(2.19) yl =y~ =y H (y; /i),
1<i<j<N

and the coefficient 1 (g, t) is given by

N
(2:20) Pr(g,t) = [[¥ao a-v(a,1),
=1
f(quujtj*i)f(qki*Aﬁltj*i)
2.21 = _ —
( ) d)/\/ﬂ 19911((“) f(q/\rujtJ—l)f(quﬁ)\jﬂtJ—Z)’
(2.22) fuy = Do

(qu; @)oo
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For a nonnegative integer § € Z>(, we have

fw) (¢ uiqe o (1/u;q)e
o~ @ Pmwgs Y (ftwg)

where (p;q)n = (1 —p)(1 —gqp)...(1 — ¢" 'p). Hence we have

wT(Q7t)
(2.23)
ﬂ SN N A )
= AT A D _
k=11<i<j<k—1[ N O f(gh T

q k+>\§k)f)\§k Utj—i)f(q)\g) A;_ﬁltj z)

I
=

(g
(¢
(
( )\(k) )\;kil)tjfz)f(qiel’k+)\£ )7>\§+)1tj 7.)

g NN T i A A g,

aQ) (q Q)Gi,k
A i

(k) (k—1) :
—A S .
q titi; 500,

590, (q
3. Macdonald function

3.1. Multiple hypergeometric-type series. Let q,t, 21,22,...,25 be in-
dependent indeterminates. Recall the projection M(N) — M(N=1 "gsee the line af-

r (ZI5). Define a sequence of rational functions ey (6; 21, . .., 2n;q,t) € Q(g,t, 21,
., zn) inductively as follows:

(3.1) al(=z15¢,1) =1,
CN(Q S M(N) Zla"'va;q7t)
(3.2) =ceno1(0 € Mg 0ungy NN ey gt

I (tzjs1/25 )0, (@ %Vqzj/tzi5 )6, o

rcicien—1 @1/ 75 Doy (479 2/ 75006,

X

This can be written explicitly as

(3.3)
en(0521,...,2N5¢,t)
N . _0. _0. N . _0.
ﬁ (qZa=r1Wia=0ibradtz, ) /2 g, (¢ 00k T Ramkr1 Cia=05a) gz /tzy gy

Z(Izvzk+1(0i,a*0j+l,a) *ej,k+zflv:k+1(9i,a*0

qzj+1/%i: 90, (4 "'“)Zj/zz';q)oi,k

. Ya=j+1(0ia—0j5a) .
t; iy a=j+1 90tz [z i,
1—[ (q/t)ei«j ( Q)Gu(q i/ (1)9” «

1 N (0ia—0;
1<i<j<N (@ 9)0,,(q Foazjt1(%ia ]a)zj/zi;q)eij
N N 015 —6m —01 O — D 016—60m
H (q/t)el . (qu,;H.l( b b)tzm/zz;q)elk(q 1kt k bek-#l( b b)tzl/zm;q)le
14+ 1 (B1p—60m 1=01+O0mpk— S b 01— 0m
k=3 1<I<m<k (g" T Eb=r2 (00 b)zm/zuq)olk(q Ot =2 a O Y21/ 2m; Qe

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



30 ALEXANDER BRAVERMAN, MICHAEL FINKELBERG, AND JUN’ICHI SHIRAISHI

3.2. Example.

(34) o= (tz2/21;0)6, 5 (@ *2q/t;q)e, _ (tz2/2159)0, » (t;9)0, » (q/t)2,
(¢22/21:@)0,. (@ %210)0, (az2/2130)0, » (€@,
(¢ %5t20/215,9)0, , (4 72¢/% 90,
(¢"57 025920 /2150)0, , (4772190,
(tzo/2150)0, 5 (@ "2/t q)0, 4 (t23/215Q)0, 5 (727 q21/t225 )0, 4
(qz2/21:0)0, 5 (7%25q)0,, (a23/2159)0, (q792'321/22;Q)01,3
» ((t23/227 ))023 (a7%2q/t;q)s, ,

q23/2’2, q)0>.3 (q 9233q)92,3

LEMMA 3.3. Let A = (A1, e, ...) be a partition satisfying ¢(A) < N. The sub-

(35) C3 =

stitution z; = tN"i¢gN (1 <i < N)inen(0;21,...,2n;q,t) gives us the coefficient
Y7 in the tableau sum formula
(3.6) dr(g,t) = en (0t 1M, Mg, ).

