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A hypercomplex manifold is a manifold equipped with a triple of complex structures sat-
isfying the quaternionic relations. A holomorphic Lagrangian variety on a hypercomplex
manifold with trivial canonical bundle is a holomorphic subvariety which is calibrated
by a form associated with the holomorphic volume form; this notion is a generalization
of the usual holomorphic Lagrangian subvarieties known in hyperKahler geometry. An
HKT (hyperKéahler with torsion) metric on a hypercomplex manifold is a metric deter-
mined by a local potential, in a similar way to the Kahler metric. We prove that a base
of a holomorphic Lagrangian fibration is always Kahler, if its total space is HKT. This is
used to construct new examples of hypercomplex manifolds which do not admit an HKT

structure.
1 Introduction

1.1 HKT metrics and SL(n, H)-structures

Let I, J, and K be complex structures on a manifold M satisfying the quaternionic
relation I o J=—J oI =K. Then (M, I, J, K) is called a hypercomplex manifold. Hyper-
complex manifolds are quaternionic analogs of complex manifolds, in the same way

as hyperKéahler manifolds are quaternionic analogs of Kdhler manifolds. However, the

Received July 21, 2013; Revised September 20, 2013; Accepted September 23, 2013
Communicated by Prof. Dmitry Kaledin

© The Author(s) 2013. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oup.com.

€102 ‘62 JoquianoN uo 1senb Aq /610°s[eulnolploixo-uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

2 A. Soldatenkov and M. Verbitsky

theory of hypercomplex manifolds is much richer in examples and (unlike that of
hyperKahler manifolds) still not well understood.

For more details on hypercomplex and hyperKédhler structures, please see
Section 2.1.

The term hypercomplex is due to Boyer [4], who classified compact hypercom-
plex manifolds in dimy = 1. These are: K3 surfaces, compact 2D complex tori, and Hopf
surfaces. However, in dimension > 1 there is no classification apparent.

The notion of hypercomplex structure was considered as early as in 1955 by
Obata [18], who proved existence and uniqueness of a torsion-free connection preserv-
ing a hypercomplex structure. However, the first nontrivial examples were obtained only
in 1988 by physicists Spindel et al. [22], and the intensive study of hypercomplex struc-
tures began with the paper by Joyce [15], who classified hypercomplex structures on
homogeneous spaces, and constructed one on each compact Lie group multiplied by a
compact torus of appropriate dimension.

The main geometric tool allowing one to work with the hypercomplex manifolds
is a notion of an HKT metric, due to physicists Howe and Papadopoulos [14]. For a
definition and a discussion of HKT structure see Section 2.1. HKT structures were much
used in physics since mid-1990s [7, 10, 11], and then mathematicians also started using
HKT structures to study the hypercomplex manifolds.

In [25], the second-named author developed Hodge theory for HKT manifolds,
and it turned out to be quite useful. To illustrate the usability of HKT metrics, let us
quote the following result, obtained in [26]. Let (M, I, J, K) be a hypercomplex manifold
with (M, I) a complex manifold of Kdhler type. Then (M, I) is in fact hyperKéahler (i.e.,
admits a hyperKahler structure). The idea of the proof is that any Kahler metric on (M, I)
gives an HKT metric on (M, I, J, K), and this metric can be used to apply Hodge theory.
The interplay between Kahler geometry and HKT geometry is quite extensive, and can
be used to study the geometry of hypercomplex manifolds extensively.

In the present paper, we obtain a result in a similar vein, constructing a Kéhler
metric on a base of holomorphic Lagrangian fibration on an HKT manifold.

Of course, the notion of “holomorphic Lagrangian fibration” is itself highly non-
trivial, because an HKT manifold is not necessarily holomorphically symplectic. It
was developed in [9], using the theory of calibrations and the holonomy of the Obata
connection.

The Obata connection is an immensely powerful tool, known since 1950s [18], but
even the most primitive invariants of Obata connection, such as its holonomy, are hard

to compute, and still unknown in most cases. When (M, I, J, K) admits a hyperKahler
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metric, Obata connection is equal to the Levi-Civita connection of the hyperKédhler met-
ric and its holonomy is Sp(n). The converse is also true: whenever holonomy of a torsion-
free connection is Sp(n), it is a Levi-Civita connection of a hyperKéhler manifold.

