Remark. Our results cover those of [4, 7], which can be obtained by setting p;(z) = bz?, qo(z) = az®
and po(z) = cz”, where a, 8, v, a, b, and ¢ are real constants.

The work was financially supported by the Russian Foundation for Basic Research under grant No. 93-
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Weak Solutions to Burgers-Type Equations with Nonsmooth Data
V. V. Chistyakov

We give a simple proof of the existence and uniqueness of the solution u € C{(0, T) X R) to the Cauchy
problem

(0 —2)u+8,f(u)=0 in D'((0,T)xR), u(0,-) = uo(-) € L' (R) N L*=(R),
for the case in which the function f: R — R is only assumed to be continuous.

§1. Introduction. We are chiefly interested in the uniqueness of weak solutions to the following
Cauchy problem for a quasilinear parabolic Burgers-type equation:

(8¢ — B2)u(t, z) + Bx f (ult, z)) =0, (t,z) € (0, T)xR, T>0, (1)
u(0, z) = uo(z), zeR, (2)

when the problem data f: R — R and ug: R — R are nonsmooth functions (here 8;, d,, and 33 stand
for the first- and second-order partial derivatives with respect to ¢ and z). Our main observation is
that the regularization of the difference between two solutions to the original equation satisfies a linear
parabolic equation with two spatial variables and that the maximum principle estimate of a solution to the
latter equation does not use any information about the coefficients of the first derivatives of the solution
(these coefficients are given by the derivative of the regularization of f in the intermediate point between
the regularizations of the two solutions).

Translated from Matematicheskie Zametks, Vol. 58, No. 3, pp. 471-478, September, 1995.
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The classical Burgers equation has the form
(0 ~ O )u + 0:(u®/2) = 0;

it was thoroughly studied in [1]. Equations of the form (1) naturally arise as “parabolic approximations”
in studying generalized (discontinuous) global solutions for quasilinear hyperbolic conservation laws [2-4].
Let us also point out that the Burgers equation and its generalizations were studied in various directions
in [5-7].

Throughout the paper we use the standard designations of function spaces.

§2. Theorem. Let T >0, let f: R — R be continuous, and let ug € L'(R)N L°°(R). Then problem
(1), (2) has a unique (weak) solution
u=u(t,z) e C((0,T) x R)

with the following properties:
(i) u, 8zu € LL ((0, T)xR); u is bounded and uniformly continuous on (6§, T) xR for any § € (0, T);
(ii) (8 - &2)u + 8, f(u) =0 in D'((0, T) x R), that is,

/T -[R(u(at + 02y + f(u)B:9) dzdt =0 V¢ € C((0, T) x R); 3)
0

b
(i) ltlﬁl as,lblgIR /a. (u(t, z) — uo(z)) dz| = 0.
Moreover, if u,v € C((O, 00) X R) are weak solutions to problem (1), (2) on (0, ) x R that satisfy

(i) and (ii) with T = oo and assume the initial values ug, vo € L*(R)N L°(R) in the sense of (iii), then

sup
a,b€R

/ (uo(a:) - vo(m)) dz (4)

b
/ (u(t,z) —v(t, z)) dz

< sup
a,beER
for any t > 0.

The proof is in two parts.

§3. Existence. For smooth initial data, the solution to problem (1), (2) is the z-derivative of the
solution v = v(¢, z) to the problem

(8 - 2w+ f(B:v) =0 in(0,T) xR, (3)
v(0, z) = vo(z) := /; uo(é)dé onR. (6)

In our case v is bounded and Lipschitz continuous on R with Lipschitz constant |juol|ze(mr); thus 8],
there exists a unique bounded continuous function v = v(t, z) on [0, T] x R such that Qv, 8v, d2v e
L3 ((0,T) x R), v and &;v are bounded and uniformly continuous on (6,T) x R for any § € (0,T),
and v satisfies Eq. (5) almost everywhere on (0, T') X R and assumes the initial values (6) in the sense of
c(0,T]; L=(R): |
ltlfgliléglv(t, z) — vo(z)| =0

(note that since f in (5) depends only on p = d,v, the restriction imposed in [8] on the growth of f(p)
with respect to p can be removed).

