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0. Introduction

Take the general linear Lie algebra gl, over the complex field C and consider the corresponding
polynomial current Lie algebra gl,[x]. The Yangian Y(gl,) is a deformation of the universal enveloping
algebra U(gl,[x]) in the class of Hopf algebras. Irreducible finite-dimensional representations of the
associative algebra Y(gl;,) were classified by Drinfeld [D2]. In Sections 1.1 and 1.2 of the present article
we recall this classification, together with the original definition of the Yangian Y(gl,) coming from
the theory of quantum integrable systems.

The additive group C acts on Y(gl,) by Hopf algebra automorphisms, see (1.2) for the definition
of automorphism corresponding to the element t € C. The associative algebra Y(gl,,) contains U(gl,,)
as a subalgebra, and admits a homomorphism onto U(gl,) identical on this subalgebra; see (1.4). By
pulling the representation of U(gl,) on an exterior power of C" back through the homomorphism
(1.4), and then back through any automorphism (1.2), we get an irreducible representation of Y(gl,)
called fundamental.

The work [D2] provided only a parametrization of all irreducible finite-dimensional representations
of Y(gl,,). The results of Akasaka and Kashiwara [AK] showed that up to an automorphism of Y(gl,) of
the form (1.3), each of these representations arises as a quotient of a tensor product of fundamental
ones; see also the earlier works of Chari and Pressley [CP] and Cherednik [C2]. This fact can also be
derived from the results of Nazarov and Tarasov [NT1]; further results were obtained by Chari [C].
Note that the works [AK] and [C] dealt with representations of quantum affine algebras. For connec-
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tions to the representation theory of Yangians see the work of Molev, Tolstoy and Zhang [MTZ] and
the more recent work of Gautam and Toledano-Laredo [GT].

Now let g, be one of the two Lie algebras soy, sp,. Regard g, as the Lie subalgebra of gl, pre-
serving a non-degenerate bilinear form on the vector space C", symmetric in the case g, = sop, or
alternating in the case g, = sp,. For any n x n matrix X let X be the conjugate of X relative to this
form. As an associative algebra, the twisted Yangian Y(gp) is a deformation of the universal enveloping
algebra of the twisted polynomial current Lie algebra

[X() € gly[x]: X(—x) = —X(®)}.

This is not a Hopf algebra deformation. However, Y(gy) is a one-sided coideal subalgebra in the Hopf
algebra Y(gl,,). Moreover, Y(gn) contains U(gy) as a subalgebra, and has a homomorphism onto U(gy)
identical on this subalgebra.

The definition of the twisted Yangian Y(gn) was given by Olshanski [O] with some help from the
second author of the present article. This definition was motivated by the works of Cherednik [C1]
and Sklyanin [S] on the quantum integrable systems with boundary conditions. Irreducible finite-
dimensional representations of the associative algebra Y(g,) have been classified by Molev, see the
recent book [M]. In Sections 1.4 and 1.5 we recall this classification, together with the definition of
the twisted Yangian Y(g;).

A new approach to the representation theory of the Yangian Y(gl,) and of its twisted analogues
Y(son), Y(sp,) was developed by Khoroshkin, Nazarov and Vinberg in [KN,KNV]. In particular, it was
proved in [KN] that up to an automorphism of Y(sp,) of the form (1.13), any irreducible finite-
dimensional representation of Y(sp,) is a quotient of some tensor product of fundamental repre-
sentations of Y(gl,,). The tensor product is regarded as a representation of Y(sp,) by restriction from
Y(gl,). Similar result was also proved in [KN] for those representations of Y(so0,) which integrate from
sop C Y(s0p,) to the special orthogonal group SO,. Moreover, the work [KN] provided new proofs of the
above mentioned results of [AK] for Y(gl,). We summarize the results of [KN] in Sections 1.3 and 1.6
of the present article.

The realizations of irreducible representations of Y(gl,) and Y(gn) in [AK] and [KN] were not
quite explicit. To make them more explicit is the main aim of the present article. In Sections 2.6
and 2.7 we give explicit formulas for intertwining operators of tensor products of fundamental repre-
sentations of Y(gl,), such that the quotients by the kernels of these operators realize all irreducible
finite-dimensional representations of Y(gl;,), up to automorphisms (1.3). In Sections 3.4, 3.5, 3.6 we
give analogues of these formulas for Y(g,).

To obtain the irreducible representations of Y(gl,) and Y(gn) as quotients of tensor products of
fundamental representations, in [KN] we imposed certain conditions on the tensor products; see The-
orems 1.1 and 1.2 below. Some of these conditions are not necessary. For Y(gl,) the condition (1.10)
did not appear in [AK] and [NT1], but did appear in [C2]. In Section 2.8 we remove this condition from
Theorem 1.1 by using the results of Section 2.5. In Section 3.7 we remove the conditions (1.17), (1.18),
(1.19) from Theorem 1.2 for Y(g,) by using the results of Section 3.3. Thus we extend the results of
[KN] for both Y(gl,) and Y(gs), up to the level of [AK] and [NT1] for Y(gl,).

1. Representations of Yangians

11. First consider the Yangian Y(gl,) of the Lie algebra gl,. This is a complex unital associative
algebra with a family of generators T,.(j]), T,.(jz), ... where i, j=1,...,n. Defining relations for them can
be written using the series

Tij(x) =& + Ti(jl)X71 + Tl.(jz)x72 + ..

where x is a formal parameter. Let y be another formal parameter. Then the defining relations in the
associative algebra Y(gl,) can be written as
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X = W[Tij®), Tu)] = Tii @) Ta(y) — Ty (¥ T (x). (11)

The algebra Y(gl;) is commutative. By (1.1) for any t € C the assignments

Tij(x) = Tij(x —t) (1.2)

define an automorphism of the algebra Y(gl,). Here each of the formal power series T;j(x —t) in
(x — t)~! should be re-expanded in x~!. Every assignment (1.2) is a correspondence between the
respective coefficients of series in x~!. Relations (1.1) also show that for any formal power series f(x)
in x~! with coefficients from C and leading term 1, the assignments

Tij(x) = f(X)Tij(x) (13)

define an automorphism of the algebra Y(gl,). The subalgebra consisting of all elements of Y(gl,)
which are invariant under every automorphism of the form (1.3), is called the special Yangian of gl,,
and is denoted by SY(gl,,). Two representations of the algebra Y(gl,) are called similar if they differ
by an automorphism of the form (1.3).

Let Ejj € gl, be the standard matrix units. By (1.1) the assignments

Tij(x) > 8ij + Ejjx ! (14)

define a homomorphism of unital associative algebras Y(gl,) — U(gl,). There is also an embedding
U(gl,) — Y(gl,), defined by mapping E;j — Ti(jl). So Y(gl,) contains the universal enveloping algebra
U(gl,) as a subalgebra. The homomorphism (1.4) is evidently identical on the subalgebra U(gl,) C
Y(gly).

The Yangian Y(gl,) is a Hopf algebra over the field C. In particular, the comultiplication
A:Y(gl,) — Y(gl,) ® Y(gl,) is defined by the assignments

AT = Y T ® Tyj(x). (15)
k=1

When taking tensor products of Y(gl,)-modules, we will use (1.5). The counit homomorphism
Y(gl,) — C is defined by the assignments T;j(x) > §;;. By using this homomorphism, one defines
the trivial representation of Y(gl,).

Further, let T(x) be the n x n matrix whose i, j entry is the series T;j(x). The antipodal map
Y(gl,) — Y(gl,) is defined by mapping T (x) — T (x)~!. Here each entry of the inverse matrix T (x)~!
is a formal power series in x~! with coefficients from the algebra Y(gl,), and the assignment T (x)
T(x)~! is a correspondence between the respective matrix entries.

The special Yangian SY(gl,,) is a Hopf subalgebra of Y(gl,,). Moreover, it is isomorphic to the Yan-
gian Y(sl,) of the special linear Lie algebra sl, C gl, studied in [D1,D2]. For the proofs of these facts
see [M, Section 1.8].

12. Up to their equivalence and similarity, the irreducible finite-dimensional representations
of the associative algebra Y(gl,) are parametrized by sequences of n — 1 monic polynomials
P1(X), ..., Pp—_1(x) with complex coefficients. In particular, P1(x) =--- = P,_1(X) = 1 for the trivial
representation of Y(gl;,).

This parametrization was given by Drinfeld [D2, Theorem 2]. In the present article we will use
another parametrization. It can be obtained by combining the results of Arakawa and Suzuki [AS]
with those of [D1]. Namely, consider the Lie algebra gl,,,. Let t; be a Cartan subalgebra of gl;,,. Up to
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equivalence and similarity, we will parametrize the non-trivial irreducible finite-dimensional repre-
sentations of Y(gl,) by m=1,2,... and by certain orbits in ¢}, x i, under the diagonal shifted action
of the Weyl group of gl,.

Pick the Cartan subalgebra t;; of gl,, with the basis Eq1, ..., Emm of the diagonal matrix units. For
any weight A € t, define the sequence X1, ..., A;, of its labels by setting Aq = A(Eqq) fora=1,...,m.
In particular, for the half-sum p € t;, of the positive roots we have o, =m/2 —a + 1/2. The Weyl
group of gl,, is the symmetric group Sp,. It acts on the Cartan subalgebra t, by permuting the basis
vectors E11, ..., Emm. Hence it acts on any weight A € t7, by permuting its labels. The shifted action
of w e Sy on t;, is given by

wol=w({A+p)—p. (1.6)

For our parametrization we will be using only the orbits of the pairs (A, i) € ¢, x t5 such that
all labels of the weight v =A — u belong to {1,...,n — 1}. Given any such a pair (1, u) define a

sequence Pq(x),..., P,_1(x) of monic polynomials with complex coefficients, as follows. For each
i=1,...,n—1 put
Pi) =[] & = tta = po) (1.7)
Vg=i
where [t1,..., um and vq,..., vy are the labels of ;& and v respectively. Note that the simultaneous

shifted action of the group S;; on the weights A and u gives the usual permutational action of S;; on
the labels of ©+ p and of v. Therefore each polynomial (1.7) depends only on the Sp,-orbit of the pair
(A, w) € 5, x t+. Moreover, the orbit is determined by the polynomials (1.7) uniquely. Furthermore,
any sequence of monic polynomials P1(x), ..., Pn_1(x) of the total degree m with complex coefficients
arises in this way.

In the next subsection, to each of these orbits we will attach an irreducible Y(gl,)-module. Its
Drinfeld polynomials P1(x), ..., Pp—1(x) will be given by (1.7). For the definition of the Drinfeld poly-
nomials of an arbitrary irreducible finite-dimensional Y(gl,,)-module used here see [KN, Section 5.1].

13. For k=0,1,...,n consider the exterior power A"((C”) of the defining gl,-module C". Using
the homomorphism (1.4), regard it as a module over the Yangian Y(gl,). For t € C denote by qﬁ{‘ the
Y(gl,)-module obtained by pulling the Y(gl,)-module A¥(C™) back through the automorphism (1.2).

Now take any (A, u) € t§ x th such that all labels of the weight v =1 — p belong to the set
{1,...,n—1}. Let the weights A and w vary so that v is fixed. For the Cartan subalgebra t;, of gl,,, the
weight  is generic if (g — (p ¢ Z whenever a # b. Consider the tensor product of Y(gl,,)-modules

oV R - @D :
H+por+y Hm+m+

(1.8)
It is known that the Y(gl;;)-module (1.8) is irreducible if (but not only if) the weight w is generic, see
[NT2, Theorem 4.8] for a more general result. Moreover, if (but not only if) @ is generic then all the
Y(gl,)-modules obtained from (1.8) by permuting the tensor factors, are equivalent to each other. In
particular, for every generic © there is a unique non-zero Y(gl,)-intertwining operator

P Q@D — @m Q@ 19
H1+p1+3 Hm+Pmt Hm+Pmt H1+p1+3y (1.9)

corresponding to the permutation of tensor factors of the maximal length. We will denote this oper-
ator by I(w); it is unique up to a multiplier from C \ {0}.

For all generic weights u, the source vector spaces of the operators (i) are the same. The target
vector spaces of all I(u) also coincide with each other. Hence I(u) is a function of w taking values
in the space of linear operators
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A"(C) @@ A™(C") > A (C) ® - ® AV1(C")

between tensor products of exterior powers of C". The multipliers from C\ {0} can be chosen so that
I(n) becomes a rational function of , see Section 2 for a particular choice. Any such a choice allows
to determine intertwining operators (1.9) for those non-generic u where I(u) is regular. Thus the
weight © need not be generic anymore, so that the Y(gl,)-module (1.8) may be reducible. This way
of determining intertwining operators between Y(gl,;)-modules goes back to the work of Cherednik
[C2] and is commonly called the fusion procedure.

