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Complexes of Modules over Exceptional Lie
Superalgebras E(3,8) and E(5,10)

Victor G. Kac and Alexei Rudakov

1 Introduction

In [3, 4, 5], we constructed all degenerate irreducible modules over the exceptional Lie
superalgebra E(3,6). In the present paper, we apply the same method to the exceptional
Lie superalgebras E(3, 8) and E(5,10).

The Lie superalgebra E(3, 8) is strikingly similar to E(3, 6). In particular, as in the
case of E(3, 6), the maximal compact subgroup of the group of automorphisms of E(3, 8) is
isomorphic to the group of symmetries of the Standard Model. However, as the computer
calculations by Joris van Jeugt show, the fundamental particle contents in the E(3,8)
case is completely different from that in the E(3,6) case [3]. All the nice features of
the latter case, like the CPT symmetry, completely disappear in the former case. We
believe that the main reason behind this is that, unlike E(3, 6), E(3, 8) cannot be embedded
in E(5,10), which, we believe, is the algebra of symmetries of the SUs Grand Unified
Model (the maximal compact subgroup of the automorphism group of E(5, 10) is SUs).

However, similarity with E(3,6) allows us to apply to E(3,8) all the arguments
from [3] almost verbatim, and Figure 4.1 of the present paper, that depicts all degenerate
E(3, 8)-modules, is almost the same as [3, Figure 3] for E(3, 6).

The picture in the E(5, 10) case is quite different (see Figure 5.1). We believe that

it depicts all degenerate irreducible E(5, 10)-modules, but we still do not have a proof.
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2 Morphisms between generalized Verma modules

Let L = ®;¢2G; be a Z-graded Lie superalgebra by finite-dimensional vector spaces. Let
L. =®j-0G;, Ly =®5-0G;, Lo =Go+ L. (2.1)

Given a Go-module V, we extend it to a [y-module by letting L act trivially, and define

the induced L-module
M(V) = U(L) ®uy) V. (2.2)

If V is a finite-dimensional irreducible Gy-module, the L-module M (V) is called
a generalized Verma module (associated to V), and it is called degenerate if it is not
irreducible.

Let A and B be two Go-modules and let Hom(A, B) be the Go-module of linear
maps from A to B. The following proposition will be extensively used to construct mor-
phisms between the L-modules M(A) and M(B).

Proposition 2.1. Let ® € M(Hom(A, B)) be such that

v.-®=0 Vvel. (2.3)
Then one can construct a well-defined morphism of L-modules

¢ : M(A) — M(B) (2.4)

by the rule ¢(u ® a) = u®(a). Explicitly, write ® = Y un ® {y, where u,, € U(L),
¢ € Hom(A, B). Then

pu®a) =) (uum)®tm(a). (2.5)
™ O

Proof. We have to prove that for v € U(Ly),

e(uw® a) = e(u®va), (2.6)

in order to conclude that ¢ is well defined. Notice that condition (2.3) means

Z[v,um] ®fm—|—Zum®v€m =0. (2.7)
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Therefore, we have
P ®a) =) wum @ ln(a)
= i UV, Um] @ (@) + ) Uty @ b (a)
= iu[v,um} @ m(a) + iuum ®v(tm(a))
= iu[v,um} @ (a) + iuum ® (Vim)(a)
+mZ Ul ® Uy (va) .
= Zn;um @ ln(va) = (u®va) (by (2.7) and (2.5)).

The fact that ¢ defines a morphism of L-modules is immediate from the definition. MW

Remark 2.2. If I, is generated by Go and a subset T C L, then condition (2.3) is equiv-
alent to

Go-® =0, (2.9a)
a-®=0 VaeT (2.9b)
Condition (2.9a) usually gives a hint to a possible shape of ® and is checked by general

invariant-theoretical considerations. After that, (2.9b) is usually checked by a direct

calculation.

Remark 2.3. We canview M(V) also as theinduced (L ©Go)-module: U(L_©Go)®u(g,) V-
Then condition (2.9a) on ® = } _ uy, ® &y, where u,,, € U(L_ @ Go) and {,, € Hom(A, B),
suffices in order for (2.5) to give a well-defined morphism of (L_ ¢ Gy)-modules. We can

also replace Gy by any of its subalgebras.