Let us verify that the function u := dyv satisfies (i)-(iii). Obviously, u € C((0, T) x R) and (i) is

satisfied. If ¢ € C[‘,"’((O, T) x R), then we multiply Eq. (5) by 8:¢, integrate it over (0,T) x R, use
integration by parts to transpose one derivative from 8%v to 8,9, and take account of the identity

T T
/ / B0, dzdt = / / 8,00, dedt,
0 R 0 R
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thus obtaining (ii) with v = 0,2 . Finally, the inequality

b b
/azv(t,:c)dz—/ uo(z) dz

valid fora,b € R, shows that u = J;v also satisfies (iii). The existence of a weak solution to prob-
lem (1), (2) is thereby proved.

< [o(t, b) = vo()] + [o(t, @) = vo(a)].

§4. Uniqueness. Let u, v € C((0,T) x R) be two solutions to problem (1), (2) that satisfy (i) and
(i) with T = co and assume the initial values up, vg € L!(R)N L>°(R), respectively, in the sense of (iii).
Let us choose an arbitrary T > 0 and consider a function ¢ € C°(R) (a smoothing kernel) such that

¢ >0, suppp C(-1,1), and /cp(x)d:c =1
R

Set
z

1
eda)=10(2), £>0, s€R (pOulta) =pele), LrER
Next, we fix a § € (0, T/2) and, assuming that € € (0, §), define the following functions on [6, T ~ ] x R:

uti=uk(pe®e),  f(u) = (fou)*(pe @ pe)

(convolutions of functions of two variables). We set f* := f* ., z € R (the convolution of functions of
one variable). Since convolution commutes with the differentiation operator, it follows that-

8, (uf) = (Bzu)" = (Br1e) * (pe ® ).

Set
%b("’,{) :=(§0¢®(Pe)(t'—’r,$—£), t€{6$T-’6]} T$xa§€R'

Then % € Co((0, T) x R) for fixed (¢, z); by substituting this function into Eq. (3) with ¢ replaced by 7
and z by £, we find that u® satisfies the equation

(6 — 32)u + 3: f(u)* =0 everywhere on (§,T — §] x R. (7N

Consider the function
b
US(t, a, b) = / u(t,z)dz, te[6,T—4§), (a,b)€R"
We have

A U%(t, a, b) = —u®(t, a), 82Ue(t, a, b) = —B,u"(t, a),
WU*(t, a, b) = u®(t, b), O}U*(t, a, b) = O, u%(¢, b);

thus, by (7),

QU*(t, a, b) = / ’ By (t, 2) d = / ’ 8. (8w — f(u)f)(t, 2)da
= B,u%(t, b) — Byus(t, a) — f(w)(t, b) + F(u)(t, )
= BU(t, 0, b) + B2U(2, 0, 8) + [£*(u*(2,B) — f(w)’(t, B)]
— f(BU*(t, 0, B)) + [f(u)*(2, @) — f2(u(2, @))] + £*(-BuU"(2, a, ).
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Consequently, U® satisfies the following problem:
(0r = 02 = O)U® + f(OU*) — f(~8aU*) = Fi(t, a) — Fi(t, b)
everywhere on (8, T — 6] x Rq X Ry,

b
UE(J,a,b)=/ u®(6, 2)dz, (a,b) e R =R, x Ry,

where
Fi(t, z) := f(u)*(t, z) — f(u’(¢, 7)), (t,z) €6, T~ 6] xR.

Let us carry out a similar argument for v and introduce similar notation. Then for the difference
We(t, a,b) = US(t, a, b) — V*(t, a, b) = /b(u‘(t, z) = v(t, 7)) do
a
we obtain the parabolic equation
(0 ~ 82 — BZ)W* — B(t, a)3,W* + B%(t, b)OyW* = F*(t,a,b) everywhereon (6,T — 6] x R?, (8)
where
Be(t,z) := /l(f‘)'(ﬁu‘(t, z) + (1 — O)ve(t, 7)) df, (t,z)€[6,T - 6] xR,
Fé(t,a,bd):= F?f(t, a) — Fj(t,a) + F;(t,b) — Fg(t,b).

