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O YMCJIE UTHBEPCUI B ICXOJAX CXEMbBI
IHEPECTAHOBOK 1 X AHAJIN3 =
C ®PVUKCUPOBAHHBIM YN CJIOM MHBEPCHUIM

H. IO. DHarckas

Heayuonaavhstdl uccredosamenverull yHusepcumem. Buloulan WK0AG IKOHOMUKL.

JucincHHBI TOACYCT MHBCPCHH B NCPCCTAHOBKAX OCHOBAH HA HCTIOMb30BAHHH MC-
TOJ0B Teopun rpados. B pesynmpTaTe BEIMHCAHBI DCKYPPCHTHL ICPCCHCTa SHCCT HH-
BCPCHIL [0 TydKam Tpada W HAXOKICHAS BCPOATHOCTHOTO DPACITPCACIICHHA HHCIIA
HHBCPCHHA 1O MCPC HOCJIHHHYHOTO POCTA PA3MCPA HCPCCTAHOBKH.

OmupcoencHAAS B HASBAHUHM CXCMA HCCICAYCTCH OTOPAKOBKOH HCKOTODEIX HCXONOB
AHANOTHIHON cxembl B3 orparmacHrit. [TomyacHo 4meao mexoqoB CXCMBL, TTPORCIC-
HO IPAMOC UX MCPCUHCICHUC, HAHICHO WX BCPOATHOCTHOC PACTIPCIACIICHUC, PCIICHA
3a7a9a HyMCPallHH M IPCAJIOMKCHBL aJCOPHTMBL MOJICTHPOBAHUSA HCXOIOB CXCMBIL.

Knouacesbeie ¢noBa: HCPETHCACHAC HCXOA0B, CXCMA IICPCCTAHOBOK, DCKYDPCHTA,
YHCIO UHBCPCH, MOJCTUPOBAHUC.

N. Yu. Enatskaya. ON THE NUMBER OF INVERSION
OUTCOMES OF THE PERMUTATION SCHEME AND ITS
ANALYSIS WITH FIXED NUMBER OF INVERSIONS

The numerical method of calenlation of inversions in permutations uses the method
of graph theory. As the result we coleulate the reeurrence for coleulation of the
numbers of inversions with the use of the bunchs of graphs and finding the
probability distribution of the number of inversions with the increes of the size
of the permutanion.

The scheme definded in its name is investigated by asiding some outcomes of
the similar scheme without restriction. The number of outcomes of the scheme is
obtained, the direct enumeration is fulfiled, thier probability distribution is finded
the problem of their numeration is solved and the scheme suggested.

Kcy words: enumeration of outcomes, permutation scheme, recurrence, number
of inversions, modelling.

BBEOEHUE
MepOB €& AITEMEHTOB.

[lepecranoBky pasmepa n 6yIeM 3aIHCHIBATH

pacTapns (IO YMOTYAHWIO HAH yORIBAHWIO) HO-

B KPYIVIBLX CKOOKAX HAGODOM HOMEDOB BXOISIIHX
B Hee 3JIEMEHTOE HYepe3 3allsITYI0 B JAHHOM IIO-
psLOKe.

Ilon maBepcueit B nepecraHoBKe OYIEM TIOHU-
MaThb HB.pyIHeHHe IIOpr_B:K‘(l MOHOTOHHOCTH BO3-

YpenoM WHBepcHil (HeWHBepCHi — um) aug
JAHHOIO 3TEMEHTa TEPEeCTAHOBKH GyneM Hasbi-
BATh YHCJIO HOMEDPOE, MEHBIIHX TAHHOTO, CTO-
sux mpasee (meree) mero. Umcrmom wHBepewmit
(em) I =I,=1,=1,,, (I, = 1.} nus nepecra-

)



BOBKM GyleM cUMTATH CyMMapHOE 9HCJIO0 HHBED-
cuii (H7W) BCEX ee 3JIeMEHTOB.
OwernIHO, ITO LISl IePeCTAHOBKH PasMepa n

* +
I,+L=I"=1, (1)
rre [ — MaKCHMaJbHOe YHCIO HHBEPCHIH, KOTO-
poe CONEPXKHT TmepecTaHoBka (n,n — 1,...,2,1),
H PaBHO

1, = (n—1)+(n—2)+.. +2+1 = n(n—1)/2, (2)

A MHHHMAJILHOC HHCJI0 MHBEDCHI CONEPKUT Tie-
pectasoska (1,2,...,n— 1,n), u ecTh

Ine = 0. (3)

B cBs3u ¢ BEIGpAHHBEIM MOAXOIOM K OPraHH3a-
IHH IIEPEYHS HCXOMOB Hallel CXeMbBl VKasaHHOI
OTOPAKOBKOII HCXONOE OOIIEll CXeMBI [epPecTAHO-
BOK HAIIOMHUM u3 [1] nponenypy mx mepe4dnce-
HEUS B HyMepanuu metonom rpador (em. [2]).