In a general situation, it is hard to say anything definite about the holonomy
Hol(V) of the Obata connection. It is clear that Hol(V) ¢ GL(H, n), but the equality is
rarely realized. In fact, before the publication of the paper [20] in 2011, there was no sin-
gle example of a hypercomplex manifold with Hol(V) = GL(H, n). In [20], the first-named
author provided an example of such a manifold, by proving that Hol(V) = GL(H, 2) for
the homogeneous hypercomplex structure on SU(3), constructed by Joyce [15].

However, there are many examples of hypercomplex manifolds with Hol(V)
C GL(H, n). Two biggest known families of hypercomplex manifolds are the Joyce's
homogeneous manifolds from [15] and hypercomplex nilmanifolds [1]. As shown in [2],

for all nilmanifolds, the holonomy of the Obata connection lies in
SL(H, n) = [GL(H, n), GL(H, n)] C GL(H, n).

A hypercomplex manifold with holonomy in SL(n, H) is called an SL(n, H)-manifold.
Such manifold might have holonomy group which is strictly less than SL(n, H); in fact,
no example of a manifold with Hol(V) = SL(H, n) is known so far.

For any SL(n, H)-manifold, the Obata connection on the canonical bundle
K(M, I)= A*"°(M, I) of (M, I) preserves a nontrivial section. This implies that K(M, I)
is holomorphically trivial (see [28]). In the presence of an HKT metric, the converse is
also true: any compact hypercomplex manifold with holomorphically trivial canonical
bundle K (M, I) and an HKT metric satisfies Hol(V) C SL(H, n). This result is obtained in
[28] using the Hodge theory for HKT manifolds developed in [25].

The Hodge-theoretic constructions of [25] work for SL(n, H)-manifolds with HKT-
structure especially well. For such manifolds, one obtains Hodge-type decomposition on

the holomorphic cohomology bundle H* (O, 1)).

1.2 Calibrations on manifolds and Lagrangian fibrations

Let M be a Riemannian manifold. A calibration on M is a closed k-form 5, such that
n(x,...,x,) <1 for each orthonormal k-tuple xi, ..., xx € TM. A k-dimensional oriented
subspace V C TyM is called calibrated if the Riemannian volume of V is equal to n|,,
and a subvariety Z C M of dimension k is called calibrated if its singularities are of

Hausdorff codimension > 1, and all smooth tangent planes T,Z C T,M are calibrated.
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The theory of calibrations has a long and distinguished history, starting from the
work of Harvey and Lawson [12]. In [9], several families of calibrations were constructed
on hyperKédhler manifolds, using the quaternionic linear algebra. Let (M, I, J, K) be a
hyperKéahler manifold, and w;, w;, and wg its Kéhler forms. These forms generate an
interesting commutative subalgebra in A*(M) (see [9, 24] for structure results about this
algebra). Grantcharov and Verbitsky [9] discovered several new calibrations which are
expressed as polynomials of w;, w;, and wk. One of these calibrations, denoted as ¥ in
the sequel (see (2.2)), is called holomorphic Lagrangian calibration. On a hyperKéhler
manifold, it calibrates holomorphic Lagrangian subvarieties in (M, I).

It is surprising (and quite wonderful) that this form remains closed, even when
the metric is not hyperKéhler, provided that the holonomy of the Obata connection
of (M, I, J, K) belongs to SL(n, H). The hyperKahler condition can be weakened dras-
tically: it suffices to assume that the metric g is quaternionic Hermitian, and the Obata-
parallel section of K(M, I) has constant length with respect to g. In this case ¥ is
closed. If rescaled properly, this form is a calibration, calibrating a new class of com-
plex subvarieties of (M, I) called holomorphic Lagrangian (see [9] and Definition 3.1 for
more details).

In [21], it was shown that holomorphic Lagrangian subvarieties of SL(n, H)-
manifolds exist only in a countable number of complex structure of the form
L =al + bJ + cK (such complex structures are called induced by a hypercomplex struc-
ture, see Section 2.1). In the present paper, we study holomorphic Lagrangian fibrations
on hypercomplex manifolds. Such fibrations are often present in examples ([9]; see
also Section 3.2).

The holomorphic Lagrangian fibrations are of significant interest for mathemati-
cians and physicists; for an early survey of the subject, please see the paper [19], and for
applications, see e.g. [16]. The non-Kéhler version of this geometry defined above should
be even more useful, because the number of examples is much greater.

