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An initial-boundary value problem for the 1D self-adjoint parabolic equation on the
half-axis is solved. We study a broad family of two-level finite-difference schemes with
two parameters related to averagings both in time and space. Stability in two norms
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rigorously derived for schemes by applying the method of reproducing functions. Results
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1 Introduction

In many applications, a problem of solving partial differential equations
in unbounded domains arises. A number of approaches to the problem is
developed mainly associated with the statement of additional boundary con-
ditions on artificial boundaries [1]-[6]. The conditions are called the (exact)

artificial /non-reflecting /transparent boundary conditions provided that they
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are satisfied by the solutions of the original problems in unbounded domains.
For definiteness, we exploit the last name (TBCs). For parabolic evolution
equations or for the Schroodinger equation, the TBCs are integro-differential
relations along the artificial boundaries. Their adequate discretization is non-
trivial since it can produce significant reflections from the boundaries and even
instability in computations as well as create difficulties in rigorous proofs of
stability of the resulting numerical method.

An alternative approach suggests to implement the idea of the TBCs on
the mesh level. Namely, first one consider a discretization of the problem on
an infinite mesh in the unbounded domain (which is not practical because
of the infinite number of unknowns). Its solution is restricted to the finite
mesh by deriving a mesh counterpart of the TBC on the artificial boundary.
One version of this approach is associated with the derivation of discrete
TBCs requiring to solve analytically model mesh problems on infinite grids.
This approach had worked well by the complete absence of reflections from
artificial boundaries and reliable stability of computations in practice as well
as by clarity of the mathematical background and rigorous proofs of stability
of the resulting mesh method in theory. Such an approach is developed in
detail for 1D time-dependent Schrédinger equation in [7]-[11] and also used
for 1D parabolic equations in [1, 12, 8, 6, 13].

In this paper, the approach is developed for the 1D self-adjoint parabolic
equation on the half-axis. We study a broad family of two-level finite-
difference o-schemes with averaging in space with a weight . We prove
its stability by the energy method and rigorously derive the discrete TBC by
applying the method of reproducing functions. Notice that both points are
not so well developed in some other papers. Similarly to [11], this allows one
to cover in a unified manner a collection of particular schemes: the standard
scheme without averaging (§ = 0), the linear finite-element method (6 = ),
scheme of higher order of accuracy (for constant coefficients, 6 = %) and a
vector scheme on a four-point stencil (6 = i) The results generalize those
obtained for § = 0 in [13] but here we prove stability in two (not one) energy

norms, the rigorous derivation of the discrete TBC is notably different and

results of numerical experiments are included as well.



Notice that the results for the family of finite-difference schemes can be

enlarged for the 2D (or multi-D) case exploiting the technique from [14, 15].

2 An initial-boundary value problem and a finite-
difference o-scheme with averaging in space and an

approximate TBC

We consider the one-dimensional parabolic equation

ou 0 (. Ou
pEJrAU—f, Au = ~ 5 <b£>+cu (1)

for x > 0 and ¢t > 0. Its coefficients satisfy the conditions p(z) > p > 0,
b(x) =2 v >0 and ¢(x) > 0 for x > 0.
Equation (1) is supplemented with the following boundary condition, the

condition at infinity and the initial condition:
Uz—0 = g(t), u(x,t) >0 as z — oo, for all t > 0, (2)
ul,_y = u’(z) for z > 0. (3)

We assume that the coefficients become constants as well as f and u” vanish

for sufficiently large x > X (for some X, > 0)
p(x) = Poo > 0, b(x) = boo > 0, C(x) = (o 2 0, f(x,t) =0, uO(x) =0. (4)

An integro-differential TBC satisfied by the solution to this problem can
be written in the Dirichlet-to-Neumann form

ou Poo —(Coo/ Poo 1 d ! Coo 00(9 do
%(X,t):—\/%e (cs/p )tﬁ%/OU(X,Q)e( /Poo) \/ﬁ (5)

for t > 0 and for any X > Xj; other equivalent forms are also known. The

TBC is nonlocal in time; recall that the involved operator

D1/2w(t) - 14 /tw(ﬁ) i for t>0

defines the classical left-hand Riemann-Liouville time derivative of order % on
the half-axis [0, 00). But we do not exploit this TBC explicitly below.



We fix some X > X, set 2 = (0, .X) and introduce a nonuniform mesh
Wheo i1 @ on [0,00) with nodes 0 = xp < -+ < xy = X < ... and steps
hj = x; — xj_; such that hy < X — Xy and h; = h = hy for j > J. We set
Tj_yp = = 12+$’ and hj, 9 := m Let Whoo := Whoo\ {0}, @n = {2}

and wy, = {x]}jz_ll Let Hy(wy) be the space of functions on mesh @), that

equal 0 for zg = 0.
We define the backward, modified forward and central difference quotients
in x
W; — W,
hj

Wit =W

hjt12

Wi — Wi
2hj 112

ngJ = ) 517W] = s (%ij =

9

together with averaging operators in x

h; hi
S = W, + =L W,
’ 2h]+1/2 2h]+1/2 JH
h.
soW, = eh, W1+ (1 —20)W; +9h7“ Wi
j+1/2 J+1/2

and a more general mesh counterpart of multiplication by a mesh function s,

hj R b
09[%h]Wj = ‘9—3%th1'_1 + (1 — 29)(Sx%hj)Wj + (9—]+1 up,
hjt12 i11)2

Wj—|—17

J+1
see [11]; clearly Cy[1] = sp. Notice that sgW; = s, W, + s; W5, where
SH_WJ =0W;_1 + (% — Q)WJ, WJ = (— Q)WJ + O0Wjyiq.