Crpounm ciygaiiHBIl HPOIECe [OSTHHTIHOTO
JoOaBIeHNs] B IIEPECTAHOBKY 3JIEMEHTOB ¢ PACTy-
WUMH 0T 1 10 N HOMEpaMH, CTABS KAXKIBIT 13
HUX IIOCJICIOBATENRHO W CAYIANHO OTHOCUTEILHO
Kay 10t WMeroreiics IepecTaHOBKH Ha OJHO U3
MECT: JIEBee JIEBOTO JJIEMEHTA, MEXIY BCEMH 316~
MEHTaMH U IIPaBee TIPABOTO W HYMEDYS CJeBa Ha-
IPaBo HOJIY 9aiOTHecsT Ha JAHHOM IIare HpoLnecca
IePecTaHOBKH B IIODSAKE HOHNATAHUN N0DARICH-
HOro sneMeHTa. M306pasum ONHCAHHYIO IIPOIE-
AyPY HOJIYy<IeHHs BCEX BO3MOYKHBIX [IEPECTAHOBOK
duxcupoBaHHOro pasMepa B BHJe rpada nepexo-
J0OB W3 COCTOSHMS B COCTOSIHHE 3aJAHHOTO CJy-
9aifHOrO Iponecca OT IIara K Iary, T. €. IPH po-
CTe TePeCTAaHOBOK Ha OJWH JIeMeHT. Bymem 06o-
3HAYATE Hepes EEJ ) = (m, 03, .., a;)  i-oe
COCTOsIHHE TIpomnecca (T. €. I-YIO TIePeCTAHOBKY
a1,0as,...,a;) Ha j-om mare. Torga rpadp mepe-
XOmoB 6y1eT IMeTh BILI;

EL(3,2,1)

%02, 1)— E.5{2,3,1)
i
1) (33-:{2' 1,3)
E741)

(3]
E,=(3,1,2)

2]

ESr3.2.0—= 71,32

(&)
E 5:(1J 2; 3)

Puec. 1. Tpad NCpeYECICHHA HCXOOB CXCMBI [ICPC-
CTAHOBOK

1. YUCJAEHHBIN ITOACYET YUCE] UHBEP-
CHIi BCEX MCXOJOB CXEMBI IEPECTAHO-
BOK

C y49eToM JOTHKH M HOPSLIKA HYMEDAIIHHA BCEX
MCXOJ0B CXEMBI TIePEeCTAHOBOK, IPHBEISHHBIX BO
BBEJICHNH, OKA3BIBAETCS, UTO COOTBETCTBYIONIHE
HM 9HCITA WHBEDCHH Ha K-OM IIare Iporecca ux
nepebopa (k= 1,...,n) HAXOTATCA B TIPOMEKYT-
ke, onpegenseMom 1o {2), (3) ot I} = k(k—1)/2
a0 I. = 0, upugen ¢ pocTOM HOMEDPOB HCXOJ0B B
kas oM u3 (k—1)! nyukos #exonos, pasmepon k,
HCXONANIAX A3 OJHOTO HPEIIIECTEYIONEro MeXo-
Ja, oHH yOBIBAIOT Ha enuuHLy. s HarngagHOCTI
PACCMOTPHM THCIOBOH IIPHMED.

IIpumep 1. Ilyers & = n = 5. llpusenem B
Buae Tabia. 1 Bce 3anyMepoBaHHBIe N B MeToIue
rpadoB HCXOABI  CXEMBI EDECTAHOBOK pa3nMe-
pa 5 ¢ ux "ucaamu uasepcuii I (raba. 1).

Tabauua 1
N R 1 N R I N R 1
i 54321 10 | 41 54213 8 | 81 54132 3
2 45321 9 42 | 45213 7T |82 | 15132 T
3 43521 8 43 | 42513 6 | 83| 41532 6
4 43251 7 44 | 42153 5 | 84| 41352 5
5 43215 6 45 | 42135 4 | 8 | 41325 4
6 53421 9 46 | 52413 7 |8 | 51432 T
7 35421 8 47 | 25413 6 | 87| 15432 6
8 34521 7 48 | 24513 5 | 88 | 145332 5
9 34251 6 49 | 24153 4 | 89| 14352 4
10 | 34215 5 50 | 24135 3 |90 | 14352 3
11 53241 8 51 52143 6 91 51342 6
12 | 35241 i 52 | 25143 5 | 92| 15342 5
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Hpodoasicenue mabauywr 1

N R 1 N R 1 N R 1
13 32541 6 | 53 21543 4 1 93 13542 4
14 | 32451 5 | 54| 21453 3 94 13452 3
15 | 32415 4 | 55| 21435 2 95 13425 2
16 | 53214 5 |86 | 52134 5 96 51324 5
17 | 35214 6 | 57| 25134 4 97 15324 4
18 | 32514 5 | 38| 21534 3 98 13524 3
19 | 32154 4 | 59| 21354 2 99 13254 2
20 | 32145 3 [ 60| 21345 1 | 100 | 13245 1
21 | 54231 9 | 61| 54312 9 |10 54123 7
22 45231 8 | 62| 45312 8 | 102 | 45123 6
23 | 42531 7 | 63| 43512 8 | 103 | 41523 5
24 | 42351 6 | 64| 43152 6 | 104 | 41253 4
25 | 42315 5 | 65| 43125 5 | 105 | 41235 3
26 | 52431 8 | 66 | 53412 8 | 106 | 51423 6
27 | 25431 7 | 67| 35412 7 | 107 | 15423 5
28 | 24531 6 | 68 | 34512 6 108 | 14523 4
20 | 24351 5 | 69| 34152 5 | 109 | 14253 3
30 [ 24315 4 | 70| 34125 4 | 110 14352 2
31 52341 i ] 53142 7 | 111 | 51243 5
32 | 25341 6 | 72| 35142 o 12| 15243 4
33 | 23541 5 | 73| 31542 5 | 113 12543 3
34 | 23451 4 |74 ] 31452 4 | 114 | 12453 2
35 | 23415 3 | 75| 31425 3 | 115 12435 1
36 | 52314 6 | 76| 53124 6 | 116 | 51234 4
37 | 25314 5 [ 77| 35124 5 | 117 | 15234 3
38 | 23514 4 | 78 ] 31524 4 | 118 12534 2
39 | 23154 3 79 | 31254 3 | 119 12354 1
40 | 23145 2 |80 ] 31245 2 1120 12345 0