In the present paper, we consider HKT metrics on SL(n, H)-manifolds admitting
holomorphic Lagrangian fibrations. We prove that a base of such fibration is always
Kahler, if the fibration is smooth (3.4). This allows us to construct new examples of
hypercomplex manifolds admitting no HKT metrics.

Originally, it was conjectured that any compact hypercomplex manifold admits
an HKT metric. Examples of hypercomplex nilmanifolds not admitting HKT metrics
were constructed by Fino and Grantcharov [6]. Since then, hypercomplex nilmanifolds
admitting HKT metrics were classified completely in [2]. It was found that in fact most

of hypercomplex nilmanifolds are not HKT. However, the hypercomplex manifolds not
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admitting an HKT metrics are still rare. Another example of a non-HKT manifold is given

by Swann in [23, Theorem 5.8], using twisted torus bundle over a X3 surface.

2 Preliminaries
2.1 Hypercomplex manifolds and quaternionic Dolbeault complex

A C*°-manifold M is called hypercomplex if M is equipped with complex structures I, J,

and K, that satisfy the quaternionic relations
IJ=-JI =K.

It was shown in [18] that any hypercomplex manifold admits a unique torsion-
free connection that preserves I, J, and K. This connection is called the Obata connec-
tion. Note that the holonomy of the Obata connection is a subgroup of GL(n, H).

Any almost-complex structure which is preserved by a torsion-free connec-
tion is integrable (this follows from Newlander-Nirenberg theorem). Therefore, for any
a,b,ceR with a? + b?> + ¢ =1, the almost-complex structure L =al + bJ + cK is inte-
grable. We denote by (M, L) the corresponding complex manifold. Such complex struc-
tures are called induced by quaternions.

Let (M, I, J, K) be a hypercomplex manifold of real dimension 4n. The hypercom-
plex structure induces the action of SU(2) on all tensor bundles over M. Recall that any
irreducible complex representation of SU(2) is of the form S¥U, where U is the standard
2D representation and S* denotes the symmetric power. We will refer to any representa-
tion of the form (S*(U))®™ (for arbitrary m) as a weight k representation of SU(2).

We make the following observation about the weight decomposition of the exte-
rior algebra AL M = A*M ®g C. First, note that AL M is an SU(2) representation of weight
one. It follows from the Clebsch-Gordan formula that AféM is a sum of representations
of weight <k. By duality, the same is true about AZ"*M. Denote by A*¥ M the max-
imal subrepresentation of weight k for k<2n and of weight 4n—k for k> 2n inside
AféM. Denote by IT,: A*M — A% M the equivariant projection onto the component of
maximal weight.

Note that the Hodge decomposition with respect to an arbitrary complex
structure (we can pick I without loss of generality) is compatible with the weight
decomposition:

AkM= P APim,
ptq=k
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where ATIM=AP?M N AXM. This is actually a weight decomposition of an SU(2)-
representation for a special choice of Cartan subalgebra corresponding to I. Therefore,
AKX M is generated by A’fﬁM: AXOM as an SU(2)-module. It follows that the summands
A7IM are of the same dimension and actually isomorphic to APTO 01 We will denote

these isomorphisms by

. p+q.0 ~ b.q
Rpq: ATFOMS AP,

see [27] and formula (2.3) below.
Given a hyperhermitian metric g on M, we can consider the corresponding Kahler

forms wy, wy, and wg. It is easy to check that the form
Q2r=w;+~—log

lies in A?’OM. If d2; =0, then the manifold M is called hyperKdhler. This condition
implies that g is Kahler with respect to any induced complex structure. If £2; satisfies a
strictly weaker condition d§2; =0, then M is called an HKT manifold, and g is called an
HKT metric (HKT stands for HKT; see [8] for a general introduction to HKT geometry).
We can reformulate the HKT condition as follows. Denote by d. : AKX M — A’_?“lM
the composition I7, o d of the de Rham differential and the projection onto the compo-
nent of maximal weight. Note that w; € A}:}FM. Then by [25, Theorem 5.7], the condition

92; =0 is equivalent to

That is, for a HKT metric g the exterior differential of its Kahler form dw; has weight

one. This observation will be important for the proof of the main theorem.

