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Summary
Diffraction of light in a non-homogeneous acoustic field produced by a wedge-shaped piezoelectric transducer is
studied theoretically. Electrical, acoustic and acousto-optic characteristics of cells with the wedge-shaped trans-
ducers are calculated. Most attention is focused on special features of these cells operation at transducer’s third
harmonic frequency. It is shown that the acoustic field has a complicated amplitude and phase structure which
varies with ultrasound frequency. The dependence of the acousto-optic diffraction efficiency on the acoustic wave
amplitude and the phase mismatch is studied. It is established that the diffraction efficiency can approach 100%
despite a noticeable phase mismatch. Optimal values of acoustic power and light incidence angles are found. It
is revealed that due to the wedge-like form of the transducer the frequency band at the third harmonic can be
several times increased with retaining a high value of the electric-to-acoustic power conversion.

PACS no. 43.35.Sx, 43.38.Fx

1. Introduction

For acoustics, the problem of excitation of wedge-shaped
piezoelectric transducers is not absolutely new [1, 2, 3, 4,
5]. This problem is of indubitable interest from two points
of view at least. Firstly, when manufacturing a plate-like
transducer it is impossible to make ideally parallel planes.
Therefore, it is important to know the value of critical de-
viation from parallelism. Secondly, the wedge shape of the
transducer with a noticeable wedge angle can significantly
change characteristics of the acoustic field; this effect can
be useful for developing various devices.

In the papers mentioned above, the wedge-shaped pie-
zoelectric transducers were studied in the context of prob-
lems of ultrasonic frequency band broadening and elec-
tronic scanning of the ultrasonic beam radiation diagram.
However, applications of similar transducers in acousto-
optics have special features. The knowledge of integral
characteristics, such as the frequency bandwidth and the
electric-to-acoustic conversion coefficient, is not sufficient
to make conclusions about the quality and the usefulness
of the transducer for acousto-optic (AO) purposes. The
acoustic field structure in the AO cell and its changing
with ultrasound frequency are of great importance as well.
In papers [6, 7, 8, 9] it has been shown, that the wedge-
like form of the transducer results in amplitude and phase
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non-homogeneity of the excited acoustic beam. The am-
plitude non-homogeneity affects only the value of acous-
tic power that is necessary for reaching a specified value
of the diffraction efficiency. The phase non-homogeneity,
signifying the curvature of the beam wave front, influ-
ences stronger. In this case, one of the most important
AO parameters – the Bragg angle – loses its sense be-
cause this angle is conventionally measured from the wave
front [10, 11, 12]. By this is meant that no incidence an-
gle of light can satisfy the phase matching condition; a
phase mismatch does always exist and it is different in
different points of the acoustic field. Therefore the ques-
tion arises concerning the maximal diffraction efficiency.
The phase non-homogeneity changes significantly ampli-
tude, angular and frequency characteristics of AO interac-
tion and certainly affects AO devices functioning. In par-
ticular, such an important characteristic, as the frequency
dependence of the optimal incidence angle (known as the
frequency dependence of the Bragg angle in the case of the
homogeneous acoustic field), takes a more complicated
form just in the area of the most efficient ultrasound ex-
citation [1, 9].

This work is a continuation of investigations presented
in papers [7, 8, 9]. The calculation of electric, acoustic and
AO characteristics of cells with wedge-shaped transducers
is performed in the approximation of a small value of the
wedge angle. Most attention is focused on peculiar fea-
tures of the cells operating at the third harmonic frequency
in comparison with the fundamental harmonic which is
used conventionally in acoustic and AO devices.
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1.1. Basic relations

Figure 1 illustrates the statement of the problem. A piezo-
electric plate with varying thickness h(x) is attached to a
flat surface of an AO medium. The plate is fed by the si-
nusoidal continuous voltage of a frequency Ω = 2πf from
a HF generator having an electromotive force E0 and an
internal resistance Ri. The dependence of the transducer
thickness h on the coordinate x can be expressed as

h(x) = h0 + αx, (1)

where α is the wedge angle and h0 is the thickness of the
piezoelectric plate in its centre at x = 0. The total length
of the plate along the x-axis is supposed to be l.

Let us assume that no matching elements are between
the generator and the transducer. In reality, such elements
are always present in any practical device [13]. How-
ever, the problem of broadband matching of complicated
frequency-depended impedances is a separate problem
which is well studied in electronics [14]. Here, we will
not touch it because the goal of this work consists in elu-
cidation of those new peculiarities that appear due to the
wedge-like form of the transducer.