OuaTh e U3 JOTHKHA HyMEDAIFHA HCXOH0B CXe-
MBI IIEPECTAHOBOK € HJUIOCTpaNHeil Ha IOCJElN-
HeM TIpHuMepe, odesunno, ciaenyer IIPABUIIO:

pU niepexoe oT k-oro mara nepeGopa Mc-
XOJIOB MEPECTAHOBKY IS HAXOMXKICHUS dU-
cen mHBepcHil B ucxonax (k + 1)-oro miara
HY>KHO KO BCEM HYWCJIAM WHBepcHii k mcxo-
J0B KaXXJ0Tro nNy4dka k-oro mara npubaBuTthb
cooTBeTCcTBeHHO uncaa by =k, k—1,...,1,0.

Taxmm o6pasom, /15 HOACUETa HACE] HHBED-
cmit BCEX HCXONOB CXEMBI IEPECTAHOBOK pasMepa
k B rpache nepedncieHns €I0 HCXONOB [0 IIATAM
MOXHO, He IPHBONS BHIOB HCXONOB, BEITHCIATE
II0 TOMY YKe Tpady 4HcjIa HHBEPCHH BCeX HCXO-
OB CXEMBI IICPECTAHOBOK Ha BCEX IIarax, pykKo-
BOOCTBYsICh HpuBenenHbiM Bhime [IPABUJIOM,
VYKasblBasl B rpae B KAYECTBE HCXOJNOB IPOLEC-
ca UMCNA WHBEpPCHH B Hux. [lpABeneM mpumep
TAKOTO BEIYHCJIEHHs YHCEN] WHBEPCHH, YKA3bIBAas
Ha pedpax rpada 3HaYeHHs KOMIIOHEHT BEKTODA
b, cyMMEpyeMEBle ¢ 9HCIOM HHBEDCHH HCXOIOR
IPeNBLAYINero k-0ro mara s IOy IeHHs] THCe
uaBepcrii uexona (k+ 1)-oro miara B nopsiake me-
PEeTHCIEHAS] HCXOIOB,

ITpumep 2. B yeioBuax npuMepa 1 mrsa Ber-
QHCICHHS THCET WHBEDCHH BCEX HUCXOOB CXEMBI
TIepeCcTAHOBOK TIOJIyYaeM caenyrormmii rpad (eM.
puc. 2).

B pesympTaTre MBI IOIYHaeM KapTHHY COOT-
BETCTBHS BCEX HYMEPOBAHHBIX HCXOJ0B CXCMBL
IIEPECTAHOBOK C YHCIAMN UX HHBEDCHH.

TlpuBeneHHEBIH ANTOPHTM BBIMHC/IEHHS YHCEN
HHBEpCHil BCeX HCXONOB BeeX IIePecTAaHOBOK pas-
MepamMu k < n MOXKHO, IPEIBAPHTEIEHO 0603HA-
<mE gepes [+ = (I(k"'l),I(k), ey TN = e
JIA MHBEPCHH HCXOAOB IIEDPECTAHOBKHY H3 JTAHHOTO
cocTosmus Ha k-oM mare ¢ @ucaom masepenii %)
1o ryakamM rpadva, pasvepavu A+1, npencraBurs
PEKYPPEHTHLIM COOTHOIICHAEM

FEHE = P8 g (4)

rhe j OPHHAMAeT IOCHeNOBATENBHO SHAYEHUS
KOMIIOHeHT BexTopa by =k, k—1,...,0.
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Puec. 2. I'pady BEIMUCICHUS WHBCPCHIE CXCMBI TICPE-
CTAHOBOK

2. BRIYUMCJAEHUE BEPOSATHOCTHOI'O PAC-
NPEAEJEHWS YHMCEJ MHBEPCHI B MCXO-
JAX CXEMBI MIEPECTAHOBOK

Haxoxcnenue BeposaTHOCTHOTO —pacipeneie-
HHES <HCJIa HHBEPCHII B HCXOHAX CXEMBI IIepecTa-
HOBOK pa3sMepa 7. MOMKHO IIPOHM3BOIUTE IO pe-
3YJABTATY IL 1 IIyTeM MaApKHPOBKH BCEX €€ HCXO-
JOB [0 9HCIY HHBEPCHH B HUX ¢ TeleHHeM WX Ha
obIIee YHCIO MCXOA0B CXEMBI IIEPECTAHOBOK Pa3-

)