We also introduce a nonuniform mesh in ¢ on [0, 0o) with the nodes 0 = ¢, <
- < t, <...such that t,, — oo for m — oo and the steps 7,, :=t,, — t;_1.
Let w™ := @™\ {0}, wi, := {t,}}_,. We also define the backward difference
quotient, the mean value with the weight o (independent of the meshes) and

the backward shift in ¢
. (I)m . (I)m—l .
9P = ———— DM =" 4 (1 — )DL, P = L

Tm

We study the following finite-difference scheme, which is weighted in ¢ and

averaged in z, on a finite mesh with an abstract approximate TBC for the



initial-boundary value problem (1)-(4)

Colpn]0:U™ + A U™ = F™ on wy, x w7, (6)

Uit = g(t,) for m=>1, (7)

booD U™ 4 hysy (pscOtU + cooUNVT = b o S™UT form =1,  (8)
U’ =U) on w, (9)

with the operator A, W := —5:5 (bhng) + Cylep]W and the functions

Phj = P(Tj-1/2); bnj = b(xjo1y2), cnj = c(xjo1pa), FJ" = f(x),tm)

and Ugj = u’(z;) (for simplicity, for continuous p, b, ¢, f and ug). Thus
UY,; = 0; we also assume that Uy, = 0. Here 8™ is any linear operator acting in
the space of functions given on the mesh w], U{0}, and U’} := {Uf}, . Uf,”}

Now we discuss the approximate TBC, i.e., the boundary condition (8).
Let an equation

m

(poogtU -+ COOU(U))] =S8"U7} for m>1 (10)
J

2

boo

[¢]

5 [Uw) _

serve as an (abstract) approximate TBC for (5) at the node z;; here we
have discretized % with weight in £ and symmetrically in x. We first write
down equation (6) on the mesh wy U {z;} and apply it at the node x; only
in order to eliminate the values U§?1 involved in the left-hand side of (10).
Namely, since (%xWJ =0, W, + %@ 0,W, taking into account (4) we get the
boundary condition (8). Importantly, the boundary condition (8) for S = 0 is
the natural approximation of the Neumann boundary condition for this finite-
difference scheme for x = X. Such an approach was implemented earlier in
9, 13, 11]; it reliably leads to the computationally stable form of discrete
TBCs (in contrast to some other approaches).

The corresponding three-point system of mesh equations for a vector

% m} _, of the solution values on the upper level, has the form:

ag Uity + (B35 + B2)Uf" + a1 Ujy
= ay_ 1]Um11+( o1t B ) U "ol 1;+1U+1 + hj 0B



for1 <)< J—1,

Uy' = g(tm), oy ;UM + (268551 5 — o)UY
= ol U + (2851 — ey U+ D> U, (10)

oi<m—2
compare with [11]. Here the coefficients are given by formulas
hjpnj b hjpn; bhj
a” =60 L hicp: | —o—2L, g™ = (-6 Jo hjchj —
for 1 < j < J; in particular, for j = J, these expressions become more simple
hpso boo 1 hpso boo
= (—+0hcoo>—07, by =(—10) - + ohes +07~
Equation (11) is written assuming that the operator in the approximate TBC
has the form S"U"} =) Ml(m—z)Uﬂ-
1=1

3 Stability of the finite-difference scheme on the finite
mesh with the approximate TBC

We consider the stability problem for the finite-difference scheme (6)-(9)
with respect to the initial data U?, the free term F' and a perturbation in the
boundary condition (8) and take g(¢) = 0. We need to introduce several mesh

counterparts of the L?()-inner products

J—1 J
(ViW),, = ViWihjip, (VVW)g = ViWihy,
j=1 7j=1

VW), <VW)+wwi

and the corresponding norms |||, , || |lz,, |||z, (of course, for mesh functions
given on wy, or belonging to Hy(wy)).

We introduce a bilinear form
(U, W)Ce[%h] = (Cg[%h]U, W)wh + %hJ(Se_U)JWJhJ for U W € Ho(wh).

According to [11], it is symmetric for § < 1 and generates a norm ||W ||, [, =

(W, W)é/f[%h] for ¢, > 0 (or a seminorm for s, > 0). Moreover, an inequality

Vb Wz, < Wy < v/ (1 + 4max{~0,0})5[|W ]|z, (12)




holds for any W € Hy(w;,) and 6 < 1, where ¢ = 1 — 4max{6,0} and

0 = max pPp;
p 1<]<Jp a

We also introduce mesh counterparts of the norms in L?(0, ¢5;) and L*(€ x
(O, tM)):

M o \12
190, = (@) 1l = 1 Bl 0 ot = 1+

m=1

and also set || - ¢, g, = I |- lcupalleg, for s > 0.