Considering the wedge angle α sufficiently small, we
can use a known solution of the problem of homogeneous
piezoelectric plate excitation [15, 16] and write down the
following expression for the complex admittance dY of a
small part dx of the plate:

dY = j
Ω2εb

V0F (x)
(2)

·
�

1 − k2

F (x)

Z sinF (x) + 2j
�
1 − cosF (x)



Z cosF (x) + j sinF (x)

�−1

dx,

where F (x) = Ωh(x)/V0 is the normalized frequency, l×b
are the dimensions of the piezoelectric plate along the axes
x and y accordingly, ε is the dielectric permittivity, k is the
piezoelectric coupling coefficient, Z = ρ1V1/ρ0V0 is the
relative acoustic impedance, V0, V1 are the sound velocities
and ρ0, ρ1 are the densities of the transducer and the AO
medium respectively.

The total admittance of the non-homogeneous plate is
determined as [6]

Y =
� l/2
−l/2

dY =
1

R(Ω)
+ jΩC(Ω), (3)

where R and C are the resistance and the capacitance in
the parallel equivalent scheme of the transducer. The re-
sistance R describes the conversion of the electrical power
coming from the HF generator into the acoustic power.
The ohmic resistance of electrodes and the resistance of
dielectric loses of the piezoelectric, which are responsi-
ble for the transducer heating, are usually small and can
be neglected. The equivalent parameters R and C depend
intricately on the acoustic frequency Ω [16].

Equation (3) allows calculating the voltage applied to
the transducer

U =
E0

1 + Y Ri
, (4)

dx
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Figure 1. Excitation of ultrasound by a wedge-shaped transducer.

the acoustic power radiated into the AO medium

Pa =
E2

0�e{Y }
|1 + Y Ri|2

(5)

and the electric-to-acoustic energy conversion coefficient

χ =
Pa

Pmatch
=

4Ri�e{Y }
|1 + Y Ri|2

(6)

where Pmatch is the power given up by the HF generator to
the matched load R = Ri.

For convenience of numerical calculations, let us intro-
duce the following dimensionless parameters: A = αl/h0,
F0Ωh0/V0,X = x/l and F (x) = F0(1+AX). Then equa-
tion (3) takes the form

Y = jΩC0F0 (7)

·
� l/2
−l/2

�
F (X) − k2

Z sinF (x) + 2j
�
1 − cosF (x)



Z cosF (x) + j sinF (x)

�−1

dX,

where C0 = εlb/h0 is the static capacitance of the piezo-
electric plate.

The calculation of AO interaction characteristics for
the case under consideration assumes solving the prob-
lem of light diffraction in non-homogeneous acoustic field
[10]. The non-homogeneity can be caused by a number
of reasons: bad splicing of the transducer with the AO
medium, near-field diffraction non-homogeneity, acous-
tic crystal anisotropy, etc. However in any case such a
non-homogeneity can radically change characteristics of
AO diffraction. In paper [17], for an ideally homogeneous
transducer the influence of the near-field non-homogeneity
was analysed, which arose as a consequence of acoustic
beam divergence in the presence of a very strong acoustic
anisotropy in a paratellurite (TeO2) single crystal near the
[110] direction. A similar problem was solved in [18] for
a simulated non-homogeneity in the form of a bell-shaped
amplitude distribution and a quadratic phase distribution.
In this work, in accordance with the aim formulated above,
we consider a more realistic situation: AO diffraction of
light in a non-homogeneous acoustic field created by a
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wedge-shaped transducer. Following the approach conven-
tional for acousto-optics, let us suppose that a narrow op-
tical beam passes through the AO cell near the transducer
and therewith the acoustic field structure remains constant
on the optical beam cross-section. Under these conditions
the acoustic strain amplitude can be considered indepen-
dent of the coordinate z, defining it at z = 0 as [5, 9]

a(X) = −j
E0eΩ

ρ0V
2
0 V1(1 + Y Ri)

�
1 − cosF (X)

	
·
�
F (X) sinF (x) − 2k2�1 − cosF (x)



(8)

+ jZ
�
k2 sinF (x) − F (X) cosF (x)

	−1
,

where e is the piezoelectric constant. The modulus
|a(X)| describes the amplitude distribution in the acous-
tic wave along the transducer surface and the argument
arg[a(X)] ≡ Φ(X) defines the phase distribution. Thus,
the transducer with varying thickness excites the acoustic
wave having a complicated amplitude and phase structure.
Besides, this structure strongly depends on the acoustic
frequency Ω.

