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ABSTRACT. This is the third paper of a series which describes a conjec-
tural analog of the affine Grassmannian for affine Kac-Moody groups
(also known as the double affine Grassmannian). The current paper is
dedicated to describing a conjectural analog of the convolution diagram
for the double affine Grassmannian and affine zastava.
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1. INTRODUCTION

1.1. The usual affine Grassmannian. Let G be a connected complex reductive
group with a Cartan torus T, and let X = C((s)), O = C[[s]]. By the affine
Grassmannian of G we shall mean the quotient Grg = G(X)/G(0). It is known
(cf. [2], [19]) that Grg is the set of C-points of an ind-scheme over C, which we
will denote by the same symbol. Note that Grg is defined for any (not necessarily
reductive) group G.

Let A = Ag denote the coweight lattice of G and let AV denote the dual lattice
(this is the weight lattice of G). We let 2p/ denote the sum of the positive roots
of G.

The group-scheme G(0O) acts on Grg on the left and its orbits can be described as
follows. One can identify the lattice Ag with the quotient T'(X)/T(0). Fix A € A¢g
and let s* denote any lift of A to T(X). Let Gryy denote the G(0)-orbit of s* (this
is clearly independent of the choice of s*). The following result is well-known:
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Lemma 1.2. (1)
GI‘G = U Grg.
AeAg
(2) We have Gr’c\; = Grf, if an only if X\ and p belong to the same W-orbit on
Ag (here W is the Weyl group of G). In particular,

GI‘G: |_| GI‘/C\;.
XeAS,

(3) For every A € AT the orbit Grg is finite-dimensional and its dimension is
equal to (X, 2pl).

Let Grg? denote the closure of Grg in Grg; this is an irreducible projective
algebraic variety; one has Grf, C Grg? if and only if A — p is a sum of positive
roots of the Langlands dual group GVY. We will denote by IC* the intersection
cohomology complex on Grg?. Let Pervg(o)(Grg) denote the category of G(0)-
equivariant perverse sheaves on Grg. It is known that every object of this category
is a direct sum of the IC"’s.

1.3. Transversal slices. Consider the group G[s™1] C G((s)); let us denote by
G[s71]; the kernel of the natural (“evaluation at oo”) homomorphism G[s~!] — G.
For any A € A let Grg,, = G[s™!] - s*. Then it is easy to see that one has

Grg = |_| Grg
AEAT
Let also Wg ) denote the G[s~1];-orbit of s*. For any A\, u € A*, A > p set
Gré;,u = Gré; N Grg,u, @é,u = @é‘; N Grg,u
and
W, =Gy NWea,, Wg, =GranWe,.

Note that Wéﬁu contains the point s in it. The variety Wé,u can be thought of
as a transversal slice to Grl, inside Gr, at the point s* (cf. [4, Lemma 2.9]).

1.4. The convolution. We can regard G(X) as a total space of a G(O)-torsor

over Grg. In particular, by viewing another copy of Grg as a G(0)-scheme, we can
form the associated fibration

Grg + Grg = G(X) x Grg =G(K) x G(X)/G(0).
G(0) G(0)

One has the natural maps p, m: Grg x Grg — Grg defined as follows. Let
g € G(X), z € Grg. Then

p(g x x) = gmod G(O); m(gxz)=g-z.
For any A1, As € AJCS let us set Grgl * Gré‘f to be the corresponding subscheme

of Grg * Grg; this is a fibration over Gré} with the typical fiber Gré?. Its closure
is Gr™ + Gr*2. In addition, we define

(Gryy * Gr?)* = m~1(Crg?) N (Gry  Gr?).
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It is known (cf. [18]) that
dim((Grgy x Gr?)*) = (A1 + Ag + A3, p&). (1.1)

(It is easy to see that although pf € LAY, the RHS of (1.1) is an integer whenever
the above intersection is non-empty.)

Starting from any perverse sheaf T on Grg and a G(0O)-equivariant perverse
sheaf 8 on Grg, we can form their twisted external product TS (see e.g. Section 4
of [19]), which will be a perverse sheaf on Grg x Grg. For two objects 81, 82 €
Pervg(o)(Grg) we define their convolution

Sl *82 = mg(Sl @ 82)

The following theorem, which is a categorical version of the Satake equivalence,
is a starting point for this paper, cf. [18], [16] and [19]. The best reference so far is
[2, Sect. 5.3].

Theorem 1.5. (1) Let 81, 83 € Pervg(o)(Grg). Then 81 x 83 € Pervg(o)(Gra).
(2) The convolution % extends to a tensor category structure on Pervg(o)(Grg).
(3) As a tensor category, Perve(o)(Grg) is equivalent to the category Rep(GY).

Under this equivalence, the object IC* goes over to the irreducible representation
L(\) of GV with highest weight X.

1.6. The equivalence Pervg o) (Grg) — Rep(GY) is given by a fiber functor [2],
[19] of integration over semiinfinite orbits. Namely, let N_ C G be the unipotent
radical of the negative Borel subgroup, and let Ty C Grg be the orbit of N_(X)
through the point s* € Grg. Then the weight A component of the fiber func-
tor is given by the cohomology with supports in ¥y. Let us recall an equivalent
construction of this fiber functor.

From now on we assume that G is almost simple and simply connected. We
consider a smooth curve C of genus 0 with two marked points 0, co. Let Bung
(resp. Bunp) stand for the moduli stack of G-bundles (resp. B-bundles) on C'. Here
B is the positive Borel subgroup of G. The natural morphism Bung — Bung is
not proper, and Drinfeld has discovered a natural relative compactification Bunp
of Bung. It is the moduli stack of the following data:

(a) A G-bundle F¢ on C

(b) For each dominant weight A of G, an invertible subsheaf £ C Véc. Here
VA stands for the irreducible G-module with highest weight A, and VS‘EFG
stands for the associated vector bundle on C.

The collection of invertible subsheaves £* C Vég should satisfy the Plicker
relations, that is, for any dominant weights 5\ and fi, the tensor product £* ® LF C
Vér o ® Vgc should coincide with LA Vé{f‘ under the natural direct summand
embedding Véfcrﬂ — VéG ® VE}G. o

The connected components of Bung are numbered by the coweights A\ € A: for
(LS‘) € Bunp* we have deg £* = —(\ A).
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We will denote by AP C A = Ag the cone of nonnegative linear combinations
of positive coroots of G. For every a € AP®® we consider the closed embedding
i Bunp < Bung given by sending (Fg, L C V3 ) to (Fa, L2 (—(a, \)-0) C Vi.)-

Now let ﬁé‘ — Bung x Bung stand for the Hecke correspondence at the point
0 € C': the pairs of G-bundles (F¢, F;) together with an isomorphism o: Fg — F,
off 0 € C whose pole at 0 € C has order less than or equal to A. The fibers of
the projection p; (resp. p2) of I} to the first (resp. second) copy of Bung are both
isomorphic to Grg™.

We define the Hecke correspondence

(p, ): Gy = Iy Bx Bung — Bunpg x Bung.
ung

It is the moduli stack of the following data:

(a) a pair of G-bundles F and Fr, together with an isomorphism off 0 € C' lying
in ﬁé‘;

(b) For each dominant weight X of G, an invertible subsheaf £ C VQF,G satisfying
the Pliicker relations.

Forgetting the datum of F¢ defines the morphism p: G — Bunp. The morphism
¢: G) — Bunp is defined as follows. The condition (Fg, F%;) € H}) implies Vg/c C
Vérg«fwo)\, A) - 0) for every dominant weight A. Hence £*((wo), A) - 0) C VﬁJ\PG,
and we set ¢(Fg, T, L C \7’\,G) = (Fa, L (woA, ) -0) C Vi)

Finally, we are able to state a theorem (see [11, Theorem 3.1.4] and [14, Theo-
rem 13.2]) providing a version of the fiber functor from the category Perveg(o)(Grg)
to Rep(GY). For a finite-dimensional G¥-module V, and p € Ag, we denote the
u-weight subspace of V' by V(u).

Theorem 1.7. ¢ 1C(G)) ~ @ iwIC(Bung)® VA (wo(\) + ).

aEARes
1.8. The goal of the present paper is to formulate an analogue of Theorem 1.7
for the double affine Grassmannian. However, as we have seen in [4], [0], the affine
versions of the objects like Grg? or Bunp are out of reach at the moment being
“too global”, and have to be replaced by certain transversal slices.

A transversal slice to the closed embedding i, : Bung < Bung is a well known
Drinfeld zastava space Z< (see [14], [9]). It is defined as the moduli scheme of
collections of invertible subsheaves L* € O¢ ® V* satisfying the Pliicker relations,
the degree conditions deg L = —(a, 5\>, and the conditions at co € C: each
LY C Oc @ VX is a line subbundle near co € C, and the fiber L’\|oo coincides with
the highest line in V.

By construction, we have a locally closed embedding z,: Z* <+ Bunp, and
we define the scheme GZ*% as the cartesian product of z,: Z% — Bung and
6: G — Bung.

For any 8 < a € A" we also have a closed embedding 4§ : Zo=F — Z which
sends a collection (£* C O¢ ® V) to a collection (LM(—(B, A) - 0) C Oc @ V).

Now Theorem 1.7 can be equivalently formulated as follows (see Theorem 13.2

of [14]):
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Theorem 1.9. ¢IC(GZM) ~ @4, i IC(Z°F) @ VA(A - 3).

 The key observation underlying the proof of the theorem is that ¢~ 1(i%(0)) =
Ta_a N Gg

1.10. The group G.g. To a connected reductive group G as above one can as-
sociate the corresponding affine Kac-Moody group G,g in the following way. One
can consider the polynomial loop group G[t, t~!] (this is an infinite-dimensional
group ind-scheme)
It is well-known that GJt, t~1] possesses a canonical central extension G of
Glt, t71]:
15 Gp > G—Gt, t71]— 1.

Moreover, G has again a natural structure of a group ind-scheme.

The multiplicative group G,,, acts naturally on G[t, t~!] and this action lifts to
G. We denote the corresponding semi-direct product by G.g; we also let g.g denote
its Lie algebra.

The Lie algebra g.g is an untwisted affine Kac—-Moody Lie algebra. In particular,
it can be described by the corresponding affine root system. We denote by gY; the
Langlands dual affine Lie algebra (which corresponds to the dual affine root system)
and by GYg the corresponding dual affine Kac-Moody group, normalized by the
property that it contains GV as a subgroup (cf. [4, Section 3.1] for more details).

