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The problem of the compression of classical information when a receiver has access only to side quantum
states associated with classical states of a source, which are not available directly, is examined. For the receiver
to be able to reconstruct the entire information of the source, a certain additional amount of side classical
information is required. A bound on the minimum necessary amount of side classical information has been

obtained by simple means.
DOI: 10.1134/S0021364014070108

INTRODUCTION

A source of information can generate either classi-
cal or quantum states. One of the fundamental results
of classical information theory is the theorem of the
compression of information, which is also called the
Shannon coding theorem for a classical source [1].
The situation in the quantum case is more diverse [2].
Classical information can be transmitted by quantum
states. In particular, a key (random classical bit string)
in quantum cryptography is distributed by quantum
states. The upper bound of classical information that
can be extracted from an ensemble of quantum states
is the fundamental Holevo bound (Holevo coding the-
orem [3]). This bound was first obtained for pure states
and, then, for mixed states [4, 5]. Schumacher coding
[6] (compression of quantum information) provides
the minimum dimension of the Hilbert space of states
of a quantum communication channel into which
quantum states of the source can be inserted without
loss of quantum information (distortion of the initial
quantum states). Quantum mechanics allows the
transfer of an unknown quantum state from one quan-
tum system to another by means of a preliminarily dis-
tributed entangled state (teleportation of a quantum
state, i.e., quantum information) with the joint use of
a quantum channel and an auxiliary classical commu-
nication channel. Teleportation was predicted in [7]
and was experimentally demonstrated in the complete
Bell basis in [8]. This phenomenon fundamentally
does not have any classical analog. Quantum mechan-
ics allows the transmission of classical information by
means of an entangled state and an additional classical
channel (superdense coding [9]).

Below, we consider the compression of classical
information in the case where the states of the classical
source are not available directly. Only side quantum
states unambiguously associated with the classical
states of the source are available. Such a situation
occurs, e.g., in quantum cryptography. Having access
only to side quantum states, which are generally non-
orthogonal, the receiver fundamentally cannot iden-
tify all sequences of states generated by the source. The
question is what is the minimum amount of classical side
information in addition to quantum information neces-
sary for reliable discrimination (in the asymptotic limit)
of all initial classical sequences.

This problem is a quantum analog of a classical
problem considered by Slepian and Wolf [10]. It is for-
mulated as follows. There are two correlated classical
sources. Each source sends states to one receiver. It is
possible to indicate an upper bound of amount of
information that can be obtained by the receiver hav-
ing access only to one of two sources. It is necessary to
obtain an upper bound of amount of information that
can be obtained by the receiver having access simulta-
neously to two sources. In this situation, one of them
can be considered as a source of side information with
respect to the other source. In the quantum case, the
problem of the compression of classical information
with side quantum information was considered by
Devetak and Winter [11] with the use of the method of
projection on the typical space. Renes and Renner
[12] solved this problem using the language of min and
max von Neumann entropy.

Using simple means, we will show below that the
solution of the formulated problem can be obtained as
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a generalization of the remarkable Holevo coding the-
orem for a quantum source |2—4]. This way is the most
direct and makes it possible to obtain more accurate
estimates of the probability of error.

CLASSICAL SOURCE

Let a classical source generate states according to
the alphabet X = {x,, x,, ..., x,,} and the probability dis-
tribution py(x) specified on it. The source is used »
times, where 7 is sufficiently large. Let sequences X" =
(x;, 5 X;,» ey X; ) With the length n be sent through an

ideal channel without memory. The total number of
sequences with the length » is 2"°¢” (here and below,
log means base-2 logarithm). All sequences can be
classified as typical and atypical. The set of typical
sequences T . has the dimension

Iy

ZM[H(X)_6]<|TS,5| <2”[H(X)+6]’ (1)

beginning with a certain length n > ny(5, €) (where &
and € are any infinitesimal values). The probabilities
p(X") of the appearance of all typical sequences are
approximately identical (asymptotic equidistribu-
tion):

2—”[H(X)+5]<p(X”)<2—”[H(X)—5]. (2)

At large n values, there are (1 — )27 =3l typical
words. The probability of other atypical sequences is
no more than €. The number of bits of information
that is generated by a source per message in the asymp-
totic limit of long sequences (n — ) is nH(X) (where

HXO == py (x)logpy(x).

The source coding theorem (the compression of
classical information) informally means that integers
from the range 1 < J < 2"#W js sufficient for enumera-
tion of all typical sequences. The representation of
these integers requires no more than [nH(X)] + 1
binary positions (where [...] is the integer part of a
number), and each carries one bit of information.
Instead of the transmission of # positions that are gen-
erated by the source, the receiver and transmitter can
preliminarily agree on a common code table present-
ing the correspondence between each typical sequence

X, = (x,-I s Xi s vy xl-”) and [nH(X)] + 1-bit number J.