Let y = (y1,-.-,yn),2 = (21,-..,2n) be two sets of independent indetermi-
nates. Set
(3.7) z=t""lgM (1<i<N).
For simplicity we use the notation
(3.8) v =1]v

i

Note that we have
(3.9) Ty =t Nzt

DEFINITION 3.4. Define a formal power series fy(y, z;q,t) € v F(2)[[yi+1/Vis
(i=1,...,N—1)]] by

(3.10) Inwzmat) =yt Y en(@izat) [ (wi/v)™

9eEM(™) 1<i<j<N

3.5. Termination of the series fn(y,z;q,t). Let A = (A1, A2,...,An) be a
partition, while keeping ¢, t being generic. Note that we have the following factor
in the numerator of ¢y (6;21,...,2N;¢,t):

(3.11)

N-1 k N-1 k& N

TT T (= e @Oz 25 ), H [[(g=emrmrCiemtiznalghin=di q),
k=1 1=1 k=1 1=1

This vanishes unless the following set of inequalities are satisfied:

N
(312) 0< gi,k <\ — )\i+1 — Z (Oiﬁa — 9i+1,a) (]. <i<k< N)
a=k+1
Namely we have the vanishing of the coefficient ¢y (6; 21, ..., 2n;¢,t)’s unless 6 €

Poly ¢ M(N), Hence we find that under the specialization in z, the infinite series
fn(y,z; g, t) terminates into a finite one.
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PROPOSITION 3.6. Let A = (A1, Mg, ..., An) be a partition, and set z; = t™N g,
Then we have

(3.13) Inwza) =y* Y en@zat) [ (/)%

0€Poly 1<i<j<N

—ZwT (@,0)y" = Py, ¢,1).

PROPOSITION 3.7. Let y = (y1,...,yn) and z = (z1,...,2n) be generic. We
have
N
(3.14) Dy /N 20,t) = > zi- [n(y, 214, 1).
i=1
LEMMA 3.8. Letu(zy,. .., 2n) €F[z1, 29, . . ., 2n]. If we have u(tN gtV =272,

., @"N) =0 for any partition X = (A1, Ao, ..., AN), then u(z1,...,zn) = 0.

PROOF. We prove this by the induction on N. When N = 1, it is true. Assume
it holds for N — 1. Expand u(z1,...,2x) = Y, uk(22,...,2n5)2F. Fix Ao, ..., An

and vary A (> \2), then all the coefficients of 2F, i.e. uy(tV=2¢ 2tV =3¢, ... ¢*V)
should vanish. Now we let Ag,..., Ay vary and conclude that ug(za,...,2nx) =0
by the assumption. (Il
PROOF OF B Set
y N(LHSEI4) — RHSEI))
N-1
= Z Tki,....kn— 1 yl"rl/yl L€ F(Z)Hyi-i-l/ytv(z = 172a"'7N_ 1)]]
kl,..,,k‘N_lzo =1
From B0 and B8 we have rg, . ky_,(2) =0 forall kq,...,ky_1 > 0. a

4. Vanishing

4.1. Sommese vanishing. We need the following version of Sommese van-
ishing theorem. Let p: X — Y be a flat morphism between smooth projective
complex varieties. Let £ be a line bundle on X whose restriction to every fiber of p
is [-ample [8], Definition 6.5] for certain I € N. Also, suppose the Iitaka dimension
x(£,) [8, Definition 5.3] of the restriction of £ to every fiber X, =p~'(y), y € Y,
equals dim X, = dim X —dim Y. Finally, suppose dim X —dimY —{ > M for some
M eN.

THEOREM 4.2. Under the above assumptions, H' (X, Q%( @LY)=0fori+j<
M.

PROOF. By the Leray spectral sequence, it suffices to prove Rip, (@4 @ £L~1) =
0 for ¢ + 5 < M. First, we restrict to a nonempty open U C Y over which p is
smooth. We set Xy = p~1(U). Then Q&U has a filtration whose associated graded
bundle is a direct sum of the sheaves Qlj(U/U ® p*Q{;k over k < j. Here Q’)“(U/U
is the bundle of relative k-forms. By the projection formula it suffices to prove
Rip*(Q’;(U/U ® L71) =0 for i + k < M. By the base change, it suffices to know
for any y € U that Hi(Xy,Q’)“(y ® L1 =0 for i +k < M. But this is nothing but
Sommese vanishing [8, Corollary 6.6] on the smooth projective variety X,. So we
conclude Rip, (Y @ L~1)|y =0 for i +j < M.
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Now to prove Rip*(Qg( ® LY = 0 for i +j < M it suffices to know that
Rip, (QJX ® £~1) has no torsion for i + j < M. We will prove this by induction
in dimY" and the dimension of the support of torsion. Let Z C Y be the support
of Rip.(Q% ® £71). Suppose dimZ > 0. Then according to Kleiman’s generic
transversality theorem [13] there exists a hyperplane section Y/ C Y intersecting
Z transversally at a smooth point z € Z and such that X’ := p~!(Y”) is smooth.
By the base change, the support of Rip*(Qg( ® L1 x/) contains Z’ defined as the
irreducible component of ZNY”’ containing z. However, we have an exact sequence
of vector bundles on X"