3 Lie superalgebras E(3,6), E(3,8), and E(5,10)

Recall some standard notation:

W, = { ZPl(x)al | P; € C[[XT,...,Xn”,ai = ail} (31)

denotes the Lie algebra of formal vector fields in n indeterminates;

Sn—{D—ZPiaildivDZaiPi—O} (3.2)
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denotes the Lie subalgebra of divergenceless formal vector fields; Q*(n) denotes the
space of formal differential forms of degree k in n indeterminates; Q¥,(n) denotes the
subspace of closed forms.

The Lie algebra W,, acts on Q¥(n) via the Lie derivative D — Lp. Given A € C,

we can twist this action
Dw=Lpw + A(divD)w. (3.3)

The W,,-module thus obtained is denoted by Q¥(n)*. Recall the following obvious iso-

morphism of W,,-modules:

Q°m) ~Q"(n)~', (3.4)
and the following slightly less obvious isomorphism of W,,-modules:

W, ~Q" T(m)~ . (3.5)

The latter is obtained by mapping a vector field D € W, to the (n — 1)-form

tp(dxy A--- Adxy). Note that (3.5) induces an isomorphism of S,,-modules
Sn >~ QN ' (n). (3.6)

Recall that the Lie superalgebra E(5,10) = E(5,10)5 + E(5,10)7 is constructed as
follows (see [1, 2]):

E(5,10)5 = Ss, E(5,10)7 = Q2,(5), (3.7)

E(5,10)5 acts on E(5,10); via the Lie derivative, and [w,, w}] = w, A w) € Q4,(5) = S5
(see (3.6)) for w;, w) € E(S,10)5.

Next, recall the construction of the Lie superalgebras E’ := E(3,6) and Ef :=
E(3,8) (see [1])

B} = Ef = W3 +50,(Q°(3)) (the natural semidirect sum);

(3.8)
El% _ Q] (3)71/2 ®(C2, E% — (QO(3)71/2 ®(C2) + (Q2(3)71/2 ®(C2)

The action of the even on the odd parts is defined via the Lie derivative and the multipli-

cation of a function and a differential form. The bracket of two odd elements is defined
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by using the identifications (3.4) and (3.5) as follows. For w;, w! € Q}(3) and v,v’ € C?,
we define the following bracket of two elements from E%:
(w1 ®@v,w; @V'] =—(w1 Aw]) @ (VAV')

er hel L (3.9)
1A W] +wr Adwi) @ (v-v'),

and the following bracket of two elements from E%:

(w2 ®@v,w;®v'] =0, [wo ®@v, wy @ V'] =—(dwo Adwg) ® (VAV'),  (3.10)
[wo ®@v, w2 @ V'] =—(wo Awyz) @ (VAV')

(3.11)
— (dwo Awz —wo Awy) @ (v-v').

Recall also an embedding of E” in E(5,10) [1, 3]. For that let z, = x4,z = xs,
0, = 04, 0_ = 05, and let e*, e~ denote the standard basis of C2. Then E% is embedded
in E(5,10)5 = S5 by (D € W3,a,b,c € Q°(3)):

D+—D-— 1z(divD)(zﬂh +2z.9.),

- (3.12)
— a(z+6+ — z,a,) +bz;0_+cz_04,
c —a
and E? is embedded in E(5,10); = QZ,(5) by (f € Q°(3)):
fdx; @ e — zodxy A df + fdxg A dze. (3.13)
Introduce the following subalgebras S” C E” and S* C Ef:
Sh =St =W; + C®sl(C),
(3.14)

S% =0L0B) P ec?, S% =0°3) 2w C.

Proposition 3.4. The map S* — S, which is identical on S% and sends f®@v € Sﬁ- to
df @ v € S% is a surjective homomorphism of Lie superalgebras with 2-dimensional
central kernel C ® C2 C St. O

Proof. The proof is straightforward using (3.9), (3.10), and (3.11). [ |

This proposition is probably the main reason for a remarkable similarity
between representation theories of Ef and E°. We stress this similarity in our
notation and develop representation theory of Ef along the same lines as that of E’

done in [3, 4]. Sometimes we drop the superscript b or f when the situation is the same.
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Recall that E” carries a unique irreducible consistent Z-gradation. It has depth 2,
and it is defined by

degx; = —degd; =2, dego; = —1, dege® =0, degsl,(C) =0. (3.15)