Proposition 1 Let U be a solution to the finite-difference scheme (6)-(9)

with a generalized boundary condition (8):
bao0 U™ + hysy (ph0U + chU)T = booS™UT + G™ form =1, (13)

where G is given on w”. Let the operator S satisfy an inequality
M
(Sm®™) @My <0 for any M > 1 (14)
m=1
for any function ® given on @™ such that ®° = 0, where " = {®t, ...  d™},
Then, for o > % and 0 < i, the first energy bound
max{ max 10" lc,jp V21Ul 1) b < 10S oo

0<m<M
M

K, - >
b S Ot 2 POy + VRGO (9
C@Bmzl 1% M

holds for any M > 1 and for any decomposition F = F©) + 8 FW such that
FW|;_; =0, with K, :=2(c + |1 — o). Here the norm ||U||q1) is such that

11}y = (0 = DINTOU 25,15, + V018U N2 + 10 11,

The bound holds also in the case 6 = i provided that F©Y) =0 (one has to
drop the summand with F 0) ).

Consequently, for o > 5 and 0 < , the scheme has a unique solution.

Proof. We take the (-,-),,—inner product of equation (6) and a function

W € Hy(wy,), sum the result by parts (using the second assumption (4)) and



obtain

(Colpn D™ W), + (bh@U(U)mﬂxW) + (C’g[ch]U(U)m, W)

Wh

= b (DU ™YW 4 (™, W) (16)

wp *

Choosing W = U™ and applying the boundary condition (13) and other

assumptions (4), we get
(gtUm, U(G)m)ce[ph] + (bhng(a)m,ng(a)m)&h T (U(cr)m’ U(U)m)CQ[ch]
b (STUT U™ = (F UO™), + G"UY™ for m > 1.

We multiply the result by 7, and sum up it over m = 1,..., M. Applying
the formula U@ = U0/2) 1 (5 — l)TgtU ., we obtain the first energy equality

SNUME, ) + (@ = DINVT UG, 17, + 1V 0w 0:U 2,

HIT N oz, = boo D (S™UY U ™5y = L|URZ, g + TV (17)

iMi

for M > 1, where

W3 [ pm, + G 5

m=1

For F = F©) + 8 FU) we sum the result by parts and derive the following
bound

HF e (U™l + 11 = U™ ) 7o

+ HMi

1 A g
Py + VRIGILIB

M
< (o] +11=0) Y IFO" g7 max [[U™,
m=1

0<m<M
1 3 o
o (1Pl + VXN Gllag, ) 10Ul
Using the left-hand inequality (12), conditions o > 5 and (14) and applying
the standard argument lead from the first energy equahty (17) to bound (15).
It is well-known that such a bound implies the existence and uniqueness of a

solution to the finite-different scheme.



Remark 1 In the case 0 = 7, one can generalize bound (15) and next
stability bounds for F©) # 0 as well, see [11].

We also define a symmetric bilinear form
Lo,y (U, W) = (040U, 8,W )z, + (Colen]U, W), + Cools; Uy)Wyhy
for U, W € Hy(@w)) and derive stability in the norm Wz, = Lap(W, W),

Proposition 2 Let U be a solution to the finite-difference scheme (6)-(9)
with the generalized boundary condition (13) instead of (8). Let the operator
S satisfy an inequality

M
(S"®™) 0,9" 1, <0 for any M > 1 (18)

m=1

for any function ® given onw™ such that ®° = 0. Then, foro > 1 and 0 < —

Do

the second energy bound

2
m < 0 (0)
mox{ 107, V2 WUl } < 108l + | 17

M M
4 — _
- (1)0y - . 0 m
+ 5 [IF, + 2 IB:F 7+ VX (IG I+ G )| )
holds for any M > 1 and any decomposition F = F© +(9 FW) with FO |j J=
0. Here

M

U1 = 3 [0 = DB, + 1802,

m=1

The bound holds also z'n the case (9 = i provided that F(©) = 0.

Consequently, for o > 5 and 0 < ;, the scheme has a unique solution.

Proof. We choose W = 9,U™ in (16), apply the boundary condition (13)

and assumptions (4) and get

@U™ U™) ¢,y + Lina (U@m g,um)

—boe (S™UM O, UT = (Fm,gtU?)wh + GMOUT for m > 1.



We multiply the equality by 7,, and sum up it overm =1, ..., M. Applying
again the formula U@ = U2 4 (¢ — %)TgtU, we obtain the second energy

equality
M
Z 0™ e 7+ HIU I, + o = D3 1007, 7
N m=1
—bog Z (SmU?) gtUgnTm =35 HUh nghe I(Q)M (20)
m=1

for M > 1, where
M
=Y [(F", 0U™ ), + G"OUT] Ty
m=1

For F = FO + 8 FU we sum the result by parts in ¢ and z and get

M
J— A m:M
1M — Zl(F@m, U™ )T = (U™, 0.0z |
M = )
+ 3 @FO™ BUm g+ (GUPEEN - S @G U,
— m=1

< NFO e 18U e + 2[“1;(1)0“%

Osm<M

M M
+ > IOF Ol 7+ VX (1G] 4+ 106" 70) | max (10,07,
m=1 m=1

Using the left-hand inequality (12), conditions o > 1 and (18) and applying
the standard argument lead from the second energy equahty (20) to bound
(19).