For the Cartan subalgebra t; of gl,,, the weight A will be called dominant if Aq — Ap # —1, =2,...
whenever a < b. The pair (4, u) € ty x t7 will be called good if the weight A + o is dominant and
moreover

Vg 2> v, whenever Mg+ pg=Xip+p0p, and a<b. (1.10)

The orbit of any (A, i) € t%, x t¥ under the shifted action of S;; on t}, does contain a good pair. Here
we assume only that vq,..., v, €{1,...,n— 1}. In its present form, the next theorem was proved in
[KN, Section 5.1]. It will be generalized in Section 2.8 of the present article.

Theorem 1.1. For the fixed weight v = 1 — u the multipliers from C \ {0} of the operators (1.9) for all generic
weights w can be chosen so that the rational function I() is regular and non-zero whenever the pair (A, (L)
is good. Then for any good pair (1, ) the quotient of (1.8) by the kernel of operator I(i1) is an irreducible
Y(gl,,)-module with the Drinfeld polynomials given by (1.7).

14. Let g, be one of the two Lie algebras soy, sp,. We will regard g, as the Lie subalgebra of g,
preserving a non-degenerate bilinear form (,) on C", symmetric in the case g, = so,, or alternating
in the case g, = sp,. In the latter case, the positive integer n has to be even. When considering sop,
sp, simultaneously we will use the following convention. Whenever the double sign & or F appears,
the upper sign will correspond to the case of a symmetric form on C" so that g, = so,. The lower
sign will correspond to the case of an alternating form on C" so that g, = sp,.

Let T(x) be the conjugate of the matrix T(x) relative to the form (,) on C". An involutive auto-
morphism of the algebra Y(gl,) is defined by the assignment

T(x) > T(—X). (111)

This assignment is a correspondence between respective matrix entries. Now consider the matrix
product S(x) = T(—x)T (x). Its ij entry is the series

n
Sij0 =Y Tu(=0Tij(0) =8+ S{x '+ SPx 2 4. (112)
k=1

with coefficients from the algebra Y(gl,,). The twisted Yangian corresponding to the Lie algebra g, is
the subalgebra of Y(gl,,) generated by the coefficients ngl), Si(jz), ... where i, j=1,...,n. We denote
this subalgebra by Y(gn).

The algebras Y(so,) corresponding to different choices of the symmetric form (,) on C" are
isomorphic to each other, and so are the algebras Y(sp,) corresponding to different choices of
the alternating form (,) on C". These isomorphisms can be described explicitly, see for instance
[M, Corollary 2.3.2].

The subalgebra Y(gn) N SY(gl,) of Y(gl,) is denoted by SY(gn), and is called the special twisted
Yangian corresponding to g,. The automorphism (1.3) of Y(gl,,) determines an automorphism of Y(g,)
which maps
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SXx) = f(x)f(—x)S(x). (113)

The subalgebra SY(gn) of Y(g,) consists of the elements fixed by all such automorphisms. Two repre-
sentations of the algebra Y(g,) are called similar if they differ by such an automorphism.

There is an analogue for Y(g,) of the homomorphism Y(gl,) — U(gl,,) defined by (1.4). Namely,
one can define a homomorphism Y(g,) — U(gn) by

S~(x)r—>8--+7Eij_Eij (114)
] 1 .

1
2

where E,-j is the conjugate of the matrix unit E;; € g, relative to the form (,) on C". This can be

proved by using the defining relations for the generators SS), Si(jz), ... which we do not reproduce
here; see [M, Proposition 2.1.2] for the proof. Further, there is an embedding U(g,;) — Y(gn) defined

by mapping
= 1
Eij — Ejj—~ Si(j)'

Hence the twisted Yangian Y(g,) contains the universal enveloping algebra U(g,) as a subalgebra.
The homomorphism Y(g,) — U(gs) defined by (1.14) is evidently identical on the subalgebra U(g,) C
Y(gn).

The twisted Yangian Y(gp) is not only a subalgebra of Y(gl,), it is also a right coideal of the
coalgebra Y(gl,) relative to the comultiplication (1.5). Indeed, by the definition of the series (1.12) we
get

A(Si(0) =Y Su® & Ti(—x)Tjj(x).

k=1

Therefore

A(Y(gn)) C Y(gn) ® Y(ghy).

Hence by taking a tensor product of an Y(g,)-module with an Y(gl,)-module we get another Y(gn)-
module.

The trivial representation of the algebra Y(g,) is defined by restricting the counit homomorphism
Y(gl,) — C to the subalgebra Y(gs) C Y(gl,). Under this representation S;;(x) > &;;. Note that restrict-
ing any representation of Y(gl,,) to the subalgebra Y(g,) amounts to taking the tensor product of that
representation of Y(gl,,) with the trivial representation of the algebra Y(gn).

A parametrization of irreducible finite-dimensional representations of the algebra Y(g,) was given
by Molev, see [M, Chapter 4]. In the present article we will use another parametrization, introduced
in [KN]. In the next subsection we will establish a correspondence between the two parametrizations.
Let us call an Y(so0,)-module integrable if the action of the Lie algebra so, C Y(son) on it integrates to
an action of the complex Lie group SO,. When working with the algebra Y(so,), we will be consider-
ing the integrable representations only.

1.5. First recall the parametrization from [M]. Write n = 2l or n = 2I+1 depending on whether n is
even or odd. If g, = sp,, then n has to be even. Up to equivalence and similarity, the irreducible finite-
dimensional modules of the algebra Y(sp,) are parametrized by sequences of | monic polynomials
Q1(X),..., Q;(x) with complex coefficients, where the last polynomial Q,(x) is even. Further, if n is
even then the integrable irreducible finite-dimensional Y(so,)-modules are parametrized by the same
sequences of polynomials, and by an extra parameter § € {+1, —1} in the case when Q;(0) =0.
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If n is odd then g, = so,. The integrable irreducible finite-dimensional modules of the algebra
Y(s0,) with odd n are parametrized by sequences of | monic polynomials Qq(x), ..., Q;(x) with com-
plex coefficients, but without any further conditions on the polynomial Q;(x). For the trivial module
of the algebra Y(g,) with arbitrary g, we always have Q(x) =---= Q;(x) =1, and there is no extra
parameter § then, even if g, = so, and n =2l

Now let i, = spop, if gn = sp,, and let f,, = soom if gn = son. Let hy, be a Cartan subalgebra of
the reductive Lie algebra fn. The Weyl group of sp,,, is isomorphic to the hyperoctahedral group
Hpy = Sm x Z5. The Weyl group of sy, is isomorphic to a subgroup of Hp, of index two. In the latter
case the action of the Weyl group on b, can be extended by a diagram automorphism of SOy, of
order two, so that the extended Weyl group is still isomorphic to Hy,. Instead of Q1(x), ..., Q;(x) for
any g, we will use certain orbits in h;;, x b, under the diagonal shifted action of the group Hpy,.

When working with the Lie algebra f, it will be convenient to label the standard basis vectors of
c2m by the indices —m, ..., —1,1,...,m. Let a, b be any pair of these indices. Let Eg, € gl,,, be the
corresponding matrix unit. Choose the antisymmetric bilinear form on C2" so that the subalgebra
fm C gly, preserving this bilinear form is spanned by the elements

Fap = Eqp —sign(ab) - E_p 4 or Fop=Eqp—E_p 4

for fm = spyy Or fm = soam respectively. Choose the Cartan subalgebra b, of f,, with the basis
Fi1,..., Fmm. For any weight A € b, define the sequence A1, ..., Ay Of its labels by Aq = A(Fqq) for
a=1,...,m. For the half-sum p € by, of positive roots of f, we have pq = —a if f = spyy, and
Pa=1—a if f;, = soym. Here the positive roots are chosen as in [KN, Section 4.1].

The group Hy, acts on the Cartan subalgebra h,; by permuting the basis vectors chosen above,
and by multiplying any of them by —1. The group Hp also acts on the dual space b;;. The shifted
action of any element w € Hy,; is given by the universal formula (1.6). Let k € b, be the weight of
fm such that k, =n/2 for a=1,...,m. Instead of the sequences of polynomials Qi(x),..., Q;(x) for
our parametrization of irreducible Y(gn)-modules we use the orbits of the pairs (A, w) € b, x b, such
that all labels of the weight v =A — u + k belong to the set {1,...,n — 1}. Note that the definitions
of v here and in the case of the Yangian Y(gl,) are different.

Given any such a pair (A, ) define a sequence Q1(x), ..., Q;(x) of monic polynomials as follows.
For any g, and eachi=1,...,I put

QW =[[&x+na+pad- [] &—pa—pa) (115)
Vg=i Vg=n—i
Here (t1,..., um and vq,..., vy are the labels of the weights © and v of f;. Note that if n is even

then [ =n — 1, so that Q,(x) is an even polynomial then.

The simultaneous shifted action of the subgroup S;;; C Hp, on the weights A and p gives a permu-
tational action of Sp; on the labels of @ + p and of v. Further, for any a =1, ..., m multiplying the
basis vector Fyq € by by —1 results in changing the labels 4+ pg and v, to respectively — g — 0 and
n—vg. Therefore each of polynomials (1.15) depends only on the Hp,-orbit of the pair (A, i) € by, x b,
Moreover, the orbit is determined by these polynomials uniquely. Furthermore, any sequence of monic
polynomials Qq(x), ..., Q;(x) of total degree m with complex coefficients arises in this way, provided
that for an even n the last polynomial Q;(x) is also even.

In the next subsection, to each of these orbits we will attach an irreducible Y(g,)-module, unless
gn = sop with even n and p, + pg = 0 for some a. In the latter case, to such an orbit we will attach
two irreducible Y(g,)-modules, not equivalent to each other. For these two, we will have § =1 and
§=-1.

In any case, the polynomials Q1(x),..., Q;(x) of the attached modules will be given by (1.15).
For the definition of Q1(x),..., Q;(x) for any irreducible finite-dimensional Y(g,)-module see [KN,
Sections 5.3, 5.4, 5.5].
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16. For k=0,1,...,n let us denote by @t_k the Y(gl,,)-module obtained by pulling the Y(gl,)-
module §Dg‘ back through the automorphism (1.11). Note that due to Lemma 2.3 the Y(gl,)-module
@ ¥ is similar to the module @"~¥.

Take any (A, ) € by x by such that all labels of the weight v = A — u + « belong to the set
{1,...,n—1}. Let the weights A and w vary so that v is fixed. For the Cartan subalgebra b, of f;, the
weight w is generic if g — up ¢ Z and g + p ¢ Z whenever a # b, and 214 ¢ Z for any a.

Consider the tensor product of Y(gl,)-modules (1.8) where u, v and p are now weights of fp,
not of gl,, as before. It is known that the restriction of the Y(gl,)-module (1.8) to the subalgebra
Y(gn) C Y(gl,,) is irreducible if (but not only if) the weight w of f; is generic, see [KN, Theorems 5.3,
5.4, 5.5]. Moreover, if (but not only if) w is generic then all the Y(g,)-modules obtained from (1.8) by
permuting the tensor factors and by replacing any tensor factor dig‘ by &, k are equivalent to each
other. In particular, for each generic weight i of f;, there is a unique non-zero Y(gp)-intertwining
operator

oM ® o™ — oV QP ™ 116
Hi+pi+3 Hm+pm+3 H1+p1+3 Hm+pm+ (116)

corresponding to the element of the group Hp, of the maximal length. We will denote this operator
by J(w); it is unique up to a multiplier from C \ {0}.

For all generic weights w of fy, the source and the target vector spaces of the operators J(u) are
the same tensor product of exterior powers of C"

A(C) @@ AV (CH).

Hence J(w) is a function of w taking values in the space of linear operators on this tensor product.
The multipliers from C \ {0} can be chosen so that J(u) becomes a rational function of u, see Sec-
tion 3 for a particular choice. Any such a choice allows to determine intertwining operators (1.16) for
those non-generic weights u where the function J(u) is regular. The next theorem summarizes the
results of [KN, Sections 5.3, 5.4, 5.5]. It will be generalized in Section 3.7 of the present article.

For the Lie algebra f;; the weight A is dominant if Aq — Ap £ —1,—2,... and Aq +Ap #1,2,... for
all a < b, with an extra condition that A, # 1,2, ... in the case fy = sp,,,. The pair (A, i) € b, x b
is called good if the weight A 4+ p is dominant and

Vg >V, Wwhenever Aq—Ap+ps—ppb=0 and a<b, (117)

Va+Vp<n whenever Aq+Ap+pg+0,=0 and a<b, (1.18)

with an extra condition that in the case fm = spop,

2vs <n whenever A4+ pg=0. (1.19)

The orbit of any (A, i) € b, x b under the shifted action of Hy on b, does contain a good pair.
Here we assume only that vy, ..., vy € {1,...,n—1}. Note that for f;; = sozm, a good pair is contained
already in the orbit of any (A, ) under the shifted action of the Weyl group, which is a subgroup of
Hp, of index two. However, this fact will not be used in the present article.