2.2 SL(n, H)-manifolds and holomorphic Lagrangian calibration

As was mentioned above, the holonomy of the Obata connection on a hypercomplex man-
ifold is a subgroup of GL(n, H). Recall that this group can be defined as follows. Consider
a vector space V of real dimension 4n with a quaternionic structure I, J, and K. Then
GL(n, H) consists of those linear transformations of ¥ that commute with I, J, and K.
Consider the Hodge decomposition o =V ® C= VII’0 &) VIO’I. The action of GL(n, H) pre-
serves this decomposition, hence it induces an action on all exterior powers of VII’O.
Denote by SL(n, H) the subgroup of GL(n, H) consisting of those elements that act iden-

tically on V2™°,

£T0Z ‘62 JoquenoN uo 1s9nb Ag /6.10°s feuano [pJo Jxouiwu /01y Wwouy papeo|umoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

Holomorphic Lagrangian Fibrations on Hypercomplex Manifolds 7

Consider a hypercomplex manifold (M, I, J, K). If the holonomy of the Obata con-
nection is contained in SL(n, H), then we call M an SL(n, H)-manifold. It follows almost
immediately from the definition (see [28, Claim 1.1]), that on an SL(n, H)-manifold the
canonical bundle A?"’OM is flat with respect to the Obata connection. It also follows [28,
Claim 1.2], that any parallel section of A?”’OM is holomorphic. Moreover, if the mani-
fold (M, I, J, K) is HKT and compact, the condition Hol(M) C SL(n, H) is equivalent to
holomorphic triviality of the canonical bundle [28, Theorem 2.3].

Denote by @; € A?"’OM a parallel section which we call a holomorphic volume
form. Note that the operator J defines a real structure (that is, a complex-antilinear
involution) on Af”’OM by 1+ Jn. We can always assume that &; is real with respect to
this structure.

Given an SL(n, H)-manifold M with a hyperhermitian metric g, denote by @; the
holomorphic volume form and by £2; =w; + ~/—lwg the (2, 0)-form associated with the
metric. In [9], a number of calibrations (in the sense of [12]) on SL(n, H)-manifolds were

constructed. In particular, it was shown that the form

¥ = (—V=D"Rnn(®1) € AT} M (2.2)

is a calibration with respect to a properly rescaled metric. It was shown that this form
calibrates £2;-Lagrangian subvarieties of M. Recall, that a complex (with respect to the
complex structure I) subvariety N C M of complex dimension nis called §2;-Lagrangian
if the restriction of §2; to the smooth part of N vanishes. This condition is equiva-
lent to the following: TyN is orthogonal to J(TyxN) with respect to the metric g at any
smooth point x € N. To see this, observe that for any vector fields X, Y € TII’OM, we have
2/(X, V) =2g(JX,Y).

We will not need the construction from [9] in its full generality, but only some
basic properties of the form ¥. For the convenience of the reader, we will formulate these

properties in the following lemma and give a short proof, independent of [9].

Lemma 2.1. Let (M, I, J, K) be an SL(n, H)-manifold of real dimension 4n, @; A?””OM a
holomorphic volume form and ¥ = (—/—1)"Rn(®;) € A7 M. Let N C M be an I-complex
subvariety, dim¢ N =n, with T, N N J(TyN) =0 at all smooth points x € N. Then:

(1) dy¥ =0,

(2) W]y is a strictly positive volume form on the smooth part of N. O
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Proof. (1) As was mentioned above (see also formula (2.3)), the operator R, , is induced
by the SU(2)-action on the exterior algebra of M. Since the Obata connection V preserves
the hypercomplex structure, it commutes with the SU(2)-action and with the operator
Runn It was explained above that V@; =0, thus V¥ =0 also. The Obata connection is
torsion-free, hence V¥ =0 implies d¥ =0.

(2) Let x € N be a smooth point. By the assumptions of the lemma, we can choose
a basis e, ..., e, of TI{fN, such that e, ..., e, Jeé, ..., Jé, will form a basis of TI%;SM.
To show that ¥ |y is strictly positive, we have to evaluate the form ¥ on the polyvector
E=(—v/—1D"e1 A& A AepAlpe AT (TM).

We will use the following explicit description of the operator R, ,. Consider the
operators: H=—+/—1I, X = 3(~/~1K — J) and Y= (v/—1K + J) acting on ALM. It is
straightforward to check that these operators satisfy the standard sl,(C) commutator
relations: [X, Y] ="H, [H, X]1=2X, [H, Y] = —2). Also observe that

H'A}'OMZI’ X|A}A0M=O, y|A},0M=J,
H'A?'1M=_17 X|A(I),1M=—J, y|A(IJ,1M=0.