4 Stability of the finite-difference scheme on an infinite

mesh

In order to construct and study the discrete TBC, we first turn to the

finite-difference scheme on an infinite mesh for the original problem (1)-(3)



on the half-axis

Co[ph] gtU + .AhU(U) =F on Whoo X w’, (21)
Ut = g(t,,) form >1, (22)
U’ =U) on @ (23)

Assumptions (4) are supposed to be fulfilled. Let g(t) = 0 and U}|;—o = 0.
We introduce the Hilbert spaces Hy, and Hj, (mesh counterparts of L2(R*))

consisting of functions W given on the meshes respectively @y, » (and with
(0. ¢]

Wy = 0) and wy o and such that |[W]|7 = > W7 < oo, equipped with the
j=1

inner products

(V,W)n vajhj+1/2, (V,W)5 ZVWh

j=1

Since h; = h for j > J, the conditions |[W||; < oo, [|[W][} < oo and
W% < oo are equivalent.
h

We define symmetric bilinear forms [11]

(Vv W)Ce[%h],oo = (09[%h]‘/7 W)Hh7
/:’Hhe(vv W) = (bhngv ng)ﬁh + (CG[Ch]Vv W)Hh

for V,W € Hj,. They generate norms ||[W{|¢,nq0.00 = (W, W)lc/f[%h] ., for s, =
pn (a seminorm for s, = c) and [W]g, = E%}i(W, W). Moreover, an

inequality

Vo W, < IWlleyiml.oo < V(1 + 4max{—0,0})5[|W |,

holds for all W € Hj, and 6 < § [11].
We also define the mesh counterparts of the norm in L2(R™ x (0, tx/))

e = N lleg,s 1 g = 1 Mg, lleg, -
H HHMT Hy, Whr? HM’T Hy 1@

Proposition 3 Let F = FO) 4 8 FO with F(O)m € Hy, and FU™ ¢ f[h
for anym > 1 and U) € Hy,. Then, foro >0 and 6 < 1, there exists a unique
solution U™ € Hy, for all m > 0, to the finite-difference scheme (21)-(23),



and 0 < i, the first energy bound

and, for o > %

e { max ||U™|¢; .00 V2 HUH(”’OO}

0<m<<M

M

K, . 2

< 1T im0 + i > MFO™ 7 + \[; 1Y 0. (24)
—m=1

holds for any M > 1. Here

— 2
U100 = ||/ (@ = D8 csmoo | + 10 s, W,

The bound holds also in the case 6 = i provided that F(O = 0.

Proof. We extend A, and Cy[pp] up to operators acting in Hy, by setting
(AW)o == 0 and (Cy[pp)W)o := 0. By virtue of assumptions (4) and the
property h; = h for j > J, the operator A; is bounded Hj. Moreover,
Ay = Aj > 0 since

(AW, V), = L, (V, W) (25)
for any W,V € H;. To establish equality (25), one can first transform the

J1
finite sum ) (A,W);Vjhji1/2 by summing by parts (compare with the deriva-

7j=1
tion of equality (16)) and then pass to the limit as j; — oo using the property

lim;_,oo W; =0 for W € Hj, (as in [13] for § = 0).
Now we rewrite equation (21), together with the homogeneous boundary

condition (22), as an operator equation in Hj,
Cylpn) U + AU = F on W (26)
Thus
(Colpn] + 0T ANU™ = (Cylpn] — (1 — )T Ap) U™ + 1, F™ (27)

for m > 1. For o > 0, the operator Cy[ps] + o7, A, is bounded, self-adjoint
and positive definite and therefore invertible. Since for U™ € Hj, the right-
hand side of equation (27) also belongs to Hj,, we find that the eqution has a

unique solution U™ € Hj,.



Equation (26) with the help of property (25) implies the first energy equal-
ity

M
177M 2 1 3 rrm||? o)m||2
U Beyjgon + D2 | = 3 IVFRBU 0+ 10" g o] 7o

m=1
B M
VBB e = ORI, oo+ S U™ g, (28)

compare with (17). Similarly to the proof of Proposition 1, it implies bound
(24).

Remark 2 Proposition 3 remains valid for any pn, by, and ¢ satisfying

the conditions py, = p >0, by, = v >0, ¢, = 0 and sup (pp; + bpj + cpj) < 0.
o j=1

Remark 3 The solution U = U, to the ﬁm’te-dz’ﬁerence scheme (21) (23)
(specified in Proposition 3) depends continuously on o > for any 0 <
Indeed, let oy > 1/2. Then the difference U, — U, satzsﬁes the opemtor

equation i Hj
Colpn] 0,(Uy — Uyy) + An(Uy — Up ) = (00— 0) An(Uy, — Uy, on w™. (29)

Let InVy = 37 iy Viliyryo for j = 0. Since U) —Up = 0 and AW =
§x(—bh8xW—l—IhC’g[ch] W) on wy, ~, the property follows from bound (24) (with
FO) =0) applied to equation (29).

We define the mesh counterparts of the norm in L?(X, co) such that

h o
WIS, =5 Wi+ Z Wih, W% = Y Wih,

j=J+1 j=J+1

W2, 0, = (sg W) Wah+ ) (ssW);W;h
j=J+1
concerning the correctness of the last definition, see [11].