Theorem 1.2. For the fixed v = A — u + « the multipliers from C \ {0} of the operators (1.16) for all generic
weights ( can be chosen so that the rational function J(u) is regular and non-zero whenever the pair (1, &)
is good. Then for any good pair (X, ) the quotient of (1.8) by the kernel of the operator (i) is an irreducible
Y(gn)-module, unless g, = so, with even n and g + pq = 0 for some index a. In the latter case the quotient
of (1.8) by the kernel of J(w) is a direct sum of two irreducible Y(gn)-modules, not equivalent to each other.
For any gp, the polynomials Q1 (), ..., Q;(x) of the irreducible Y(gn)-modules occurring as above are given by
(1.15).
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2. Intertwining operators

2.1. In this subsection we develop the formalism of R-matrices; it will be used to produce explicit
formulas for intertwining operators (1.9) and (1.16) over Y(gl,) and Y(g,) respectively. Let P denote
the linear operator on (C")®? exchanging the two tensor factors. The Yang R-matrix is the rational
function of a variable x

R(x)=1-Px~!
taking values in
End(C")** = (End C")**.
It satisfies the Yang-Baxter equation in (End C")®3

Ri2(®)R13(x+ ¥)R23(¥) = R23(¥)R13(x + y)R12(%). (2.1)

As usual, the subscripts in (2.1) indicate different embeddings of the algebra (End C")®?2 to (End C")®3
so that Ri2(x) = R(x) ® 1 and R3(y) =1Q® R(y).

We have
n
P= Z Eij ® Ej,‘.
i,j=1
Denote
n n
P=) Ej®E; and P= ) E;®Ej. (2.2)
i,j=1 i,j=1

Then put

Rx)=1—-Px ! and Rx)=1-DPx 1.

The values of the function R(x) are obtained from those of R(x) by applying the matrix transposition
to the first tensor factor of (End C")®2. The values of the function ﬁ(x) are obtained from those of
R(x) by applying to the first tensor factor of (End C")®? the conjugation with respect to the form (, ).
Now (2.1) and the relation PR(x)P = R(x) imply that

Ri2(x+ y)R13(®0)R23(¥) = Ra3(¥)R1i3(X)R12(x + ¥), (2.3)
Ri2x + ) R13(0)R23(¥) = Ra3 () R13(0)R12(x + ¥). (24)
Finally, denote
n
P= Eij ® Elj
i, j=1

and put
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The values of the function ﬁ(x) are obtained from those of R(x) by applying to the first tensor factor
of (End C")®? the conjugation with respect to (, ). Therefore the relation (2.3) implies that

Ri20)R13(X + ¥)R23(¥) = R3 (W) R13(X + y)R12(x). (2.5)

Note that PR(x)P = R(x) and PR(x)P = R(x). Further, due to P2 =nP we have R(x)R(n — x) = 1. By
using the latter relation, (2.3) also implies that

Ri2(n —x — y)R13(0)R23(¥) = R23(¥)Ri3®)R12(n — x — ¥). (2.6)

Observe that R(1) =1 — P. A direct calculation now shows that

R12(®0)R13(x + DR23(1) = (1 = (P12 + P13)x~ ) (1 — P23). (2.7)

In particular, when y =1, the rational function of x at either side of (2.1) has no pole at x = —1.
Similarly, when y = 1, the rational function of x at either side of (2.3) or (2.4) has no pole at x = —1.
Moreover,

Ri2(x+ DR13(0R23(1) = (1 — (P12 + P13)x71)(1 — Pa3). (2.8)

2.2. Now consider the representation of Y(gl,,) obtained by pulling the defining representation of
gl, back through the homomorphism (1.4), and then back through the automorphism (1.2) of Y(gl,,).
The resulting Y(gl,,)-module has been denoted by <Dt1. Note that under this representation

T(x) — R(t —x). (2.9)

Here on the left we regard n x n matrices with entries from the algebra Y(gl,,) as elements of End C" ®
Y(gl,); we will always do so in this and in the next section. Our explicit formulas for intertwining
operators (1.9) and (1.16) are based on the following simple and well-known lemma, first appeared
in [KRS].

Lemma 2.1. Forany k=1, ...,nand t € C the Y(gl,,)-module tDtk appears as the submodule of

Py @ @ P @D (2.10)

with the underlying subspace
A¥(C) c (€, (211)

Proof. First consider the standard action of the Lie algebra gl, on the vector space (C")®. Turn this
vector space into an Y(gl,)-module, by pulling the action of gl,, back through the homomorphism
(1.4) and then back through the automorphism (1.2) of Y(gl,). Under the resulting representation of
Y(gly)

TX) > 14 (Po1 + -+ Pok_1 + Po)(x— )71, (212)

see (2.2). Here we use the subscripts O, ...,k — 1,k rather than 1,...,k,k + 1 to label the tensor
factors of (End C")®k+D_ The Y(gl,)-module ®F is defined by restricting the above described action
of Y(gl,,) to the subspace (2.11).

Next consider the action of Y(gl,;) on (2.10). By (1.5) and (2.9), then
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T(X)— Rot(t+k—1—%)---Rog_1(t +1—x)Rox(t — Xx).

The latter product is a rational function of x, valued in (End C")®*+D_ It tends to 1 when x — oo,
and has a simple pole at x =t with the residue

Po1r + -+ Po k-1 + Pok.

Further, by an observation made after (2.7) for any i =1,...,k — 1 the product

Ro1(t+k—1=x)---Rog_1(t +1—x)Rop(t —x)(1 — Pi i11)

has no pole at x =t + k — i. Hence the restriction of the action of Y(gl,) on (2.10) to the subspace
(2.11) coincides with the restriction of the action of Y(gl,) on the vector space (CM®* described by
the assignment (2.12). O

The assignment (1.11) defines a coalgebra anti-automorphism of Y(gl,). This immediately implies
another lemma, to be used when working with Y(g;,).

Lemma 2.2. The Y(gl,,)-module obtained by pulling (2.10) back through the automorphism (1.11) is equiva-
lent to

-1 -1 -1
O RPN ® @D .

The linear operator on (C")®* reversing the order of tensor factors intertwines the two equivalent modules.

For k=0,1,...,n denote respectively by clsl‘ and q5t_k the Y(gl,)-modules obtained by pulling @g‘
and @, k back through the automorphism (1.3) where

x—t

fo= =

Lemma 2.3. The Y(gl,)-modules @fk and é?j are mutually equivalent.

Proof. Let eq,..., e, be the standard basis vectors of C". Denote by x; the operator of left multipli-
cation by the element e; in the exterior algebra A(C"). Let 9; be the corresponding operator of left
derivation on A(C"). Note that

Xj0j + 0jX; = djj.

For each k=0, 1,...,n the action of the algebra Y(gl,,) on its module d){‘ is defined by the homomor-
phism Y(gl,,) — End(A(C™)) which maps

X;0j
Tij(x) — &ij + X—l_jt- (2.13)

It suffices to prove Lemma 2.3 for any choices of the symmetric and of the alternating form (,)

on C". For the proof only, choose the form as follows. Put 6; = —1 if g, = sp, and i > n/2; otherwise
put 6; = 1. Set (e;, e;) = 6;6;; where we write i =n — i+ 1 for short. Then

Eij = 6i6;E . (214)
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Using (1.11) and (2.13), the action of Y(gl,,) on cbt_k is then defined by

0i0jX;70;

Tij(x) = &ij — P

(2.15)

On the other hand, the action of the algebra Y(gl,;) on its module é?:g‘ is defined by the homo-

morphism Y(gl,) — End(A(C")) which maps

x+t—1 Xid 0iX;
Tij(x) — (31‘]‘4- = ):8,’1' J (2.16)

X+t x+t—1 x4t

By comparing the right-hand sides of the assignments (2.15) and (2.16), the equivalence of the
Y(gl,)-modules qﬁ?j and dﬁt_k can be realized by the linear map of the underlying vector spaces

A"K(Cmy — AR@ECM:

[SITARE /\e,-n_k = (91'16]1) VANRRRIVAN (ijejk)
where
ey A Aej ANejy A Aej, =e1 N Aep.
Indeed, for any indices i, j =1,...,n this map intertwines the operators d;x; and 6;0;x;0; on the

vector spaces A" %(C") and AK(C") respectively. O

2.3. Once again take any weights A and p of gl,, such that all the labels of the weight v=X1 —
belong to the set {1,...,n—1}. Put N=v; +---+ v, and split the sequence 1, ..., N to the consec-

utive segments of lengths v, ..., vy. Hence the ath segment is the sequence of numbers
p=vi+---+vs_1+i where i=1,...,v,. (217)
Then put
Xp = a+ Pa+ 3+ Vo —i. (2.18)
Let

P () & ()" () e m ()

be the linear operator on (C")®N reversing the order of the tensor factors C" by segments of lengths
Vi,..., Vn in their sequence. Within any segment, the order of tensor factors is not changed. Then
P,=Pifm=2and vi=v,=1.

Now let the weight p € t}, vary while the weight v is fixed. Let 1/, ..., N be the sequence obtained
from 1,..., N by reversing the order of the terms by the segments of lengths vy, ..., vy introduced
above. Within every segment, the order of terms is not changed. Let 1”,..., N” be the sequence ob-
tained from 1, ..., N by reversing the order of terms within the segments. The order of the segments
themselves is not changed now. Take the ordered product

B(w) = [ | Rpg(xq —Xp) (219)
(p.q)
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where p < q and they belong to different segments of the sequence 1,..., N. Here the pair (p,q)
precedes (r,s) if p <r or if p=r and q precedes s in the sequence 1”,..., N”. Note that B(u) is a
rational function of p without poles at generic weights of gl;;,.

Proposition 2.4. Suppose that the weight  of gl,, is generic. Then P\, B() is an intertwining operator of
Y(gl,)-modules

Py @Ry > Py Q- QP . (2.20)
Proof. Under the action of Y(gl,) on the source module in (2.20),
T(x) = Ro1(X1 —X) -+~ Ron (XN — X). (2.21)

Like in the proof of Lemma 2.1, here we use the subscripts 0, 1,..., N rather than 1,2,...,N+1 to
label the tensor factors of (End C")®WN+D _ Similarly, under the action of Y(gl,) on the target module
in (2.20),

T(X) — Ro1(X1r — X) - - Ron (X' — X). (2.22)

Denote by X and X’ the right-hand sides of the assignments (2.21) and (2.22) respectively. By using
the relation (2.3) repeatedly, we get

PyB()X = PyRoy (X1 — %) - Ron'(Xn — X)B(1) = X' Py, B(14).
The equality of the left- and of the right-hand sides here proves the claim. O

24. Let Ay be the operator of antisymmetrization on (C")®¥, normalized so that A,f = Ag. The
subspace (2.11) is the image of Ay. The ordered product

N
[RiG—i =kA (2.23)
(%))

where 1 <i < j <k and the pairs (i, j) are ordered lexicographically. The formula (2.23) has appeared

in [KRS] but was already known to Jucys [J].

Let eq, ..., ey be the standard basis vectors of C". For each k=1, ...,n consider the vector ¢, =
e1 A--- Aeg € AK(CM). Using the embedding (2.11),

Ok =Ar(e1 ® - ®ey).

The next proposition is known; see [N, Theorem 2] for a more general result. It is still instructive to
give a proof here, as it will be used later on.

Proposition 2.5. For any generic weight w of gl,, the vector ¢, ® - - - ® @y, is an eigenvector of the operator
B() on (C®N with the eigenvalue

Aa— A — V),
a b+ Pa— P+ Vp if g < vp:
Ha — Kb+ Pa — Pb

I (2.24)

1<a<bsm | 2a = 4o £ Pa = pot v if vg=vp.
o — b+ Pa— Pb
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Proof. This proposition immediately follows from its particular case of m = 2. Let us consider this
case only. Then we have

B(w)(pw @ 9= ] ( I1 Ri,uﬁj(wij—x,-))

i=1,..., j=1,...,vy
X (AU1 ®AU2)(e] ®"'®el)1 X eq ®"'®el)2)
<« —
=An®Ay [] ( I mwﬂuwﬂ—mo (2.25)
i=1,...,v1 \j=1,...,vp
xEe1Q - -Qey, ®e1® - ®ey,) (2.26)

where the last equality is obtained by using the formula (2.23) and by applying (2.1) repeatedly. The
reversed arrow over the product symbol indicates that the factors corresponding to the running index
are arranged from right to left.