The enumeration of typical sequences can be arbitrary
because of their equidistribution. If the source gener-
ates one of the typical sequences, the ordinal number
J of the sequence, rather than the sequence itself, is
sent. The receiver uniquely reconstructs the generated
sequence from the code table. If the source generates
an atypical sequence, it is rejected and nothing is sent.
Information is not lost in the asymptotic limit. 7he
access of transmitter and receiver to the preliminarily
accepted code table is fundamentally important for the
compression of information.
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QUANTUM SOURCE

Classical information can be transmitted by means
of quantum states. The classical source with the alpha-
bet X = (x;, x,, ..., X,,) and probability distribution
px(x) on it is matched with the quantum alphabet Q =
(Px, > Py, s o> Px ) (X; — P, ) With the same probabil-

ity distribution. The amount of classical information
that can be obtained from such a source is limited by
the Holevo fundamental value [2—4]. When the chan-

nel is used n-times, only 2P quantum sequences of

all 2" classical typical sequences, which are
assigned with quantum states, can be reliably distin-
guished, where

1(P) = H(P) - px(x)H(p,),
i . (3)
p =D px(¥)p. H(p) = -Tr{plogp}

(here and below, depending on the context, the Shan-
non and von Neumann entropies are denoted by the
same letter H, which should not lead to misunder-

standing). More precisely, no more than 2"*?

sequences of all 2" quantum sequences with the
length n (p, , p, , ..., Py, ) are reliably distinguished
1 Bl n

(with arbitrarily small probability of error in the
asymptotic limit » — o). There are a code (code
table of sequences and their ordinal numbers) with the
size of no more than 2™ and a set of quantum-
mechanical measurements that make it possible to
reliably distinguish all code sequences in the presence
of the preliminarily accepted code table accessible to
the transmitter and receiver. In other words, the
Holevo fundamental bound is achievable [2, 4].

Thus, the receiver and transmitter should preliminar-
ily accept the code table. According to this code table, the
source generates first classical and then quantum states.
The receiver constructs measurements (decoder) that
make it possible to distinguish quantum sequences only
inside the code table (code words).

CLASSICAL SOURCE WITH SIDE QUANTUM
AND CLASSICAL STATES

In a number of important problems of quantum infor-
matics, it is necessary to distinguish sequences of quan-
tum states when the receiver does not have the prelimi-
narily accepted code table. In particular, this is the case
in quantum cryptography, when the transmitter sends
sequences of quantum states matched with classical
states to a communication channel:

(xilv xi27 treo xin) - (|¢x‘.]>9 |¢x[2>' i |¢x,”>)7 (4)
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and an eavesdropper does not have the code table.
Classical states remain for the receiver, whereas quan-
tum states are sent to the communication channel.
The transmitter generates ~2"#® classical words.
However, if quantum states are nonorthogonal (as in
quantum cryptography), the number of reliably distin-
guishable sequences even in the presence of the code

table is no more than ~2"*P (2" < 2nH®)Y In the
absence of the code table, the receiver “sees” an

ensemble of states that is described by the density
matrix

Pxo = z Px(xil)---l’x(xzn)

Xip oo X

xi”><xi,| ®

n

e @ x| ® Px, ®..® Px, (5)

®n
= [sz<x)|x><x| ® px} ,

and the receiver has access only to side quantum states
(subsystem Q) and does not have access to classical
states X.

The question is what is the minimum amount of
additional (side) classical information that should be
accessible to the receiver for reliable discrimination of
all 2"°e" sequences. The source generates a classical
string and assigns it to a sequence of quantum states
(quantum source). Furthermore, the transmitter
transmits auxiliary side classical information to the
receiver from the second classical source certainly cor-
related with the quantum source. (The Slepian—Wolf
problem involves two correlated classical sources. In
the problem under consideration, there are also two
correlated sources: quantum and classical.) The auxil-
iary source has its alphabet Z and probability distribu-
tion on it p(z). As will be shown below, the dimension of
the alphabet and the type of distribution are insignifi-
cant. Only the Shannon entropy of this source is impor-
tant. Therefore, it is sufficient to take the simplest
binary alphabet Z= {0, 1}, pA0) =gandpA1)=1—q.
Side classical information is generated for each quantum
sequence, €.g., by means of n tossings of an asymmetric
coin. The entropy of such a source is nH(q) = nh(q)
(where h(q) = —qlogqg — (1 — g)log(1 — g) is the binary
entropy function).

Side classical information can be represented in
terms of orthogonal quantum states |7) (z=0, 1):

(X5 Xis s X; )
— (16) ®z;), 10, ) @ z)... 0, ) @ z,))  (6)
= (s, 2 ) ©10s, )10y, o)) =

|CDJ(X, z)> '
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The side classical state |z; ) is generated for each event
of generation of a quantum state |¢, ). For subsequent
'k

consideration, it is convenient to denote the set of sub-
seripts as Ji, o = ((x; 5 g;, )5 (x5 25,)5 -5 (x5 2;)))-
The number of sets of subscripts is 271°¢”_ which is the
number of generated sequences (xiI s X5 eees X ). Each
position of quantum states “is equipped” with auxil-
iary classical information whose amount per position
is h(q) bits. It is necessary to determine the minimum

amount /A(q) of side classical information at which the
receiver, having access to quantum states and side clas-

sical information (z; ; z; 5 .3 z; ) and using quantum-

mechanical measurements, can reliably distinguish all

sequences (|0, ), |d,), ..., |$, )) generated by the
Bl ) 'n

source and, correspondingly, (x; , X; , ..., X; ).