The “nonpositive” part of this Z-gradation is as follows:

G2=(3li=1,23),
Gy ={(df =e*®dx; =dx; Adzq |1 =1,2,3,a=+,—), (3.16)
Go =5l3(C) @ sl(C) @ CY,

where

sl3(C) = (hy = %101 —x202,hy =x292 —x303, €1 = X702,
e2 =x203,e12 =x103,f1 =x201,f2 = %302, 12 = x301),

3.17
s(C)=(h3=2,0,—2z 0_,e3=2,0_,f3=2.0,), (3.17)

2
Y= 3 inai — (2404 +2-0_).

The eigenspace decomposition of ad(3Y) coincides with the consistent Z-grading of E”.
We fix the Cartan subalgebra H = (hj,h;,hs,Y) and the Borel subalgebra B = H +
(ei(1=1,2,3),e12) of Go. Then fo := d is the highest weight vector of the (irreducible)

Go-module G_1, the vectors
ey == x3d3, el i=x3d, — x2d3 +2z_dx, A dxs (3.18)

are all the lowest weight vectors of the Gpo-module Gy, and we have

leg, fo] =12,
2 1 (3.19)
€5, fo] = Shitgha—hs—Y= h,
so that
h% =—%202 — %303 +2z_0_. (3.20)

The following relations are also important to keep in mind:

leg, di | =12, leg, dT | = —f12, [eg,di ] =0, [eg, d; | =0, (3.21)
[aF, df] =0,  [df,d;]+[df,d;] =0. '

i0Y i 1

Recall that G, along with the elements fo, €}, e} generate the Lie superalgebra E” [1].
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The Lie superalgebra Ef carries a unique consistent irreducible Z-gradation of
depth 3:
Ef = @5 3G;. (3.22)
It is defined by

degxi = —degd; = degdx; =2, dege® = -3, degsl,(C) = 0. (3.23)

In view of Proposition 3.4 and the above E’-notation, we introduce the following

Ef-notation

1
df =1®e*, df =x @ e, ey == ix%@ei, fo:=dj,

2 1 1 1
eg = —(dXZ A dX3) Re, ]’Lg = §h1 + ghz — zhg + ZY.

(3.24)

If, in analogy with E°, we denote €® = dz,, then G_3 = (dz,,dz ), G_», G_; and G, are
the same as for E” (except that now [G_1,G ;] # 0), and the relations (3.19) and (3.21)
still hold, but the formula for hg is different:
2 1 1 1

h = St ghe = Shs+ Y =x01 — 2,0, (3.25)

As in the E’ case, the elements e;, f;, h; fori =0, 1,2, 3 along with e, generate Ef,
the elements e(ﬁ) and e/ are all lowest weight vectors of the Go-module G;, and Gy along
with e} and eﬁO generate the subalgebra @;>0G; [1]. Thus, by Remark 2.2, condition (2.9b)

is equivalent to
ef-®@=0, ef-d=0. (3.26)

4 Complexes of degenerate Verma modules over E(3,6)

Let W be a finite-dimensional symplectic vector space and let H be the corresponding

Heisenberg algebra
H=T(W)/(v-w—w-v—(v,w)-1), (4.1)

where T(W) denotes the tensor algebra over W and (,) is the nondegenerate symplectic

form on W. Given two transversal Lagrangian subspaces [,L’ C W, we have a canonical
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isomorphism of symplectic spaces: W =L+ L’ ~ L& L*, and we can canonically identify
the symmetric algebra S(L) with the factor of H by the left ideal generated by L’

Vi = H/(L') = S(L)Ty, where 1y =1+1L". (4.2)

We thus acquire an H-module structure on S(L).
We construct a symplectic space W by taking x1,x2,%3,2z4,z_,01,02,03,04,0_ as
a basis with the first half being dual to the second half:

(01,%5) = —(x5,01) = 35, (0a,zb) = —(2b,04) =da,b, all other pairings zero.
(4.3)

In general, the decomposition W =L + L' ~ L @ L* provides the canonical maps

End(l) —=L®L* —=1L-L'C H, (4.4)

which induce a Lie algebra homomorphism: gl(L) — Hy;e, where the Lie algebra structure
is defined by the usual commutator.