Calculations of AO diffraction spectrum are usually
made with the help of the coupled mode equations ter-
med in acousto-optics the Raman-Nath equations [10,
11]. These equations can be generalized for the non-
homogeneous acoustic field. In the case of the Bragg
diffraction regime we have��

2
dC0

dX
= qξ(X)C1 exp

�
j
�
ηX − Φ(X)




,

2
dC1

dX
= −qξ(X)C0 exp

� − j
�
ηX − Φ(X)




,

(9)

where C0 and C1 are the relative amplitudes of the dif-
fracted waves in the zero and first diffraction orders re-
spectively, q is the Raman-Nath parameter defined for
A = 0, η = (Ωl/V1)/(θ0 − θB) is the phase mismatch pa-
rameter, θ0 is the light incidence angle and θB is the Bragg
angle for the homogeneous acoustic beam. The angles θ0

and θB are measured from the transducer surface z = 0.
The function ξ(X) proportional to the acoustic wave am-
plitude |a(X)| describes the amplitude non-homogeneity
of the acoustic field and the function Φ(X) characterizes
the phase non-homogeneity. System (9) has to be inte-
grated in the range −1/2 ≤ X ≤ 1/2 with the following
boundary conditions: C0(−1/2) = 1 and C1(−1/2) = 0.

2. Simulation results

Numerical calculations have been carried out for theX-cut
lithium niobate (LiNbO3) transducer attached to the 0◦-cut
paratellurite cell. For this variant, k = 68%, Z = 0.166.
The length of the piezoelectric plate l has been chosen
equal to 5.3 mm, its thickness h0 has been taken equal to
26 µ; in this case the magnitude F0 = π corresponds to the
frequency f = Ω/2π = 92 MHz.

Commonly, transducers work in the vicinity of its fun-
damental frequency (first harmonic). Nevertheless, it is
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Figure 2. Conversion coefficient χ as a function of the normal-
ized acoustic frequency F0.

known that they can be also excited at odd harmonics
[16]. However this kind of excitation is applied rarely
because increasing the harmonic order in homogeneous
transducers is accompanied by narrowing the frequency
band and decreasing the electric-to-acoustic conversion
coefficient. Our research has shown that in the case of
wedge-shaped transducers these negative effects can be
substantially eliminated.

Figure 2 demonstrates the conversion coefficient χ as
a function of the normalized frequency F0 for different
values of the normalized wedge angle A. Three areas
of effective excitation of ultrasound are seen: close to
the fundamental frequency (F (1)

0 = 3.15) and the third
(F (3)

0 = 9.46) and fifth (F (5)
0 = 15.76) harmonics. The

case A = 0 corresponds to the homogeneous transducer
with the thickness h0. It is seen a noticeable decrease of
the bandwidth ΔF and the conversion coefficient χ with
the number of the harmonics. For example, for the third
harmonic χ (3)/χ (1) = 0.51 and ΔF (3)/ΔF (1) = 0.44. The
wedge-liked form of the transducer changes this regular-
ity: the frequency band becomes wider, but this effect of
broadening shows itself stronger at high harmonics. Thus,
for curve 4 (α = 0.14◦) the bandwidth is ΔF (1) = 1.51
at the fundamental frequency (broadening by the factor
1.76), whereas in the area of the third harmonic we have
ΔF (3) = 4.97 (broadening by the factor 13). Furthermore,
the bandwidth ΔF (3) is 3.3 times larger than ΔF (1) at the
fundamental frequency for the same wedge angle, and the
form of the frequency characteristic approaches Π-shaped
one.

This essential broadening of the frequency band can be
explained by the fact that different parts of the piezoelec-
tric plate with varying thickness have different resonant
frequencies. This is well seen in Figure 3, where the dis-
tribution of acoustic amplitude |a(X)| and phase Φ(X)
along the plate surface is shown. The simulation is car-
ried out for the wedge angle A = 0.5 and different fre-
quencies in the area of the third harmonic. The frequency
F0 = 9 is near the resonant frequency of the central part
of the plate. Therefore the most intensive excitation of ul-
trasound takes place just in the middle of the plate (Fig-
ure 3a). With increasing the frequency, the maximum is
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Figure 3. Distribution of acoustic amplitude (a) and phase (b)
along the piezoelectric wedge-like plate.

shifted to the left thinner edge, because this edge has a
higher resonant frequency. In a similar manner, with de-
creasing the frequency, the right thicker edge of the plate is
excited stronger. The difference in the maximum values of
|a(X)| is explained by varying the transducer impedance
with frequency.

