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After an optimal solution of the combinatorial
optimization problem (COP) is obtained, the next
natural step is to analyze its sensitivity. The purpose of
the sensitivity analysis of an optimal solution of the
COP is to determine the dependence of this solution
on the variation of the initial data. There are several
reasons for the interest in sensitivity analysis. First, in
many cases, the initial data of the COP are specified
inaccurately or involve natural uncertainty. In such
cases, sensitivity analysis is necessary for determining
confidence in both the optimal solution itself and con�
clusions based on this solution. Secondly, formally
modeling essential properties of the required optimal
solution in terms of the COP is often hard to formal�
ize. In this situation, having an optimal solution of a
simplified COP, a decision maker is interested in the
extent to which the found optimal solution possesses
properties not taken into account in constructing the
mathematical model for the simplified problem. The
purpose of studying such perturbations is to determine
the so�called tolerances, which are defined as the
maximum variations of individual prices (weight,
time, etc.) preserving the optimality of the given solu�
tion provided that the other COP data remain
unchanged.

The tolerances are of interest because the mini�
mum tolerance of elements of an optimal solution of

the problem is a lower bound for the stability radius of
this optimal solution and serves as a basis on which
search algorithms for solving various COPs are con�
structed [6]. Exceeding the maximum tolerance value
ensures the instability of the given optimal solution.
The first implicit algorithmic application of tolerances
appeared in Vogel’s method [8] for finding the solution
closest to an optimal basis solution in the simplex�
method for solving the transport problem and in [2] in
the construction of an efficient heuristics for solving
the three�index assignment problem. Tolerances have
been successfully used to improve algorithms for solv�
ing not only “hard�to�solve” problems but also prob�
lems having efficient solutions, e.g., the problem
about covering a graph by cycles of optimal total
weight without common vertices, which is known as
the linear assignment problem [1], as well as many
variations and generalizations of this problem [3].
Special attention is given to effectively solvable classes
of COPs, for which an optimal solution and all toler�
ances can be computed simultaneously. Examples of
such problems are the problems of finding a mini�
mum�weight skeleton tree [10] and a shortest path
[7, 9] and the assignment problem [12].

This paper is devoted to an efficient determination
of all tolerances in the weighted independent set prob�
lem (WISP) for trees on the basis of a formula for tol�
erances obtained in the paper and dynamic program�
ming. Thus, for a tree with n vertices, the proposed
procedure uses O(n) arithmetic operations on real
numbers of any length. The choice of trees as the
object of study is caused by that the WISP class has low
complexity and, therefore, should be useful in the
development of search algorithms of branch�and�
bound type for solving WISP in the general case (see,
e.g., the corresponding choice for the traveling sales�
man problem in [5, 11]).
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1. COMBINATORIAL OPTIMIZATION 
PROBLEM

The combinatorial optimization problem is deter�
mined by a quadruple {Γ, c, F, fc} of parameters, where c:
Γ → R is a weight function on a universal set Γ, F is the
set of admissible solutions of the problem, and fc is an
objective function. Given a particular quadruple {Γ, c,
F, fc}, the corresponding COP is to find an element
S* ∈ F at which the objective function takes an extre�
mum (minimum or maximum) value. Such a set S* is
called an optimal solution of the problem.

An example of such a COP is the weighted inde�
pendent set problem. This problem for an ordinary
graph with weighted vertices consists in fining a set of
pairwise nonadjacent vertices of maximum weight in
this graph. Recall that any set of pairwise nonadjacent
vertices is usually said to be independent. In the
weighted independent set problem, Γ is the vertex set
of the input graph, F is the family of independent sets
in the input graph, c is a nonnegative weight function
of vertices, and fc(S) is the weight of an independent

set S, which equals the sum (s).