We consider the following subspaces of W:
(4.5)

where 1 = 1,2,3; a = +,—. Note that these are the only Gy-invariant Lagrangian sub-
spaces of W.
As formulae (3.17) determine the inclusion Gy — gl(Vx), where X = A, B, C, or D,

we get a Lie algebra monomorphism:
Go&——s g[(VX) C— Hyje. (4.6)
Thus we get a Gp-action on Vx. Notice that by (4.6)

Y Y = ;(;xiai> - <§zaaa>,

Y1a=0, Yl1g=21g, Ylc=-21c, Y1l1p=0,

(4.7)

as it should be for E> = E(3,6) (see [3]).
In the E(3, 8) case we modify the Gy-action on Vx leaving it the same for s(3(C) ®
sl(C) C Gy, but letting
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4
Y — Y :—3<inai> + (Zzaaa> =Y +2T, (4.8)
i a

where, T=—) %0 + ), Za0q. We have

4
YxPzi1a = (— ELa r)xfzgh\,

YxPoy1g = (— gp—r—2>xfag1g,

4
Yaglzﬁc = <3q +T+4>agz£1c,

4
Yodor1p = (3q —r+2)a§ag1o.

Let F(p, g;1;y) denote the finite-dimensional irreducible Go-module with high-
est weight (p, q;1;y), where p,q,7 € Z;,y € C, and let M(p, q;7;y) = M(F(p, g;1;y)) be
the corresponding generalized Verma module over E(3,8). This module has a unique ir-
reducible quotient denoted by I(p, q;7;y). The latter module is called degenerate if the
former is.

We announce below a classification of all degenerate irreducible E(3, 8)-modules.

Theorem 4.5. All irreducible degenerate E(3,8)-modules I(p,q;r,y) are as follows
(p,d,7 € Zy):

4
type A: I(p,0;159yA), ya =—3P T

4
type B: I(p,0;1yB), Yp=—5p—T—2

43 (4.10)
type C: 1(0,a5myc), ye=3zd+1+4%
4
type D: 1(0,q;™yp), Yp =3d-r+2 and(q,1)#(0,0).
0

We construct below certain E(3,8)-morphisms between the modules M(p, q;1;
yx). This will imply that all modules I(p, g;1;y) on the list are degenerate. The proof of
the fact that the list is complete will be published elsewhere.

The theorem means that all the degenerate generalized Verma modules over
E(3,8) are in fact the direct summands of induced modules M(Vx), X =A,B, C,D:

M(Vx) = D M), (4.11)

m,nez
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where

v — {ﬂx | (inai)f = mf, (Zza6a>f :nf}, (4.12)

(we normalize degree of 1x as (0,0)).
We construct morphisms between these modules with the help of Proposition 2.1.

As in the E’ case [3], introduce the following operators on M (Hom(Vy, Vx)):
V=A+5+ + A0 =06701 + 6,02 + 0303, (4.13)

where
3
A=) df®0;, bi=) dl®d.. (4.14)
i=1 x=+

Proposition 4.6. (a) The element V gives a well-defined morphism M(Vx) — M(Vx),
X =A,B,C,D, by formula (2.5).
(b) v2 =0. O

Proof. The proof of (b) is the same as in [3]. In order to prove (a), we have to check
conditions (2.9). It is obvious that A* (resp. 8;) are sl3(C)-(resp., sl>(C)-) invariant. Using
both formulas for v, we conclude that it is Gp-invariant, proving (2.9a). In order to
check (2.9b), first note that

e{)v = (fza]a+ —f12626+) = (X36261 —X36182)6+ =0. (4.15)

Now

€5V =h5010, + 1020, + 120301 — 30,0
= (X]b] —2z,04 +T)a1a+ +%x2070204 +%3071030+ —z_0,070_ (4.16)

= (X] 01 —2z4,04 +T+x202 +x303 — Z_a_)a1 0L =0,
where we use (4.8) to check that

2 1 1 1
hg:§h1 +§h2_zh3+zYﬁ:X1al _Z+a+ +T (417)
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Let Mx, = M(Vx-), where

Var = C[x1,%2,%3] 1A = @p=oVR®,
Vi = Clx1,x2,x3]18 = Op>oVE°,
. (4.18)
Ver =C[01,02,03]Tc = Bg>0 V7,
Vo, =C[91,82,03]1p = @qz0Vp®",
and let
Vy=ATAT =d7AT0; +d;AT0, +d3 AT 0. (4.19)

We define the morphism v, : My — Mg/ by extending the map defined by v, as follows:

Var = C[x1,x2,x3] — U(L-) ® C[x1,%2,x3]1p ~ U(L-) ® Vg, : )
4.20
flpo — f— Voflg.