Mepa n Ha ! B cBs3E ¢ TeMm, 9TO B JAHHOI 3a1a4e
HE HCIOJIH3YeTCsI COOTBETCTBHE THCEN HHBEPCHI ¢
KOHKDETHBIMH MCXOMAMH CXeMBI HEPECTAHOBOK, A
YHCIIa WHBEPCHIL 115 PASHBIX IIEPECTAHOBOK MO-
ryT COBIANATH, KAK 3TO BIIHO U3 IPHMepa 2, To
MOMKHO TIPENJIOKHATE Go/lee KOMIAKTHYIO (ropMy
ANTOPATMA DACTETA KOJHYECTB HHBEPCHH HCXO-
JOB cXenMbl TIepecTanoBOK. CMBICH PAITHOHATIA3A-
IIHE COCTOUT B TOM, 9TO Ha k-0M mare rpada prc.
2 (k= 1,...,n) Mer 6yIeM ¥Ka3BIBATE UACTOTHI
yOrIBarOIIUX Ha 1 9HceSI HEBEPCHE 0T CBOEr0 MaK-
CHMAJILHOTO 3HAYCHAs Ha sToM mmare [ no I = 0
u epecunTeiBaTh ix 1o IIPABUJTY B ananorny-
wyto madopMannio Ha (k + 1}-oM mare: cnosa B
ropsiaKe yObIBaHHs BCE TUC/IA HHBEPCHH HCXOIOB
OT CcBOETO MakcuManbpHOro I, no 0, momyga-

EMEIX CHOKEHHEN C KOMIIOHEHTAMH BeKTopa. by,
6yZeM CTABATH B COOTBETCTBHE C MX YACTOTAMH,
BBIMHACISICMBIMH [IyTEM CJIOKEHWS YaCTOT IIPe-
MIeCTBYIOMAX 4ucen mEsepcuii. Mmes nosnyio
MOOBHY0 HCXOTHYIO HWH(pOPMAIHIO ISl IEPROIO
mara, T. e. IT = I} =0, b = (1,0), Mbr nomysa-
eM PeKYPPeHTHBIA METOI PACTeTa JacTOT TUCes
WHBEPCHi ISl BCEX HCXONOB BCEX IIEPECTAHOBOK
[0 DAHHOTO pasMepa n. s HoscHeHnsT BRIAHC-
JICHUI IIpI‘IBe,ILeI\-I "X HA 9YHCIOBOM IIpI/H\lepe, BBE-
a5t 0BOZHAYEHUS JT5T BEJIWTHH, YIACTRYIOIIMY B
pacHeTe COOTBETCTBHSI THCE] HHBEPCHiT €O CROW-
Mu gacToTamu Ha k-om mare (k= 1,2, .. n) ne
PEINCICHHS] MCXONOB CXEMBI LHEPECTAHOBOK pas-

Mepa n: 9HCIA HHBepcHit — Ip = (I ..., It ),
e s = Iy + 1, [, = 0; 9aCTOTHI HHBepCUH —
wi = (Wkys - - -, Wk, ), 0Oe 8 = I} +1; BekTOp poOCTA.

mces WHEEpCHi pH mepecdere ¢ (k— 1)-oro ma-
ra—bg=(k—1,k—2..,1,0) = (Br,-- -, bi,).

IIpumep 3. Hycre n = 5. Ilpemcrasum pac-
geTHI B BHOE Tabn. 2 (B TOpSIIKe ee cTONGLOR)
3HAYeHHiT Ha k-OM IIATe 9acTOT YHCEN HHBED-
CHIT Wy, HOSNUHAYHO YOBIBAIOIIHX YHCEJ HHBED-
cuit I 7 (B KpyIVIbIX CKOBKAX) KOMIOHEHT BEK-
topa bg. T. K. miHHEBL CTONONOB 1O LIaraM pas-
able, GyIeM IpH OTCYTCTBHH HHMOPMALNN 0CTAB-
JETE WX OYCTHIMHE. JJ15 IPOBEPKH GYIeM CBepsTh
CYMMBI TIO CTOJNOIAM () Ha KaXKIOM k-OM miare
€ HepPBOro MO 4-BIH ¢ IHCHOM BCEX
ero ucxomos (Ha k-om 1mare oHO parHO k!), npes-
CcTaBJICHHBIE HOCHETHEN CTPOKOH Tabul. 2 B cToI0-
nax wg.

B Tabua. 2 seegeHHble 0GO3IHAYECHHST s KOM-
IOHEHT Wy, {p COOTBETCTBYIOT HX HePedncICHHIO
CBEpXy BHH3.
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Tabauua 2

wh Il bg W 12 b3 w3 I3 b4 Wyq 14 b4
T el [T L0133 @2 nmt {83 L0
1550 28z 35
2 1 5 4
110 6 | 3
5 L2
3 |1
1E=T0
1 2 6 24

PexyppenTroe 3arnomHeEne TabI. 2 3HAYEHUIT
HHCeT HHBEPCHIl HCXOMOB CXEMBL [IEPECTAHOBOK [,
€ MX 9acToTaMH wk Ha k-om mare (k= 1,2, ..., n)
HPOU3BOAATCS U3 CJEAYIOMHAX COOOparkeHunii:

1) xaxxnoe u3 3HAYEHU YUCceT HEBEpCHit [, Ha
k-oM mrare mosyHaeTcs myTeM Tiepefopa pasHBIX
cyMM unces waBepeuit Ip_; Ha (k — 1)-om mare
C KOMIIOHEHTaMHM BekTopa by (B cooTBeTeTBHE C
puc. 2); %

2) KOMIIOHEHTEHI BeKTopa b NPDUHHMAIOT 3HA-
=serus ot (k— 1) no 0 (B coorsercremn ¢ puc. 2),
OTKyZJa chaemyeT, 4To 3HadeHds Ip B m. 1) npm-
HAMAOT 3Hadedust or I; no 0 (mo Bcem uennm
3HAYEHISM );

3) 3HAYEHWS YACTOT KA IOT0 U3 YHCEJI HHBED-
cHif MCXOMOB CXeMBI TEPECTAHOBOK Ha k-OM mrare
TOJYTAIOTCS LyTeM CJOKEHUHA YaCTOT wy, 3HAYE-
it qaucesr mmnepenii [ ma (b — 1)-om mare ¢
KOMIIOHEHTAME BeKTOpa by, NpuBOmsAmMe K mad-
HOMY YHCJIy MHBepcuii .