Suppose given a maximum COP, its optimal solu�
tion S*, and elements x and y. We shall refer to this
problem as the old problem. From the old problem we
form two new problems. The first new problem is
obtained from the old one by decreasing the weight of
the element x by a nonnegative number w. The second
problem is obtained from the old one by increasing the
weight of the element y by some nonnegative number.
Consider the old problem. The lower tolerance of the
element x with respect to the given optimal solution S*
(denoted by lS*(x)) is defined as the supremum of those
numbers w for which the set S* remains an optimal
solution for the first new problem, provided that all
other data of the old problem remain unchanged. The
meaning of the lower tolerance is that its minimum
value over all elements of the optimal solution is an
estimate of the stability radius of the optimal solution
of the old problem. In other words, this problem has
no admissible solution S ' satisfying the inequalities
fc(S*) > fc(S ') > fc(S*) – l, where l is the minimum
lower tolerance among the lower tolerances of all ele�
ments of S*. The notion of an upper tolerance is intro�
duced by analogy with the notion of a lower tolerance.
The upper tolerance of the element y with respect to
the optimal solution S* (denoted by uS*(y)) is defined
as the supremum of those numbers w for which the set
S* remains an optimal solution for the second new
problem, provided that all other data of the old prob�
lem remain unchanged. The meaning of the upper tol�
erance is similar to that of the lower tolerance.
Namely, the old problem has no admissible solution
S '' satisfying the inequality fc(S*) > fc(S '') > fc(S*) – u,
where u is the minimum tolerance of elements not
belonging to S*.

c
s S∈

∑

2. A FORMULA FOR CALCULATING 
TOLERANCES IN THE WEIGHTED 

INDEPENDENT SET PROBLEM

In what follows, we always assume that {Γ, c, F, fc}
is the weighted independent set problem. Let F–(x)
denote the family of independent sets not containing
the vertex x. By F+(y) we denote the family of indepen�
dent sets containing the vertex y. The family of inde�
pendent sets of maximum weight among the elements
of F–(x) and F+(y) is denoted by (x) and (y),
respectively. The set F* is the family of all optimal
solutions of the problem {Γ, c, F, fc}. For a subset F ' ⊆
F, by fc(F ') we denote the maximum weight of an inde�
pendent set belonging to F '. The following lemma is
valid.

Lemma 1. If S* ∈ F*, x ∈ S*, and y ∉ S*, then

(a) lS*(x) = fc(F*) – fc( (x));

(b) uS*(y) = fc(F*) – fc( (y)). 

It follows from Lemma 1 that the lower and upper
tolerances are invariants of the set of optimal solutions
in the sense that their values do not depend on the
chosen optimal solution.

3. CALCULATION OF TOLERANCES 
IN THE WEIGHTED INDEPENDENT SET 

PROBLEM FOR TREES

According to lemma 1, for any S* ∈ F*, x ∈ S*, and
y ∉ S*, we have lS*(x) = fc(F*) – fc( (x)) and uS*(y) =

fc(F*) – fc( (y)). Thus, if the value fc(F*) is known,
then, to calculate the lower and upper tolerances of the
vertices x and y, it suffices to calculate fc( (x)) and

fc( (y)). At the same time, it is desirable to efficiently
use the information accumulated during the calcula�
tion of fc(F*) for finding fc( (x)) and fc( (y))
(rather than, say, recalculate the optimal independent
set for the graph without or with x or y). For trees, such
a procedure is indeed possible. It is based on the appli�
cation of the direct and the inverse “move” of dynamic
programming.

The WISP for a tree is solved by considering this
problem for subtrees rooted at all possible vertices and
reducing the problem for a subtree rooted at the vertex
x to the WISP for subtrees rooted at the sons of x. This
approach was proposed in [4]. For a COP {Γ, c, F, fc}
being the WISP for a tree T rooted at a vertex r, con�
sider all subtrees Tx, x ∈V(T), where Tx denotes the
subtree of T rooted at x. Let us introduce the following
variables: s(x) is an optimal independent subset of the
subtree Tx and sin(x) and sout(x) are, respectively, inde�
pendent subsets of Tx having maximum weight among
all independent sets of Tx containing and not contain�
ing the vertex x. The sets s(x), sin(x), and sout(x) have
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weights w(x), win(x), and wout(x), respectively. Note
that w(x) = max(win(x), wout(x)); moreover, s(x) =
sin(x) if win(x) ≥ wout(x) and s(x) = sout(x) otherwise. It
is easy to write recursive equations for weights: if x is a
leaf of the tree, then win(x) = c(x) and wout(x) = 0, and

if the vertex x is not a leaf, then wout(x) = (x)

and win(x) = c(x) + (y), where cosh(x)

denotes the set of immediate descendants of the vertex x
in the input tree. By analogy, recursive equations for
the sets s(x), sin(x), and sout(x) are derived.