Corollary 1 Let FI" =0 and U,?j =0 forj > J andm > 1. If the solution
U™ € Hy, for all m > 0, to the scheme (21)-(23) satisfies the approrimate



TBC (10) with some operator S = Sy, then an equality
ym_ 1 UM
_booz ref Tm = §pOOH HS@Dh

M
+ 37 (0 = Do BU™ 2, b, + bl + U™, b, | 7

m=1
holds for all M > 1. Its right-hand side is nonnegative for o > %
Proof. By virtue of equation (21) at the node z; with F'}* = 0, relation
(10) is equivalent to the boundary condition (8); thus, the solution to the
scheme (21)-(23) satisfies the scheme (6)-(9) as well. Taking the difference
of the energy equalities (28) and (17) (with G = 0) and applying simple

identities
W, = W, + IWI5,, W5 = IWIE, + IV .
W&, om0 = IWIE, 1oy + 20 W2, b,

for any W € Hj, and s, = py, ¢, we obtain the announced equality:.

We also derive stability in another norm.

Proposition 4 Let F = FO) 4 8 FO with FO™ ¢ H, and FO™ ¢ f[h
for anym > 1 and U) € Hy,. Then, for o > % and 6 < i, the second energy

bound

maX{ max [|U"| c,, \/§\|U\|(2),oo} < HUI?HEHM

0<m<M

M
2 . 4 B i

holds for the solution U™ € Hy,, for allm = 0, to the finite-difference scheme
(21)-(23) and any M > 1. Here

_ 2
101y = ||/ (0 = D710,

B eyl
Whr

The bound holds also in the case 0 = i provided that F(O) = 0.



Proof. The second energy equality

M M
S U 2yt + 3N, + D0 = DIBU™Z,, 7
m=1 m=1
M —_—
= SO Z,, + > (F™ 0U™) 7 (31)
m=1

holds, compare with (20). Similarly to the proof of Proposition 2, it implies
bound (30).

Corollary 2 Under the hypotheses of Corollary 1, an equality

—bmz U DU = & (bl DU 3+ cacllUM 2, 5, )

M
37 |ollBU™ I, + (0 = 2y (bcllBDU™ B+ sl DU, 1, )| T

m=1

holds for any M > 1. Its right-hand side is nonnegative for o > 5.

Proof. The result is derived by taking the difference of (31) and (20) (with
G =0).

By definition, the discrete TBC' is an approximate TBC (10) with the oper-
ator § = S,er. It will be explicitly constructed in the next section. Corollaries
1 and 2 clarify the energy meaning of conditions (14) and (18) for the discrete

TBC, for & = U}, and are exploited below to prove the conditions (for any
D).

5 Derivation and analysis of the discrete TBC

Now we turn to derivation of the explicit form for the discrete TBC in
the form (10) and verification of inequalities (14) and (18) for it. We confine
ourselves by the case of the uniform mesh w7, i.e., 7,, = 7 for m > 1. Consider

an auxiliary finite-difference problem on the uniform part of the infinite mesh



nx

0o0560:U + Ap U7 =0 on (wheo\wn) X w', (32)
Uljiey = ®, with |®|y, ,, :=supq,"|®"| < co, @’ =0, (33)
m=0
0 __ .
Ui =0 for j>J—-1 (34)

for some gy > 1. Here the limiting finite-difference operator
Ap oW = —booé\x 0, W + csosgW on Wh,o \ Wh-

has appeared. We seek for the solution satisfying the following property

U000 := sup g ( S \2) <0 (35)
m=0 .
j=J-1
for sufficently large ¢ > qo.
Since the coefficients are constant and the meshes are uniform, the stated
problem can be solved explicitly. For a mesh function ®: w™ — C such that

|® |, 4 < 00 for some ¢ > 0, recall the reproducing function

o0

B(z) = T[0](2) := Y ®"2" € A(Dyy,),

m=0

i.e., analytic in the disc D/, 1= {]z| < %} C C, satisfying a bound

P, -
1B(2)] < 1_q‘q‘ for |z| <q ' (36)

Conversely, for a function p € A(D,) (for some r > 0), the transformation
® = T ![p| such that

) 1 [*p(2)
pm — L S /

m' 2T 0

dp forany m >0, 0 <ry <7, (37)

z=r1€%¥

is well defined implying the Cauchy inequality
‘(I)‘oo 1/1"1 |II|1&X ‘p( )l (38)

Hereafter ¢ is the imaginary unit, and Re z and Im z are real and imaginary

parts of z € C.



Taking into account conditions (34) and (35), for |z| < r = %, we calculate

— Y~

Ui(2) + 29 Ap oo U (2)

T |:p00895tUj + Ah,oon(U)} (Z) = PocSo

~ ~

(oM (00 ) 2V (T (2) - (T + (7))

72
boo ~ ~ ~
= =73 A()(Ujn(2) = 29(2)U;(2) + Uja(2)) (39)
provided that d(z) # 0, with 2(?) := ¢ + (1 — 0)z. Hereafter, for j > J — 1,
we extend U]’-”’m:_l := 0 so that gtU]Q = U]@O = 0. The coefficients v(z) and

d(z) are expressed by formulas

1— (0)
d(z) = 2a10(z — 1) + (1 — 2a00) 2, ~(2) == 1+ ar(l — z) +agz

d(2) ’
h?pao hco
= = = 0.
a =g 20 a=mm >0
By virtue of (32) and (39) a difference equation
Ujs1(2) = 29(2)Uj(2) + Uja(2) = 0 for j = J (40)

holds. The corresponding characteristic equation has the form
V2(2) — 2v(2)v(2) +1 = 0. (41)

Notice that d(0) = 0 for 0 = 0 := %.