Bce nonysennsie uncaa B HUXKHEH cTpoke Tab-
JIHIBI COBNAJIAIOT € 9YUCIAMH HCXOJ0B, COOTBET-
CTBYIOLINX INATAM TEPECTAHOBOK.

Tosicenm Ba npumepe samonsenme Tabm. 2.
Haxpumep, npu k£ = 4 snagenune [y, = 5 MoxeT
OBITh HOMy9eHO caoxkeHneM Ig, +by, =3+2=5
¢ qacroroif wy, = 1 unu — cnoxenuem Iz, + by, =
2+ 3 = 5 ¢ gacToTO# w3, = 2, OTKYJA TIOJY-
9aeM, 9TO 9GHCIO mHBepCHd Iy, MMeeT wacToTy
Wy, = Wy, +ws, = 3.

Teneps paccy:KaeHHEM, AHAJOTHIHBIM IIPOBE-
JEHHOMY B OpHMepe 3, MOXKHO HOJYYHTE PEeKyp-
PEHTHOE COOTHOITEHAE /151 BRIMHCICHU S 9ACTOTHI
3aaHHOIO YHCIa WHBepcHii t Ha k-oM miare.

Yrena wasepenii Ba k-oM mare A3BecTHbL [ =
(F, =k(k—-1)/2, I, = el 0), 3anan-
HOe YHCJIO MHBEpCH { HMeeT xommnoHenTa [
rie m = I;:l —t + 1. Haiimem 38adenns ¢ Takue,
9to [ix oy, +J = t s j € bg. Torma ackomas
HaCTOTa THCIA MHBEPCHH t Ha k-OM Imare ecrhb

wWe, . = Z cu(k_l)!_
k1

— 2TO peKyppeHTa AJdd IMOJYYIeHHHA 9acTOTHl 3a-
HAaHHOTO 4YHCIa HHBEpCMﬁ Ha k-OM 1iare qHepes

(5)

TACTOTBI 9HCE] WHBepcHil ¢ HEZexcamu (k — 1);
Ha k-om miare.

IlpoBepuM  Teueps ONMH M3  DESYILTATOR
Tabu. 2 no noxygerHoi dopuyae (5).

Iipumep 4. [lycte k=4, t=5una k = 3-
eM IIare W3BecTHH wy = (w3, = 1,wy, = 2, w3, =
2,&)3_1 = 1) H Jg = (Igl — 3,]3_2 = 2, 133 =
1,13, = 1), a ba = (3,2,1,0). Haiinem smaue-
Hus ¢ Takue, 9ro I3, + 7 =t = 5 naa j € bs.
STo U3 3SHAYEHHAN i3 MOXKeT ObITE ¢ = 1, T. K. ajs
j=213+2=3+2=95amMm—-1=2,T K.
aig j =110, +3=2+3 =5 Otciomga upn

T =4-3/2=6mrm=06-5+1=2 monyuaem
wy, = w3, +wy, = 1+ 2 = 3, 9To coBUamaer c
COOTBETCTBYIONTUM PE3YIBbTATOM H3 Tabir. 2,

3. PEIIEHUAE 3AJAYYU HYMEPAITAX

Ecnmu ns HAXOXKIEHHsT BEPOSITHOCTHOTO Pac-
TIpeeNIeH s THCe)l HHBEDCHH HCXOIO0B CXEMBI TIe-
PECTAHOBOK GBLUIH BASKHEI JIHIIH JACTOTEL HX PA3-
HEIX 3HAYEHUH, TO JJIs PEIeHnsT 3aMa90 HyMepa-
OHH HCXOA0B ¢ (DPMKCHPOBAHHBIM 9UCIOM HHBED-
cuii BAasKHA HOCICI0BATEILHOCTE TACET HHBEPCHil
B TOPSJKE ILEPEHHCICHH BCEX HMCXOIOB CXEMBL
TIePECTAHOBOK, T. K. HCXOABL TOH CXEMEI TIOJY-
FAIOTCST IIYTEM OTOPAKOBKHE HECOOTBETCTEYIONTHX
"3 BCex obImeil CXeMEBI IepecTaHoBOK. [losTomy
BynenM H3y9aTh CTPYKTYPY HOCAENOBATETEHOCTH
HHCeI HHBEPCHIT HCXOMOB 00IIeil CXeMBI IiepecTa-
HOBOK B COOTBETCTEBMH C HX HOMEDAMH, OIPEIE-
JIEHHBIMH IIPH IEPEIACICHIE BCCX €€ HCXONOB Me-
TomoM TpadoB Ha N-OM MIATe, IS 9ero norpeby-
ercst agamorudnas MAEGOPMALASI H HA BCEX IPEI-
MECTBYIOMIEX IIarax.