0— N},/X ®Q§{,1 — Q§(|X/ — Qg(, —0

and the conormal bundle N7%, /X = P*Ny, /v By the projection formula and by
the induction (in dimY’) assumption we have Rip*(N},/X @V eL ) =0=
Rip. (¥, @ £L71) for i 4 j < M. Hence R'p.(Q%|x ® £~) = 0 which contradicts
to Z' # 0.

It remains to establish the base of induction: dim Z = 0. We choose the minimal
ip among all i such that Rip,(Q% ® £71) # 0 for some j such that i +j < M.
Let y € Z C Y be a point in the (finite) support of Riop*(Q& ® LY. Let us
choose a sufficiently ample line bundle M on Y. Then by the projection formula
Rip*(Qg( @ (L@pM)~1) = Rip*(Qg( ® £L71) @ M1, and by the Leray spectral
sequence H (X, 0% @ (£ ® p*M)~') # 0 (the LHS contains a direct summand
Riop, (W @ L7, ® M, ). However, by the Sommese vanishing [8), Corollary 6.6]
applied to the line bundle £ ® p*M on X (with M sufficiently ample), we must
have H(X, Q% ® (£ ® p*M)~') = 0. This contradiction proves we cannot have
dim Z = 0.

This completes the proof of the theorem. |

5. Parabolic Laumon spaces

Recall the notations of [6]. We denote by QM the Drinfeld moduli space of
degree a quasimaps from C ~ P! to the flag variety B = G/B of G = SL(N).
Here a = (dy,...,dny_1) € N¥=1. We denote by m, : Q% — QM" the Laumon
resolution of QM* [14]. Given a subminimal parabolic (with Levi of semisimple
rank 1) SL(N) D P = P; D B we consider the corresponding parabolic Laumon
space Q% (see e.g. [4]), and the natural projection w, : Q% — Q%. Here & :=
(dl, ey di—hdi—i—l; - ;dN—l)-

Recall [6] that V;, = A'CY, 1 < i < N — 1, are the fundamental SL(N)-
modules, and QM is equipped with a closed embedding v : QM < [, PT’
(C, Vo, ® O((e,;))). Given an SL(N)-weight A = 3", _; d;&; € A we define a line
bundle O(A\)® on MG as ¥ Q;c; O(di). Suppose \ is not dominant, i.e. I; < 0
for some 1 <7 < N — 1. We fix such an ¢ from now on, and we set £ := W;O(—j\).
For y € Q% we denote by X, the fiber w_!(y) with the reduced scheme structure.
Our aim is to study the ampleness properties of the line bundle £, := £|x,. They
are summarized in the following

PROPOSITION 5.1. (a) L, is generated by the global sections, and gives rise to
a morphism ¢ : X, — P(I'*(X,,L£,)). We denote by X, the image of ¢ (with the
reduced closed subscheme structure).
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(b) The morphism X, N X, equals X, =% m,(X,), where m,(X,) C QM*
is equipped with the reduced closed subscheme structure.

(c) For a fized & and d; > 0 we have dim X, = dimyy =2d;—d;_1 —diy1+1;
in particular, w,, is flat.

(d) Let l, := max{dim¢~1(2),z € X, }. For a fived & and M € N, there exists
D; such that for d; > D; and any y € Q% we have dim X,, — 1, > M.

PROOF. (a) and (b) are clear from definitions. A point y € Q% is represented
by a collection of locally free subsheaves 0 = Wyg C Wy C ... C W,;_1 C W;41 C
.. CWy_1 C Wy = Og such that tTk'W; = j, and degW; = —d;. The fiber
X, is the moduli space of subsheaves W, C W;ﬂ := Wi1/W;_1 of generic rank 1
and degree d;_; — d;. For such a sheaf W; we denote by W; its saturation i.e. the
maximal subsheaf of W1 containing W;, of generic rank 1, and such that Wit1 /W;
has no torsion. We also define the defect def W; as the cycle of the torsion sheaf
W, /W;. Two points W;, W/ are in the same fiber of ¢ = 7| x, iff their saturations
and defects coincide. In particular, ¢ is one-to-one when restricted to the open
subset U C X, formed by all the saturated W;.