Lemma 1 Foro >0, 0 # 0y and 0 < i, the quadratic equation (41) has
roots vy, vy € A(D,), for sufficiently small r > 0, such that

1
vi(2)
where Z, 1 (v) = v + (=1)"1/42 =1, k = 1,2 are analytic branches of the

two-valued inverse function to the elementary Zhukovskii function Z(z) =
%(z’—l—z_l) defined in C with the cross-cut along the segment [—1, 1] of the real
axis [16].

n(z) =21 (1(2), 0<|n(=)l <1, w(z) = Zy ' (1(2)) = s m(2) > 1,

Proof. The presented formulas are rather elementary. The property
v,y € A(D,) holds provided that v(D,) C C\ [-1,1]. For validity of



the latter property for sufficiently small » > 0, it is required that |y(0)| < oo
(i.e., 0 # 0g) and |y(0)| > 1. For o # oy and 2af # 1, formulas

(1 —40)a; + [2+ (1 — 40)aplo
(1 —2a¢0)(o — 09)

a1 + apo

1(0) 1= (1 —2ap0) (o — og)’

v(0)+ 1=

hold. Since ¢ > 0 and 6 < i, the nominators of the both formulas are
positive and thus 7(0) > 1 for d(0) = (0 — 09)(1 — 2a¢#) > 0, or v(0) < —1
for d(0) = (0 — 00)(1 — 2agf) < 0. If 2apf = 1, then once again v(0) =
1 —ag—aio/a; < —1.

The following result corresponds to Proposition 5.3 in [11].

Proposition 5 For o >0, 0 # 0¢ and 0 < i, the solution to the problem
(32)-(35) exists, is unique and is given by a formula

U, =71 {V{_J(Z)EI;(Z)] for j>=J—1. (42)
This solution satisfies a bound
HUHZoo,q < C‘(I)‘oo,qo (43)
for sufficiently large q > qy. For real ®, it is real too.

Proof. Let o0 # 0y. By taking into account Lemma 1, for z € D, the

general solution to the difference equation (40) has the form
Uj(2) = ei(2)] "7 (2) + ealz)y 7T (2) for j =T —1

with any ¢1(2) and ¢3(z). By virtue of bounds (35) and (36) we find that
c2(z) = 0, and then from condition (33) we derive a formula (taking into
account that v4(z) # 0)

Ui(z) = ®(2)v] 7 (2) for j>J—1. (44)

Since <A15V{_J € A(D,) exploiting Lemma 1, if the solution to the problem
(32)-(35) exists, then it is given by formula (42).

Conversely, the function given by formula (42) satisfies an equation
T {poosﬁtUj - Ah,ooU;a)} (2)=0 for j>J, z€ D,

and therefore equation (32) as well. It also satisfies conditions (33) and (34).



By virtue of (38) and (36) we get that, for any j > J and m > 1, bounds

S |
MU < max [ (2)® \CJJ‘ .4
4 |j| |Z|_r1|1 (2)@(2)] < 0 1T qors

hold for ¢; = % > % > o, with

Co(y-1) = Vimin = |n|11n 11(2)], Coj = Vimax = II|laX|V1(Z)| for 7 > J.
Z|="r Z|="r

Therefore bound (43) holds with C' = 1_01

1 1
Z CO] = + 5 , Ci > 0.

j=J—1 Vlmln 1_V1max

For real ®, the functions ®(z) and ~(z) are real as well for z € R. If in
addition |z| < r, then |y(z)| > 1 and thus v1(2) = Z; *(v(2)) is real. Therefore
U is real too, see (37).

The proofs of Lemma 1 and Proposition 5 remain valid also for ¢ = 0,
0 < % and 0 # 0.

We go back to the derivation of the discrete TBC. By virtue of formula
(44) we have

~ ~ 1 ~ :
Uit1(2) = Uj-1(2) = <V1(Z) — M) Uj(z) for j > J.

Therefore it is easy to check that a formula

70 (0 = 35 B0+ x0) | = ) - w8 (49

o0

holds, compare with (39). By virtue of the well known formula for the multip-
klication of two poer series it leads to the discrete TBC (10) with the operator

S = S,er of the discrete convolution form

1 1 m
. mo_ qFHmMm—q >
S P =5 (Rx* D) o quo R'® for m > 1, (46)
with the kernel
R =T Md(2)(v1 — 1)(2)]. (47)

Let us see that Propositions 1 and 2 on stability are valid for S = S,.



Proposition 6 Foro > 5, 0 # 0g and 0 < 7, the operator § = Syt of the
discrete TBC (46) satisfies inequalities (14) and (18).

Proof. We apply a method first suggested in [9]. Fix any M > 1 and real
values @', ..., ®M. Extend ®” = 0 for m = —1,0 and m > M. We define a
function U by formula (42) for j > J — 1 and set, for example, U" := 0 for
0<j<J—1andm >0, and then set F := Cy[p,]0,U + A, U

By virtue of Proposition 5, the constructed function U serves as the real
solution to the problem (32)-(34) and therefore as one to the scheme (21)-
(23), where F' =0 on (wp~\ wp) X w™ and U = 0. Then Corollary 1 implies
inequality (14) whereas Corollary 2 implies inequality (18) since U7 = ®™
for 0 <m < M.

The case 0 = 0y > 2 5 will be also covered in Remark 4 below.