Tlopsnok HepedncaeHns] SHCel MHBEPCH co-
CTOSHHIT B COOTBETCTBUN C TPHHATON BHOINE Hy-
Mepaiueil HCXOAOB CXeMbl [EPECTAHOBOK CIIeayer
us rpada Ha pHC. 2 B OIMPAETCS HA CJASNYIOIHe
3AKOHOMEPHOCTH IIYYKOBOI CTPYKTYDHL Ipada 1
H3MEHEHHsT 9UCEe WHBEPCH COCTOSHUE BHYTDH
KAyKJIOTO TIYIKA T MEKIY IY9KAMI:

1) =mcio myqaxos cocrosamii (o k, (kK < n)
HCXONOB B KAy 10M ) Ha k-oM 1mare pasuo (k—1)1;

)




2) pasMephl MYYMKOB OT TTAra K MIAry [Mpomec-
Ca YBeJM'IMBAIOTCS HA €NHHHIY H Ha k-OM mare
HMeIOT pasmep k;

3) wmesa WHBEPCHil HCXOJOB BHYTPH KaKIOTO
Ty9Ka YMEHBINAIOTCS HOSTUHHIHO B IODSIAKE HX
HYMEeDaTiH;

4) mpm mepecdere Wmcen MHEBEpCHil Ha k-oM
mrare U3 4uces wHBepcuii Ha (k — 1)-oM mare onm
BO3PACTAIOT B TIOPSAKe HYMEDAIIHH HCXOMOB Iie-
pPecTaHOBOK (CBepxy BHW3) Ha umcnma (kb — 1,k —
24 1,00

ITepearensTh 9UCHa WHBEPCHH BCEX HEXOIOB
CXEMBI IIEPECTAHOBOK OyZeM [OCHeI0BATE/ILHO
“epes SANSITYIO MO Iy TKAM, 3AK/II0Tas HX B KPyI-
JIbl€ CKODKII.

Taxum obpazom, AJITOPUTM 1 mepegnche-
His Ha k-OM [iare 4muces MHBEPCHI HCXOJOB CXe-
MBI IEPECTAHOROK B TIOPSJKE HX HyMeparua co-
CTOMT B BBIIOJHEHWW TIOCAETOBATENBHOCTH Neii-
CTBUIL:

1) BEIMCHBAEM MAKCHAMAJIBHOE THCIO HHBED-
cuit o hopuyne (2) I} = k(k —1)/2;

2) pesymerar 1) mopTopsiem k pas, naumHas;
€ HETO U HOeIUHHTHO YMEHBIIAS BCE IIOCHENYIO-
IITHE 3HAYEHHS KAK IHC/IA HHBEPCHI IEPBOTO My d-
K& MCXOJO0B;

3) pesyabrar 2) nosropsieM (k— 1) pas, maun-
Hasl C HETO M YMEeHbIIasl BCe TIOCAeAYIONIHe 3HAYE-
Hus 13 2) B KaXKA0# caeayiomeit Kpyriioi ckobke
Ha 1;

4) pesynbsrat 3) nosTopsieM (k—2) pasa, nadqm-
Hasl ¢ HeTO U YMEHBIIAS BCE HOCAENYIOIIHE SHAYE-
HHUS U3 3) B KarKI0 Caeayomeil Kpyriioi ckobxe
Ha 1;

5) ® T. I, AHAJIOTHYHO 10 TEX TI0P, TOKa YHC-
Jio TpeOyeMBIX IIOBTODOB HE CTAHET DABHLIM 1,

1. e. (k— 1) paz. Torza pe3ynbTaT IPeIBIIYIIETO
HyHKTa Gy1eT HTOTOBEIM.

IIpumep 5. Briommen NOCAENOBATENBHOCTE
qHucCeJr I/IHBepC}IIL’i JLJIsL k = 4 jile] IIpHBE_I[QHHOl\Iy aJa-
COPHTMY H CBEPHM DE3VALTAT ¢ HOJYUCHHBIM Ti0
rpachy Ha puc. 2.

Tlonygaem mo 1) I = 4-3/2 = 6; no 2) upu
k=4-(6,5,4,3);m03)opuk—1=3- (6,5, 4,
3)(5 4,3,2),4 82 1); 04 upa k — 2 =

- (6543} (5432) (4,3,2.1), (5,4, 3,2),
(4 3,2,1),(3,2,1 ,0) — (6) 370 OKOHUATENHHBI
peayabrar (T. K. e 3 = 1), KOTOpHIil coBIATAET
¢ pesyabraToMm no rpady zHa prc. 2.

Sameuanue 1. Pesymprar npuveHenus: AJl-
TOPHUTMA 1 mepeducieHHs 4HCET WHBEPCHIT
IS BCEX HCXOMOB CXEMBI TIEPECTAHOBOK, 3aHYy-
MepOBAHHBIX HONPS, AACT OCHOBY LOJIYYEeHH:
KaK THCIEHHOrO, TaK H TEOPETHYECKOrO petie-
HOST 380498 HYMEpalun s JoBoro 3ajanHo-
ro 9HUCTA WHBEPCHH IIyTeM YCTAHOBJIEHHUST COOT-
BETCTBYIOIIAX €My HCXOJOB CxeMbl. Torma 1ipw
HOBOH IEPEHYMEDAIHH PA3HBIX SHCEN WHBEPCHI
ToIydaeM s J060ro 3aJaHHOTO HHCAOM pPas-
Mepa [TePeCTAHOBKH IPOrPAMMHO-Tab HIHbL pe-
3YALTAT PENIEHUs] 3a0a4H HYMEDAHN J1JIsT THCET
WHBEPCHH €6 MCXONOB ¢ PACIINPEHAEM BIAHMHO-
ONHO3HAYHOIO COOTBETCTBHS HOMEDOB YHCE HH-
BEPCHil ¢ UCXOMAMHA CXEMBI IIEPECTAHOBOK HA WX
COOTBETCTBHE C HEKOTODPBIMH HEIIEPECEKAIO TN H-
€5l MHOMKECTBAMH HCXOMOB CXeMBl. [lokarkem 310
HA IIPHMEDE.