We can extend H, X, and ) as derivations to the whole exterior algebra. Then

we have

and

(W, &) = (—v-D"YV"®Pr, &) = (vV-1)(Pr, V).
Observe, that Y|p1oy, =0, V|01, = J, and since ) acts as a derivation, we have
Ve =nl(—+/—D" AJey A - Aep A Jey.

The volume form is given by &; =aej A J&§ A --- A € A J€}, for some positive real number
a, and we see that (¥, &) > 0. [ |

3 Holomorphic Lagrangian Fibrations on SL(n, H)-Manifolds
3.1 HKT structures and Lagrangian fibrations

Definition 3.1. A holomorphic Lagrangian subvariety of an SL(n, H)-manifold is a sub-

variety calibrated by the form ¥ of Lemma 2.1. O
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Definition 3.2. Let M be an SL(n, H)-manifold, and ¢: (M, I) — X a smooth holomorphic
fibration. It is called a holomorphic Lagrangian fibration if all its fibers are holomorphic
Lagrangian subvarieties. We will say that the fibration ¢: (M, I) — X is smooth if ¢ is a

submersion (hence all the fibers are smooth). O

Remark 3.3. Suppose that we are given an arbitrary holomorphic fibration ¢: (M, I) —
X with M compact and dim¢ X = % dim¢ M. Denote by Fy the fiber of ¢ over xe X. Con-
sider the set U ={xe€ X: J(TFx) N TFy=0}. It is clear that U is open and all the fibers
over U can be made Lagrangian with respect to some hyperhermitian metric. Namely, the
condition J(TFyx) N TFy =0 implies that each fiber of the vector bundle J(T Fy) projects
onto Ty X by ¢, so that we can lift any Hermitian metric from U to J(TFyx). Then we can
uniquely extend it to a hyperhermitian metric on ¢~ (U) with J(T Fx) orthogonal to T Fy.
This means that the set of Lagrangian fibers of ¢ is open in M. O

The main result of this paper is the following theorem.

Theorem 3.4. Let M be a compact SL(n, H)-manifold, and ¢: (M, I) — X a smooth holo-
morphic Lagrangian fibration. Assume that M admits an HKT-structure. Then X is
Kahler. =

Proof. Letwse€ A}‘IM be a Kéahler form, and ¥ the holomorphic Lagrangian calibration
defined by (2.2). Consider the form

O=W Awre AP ML

By Lemma 2.1, ¥ is closed, so we have d® =¥ A dw; € A3 M. It follows from (2.1) that
dw; has weight one, hence Clebsch-Gordan formula implies that d® is a sum of weight
2n+ 1 and weight 2n — 1 components. But the weight decomposition of A?**3M has com-
ponents only up to weight 2n— 3, so d® has to vanish.

We will obtain a Kdhler metric on X as a push-forward 7,®, which is a (1, 1)-
current on X. We have to show that this current is strictly positive and smooth.

Consider any Hermitian metric on X and denote by 5 the corresponding (1, 1)-
form. It is always possible to rescale n so that it satisfies the condition 7n*n <w;. In
this case, we have ® =¥ A w; > ¥ A n*5. The inequality is preserved under taking push-

forwards, so we have 7,0 > 7. (¥ A *p).
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1,n—

For any test-form o € A7 """ ' X, we have by definition

J n*(QI//\n*n)/\azJ U AT'NAT 2
X M

=J 'J/AJT*(UAQ)ZJ T AN A .
M X

Thus, we have the inequality 7,.® > 7, (¥) A n where 7, (¥) is a closed 0-current

=1 and observe

on X, that is a constant. To see that this constant is positive, take « =7
that ¥ A 7*(n™) is a smooth positive form of top degree on M. It suffices to check that
this form is nonzero at some point of M. Pick any noncritical point x of 7 and decompose
the tangent space TyM =V, & V;, where 7} is tangent to the fiber and V; is any comple-
mentary subspace. Since 7*n"|y, =0 and 7*n"|y, is a volume form on V;, we should check
that ¥ |y, is nonzero. But this follows from the second statement in Lemma 2.1, since the
fiber is Lagrangian.