We denote by A,g = Z x A x Z the coweight lattice of G.g; this is the same as
the weight lattice of G/;. Here the first Z-factor is responsible for the center of Gy
(or @V); it can also be thought of as coming from the loop rotation in G,.g. The
second Z-factor is responsible for the loop rotation in GY; it may also be thought
of as coming from the center of G.g). We also denote Z x A C Z x A x Z by 7\,
and we denote k x A C Z x A by IA\k c A. We denote by A:H the set of dominant
weights of Gy (which is the same as the set of dominant coweights of Gug). We
also denote by Aug  the set of weights of GY; of level k, i.e., all the weights of the
form (k, A\, n). We put A;rﬁyk = A;rﬁ N Ao fo-

Important notational convention. From now on we shall denote elements of A
by A, 7, ... (instead of just writing A, g, ... in order to distinguish them from the
coweights of G (= weights of GY;), which we shall just denote by A, p, ...

Let Aj C A denote the set of dominant coweights of G such that (A, a) < k
when « is the highest root of g. Then it is well-known that a weight (k, A, n) of
Gy lies in AJQ:f . if and only if e AJr (thus Aagr r = AJr X 7).

Let also W,g denote affine Weyl group of GG, which is the semi-direct product of
W and A. Tt acts on the lattice Aug (resp. A) preserving each Aug i (resp. each Ak)
In order to describe this action explicitly it is convenient to set Wag r = W x kA,
which naturally acts on A. Of course the groups Wag ;, are canonically isomorphic
to Wag for all k. Then the restriction of the W,g-action to Augr ~ A X Z comes
from the natural Wag ;-action on the first multiple.

It is well known that every W,g-orbit on A.g , contains a unique element of
A;—ff,k' This is equivalent to saying that A ~ A/ Wag .-
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1.11. Our main dream is to create an analog of the affine Grassmannian Grg
and the above results about it in the case when G is replaced by the (infinite-
dimensional) group G.g. The first attempt to do so was made in [4]: namely,
in loc. cit. we have constructed analogs of the varieties Wé‘; ., in the case when G
is replaced by G.g. In [6], we constructed analogs of the varieties m,, 1(Wé; w) N
(Grgt -+ % Grey) and my ' (W ) N (Gred + -+ Grey) (here A= Ay + -+ + Ay)
when G is replaced by G.g. We have also constructed analogs of the corresponding
pieces in the Beilinson—Drinfeld Grassmannian for G,g.

We will denote by APS® the cone of nonnegative linear combinations of positive
roots of GYg. For o € AYZ® the affine Drinfeld zastava space Z* was constructed
in [8]. It is a certain closure of the space of degree o based maps from (C, o)
to the Kashiwara flag scheme of G,g. We also have parabolic versions Zgaﬁ_, p of
Z* = 7g . 1 (I stands for the Iwahori subgroup of G ), which are certain closures
of the spaces of based maps from (C, c0) to the Kashiwara parabolic flag schemes.
Among those, the Uhlenbeck space U%(A?) = Cra Glt] stands out: it corresponds
to the maximal parabolic containing all the finite simple roots.

Unfortunately, the definition of zastava given in Section 1.8 produces in the affine
case a scheme of infinite type Z<. In the maximal parabolic case, the Uhlenbeck
space UE(A?) is a partial resolution of Z¢ gy We have a natural forgetting
morphism Z% — Z¢, . . Where a is the coefficient of the affine simple root in «,
and Z° is defined as the cartesian product of Z® and U%(A?) over Z¢, wcm- 1t is
an affine scheme of finite type.

The disadvantage of the above definition is that Z% does not solve any moduli
problem, and hence is very cumbersome to work with. However, in the case G =
SL(N), the zastava space Z% possesses a semismall resolution of singularities P, an
affine Laumon space [13], which is a moduli space of parabolic sheaves on C' x P*.
Moreover, according to [15], P* admits a realization as a quiver variety, i.e., as
a certain GIT quotient. The corresponding categorical quotient 3% is an affine
reduced irreducible normal scheme isomorphic to Z% (see [15], [7]).

1.12. The main result of the present paper is a construction of an affine version
of the scheme GZM® equipped with a morphism ¢ to the affine zastava Z<. It is
constructed as a quiver variety in the case G = SL(N), and then for general G
via the adjoint homomorphism G — SL(g). We conjecture that Theorem 1.9 holds
true in the affine setting as well.

Although we cannot describe GZ*M® as a solution of a moduli problem, its open
subscheme §Z*% does admit such a description. Let us first assume A has level 1.
We consider the projective plane P? with homogeneous coordinates [z : 21 : 23] such
that the line /o, “at infinity” is given by the equation zy = 0, while C = ¢, C P? is
given by the equation zo = 0. We consider the blowup P2 at the origin (z1 = 29 = 0),
and keep the names o, and £ for the proper transforms of £, and £y. Then GZM¢
is the moduli space of G-bundles on P2 equipped with a reduction to B along ¢,
framed at fo,. Note that even with this modular definition, the construction of
projection ¢: GZM® — Z% is rather nontrivial, cf. Section 3.12. For an explanation
why the moduli space of G-bundles on the blowup appears in the convolution



PURSUING THE DOUBLE AFFINE GRASSMANNIAN III 239

diagram of double affine Grassmannian and affine zastava, the interested reader
may consult [12, Section 8]. ~

Let us now assume A has level k. We consider the blowup ]P’i of P? at the origin,
but not at the maximal ideal of the origin this time; rather at the ideal generated
locally by (2F, z). This blowup has an isolated singularity of Kleinian type Aj_;
lying off the proper transforms of ¢,, and ¢y. We consider the stacky resolution
Sk of I?P% Then again GZ»? is the moduli space of G-bundles on Sk equipped
with a reduction to B along £y framed at f,,. The projection ¢: GZM — Z is
constructed in Section 4.7. Similarly to the finite dimensional case of Section 1.8,
we have ¢~1(i%(0)) =2 Th_o N Grga“; for the definition of the RHS and the proof
of the isomorphism, see [12, Section 8, especially Proposition 8.7].

In the special case when A — a = pu := (k, 0, 0), we have an intermediate open

subspace GZM C Wgamu C GZM. In Section 3.2 of [5] we have defined the

repellents T, C Wéam . they were also considered in [22] under the name of MV

cycles. We conjecture that the central fiber ¢~ (i2(0)) "W coincides with T7,

7 Glagt, b
and we prove the inclusion T¢ C ¢~ (i%(0)) N W in Proposition 5.4.

aff s [
1.13. Structure of the paper. In Section 2 we recall the description of the affine
zastava Zg; ). in terms of representations of the chainsaw quiver of [15]. Con-
trary to the “global” approach of loc. cit., we follow the classical ADHM approach
on a 2-dimensional toric Deligne-Mumford stack 8 = P! /ux x PL. Here puy is the
group of N-th roots of unity, acting on P! with fixed points 0, co, and the quotient
is categorical near co, and stacky near 0. In Section 2.8-Section 2.11 we describe
the irreducible components of the fixed point set (Zgy, N)aff)rk of the action of a
cyclic group I'y. In the central Section 3 we describe the parabolic torsion free
sheaves on the blowup P2 in terms of the dented chainsaw quiver @ (Section 3.1).
The description is modeled on the one in [23] for torsion free sheaves on the blowup.
The key Theorem 3.4 identifying the moduli space of parabolic torsion free sheaves
on the blowup with a moduli space of @—modules is due to A.Kuznetsov. We in-
troduce the zastava space for the blowup as the moduli space of @-modules with
certain stability conditions (Section 3.2). In Section 4 we introduce the zastava
space for the Kleinian blowup Sk (Section 1.12) via a trick identifying it with a I'x-
fixed points component in the zastava space on the blowup P2. This allows us to
describe it as a moduli space of representations of the rift quiver (Section 4.3, The-
orem 4.5). Finally, in Section 5, for an arbitrary almost simple simply connected
group G, we define the zastava space for the Kleinian blowup in terms of the one
for SL(g).

1.14. Acknowledgments. It is clear from the above that the paper owes its ex-
istence to A.Kuznetsov’s generous explanations. We are grateful to him for the
permission to reproduce his proof of the key Theorem 3.4. As our masters put it,
“I1 avait été d’abord prévu que A.Kuznetsov soit coauteur du présent article. Il a
préféré s’en abstenir, pour ne pas étre corresponsable des erreurs ou imprécisions
qui s’y trouvent. Il n’en est pas moins responsable de bien des idées que nous ex-
ploitons.” Thanks are due to the referee for the careful reading of the manuscript
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and his valuable comments and suggestions. We are happy to thank the TAS at the
Hebrew University of Jerusalem for the excellent working conditions.
2. ZASTAVA AS A QUIVER VARIETY

2.1. Chainsaw. We recall some material from Section 2 of [15]. We consider the
representations of the following chainsaw quiver @

A_o Ay Ag Ay Az
s ) 5, O, O ) )
v, Vi, Vo2, By, P
A A 2 2] 2
q—2 q-1 q0 q1 q2
W_2 W_1 Wo Wl W2

with relations A;11B; — BiA; + pi+1qi = 0 Vi. Here the lower indices run through
Z/NZ, and dimV; = d;, dim W, = 1. We denote by d the collection of positive
integers (d;);ez/nz. We denote by My the scheme of representations of Q: a closed
subscheme of

@D End(V)o P Hom(Vy,Vip)® (P Hom(Wioy, V)@ P Hom(Vi, W)
l€Z/NZ l€Z/NZ l€Z/NZ l€Z/NZ

given by equations A;11B; — BjA; + pi41qp = 0 VI. We denote by Gy the group
HZEZ/NZ GL(V}); it acts naturally on My. We denote by 34 the categorical quotient
Mg //Gg. According to [15, Theorem 2.7] and [7, Theorem 3.5, 34 is a reduced
irreducible normal scheme isomorphic to the affine Drinfeld zastava space ZS—L( N)
introduced in [8].

Furthermore, we consider an open subscheme M$ C My formed by all the stable
representations of @, i.e., those (A;, By, pi, Ql)leZ/;VZ € My such that there is no
proper Z/NZ-graded subspace V, C V, stable under A,, B, and containing p(W,).
Then the action of G4 on M7 is free, and the GIT quotient Mg = M$/Gy is a semis-
mall resolution of 34. Moreover, according to Section 2.3 of [15], 9, is isomorphic
to the moduli space P, of torsion free parabolic sheaves of degree d on a surface
S. Here S is the product of two projective lines C' and X with marked points
Ox, cox € X and O¢, coc € C. The sheaves in question are equipped with a par-
abolic structure along a line Dy := C X 0x, and with a trivialization at “infinity”
D, := C xooxUooc x X. The isomorphism My ~ Py is deduced in loc. cit. from
the “parabolic vs. orbifold” correspondence of [3] by global considerations. We will
rephrase the argument in more local terms in Section 2.4 and Section 2.5 after some
preparation in Section 2.2 and Section 2.3.