IIpumep 6. IlpencrapuM Pe3yILTAT HPHME-
pa 5 B (opMe YHCIESHHOIO PEe3YIbTATA PELIeHHSs
3aAa9A HyMepalul A/ THCe] HHBePCHI HCXOT0B
exXeMbl TIepecTaHOBOK 1pu £ = 4 B Buge Taba. 3.

Tabaruuo 3

Ne | [ | BCXOABI CXeMBI TIEPECTAHOBOK

e i 32 1)

2 5 (3} 4 2’ 1)? {4) 2! 3? I)? (4) 3? ]'? 2)

A R e S e e e e R T S S R

Al A (a2, A ) B ), (32 4 2 )
e R e ey

61 [ AL 324, (1,2 4, 3)

700 @234

I[Ipamaga zagaya HyMepanmuu

Iycrs naHbr HOMEpa UCXOAOB CXEMbL [HEPEecTa-
HOBOK ¢ (DHKCUPOBAHHBIM WHCIOM HWHBepcuii t.
TpebyeTcs HAWTH BHIBI COOTBETCTBYIONIAX HCX0-
JOB. DTa 33494, peIIeHa, T. K. OHA 3KBHBAJICHTHA,
UPAMOH 3a4a7e HyMEeDAIHH B CXeMe IepecTaHo-
BOK, & OHA TE€OPETHHeCKH peliena B (1],

O6parHas 3a7adya HyMepalumn

Iiyers HaHO 9ECIO0 HHBEPCHI HCXOma CXe-
MBI TEPECTAHOROK. 1pefyercs HANTH HOME-
pa COOTBETCTBYIOLUMX ee HCxonoB. IncnenHo-
[porpaMMHOE pelleHue clelyeT W3 Ipumepa 6,
T. K. COOTBETCTEHE 9HCENI HHBEPCHIT HCXOI0B ¢ HX
BHOAMHA IOAYY9aeTCs KAK B IpuMepe 6, a u3 Teope-




THYECKH pelrennoil B [1] upsiMoii 3anaqu nyMepa-
IHH ISl CXeMEL TIePeCTAHOBOK H3 BHIOB HCXOIOB
HaXOASITCSA HX HOMepaA.

3ameuanue 2. Teoperudeckoe perieHue oG-
paTHO# 3a0avu Hymepanuu (B CHAY €e peLieHus
B [1] a5 cxeMbl HepecTaHOBOK) MOMKeT OLITh Mo~
JVIeHO win B (pOpME HOMEPOE HCXOJOB CXEMbI
IIepecTaHOBOK, KA B GOpMe BHAOB KOHKDETHBIX
€€ CXOJO0B, COOTBETCTBYIOIIUX 3aJaHHOMY SHUCTY
YHCIa HHBEDCHH B HHX.

IIpencrasum TeopeTHHecKoe pelreHHe obpar-
HOM 331a9H HYyMepanud B (hopMe HEKOTOPOTO aJi-
roput™Ma B mpogomxenmne K AJII'OPUTMY 1,
UpHEBEAS] HeOBXOMUMBIE TIOSICHEHWsI W 0bo3Hatqe-
HUSI.

AJITOPHUTM 1 maer mepeveHs SHCENT HHBED-
CcHil BCEX HCXOJOB CXEMBI IIEPECTAHOBOK II0 WX
06 beqHHEHHBIM B KPYIVIbIE CKOOKH IIYyTKAM B TI0-
psigke ux mepeumcienus. Ha k-om mare (k =
1,2,...,n) mmeem (k — 1)! Takux KpPyIIBIX CKO-
HOK, B KOTOPBEIX HAXOIATCS yOBIBAIOIIHE Ha €11-
HHIY LOEeJIble SRcTa U3 MAoKecTBa (o (2) m (3))
k(k—1)/2,k(k—1)/2—-1,...,1,0

Ao samamrmOoro uwena wHBepcHit t Gymem Ha-
XOIHTHL COOTBETCTBYIOITHE MY HOMEpPa HCXOA0B
CXEMEI TIEPECTAHOBOK 9EPEe3 MOPSITKOBRIE HOMEDA
pu nepeuncaernn o AJITOPUTMY 1 kpyr-
JBIX CKOBOK, HX CONEPZKAINNX, W WX HOMEDA B
KPYIIBIX CKOOKAX, CYMTAST 3TEMEHTEl B KayK 0
Kpywioil ckobke, ¢ exuaunsl. Hazosem artu jei-
crBua AJITOPUTMOM 2, cocToamuM U3 Cheay-
IOHIMX IIAroB:

1) uponymepyeM KpyrJible CKOOKH B De3yiIb-
TaTe npunvenenns ATTOPUTMA 1 ¢ 1 B nopsaz-
Ke X NoJydeHwus, o003HAYas HX HOMEpa depes
Cy,Cs, ..., Cig_1y, & HOMEpa 3JIEMENTOR 7-0ff U3
mux (r=1,2,...,(k— 1)) uepes jr, .-, jr;