First suppose that v; < v,. Arguing like in the proof of Lemma 2.1 we can always rewrite the
product displayed in line (2.25) as

<~ 1%
(An®Ay) ] (1 — oy = %) Y Pi,v1+j)
i=1,...,v1 j=1
where any sum over j=1,...,v; clearly commutes with the operator 1® A,, on (CH®W1+12) Byt

for v1 < v, the operators (1 ® Ay,)Pj v, +; with i # j annihilate the vector (2.26) while the operators
Pi v, +i do not change it. Hence applying the operator (2.25) to (2.26) gives the vector ¢,, ® ¢y,
multiplied by

_ M=l +p1—p2+W0
[T (1= G, —x)7") = :
m1—p2+p01—p02

Next suppose that vy > v,. We can always rewrite the product (2.25) as

(Ay; ® Ayy) 1_[ < l_[ Ri,v1+j(xv1+j_xi)>-
. o\

=1, i=1,...,11

Arguing like in the proof of Lemma 2.1 we can rewrite the latter product as

— V1
(Av; ® Avy) 1_[ <1 = (Xvy+j —x)7 Z Pi’”1+j)
. v

j=1,..., i=1

where any sum over i =1,...,v; clearly commutes with the operator A,, ® 1 on (CH®1+v2) Byt
for v1 > v, the operators (Ay; ® 1)P; y,+; with i # j annihilate the vector (2.26) while the operators
P;y,+i do not change it. Hence applying the operator (2.25) to (2.26) gives the vector ¢, ® @,
multiplied by

_ M—ra+p1—p2+ 12
1
[T (=@ ) == =

This observation completes the proof of Proposition 2.5. O
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2.5. Using the relations (2.1) and R(1) =1 — P repeatedly, one demonstrates that for any generic
weight u of gl,, the operator B(u) preserves the subspace

AM(CY @@ A (CY) c (€N, (227)
see the proof of Proposition 2.5 above. Moreover, we have another proposition.

Proposition 2.6. For any generic weight [ of gl,,, the restriction of B(ut) to the subspace (2.27) coincides with
that of the operator

T Pij
0 (4% % Miptyy) o

1<a<b<m d>0 iq,..., 1,1 k=
J1sesdd
where we order the pairs (a, b) lexicographically while iy, ...,iq and j1, ..., jq are pairwise distinct numbers
respectively from the ath and bth segments of the sequence 1, ..., N taken so that different are all correspond-
ing sets of d pairs
(i1, J1)s -+ (ids Ja)- (2.29)
Proof. Note that as the indices i1,...,ig and jq,..., jq are pairwise distinct, we have d < v, and

d < vp for any non-zero summand in the brackets in (2.28).
The proposition immediately follows from its particular case of m = 2. Let us consider this case
only. Then (2.28) is an operator on (C")®¥1+v2) equal to

Z Z ]_[ _ Puge (2.30)

d>0 i1..ooig k= — Xvitv
J1sesda
where iq,...,ig and ji,..., jq are pairwise distinct numbers taken respectively from 1,...,v; and
v1+1,...,v1 + vy so that different are all the corresponding sets of d pairs (2.29). Here we use the

equalities

Xopo, =2+ P2+ % and xe=pq+p1+5+v—k

for any k < vq{. We also assume that 1 is the only term in (2.30) with d = 0. On the other hand, for
m = 2 by definition we have

Bw = [] ( I1 Ri,vﬁj(xvﬁj—x,«)). (2.31)
i V1N

ji=1,..., %)

Let us relate two operators on the vector space (C")®(1+v2) by the symbol = if their actions coincide
on the subspace

AVH(C") @ AV (C") C (C7)PMTH) (232)

We will establish the relation = between (2.30) and (2.31) by induction on vj.
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If v1 > 1 then we assume the latter relation holds for v; — 1 instead of v;; if v =1 then we are
not making any assumption. Arguing like in the proof of Lemma 2.1 and then using the induction
assumption, (2.31) is related by = to

— <« V2 PU] v]+]
l_[ 1_[ Ri v+ (v 4j — Xi) 1+ZX
V1
J

—X
i=1,...,v1—1 \ j=1,..., Vo V142

(% M1t (12 P

40 i1..uig k=1 ~ Xy Xvp = Xvi4v
Jlseees Jjd
where iq,...,ig and jq,..., jq are distinct indices taken from 1,...,vy —1 and v{ +1,...,v1 + vy,

respectively. We assume that all corresponding sets of d pairs (2.29) are different. The right-hand side
of the last relation equals

> 2 1_[ Dk (2.33)

—X
d>0 1.1 """" iq k= Xk V1+v2

d d Pigji Py ji 234
oy (M — 239

X, — X X
d>0 i,omig I=1 \k=1 K "V1H2 Vit

T T T[Tt ) 239

Xk — X Xy, — X
d>0 it.ig k V1+vo Vi V1412

where the index j is taken from 1,..., v, but v + j # ji,..., jg however.
Consider the sum displayed in the line (2.34). Here we have

d
(H Pil<jk>PV1jl = (Hpikjk>PilflPV1jl = (1_[ Pikjk>PV1j1PiI<V1 = _<1_[Pikjk>PV1jl
k=1 k£l k£l k£l
where the right-hand side does not involve the index i;. Now let us fix a number j e {1,...,v3} and
take any set of d pairs (2.29) such that one of the pairs contains the number v{ + j. Then this number

has the form of j; for some index . If the set of the other d — 1 pairs (i, jix) with k #1 is also fixed,
then i; ranges over a set of cardinality v; — d, namely over the fixed set

{1, ...,v1 =13\ {i1, .., ip=1, D115 - - -5 D4 )

Now let us perform the summation over the indices ij, j; and [ in (2.34) first of all the running

indices. After that, rename the running indices ijy1,...,ig and ji41,..., jq respectively by ij, ..., ig—1
and ji, ..., ja—1. By the arguments given in the previous paragraph, the sum (2.34) gets related by =
to the sum

Pigj d—mn Py vitj
> Z‘ Z( [ )Xd (2.36)

Xk — X — X Xp; — X
-0 l] ld L k V1tV V1tV Avg v1+v2



S. Khoroshkin et al. / Journal of Algebra 346 (2011) 189-226 205

where iq,...,ig_1 and jq,..., jq are distinct indices taken from 1,...,vi —1and vi +1,...,v1 4+ V3
respectively so that different are all sets of d — 1 pairs

(i1, j1), .-+, (da—1, ja—1)

while the index j is taken from 1,..., vy but vi 4+ j # j1,..., jq_1 however.
Replace the running index d > 0 in (2.35) by d — 1 where d > 0. We get

Z Z Z(l_[ Piy ji ) Puivi+j (2:37)

Xk — X Xy, — X
d>0 itomig_1 k v+ V1 v+

with the same assumptions on the running indices as in (2.36). By adding up together the sums (2.36)
and (2.37), we get

2 2 Z(l_[ i )P”"““ (2.38)

Xk — X X4 — X
d>0 i1,.mig1 k V14V d V1413
J1sesJd—1

by the equality x4 +d =Xx,, + v1. The sum of (2.33) and (2.38) equals (2.30). Thus we have made the
induction step. O

By Lemma 2.1 and by Proposition 2.4 the restriction of operator P, B(u) to the subspace (2.27)
is an Y(gl,)-intertwining operator (1.9). Let I(w) be this restriction divided by the rational function
(2.24). Then by Proposition 2.5

() 1 Qv @ @ oy > Py @+ @ Py (2.39)

Theorem 2.7. For any fixed weight v = A — u the rational function I(w) is regular at any point u € t;, where
the weight X + p is dominant.

The operator-valued rational function I(w) does not vanish at any point u € ¢, due to the normal-
ization (2.39). The regularity of I(x) was proved in [KN] for all u where the pair (A, n) is good; our
Theorem 2.7 is more general.

In next two subsections, we give two proofs of Theorem 2.7. Each of them provides an explicit
formula for the operator I(1) whenever A+ p is dominant. We give two proofs, because the resulting
formulas for I(w) are quite different.

However, in both proofs we will use the following observation. Suppose that the weight A + p of
gly, is dominant. It means that

Aa—Ap+pPa—pp#—1,—-2,... whenever a<b. (2.40)

Then

ha—Ap+ pPa—pp+Vp#O0

since vy, is a positive integer. So the rational function (2.24) does not vanish then. Moreover, then any
factor of the product (2.24) with v, > v, has a simple pole as a function of Aq — Ap + pg — pp at the
zero point.
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2.6. In this subsection we will derive Theorem 2.7 from Proposition 2.6. Let us consider the factor
of product (2.28) corresponding to any pair of indices a < b. There k =1,...,d. Since the indices
i1,...,ig and ji,..., jq are pairwise distinct, we may assume that d < vy and d < vy in (2.28). If
Vg < Vp then k < vy. Therefore any factor of (2.28) corresponding to a < b with v; < v, is regular at
any point p € t;, where the weight A + o is dominant.

If v, > v, then the denominator in (2.28) is zero if and only if k =d = v, and Ay + g = Ap + Op.
Hence any factor in the product (2.28) with v, > v, has a simple pole as a function of A, — Ap +
Pa — Pp, at the zero point. Moreover, the residue of the latter function at the zero point equals

where the indices iy, ..., i, are distinct and taken from 1, ..., v,.

Using the observation on (2.24) made at the end of the previous subsection, we now complete the
proof of Theorem 2.7 for any dominant weight A + p.

Note that Proposition 2.5, like Theorem 2.7 above, can also be derived from Proposition 2.6; see
the proof of [KN, Proposition 4.4]. Further, Proposition 2.6 and Theorem 2.7 both can be proved by
using [KN, Sections 1.4 and 4.4].

2.7. In this subsection we will give another proof of Theorem 2.7. It provides a multiplicative
formula for the operator I(u) with dominant A + p. Consider the product (2.19). It is taken over the
pairs (p,q) where p < q while p and q belong to different segments of the sequence 1,...,N; see
(2.17). Let a and b be the numbers of these two segments, so that a < b. Let us now rearrange the
pairs (p, q) in the product (2.19) as follows.

The new order on the pairs (p, q) will be an extension of the lexicographical order on the corre-
sponding pairs (a,b). To define the extension, we have to order the pairs (p,q) corresponding to a
given (a, b). Take another pair (r, s) such that the indices r and s belong to the segments a and b, that
is to the same segments as the indices p and q respectively. For v, < vy, the pair (p,q) will precede
(r,s) if p<rorif p=rand q > s. For v, > v}, the pair (p,q) will precede (r,s) ifq>sorifg=s
and p < r. By exchanging commuting factors in (2.19), this rearrangement does not alter the value of
the ordered product.

Let i and j be the numbers of the indices p and g within their segments, so that by definition we
have the equalities (2.18) and

Xq=Wb+pp+ 3 +vp— . (2.41)

Consider the factor Rpq(xq — xp) in the reordered product (2.19). As a function of p, this factor has a
pole at x, = x4. The latter equation can be written as

ha—Ab+pPa—pp=1i—] (2.42)

using (2.18) and (2.41). Hence if x, = x4 while A + p is dominant, then i > j.

First, suppose that v, < vp. If i > j, then j < vy since i < v,. Then the index q is not the last in
its segment, so that the pair (p, g+ 1) immediately precedes (p, q) in the new ordering. Consider the
pairs which follow (p, q) in the new ordering. Take the product of the factors in (2.19) corresponding
to the latter pairs, and multiply it on the right by

Rq.q+1(Xg —Xg+1) = Rgq+1(1) =1 = Pgg41. (243)

Using (2.1), the resulting product is also divisible by (2.43) on the left. Due to (2.7) we can therefore
replace in (2.19) the product of two adjacent factors
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Rp g+1(Xg+1 — Xp)Rpg(xg — Xp) by 1- (Ppg + Pp.g+1)/(Xg+1 — Xp)

without changing the restriction of the operator (2.19) to the subspace (2.27). But the replacement
does not have a pole at x, = x4. So the factors in (2.19) corresponding to the pairs (p, q) with vg < vp
do not increase the order of the pole of I(u) at any point w such that the weight A + p is domi-
nant.

Next, suppose that vg > v, while i > 1, so that the index p is not the first in its segment. Then the
pair (p — 1,q) immediately precedes (p,q) in the new ordering. Consider the pairs following (p, q).
Take the product of the factors in (2.19) corresponding to the latter pairs. Multiply it on the right by

Rp—1.p(Xp—1—%p) = Rp_1,p(1) =1—=Pp_1p. (2.44)

Using (2.1), the resulting product is also divisible by (2.44) on the left. Due to (2.7) we can now
replace in (2.19) the product of two adjacent factors

Rp-1,g(xqg —Xp—1)Rpq(Xq —Xxp) by 1—(Pp_1,4+ Ppq)/(Xg —xp_1)

without changing the restriction of (2.19) to (2.27). The replacement has no pole at x, = x4. So the
factors in (2.19) corresponding to the pairs (p, q) with v, > v, and i > 1 do not increase the order of
the pole of I() at any point w.