2.2. ADHM. To warm up we recall the classical ADHM construction (see e.g. Sec-
tion 2 of [20]) following the approach of Section 5 of [1]. To this end we introduce
the homogeneous coordinates (z :t) (resp. (y: x)) on C (resp. X) such that Oc
(resp. Ox) is given by z = 0 (resp. y = 0), and oo (resp. cox) is given by
t = 0 (resp. x = 0). The ADHM construction goes as follows. We consider
the vector spaces V = C? W = CV, and the subscheme My, C End (V) @
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End (V) @ Hom(W, V) @ Hom(V, W) cut out by the equation AB — BA + pg =0
(A, B € End (V), p € Hom(W, V), ¢ € Hom(V, W)). We consider an open sub-
scheme M}, ; C My.q formed by all the stable quadruples (A, B, p, q), i.e., such
that V" has no proper subspaces stable under A, B and containing p(W). The group
GL(V) acts naturally on My 4; its action on M} 4 is free, and the GIT quotient
va’d/GL(V) is denoted by My q. It is isomorphic to the moduli space My 4 of
torsion free sheaves of rank N and degree d on S trivialized at D.,. Namely,
(A, B, p, q) € My, goes to the middle cohomology of the following monad of
vector bundles on S

V®0s(0, —1)
o
Veos(-1, -1) -5 [ Ve os(-1,0) | 2 Vveos,
®
W ®O0s

C={A—z aB—y,txq), D= (—xB+y, tA—z, p), where we write Og(—1, —1)
for Oc(—1) K Ox(—1), and Og(0, —1) for Oc K Ox(—1), etc., and we view z, y
(resp. z, t) as a basis of I'(X, Ox (1)) (resp. I'(C, O¢(1))).

2.3. Stack Spn. We define a one-dimensional Deligne-Mumford stack Xy as fol-

lows. Let Xy g X denote the N-fold cyclic covering ramified over 0x and cox.
It is equipped with the action of the Galois group I'y ~ Z/N7Z. The action of
I'y on 671X — 0x — oox) is free, and the quotient is X — 0x — cox. We glue
the categorical quotient 6=1(X — 0x)//Tn = X — 0x with the stack quotient
0~1(X — cox)/Tn over the common open substack X — 0x — cox to obtain the
desired stack X . Note that X is equipped with a projection 9 to X which is an
isomorphism off 0x. The unique point of X lying over 0x will be denoted by Ox;
its group of automorphisms is I' . The unique point of Xy lying over cox will be
denoted by ocoy. Since N is fixed throughout the Section, we will omit the lower
index N to simplify the notations.

We denote Oy (£oox) by Ox(£N). For 0 <1 < N we denote Ox(—1-0y) by R;.
Note that Ry ~ Ox(—N). We have the canonical embeddings

fR()(—N)’ZRN‘£—N>fRN,1‘£N—_1)...‘£—3>:RQ‘§—2>fR1£>fR0.

We define a 2-dimensional Deligne-Mumford stack 8 as C' x X ; by an abuse
of notation we will denote by ¢ its projection id x ¢ onto S. We denote C x Ox
by Dy, and we denote coc x X U ooy X C by D,. By an abuse of notation, we
denote by R; the line bundle O¢ X R;, and we denote by & the morphism id X &;.
According to [3], there is a one-to-one correspondence between the (torsion free,
framed at D) sheaves on 8, and the (torsion free, framed at D) sheaves on S
with parabolic structure along Dy. Thus P, is the moduli space of torsion free
sheaves of degree d on 8§ framed at D .

2.4. Monad for the stack 8. Finally we are able to recall an ADHM-like con-
struction of the isomorphism 9t; — P;. Note that ¥, establishes an isomorphism
(X, Ox(1)) ~T(X, Ox(1)) = C(z, y). The desired isomorphism M, = Py sends
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a representative (Ao, Be, Pe, ¢o) to the middle cohomology of the following monad
of vector bundles on §:

D VieR
0<IKN
@
B VieR®0s(-1, 0) . <Gl9NV2+1 ® R ®0s(—1,0) | L, D Vi oR
0<I<N 0sl< o 0<I<N
D WieR
0<I<N
(2.1)
Here the “matrix coefficients” of C, D are as follows: ,,C}Y = tA;—z; ”C’l‘ﬁ_l = —¢;

~ynClo = By, and ”C’l‘il,l = B, for 0 < [ < N; furthermore, ynCob = tzqo, and
WOV = tq for 0 < I < N. Furthermore, l+1,lDl‘jr1,l = tA; — z; ”Dl‘fkl = &
ynDYo = —x By, and llDl‘g-l,l = —B; for 0 <l < N; furthermore, ”DZV_VHJ = Dit1-

We have used some evident shortcuts to simplify the notations, e.g. yyClo =
2By :=By®ax®1 € Hom(Vp, V1) ® Hom(Ry, Rp) ® Home(Oc(—1), Oc(—1)).

2.5. Inverse construction. Conversely, given a torsion free sheaf I on 8y framed

at Doy, and 0 <1 < N, we have (cf. Section 5 of [1])

H°(S, Rf @ F(—1, 0)) = H*(8, R} @ F(0, —N))
H*(8, R @ F(—1, 0)) = H*(8, Rf @ F(0, —N)) = H*(S, F(—

I

=

(=)

—~

>

S

T

— J—‘
=

~

~

I

o 2

Furthermore, for 0 <1 < N, H'(8, Rf @ F(—1, 0)) ~ H (8, R} @ F(0, —N)) ~ V],
and HY(8, F(—1,0)) ~ HY(S, F(0, —N)) ~ HY(S, F(—~1, —N)) ~ Vy. Further-
more, for 0 <1 < N — 1, we have a canonical exact sequence

0— HOS, R @F) = W, 255 Vi) — HY(S, Riyy @ F) — 0,
and also
0— H'S, Ry, @F) = Wy_1 25 Vo — HY(S, F) = 0,

The terms (Ei’j)z':—z,_m of the Beilinson spectral sequence for JF take the form

@ Ext/(Ri(1,0), F) @ R;(—1, 0)

0<I<N

- @ Ext!/(R, TR @ Ext!/(Ri1(1,0), F)@R(-1,0)

0<IKN 0<I<N

— @ Eth(fRH_l,g:)@le,

0<I<N
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that is,
D VioR
0<IKN
D VioR(-1,0) — e — @D H'(R,2T)R
0<IKN @ Vl+1®3{l(*170) 0<I<N
o 0<I<N
d:—z\,l ~- - _

Tt - @ H (R eF)oR
0<I<N

Finally, we can replace Hl(fRa_1 ® F) = Cokerpy41 (resp. H*(Rf ® F) = Kerpj41)
by Vig1 (resp. W;), and lift the differential d;>': E;>' — E5° to a morphism
Vi@ Ri(—1,0) - W; ®R;. Replacing the spectral sequence with the total complex
we obtain the ADHM description (2.1) of J.

2.6. Monad for the stack 8%;. We also consider the following version of the
above construction. Let 8’ =8/, be the stacky weighted projective plane P2(N, N, 1).
More precisely, we consider the affine 3-space A® with coordinates (zo, 21, 22), and
with the action of C* given by c(zo, 21, 22) = (N 20, V21, cz2). We define 8 :=
(A3\ 0)/C*. We define ¢ C 8 as the hyperplane z; = 0 (all the points of this line
have automorphism group Z/NZ), and we define £, C 8 as the hyperplane zg = 0.
Note that £o, =~ X. We denote Og(1¢) by O(I) for short; note that Og/(£s) =~ O(N).
Let P/, be the moduli space of torsion free sheaves of degree d on 8’ framed at (o,
i.e., such that Fly = Foo :=Wo @ O0x @W1 @ O0x (1) D ... dWxn_1 ®Ox(1 - N).

Since 8§ — Dy, ~ 8 — l,, and the framings at infinities match, we have an
identification Py ~ P’,. We describe the resulting isomorphism 9, — P/. It sends
a representative (A,, Be, Do, Gs) to the middle cohomology of the following monad
of vector bundles on §8':

® vi(l-1)
0<I<N
©®
P iS5 | B VE-ULE @ vivei-n. (22
0<I<N h o 0<I<N
@ wi(-1)
0<I<N

Here the “matrix coefficients” of C, D are as follows:
—20: ViI(=1) > Vi(1 =1); 20Bo: VN(—=N) = V1(0); By: Vi(=1) = Viei(—1);
z1 — 2041 Vi(=1) = VI(N = 1);  z0q0: VN(=N) = Wo; @2 Vi(=1) — Wi(=1);
furthermore,
21— 2041 Vil=1) = VI(N+1-1); z2: VI(N=1) = Vi(N+1-1);
—20Bo: Vy(0) = Vi(N); —Bi: Vi(N =1) = Vi(N =1) = Vi1 (N = 1);
zopi1: Wi(=1) = Vigr (N = 1).



244 A. BRAVERMAN AND M. FINKELBERG

2.7. Rotation and the inverse construction. Conversely, given a torsion free
sheaf F on 8’ framed at /o, and [ =1, ..., N, we have

HYS, F(1—~N—-1))=H*8,F(1-N—-1)) =0,
and V; = HY(8', (I — N — 1)). The endomorphisms A; arise from the action of
z1 € (8, O(N)), and B arises from the action of zo € I'(8’, O(1)). More precisely,
for | € Z, we have the morphism z9: F(I — N — 1) — F(I — N), which induces
Bi: Vi = Vi for 1 <I <N —1, and also
29 HY(8', F(—N — 1)) — H (8, F(—N)) = V1.
However, the short exact sequence
0= F(—N—-1) % F(~1) = Fo(~1) = 0
gives rise to the long exact sequence of cohomology including
20: HY(8', F(—N — 1)) = HY(8', F(~1)) = V.
So we define By: Vy — V) as the composition 29z, L
Furthermore, we define Ag: Vy — Vi as the composition z; 2y L
Furthermore, the short exact sequence
0= JF(-N) % TF>TFo—0
gives rise to the long exact sequence of cohomology including
Wo = H(X, o) — H*(S', F(—N)) = V1.
We define p; as this latter map Wy — V.
Furthermore, for 0 <1 < N, the short exact sequence
0=F1-2N-1) 2 F(1I-N-1)=TF(l-N—-1)—=0
gives rise to the long exact sequence of cohomology including
HY8, F1—-N-1) = H (X, Foe - N =1) =W, oW1 D... 5 Wn_1.

For 0 < I < N, we define ¢;: V; = H*(8', F(I—N—1)) — W, as the direct summand
of the above morphism. For [ = 0, we define qo: Vv = H'(8', F(—1)) — W, as the
composition of the direct summand of the above morphism with

2ot Vy = HY(S, F(—1)) — HY(8', F(—N —1)).

It remains to define A;, [ # 0, and p;, I # 1. To this end, we define the
rotation pd as follows: pd; = di11, | € Z/NZ. We have a natural rotation
isomorphism R: My — 9,4, taking the quiver data (Ve, W, Ae, Be, De, Ge) to
(Ve—1, We—1, Ae—1, Be—1, PDe—1, Go—1). We define the corresponding isomorphism
R: P, = P4 presently.