To prove (¢) we must check that U is nonempty for d; > 0. This is evi-
dent. To finish the proof of (c) it remains to compute dimU. Let us decompose
Wit ~ (WitD)ters @ (Wit1)free into a direct sum of a torsion sheaf and a locally
free sheaf. Then a point of U is represented by W; ~ (W;ﬂ)tors &) W?ee where
Wiree ¢ (WiH])ee is a line subbundle of degree d;—1 — d; — dim(W.})*™. Locally
around W;, U is isomorphic to P Hom(Wiee, Wi 1), For d; > 0 the latter space is
P2di=di—1=di+1+1 which completes the proof of (c).

To prove (d) we fix a saturated subsheaf W; = Wt @ Wiree and a defect
§ € C¥. We have to estimate the dimension of the moduli space ¢~!(2) of sub-
sheaves W; C WZJ_F% with given saturation W; and defW; = §. If W?rfr stands
for the image of projection of W; to @?ee along Eﬁors, then there are finitely
many possible values of W?rﬁ C @Zf-ree; more precisely, not more than 77 where
7 = dim(W:F])t" (the only ambiguity in the choice of W?rfr C Wiree can occur at
the support of (W:rH)trs). Now for a fixed value of W?rfr C Wiree the dimension
of the corresponding stratum of the moduli space in question is independent of d;.
Hence, with d; growing, dim X,, — dim ¢~!(2) grows uniformly in y and 2.

The proposition is proved. O

5.2. Vanishing Theorem. We combine 5.1l and setting Y = Q%, X =

Q% p=1w,, L=0(—A). We arrive at the following

THEOREM 5.3. Let A = Zf\:ll [;0; be a mon-dominant weight, i.e. l; < 0 for

certain 1 < i < N —1. We fix j,k € N and & = (di,...,di-1,dit1,...,dn-1).
Then for d; > 0 we have H*(Q*, QL. ® O(\)) =0. O

6. Euler characteristics of twisted De Rham complexes

V6.1. Generating functions. For a weight A we consider X(H®(Q¥, Q8. ®

O(A))) as a virtual graded G,,, xT-module. Here T is the Cartan torus of SL(N), and
the grading is via De Rham degree Qg .. The generating function of its character

is [H*(Q%, Q8. ® O(N))] 1= 3, ,(=1)"™ 4 [H(Q, Q. ® O()))] a function of q,t, z
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where ¢ is the coordinate on G,,, and z are the coordinates on T. We define
Hy(q,t,z) as the limit of [H*(Q%, Q2. ® O(X))] as o — oco. We will see that the
limit exists as a formal series in ¢, ¢,z converging to a rational function in g,t, z.

For instance, if A is not dominant, then according to [5.3} Hs(q,t,z) =0.

6.2. Betti cohomology of Laumon spaces. We start with a computation
of Hy(gq,t,2).

PROPOSITION 6.3.

A4+ +t+t3) ... A +t+...+tV7 _ 1
(1 _ thl)Z(]_ _ tN72)4 . (1 _ t3)2N76(1 _ t2)2N74 (1 — tN)(]_ 7t)N72 :

Ho(g,t,z) =

PRrROOF. According to [1T, Theorem 2.9], the Betti cohomology H*(Q%, C) car-
ries a Tate Hodge structure, so H*(Q®, QJQ) = 0 unless ¢ = j, while H*(Q*,Q4.) =
H?'(Q%,C). The action of G,, x T on the latter space is clearly trivial, so Hy(q,t, 2)
= Hy(t) is the @ — oo limit of Poincaré polynomials P, (t) := >, t* dim H*(Q%, C).
Now P,(t) is calculated in [I1] Theorem 2.7] (under the perverse normalization).
The o — oo limit P (¢) is the product W (t) - F'(t) where W (t) is the Poincaré
polynomial of the flag variety B, that is W(t) = NI, = (1 +t)(1 +t+t3)... (1 +
t+ ... +tN=1). Furthermore, F(t) = > F;t' where F; is the number of unordered

collections of positive roots ary,...,ax,B1,...,08m € RT(sly) such that none of
a1, ..., 04 is simple, and Z?Zl(\aﬂ — 1)+ Y218l + 1) = 4. Here |8] := (B, p).
The proposition follows. O