Last, suppose that v; > vy and i = 1. If x, = x4 then Ay + pg = Ap 4+ pp and j =1 whenever the
weight A + p is dominant, due to (2.42). The observation on (2.24) made at the end of Section 2.5
now proves Theorem 2.7.

Note that all the replacements in the product (2.19) described above can be made simultaneously.
Hence our argument provides an explicit formula for the operator () whenever A + p is dominant.
See also [GNP, Section 2.3].

2.8. In this subsection we will generalize Theorem 1.1. Theorem 2.7 allows us to determine the
intertwining operator I(ut) of the Y(gl,;)-modules (1.9) for any u € t;, provided the weight A + o
is dominant. Our generalization of Theorem 1.1 is based on the following lemma. For any index ¢ =
1,...,m—1 let sc € Si; be the transposition of ¢ and c + 1. Here the symmetric group S;; acts on the
numbers 1,...,m by their permutations. The latter correspond to permutations of the basis vectors
E]l,...,Emm of tm.

Lemma 2.8. Fix ¢ > 0 and suppose that both A + p and s.(A + p) are dominant. Then the images of the
intertwining operators 1(i) and I(s¢ o jt) corresponding to the pairs (A, ;) and (S¢ o A, S¢ o j4) are equivalent
as Y(gl,)-modules.

Proof. Note that in this lemma the intertwining operator I(sc o i) corresponds to the weight s. o A,
not to A. Moreover, the source and target Y(gl,)-modules of this operator are different from those of
the operator I(w) in general. This difference should not cause any confusion however.

Let & and [t and J be the weights of gl, with the labels A, Act+1 and pe, e+t and poc, Pcy1
respectively. The weights X + 5 and s (X + p) of gl, are dominant. By using Theorem 2.7 with m =2
we get the Y(gl,)-intertwining operators

V, V,
q)"f ; ® o)) c+1 ;= 10)) c+1 . ®q)"f . (245)
Me+pct5 Het1+Pct1+35 Het1+Pct1+5 Hetpct+75
v, Vv,
(p c+1 ; ® (DVE ; N ¢Uc ; ® (p c+1 .- (246)
Het1+Pct1+3 He+pct5 Hetpct+7 Het1+Pc+1+5

These two operators are inverse to each other. This assertion can be proved first for any generic
weight pu of gl,, either by a direct calculation employing the definition (2.19), or by observing that
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for any generic w all the double tensor products above are Y(gl,)-irreducible while (2.45) and (2.46)
respectively map

P ® ¢Uc+1 = ¢Vc+1 ® (% and ¢Vc+1 ® P, > Do ® QDVCH .

Then the assertion extends to all p such that A + p and s¢(A + p) are dominant.

Now denote by I the operator which acts on the tensor product of cth and (c + 1)th factors of
(1.8) as the intertwining operator (2.45), and which acts trivially on all other m — 2 tensor factors of
(1.8). Arguing like above, that is either performing a direct calculation, or using the irreducibility of
the source and target Y(gl,)-modules in (1.9) for any generic u, we get the relation

I(w) = H(sc o Wl
It proves the lemma, since [ is invertible and intertwines Y(gl,)-modules. O

For any A € t, denote by S, the subgroup of S; consisting of all elements w such that w oA =A.
Let O be any orbit of the shifted action of the subgroup S, C Si on 6. If vy, ..., vpe{l,....,n =1}
for at least one weight u € O, then every u € O satisfies the same condition. Suppose this is the case
for O. If L+ p is dominant, then there is at least one weight p € O such that the pair (A, i) is good.
Theorem 1.1 generalizes due to the following proposition.

Proposition 2.9. If . + p is dominant, then for all i € O the images of the corresponding operators (L) are
equivalent to each other as Y(gl,)-modules.

Proof. Take any w € S, and any reduced decomposition w = s, ---S¢,. It can be derived from
[B, Corollary VI.1.2] that the weight s¢, ---s¢, (A + p) of gl,, is dominant for each k=1, ...,l. Proposi-
tion 2.9 now follows by applying Lemma 2.8 repeatedly. Note that this proposition can also be proved
by using the results of Zelevinsky [Z, Theorem 6.1] together with those of [AS,D1]. O

Thus all assertions of Theorem 1.1 will remain valid if we replace the good pair there by any pair
(A, ) such that the weight A 4+ p of gl,, is dominant. However, we still assume that vq,..., vy €
{1,...,n— 1} for the latter pair.

3. More intertwining operators

3.1. Now let 1 and p be any weights of the Lie algebra f;, = spy,;, or fim = soam such that all labels
of the weight v=A — u+« are in {1,...,n—1}. We will keep using the notation (2.17), (2.18), (2.19).
But now Aq, g, Vg and p, with a =1,...,m are labels of weights of f;. Recall that x, =n/2 by
definition.

Let the weight u € b, vary while v is fixed. Determine the rational function B(u) by the same
formula (2.19) as for Y(gl,). Also take the ordered product

C(w) =[] Rpg(n—xp —x9) (3.1)
(.9

where 1 < p <q < N and the pairs (p,q) are ordered lexicographically. Here the reversed arrow
indicates that the factors corresponding to these pairs are arranged from right to left. Note that C(u)
is a rational function of w € b, without poles at the generic weights p of fn.

Take the sequence 17, ..., N” introduced in the previous subsection. Let Q, be the linear operator
on (C"®N which for each p =1, ..., N exchanges the tensor factors C" labeled by p and p”. Then
Qy=Pifm=1and v =2.
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Proposition 3.1. Suppose the weight W of fn is generic. Then Q,B()C () is an intertwining operator of
Y(gn)-modules
Pl .9l 5o lg.. .o ! (3.2)
X1 XN .

Xqn XN0

Proof. Under the action of Y(gl,) on the source module in (3.2),

S(X) > Ron(xXn +X) - -+ Ro1 (X1 + X)Ro1 (x1 — x) - - - Ron (Xn — X).

Let us denote by Y the right-hand side of this assignment. Here we use the subscripts 0,1,..., N
rather than 1,2,..., N + 1 to label the tensor factors of (End C")®®"+1 | Jike we did in the proof of
Lemma 2.1. Further, let us denote

Y’ =Ro1(x1 —%)--- Ron(Xn — X)Ron (XN + %) - - - Ro1 (1 + %).

By using the relation (2.6) repeatedly, we get the equality C(u)Y = Y'C(u). Here we also use the
relation PR(x)P = R(x).
Under the action of Y(g,) on the target module in (3.2),

S(X) > Ron(xn» — %) --- Ro1(X17 — X)Ro1(X17 4 %) - -- Ron (xpr + X).

Denote by Y” the right-hand side of the latter assignment. Observe that k” = (N — k + 1)’ for each
k=1,..., N. Therefore we can write

Y” = Ron(x1 = %) -+ Ro1 (xw — \)Ro1 (xn' +%) - Row (X1 +%).

But by using the relations (2.3) and (2.5) repeatedly, we get

QuB(W)Y' = QuRov (X1 — X) - -- Ronr (X — X)Ronr (Xnr +X) - - - R (x17 + X) B(14)
=Y"QuB(W);

see also the proof of Proposition 2.4. Thus we get the equality

QuB(WCY =Y"QuB()C (1),

which proves the claim. O

3.2. Observe that PP =+P. Thus 13R(1) =0 in the case g, = so,. Hence in this case the restriction
of the operator Ppq to the subspace (2.27) is zero for any two distinct indices p, g from the same
segment of the sequence 1,..., N. Here we mean the segments of lengths vq,..., vy as defined in
Section 2.3.

In the case g, = so, the relation (2.4) now implies that when considering the restriction of the
operator C(u) to the subspace (2.27), we can skip those factors in the product (3.1) which correspond
to the pairs (p,q) where both p and g belong to the same segment: skipping does not change the
restriction. In particular, in the case g, = so, the restriction of the operator C(u) to the subspace
(2.27) does not have a pole if g — up ¢ Z and g + Uy ¢ Z whenever a # b; the condition 2, ¢ Z
is not needed here.

Let us give an analogue of Proposition 2.5 for C(u). Except in the proof of Lemma 2.3, we worked
with any symmetric or alternating non-degenerate bilinear form (,) on C" so far. Choose the form as
in the proof, so that (2.14) holds. The elements E;; — E;; with i < j span a Borel subalgebra of g, C gl
then; the elements E;; — Eji span the corresponding Cartan subalgebra of gj.



210 S. Khoroshkin et al. / Journal of Algebra 346 (2011) 189-226

Proposition 3.2. For any generic weight w of fm the vector ¢, ® - -- ® ¢, is an eigenvector of the operator
C() on (C)®N_ The eigenvalue is the product

A A
a+ Ab+ Pa + Pp if Vgt vp>n:
1_[ Ha + Hp + Pa+ Pb (3.3)
1<a<b<m 1 lf Va+vp <1,

multiplied in the case of f; = sp,, by the product

A
M lf 2‘)[1 >n;
T | #atra (3.4)
Isasm | q if 2vg<n.

Proof. This proposition immediately follows from its particular cases of m =1 and m = 2. We will
consider these two cases only. First suppose that m = 1. In this case, for g, = so, the restriction of
the operator C(u) to the subspace (2.27) is the identity operator; see the observation made in the
very beginning of the present subsection. Suppose that g, = sp,,. Put & = (—1)[V1/2], Then

Coen =[] ( I1 ﬁij<n—xf—x,->>stw(evl@--@el)

i=1,..., vi—1 \j=i+1,..., V1
— —
=¢Ay, l_[ ( l_[ Rij(n_xi_xj)>(ev1®"'®e1) (3.5)
i=1,..., vi—1 \ j=i+1,..., 1%

where the latter equality is obtained by using (2.4) and (2.23). We will prove by induction on v; that
the vector (3.5) equals ¢,, multiplied by the scalar (3.4) where m = 1. Recall that v = Ay — g +n/2.
If v1 <n/2 then here we have

Pijey, ®---®e1) =0

by our choice of the form (, ) on C". Hence then the vector (3.5) equals ¢, as required. We will also
use that equality for v; <n/2 as the induction base.

Let v; > n/2. In particular, then v; > 1 because n is even. The induction assumption then implies
that

a®A,-1n ] ( I Eij(n_xi_xj))(em®eu1—]®“'®el)

i=2,...,v1—1 \ j=i+1,...,vq
=uey, ® Ay, —1(ey,—1 ®---Qeq)

where

u_?»1+,01—1
mi+po1

We use the inequality 2(v; — 1) > n which follows from v > n/2, because n is even. Arguing like in
the proof of Lemma 2.1 and using the relation (2.8) we get
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A®A,-1) [] Rijo—-xi—xp=a ®AV11><1 —(—x1—x)"" 273’1]).

j=2
Further, by our choice of the form (,) on C" the vector

AV] 7)J]]A(elﬁ Q- Q e])
is equal to

2Ap,(ey, ®---®eq)

if j =2v7 —n, and is equal to zero for any other j > 2. By writing (3.5) as

eAy, 1—[ Rij(n—x1 —xj) x 1_[ ( 1_[ Eij(n_xi_xj)>(eu1®"’®€1)

we now see that the vector (3.5) is equal to ¢,, multiplied by the scalar

n—X1—X2—2u_ M+m
n—x1—Xx 1+ p1

Thus we have finished the proof of Proposition 3.2 in the case m =1, and will now suppose that
m = 2. Then by the definition (3.1) the operator C(u) is the ordered product of Rpq(n —xp — Xq) over
the pairs (p,q) where 1 < p <q < v; + vy; the arrangement of the pairs is reversed lexicographical.
Without changing the product, we can rearrange these pairs as follows. From left to right, first come
the pairs (p,q) where v < p < q < v; + vy, second come the pairs where 1 <p <v; and vy <q <
V1 + vy; third come the pairs where 1 < p < q < vq. Within each of the three groups, the arrangement
of the pairs (p, q) is still reversed lexicographical.

Consider the two products of Rpq(n — x, — Xq), over the first and the third group of pairs (p, q).
The already settled case m =1 implies that ¢,, ® ¢y, is an eigenvector for each of these two products.
If g = son then each of the two corresponding eigenvalues is 1. If g, = sp,, then the product of the
two eigenvalues is (3.4) where m = 2. For g, = sop, sp, we will show that ¢, ® ¢,, is an eigenvector
of the product of Tépq(n — Xp — Xg) over the second group of pairs, with the eigenvalue (3.3) where
m = 2. This will settle the case m =2.