Given a framed torsion free sheaf F on §', we define § = R(F) as the kernel of
the natural projection F(1) — 2, Wy(1). Here ¢ stands for the closed embedding
X ~ ly — 8. We have an exact sequence

0 — Wo(1—N) —2*G 5 2*F(1) — Wo(1) — 0,
and the morphism r factors as the composition
UG Wi aWa (1)@ ... Wr_1(2—=N) = " F(1).
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Since for any I = 1, ..., N —1 we have Exty(W;(1—1), Wy(1—N)) = 0, we conclude
that

Gle, W1 @O0x dWa(-1)® ... Wn_1(2—N) & Wy(l — N).

Furthermore, the long exact cohomology sequence arising from the short exact
sequence

0-G(1l-N-1)=3F1-N)—=1We(l-—N)—=0

implies H*(8/, §(I— N —1)) = V41 for 0 < I < N. Also, the long exact cohomology
sequence arising from the short exact sequence

0—=>F(—N)—=>G(-1) w1 (W (-1)®...aWn_1(1=N)) =0

implies H'(8', G(—1)) = HY(8', F(—~N)) = V;. Finally, it is clear that RY =
Id: Py — Py
Returning to the definition of A;, p;, we set 4; := R7'AgR!, p; := R*"'p R,

2.8. The action of I'y. Let I'y ~ Z/kZ (vesp. I'yn ~ Z/kNZ) be the group of k-
th (resp. kN-th) roots of unity, with generator (i (resp. (xn). We have a surjection
Ten — Tk, Cnv = Ce Recall the stack X = X = (A2 \ 0)/C*, where the action
of C* is given by c(z1, z2) = (cVz1, czz). The group T', acts on Xy as follows:
Ck(21, 22) = (21, Ck2z2). The quotient stack Xy /Ty is denoted by ,Xn. We also
have a I'j-equivariant morphism v: Xy — Xy, v(z1, 22) = (2F, 25). It factors
through Xy — XN N Xn.

In the local coordinates of Section 2.3, X is glued from the affine line (A, y;)
with coordinate yi, and (A', y2)/Tn: both A\ {y1 = 0} and (A'\ {y2 = 0})/T'n
coincide with G,,, and we glue the charts with the help of y; =y, N Now L X is
glued from (A, y1)/T and (A, yo)/Trn with the help of y¥ = 5 *¥. Note that
the group 'y acts on the chart (A, 33)/T'x as the quotient of I'yx by the normal
subgroup I'y C T'kn.

The group I'y, acts on Sy = C x Xy via the second factor, and we denote Sy /Ty,
by .8n. By an abuse of notation we denote by © the morphism id xO: 18y — Sy.
The corresponding action of I'y on S is as follows: (p(z: ¢, y:2) = (2:¢t, (py: ).
The corresponding action of Ty, on 8’ is given by (x (20, 21, 22) = (20, 21, (x22).

The group I'y, acts on the moduli space P4 of parabolic sheaves trivialized at
infinity via its action on S and the trivial action on the trivialization at infinity.
The fixed point variety ‘Pg’“ has various connected components, and we are going
to describe them in quiver terms. To this end note that I'y acts on the moduli
space Pg = My (resp. P!, = M) of torsion free sheaves on 8 (resp. §') framed at
Do (resp. o) via its action on 8 (resp. 8') and the trivial action on the framing.
We have PLr = amls = (P)T*. According to Section 2.4 (resp. Section 2.6) T
acts on M as follows: ((As, Be, Pe, ¢o) = (Ae, (1 Be, CkPe; ¢o). To formulate the
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conclusion we consider the representations of the following quiver Q*:

Here the lower indices of V' run through Z/NZ, while the upper indices run through
Z/KkZ. The relations are as follows:
0= A1Bx — ByAo +p1go: V' — V7,
0=A1B —BA +pq: V) = V5, for 1<I<N-1,and
0= A1By — ByAg: Vi = V7™ for r # —1, and
0=A41B — BA;: V" = V)., in the remaining cases.

We set dj := dim(V}"), and we denote by d the collection of positive integers

(dlr);eezz//ﬁé. We set d(d) := (di, ..., dn), where di = >, o7 37 d]. We denote by

Mj the scheme of representations of Q* of dimension d. We denote by G the group

HZTEGZZ // jlfé GL(V/"); it acts naturally on Mz. We denote by 37 the categorical quotient
Mg//Gg. Furthermore, we consider an open subscheme M% C Mg formed by all the

stable representations of Q¥, i.e., by the (Aa, B, Pe, q.)7€ Mg such that there is
no proper graded subspace 'V,* C V? stable under A,, B, and containing p(W,).
The action of Gg on M% is free, and we consider the GIT quotient g = I\/I(%/Gg.

Note that 97 is nonempty if and only if
dy>dizdy>...>dy>di>di>...>dy , > dy, = dyt
The above considerations imply the following

Proposition 2.9. The fized point variety deF"' 18 a union of connected components
isomorphic to M7 (to be denoted by Pg), over all collections d such that d(d) = d.
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2.10. Direct image. Given d = (dy, ..., dy) we consider d = d(d) such that
d?:dl for any 1 <1< N, and d] = dy for any 1 <1 < N and r # 0 (note that
d(d(d)) = (dy+ (k—1)dy, ..., dy + (k—1)dy) =: d+ (k—1)dy). Then it is easy
to see that Mg ~ My. In effect, all the maps B; except for By : Vﬁl — VP, and
the ones in the Oth row, have to be isomorphisms intertwining the corresponding
endomorphisms A; and A;4;.

Geometrically, the isomorphism Pg = P4 has the following explanation. We
have an evident projection ¢: S — S//T'y ~ S (the categorical quotient). A T'j-
fixed point of Py (x—1)a, is represented by a I'y-equivariant torsion free parabolic
sheaf F, on S. Then 1, F, carries a fiberwise action of I'y, and (1, F,)"* is a torsion
free parabolic sheaf on S, trivialized at infinity. Its class in P4 is the image of I,
under the above isomorphism. For this reason, somewhat abusing notation, we will
denote this isomorphism by Lx.

Alternatively, thinking of I'p-equivariant torsion free parabolic sheaves on S
trivialized at infinity as of I'y-equivariant torsion free sheaves on Sy framed at
infinity, that is, torsion free sheaves on . 8 ; framed at infinity (i.e., whose restriction
t0 Do = 00c X ;1 Xy UC X 00, x, is equipped with an isomorphism to O, x, @©
kaN (7101&351\7)@ . .@kaN ((I*N)kaN) on coc XX, and to Og on CXOkaN)
we see that their isomorphism classes correspond bijectively to the isomorphism
classes of stable representations of Q¥ (an argument entirely similar to Section 2.4
and Section 2.5). Then L* is nothing but ©, (notation of Section 2.8).

For an arbitrary E, we consider d = (dy, ..., dy) == (d9, ..., d¥_4, d;,l). Then
we still have a morphism O, = ¢l*: Pg — Pg4, which is not necessarily an isomor-
phism. Going through the inverse constructions of Section 2.4 and Section 2.5 one
arrives at the following description of ©, = ¥I*: Mg — M, in quiver terms. We
have V}; := VA?l, V/ := V0 for 1 <1< N — 1. Furthermore, we have A} := A; for
1 <1< N, and BYy_, is the composition of all B’s going from Vj_; to V¥, then to
V{', and all the way through to Vy 1. while all the other B coincide with the corre-
sponding B;. Finally, ¢, coincides with the corresponding ¢;, and for 1 </ < N —1
the map p] coincides with the corresponding p;; while p/y is the composition of py
with all the B’s going from Vj to Vi', and all the way through to V.

The morphism ¢1*: 97 — 9, induces the morphism LE 34 — 3a4 from the
affinization 37 of M7 to the affinization 34 of M.

2.11. Defect. Let us give a geometric explanation of what is so special about the
components Pg, d = d(d) considered in Section 2.10. Namely, they are the only
components of the fixed point variety ?5’“ which contain the nonempty open subset
formed by the I'-equivariant locally free parabolic sheaves. Here locally free means
locally free after forgetting the I'y-equivariant structure.

For an arbitrary I'y-equivariant torsion free parabolic sheaf F,, there is a notion
of the saturation T (a locally free parabolic sheaf containing F,, such that the
quotient has a zero-dimensional support). The global sections of this quotient
is a Z/NZ-graded T'y-module def(JF,), the defect of F,. The class [def(F,)] of
def(F,) in the K-group of Z/NZ-graded I'j-modules is represented by a collection
E of integers. The class [def(F,)] may vary throughout a connected component
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of the fixed point variety deF"'. However, its class [def(F,)] modulo the subgroup
spanned by all the collections of the sort E(g’), d € 7ZP/N% is constant throughout
a connected component Pg. Quite evidently, the class [def(F,)] for F, € Pg, equals
the class of E In particular, in order to have a locally free parabolic sheaf F, (i.e.,
the one with zero defect) in a component Pj it is necessary and sufficient that d be

of the form E(d) for some d.

3. ZASTAVA FOR BLOWN UP PLANE

The results of this section are strongly influenced by [23].

3.1. Dented chainsaw. We consider the representations of the following dented
chainsaw quiver

AN_2 ANn_1 Ay As
Bn-3 O Bn_2 O Bn_1 g By O By O B
P VN_2 VN_1 VN % Vo V1 ‘/YQ .
A ] 2 2 2
qN -2 gN—1 q0 q1 q2
. Wn_2 Wn_1 Wy Wy Wao S

with relations A;11B;—BjAj+pir1q = 0forany 1 <1 < N—2; A1 Bg—Boed+p1qo =
0; deBy_1 — BN_1ANn_1 + pngn—1 = 0. Here dimW;, = 1, dy := dimVy =
dy := dimVy, dimV; = d;, Il = 1,..., N — 1. We denote by I\A/Id the scheme of
representations of @ We denote by 64 the group H0<l<N GL(V}); it acts naturally
on I\A/Id. Performing the celebrated Crawley—Boevey trick, we identify all the lines
W, wi_th, say W, so that W, is the source of all p;, and the target of all ¢;. We
will denote a typical representation of @ by Y.