6.4. Local Laumon spaces. Recall that Q% C Q% is a locally closed local
Laumon moduli space of quasiflags based at co € C, see e.g. [10]. Similarly to
Section we introduce the generating function Jo(q,t,2) = [H*(Q%,Q{.)] =
>, (CD)HIY[HN (QY, Qz)a ). We compute the Euler characteristic of H®(Q%, Q%)
via the Atiyah-Bott-Lefschetz localization to the fixed points of G,;, x T in Q¢. The
characters of G,, x T in the tangent spaces of the fixed points are computed in [3]
Proposition 2.18a]. To write down the answer we recall the necessary notation. The
fixed points are numbered by the collections d= (dij) N—1>i>;>1 such that d;; < d;
fori >k > j,and d;1 +dia+ ... +di; = d; (recall that o = (dy,...,dn—1)).
For 1 <k <1l < N we set 0 = dj—1, — dip where dyy := 0. Conversely,
dij = 0;i41 +0ji12+ ...+ 0; n. Recall the set MY) introduced in @I5). Let x;
stand for the character of the dual torus 7' corresponding to the simple coroot ;.
For o € NV~ the corresponding character of 7" is denoted by 2. We consider the
formal generating function

Tgt,z,0)= Y 2°Jalg;t, 2).
a€eNN-1

Now

(6.1) J(q,t, z,x) = Z Cio.,)(q:t,2) H (zi---xj1)%

(6:5)EM) 1<i<j<N
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where
(6.2)
N 0.
(qt; q)Gij (q1+za:j+1(9m g’a)th/zi; q)%' y
1+Eév:]‘+1(011a79

C(G’ij) (q7 t: Z) =

1<i<j<n (@ @)e;; (g ia) 2/ i3 Q)e,

J

91k

II_V[ (q1+21])v:k+1 (sz*t‘)mb)tzm/zl; q)elk (qlfﬂer@mk*Z;I)V:k_*_l(elbfomb)tzl/zm; q)

43 1 (016 —0mp) 1=01+0mp =30 k11 (015 —0mp)

k=31<l<m<k (q Zm/Zl;q)le (q Zl/Zm;q)le

— this is a restatement of [3], Proposition 2.18a].

6.5. Local stabilization. We will prove that as o — oo, the series Jo(q,t, 2)
tends to the limit Joo(q,t,2). More precisely, for any n,m € N the coefficient of
q"t"™ in Ja(q,t,z) for @ > 0 is independent of a. The resulting series will be
denoted by Joo(q,t,2). The existence of the limit and computation of its value
follows from below and [7, Proposition 3.11]. For the reader’s convenience we
present a more elementary computation of the limit.

We introduce a function zy on the Cartan torus T of SL(NNV) defined as zy :=

71 —1
2y AN
THEOREM 6.6.

_ N—-2 N—i—1
o _ (atzi/2:@)se _ (@i @)oo\ qt’“,fJ)
Jim Ja(g,t,2) = I X < | :

ricjen (7/759) (¢ 9)e

=1

PROOF. Let o = Zf\gl liag, 0 € N. We study the stabilization of J,(q,t, 2)
in the sector 1 > fo > --- > {ny_1 > 0. Note that we can recast the coefficient
Cio, ,)(q;t,2) as follows:

qt; q)e, ; (qtzj/zi5q
C(‘gi,j)(q?t,z) = H ( ) ( ]/ H .

1<i<j<N (qv Q) i,j (qu/Z“ L

- H (q‘”*‘ﬂ"’m"“qtzm/Zz;q)euH (Q"”*”f’m"“qtm/zm;q)el,k

1<l<m<k (qal’k_anhqum/zl;q)9l,k—1 (q_al’k—i_am’qul/zm;Q)Gz,k ’

N
oLk = 5 01p-
b—k

Define F( (0 <n < N — 1) recursively by setting F(©) = C, (a0, t,2),

F® = lim FO) F® = lim E: FO
£1— 00 lo—>00
01,220 01,3,02,320
L1=012 ty=01 34023
F™ = lim > FO=b
£, —>00
O1,n4150n,np120
bn=01, n+1+ +on nt1
FN=D = fim > FWN=2),
In_1—00

01, N ON_1 N0
IN—1=01, Nt +ON_1 N

Then the coefficient we are interested in is F¥ =1, The stabilization of F(V-1)
can be studied and stated explicitly as follows. ([l
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LEMMA 6.7. Forn=1,...,N — 2, we have

(qt; @)oo (at2j/2i3 @0, &
IL (@ D)oo (@270,
(@00 \ )0 [ (@t 9)0e "
X((qt;q)m) il( (" @)oo ) )