We will show below that the answer to the above
question is in fact a consequence of the Holevo theo-
rem [2—4]. We consider only the case of pure states
and direct theorem. The case of mixed states can be
considered similarly and is a consequence of the case
of pure states [4]. The inverse coding theorem (strong
inversion) can be proved by the Ogawa—Nagaoka
method [13].

It is important that the transmitter and receiver use
side quantum states and side classical information for
a common quantum-—classical code table. Knowing
this table (correspondence between the subscript J(x,
z) and a certain quantum-—classical sequence), the
receiver performs measurements. Measurements of
states (6) are represented by a decomposition of unity:

N
[ = ZM'/(X’Z)’ (7)

)

where M Jo, are positive operator-valued measures
X,z

and N is the number of sets of subscripts J, ,. The
conditional probability that the sequence of states
|D T ")) is sent and measurements provide the outcome

']'(x, 2) is Pf(f(x, 2) |J(X z)) = <q)l<x,z>|M/('x,z)|q)f(x,z>> ’

The mean error probability over all sequences is

N
1
Perr(N) = NZ(l - <(I)J(“)|MJ(XYZ)|®J(XYZ>>)9 (8)
Jix.0

where N is the number of sequences. Pretty good mea-
surements are chosen in the form

MJ(x, 0 |(DJ(X, z)> <(Dl(x, z)| g

(D) = T |, ), where 9)
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N
I = z |(DJ(X’ Z}><(DJ(X, z}|

)

isthe Gram operator. In view of Eq. (9), Eq. (8) canbe
written in the form

N
Pur(N) = 33 (1= (s, |0, )

‘I(x, 2)

) (10)

N
2 o 12,4
S NZ (1 - |<(D‘I(x,z)|r |q)'/(x,z)>

"(xﬁz)
2 12
= Z=Tr('=-T"7).
¥ r( )

Here, we used the equality

Tr((... )| s, YDy ) = (D () Dy )

Then, 2( = T'/?) <T2 —T (see, e.g., [4, 14]). We cal-
culate the average error probability for all possible
implementations of the classical source according to
the probability distributions py(x) and p(z) on the side
quantum and classical alphabets:

Po(N) < gw -r'?)

(11)

N
= ]%[Tr{(z |®J(M)> <(DJ(x,z)|J

S0

N N
% (Z |q)‘12x, z)><q)JZX, z)|j - Z |®J(X,z)><q)‘l()c,z)| }’
J(x,r)

J 2,\‘, 2)

where averaging over the distributions py(x) and p(z)
means

(= 3 3T sl palx)px(x;)]

XiseesXp Zjseenn
1 N n

X [pAz: )P Az -p A2 )](...),

IR CIANICIND:

Jono* w2

7 < L
P <-=T
(NS r{

x (|(DJ;”)> <(DJ;M)|) }

= (N- l)Tr{{ z pX(xi,)pX(xiz) (12)

Xipp Xy s X
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D)1, )b | @ [0, )b, | ® .. © |¢x,."><¢x,.n|j

X( > Az IPAz)

LR

DA77 )2 | @ o )z ©® ... ® |Zin><zin|] }

= 2AN-DTr(p,) "Tr(p,) "

b

where
Pr = D P, P = Y pAR)N. (13)

Using the inequality min(ab) < a*b' —%, where 0 <s < 1
(details see in [4, 14]), we obtain

n s —1l+s5 ®n —1+s5 ®n
Po(N =2 <2(N - 1)Tr(p, ™) " Tr(p. ™)
—1l+s —1+s (14)
—n(max,{—log[Tr } —logTr -R
<2 max 2 (max,{-log[Tr(p, )] gTr(p, ) )’
0<s<1

where R is the number of bits of information generated
by the classical source per message. If only typical
sequences are taken into account, then R = H(X); if all
sequences are considered, then R = logm.

Since —log[Tr(p_xI o ] and —log[Tr(;;zl o )] are
upward-convex functions of s and

H(p,),

1 —1+s
%{—IOg[Tr(Px )]}3:0
| (15)
—1+s —
z{_log[Tr(pz )]}s=0 = H(pz),
s
at H(p,) + H(p_) > R, the decoding error probability
approaches zero with an increase in #.
In other words, if the entropy of the initial classical
source R and quantum states are specified, the mini-
mum amount of side classical information H(p,) nec-

essary for the receiver sequences having access only to
side quantum and side classical information to be able
to distinguish all classical sequences is

H(p,) > R—H(p,).

According to the above consideration, the particu-
lar type of source of additional side classical informa-
tion is insignificant. Only the entropy of the source is
important.

S.N.M. is grateful to D.A. Kronberg for stimulating
discussions.

(16)
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