3.2. Stability conditions. Following [21, Section 4(ii)] we consider the enhanced
dimension vectors d := (do, dy, ..., dx_1, dy), and d == (do, di, ..., dny_1, dy, 1)
with one extra coordinate equal to dimW,, = 1. We consider a vector (* =
(Coy C1y - oy CNn—1, CN), where (v = =1, (=1, =0for I =1,..., N — 1. Also,
for 0 < ¢ < 1 we consider (- :=(* — (¢, ..., ). Weset ( = —(C, @, and
¢ = —(C*, @, where (-, -) stands for the sum of products of coordinates (the
standard scalar product). Finally, we set E_ = (¢, ¢3), and Z' = (¢*, ¢%)-
For a nonzero Q-submodule Y’ C Y of enhanced dimension d’ (where the last
coordinate may be either 1 or 0) we define the slope by
~
0= (Y') := Ld)",, 0y = ——"1———n.
((1, ..., 1), d) (1, ..., 1), d)
We say that a @—module Y is (" -semistable (resp. (*-semistable) if for any nonzero
submodule Y’ C Y we have 67 (Y") < 07(Y) (resp. 0°(Y') < 6°(Y)). We say Y
is (" -stable (resp. (®-stable) if the inequality is strict unless Y’ = Y. Note that
(~-stability is equivalent to ( ~-semistability.
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We define a scheme ﬁd as the moduli space of (™ -semistable (equwalently,
¢~ -stable) Q modules. By GIT, Qﬁd is the projective spectrum of the ring of Gd—
semiinvariants in (C[Mi]. Furthermore, we define a scheme 34 as the moduli space
of S-equivalence classes of (°®-semistable @—modules. Since the stability condition
¢* lies on a Wflll of the chamber containing (~, we have a projective morphism
Tee ¢— - Dﬁd — 34.

3.3. Parabolic sheaves on blow-up. We stick to the notations of [23]. Namely,
P2 is the projective plane with homogeneous coordinates [2q: 21 : 22, and £, C P? is
the line “at infinity” given by the equation zp = 0. Furthermore, P? is the blow-up
of P? “at the origin” (given by equations z; = 2o = 0). It is the closed subvariety
of P2 x P! defined by P2 = {([20: 21 : 20], [z:w]): 21w = 232}. We denote by E the
exceptional divisor in @2; we denote by £y C P2 the proper transform of the line
2o = 0 in P?; finally, by an abuse of notation, we denote by fo, C P2 the proper
transform of the line £, C P2.

Weset W =W, W@ ... Wyn_1 & Wy. Given an N-tuple of nonnegative

integers d = (do, ..., dy—1) we say that a parabolic sheaf Fo of degree d is an infinite
flag of torsion free coherent sheaves of rank N on P?: ... C F_; C Fy C T, C
such that

(a) Frpen = Fr(lp) for any k € Z;

(b) chi(Fy) = k[lo] for any k € Z: the first Chern classes are proportional to
the fundamental class of £y;

(¢c) chy(Fk) =d; for i =k (mod N);

(d) Fp is locally free at o, and trivialized at loo: Fole,, = W @ Op__;

(e) For —N < k < 0 the sheaf JF is locally free at {, and the quotient
sheaves F,/F_n, Fo/Fr (both supported at £y C P?) are locally free at
the point ¢y N £oo; moreover, the local sections of Fi|s are those sections
of Fyle, = W® 0O, which take value in W1 @...® Wiy C W at loNls

One can show that the fine moduli space 334 of degree d parabolic sheaves exists,
and is a smooth connected quasiprojective variety of dimension 2dy + ...+ 2dy_1.

Theorem 3.4 (A. Kuznetsov). There is an isomorphism =: ﬁd — fT’d.

The proof occupies Sections 3.5-3.9.

3.5. Stack gN. We denote by ¢/ C P? the proper transform of the line z; = 0 in
P2. We consider the open subvarieties U’ := P2 — ¢y ~ ¢’ x Al with coordinate
z = z2; " along A, and Uy := P2 — ¢/ ~ o x A! with coordinate w = zy2] "
along Al. Note that £y (resp. £') in P2 € P2 x P! is cut out by the equation w = 0
(resp. z = 0). We consider the ramified Galois covering 0: Al — Al, w = sV with
Galois group I'y. We denote by 6: (70 — Uy the base change of this covering under
Uop — Al. The action of 'y on 0= 1(UyNU’) is free, and =1 (UyNU") /T n = UgNU".
We define a 2-dimensional Deligne-Mumford stack gN as the result of gluing U’ and
UO/FN over the common open UgNU’. Note that SN is equipped with a projection
¥ to P2 which is an isomorphism off ¢y. The line in 3 ~ lying over £y will be denoted
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by ¢ C gN; its automorphism group is I'y. Since IV is fixed throughout the Section,
we will often omit the lower index N to simplify the notations.

We also have a smooth morphism 7 (a P!-bundle) from Sy to the 1-dimensional
stack X of Section 2.3 such that 7=1(cox) = ¢, and 771 (0x) = £. A section of
7 sending X to lo C S will be denoted by «. We choose a section yy of Ox (1)
with a simple zero at O, and a section y; of Ox(NN) with a simple zero at cox (in
notations of Section 2.2 and Section 2.3 we have y&¥ =y, y; = z). We keep the
same names for the corresponding sections of Og(¢) and Og(N¥) constant along the
fibers of 7. Finally, we choose a section z of Og(fec — N¥) = Og(fee — ¢') with a
simple zero at E.

Here is an alternative toric description of 8. We consider A* with coordinates
T1, T2, Y1, Y2, and with an open subset U C A% obtained by removing two planes:
Ly = {xy, 2, 0, 0} and Lo = {0, 0, y1, y2}. The torus To = C* x C* acts on U as
follows: (c1, ¢2) - (21, T2, Y1, Y2) = (c1cy w1, 122, Y y1, coya). We have S = ﬁ/TQ.
Note that 21 € F(g, 0(lso)) is an equation of foo; xo € F(g, O(F)) is an equation
of E; yy € F(g, 7*Ox(N)) is an equation of 7! (cox); y2 € F(g, 7 0x (1)) is an
equation of £.

According to [3], there is a one-to-one correspondence between the (torsion free,
framed at {,) sheaves on S, and the (torsion free, framed at () sheaves on P2
with parabolic structure along fy. Thus fJA)i is the moduli space of torsion free
sheaves of degree d on S framed at l+. More precisely, the framing at ¢, is an
isomorphism +*F ~ F, := W0y W1 00x(—1)®... dWrn_120x(—N+1). For
technical reasons, it will be more convenient for us to view ﬂADd as the moduli space
of twisted sheaves G := F(—¥) with framing at fo: 1*G ~ G =Wy ® Ox(—1) ®
Wi @0x(=2)@®... 0 Wy_1 ® Ox(—=N).

3.6. Plan of the proof. An exceptional collection of line bundles {Ox, Ox (1), ...,
Ox(N)} on X gives rise to an equivalence of the derived category D(X) of coherent
sheaves on X and the derived category D(K) of representations of the following
quiver K:

L N v (3.1)

)

Since 8 is a P!-bundle over X, it possesses the following exceptional collection of
line bundles:

{W*ODC(_N - 1)’ KRN W*OX(_l)a (ﬂ*ODC)(_goo)a RN (Tr*ODC(N))(_ZOO)}

The derived category D(8) is equivalent to the category of diagrams
9/(_N) <lt_o 9// /L;oo> 9/

where §', § € D(X) ~ D(K). For G € D(g) we set § =715, §' = m.G(—loo)-
We have an exact triangle

oG (Ao + NO) L 76 5 G = 177G (—loo + NO[1] = .... (3.2
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By the adjointness and the projection formula, the morphism g is the same as the
morphism pis @ po from §” to § ® T 0g(loe — NE) = G @ 9/ (—N). The framing
of G at /., implies the existence of the following exact triangle:

oGS G L)

Now the dual exceptional collection of {Ox, Ox (1), ..., Ox(N)} € D(X) is

{0x(—1 — N), Coker(Ox(—2 — N) < Ox (=1 — N)), ...,
Coker(Ox(—2N) < Ox(1 — 2N)), Ox(—N)}.

Decomposing §” with respect to this exceptional collection we obtain a represen-
tation of the quiver (3.1). The additional data pe of the dented chainsaw quiver
correspond to the morphism S (equivalently, i+, ) above, while the additional data
(e, Ao, go) correspond to the morphism po above. The property of Vs being vector
spaces (as opposed to complexes of vector spaces) is equivalent to the property of
G being a perverse coherent sheaf with torsion supported at the exceptional divisor
E and in codimension 2 (i.e., at finitely many points off E). Now (°®-semistability
is equivalent to the vanishing of torsion of G at the generic point of E, while the
(™ -semistability is equivalent to the latter vanishing plus vanishing of the first
cohomology of G, that is § being a torsion free sheaf.

3.7. Monad for the stack SN. Gilfen a @—module Y, we construct G as the
following monad of vector bundles on 8 (in cohomological degrees —1, 0, 1):

P=

‘/l(*goo - w)
=1
©®
VN (—Loo — 0)
S
N N-—1 N
D Vi(—Loo — L+ 1)) -5 | @ Wi((—1-1)0) | = B Vi(-1).  (33)
=0 1= =1
’ (S¥)
Vo((—=N —1)¢)
©

N-1
16—91 V(=1 =1)0)

The morphisms C, D are described as follows.
We introduce the complex G in the derived coherent category of X:

ENBW(—N—Z—nLEJVBW(—N—Z)@VN(—N—1). (3.4)

Here the “matrix coefficients” of 4" are as follows:
y2: Vi(=N—=1-1) = V(=N =1); B;:Vi(-N—-1-1) =V 1(-N—-1-1);
—y1: V(2N = 1) > Vy(=N = 1); 6: Vo(—=N —1) = Vy(—=N —1).
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Alternatively, §” is canonically quasiisomorphic to another complex

Vo(=N = )& @ Vi1~ 1) L5 Vi), (35)
=1 =1

where the “matrix coefficients” of v/ are as follows:
y2: Vi(=l—=1) = Vi(=1); B;: Vi(=l—1) = Vi1 (=1 —1);
y1Bo: Vo(=N —1) = Vi(=1);  y20: Vo(=N —1) = Vy(=N).
The quasiisomorphism is given by

N N
BViI(-N-1-1)— > PVi(-N - 1) ® Vy(-N — 1)
1=0 =1

lv lvf (3.6)

N—1 N
W(=N-1)e @ Vi(-l-1) P Vi(-D),
=1 =1
where the nonzero components of v, v’ are as follows: id: Vo(—N—1) — Vo(—N 1),
—y1: Vi(=N—=1-1) =5 Vi(=1-1) (resp. y1: Vi(-N—=1) = Vi(=I)) for 1 <I < N—1;

y1: VN(—2N) = VN (=N); y2: V(=N — 1) — Vy(—=N).
Finally, we are able to describe the morphisms C, D of (3.3). We have C' =
Ch + Cy + Cs, where C1 is
N
Ty (~loo + NO: P Vi(—loo — (1 +1)0) = @vl —10) & Vy(—Llog — 1),
1=0
the matrix elements of

N-—1
EBV — (14 1) EB

=0
are r1q; € Hom(V;(— E — (1 +1)0), Wi((—1 — 1)¢)), i.e., they correspond by the
adjointness and projection formula to ¢; € Homx(V( ) Wi (=l —1)). Now
EBV — (14 1)0) = Vo((— @EBVz

corresponds by adjomtness and projection formula to v of (3.6) plus

(0, Ay (=2), ..., Ax_1(=N), e(—N ~1)):

EDVl 1—1) > Vo(=N = 1) @@Vl

In other words, C3 = xov + x1€ + 21 Zl:; Ay
We have D = D1 + Dy + D3, where

@Vl — 1) ® Vn (- —>@Vl —~10)
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corresponds by adjointness and projection formula to v’ of (3.6) plus

(_Al(_1)7 ey _ANfl(_N‘i‘ 1), —56(—N), Boe(—l))Z

N N
Pi(-1) & Vv (-1) = P Vi(-D.
=1 =1

In other words,
N—1

Dy =a9v — 14 Z A; — x18e + 1 Bye.
=1

Now N N
Dy: @ Wil(—1—1)0) - @ Vi(-1¢)
=0 =1

is N—-1 N
—7*B: € Wil(~1 - 1)t) — P Vi(-10).
=0 =1

The “matrix elements” of § € Hom(Ge, @llil\/}(—l)) are pry1: Wi(—=l —1) —
Vit1(=1—1). Finally,
N—1 N

Ds: Vo((=N = 1)) & @ Vi((—1 — 1)0) - @ Vi(-1¢)

1=1 =1

is 9.
3.8. Inverse construction. Conversely, given a torsion free sheaf § on S with
a framing +*§ ~ G, we have Ho(g, G(—leo + 1)) = H2(§7 G(—ls + 1)) = 0 for
0 <! < N, and we set V} := Hl(g7 G(—ls + I¥)). Furthermore, we set §” :=
7.(G(—lso)), and §' := 7, G, so that V; = H(X, §"(1)).