« 3 11 (qt.;q) (qtzg/zz, H P

. ZilZis
@ rmmra reisien (@ Doiy; (025/250)0y 27
ti=01 jp1t o i (nh1<i<N-—1) 2SI

) —

and

FO-D = T (at2/2; oo, ((qt;q)oo)N_l . fi_—f (M>N—i—1-
=1

\cicjen (@775 D)oo (¢ D)oo (" q)oo

PrOOF. We prove the statement by the recursive use of the summation formula
associated with the root lattice of type A, [12] the table at p. 136 and references
therein]:

> H 1+<“X>tz $q)oc 11 (@t @)oo (¢% 1 g) oo

*X) 203 €)oo (g0 q)oo (72 @)

“1n-1,
_ ((q;q)oo>" 77 (@ @)

(gt @)oo Ll (th )
=1

XEQ aER a>0

where 2p =3 _ja, d, = 1 if a is a simple root and J, = 0 otherwise.

It is clear that we have F(') by taking the limit ¢; — oo, namely letting
01,2 — oo while fixing all the other 6; ;’s. The passage from F() to F("+1) can be
studied as follows. We need to take the limit ¢, — oo and perform the (n — 1)-
dimensional summation with respect to the variables 61 ,,41,...,0n nt1 With the
constraint £, = 0141 + -+ + Oppny1. It can be easily shown that, the most
dominating terms, as a Taylor series in ¢ and ¢, come from the vicinity of oy 541 —
Ommnt1 ~ 0 (1 <1 <m <n). Therefore the dominating contributions come from

01,n+41, - - 0nnt1 > 0. Hence the (n — 1)-dimensional summation can be taken by
using the above mentioned summation formula for type A,.
This completes the proof of the theorem. |

6.8. From local to global Laumon spaces. The following lemma is very
similar to [6l Lemma 4.2]:

LEMMA 6.9.
Ho Qa . O 5\ _ w ('y,5\>~ —1 ~ t ﬂ
[H*(Q, Q8. 0 0] = Y 20 N3 (07 bw)dsle,twe) [T 7=
'Y+€6‘7/@ &GERT

PROOF. Atiyah-Bott-Lefschetz localization to the fixed points of G,, X T in
Q% see [10, Proof of Theorem 5.8]. O
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6.10. Global stabilization. We consider the formal generating function
gtz = [I5 o7 =00 (g, 1, 2,2).

Note that if we plug z = ¢* into J(¢~1,¢,2,z) or into J(¢~1,t, 2, ), then for
a dominant weight A these formal series converge and we have d(q_1 t,z,q )
HZV11(q<°‘“)‘>)log(“’7)/loqu( 1t 2,¢") = 2 (¢ L, t,2,¢") (a formal Taylor series
in g and ¢ with coefficients in Laurent polynomlals in z)

Recall the generating function Hj(g,t,2) introduced in Section The fol-
lowing proposition is very similar to [6] Proposition 4.4]:

PROPOSITION 6.11.

Hy(g.t.2) = Y J(q " twz, ") Jselg. twz) []

weWw &GERT

1 — twz?
1—wzd "

PROOF. As a goes to oo, the formula of [6.9 goes to

) o N 1 — twz®
Z Zw)\q<75)‘>dfy(q 1)t7wz)\j00(q7t’wz) H T —wee

_ «
766% scitt 1—wz
w
_— - 1 — twz®
(6.3) Z 22 J(q7 Nt w2, ) Feo (g, b, w2) H 1— w2
weW aeRt
. 1 — twz®
~r —1 M~ ihatedi
Z ‘j(q ,t,wz,q )doo(%tawz) H 1 — wza :
wew aceRt

7. Difference equations

7.1. Euler characteristics of De Rham complexes of local Laumon
spaces. For 1 <1i < N, we consider the difference operator T; ,+1 on functions of
¢, t, z,x defined as follows: T; =1 F(q,t,z,21,...,an-1) := F(q,t,2,21,...,T_2,

1 +1
g e, ¢ e i, ., en—1). We define
N i
D'—an_q I 151%""51%—11—[1—thC QA TR L
— B B i.g—1
1 —ti—dgs e i 1 —th—ig. «ooqp %4
i=1 j<i i By e

Recall the function 2z on the Cartan torus T of SL(N) defined as zy := 21_1 e 21(,1_1.
THEOREM 7.2. DJ(q,t,z,2) = (21 + ...+ 2n)J (¢, t, 2, ).