By continuity, for t = § the function W* satisfies the initial conditions
b
We(§,a,bd) = / (u®(8, z) — v*(6, z)) dz, (a, b) € R2. (9)

By the maximum principle [9, §1, Theorem 10], the solution W€ to problem (8), (9) satisfies the estimate

|[We(t, a,b)| < sup |W*(5,a,b)|+(t—6) sup |Fé(t, a, b)|
(a,b)ER? (t,a,b)€[s,T—5]xR?

for (¢, a, d) € [6, T — §] x R?, whence it follows that

b
/ (ué(t, z) — v*(¢, z)) dz

< sup
a,bER

b
/ (u¥(6, 7) - uo(z)) ds

+ sup
a,bER

b b
+ as,?gm /; (uo(z) = vo(z)) dz /a (v¥(8, z) — vo(z)) dz

+2T sup (lF,f(t,z)| + IFf(t,x)l) (10)
(t,2)€[6, T—8] xR

Since u and v are uniformly continuous on [§,T] X R, the properties of convolution {10, Lemma 2.18]
imply that the fourth term on the right-hand side-in Eq. (10) tends to 0 as ¢ — +0, and hence in the
limit as € — +0 inequality (10) yields

b
/a (u(t,z) —v(t, 7)) dz

< sup
a,b€R

b
/; (u(8, z) — uo(z)) dz

+ sup
a,beER

<+ sup
a,beER

_/: (uo(z) — vo(z)) dz /: (v(6, z) — vo(z)) dz

for t € [6,T — 6], a, b € R. In view of (iii), by passing to the limit in the latter inequality as 6 — +0,
we obtain (4) for t € (0, T). Since T > 0 is arbitrary, we conclude that (4) is valid for all £ > 0.

Now if ug = vg, then, by Eq. (4) and by the continuity of u and v on (0, 00) X R, we find that u = v
everywhere on (0, c0) x R, thus completing the proof of the theorem. [
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§5. Open question. Is it possible to solve problem (1), (2) and prove the uniqueness of the solution
for the case in which the state function f is discontinuous, say, if f is the Heaviside function: f(u) =0
for v < 0 and f(u) = 1 for u > 0?7 What role is played by the value f(0) in this case? The solution

to this problem is of interest also for hyperbolic conservation laws with discontinuous state function (see
also [11]).

The author is grateful to Yu. I. Dmitriev for his assistance.

References

. E. Hopf, Comm. Pure Appl. Math., 3, No. 3, 201-230 (1950).

. O. A. Oleinik, Uspekhi Mat. Nauk [Russian Math. Surveys], 12, No. 3, 3-73 (1957).

. S. N. Kruzhkov, Mat. Sb. [Math. USSR-Sb], 81, No. 2, 228-255 (1970).

. K.-S. Cheng, J. Diff. Eq., 61, No. 1, 79~127 (1986).

. J.D. Avrin, Proc. Amer. Math. Soc., 101, No. 1, 29-40 (1987).

. D. Hoff and J. Smoller, in: Nonlinear Systems of Partial Differential Equations in Applied Mathematics. Part 2, Lectures
in Applied Mathematics, Vol. 23, Pravidence, R.1. (1986), pp. 371-381.

RO e N

7. H. A. Biagioni, J. Diff. Eq., 97, No. 2, 263-287 (1992).

8. V. V. Chistyakov, Vestnik Moskov. Univ. Ser. I Mat. Mekh. [Moscow Univ. Math. Bull}, No. 3, 44-48 (1986).

9. A. M. IV'in, A. S. Kalashnikov, and O. A. Oleinik, Uspekhi Mat. Nauk [Russian Math. Surveys|, 1T, No. 3, 3-146 (1962).
10. R. A. Adams, Sobolev Spaces, Academic Press, New York (1975).
11. W. K. Lyons, Quart. Appl. Math., 40, No. 4 (1983).

N. I. LOBACHEVSKII NizHNII NOVGOROD STATE UNIVERSITY

Translated by V. E. Nazaikinskii

1009