Let A: 8 <5 8 x § stand for the diagonal embedding. We have the following
exact triangles in the derived category of coherent sheaves on S:

L= Og,, 5(—loo, —loo + NO -5 05 o — A0

S Og 2(—loo, —loo + NOI] = ..., (3.7)

SXxg

L OgXxg(—fom 0) — OgXx’S\ i) Ongxg i) O’S\Xxg(—foo, 0)[1] — ...
(3.8)
It follows that A.Og is the convolution of the following compex of objects of the

derived category of coherent sheaves on S:

Og.5(~loos oo + NO 50, o305 o(~loo, 01 (3.9)

§>< xg Zoo Xx 8
Now since G ~ prz*(A*Og ®pr; §), we see that G is the convolution of the following

complex of objects of the derived coherent category of s:

G (—loo + NO) - 776 T8 77G" 1], (3.10)
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Here g enters the exact triangle
...%9”%9’%@*9Lg”[l]%... (3.11)

while « by adjointness and projection formula is the same as the direct sum of
two morphisms o’: §” — G, and o’’: §”(N) = G. The condition 7*F o a =0
implies o’ = 0.

Let now AY stand for the diagonal embedding X < X x X. Then we have the
exact sequences of coherent sheaves on X x X:

N—-1 N

0— 000, —-N)& P o, -1 —1) = o, —1) = ALOx -0, (3.12)
=0 =0
N—-1 N
000, -N-1) o @ o ~1-1) - o, —1) » AXOx -0,  (3.13)
=1 =1

which yield the resolutions (3.4) and (3.5) for §” ~ pry, (AXOx ® priG”). In
particular, B;: V; — Vi is induced by

Yo: HY(S, G(—Lloo + 10)) = H'(S, G(—lo + (1 + 1)0)),
and 8: Vo — Vy is induced by
y1: HY(S, §(—Lloo)) = H'(S, G(—los + NO)).
Furthermore, the morphism o/(I—N): §”(I) = Goo (I—N) induces the morphism
Vi=H" X, §"(1)) = H'(X, Sl = N) =W, & ... & Wn_,

with components q;, ¢i+1By, - -, gv—1Bn—2 ... B;. The morphism 5(1): Goo(l) —
G§”(1)[1] induces the morphism

Wo & ...8 Wiy = H°(X, Goo(1)) = H'(X, §" (1)) = Vi

whose last component is p;: W1 — V.

The exact triangle ... = §” — § — G, — §”[1] — ... along with the acyclicity
of Goo yields an isomorphism Vo = HY(X, §”) ~ H'(X, §'). Now e: Vy — Vp is
induced by

xo: Vv = HY(X, §"(N)) = H'(S, §(—los + NO)) — H'(S, G) = H'(X, §') = Vj.
Finally, the exact triangle
.. G"1-N)=G(1—-N)—=Gc(l—N)—=9"(l-N)[1] — ...
yields the long exact sequence

0— HY(X,8"(1-N)) = HY(X,9(l—-N)) = H'(X, Goo (I — N))
— H*(X,9"(1=N)) —.... (3.14)
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A resolution
0—G"(I-N) = 9"a8"(Hes"(+1)®...058"(N-1) = §"(I+1)®...¢5"(N) = 0

implies H(X, §”(I — N)) ~ Ker (Vo P @z;ll Vin — @Z:lﬂ Vm), which, together
with (3.14), yields an isomorphism

N-1 N-1 N
HY(X, 91~ N)) = Ker (Vo & @ Vo © P Wor 5 B Van)-
m=l m=l m=Il+1
Here the “matrix coefficients” of p are as follows: d: Vo — Vi Byt Vi = Vi1
Id: Vi, = Vins Pmt1: Wiy = Vipgr. In particular, we have a morphism

w: HY(X, §(1 - N)) = V.
Now the morphism zo((l — N)¥): G(—Lloo + 1) — G((I — N)C) gives rise to the

morphism V; = Hl(/‘S\7 G(—l +10)) — Hl(g, S((I — N)¥)) = HYX, §'(I — N)).
Composing it with @ we obtain the morphism A;: V; — V;.

3.9. Analysis of stability. Clearly, at ¢, C is injective, and D is surjective.
Hence C is injective (as a morphism of sheaves) everywhere, i.e., H ! of the monad
(3.3) is 0, and the support of H! of the same monad does not intersect £,,. Hence
this support lies in the union of the exceptional divisor £ and finitely many points.
Now HY of (3.3) cannot have torsion in codimension 2 (as the middle cohomology
of a 3-term complex of vector bundles), so it can only have torsion at curves not
intersecting (o, i.e., at E. If this H° does have torsion at FE, then the fibers
of C at E (i.e., xzo = 0) have nontrivial kernels. We can set z; = 0, and then
the kernel of C' at a point [y; : y2] € F consists of collections of v; € V}, 0 <
I < N such that ¢gv; = 0, 0 < I < N —1; evy = 0; By_1un-1 + yoony = O;
ovg — oy = 0; Biqu_1 + vy = 0 = Ay, 1 <1 < N — 1. Note that if
vg = 0 then in case y; # 0 we obtain vy = 0, while in case yo» # 0 we obtain
v = 0= vy =0= ... = vy = 0. Moreover, in case y» # 0 # y; we have
v = y;lBQ’UO7 Vg = y;zBlBo’Uo, ey UN = y;NBN,1 . .BlB()UO == yflévo. The
existence of a nontrivial solution of the equation y;NBN,l ...B1Byvg = yflévo
for any v, yo implies that Ker(By—_1...B1Bg) N Ker(§) # 0. We take 0 # vy €
Ker(By—1...B1By) N Ker(d), and the corresponding vy, ..., vy_1, vy = 0. We
set Sg:=Cvg C Vp, ..., Sy_1:=Con_1 C Vn_1, Sy :=0C Vy. Then S, C V,
violates the (®-semistability since dim Sy > dim Sy (see [21, Definition 1.1.(1)
and Section 4(ii)]). Conversely, the argument like [23, Lemma 7.2.(2)] proves that
the fiberwise injectivity of C' at the generic point of E implies (®-semistability.
The vanishing of H'(3.3) is equivalent to the fiberwise surjectivity of D every-
where, that is, to the fiberwise injectivity of the adjoint morphism D* everywhere.
Since D* is clearly injective at o, we can study the points off /.., i.e., we can
set 1 = 1. The kernel of D* at a point (2, [y1 : y2]) consists of collections
vy € V', 0 <1 < N such that pfvf =0, 1 <1 < N; y1 Byvf + y20"vy = 0;
(€*0" — way1)vy = 0; e*Bivy + mayavy = 05 Bivf 4+ yovy = 0 = Ajv) — may1vf,
1 <1 < N —1. Note that v does not enter these equations, and we can set
vg = 0. Given a nontrivial solution of these equations we set S5 := 0 C V{,
Sii=Cv; C V¥, ..., Sy =Cuvy C V5. Weset T) == (S;)t CV,,0<I< N. We



256 A. BRAVERMAN AND M. FINKELBERG

have 0 = dim 5§ = codim Ty < codim Ty = dim S}, which violates the (~-semista-
bility (see [21, Definition 1.1.(2) and Section 4(ii)]). Conversely, the argument
like [23, Lemma 5.1] proves that the fiberwise surjectivity of D implies (™ -semista-
bility.

Theorem 3.4 is proved.

3.10. Parabolic sheaves trivial along £3. We say that a parabolic sheaf F, is
trivial along Co if Fo is locally free at £g, and Fols, is trivial; moreover, for —N <
k < 0 the sheaf Fy, is locally free at ¢y, and the quotient sheaves Fi/F_n, Fo/Fx
are both locally free and trivial (as vector bundles) at £y. It is easy to see that the
moduli space ﬁdymv C (/]54 of parabolic sheaves trivial along ¢y is an open subset of
ﬁd, nonempty if and only if dy =dy = ... =d N

We also consider an open subset zmd iso C Dﬁd formed by the representations of
Q such that By, ..., By_1 are all isomorphisms (evidently, 93?47150 is nonempty if
and only if dy = dy = ... = dy). The proof of Theorem 3.4 admits the following

Corollary 3.11. E(ﬁgﬁiso) = ﬁg,mv.

Proof. The complex §” € D(X) corresponds to the representation (3.1) in D(K).
It is easy to check that By, ..., By—1 in (3.1) are all isomorphisms if and only if
Ext(§”, H) = 0 for any skyscraper sheaf 3 supported at 0x.. More precisely, B; is
an isomorphism if and only if Ext% (5", Coker(Ox(—I — 1) < Ox(=1))) = 0. Thus
all B; are isomorphisms if and only if §” has a finite support on X disjoint from
Ox. From the exact triangle (3.11), § is isomorphic to +*G = G near O0x. From

the exact triangle (3.2), G is isomorphic to 7G4, near ¢, that is, F, is trivial along
L. O

3.12. Blowdown. The blowdown morphism P2 — P2 does not lift to a morphism
of the stacks S = 8 (see Section 2.6). It only gives rise to a correspondence

8 <~ W % 8. Since both 8 and S’ are toric stacks, this correspondence can
be described in toric terms. Namely, S is given by a fan F formed by the vectors
(1, 0); (0, 1); (—1, 0); (=N, —N) in Z?, while 8’ is given by a fan F’ formed by the
vectors (1, 0); (0, 1); (=N, —N), and W is given by a fan F formed by the vectors
(1, 0); (0, 1); (=N, 0); (=N, —N). The evident embedding F” C F corresponds to
our 7. Since F is obtained from F by dilating the vector ( 1, 0), we obtain the
desired morphism ji: W — 8. We set II := 7,ji*: D Coh( ) — D®Coh(8’). Note
that the assumptions of Theorem 4.2(2) of [17] are satisfied in our situation.
Given ¥ = §(¢) € P4 the complex IIF is not necessarily a torsion free sheaf: it
can have the first cohor;lology (a torsion sheaf at the origin); it is rather a perverse
coherent sheaf. Its class is well defined in the zastava space 34 (see Section 2.1).
Thus we obtain the morphlsm de — 34, Wthh factors through the morphism

3d — 34 (since 3q4 is affine, 3d is normal, and ‘Pd — 3d is proper) to be denoted
by II.