We find the kernel R explicitly. We introduce quantities by recurrence
formulas

2m — 1 m—1
Bpm—l,a,ﬂ _

DPm.ag = apm-2.45 form >1, (48)

P0.0s =1, Pmapsp=0 for m <0 (49)

with parameters a;, 5. Their close connecton to the classical Legendre poly-

nomials will be shown below.

Proposition 7 Foro >0, 0 # 0y or o = 0p > , and 0 < 1, the kernel R
of the operator of the discrete TBC' (46) is real and is expressed by an explicit

formula

= 2&1\/_

with the quantities o, B and of the form

[pmaB @pm—Q,a,B] fOT m 2 07 (50)

a=aqpay, [= il —2|_ Oél, (51)
1 =1 2
a0 1+ ody’ “ (1+ ody)(1 — 40) + od;’ (52)
0 := (14 ody)[(1+ ody)(1 —46) + ody] > 0, (53)

Coo 2 boo
dy= =150 d =2 =42" >0, (54)

ar  Poo a Poo 2



Proof. Let first o # 0. By Lemma 1 for z € D, we have
(11 —19)(2) = 2+/7%(2) — 1. (55)
One can straightforwardly verify that
d(2) (v(2) = 1) =
= a2(1 — 24+ dozN)[(1 — 40)(1 — 2) + (dy + do(1 — 46))2'")] =
= al6(az — 1)(anz — 1) = a?d(az® — 2Bz + 1), (56)
where the coefficients dy, dy, ag, ag and a, 3, 0 are given by formulas (51)-(54).
Let first also o # 0. We write down a formula
az? — 2Bz 41 = (3¢2)? — 2uzez + 1,

where %:\/aandg:%arerealforcv>0, or s =iy/|a] and p = —i——

Jlal

are purely imaginary for av < 0; herewith »? = o and s = 3 are always real.

Inserting the formula into (56) leads to

d(2)/72(2) = 1 = —a; Vo {/ (3¢2)2 — 2z + 1 (57)

at least for sufficiently small z (in accordance with the proof of Lemma 1),

where /w is an analytic branch of y/w on C with the cross-cut along the
negative real half-axis Rew < 0 such that v/1 = 1. Formulas (55) and (57)
imply an equality

() = 24 (222)? — 2usecz + 1
d(z)(v1 — 10)(2) 2a,V'6 SO G i T

The following generalized formula for the reproducing function of the Legan-

dre polynomials holds [9]:

(52)'

7" P, ()" =
; (k) {/(3¢2)2 — 2usez + 1

for any s € C, integer [ > 0 and sufficiently small z, that easily follows from

the classical one in the case s =1, | = 0 [16]. Therefore

d(z)(n = 1) (2) = =2a1V/8 Y 5" [Prua(pt) = 2P (1) + Pru(1)] 2",



where P,,(11) = 0 for m < 0. Applying the recurrence relation for the Legendre

polynomials

m — 1 m
_ P,
o — 1 T2+ 5o

one can simplify the last formula as follows

a0y By (p) for m >0, (58)

oo %m
d(z)(vr1 — ) (2) = 2a1\f5mz::0 T— (P — Pro)(p)2™,
i.e., to derive a formula
%m
R™ = 2a;V/6 s (P = Pu2) (i), m >0 (59)

Following [6, 13], we introduce modified Legendre polynomials p, ,.(2) :=
%™ P, (2). From (58) clearly p, o3 = pm.(1t) satisty recurrence equalities (48)
and (49) and, in particular, they are real. Therefore formula (50) is proved.

For a = 0 formula (57) is simplified and takes the form d(z)v/72(2) — 1 =
—a1V/6 /1T —2pBz. Hence one can easily verify that formulas (48), (49) and
(50) remain valid and even are simplified in the case a = 0.

Owing to continuous dependence of U on o > % (see Remark 3) and R on
o> % (it is clear), one can pass to the limit as ¢ — oy on the left-hand side
of the discrete TBC (10) with & = St and on the right-hand side of equality
(46). This justifies the validity of formula (46), for R of the form (50), in the

case 0 = 0y = % (that is possible only provided that m <0< 2%0)

Remark 4 Proposition 6 remains valid also in the case o = oy > % To
see this, it suffices to insert formula (46) into inequalities (14) and (18) for
S = S.ef that have been already proved, for o # oy, and pass to the limit as

o — 0 taking into account the continuous dependence of R on o.

In practical computations, recurrence equalities for R are more convenient
than formula (50).

Proposition 8 The kernel R satisfies the recurrence equalities
_ 2m —3
o om

R’ = —2a;V5, R''=2a;V4B. (61)

R m— 3

BR™ ! — aR™? for m > 2, (60)



Proof. The form of formula (59) differs from the corresponding one in
[11], Proposition 5.7 only by a constant multiplier. Therefore Proposition 5.8
in [11] implies a recurrence formula

2m — 3
m %MRm_l .
m m

m— 3

R™ = LR om > 2.

Inserting s = B and »* = a leads to (60). Formulas (61) straightforwardly
follow from (50) and (48), (49) for m = 1.

Typical graphs of lg |R™| are presented on Figures 1 for Examples 1 and
2, see Section 6 below (the values of parameters are given on Figures 2 and
3).