PRrOOF. We just recall B’ and compare [6.11and ([6.2]) with formula ([B3)) for an

eigenfunction fn(q,t,21,-..,2N,91,...,yn) of the difference operator
L—t7lyi/y ty/Yi
Zle 1— ./l,jnl_ /qu
= Yil¥i oy L Uk/Y

where Tquf((btazl,-'-;ZN,yla"'vyN) = f(%tvzla'"aZNayl,“'ayifl,qyiayiJrlv
..,yn). It is immediate that after substitution ¢ = t/q, x; = y;/y:+1 we have
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J(g,t,z, t7at, et ) = fv(g,t, 2, ). Tt follows that D'J (g, t, z,7) = (21 +
...+ 2n)J (g, t, z,x) where

1—q_1ti_j_1x‘---x~,1 1—qtk_i+1x'~-'$k71
D' = 2 — J ! - T .~
; zj];E 1—1517]1‘3‘""%1'_1 ]:!;[ 1_tk71xi"'$k—1 i,q—1
= 3
The theorem follows. O

7.3. Difference equation on Hj. For a weight = 211\511 liw;,and 1 <k <
N, we define T\ as follows: TyA = (I; — Do + lg(l)gv—i— oo IyoOn_1, Tod =
(L+Din+ = Dwa+lsws+. .. +iv_1on-1, --., TNA = lldj} +.. iy _oWnN_o+
(In—1+ 1)&n—_1. We define the operator © := Zivzl K, (AT, A where
K (5\) _ (1 _ t2qlr_1)(1 _ t3qlT+lr+1_1) . (1 _ tN_r+1qlr+~--+lN71) y
r (1 _ tqlr)(l _ t2qlT+l’“+1) . (1 _ thrqlrJr...Jrlel)
(1 _ qlr—1+1)(1 _ tqlr_1+lr_z+1) o (1 _ tr72qlr_1+...+l1+1)
(1 _ tqlr71)(1 _ t2ql'r'71+l1'72) . (1 _ t"‘_lqlr71+~~'+ll)
Now and admit the following

COROLLARY 7.4. ®Hj;(q,t,2) = (21 + ...+ 2n)Hj(q, t, 2).

PROOF. The function J(¢71,t, wz, qj‘) on the weight lattice is an eigenfunction
of D (with ¢ inverted) restricted to the weight lattice. According to[611] Hj(q,t,2)
is a linear combination of the functions J(¢~1,t, wz,¢") with coefficients indepen-
dent of X. Hence Hj(q,t,2) is an eigenfunction of D (with ¢ inverted) restricted to
the weight lattice (that is D) as well. O

7.5. Hj via Macdonald polynomials. For A a dominant weight, Py is the
Macdonald polynomial [15]. To avoid a misunderstanding, let us state the rela-
tion between our \ = Zfi‘llliwi, and Macdonald’s partitions: we associate to

(l1,...,Iny—1) the partition (Axy > Ay_1 > ... > A3 > Ao > 0) where [; = P
A3 = A2, ooy INC1 = AN — AN-1-

THEOREM 7.6.

R R
Hy = Hyp H ((tj—i . q))lﬁ“*l] Py
1<i<j<N—1 q;q9 Li+... 4+l
PROOF. The Pieri rule [15, Equation (6.24)(iv) at page 341] reads DP; =
(21 + ...+ zn)P5 where D := Zivzl L,(NT, A, and
I (5\) - (1 _ t2qlT_1)(1 _ tgql”"—i_l”rl_l) o (1 _ tN+1—7“qlT+~-+lN—1—1) y
r - (1 _ tqlrfl)(l _ t2qlr+lr+171) o (1 _ thrqlTJr..‘JrlN,lfl)
(1 _ qlr)(l _ tqlr+lr—l) . (1 _ thlfrqlr+---+lN_1)
(1 — tqlr)(l — t2qlr+lr71) . (1 — thrqlr*‘ru.JrlN—l)
Since Hj(g,t, z) is an eigenfunction of ©, the function

(t71—q)

—1
Lit...+1;

P{(q.t,2) == Hy(q,t,2)Hy " ] ErPE
1<i<j<N-1 G4y

is an eigenfunction of D. It vanishes outside the cone of dominant weights accord-
ing to B3] and it equals 1 at A = 0. These properties uniquely characterize the
Macdonald polynomials Py (q,t, 2). O
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REMARK 7.7. In view of [7.6] expressing the Macdonald polynomials in
terms of the Baker-Akhiezer function J(g,t,z,z) is nothing but the generalized
Weyl formula [9, Proposition 5.3], [7, Theorem 3.9].