It remains to check that w,® is smooth. This follows from smoothness of the
fibration ¢: (M, I) — X. Since ¢ is a submersion, we can choose a splitting TM=V & H,
where V is a subbundle, tangent to the fibers of ¢. Using this splitting, we can lift vector
field from X to M. Denote by Fy the fiber ¢! (x) over a point x € X. Consider a (1, 1)-form

6 on X, which is given by
Q(E,ﬁ)x=J (T*&) (¥ )1 O,

where £, ne T''°X and n*£, n*n denote the lifts of these vector fields to 7. Note, that
6 does not actually depend on the choice of H, since convolution of ® with a vertical
vector field from V gives a differential form that restricts trivially to the fiber. The form
6 coincides with 7,©® as a current, thanks to Fubini theorem. But it is clear from the

definition that 6 is smooth. This completes the proof. |

Remark 3.5. Note that for a nonsmooth holomorphic Lagrangian fibration ¢: (M, I) —
X the above proof shows that 7,(® A wy) is a Kahler current. Therefore, X is in Fujiki

class C, whenever M admits an HKT-structure (see [5]). O

3.2 Examples of Lagrangian fibrations

In this subsection, we construct a class of hypercomplex SL(n, H)-manifolds that do
not admit an HKT metric. The idea, which was also used in [17], is to consider a torus

fibration over an affine base.
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Let (X, I) be a complex manifold, dim¢ X =n. We call X an affine complex man-
ifold if there exists a torsion-free connection D: TX — TX ® A! X which is flat and pre-
serves the complex structure: DI =0.

Fix a point x € X and consider the holonomy group Hol,(D) C GL(TxX). We call X
an affine manifold with integer monodromy if there exists a lattice Ay C Ty X which is
preserved by holonomy: Holy(D)Ax = A. In this case, we can construct a subset A C TX
in the total space of the tangent bundle, obtained as parallel translation of Ay. For any
point y € X the intersection A N T}, X is a lattice in T}, X.

Let M=TX/A, that is, a manifold obtained as a fiberwise quotient of TX. We
will introduce a pair of anticommuting complex structures on TX that will descend to

M. The connection D defines a splitting
T(TX)=V&H (3.1)

into a direct sum of the vertical subbundle V which is tangent to the fibers of the projec-
tion TX — X, and a horizontal complement . Note that for any point (x, v) € TX with
v € Ty X we have natural isomorphisms H ) >~ Tx X >~ Vx 1), thus we can identify the com-
ponents of the splitting (3.1). This also shows that the complex structure I acts natu-

rally on both H and V. With these observations in mind, define a pair of operators from

End(T(T M)):
(—I 0) (o Id)
I: ) j: ’
0 I _1d 0

where the block-matrix form corresponds to the decomposition (3.1). It is clear that these
operators define a pair of anticommuting almost-complex structures. We need to check
that these structures are integrable. This can be done locally.

Using the fact that the connection D is flat and I is parallel, we can choose a par-
allel local frame in T X of the form ey, Ie, ...e,, Ie,. Since D is torsion-free, these vector
fields commute, hence they define a local coordinate system on X. Since the sections ¢;
and Ie; are flat, they are tangent to the subbundle H. Therefore, they also define a local
coordinate system in the total space of TX in which the complex structures Z and 7 act
as standard complex structures of H". Thus, they are integrable.

This construction gives a hypercomplex structure on the total space of TX.
Observe that this structure is invariant with respect to translations along the fiber.
This implies that the hypercomplex structure descends to M. We call the manifold M

constructed this way quaternionic double of an affine complex manifold X.
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The hypercomplex structure on the quaternionic double M is locally modeled on
H" by construction. Thus, the Obata connection on this manifold is flat (and it is actually
induced from the flat connection D on X). Since the connection D preserves the lattice in
the tangent bundle, it also preserves the holomorphic volume form. To see this, we can
again choose a local frame ey, Iey, ...ey,, Ie, as above. We can assume that the elements
of this frame form a local basis for the lattice A preserved by D. Then the volume form
(ef —V/—1I€) A--- A (e, — /—1I¢") is well-defined globally and parallel with respect to
D, hence holomorphic. It follows that the Obata connection on M also preserves an I-

holomorphic volume form. We conclude that the manifold M is an SL(n, H)-manifold.