The phase characteristics (Figure 3b) actually visualize
the form of the ultrasonic wave front in the plane z = 0.
They show that the direction of the wave normal changes
along the transducer surface. For the angle γ defining the
wave normal direction one can derive the following rela-
tionship:

γ =
V1

lΩ
dΦ
dX

=
V1h0

V0lF0

dΦ
dX

=
ϕ

2π
dΦ
dX

, (10)

where ϕ = V1/lf is the divergence angle of the homo-
geneous acoustic beam. The peak value of the derivative
|dΦ/dX| in Figure 3b is equal to 26.8. Thus, the varia-
tions of the angle γ exceed the angle ϕ by the factor 4.3.
The comparison with the acoustic divergence angle is not
accidental because all the AO devices operate within the
range ϕ [10].

It should be noticed that the effect of the wave front ro-
tation inherent in the wedge-shaped transducer has quite
another nature than refraction of an acoustic wave during
its passing through an elastic wedge-like plate. This is ev-
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Figure 4. Frequency characteristics of the wedge-shaped trans-
ducer with an additional inductance.

ident even from the facts that the function Φ(X) is non-
linear, it depends on the frequency, and that the greatest
wave front rotation takes place just in the area of the most
efficient ultrasound excitation. The effect is caused by the
phase shift between the voltage applied to the transducer
and the acoustic strain at its surface.

The phase non-homogeneity of the acoustic field affects
the phase matching condition at AO interaction. In this
case, the conventional definition of the Bragg angle loses
its meaning because the wave front is curved and the phase
mismatch (ηX−Φ in Equations 9) differs from zero at any
incidence angle of light θ0. Nevertheless, there exists an
optimal angle of incidence θopt which provides achieving
maximum diffraction efficiency.

As follows from Figure 2, broadening the frequency
band ΔF (3) with α is accompanied by noticeable decreas-
ing the conversion coefficient χ (by the factor 7.3 for
A = 0.5). However our calculations have shown that the
wedge-like form of the transducer results in much smaller
variations of the capacitance C(Ω) close to the third har-
monic compared to the fundamental harmonic. This pe-
culiarity can be used for enhancing the conversion coeffi-
cient. For this purpose, a compensative inductance should
be connected in parallel to the transducer so that an oscil-
latory circuit would form with the transducer capacitance
tuned to the third harmonic frequency. This method will
eliminate the transducer reactivity and lead to more effec-
tive conversion of electric power into acoustic one.

Figure 4 presents frequency characteristics of the trans-
ducer in the area of the third harmonic with the additional
inductance matched according to the method expounded.
It is seen an essential increase of the conversion coeffi-
cient of the wedge-shaped transducer with retaining the
wide frequency band. For example, in the case of curve
3 (A = 0.35) the bandwidth is equal to ΔF (3) = 3.39.
This magnitude is 2.8 times greater than the corresponding
value for the same wedge angle in the area of the funda-
mental frequency. Besides, the conversion coefficient ap-
proaches 100% and the form of the frequency characteris-
tic takes the Π-shaped view. It should be emphasized that
the high value of the conversion coefficient is not so es-
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Figure 5. Diffraction efficiency ζ as a function of the mismatch
parameter η.

sential because it can be easily increased with choosing
additional matching elements; it is important retaining the
broad band of ultrasound excitation. The wider the ini-
tial (without matching) frequency band ΔF , the easier to
provide broadband ultrasound excitation with the help of
matching circuit.

The amplitude and phase non-homogeneities of the
acoustic field influence significantly characteristics of AO
interaction. Figure 5 shows the angular characteristics as
the dependence of the diffraction efficiency ζ = |C1|2
on the mismatch coefficient η which is proportional to
deviation of the incidence angle θ0 from the Bragg an-
gle θB . The simulations are fulfilled for the frequency
F0 = F

(3)
0 = 9.46 and the regime of small diffraction ef-

ficiency, when the angular characteristic of AO interaction
represents the Fourier transform of the function a(X) [10].
Curve 1 refers to the variant of the homogeneous trans-
ducer; in this case the dependency ζ(η) is described by the
sinc2-function which peaks at the point of phase matching
η = 0.