After obtaining win(x), wout(x), w(x), sin(x), sout(x),
and s(x) for each x ∈ V(T) (by a direct “move” of
dynamic programming), we calculate all tolerances by
means of an inverse “move.” For this purpose, we
introduce the following variables: Win(x) = fc( (x)),

Wout(x) = fc( (x)), Sin(x) ∈ (x), and Sout(x) ∈

(x). Clearly, if x is a root of T, then Win(x) = win(r)
and Wout(x) = wout(r). Note that if p(x) is a parent of a
nonroot vertex x, then Wout(p(x)) – w(x) = Win(x) –
win(x), and Wout(x) – wout(x) = max(Win(p(x)) – wout(x),
Wout(p(x)) – w(x)). These equalities are easy to rewrite
as recursive equations. By analogy, equalities for Sin(x)
and Sout(x) are written. It follows from Lemma 1 that,
for any x ∈ S* = s(r), we have lS*(x) = w(r) – Wout(x)
and, for any y ∉ S*, we have uS*(y) = w(r) – Win(y).

The pseudocode for the solution of the WISP for a
tree T with root r and the subsequent calculation of all
tolerances is given below.

4. THE WISP�ALGORITHM + CALCULATION 
OF ALL TOLERANCES (T, r)

{
for (in the order reverse to the width�first traversal

of T)
{ if (x is a leaf)
{

wout(x) = 0; sout(x) = ;
win(x) = c(x); sin(x) = {x};
w(x) = c(x); s(x) = {x};
}
else
{

win(x) = (y) + c(x); sin(x) =

(y) ∪ {x};

wout(x) = (y); sout(x) = (y);

w(x) = max(win(x), wout(x));

w
y cosh x( )∈

∑

wout
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if (w(x) > wout(x)) s(x) = sin(x);
else s(x) = sout(x);
}
}
for (in the order of the width�first traversal of the

tree T)
{
if (x = r)
{
Wout(x) = wout(r); Sout(x) = sout(r);
Win(x) = win(r); Sin(x) = sin(r);
}
else
{
Win(x) = Wout(p(x)) – w(x) + win(x);
Sin(x) = Sout(p(x)) ∪ (sin(x)\s(x));
Wout(x) = wout(x) + max(Win(p(x)) – wout(x),

Wout(p(x)) – w(x));
if (Wout(x) – wout(x) ≥ Wout(p(x)) – w(x)) Sout(x) =

Sin(p(x));
else Sout(x) = Sout(p(x)) ∪ (sout(x)\s(x));
}
}
for (x ∈ V(T))
{
if (x ∈ s(r)) lS*(x) = w(r) – Wout(x);
else uS*(x) = w(r) – Win(x);
}
}
Note that, by means of the pseudocode presented

above, the value w(r) and all tolerances (without the
corresponding sets) are calculated in time O(n), where
n is the number of vertices in the tree T. However, if the
sets s(x), sin(x), and sout(x) are stored in a singly or dou�
bly connected list (which ensures the possibility of
implementing union in time O(1)), then sin(x) and
sout(x) are calculated in time O(|cosh(x)|). Therefore,
an optimal independent set for the tree T is deter�

mined in time O(  = O(n).

It can also be shown that the total time required to
compute all sets sin(x)\s(x) and sout(x)\s(x) is O(n) (for
this purpose, it is necessary to write recursive formulas
for sout(x)\s(x) and s(x)\sout(x), store these sets in singly
or doubly connected lists, and determine them in the
first part of the pseudocode). Thus, the complexity of
the entire pseudocode is O(n).
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