8. Speculations for arbitrary simple groups

8.1. Perverse coherent sheaves. Let G be an almost simple simply con-
nected complex group with Lie algebra g. We will follow the notations of [5], [6].
Recall the infinite type scheme ¢Q introduced in [6], Section 2.2]: the quotient by the
action of the Cartan torus T C G of the space of maps from Spec R = Spec C[[t ~}]]

to the affinization of the base affine space G/U_ taking value in G/U_ at the generic
point. It is equipped with the action of the proalgebraic group G(R); the open orbit
Qoo = QU is nothing but G(R)/T - U_(R): the maps taking value in G/U_ at
the closed point r € Spec R. We denote by j the open embedding of gQO into 4Q.
All the G(R)-orbits in §Q are numbered by the defects at r taking value in the
cone of positive coroots AL of G: Q= Ua€A+ ¢Q%. The codimension of ;Q in
¢Q equals 2|a.

We introduce the perversity p( ¢Q®) = |a/; it is immediate that the function p is
strictly monotone and comonotone in the sense of [I]. For a locally free G(R) X G-
equivariant sheaf F on ;QU the construction of [I, Section 4] produces an object
i1:F of G(R) % Gyp-equivariant quasicoherent derived category on 4Q.

8.2. Laumon resolution. In case G = SL(N) we denote ;Q by Q, and

we have a resolution of singularities m : Q — Q where Q is the moduli space
of flags 0 C Vi C Va... C Vw_1 C RN of free R-modules, rkV; = i, along
with generators of rank 1 free R-modules v; € A*V; defined up to multlphca—
tion by a scalar in C. The smoothness of Q follows from the equality Q
(Hi:l Homy; (R, R’“)) /I, GLe(i, R) where Homypj(RY, R™H) stands for the
open subscheme in the scheme (pro- finite dimensional vector space) Homp (R?, R**1)
~ R+ formed by all the injective homomorphisms, while GL®(i, R) stands for
the group of 7 x ¢ matrices with coefficients in R, and with constant nonvanishing de-
terminant. For a point ¢ € Q% we have dim 7~*(¢) < |a|—1, see [14, Lemma 2.4.6],
i.e. the morphism 7 is very small. Hence j!*(ng) = RW*Q%.

8.3. Euler characteristics for Q. Similarly to Section 6.1l we consider the
generating function [H*(Q,j1(Q%e) ® O(N))] == X2, ; (=1 [H(Q, i1 () ®
O] = X, ; (- HH'(Q, Q5 @ 7 O(N))].

PROPOSITION 8.4. For A = E 1 Y10 we have

B 3 (t]_H_l’q l il N—-2 N—i—1
[H*(Q,Q5 @70\ =Ho ] W < t1+1 oo) Ps.
1<i<j<N-1 ’ i=1

PrOOF. Applying the Atiyah-Bott-Lefschetz localization to the fixed points of
G,, x T in Q we obtain
[H*(Q, Q4 5o O(A Z 2" Z Co;(a ,t,wz)qz(w)ewm(l'i+'“+lf*1)8”

weW (Qij)ENM(N)
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" (qt2w ()] Zw(i); @)oo y ((qt;q)o(,)]\’_1 " 1 — twz®

rcicien (@Zu()/ 2w Do (4 9)oo sers LT wes

It remains to compare and the formula for Hy with the above formula,
taking into account and O

8.5. Euler characteristics for g@. In case G is of type BCFG, following [5],
Section 8.2], we consider a simply connected simply laced group G’ with Lie algebra
g’ and its outer automorphism o such that g = (g’)° (i.e. g is obtained by folding
of g’). We define the scheme QQ as a unique irreducible component of the fixed
point subscheme of the automorphism < of ;Q having nonempty intersection with
+Q° (notations of loc. cit.). The orbits of (G'[[t71]])S on 4Q are numbered by
A+ (g), and the minimal extension from QQO is defined as in Bl In order to unify
the notation, in the ADE case let us denote 4Q by QQ as well.

Similarly to [63] we define Hy(t) as W(t) - F'(t) where W(t) is the Poincaré
polynomial of the flag variety By, and F(t) = > F;t* where F} is the number of
unordered collections of positive roots as,...,ak,f1,...,0m € R1T(g) such that
none of aq, ..., ay is simple, and Z§:1(‘O‘j| - 1)+ >, (8] + 1) =4. Here |B] :=
(8, p)-

CONJECTURE 8.6. (a) For a nondominant G-weight X we have [H'(EQ, j!*(Q;Qo)

®0(A))] =0. )
(b) For a dominant G-weight A\ we have

~ . X (t‘al;q)@z ) (tlal_l'Q)oo
H*(;Q,jn(Q°4,) © O(N)] = H, - ’ U py
e N VO vl U i e

where P5(q,t, z) is the Macdonald polynomial for G, and the second product is taken
over all nonsimple positive roots of RT(g).
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