Conjecture 3.13. In quiver terms, 1I: 34 — 34 sends (Vo, Ao, Be, 0, €, De, o)
to (VJ, A, B,, Dy, qu), where V/ ==V, forl =1,..., N, and A} := A; for | =
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1,..., N — 1, while Ay := de. Furthermore, B] := B; forl = 1,..., N — 1,
while B := Boe. Furthermore, p) = p; forl =1,..., N, and q :== q forl =
1, ..., N —1, while qo := qqe.

4. ZASTAVA FOR KLEINIAN BLowUP

4.1. Kleinian Blowup. We consider 8§ = P? with homogeneous coordinates
[20:21: 22]. We blow up the sheaf of ideals I supported at the origin, and generated
locally by (2f, z2). This blowup is a singular toric surface lying in the projectiviza-
tion Proj(O(—k) @ (O(—1)) of the vector bundle O(—k) ® O(—1) over P2. In fact, it
has a unique singular point, lying in a chart U? with coordinates 21, 2o, z satisfying
292 = 2¥. We define a smooth toric stack g’f as the stacky resolution of our blowup
at the singular point. The neighbourhood U? of the stacky point (the preimage of
U?) is isomorphic to A?/T'), (with hyperbolic action). The stack g’f is given by a
fan F'* formed by the vectors (1, 0); (0, 1); (=1, k — 1); (=1, —1) in Z2

Let 4y C g’f be the proper transform of the line ¢y C 8] given by the equation
2o = 0. It lies in the union of two charts U' with coordinates z;, w and U™ with
coordinates zg, z2. We consider the ramified Galois coverings Uj, with coordinates
z1, N/w, and UR® with coordinates zg, N/z2, with Galois group I'y. Gluing the
stacky quotients U, /Ty, and USF /Ty with U2, we obtain the smooth toric stack
glfv It is given by a fan % formed by the vectors (1, 0),i (0, 1); (=1, k — 1);
(=N, —N) in Z2. The preimage of £y C 8¥ is denoted by £ C 8%;. Its automorphism
group is I' .

We have a correspondence géﬂv LWk V—k> 8’y (cf. Section 3.12) where WF is
given by a fan F* formed by the vectors (1, 0); (0, 1); (=N, N(k—1)); (=N, —N).
The evident embedding F’ C F* corresponds to our 7*. Since F* is obtained from
f’fv by dilating the vector (—1, k — 1), we obtain the desired morphism fi,: W* —
8k .

4.2. Parabolic sheaves on Kleinian Blowup. Let P* be the moduli space of
rank N torsion free parabolic sheaves on g’f (with parabolic structure along ¢y, and
with trivial first Chern class) trivialized at infinity; equivalently, Pk is the moduli
space of rank IV torsion free sheaves on glfv framed at

loo: V" F ~Fo :ZW()(X)Ox@Wl®Ox(—1)@...@WN,1®Ox(N—1>

(and with first Chern class trivial off £.). Given F € Pk the complex ITFF := TR
is not necessarily a torsion free sheaf on 8'y: it can have the first cohomology (a
torsion sheaf at the origin); it is rather a perverse coherent sheaf. Its class is well
defined in the zastava space 3 (the direct limit of all 34 with respect to the natural
embeddings 34 — 34, d" > d componentwise, adding defect at the origin). Thus
we obtain the morphism Pk 3. Our goal is to describe the moduli space Pk (in
particular, to number its connected components) in quiver terms, as well as the
morphism Pk — 3. A connected component of Pk will be called good if it contains
a nonempty open subset formed by locally free parabolic sheaves.
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4.3. Rift. We consider the representations of the following rift quiver @k:

N-3_.._1 Bn-2 1 Bn-1 1 1 0 1 B _1 P
VN*Q VN 1 VN VO ‘/1 V2
AN-—2 AN-—1 x Ay Ao

E

BN_sQ e (D . m . Q 5,

VN*Q VN 1 V V2

PN -2 \L :DN—1 P2 \L 71
gN—2 gN-—1 q2
L Wn_o ’ W,y .
AN_2 AN 1 As
() m ()

Bn-3 Bn-— B B
1 1 1 2
VN*Q VN 1 VN V2
An_2 An_1 X Aq As
e
R I OO
VN*Q VN*I VN VO ‘/1 V2

Here the upper indices of V' run through Z/kZ. The dimension of V}" is denoted
by dj. We consider the dimension vector d := (dj )giﬁkl\% Furthermore, dim W; = 1,
and all these lines are identified with, say W, so that W, is the source of all p;
and the target of all ¢;.

Relations:

0=deBy_1— By_1An_1+DpNngn-1: VN_1 = V}.

0= A1By — Bped + p1qo: VOO — Vlo.

0=A1B— BiA +pq: VP = V5, forl=1,...,N-2.
0=0eBn_1—Bn_1An_1:V3_; =V forr#0.
0=A1By— Bped: Vj = V| forr #0.
OZAlJrlBl—BlAl:Vvlr—)VZH fOI‘lZl,...,N—Q,’I“;éO.

We denote a typical representation of @k by Y. We denote by M7 the scheme of

representations of Q¥ of dimension d. We denote by G the group Hgggj\% GL(V/");
it acts naturally on M. -

4.4. Stability conditions. Following [21, Section 4(ii)] we consider the enhanced
dimension vector d := (df, 1) with one extra coordinate equal to dim W,, = 1. We
consider a vector ¢* = ((J) where (j = -1, (f =1, =0for 1 <I <N -1
Also, for 0 < ¢ <« 1 we consider (T :=(¢* — (g, ..., ¢). Weset ( = —(C7, @),
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and €% = —(¢°, d A> where (-, -) stands for the sum of products of coordinates (the
standard scalar product). Finally, we set (~ := (¢, (), and C* = (¢*, C2).

For a nonzero Q*-submodule Y’ C Y of enhanced dimension d (where the last
coordinate may be either 1 or 0) we define the slope by

~ . ~ .
0-(Y') = _d) —, 0°(Y'):= _&d) —.
(1, ..., 1),d) (1, ..., 1),d)
We say that a @k—module Y is (~-semistable (resp. (*-semistable) if for any nonzero
submodule Y’ C Y we have 67 (Y") < 07(Y) (resp. 0°(Y’) < 6°(Y)). We say Y
is ("-stable (resp. (®-stable) if the inequality is strict unless Y’ = Y. Note that
(~-stability is equivalent to ( ~-semistability.
We define a scheme ﬁg as the moduli space of (~-semistable (equivalently,

¢~ -stable) @k—modules By GIT, @’i is the projective spectrum of the ring of CAT'A—
semiinvariants in (C[ ] Furthermore we define a scheme Sk as the moduli space

of S-equivalence classes of (*-semistable Qk—modules. Since the stability condition
¢*® lies on a wall of the chamber containing (~, we have a projective morphism
Teo o fmldi — 3’5.

Theorem 4.5. A good connected component of Pk s isomorphic to 53\?3 for a
dimension vector /d\ such that dy = d%, and forr #0, df =d., YI,m=1,..., N.
The proof is given in the next Subsection.

4.6. The action of I'y. The action of ', on 8] (see Section 2.8) lifts to the action
of I';, on the blowup 81, and also lifts to the actlon of I'y, on SN Hence I';, acts on
the moduli space iPd of parabolic sheaves on 81 trivialized at infinity via its action
on 81 and the trivial action on the trivialization at infinity.

The fixed point variety CPZ’“ = Emg’“ can be described in quiver terms as well.
Namely, the construction of quiver in Section 3.8 implies that the action of the
generator (i of I'y;, on the quiver components works as follows:

CkN(AM BO; €, 6; Do q’) = (AO, CkBta C}?zea Clg(sa Ckph q0)
It follows that the various connected components of @5’“ are isomorphic to ﬁg for

various dimension vectors d such that

=(X & > . Y )
reZ/kL  reL/kZ reZ/kZ

Among these connected components we single out the ones classifying the par-

abolic sheaves with I'y-equivariantly trivial determinant. This is the condition

4 = dly for any r € Z/kZ. Also, we single out the components classifying the

T'k-equivariant parabolic sheaves with the trivial defect class [def(F,)] (see Sec-

tion 2.11). This is the condition that for r # 0, df =dl, VI, m =1,..., N. We

will refer to such connected components (satisfying both of the above conditions)
as the admissible ones.
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Now let us consider the stacks gl /T, and gl /|T%. The latter stands for the coarse
(categorical) quotient in a neighbourhood of ZO (but the stacky quotient elsewhere).

We have an evident projection ¢: Sl/Fk — 81/|F;€ Given a I'y- equlvarlant para-
bolic sheaf F on 81 lying in an admissible connected component QJTA the parabolic

sheaf ¢.J is trivialized at infinity. Similarly to Section 2.10, ¢, mduces an iso-
morphism of an admissible connected component Qﬁg with a connected component

of the moduli space of torsion free parabolic sheaves on 8 /|ITx (with the trivial
action of I'y at the trivialization at infinity). However, the stacks gl/ Il and g’f
are isomorphic off infinity, so the latter connected component is nothing else than
a connected component of Pk,

This completes the proof of Theorem 4.5.

4.7. The morphism IT*. For an admissible dimension vector El\ we denote the
corresponding connected component of Pk by (Pk zmk We are going to describe

in quiver terms the morphism fP’i — 3 of Sectlon 4.2. Note that since 3 is affine,
Teo ot smk — 3 is proper, and 3 is normal, the morphism fT’k — 3 factors as the

COIIlpOblthIl of mee ¢~ and a certaln morphism Bk — 3 to be denoted by II*.

The comparison of constructions of Section 4.6, Section 2.10, Section 3.12, and
Conjecture 3.13 implies that ITF = % o ¥ where WF: 32 — 34 is defined as

follows. First, d = (d{’);ggﬁ is obtained from the vector E just by erasing the
coordinates dj, r € Z/kZ. Second, Uk acts on the quiver data as follows: V=V
for 1 <1< N, r € Z/kEZ. Furthermore, 'By := Bpe: Vi — VT'Irl and "Ay =
de: Vi — Vi for r € Z/kZ. Furthermore, gy := goe: V_1 — Wpy, and all the other
primed letters are equal to the corresponding letters w1thout primes.