Theorem 3.6. Let M be a quaternionic double of an affine complex manifold X. If X is
not Kéhler, then M does not admit an HKT metric. O

Proof. We can choose a Hermitian metric g on X. Then we can define a hyperhermitian
metric h=g® g on M, using the decomposition (3.1). With respect to this metric the

fibers of the projection M — X are Lagrangian, hence we can apply Theorem 3.4. [ |

We conclude this section by some examples of affine complex manifolds with
integer monodromy. We remark that the manifolds in the examples will be non-Kéhler
(actually any complex affine manifold admitting a Kédhler metric is a quotient of a torus,
as follows from the Calabi-Yau theorem and the Bieberbach’s solution of Hilbert's 18th
problem; see e.g., [3]). Therefore, the corresponding quaternionic doubles possess no
HKT metrics.

Example 3.7. Let N be a 3D real Heisenberg group, that is the group of upper-triangular
unipotent 3 x 3 matrices with real elements. Consider the nilpotent Lie group G = N x R.
Then G is diffeomorphic to C? and one can check (see [13, Example 2]) that the structure

of the Lie group on C? can be explicitly given by
(w1, we) - (21, Z2) = (w1 + 21, wa — v/ —1w12; + 22).

It is clear from this formula, that left translations are holomorphic affine transforma-
tions of C2%, so G has a left-invariant complex structure which is preserved by a flat
torsion-free connection. We can choose a lattice in C?, say A = Z[/—1]%. Then the man-
ifold X = A\G (which is called a primary Kodaira surface) will be an affine complex

manifold with integer monodromy. O
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Example 3.8. Let G be a 3D complex Heisenberg group. It can be described (see [13]) as

C® with multiplication given by
(w1, wz, w3) - (21, 22, 23) = (w1 + 21, w2 + 22, w3 + 23 + W122).

We can choose a lattice in G, for example, A =Z[/—1]® and take a quotient X = A\G.
This is an affine complex manifold with integer monodromy (which is called an Iwasawa
manifold). U

Acknowledgements

The work on this paper began during the visit to the University of Science and Technology of
China. The authors would like to express their gratitude to USTC for the hospitality and to Prof.
Xiuxiong Chen for the invitation.

Funding

This research was partially supported by AG Laboratory NRU-HSE, RF government grant, ag.
11.G34.31.0023 (to A.S.) and by RFBR grants 12-01-00944-a, NRU-HSE Academic Fund Program
in 2013-2014, research grant 12-01-0179, Simons-IUM fellowship, and AG Laboratory NRI-HSE,
RF government grant, ag. 11.G34.31.0023 (to A.S.).

References

[1] Barberis, M. L. and I. Dotti. “Hypercomplex structures on a class of solvable Lie groups.”
Quarterly Journal of Mathematics Oxford (2) 47 (1996): 389-404.

[2] Barberis M. L., I. G. Dotti, and M. Verbitsky. “Canonical bundles of complex nilmanifolds,
with applications to hypercomplex geometry.” (2007): preprint arXiv:0712.3863, 22 pp.

[3] Besse, A. Einstein Manifolds. New York: Springer, 1987.

[4] Boyer, Ch. P. “A note on hyper-Hermitian four-manifolds.” Proceedings of the American
Mathematical Society 102 (1988) 157-164.

[5] Demailly, J.-P. and M. Paun. “Numerical characterization of the Kdhler cone of a compact
Kahler manifold.” Annals of Mathematics 159 (2004): 1247-74.

[6] Fino, A. and G. Grantcharov. “On some properties of the manifolds with skew-symmetric
torsion and holonomy SU(n) and Sp(n).” math.DG/0302358, Advances in Mathematics 189,
no. 2 (2004): 439-50.

[71 Gibbons, G. W., G. Papadopoulos, and K. S. Stelle. “HKT and OKT geometries on soliton black
hole moduli spaces.” Nuclear Physics B508 (1997): 623-658.

[8] Grantcharov, G. and Y. S. Poon. “Geometry of hyper-Kdhler connections with torsion.”
math.DG/9908015, Communications in Mathematical Physics 213, no. 1 (2000): 19-37.

[9] Grantcharov, G. and M. Verbitsky. “Calibrations in hyperKahler geometry.” (2010): preprint
arXiv:1009.1178, 32 pp.