Use the induction on v;. Denote the last mentioned product by Z, so that

«— «—
Z= 1_[ ( 1_[ ﬁiqvl-f-j(n — Xi — Xy +j)> (3.6)
1 \j=1,.,1

by definition. By using (2.4) and (2.23), we get the equality
Z(AV1 ®A\)2)(ell1 & ®el ®el)2 - ®el)

— —
=An®Ay [] ( I Ri,vﬁj(n—x,-—xuﬁ,-))

i=1,..., j=1,...,1
Xy ® --®e1®e, - ®eq). (3.7)
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If v1 + v <n then by our choice of the form (,) on C"

Piy1jlen, ® - ®e1®@e, ® - ®e1)=0
for i, j as above. Hence then the product (3.6) acts on the vector ¢,, ® ¢y, as the identity. We will

also use this result for v; + v, <n as the induction base.
Let v{ 4+ vy > n. Then v; > 1 because v, < n. By the induction assumption

— —
A®A,- 1Ay ] ( I Ri,u1+j(n—xi—xul+j>)
i V1 \j

i=2,..., ji=1,..., vy

x (ey, ®ey,—1Q---Qe;1Qe,, ® --®eq)
=vey, @ (Ay—1®A)EY-1Q - Qe1Re, - ---Qeq)
where

v_)»1+k2+p1+,02—1
M1+ p2+p1+p2

Arguing like in the proof of Lemma 2.1 and using the relation (2.8) we get the equality in the algebra
(End (Cn)®(\}1+v2)

— V2
A®Ay) [] Rivsj—x—x,1)=0 ®AUZ><1 —(=x1 =Xy 1) ZPLW).
j=1,..., 1] j=1

Further, by our choice of the form (,) on C" the vector
(Av; ® sz)ﬁlq(eul ® --Qe1®e,® --Qeq)
is equal to
(Apy, ® Ap)(ey, ® - Re1 ey, ®---®eq)

if j=v1 4+ vy —n, and is equal to zero for any other j. Writing (3.7) as

(AV1 ® Al)z) 1_[ El,V1+j(n — X1 _Xl)]Jrj) X 1_[ ( 1_[ Ei,v1+j(n —X1 _XU1+j))
. v \j

j=1,...,1 i=2,..., j=1,...,vy

we now see that ¢y, ® ¢, is an eigenvector for (3.6) with the eigenvalue

H—X1—Xu1+1—1v_ At A2+ 01+ 02
n— X1 — Xy 41 w1+ pa+po14p2

This observation completes the proof of Proposition 3.2. O
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3.3. Using the relations (2.1), (2.4) and R(1) =1 — P one shows that for any generic weight © of
fm the operator C(u) preserves the subspace (2.27), see the proof of Proposition 3.2. Moreover, we
have another proposition. It can be used to give another proof of Proposition 3.2, see the proof of
[KN, Proposition 4.6].

Proposition 3.3. For any generic weight p of fm the restriction of C(w) to the subspace (2.27) coincides with
that of the operator

B
1+ kJk , if a<b;
2 2 nka+kb+,0a+,0b—k d
d>0 11 ..... ld k=
«— Tl Jd
Loy 5 M1t asb
1<a<bg . < 1 a=~n, =5 ;
Il PR § PR m = S
>0 iy,...,ig k=1
J1sesdd
1 if a=b, fm =s0m;
here the pairs (a, b) are ordered lexicographically. Ifa < b then iy, ...,iq and ji, ..., jq are distinct numbers
from the ath and bth segments of the sequence 1, ..., N respectively, taken so that different are all the sets
(2.29). If a = b then iy, j1, ..., 14, jq are pairwise distinct numbers from the ath segment of the sequence
1, ..., N taken so that different are all the sets of d unordered pairs
{ix, jat, .- {ias Jal- (3.8)

Proof. This proposition immediately follows from its particular cases of m =1 and m = 2. We will
consider these two cases only. First suppose that m = 1. We have already observed that then for
gn = sop, the restriction of the operator C(u) to the subspace (2.27) is the identity operator. Suppose
gn = sp,. Then in the second displayed line in Proposition 3.3 we have the operator on (C")®"1

Pl(
> ¥ 15 (29)

d>0 11 ..... ld k=1

where i1, j1,...,14, jq are pairwise distinct and taken from 1, ..., vy so that different are all the sets
of d unordered pairs (3.8). Here we use the equality

Xk=h+p1+@0+1)/2—k (3.10)

for any k < v;. We also assume that 1 is the only term in (3.9) with d = 0. On the other hand, for
m =1 we can write

cw= ] ( I ﬁ,-,-(n—xi—xj)) (3.11)
Vi i=1

Let us now relate two operators on the vector space (C")®"1 by the symbol = if their actions coincide
on the subspace

AVH(C") c (Ch)®M. (3.12)

We will establish the relation = between (3.9) and (3.11) by induction on vy.
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If v1 > 1 then we assume the latter relation holds for v; — 1 instead of v;; if v =1 then we are
not making any assumption. Arguing like in the proof of Lemma 2.1 and then using the induction
assumption, (3.11) is related by = to

v1—1 I’;,‘U «—
<]+27X1+XUI—H>X].=21_[ (l l_[ Ru(n —Xj))

Il
e
o

=
M
Red
+
x |9t
= =
|
=
v
P

(= = M5ts)

d>0 11 ld k=

where i1, j1,..., 14, jq are distinct and taken from 1, ..., vy — 1 so that different are all corresponding
sets (3.8). The right-hand side of the last relation equals

P,(
>3 s o1

d>0 11 ..... ig k=1

J1s-sdd
1V Ji1 UeJk
n 314
IPIE e e 310
d>0 =1 iq,..., ig
J1seesdd
P; < By,
1y Lk Jk
n 315
d>0 i 1
(A FEEE Ig
J15esJd

where i is taken from 1,...,v; — 1 and is different from iy, j1,..., 14, jq4.
Consider the sum displayed in the line (3.14). Here we have

d
Py, 1_[ Pij. = (npikjk>Pi1V1 Pij = (npf/<jk> Piyy, Pj, = _<H Pikjk>Pi1V1
k=1

ksl ksl kel

where the right-hand side does not involve j;. Similarly, in (3.14) we have

d
Pjv, 1_[ Pij. = _<I—[Pilcfk)Pj1V1
k=1

k#l

where the right-hand side does not involve the index i;.

Now fix a number i € {1,...,v; — 1} and take any set of d pairs (3.8) such that one of the pairs
contains the number i. Then i =i; or i = j; for some L. Let j be the element of the pair {i}, j;} different
from i, so that j = j; or j =1i; respectively. If the set of the d — 1 pairs {iy, ji} with k #1 is also fixed,
then j ranges over a set of cardinality v; — 2d, namely over the fixed set

{1,...,v1 =\ {i1, j1, - o l—1s Jiets B gt Jigts - -+ Bas Jal-

Let us perform the summation over the indices ij, j; and [ in (3.14) first of all the running indices.
After that rename the running indices ijyq,...,ig and jj+1,..., jg respectively by iy, ...,ig—1; and
Jjis -+, jd—1. By the arguments given in the previous two paragraphs, the sum (3.14) gets related by =
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to
S Y Yo il 316
2xd—n—1x1+xv1—n 2xk—n—1
d>0 iq,...,ig—1
J1ses Ja—1
where i and i1, j1,...,i4_1, jg—1 are distinct indices taken from 1,...,v; — 1 so that different are all

the sets of d — 1 unordered pairs

{iv, jab - {la—1, a1}
Replace the running index d > 0 in (3.15) by d — 1 where d > 0. We get

d—1 >

Piy Piy j
Z Z Z X1 ~|—xU1 —n 1_[ 2xk —knk—l (3.17)

d>0 l] ld 1
J1seesja—1

with the same assumptions on the running indices as in (3.16). By adding up together the sums (3.16)
and (3.17), we get

d—1 1

PH) Pi Jk
Z Z ZZxd r:—lngxk —kn’—l (3.18)

d>0 11 ..... Id 1

by the equality

2Xg+2d =x1 + 14Xy, + V1.

The sum of (3.13) and (3.18) equals (3.9). This makes the induction step. Thus we have finished the
proof of Proposition 3.3 in the case m =1.

Now let m = 2. We will begin considering this case in the same way as we did it in the proof
of Proposition 3.3. Namely, by the definition (3.1) the operator C(u) is the ordered product of the
factors Rpq(n —xp — Xq) over the pairs (p, q) where 1< p <q < v1+vy; the arrangement of the pairs
is reversed lexicographical. Without changing the product, we can rearrange these pairs as follows.
From left to right, first come the pairs (p,q) where v < p < q < v1 + v, second come the pairs
where 1 < p <v; and vy < q < v1 + vy; third come the pairs where 1 < p < q < v1. Within each of
the three groups, the arrangement of the pairs (p, q) is still reversed lexicographical.

Consider the two products of Rpq(n — X, — X;), taken over the first and the third group of pairs
(p,q). If gn = so, then the restriction of each of the two products to the subspace (2.32) is 1. If
gn = sp,, then the already settled case of m =1 implies that the restrictions of the two products to
(2.32) coincide with that of the sum in the second displayed line in Proposition 3.3, where a =1 and
a =2 respectively. Now consider the product of Rpq(n — x, — Xq) over the second group of pairs. We
have denoted this product by Z, see (3.6). For g, = so,,, sp, we will show that the operator Z has the
same restriction to (2.32) as the sum in the first displayed line in Proposition 3.3, where a =1 and
b = 2. This will settle the case of m = 2.

Recall (2.31). There for any fixed i we arrange the factors corresponding to the indices j=1,...,v;
from right to left. That is, we arrange from left to right the factors corresponding to j=vy,..., 1.
The numbers x,,; in (2.31) with j=v;,...,1 then make a sequence increasing by 1. This is the
sequence

Xpi4vys oo s Xp41. (319)
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It was only the increasing by 1 property of (3.19) that we used to prove that the restrictions of the
operators (2.30) and (2.31) to the subspace (2.32) are equal. Hence we can replace the sequence (3.19)
in this equality by any other sequence of length v, that is increasing by 1. As a replacement, let us
use the sequence

M =Xy 415 o, 1= Xpj41y.

Since k < vq in (2.30), then we get the equality in (End C")®Vi+v2)

(Z 2 ka+§lkikl >(A”1®A“2) (3:20)

d>0 iq,..., ig k=
J1sJd
]‘[ ( H Rl vy — —xw,»m) X (Ay, ® Ayy). (3:21)
i=1,..., v1 \j=1,..,
The indices i1, ...,ig and ji,..., jq in (3.20) have the same range as in the first displayed line in

Proposition 3.3. By applying to (3.20) the operator conjugation relative to the form (,) in each of the
first v; tensor factors of (End C")®(11v2) we get the product

<Aul®1)<2 > 1‘[ Py )(1®AV2)

X X —n
>0 i1,.mig k=1 kT Xuy 41

(2: X:IT P )MW®AW) (3.22)

X X —n
d>0 1'1 ..... ig k=1 k+ i+l

The sum over d > 0 in (3.22) coincides with the sum in the first displayed line in Proposition 3.3 for
a=1 and b =2, by the equalities (3.10) for k < v; and

Xp+1=A2+ o2+ M —1)/2.

Note that the product (3.20) commutes with the operator on (C")®"11+v2) reversing the order
of the last v, tensor factors. Let us conjugate the product (3.21) by this operator. The result is the
product

j=1,..., %)

— «—
1_[ < 1_[ Ri viqvy—jr1(n —x; _Xv1+v2j+l)> x (A, ® Ayy)
Vi \J
— —
= ] ( [ Ri,ulﬂ-(n—x,-—xulﬂ))x(Aw@AUz)
V1 \J

= (Al)] ® l) X 1_[ ( 1_[ Ri,V1+j(n — X _XU1+j)> X (l ®AU2)'

By applying to the last displayed line the operator conjugation relative to (,) in each of the first vy
tensor factors of (End C")®(1+v2) we get the product

Z x (Ay, @ Ayy). (3.23)
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The equality of (3.20) and (3.21) implies the equality of (3.22) and (3.23). The latter equality settles
the case of m=2. O

The operators B(it) and C(u) preserve the subspace (2.27). Due to Lemmas 2.1, 2.2 and Proposi-
tions 2.4, 3.1 the restriction of operator B(u)C(w) to this subspace is an Y(gp)-intertwining operator
(1.16). Let J(u) be this restriction divided by the rational functions (2.24) and (3.3), and in the case
of g, =sp, also divided by the rational function (3.4). Then by Propositions 2.5 and 3.2

JU) 1 0u, @ - @@y = Py @ - Q Py, (3.24)

Theorem 3.4. For a fixed weight v = A — u + k the rational function J(w) is regular at any point w € b,
where the weight A + p is dominant.

The operator-valued rational function J(u) does not vanish at any point u € b}, due to the nor-
malization (3.24). The regularity of J(u) was proved in [KN] for all x4 where the pair (A, ) is good;
our Theorem 3.4 is more general.