In partlcular we see that TIF (3’c ) lands into the connected component Sd, where
d= (d Lo, dd N)-

4.8. An open piece. We consider the following (admissible) dimension vector:
dj =v, forany l =0, ..., N. Let Dﬁk w C ﬁk be the open subset given by the
condition that By_1By_2...B1By: VO % Vi is an isomorphism for any r € Z/kZ
(equivalently, all the B; are isomorphisms). It follows from Corollary 3.11 that
this open subset classifies the parabolic sheaves on g’f trivial along £y. Then the
trivialization at infinity extends through ¢y as well, and we are left with a torsion free
sheaf on the open set U? (notations of Section 4.1) trivialized at infinity. According
to [20, 4.2], the moduli space of torsion free sheaves on U? trivialized at infinity is the
classical Nakajima quiver variety 9t(v, w) of type Aj_1, where w = (N,0,...,0),
and v = (vg, ..., Vg—1).

The 1somorphlsm OF imk = M(v, w) in quiver terms is given by W( :=

d,iso

Wo@...0 Wx_1, and W/ := 0 for r # 0. Furthermore, V' := V. Furhermore,

B;ﬂ/ = eBNleN,Q BlBO VH—> r+1’
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while
A;f = (BNleN72 .. .BlBo)_l(SZ W’ — V;Al/,l

: (/A L. " " "o L. 1" "
Finally, py = @1<Z<Np Wy —= V', and ¢ = ®0<1<N—1 q: Vg — Wy, where

p=By'B . BB i W — VY,
and
ql = qlBllel72 .. .BlB()Z VOO — VVl

4.9. The image of IT*. Note that while Theorem 4.5 provides the necessary (ad-
missibility) conditions for a component ?% to be good, it does not give the sufficient
conditions. Let us give such sufficient conditions in the setup of Section 4.8. Thus
we restrict ourselves to the components E/D\TS which contain the nonempty open sub-

set formed by the locally free parabolic sheaves. Equivalently, we are interested in
the components Ems - M(v, w) which contain the nonempty open subset formed

by the vector bundles on U2. The corresponding dimension vectors (dj) (equiva-
lently, vectors v), will be called good. The well-known Nakajima criterion states

—

that v is good if and only if the sl(k)-weight w — Cv is dominant and has nonzero
multiplicity in the level N vacuum integrable module L(w). Here C is the affine
Cartan matrix of A,_;. More explicitly, the dominance condition reads as follows:
vo+ U2 =201, ..., Vp_o + Vg = 201, Vp_1 +v1 + N = 2vg. In particular, vg > v;
Vi € Z/KZ.

Let us note that the type of our bundles on U? at the hyperbolic point is A =
t(w — Cv), where the transposition is extensively discussed in [4], [6]. In notations
of loc. cit. (especially Section 7 of [1]), we have ™8 (v, w) ~ Buné\L(N)#(AQ/Fk),
where A, p are the following integrable sl(N),g-weights:

i,71) %)
)\: (k7X; a+(u2lk_2)>7

= (k, 0,0). Here a stands for the second Chern class of the I'y-equivariant vector
bundles on a compactification of A%2. According to [4], the Nakajima criterion can
be equivalently reformulated as follows: v is good if and only if p has nonzero
multiplicity in the level k integrable s[(IV)a.g-module L(A). In particular, A > g,

i.e., the difference oo := A — p is a linear combination of simple roots of sl(N).g
with coefficients in N.

We view « as a vector with coordinates (aq, ..., ay). It is easy to see that
(a1, ..., an) < (vo, ..., vp) componentwise, and hence we have an embedding

3a = B(vo,...,vo) adding the defect of the complementary degree at the origin.
From now on let us write SQ for 35.

~ ~ k
Conjecture 4.10. Consider a good component 3?; = 35 I, 30,00+

(a) The image of I1* is contained in 3, C 3o, w05 SO we may and will view I~
as a morphism 32 — 3.
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(b) The morphism II*: 32 — 3a 18 birational and stratified semismall, so that

the direct image TI* IC(Eﬁ) is a direct sum of 1C-sheaves of certain strata of 3,
with certain multiplicities.

(c) For B < «, and the corresponding stratum 33 C 34, the multiplicity mg of
IC(3p) in IIF IC(BQ) equals the weight multiplicity L>(\ — o+ 3) of the integrable
sI(N)ag-module L.

5. GENERAL (G

5.1. Arbitrary groups. Let G be an almost simple simply connected group with
the Lie algebra g. We have the adjoint representation G — SL(g) = SL(V), where
N = dimg. We choose a Borel subgoup By of SL(N) containing the image of the
positive Borel subgoup B C G.

We consider the moduli space of G-bundles on 8; /IT'k (see Section 4.6) equipped
with a reduction to B along ¢y and framing at {,,. The component of this mod-
uli space having an open piece Bunau(AQ/Fk) (cf. Section 4.9) will be denoted

by Zg# Here A\, p € Az A = pp = (k,0,0). The adjoint homomorphism

ad: (G, B) — (SL(N), By) induces a closed embedding ad: Zéu — Zgi*(z%@d*u.

We define S_Zg::f as the closure of ad(Zgyﬂ) in 3;3: i ») Zgib’\\,)’ad* & here o := A\—p.

Then TI* restricts to the proper morphism ¢: S_Zéit = G

Conjecture 5.2. (a) The morphism ¢: _Z/c\:j;f — Zg.,. 18 birational and stratified

semismall, so that the direct image ¢, IC(S_Zg’;f) is a direct sum of IC-sheaves of
certain strata of Z¢ =~ with certain multiplicities.

(b) For 8 < «, and the corresponding stratum Zgaff C Z§.,.» the multiplicity mg
of IC(Zgaff) in Gu IC(S_ZZ}’;) equals the weight multiplicity L*(A — o + ) of the
integrable GYg-module L.

5.3. Repellents. As we have mentioned in the Introduction, Conjecture 5.2 is an
affine analogue of the (known) statement about the convolution between the (clas-
sical) affine Grassmannian and zastava of G. This classical statement is deduced
from the description of fibers of the convolution morphism as the intersections of
Schubert varieties in the affine Grassmannian with semiinfinite orbits. We expect a
similar description applies in the affine situation. We will define an open subset of
9_Z)C‘g::f, which identifies with a transversal slice in the double affine Grassmannian
of G, and prove that its intersection with an affine analogue of a semiinfinite orbit
lies in the central fiber of ¢.
We have an intermediate open subset

Zad, A Zad, A Jad, A
251Ny ade . C ZSUN) ade p © Dade

specified in quiver terms by the condition that the composition

Bny_1Bn_o... BlBoi VOT — V]G
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is an isomorphism for any r € Z/kZ, cf. Section 4.8. It is nothing else than the

Uhlenbeck space ugi*(ﬁ,)_ad* H(A2/Fk). The closure of ad(ZéYw) in

ad, A\ 2 _ rrad, A Zad, A
uSL(N),ad* #(A /T) = ZSL(N),ad* w ZSL(N),ad* u

is nothing else than the Uhlenbeck space Ug#(AQ/Fk) = Wgam“. In Section 3.2

of [5] we have introduced the locally closed subvariety Ty, C Ué,M(A2 /Tk) = W’C\;aﬁ_,u
as the repellent of a certain C*-action (e stands for the neutral element of the affine
Weyl group). (In type A these repellents were introduced in [22] under the name
of MV cycles.) We conjecture that the central fiber ¢=1(i%(0)) N Ué,M(AQ/Fk)
coincides with the repellent Tf, C ug N(AQ /T'x). We can prove only one inclusion.

First, we recall the definition of the C*-action for the reader’s convenience. We
choose a Cartan torus 7' C B C G with the coweight lattice A. The 2-dimensional
torus C* x C* acts on A? naturally: (a, b) - (2, t) = (az, bt), and on U3 ,(A%/T})
by the transport of structure. Let C; _ := {(c, ¢c™1)} € C* x C* stand for the

hyp
antidiagonal, alias hyperbolic, subgroup. Let us denote the torus C;‘]yp x T by

T. This is a Cartan torus of G with the coweight lattice A. Thus, the slices
W) = Ug#(AQ/Fk) are equipped with the action of the torus 7. Let I (resp.
Lg = I Uip) stand for the set of vertices of the Dynkin diagram of G (resp. of
Gag). For i € I we denote by w; € A the corresponding fundamental coweight
of G, and we denote by a; € N the corresponding label of the Dynkin diagram
of Gag. Then w;, := (1,0) € Zx A = K, w; = (a4, w;) € K, 1 € I, are the
fundamental coweights of G.g. We set p := ), Loy Wi (not to be confused with

o~

the halfsum p of positive coroots of G). The torus T acts on Wfl with the only
fixed point, to be denoted abusively by u, and we define T}, C Wf) as the repellent

T ={g€ Wﬁ: lime o0 p(c)g = p}.
Proposition 5.4. T, C ¢71(i%(0)) N U ,(A%/Ty).

Proof. 1f a point a lies in T, then ¢(a) is repelled from ig(0) € Zg . under the
following action of C* on Zg . Recall that Zg__ is a certain closure of the moduli
space of G-bundles on P? (with homogeneous coordinates [zq : 21 : 22]) trivialized at
¢~ (given by zp = 0) and equipped with a reduction to B along ¢y (given by zo = 0).
The Cartan torus T' C B C G acts on Zg_ via trivialization at /o, while CJ,; acts
on P2 by c[zo: 21 : 22] = [20: 21 : c2], and hence on Zg . by transport of structure.
Note that the action of Cf,, lifts to the action on I@i with the following property:
if fis a non Cj_-fixed point on the exceptional divisor, then as ¢ € C}_,, tends
to infinity, ¢ - f tends to the singular point of the exceptional divisor. Moreover,
this action of C}_., on I@i in the chart U? (notations of Section 4.1) coincides
with the action of Cj 5 on A%//T\. We consider the one-parametric subgroup
C* = Ct. x T: c = (", p(c)), where p is the halfsum of positive coroots of G
viewed as a cocharacter of T', while h is the Coxeter number of G. The desired
action of C* on Zg __ is the action of this one-parametric subgroup.

Finally, the only points of Zg  repelled from anything at all are the T-fixed

points A% C Zg . In effect, we have the projection ¢ : Zg . — A% (see [8,
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Section 9]) equivariant with respect to the C*-action. According to the factoriza-
tion principle [8, Corollary 9.4], it suffices to prove the desired statement for the
points of Z&  lying in the central fiber F := o~ Y- 0). This is clear from the
stratification [10, (7) in Section 4.1 (or (4.2) in Section 4.1 of arXiv:0912.5132)]
of .

It follows ¢(a) = i%(0). O
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