In order to apply Proposition 2.1, we have to check conditions (2.9) for v,. As before,
condition (2.9a) obviously holds. Now

epVale =—) d; (f2019 —f1292)0:f1g =0 (4.21)
i
because ;07 — 120, = x30207 — x30702 = 0. Furthermore,
e(ﬁ)vzﬂg = (— Z d; (hga] +f102 + f]zag,)ai — f3A+61>ﬂB
i

——<Z d{(ma] — 2,04 +T+x%x20, +X3ag)a1az—Aia1 —A+a1f3>f13.

(4.22)
As 2z, 04flg =fz1041p =f(—1+04+24)15 = —f1g, and f3f1g =0, we conclude that

—egV2f1B = Z d: (X]b] +x202 +%x303 —z, 0, + T+ 1)f13

: (4.23)
=Y d(z-0_ +1)flg =0.

Thus Proposition 2.1 applies and we get the morphism Vv, : Ma: — Mg
In exactly the same fashion we construct the morphism v, : M¢c: — Mp: by
taking f € C[01, 02, 93].
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Thus we have proved part (a) of the following proposition; part (b) was checked
in [3].

Proposition 4.7. (a) Formulae (4.19) and (4.20) define the morphisms v, : Ma — Mg,
V2 :Mcr — Mp: of E(3,8)-modules.
(b) vv, =0, v,V =0. O

Similarly, we can construct morphisms with the help of the element

Vs =2810283 = ) dfdyd§®d4000c, (a,b,c=+,-). (4.24)

a,b,c

Consider modules Mx» = M(Vx~), where

Var =Clzi,z-]Ta =@0VR",  Ver =C[34,0_]Ts = Gr>0Vy ",
(4.25)
VC” = C[Z+, Zf] 1 Cc = EBrZOVg'T, VD "= (C[a+v a*] 1 D = @T'Zovg’_r'

We construct morphisms V3 : Ma» — Mc» and V3 : Mp» — Mp~ by extending the
maps V5 : Var — WL_) ® Ver, V4 @ Vg — U(L_) ® Vp~ given by the left and right
diagrams below:

~ ~

Clza] - 1A —=—> C[z4,2] C[d,] - 18 — == C[0:,0_]

V3

U(L) ® (Clzs,2-]1¢) U(L-) @ (C[o4,0-]1p).

(4.26)

Here the horizontal maps are naturally s(3(C) @ sl,(C)-isomorphisms, but we have to
define the action of Y on the target demanding the map to be a Gp-isomorphism. With
this in mind, we have to check that Y commutes with v3.

We use the Einstein summation convention argument for the vertical maps V3
given by (4.26). Then for f € C[z,,z_] we have Y(f14) = (degf)f14 and

Y(d$d3dS ® 040u0cf1¢c) = dfd3d§ ® (— 1+ Y#)219p0.f1c
=d$'d¥d§ ® 0a0p0cf(—4 +degf+YH)Ic (4.27)

= (degf) - d$dbd§ ® 0,0,0.f1c.



Complexes of Modules over E(3,8) and E(5,10) 1019

Similarly for f € C[0,0_], we have Y(f1g) = (—degf — 2)f13 and

Y(d§$d5dS ® 040u0:f1p) = dfd5dS ® 340u0cf(—4 — degf+ Y¥)1p

(4.28)
= (—4 —degf+ Z)d?dljdg ® 04q0p0.f1p,

where Y* defined by (4.8). Thus we get the commutativity.
We meet no problem checking e;v; = 0, but we consider calculations for e}v3

in more detail. If f € C[z4,z_], then
eo(V3flc) = hdBdS @ 04 0u0cf1c — f3d3d§ ® 3_9,0.f1c, (4.29)

because d?(Xz@] )dg ®0q040.flc = d?dg(X3a1 ) ®0q0p04f1c =0. Now fg(dgdg ® abac) =
(a5 d§ ® 9,0.)f3 and h5(d5d§ ® du0.) = (dBd§ ® du0.)(hy — 2), where h) = (2/3)h; +
(1/3)hy — (1/2)hz + (1/2)Y#, and again Y* is defined by (4.8). Therefore,

el (V3flc) = (dd§ ® 9u0c ) (hhoy — 204 — 240,90 )flc

= ( (
= (d8d§ ® 9p0c) (hh —z_9_ —2)d.flc

4.30
:(dgdg@abac)(—XZaz—X3ag—2>a+ﬂc ( )
= ( )(

d%d§ ® 9pdc) (— d2x2 — d3x3)d,flc =0.