One can note the following peculiarities of the angu-
lar characteristics conditioned by the wedge-like structure
of the transducer. Firstly, the optimal incidence angle of
light θopt which provides maximum diffraction efficiency
differs from the Bragg angle θB . The reason lies in the ef-
fect of rotation of the acoustic wave front relative to the
transducer plane z = 0. In the case of isotropic diffrac-
tion [10, 11, 12], the normalized deviation of the angle θopt

from θB is connected with the optimal mismatch value ηopt

by the formula

δ =
θopt − θB
θB

=
2
Q
ηopt, (11)

where Q = 2πλlf2/n1V
2
1 is the Klein-Cook parameter,

λ is the optical wavelength in vacuum, n1 is the refrac-
tive index of AO medium. The effect of the optimal an-
gle shift is rather large: for example, ηopt = 6 for curve 4
(A = 0.5). This value should be compared with the con-
dition |η| ≤ 0.89π which determines the range of AO in-
teraction at 3 dB level [10]. Due to this effect the exper-
imental dependence θopt(f ) can significantly differ from
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Figure 6. Optimal values of mismatch parameter ηopt (a) and
Raman-Nath parameter qopt (b) as a function of the acoustic fre-
quency.

the classical frequency dependence of the Bragg angle, as
it was revealed in our experiment [1].

Secondly, the form of the angular characteristic varies; it
becomes asymmetrical. And thirdly, the width of the char-
acteristic increases (by the factor 2.2 for curve 4). These
two effects are conditioned by the fact that the modifica-
tion of the acoustic beam structure is not confined to the
wave front rotation only, but, as seen in Figure 3b, focus-
ing or defocusing of the beam at the areas of quadratic
changing the phase takes place as well.

The differences between maximal values of the diffrac-
tion efficiency for different A are caused primarily by the
differences in the conversion coefficients (Figure 4). In this
connection, the question of maximum values ζmax and the
corresponding acoustic power is of great importance.

The frequency dependence ηopt(F0) for different wedge
angles A is shown in Figure 6a. Horizontal line 1 refers
to the homogeneous transducer. It is seen that the devia-
tion δ takes large values right in the area of most efficient
excitation of ultrasound. The value δ increases with the
wedge angle. This result is in a good agreement with our
measurements presented in [1].

In the homogeneous acoustic field, the diffractions effi-
ciency reaches 100% when the incidence angle is equal
to the Bragg angle and the acoustic power provides
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the Raman-Nath q = π [10, 11, 12]. The phase non-
homogeneity of the acoustic field does not make it pos-
sible to satisfy the phase matching condition. Therefore
the question of maximum diffraction efficiency is a top-
ical problem. Our calculations have shown that in the
case θ0 = θopt it is possible to reach the diffraction effi-
ciency near 100%. However, this requires greater acous-
tic power than for the case of the homogeneous acous-
tic field. The analogous result was obtained in [17, 18].
The influence of the acoustic field non-homogeneity on
the diffraction efficiency is illustrated by Figure 6b. Here
the frequency dependencies qopt(F0) are shown, where qopt

is the value of the Raman-Nath parameter that ensures
nearly 100% diffraction efficiency at θ0 = θopt. The simu-
lations are fulfilled in assumption of equal acoustic power
in cases A = 0 and A 	= 0. Thereby the difference in
transducer impedances is excluded in the calculations, the
plot demonstrates the impact of the acoustic field non-
homogeneity solely. Line 1 refers to the case of the ho-
mogeneous transducer for which qopt = π independently
of frequency. One can see that the greater the wedge an-
gle, the more is the effect of the acoustic non-homogeneity
which causes the enhancement of the acoustic power re-
quired for complete light transfer into the diffraction order.

3. Conclusion

In this work, characteristics of AO cells with wedge-
shaped piezoelectric transducers are studied theoretically.
It is shown that these transducers allow essential broad-
ening the operating frequency band without a noticeable
deterioration of the electric-to-acoustic conversion coeffi-
cient. The excited acoustic beam has a complicated struc-
ture with both amplitude and phase non-homogeneity. It
is important to note that this structure changes with ultra-
sound frequency. Therefore AO interaction characteristics
differ noticeably from that for AO cells with the invariable
thickness. It is established that the phase non-homogeneity
influences both the diffraction efficiency and the optimal
incidence angle of light. As a consequence, the frequency
dependencies of the diffraction efficiency and the optimal
incidence angle, which are of great importance in AO de-
vices, can differ substantially from the case of the homoge-
neous acoustic field. If this effect is considered as negative
which prevents from getting AO characteristics specified,
then our calculations permit estimating a necessary preci-
sion of transducer making. On the other hand, these non-
conventional regularities can be useful for improving AO
devices parameters.

The advantages of the wedge-shaped transducers show
themselves more brightly when they are excited at high
harmonics, in particular, at the third harmonic where the
frequency band broadening can exceed 10 times. Qualita-
tively, this effect can be explained as follows. The impact
of the wedge-like form of the piezoelectric plate is defined
by the relation between the difference in the plate thick-
ness and the ultrasonic wavelength. Therefore, the higher
the excitation frequency, the stronger the influence of the

thickness non-homogeneity on the transducer frequency
characteristic.
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