0 500 1000 1500 0 20 40 60 80 100

Figure 1: Graphs of 1g|R™| in dependence with m, for # = 1/12, in Example 1 (left) and
Example 2 (right)

One can rather easily extend the above results are to the case of the third
boundary condition at x = 0, or to the Cauchy problem where equation (1)
is posed on R. The case ¢ < 1/2 could be also analyzed under suitable

additional condition between steps 7 and h;.

6 Numerical experiments

Consider the initial-boundary value problem (1)-(3) for the simplest ho-
mogeneous heat equation where p(z) =1, b(z) =1, ¢(z) =0 and f(x,t) =0,
for 0 <t < T. In Example 1, we base upon an exact solution

wi(z,t) = to o~ (@=2.)?/[4(t+to)]
t+ 1o
with parameters x, > 0 and ¢, > 0 and take the data g(t) = u1(0,¢) and
u’(z) = uy(x,0). We choose z, = 1.25, tg = 0.03125, T = 1 and X = 2.5.




Note that |u’(x)| < 3.8 -107% for > X. On Fig. 2, we demonstrate the

numerical solution and its error computed for ¢ = %, 0 = %, h = 0.05 and

1

T = 1500

Figure 2: Example 1. The numerical solution (left) and its error (right) for o = 1, 0 = 4

h:0.05and7':ﬁ

In Table 1, the absolute errors are given in dependence with M (where
M7 =T) for § =0 and 0 = % For # = 0, they do not practically change for
M > 500 whereas for 6 = 1—12 the error continues to decrease up to M = 2000
thus allowing to reach values of 725 times less. Note that actually the value
U9 # 0 has been used and the minimal reached absolute error is less than this

one.

M 20 50 100 200 500 1000 2000

0=01439-1072]830-107%|1.30-107% | 5.38-107* | 8.63-10"* | 9.15-10"* | 9.28 - 10~*

4.53-107219.50-1072 | 2.20-1073 | 4.89-107* | 7.28 - 107° | 1.35-107° | 1.28 - 10~°

Table 1: Example 1. The absolute errors in dependence with M for h = 0.05

Notice that if one sets simply the Neumann boundary condition (i.e., takes
S = 0) instead of the discrete TBC at x = X, then it is necessary to increase
X three times to reach the error of the same order of smallness (for the same
h and 7); herewith the maximum absolute error is reached at (z,t) = (X, 7))
(the corresponding graphs are omitted).

In Example 2, we take the data g(t) = t*> and u’(z) = 0. The exact

solution to such problem us(z,t) = 32t214(€) is also known and is calculated



by applying the recurrence formulas [17]

} T, 11(5)=%6‘52—£erf0(£),
1 ¢

[n(g) — % n—2<£) - ﬁ[n—1<£)7 n = 27 3747

where § = 2%/2 Choose T'=1 and X = 1.
On Fig. 3 we present the numerical solution and its error computed for

_ 1 _
o=30= 12’
solution is not close to 0 for x = X. The error is maximal at the node
(xj,t,) = (h,7) (but not on the artificial boundary z = X). Notice that

decreasing of X down to 0.2 for the same mesh steps does not increase the

Io(§) = erfe(§) =

h = 0.1 and 7 = 0.01. In contrast to Example 1, now the

error (for u’ = 0 and while applying namely the discrete TBC, this is natural
and clear from above). Moreover, if once again one sets simply the Neumann
boundary condition instead of the discrete TBC at « = X, then (for the same
h and 7) the absolute error equals 0.15 and is unacceptably large. It decreases

to the same values as on Fig. 3 only when X increases five times.

00

Figure 3: Example 2. The numerical solution (left) and its error (right) for o =
h =0.1 and 7 = 0.01

N[

On Fig. 4 we give the graphs of errors in the cases # = 0 and 6 = %. Their
forms are different and the maximum absolute errors are about two orders of
magnitude greater than in the case 6 = E

In addition in Tables 2 and 3 we put the absolute errors in dependence
with M for h = 0.1 and various 6. For 6 = 0,% and % the errors do not
practically change already for M > 50; herewith their minimum values for

0 =0andf = % are close whereas for § = % one is approximately twice larger.



1

Figure 4: Example 2. The error of numerical solution in the cases § = 0 (left) and § = g

(right) for 0 = 5, A = 0.1 and 7 = 0.01

In contrast, for 8 = f—2 the error continues to decrease rather rapidly up to
M = 500 thus allowing to reach values about four orders of magnitude less

(though it increases slightly when M grows further).

M 5 10 20 50 100 200
=0 |0.020 | 6.989-107* | 4.239-107* | 3.506 - 10~* | 3.402-10~* | 3.376- 104
0= % 0.020 | 4.948 - 107* | 1.224-107* | 1.799- 1075 | 4.700 - 1075 | 9.300 - 1077
0= % 0.019 | 4.654 - 10~* | 2.565-107* | 3.237-107* | 3.340-10~* | 3.366 - 10~*
0= i 0.019 | 4.355-107* | 5.931-10~* | 6.613-10~* | 6.717-10~* | 6.743 - 10~*

Table 2: Example 2. The absolute errors in dependence with M for h = 0.1

300
2.638-1077

400
6.797-1078

500
4.032-1078

600
8.962- 1078

650
1.062 - 1077

g=L

12

Table 3: Example 2. The absolute errors in dependence with M > 300 for h = 0.1 and § = 1—12
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