2) obosHavuM HAMMEHBITHE 3HAYCHHS H-

cell B KPYDJUBIX CKOBKAX — COOTBETCTBEHHO
9epes  ai,as,...,qx—1), & Hawbomemme —
b1,b2, ..., bip_1) | AT 33JAHHOTO YMCIA HHBED-

cuii { HafiieM HOMepa KDYIVIBIX CKOOOK, comep-
JKAIWX 3JIEMEHT © U3 YCAOBHIT Ijis j-0if CKOOKH
g; St by, 5=12,...,(k— 1)}

3) s Kask10T0 M3 HaliIeHHBIX B 11 2) 3Haqe-
HHII HOMEPOB KpPYIVIbIX CKOOOK j € J, comepixa-
MU 3HaYenHne ¢, HaiineM ero Homep x; = bj—i41;

4) MCKOMBIE HOMEpA HCXOAOB CXEMbL IePecTa-
HOBOK C 3aJIAHHBIM YHCJIOM HHBEDCHI { Iomyda-
10TCH IS KayKaoro j 1o gopMyae

Nic,) = (C; — 1)k + ;. (M

Mo penternoii & [1] 3a1a%e HYMEPAIIH 151 CXEMBL
TIePecTAHOBOK [IPH HAHIEHHEIX TI0 (7) HOMepax ee
ACXON0B Gy/eM CHMTATE M3BECTHRIMH WX BHJIBL.

IHoxkaxxem pabory AJITOPUTMA 2 nma mpu-
Mepe.

IIpumep 7. Iyers £ = 4, t = 2. To-
IJa B VCAOBHAX HpHMepa 5 mmeeM mo (6) me-
pedeHb €UHCEN HHBepCHH, cocTosnmii ms 4! =
24 mCXO/JaM €XEMBI [IEPECTAHOBOK B HOPSIKEe HX
HyMepanun ¢ HoMepamu ot 1 mo 24, obnemm-
HEHHBIX B KDPYIJIBIE CKOBKH IO IYy9IKAM HCXO-
moB cxemer pasmepa 4 (6, 5, 4, 3),(5, 4, 3, 2),
(43 3, 2, 1})(55 4, 3, 2)?(47 3, 2, 1):(3v 2, 1, 0)
Cogepmaen geficreua o AJITOPUTMY 2:

1) HyMepyeM KpyDJible CKOOKH 9HCeJ HHBED-
cuii or 1 10 6 B TOpsAKe HX IpeJCTABIEHHS B
(6), a WX 3IeMEHTHL — HOMEpPaMH B KasK Aol ckob-
Ke oT 1 xno 4;

2) mysi KasKIoH KpYTiaoil ckoBKH HpoBepsieM
YCNOBHS HAJIMHHS B Heil wncaa 2: a; < 2 < bj upmI
61:3, QQ=2, az = 1, ﬂ.4.=2, ﬂ:5=1, a6=0
Hb]_:ﬁ, 1)225, b3=4, b4=5, 5524, b6=35
rosyuaen 3Hadennst j 1 Co =2, C3 =3, Cy = 4,
05 = 5, Cﬁ = 6;

3) maxonuM IS HAfAEHHEIX B I 2) HOMEpPOB
kpyrabx ckobok § = 2,3,4,5,6, comepxkamux
ajieMeHT t = 2, ero HOMepa B KPYIVIEIX CKOGKax
r;=4,3,4,3,2

4) no pesymeTaTaM I. 1. 2) B 3) BRMHCTTEM
no (7) HOMEpa HMCXOIOB CXEMBI IIEPECTAHOBOK C
3aMAHHBIM 9HCJIOM WHBepCcH#l ¢ = 2 — 5TO HOMe-
pa: N(z) = (2— 1)4+4 =8 N(g) = (3— l)4+3 =
19, N(g) = (6—1)4+2 = 22, 970 COBIAAACT C NPsI-
MBIM BBIMHCACHHEM 9HCEN HHBEPCHIH II0 IIepednc-
JICHHIO BCEX COCTOSHHN CXEMBI IEPECTAHOBOK IS
E—A.

Torma 1o pemressoll B [2] sanase nymMeparn
JUTSI HCXOJOB CXEMBI TIEPECTAHOROK IIPHEBEIEN BHT
BCEX MCXONOB ¢ THCIAOM WHBepcHi 2 1o Haiimzen-
"EIM B 1. 4) mx somepan: (2, 3, 1, 4), {2, 1, 4, 3),
(3,1,2,4), (1, 3,4,2), (1, 4, 2, 3), w10 connamaer
C Pe3y/IbTATOM HPSMOTO HOACIETa SHCEI HWHBED-
cmit mexogos npu k = 4 no rpady va puc. 2.

4. MOJEJUPOBAHUE IIEPECTAHOBOK C
3AJAHHBIM YHUCJIOM WHBEPCHHA

Ilycrh B HepecTaHOBKE pasMepa n Tpebyercs
CMOJIEJHPOBATE HCXOM ¢ 33JaHHBIM SHCJIOM WH-
BepcHii t.

IIIaru MoOJeTHPOBAHMA:

1) uepeHyMepyen moAps ¢ 1 Bee BHIEL Hexo-
JIOB ¢ JAHHBLIM WYHCJIOM WHBEDCHI, IOy 9eHHbIC
B 3 o AJITOPUTMY 2, zanucas ux B Tabmanigy
(qmes0 TAKHX HCXONOB w OUPEAsSeTes B 1. 2);

2) pasnIrphiBast €ro Homep OT 1 10 w no m. 1),
HAXOMHAM BHJI CMOJICTHPOBAHHOIO HCXOJA.
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