The calculations in the case f € C[04,9_] are very much the same. So we have

proved part (a) of the following proposition; part (b) was checked in [3].

Proposition 4.8. (a) Formulae (4.24) and (4.26) define the morphisms V3 : Ma» — Mp~
and Mg~ — Mp~ of E(3,8)-modules.
(b)v-v3=0,v3-v=0. O

Furthermore, there are E(3, 8)-module morphisms

V4 :M(00;2,y4) — M(01;1;yp),
(4.31)
vy :M(10;0;y4) — M(00;2;yp),
defined by formulae (2.14) and (2.17) from [3], applied to E(3,8). Arguments similar to
those in [3] show that these are indeed well-defined morphisms.

Thus far we have constructed E(3,8)-homomorphisms v, v, V3, v;, and v}
between generalized Verma modules. Note that these maps have degree 1, 2, 3, and 4,
respectively, with respect to the Z-gradation of U(L_) induced by that of E(3, 8).

As in the case of E(3,6) [3], all these maps are illustrated in Figure 4.1. The nodes
in the quadrants A, B, C,D represent generalized Verma modules M(p,0;r;yx) if X = A
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C T T A

::////x,
/O////
/3/////

/////

Figure 4.1

or B, and M(0, q;;yx) if X = C or D. The plain arrows represent v, the dotted arrows
represent V,, the interrupted arrows represent V3, and the bold arrows represent v
and v}.

Note that the generalized Verma modules M(00;1;ya) and M(00;1;yp) are iso-
morphic since ya = yp = 1. We identify them. This allows us to construct the E(3, 8)-

module homomorphism
M(00;1;ya) — M(01;25yp), (4.32)

which is not represented in Figure 4.1.

Note that I(00; T;ya) = [(00; 1;yp) is the coadjoint E(3, 8)-module. It follows from
the above propositions that if we remove the module M(00; 1;yp) from Figure 4.1 and
draw ¥, then all sequences in the modified Figure 4.1 become complexes. We denote
by HRY'", HY ™", HC®", and Hp? ™" the homology of these complexes at the position of
M(pg;T;yx), X =A,B,C,D.

Theorem 4.9. (a) The kernels of all maps v, vV, V3, V4, V4, V are maximal submodules.
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(b) The homology HY"™ is zero except for six cases listed (as E(3,8)-modules)

below

HY®=C, HL'= 1(10;0;—;1),
HLO = HY 2 = 1(00;0;—2), (4.33)

Hp"' ' =Hp" 2 =1(00; ;1) © C. O

The proof is similar to that of the analogous E(3, 6)-result in [3]. Note that this
theorem gives the following explicit construction of all degenerate irreducible E(3, 8)-

modules:

I(pa;mux) = M(pg;1yx)/ Ker v, (4.34)

where V is the corresponding map in the modified Figure 4.1.

5 Three series of degenerate Verma modules over E(5, 10)

As in [3] and in Section 3, we use for the odd elements of E(5,10) the notation di; =

dxi Adx; (i,j =1,2,...,5); recall that we have the following commutation relation (f, g €
(C[[X1 Yoo vXS]]):
[fdji, gdem] = €ijiem s, (5.1)

where €iji¢m is the sign of the permutation ijk{m if all indices are distinct and 0
otherwise.