Below we will give explicit formulas for the operator J(u) with dominant A + p. Theorem 3.4 will
follow from these formulas. For related results see the work of Isaev and Molev [IM]. Both Proposi-
tion 3.3 and Theorem 3.4 can also be proved by using the arguments from [KN, Sections 1.4 and 4.4].

34. Let the weight A 4+ p of f = soom or of fi = spy,;, be dominant. Then Aq,..., Ay obey the
inequalities (2.40) where p1,..., o, are now the labels of the half-sum of positive roots of fp. But
for any given a < b the difference p; — pp =b — a is now the same as it was for gl,,. Moreover, for fn
we have the same relation

Ag —Ap = Ha — Up + Va — Vp

as we had for gl;;,. Any of our two proofs of Theorem 2.7 now shows that the operator B(u) divided
by (2.24) has a regular restriction to the subspace (2.27). Moreover, each of the two proofs gives an
explicit formula for the restriction.

We will give two parallel proofs of the regularity of restriction to (2.27) of the operator C(u)
divided by (3.3), and in the case f, = sp,, also divided by (3.4). We will keep assuming that the
weight A 4+ p is dominant. In particular,

Aa+Ap+pa+pp#1,2,... whenever a<b, (3.25)
Ao+ pa#1,2, ... if i =spoy. (3.26)

Then the operator C(u) has a regular restriction to (2.27) by Proposition 3.3. Let us now prove the
last fact directly, that is without using Proposition 3.3.

Take any pair of indices (p, q) with p < q and consider the corresponding factor ﬁpq (n—xp —Xq)
of the product (3.1). Let a and b be the numbers of the segments of the sequence 1, ..., N containing
the indices p and q respectively. Let i and j be the numbers of the indices p and q within their
segments. Then

Xp+Xg—nN=kg+pa+r+pp—i—j+1. (3.27)

First, suppose that p and q belong to different segments, so that a < b. Then the right-hand side
of the equality (3.27) is not zero by (3.25). Therefore the factor Rpq(n — x, — x4) of the product (3.1)
with a < b is regular.

Next, suppose that p and g belong to the same segment, that is a = b. If f;; = soo, then the factor
qu(n — Xp — Xg) can be skipped without changing the restriction of (3.1) to the subspace (2.27). If
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fm = spom then by (3.26) the right-hand side of the equality (3.27) is not zero whenever the sum i+ j
is odd. In particular, if f;, = sp,,, then the factor Rpq(n —x, — X4) with ¢ = p + 1 is regular, because
for this factor j=1i+1.

Last, suppose that ¢ > p + 1 while a = b. Then the pair following (p,q) in the reversed lexico-
graphical ordering is (p,q — 1). Moreover, then the index g — 1 belongs to the same segment as p
and q. Take the product of the factors in (3.1) corresponding the pairs following (p,q — 1). Multiply
this product by

Rg—1,q(Xg—1 —Xg) =Rq—1,q(1) =1—Pg_14 (3.28)
on the right. By using the relation (2.4) repeatedly, one shows that the resulting product is also

divisible by (3.28) on the left. Due to (2.8) we can then replace in (3.1) the product of two adjacent
factors

Rpq(n —xXp — X)Rp.g—1(n = Xp — Xq-1)
by

1— (Ppqg+ Ppg—1)/(n —Xp — Xg—1)

without changing the restriction of the operator (3.1) to the subspace (2.27). But the replacement is
regular at x, 4+ x4 =n. This observation completes our second proof of the regularity of the restriction
of C(w) to the subspace (2.27), whenever the weight A + p of f;; is dominant.

Now recall that defining the operator J(u) involves dividing C(w) by (3.3), and also dividing by
(3.4) in the case f; = spy,. So we have to consider the zeroes of the rational functions (3.3) and
(3.4). In Section 3.5 for m =1 and g, = sp,, we will prove that (3.11) annihilates the subspace (3.12)
whenever

AM+p1=0 and 2v; >n. (3.29)

In Section 3.6 for m =2 and both g, = so,, sp, we will prove that the operator (3.6) annihilates the
subspace (2.32) whenever

MA+Ar+p1+02=0 and vi+vy,>n. (3.30)
Theorem 3.4 for any m > 1 will then follow from the definitions (3.3) and (3.4).
35 Form=1 and g, = sp, consider the operator (3.11) on the vector space (C")®"1. Here the

positive integer n is even. For p =1,..., vy introduce the rational function of x € C taking values in
the operator algebra (End C")®"1

px.p)= ] ( [ E,-,»(i+j—2x—1)). (3.31)
j p \i=1
By (3.10) we have

C(u) =D(1 + p1,v1) (3.32)

while D(x,1) =1 by definition. Put D(x, 0) = 1. Like we did at the beginning of the proof of Proposi-
tion 3.3, let us relate two operators on the vector space (C")®"1 by the symbol = if their actions on
the subspace (3.12) coincide.
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Lemma 3.5. For each p =2, ..., v1 we have the relation in (End C")®"1

x+n/2—-p+1~

’ﬁpfl,pD(X, p)= x_1

Pp 1,pDx—1,p—2). (3.33)

Proof. Using Proposition 3.3 where m =1 whereas the numbers A1 + p; and v; are replaced by x
and p respectively, we obtain the relation

Dx.p)=)y_ Y. ]_[Z(i’k’k (3.34)

d>0 11 ..... ld k=1
J1,-Jd

where i1, j1,...,1q, jq are pairwise distinct indices from the sequence 1,..., p taken so that different
are all the sets of d unordered pairs (3.8). Like in the proof of Proposition 3.3 we assume that 1 is
the only term in (3.34) with d =0.

For any d > 0 and for any choice of the set of d pairs (3.8) made as above consider the cor-
responding product F,m Fla}a showing in (3.34). Multiply the product by Fp 1,p on the left. If
neither of the indices p — 1, p occurs in the pairs (3.8) then leave the result of multiplication as it is,
Pp lpplm ’ P'd]d

Next, suppose that exactly one of the indices p — 1, p occurs in (3.8). We can assume that then
ja=p—1 or js=p without further loss of generality. Put j=p or j = p — 1 respectively. Then

Pp_1,pPirji -~ Pigjy = Pp-1,pPirji - Pig_1jy_1 Pigj

=—Pp1pPisji - Pigyja- (3.35)
Note that in either case, that is j;=p —1 or jq = p, for any given distinct indices i1, j1,...,1d_1, jd—1
taken from 1,..., p — 2 there are exactly p — 2d choices of the index i; yielding the same term (3.35)

where iy does not occur. Counting both cases, we will get the term (3.35) with multiplicity 2(p — 2d).
Finally, suppose that both of the indices p — 1, p occur in (3.8). If they occur in the same pair,
then without further loss of generality we may assume that iy = p — 1 and j; = p. Then

ﬁp—1,Pﬁi1j1 e Fidjd = nﬁp—hpﬁhh o 'Fid—ljd—l' (3.36)

If p—1, p occur in different pairs in (3.8) then without further loss of generality we may assume that
ja—1=p—1 and ig = p. Then

Pp—1.pPiijy -+ Pigjg = Pp-1,pPiyji - Pig_yjas Pig_1.pPp.js
=—Pp1pPisji - PigyjasPig_yja- (3.37)

Without altering the value of the term (3.37), we can either exchange the pair (ig_1, jg) with any
of the pairs (i1, j1),..., (ig_2, ja_2) or swap the two indices iz_1, jq between each other. Counting
these together with the initial choice of iy_1, j; we will get the term (3.37) with multiplicity 2(d —1).
Note that here the term (3.37) arises only when d > 2. But for d =1 we have 2(d — 1) =0.

Let us multiply the relation (3.34) by P,_1,p on the left, and then perform the summation over
the indices d and iy, ji,...,1q, jg- The terms (3.35), (3.36) occur only when d > 1. Now replace the
index d — 1 in (3.35), (3.36) by d > 0. After this replacement, the multiplicity of (3.35) will become
2(p—2d—2).

Further, rename the running index jq in (3.37) by jq_1 and then replace d — 1 by d. After this, the
corresponding multiplicity is 2d. Then d > 1. But we can also sum over d > 0, because the multiplicity
in the case d =0 is zero.
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After these replacements, the product ﬁp,L pD(x, p) gets related by = to

d ~
~ n—2(p—2d—2)—2d Pi,j,
Py 1+ d
Z,Z P 1”’( 2—d—1) Hz(x—k)
d>0 iq,...,ig k=1
J1seesdd
d ~
~ x+n/2—-p+1 Pij,
=2 2 Py [15:"
d>0 i1,....iq x—d—1 o1 2K~ k)
J1seesda
d ~
~ x+n/2—-p+1 P, j
=2 2. Po-i x—1 Hz(x—’;<k—1)
d>0 iq,..., ig k=1
J1sesdd
where i1, j1,...,1qd, jq are distinct indices taken from the sequence 1,...,p — 2 such that different

are all the sets of d unordered pairs (3.8). But the sum in the last displayed line is related by = to
the right-hand side of (3.33). Here we use the relation (3.34) with x — 1 and p — 2 instead of x and p
respectively. 0O

From now until the end of this subsection we assume that 2v; > n. Denote

I=vy —n/2.

It is a classical fact [W, Section VI.3] that then the subspace (3.12) is contained in the span of the
images of all operators on (C")®"1 of the form ﬁim -~~75,-,j, where i1, j1,...,10, j| are any pairwise
distinct indices taken from 1,...,vq. To show that C(x) = 0 under the conditions (3.29), it now
suffices to prove

TD‘I’]j] e F”],C(/L) =0 for )‘-l + pP1 = 0 (338)

and for all those iy, j1,...,1, ji. Here we also use the equality P2 =nP and the fact that the operator
C(un) with generic u preserves the subspace (3.12). Furthermore, due to the latter fact, it suffices to
prove the relation (3.38) for any single choice of the indices i1, j1,..., i, j;. Let us choose

i1=v1—-2l4+1, ji=vi-=-204+2, ..., ii=vi—1, ji=v1.

By using (3.32) and then applying Lemma 3.5 repeatedly, namely applying it [ times, we get the
following relation between rational functions of u € b:

A1+ P11~

Py o1, —2042 "+ Py,—1,,,C(n) = mp

vi=21+1,0=2142 - - Pyi—1,0, D(1 + p1,n —v1).

To get the latter relation, we also used the equality v — 2l =n — vy. If A1 + p; = 0 then we have
M1+ p1 = =1, and the fraction in the above display equals zero. The last factor in that display is
regular at A1 + p; = 0 by the definition (3.31). This proves (3.38) for our choice of i1, j1,..., 1, ji.

As a rational function of u, the last displayed factor can be replaced by the sum at the right-hand
side of the relation (3.34) where x = 1 + p1 and p =n — vy. Arguing like in Section 3.4, we can also
provide a multiplicative formula for the value of that factor whenever w1 + p1 #1,2,....

Multiplying the last displayed relation on the left by operators on (C")®"! which permute the v;
tensor factors, we obtain analogues of that relation for all other choices of iy, j1, ..., i, j;. Therefore in
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the case m =1 and 2v; > n, the last displayed relation determines the action on the subspace (3.12)
for any value of the function C(u) divided by (3.4), whenever pq + 01 #1,2,....

3.6. For m=2 and g, = sop, sp, consider the operator (3.6) on (C")®™1+V2) For p=1,..., 1
and g =v; + 1,...,v1 + v, introduce the rational function of x € C taking values in the algebra
(End (Cn)®(v1+v2)

«— <«
D(x,p,q) = 1_[ ( 1_[ R,-j(i+j—x—1)>. (3.39)
i=1,...,p \ j=1,....q—v1
By (3.10)
Z=DM1+ 2+ p1+ p2,V1, V1 +12). (3.40)

Put D(x, p,vi) = D(x,0,q) = 1. Let us relate operators on (C")®"1+v2) by the symbol = if their
actions coincide on the subspace (2.32).

Lemma3.6. Forany p=1,...,viandq=vy +1,...,v1 + vy we have

X+n—p—q+vi+1~
— LT P, Dx—1,p—1,g—1). (3.41)

’I;qu(Xa p.q)=

Proof. At the end of the proof of Proposition 3.3 we established the equality of the expressions (3.22)
and (3.23). Replacing the numbers A1 4+ A, + p1 + p2 and vy, v, in that equality by x and p, ¢ — 4
respectively, we get the relation

d ~< .
Dx.p.g)=) . H% (3.42)

d>0 i1y0mes id k=1

where i1,...,14 and j1,..., jgq are distinct indices taken respectively from the sequences 1,..., p and
v1 +1,...,q so that different are the corresponding sets of d pairs (2.29). We assume that 1 is the
only summand in (3.42) with d =0.