£T0Z ‘62 JoquenoN uo 1s9nb Ag /6.10°s feuano [pJo Jxouiwu /01y Wwouy papeo|umoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

14 A. Soldatenkov and M. Verbitsky

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Gutowski, J. and G. Papadopoulos. “The moduli spaces of worldvolume brane solitons.”
Physics Letters B432 (1998): 97-102.

Gutowski, J. and G. Papadopoulos. “The dynamics of very special black holes.” Physics Let-
ters B472 (2000) 45-53.

Harvey, R. and B. Lawson. “Calibrated geometries.” Acta Mathematica 148 (1982): 47-157.
Hasegawa, K. “Complex and Kéhler structures on compact homogeneous manifolds — their
existence, classification and moduli problem.” (2008): preprint arXiv:0804.0738, 14 pp.
Howe, P. S. and G. Papadopoulos. “Twistor spaces for hyper-Kahler manifolds with torsion.”
Physics Letters B 379, no. 1-4 (1996): 80-6.

Joyce, D. “Compact hypercomplex and quaternionic manifolds.” Journal of Differential
Geometry 35, no. 3 (1992): 743-61.

Kapustin, A., L. Rosansky, and N. Saulina. “Three dimensional topological field theory and
symplectic algebraic geometry 1.” Nuclear Physics B 816, no. 3 (2009): 295-355.

Kontsevich, M. and Y. Soibelman. “Homological mirror symmetry and torus fibrations.”
(2000): preprint arXiv:math/0011041, 66 pp.

Obata, M. “Affine connections on manifolds with almost complex, quaternionic or Hermitian
structure.” Japanese Journal of Mathematics 26 (1955): 43-79.

Sawon, J. “Abelian fibred holomorphic symplectic manifolds.” Turkish Journal of Mathe-
matics 27, no. 1 (2003): 197-230, math.AG/0404362.

Soldatenkov, A. “Holonomy of the Obata connection on SU(3).” arXiv:1104.2085, Interna-
tional Mathematics Research Notices 2012, no. 15 (2012): 3483-97.

Soldatenkov, A. and M. Verbitsky. “Subvarieties of hypercomplex manifolds with holonomy
in SL(n, H).” Journal of Geometry and Physics 62, no. 11 (2012) 2234-40.

Spindel, Ph., A. Sevrin, W. Troost, and A. Van Proeyen. “Extended supersymmetric o -models
on group manifolds.” Nuclear Physics B308 (1988): 662-98.

Swann, A. “Twisting Hermitian and hypercomplex geometries.” Duke Mathematics Journal
155, no. 2 (2010): 403-431.

Verbitsky, M. “Tri-analytic subvarieties of hyper-Kaehler manifolds.” also known as
“Hyperkédhler embeddings and holomorphic symplectic geometry I1.” Geometry and Func-
tional Analysis 5, no. 1 (1995): 92-104, alg-geom/9403006.

Verbitsky, M. “Hyperkahler manifolds with torsion, supersymmetry and Hodge theory.”
math.AG/0112215, Asian Journal of Mathematics 6, no. 4 (2002): 679-712.

Verbitsky, M. “Hypercomplex structures on Kdéhler manifolds.” math.AG:0406390, 10 pp.
Geometry and Functional Analysis 15, no. 6 (2005): 1275-1283.

Verbitsky, M. “Quaternionic Dolbeault complex and vanishing theorems on hyperKéhler
manifolds.” Compositio Mathematica 143, no. 6 (2007): 1576-92, math/0604303.

Verbitsky, M. “Hypercomplex manifolds with trivial canonical bundle and their holonomy.”
arXiv:math/0406537, Moscow Seminar on Mathematical Physics, II, American Mathematical
Society Translations 2 (2007) 221.

£T0Z ‘62 JoquenoN uo 1s9nb Ag /6.10°s feuano [pJo Jxouiwu /01y Wwouy papeo|umoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

	Introduction
	HKT metrics and SL(n,H)-structures
	Calibrations on manifolds and Lagrangian fibrations

	Preliminaries
	Hypercomplex manifolds and quaternionic Dolbeault complex
	SL(n, H)-manifolds and holomorphic Lagrangian calibration

	Holomorphic Lagrangian Fibrations on SL(n, H)-Manifolds
	HKT structures and Lagrangian fibrations
	Examples of Lagrangian fibrations

	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 175
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50286
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG2000
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 175
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50286
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG2000
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 175
  /MonoImageDepth 4
  /MonoImageDownsampleThreshold 1.50286
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