Recall that the Lie superalgebra E(5,10) carries a unique consistent irreducible
Z-gradation E(5,10) = @¢;>_2p;. It is defined by

degxi =2 = —deg0;, degdi; = —1. (56.2)
We have that pp ~ sl5(C) and the pp-modules occurring in the L_ part are

={(dy[1,j=1,...,5) ~ A’C°,
(5.3)

P-1
p2=(0:li=1,...,5) = C™"

Recall also that p; consists of closed 2-forms with linear coefficients, that p; is an

irreducible po-module and p; = p]:, forj > 1.
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We take for the Borel subalgebra of po the subalgebra of the vector fields
(2i<j aijxi05]ayy € C,tr(ay;) = 0), and denote by F(my, m2, m3, my) the finite-dimensional

irreducible po-module with the highest weight (my, m,, m3, m4). Let
M(my, mz, m3, ms) = M(F(my, my, m3, my4)) (5.4)

denote the corresponding generalized Verma module over E(5,10).

Conjecture 5.10. The following is a complete list of generalized Verma modules over
E(5,10) (m,n € Z,):

M(m,n,0,0), M(0,0, m,n), M(m,0,0,n). (5.5)

g

In this section, we construct three complexes of generalized E(5, 10) Verma mod-

ules which shows, in particular, that all modules from the list given by Conjecture 5.10

are degenerate. Let
SaA =S(C°+A*C%),  Sp=S(C>*+A*C>™),  Sc=5(C°+C>). (5.6)

Denote by x; (i = 1,...,5) the standard basis of C°, and by xi; = —x;1 (i,j = 1,...,5)
the standard basis of AC. Let x} and xj; = —xj; be the dual bases of C*>* and A?C>*,
respectively. Then S, is the polynomial algebra in 15 indeterminates x;, and xij, Sg is
the polynomial algebra in 15 indeterminates x} and x{;, and Sc is the polynomial algebra
in 10 indeterminates x; and x;.

Given two irreducible po-modules E and F, we denote by (E ® F)nign the highest
irreducible component of the pp-module E® F. If E = @;E; and F = @;F; are direct sums
of irreducible po-modules, we let (E ® F)nigh = @i,;(Ei ® Fj)nign. If E and F are again
irreducible po-modules, then S(E ® F) = ®m nez, S™E ® S™F, and we let Spigh(E ® F) =
®m,nez, (S™E ® S™F)pnigh. We also denote by Sy, (E @ F) the complement to Spigh(E @ F).

It is easy to see that we have as po-modules:

SA high ~ ®m nez, F(m,1,0,0),

SB,high = @m,n€Z+F(O)O)m) Tl), (57)
Sc high =~ @monez, F(m,0,0,n).

Introduce the following operators on the spaces M(Hom(Sx, Sx)), X = A, B, or C:

5
Vx = Z dy; ® eé) (5'8)

i,j=1
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where

B _ x* C _ *d *
05 =x 05 =xi—— —%

A_d .
1)) 1 M
) de ) C].XaL

07 = (5.9)

dXij '
It is immediate to see that pp - Vx = 0. In order to apply Proposition 2.1, we need
to check that

p1-Vx =0. (5.10)

This is indeed true in the case X = C, but it is not true in the cases X = A and B.
In fact (5.10) applied to f € Sx, X
respectively (a,b,c,d=1,...,5):

d d d d d d
— f=0 5.11
<anb dXCd anC ded + and dec> ! ( )

A or B, is equivalent to the following equations,

(XapXia = XaeXba + Xaaxie )F = 0. (5.12)

It is not difficult to check the following lemma.

Lemma 5.11. (a) The subspace of Sa defined by (5.11) is S nign.
(b) Equations (5.12) hold in Sg/Sg 1ow-

(c) Equation V% = 0is equivalent to the system of equations (a,b,c,d = 1,...,5):

e¢:1becd_eacebd‘l'eadebc =0. (5.13)
O

Let

Va = SA,high> VB(respA C) = SB(resp. C) /SB(resp. C) low (5-14)

The above discussion implies the following proposition.

Proposition 5.12. (a) The operators Vx define E(5, 10)-morphisms M(Vx) — M(Vx) (X =
A,B or C).

(b) v% =0 (X =A,Bor C).

(c) vx =0ifand onlyif X=A andn =0,or X =C and m = 0. O

The nonzero maps Vx are illustrated in Figure 5.1. The nodes in the quadrants
A, B, and C represent generalized Verma modules M(m,n,0,0), M(0,0, m,n), and
M(m,0,0,n), respectively. The arrows represent the E(5,10)-morphisms vx, X = A, B,

or C in the respective quadrants.
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“‘ Lo, Amno)
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P T 7110
P T 7110
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ISR g
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DSR2
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Figure 5.1
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