For any d > 0 and for any choice of the set of d pairs (2.29) made as above consider the corre-
sponding product P, j, --- Pj,j, showing in (3.42). Multiply the product by Ppq on the left. If neither
of the indices p, q occurs in the pairs (2.29) then leave the result of multiplication as it is, that is
PpqPiyji -~ Pigjy-

Next, suppose that exactly one of the indices p, q occurs in (2.29). We can assume that then iy =p
or jq =q without further loss of generality. Then

PpqPiyjy -+ Pigjy = =PpqPiyjy -+ Pig_yjg_y- (3.43)

In the first case, that is if iy = p, for any given iy, j1,...,i4_1, ja—1 there are exactly g — vy —d choices
of the index jy yielding the same right-hand side of (3.43), where j4 does not occur. In the second
case, that is if j; =g, for any given iy, j1,...,14_1, ja—1 there are exactly p —d choices of the index
iy yielding the same right-hand side of (3.43), where iz does not occur. Counting both cases, we will
get the term (3.43) with multiplicity p+q — v1 — 2d.

Last suppose p, q both occur in (2.29). If they occur in the same pair, then without further loss of
generality we may assume that iy = p and j; =q. Then

PpqPiyjy -+ Pigjg =NPpqPiyjy -+ Pig_yjg_- (3.44)
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If p, q occur in different pairs in (2.29) then without further loss of generality we may assume that
jd—1 =¢q and ig = p. Then

PpgPiyjy -+ Pigja = —PpqPirji -+ Pig_yja 2 Pig_1ja- (3.45)

Without altering the product at the right-hand side of (3.45), we can exchange the pair (ig_1, jq) with
any of the pairs (i1, j1),..., (ig_2, jd—2). Counting these together with the initial choice of (iz_1, jq)
we will get the term (3.37) with multiplicity d — 1. Note that here the term (3.45) arises only when
d>2.

Let us multiply the relation (3.42) by qu on the left, and then perform the summation over
the indices d and iy, ji,...,1q4, jq- The terms (3.43), (3.44) occur only when d > 1. Now replace the
index d — 1 in (3.43), (3.44) by d > 0. After this replacement, the multiplicity of (3.43) becomes
p+q—v1—2d—2.

Further, let us rename the running index j; at the right-hand side of (3.45) by j;—1, and then
replace d — 1 by d there. Having done this, the corresponding multiplicity becomes d. Now d > 1. But
we can also sum over d > 0, because the multiplicity in the case d =0 is zero.

After these replacements, the product 5qu(x, D, q) gets related by = to

d ~

~ n—(p+q—v—2d—2)—d Piyji
P 1

d>0 iq,..., i.d k=1

d ~
Z Z ~ x+n—p—q+v1+11—[ Pij,
= P K
L M x—1 x—k—1
d>0 i1,..0g k=1

where iq,...,ig and ji,..., jq are pairwise distinct indices taken respectively from 1,...,p — 1 and
vi +1,...,q9 — 1 so that different are the corresponding sets of d pairs (2.29). The sum in the last
displayed line is related by = to the right-hand side of (3.41). Here we use the relation (3.42) with
x—1,p—1,q—1 instead of x, p, q respectively. O

From now until the end of this subsection assume that v; + v, > n. Denote

I=vi+vy—n.

Then the subspace (2.32) is contained in the span of the images of all operators on (CMH®W1+12) of
the form Pj, j, --- P;;j where iy,...,i and ji, ..., j; are pairwise distinct indices from the sequences
1,...,v1 and v1 +1,...,v1 + v, respectively; see for instance the proof of [W, Lemma V.7.B]. To show
that Z =0 under the conditions (3.30), it therefore suffices to prove that

Piyj, - PiyZ=0 for ai+Aiz+p1+p2=0 (3.46)
and for all those iy, ji,...,1, ji. Here we also use the fact that for generic u € h’; the operator Z

preserves the subspace (2.32). Due to the latter fact, it suffices to prove (3.46) for any single choice of
i1, j1,...,11, ji. Let us choose

i1=v1 =141, ji=vi+va—-I+1, ..., ii=v1, ji=vi+ro

By using (3.40) and then applying Lemma 3.6 repeatedly, namely applying it [ times, we get the
following relation between rational functions of u € b3:
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Py 141, v 4vy—141 Pog v 40, Z

AMtAr+ 01+ 02 ~ ~
= i+ ot Py 41,0 4vp—141 - Pog vy D(U1 + 2 + o1 + 02,1 —v2, 1),

If X1 + 42+ p1+ 02 =0 then pq + @2 + p1 + p2 = —1, and the fraction in the above display equals
zero. But the last factor in that display is regular at A1 + A2 + p1 + p2 = 0 by the definition (3.39).
This proves the relation (3.46) for our particular choice of the indices iy, j1,..., i, ji.

As rational function of u, the last factor can be replaced by the sum at right-hand side of the
relation (3.42) where x = 1 + w2 + p1 + p2 while p =n — v, and q =n. Arguing like in Section 3.4,
we can also provide a multiplicative formula for the value of that factor whenever 1+ 2+ 01+ 02 #
1,2,....

Further, multiplying the last displayed relation on the left by operators on (C")®™1+v2) which
permute the first v; tensor factors between themselves, and also permute the last v, tensor factors,
we get analogues of that relation for all other choices of i1, ji,...,i, j. So in the case m =2 and
V1 + V2 > n, the last displayed relation determines the action on the subspace (2.32) for any value of
the function Z divided by (3.3), when p1 +pu2+p1+p2 #1,2,....

3.7. In this subsection we will generalize Theorem 1.2. Theorem 3.4 allows us to determine the
intertwining operator J(u) of the Y(gs)-modules (1.16) for any w € b, provided A + p is dominant.
Our generalization of Theorem 1.2 is based on the next two lemmas. For each index c=1,...,m—1
regard s as an element of the group Hp,. The action of s. on h,;; exchanges the basis vectors F.. and
Fc41,c+1, leaving all other basis vectors of by, fixed. The first of the two lemmas is an analogue of
Lemma 2.8 for the twisted Yangian Y(gp).

Lemma 3.7. Fix ¢ > 0. Suppose that both . + p and s.(\ + p) are dominant. Then the images of the inter-
twining operators J (i) and J(sc o ) corresponding to the pairs (A, () and (sc o A, S¢ o |u) are equivalent as
Y(gn)-modules.

Proof. Let [i and p be the weights of gl, with the labels p¢, ttc+1 and p¢, pc+1 respectively. Let A
be the weight of gl, with labels ¢ + ve, tiet1 + Vet1. Here

Me+Ve=Ac+n/2 and fey1 + Ver1 = Acyr +11/2.

The dominance of the weights A + p and sc(x+ p) of f implies that the weights X + ¢ and s (i + 0)
of gl, are also dominant. By Theorem 2.7 with m = 2, we get an intertwining operator of Y(gl,)-
modules (2.45). It is invertible, see the proof of Lemma 2.8. Like in that proof, denote by I the operator
which acts on the tensor product of cth and (c + 1)th factors of (1.8) as this intertwining operator
(2.45), and which acts trivially on other m — 2 tensor factors of (1.8).

Similarly, by using Theorem 2.7 with m =2 once again, we get an invertible intertwining operator
of Y(gl,)-modules

Ve ; c+1 . c+1 . ® Ve .- (3'47)
Het+pct3 Her1+Pe+1+3 Her1+0c41+ 3 Me+pctz

Now denote by | the operator which acts as (3.47) on the tensor product of cth and (c + 1)th factors
of the target Y(gn)-module in (1.16), and which acts trivially on other m — 2 tensor factors of the
latter module. Arguing like in the end of the proof of Lemma 2.8, that is either performing a direct
calculation, or using the irreducibility of the source and target Y(g,)-modules in (1.16) for any generic
weight u of f;,, we obtain the relation

JI() = J(scow)l

whenever A + p and s¢.(A + ) are dominant. It proves Lemma 3.7, since I and J are invertible and
intertwine Y(gy)-modules by restriction from Y(gl,). O
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Let sg € Hy, be the element which acts on h,;; by mapping Fi; to —F11, and leaves all other basis
vectors fixed. Note that in the case of f; = soon the element so belongs to the extended Weyl group,
not to the Weyl group proper. Further, in this case the dominance of so(A + p) is equivalent to that
of L+ p.

Lemma 3.8. Suppose that both the weights X + p and so(A + p) are dominant. Then the images of the inter-
twining operators J(u) and J(sg o ) corresponding to the pairs (A, i) and (Sg o A, So o ) are similar as
Y(gn)-modules.

Proof. Let X [L, p be the weights of f; with labels A1, 1, p1 respectively. The weights X + § and
so(A + p) of f; are dominant. For f; = sp, this means that A1 ¢ Z \ {1}. For f; = s0, any weight is
dominant. By using Theorem 3.4 with m =1 we get the intertwining operators of Y(g,)-modules

3 Y (3.48)
H1+p1+7 H1tp1+3

o et (3.49)
7~ M1—P1 7—H1—P1

For f; = so0, each of these two operators acts as the identity, see remarks made at the beginning of
Section 3.2. For f; = sp, none of these two operators acts as the identity in general, but they are still
invertible. The latter assertion can be proved either by direct calculation, or by using the irreducibility
of all four Y(gn)-modules in (3.48) and (3.49) for generic /&, that is for wq ¢ Z/2.

For instance, let us prove the invertibility of (3.48). By applying Lemma 2.3 to both the source and
target Y(gl,)-modules in (3.49) we get an intertwining operator

o ; (3.50)
H1tp1+3 H1t+p1+y

of Y(sp,)-modules. This operator maps ¢,, — ¢y, as does the operator (3.48). Hence the operators
(3.48) and (3.50) are inverse to each other for w1 ¢ Z/2, and therefore for any w1 € C such that
A g Z\ {1}

By using Lemma 2.3 with k=v; and t = w1 + p1 + % we get an invertible intertwining operator

I N L (3.51)
H1+p1+5 3—H1=pP1

of Y(gl,)-modules. It is also an intertwiner of Y(g,)-modules by restriction. Denote by I the operator
which acts as the composition of (3.48) with (3.51) on the first tensor factor the source Y(gn)-module
in (1.16), and which acts trivially on other m — 1 tensor factors of the source module.

The intertwiner of Y(g,)-modules (3.49) can also be regarded as that of the Y(g,)-modules

N L (3.52)
2 M1—P1 2~ M1—P1

where we use the notation introduced immediately before stating Lemma 2.3. Denote by ] the

operator which acts as the composition of (3.51) with (3.52) on the first tensor factor the target

Y(gn)-module in (1.16), and which acts trivially on other m — 1 tensor factors of the target module.
By definition, J(sg o i) is an intertwining operator of Y(gn)-modules

n—vq 1) Vm
QP
IoH1=P1 atpaty Hm+pm+3
\
V1—n -V —V
1 2 ; R @ 'm

1 ¢ 1-
7 —H1—pP1 H2+02+5 Hm~+pm+7
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Let us now replace the first tensor factors of the above two Y(g,)-modules by

o and &!V'™"
72— MH1—P1 2~ H1—P1

respectively. The operator J(sp o ) also intertwines the resulting two tensor products as Y(gn)-
modules. Take J(spo w) in its latter capacity. Then arguing like in the end of the proof of Lemma 2.8,
that is either performing a direct calculation, or using the irreducibility of the source and target
Y(gn)-modules in (1.16) for any generic weight i of 5, we obtain the relation

JI() = J(soo )l

for any dominant weights A + p and so(A + p) of . This proves Lemma 3.8, because both I and J
are invertible and intertwine Y(gn)-modules. O

For any X € b}, let H, be the subgroup of Hy; consisting of all elements w such that woi = A. Let
O be an orbit of the shifted action of the subgroup H, C Hp on by If vi,...,vpe{l,...,n—1} for
at least one weight w € O, then every u € O satisfies the same condition. Suppose this is the case
for O. If A+ p is dominant, then there is at least one weight i € O such that the pair (A, n) is good.
Theorem 1.2 generalizes due to the following proposition.

Proposition 3.9. If 1. + p is dominant, then for all u € O the images of the corresponding operators J(i1) are
similar to each other as Y(gn)-modules.

Proof. Take any w € H; and any reduced decomposition w = s, ---S¢,. Here c1,...,¢ > 0. It can
be derived from [B, Corollary VI.1.2] that the weight s¢, ---s¢, (A 4+ p) of fi is dominant for each
k=1,...,1. Applying Lemmas 3.7 and 3.8 now completes the proof of Proposition 3.9. O

Thus all assertions of Theorem 1.2 will remain valid if we replace the good pair there by any pair
(A, ) such that the weight X 4+ p of f, is dominant. However, we still assume that vi,..., vy €
{1,...,n—1} for the latter pair.
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