Linear Algebra and its Applications 466 (2015) 64-82

Contents lists available at ScienceDirect

ELCHIS

Linear Algebra and its Applications Applications

www.elsevier.com/locate/laa

Matrix-tree theorems and discrete path integration @ CrosMark

abcr - Andrey Ploskonosov ?,

a,b

Yurii Burman
Anastasia Trofimova

? National Research University Higher School of Economics (NRU-HSE), 101000,
20, Myasnitskaya st., Moscow, Russia

b International Laboratory of Representation Theory and Mathematical Physics,
Russia

¢ Independent University of Moscow, Russia

ARTICLE INFO ABSTRACT
Article history: We calculate characteristic polynomials of operators explicitly
Received 24 May 2013 presented as polynomials of rank 1 operators. Corollaries of

Accepted 26 September 2014
Available online xxxx
Submitted by R. Brualdi

the main result (Theorem 2.3) include a generalization of the
Forman’s formula for the determinant of the graph Laplacian
[6,8], the celebrated Matrix-tree theorem by G. Kirchhoff [9],

MSC: and some its extensions and analogs, both known (e.g. the

15A15 Matrix-hypertree theorem by G. Masbaum and A. Vaintrob
[10]) and new.

Keywords: © 2014 Elsevier Inc. All rights reserved.

Matrix-tree theorem
Graph Laplacian

1. Introduction

A celebrated Matrix-tree theorem (MTT) proved by G. Kirchhoff in 1847 [9] has been
attracting a constant attention of specialists since then. It was given several new proofs
(see e.g. [4] and the bibliography therein), was used in many contexts, sometimes quite
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unexpected ([3], for just an example); there are also many generalizations of the MTT
([1,2,5,6,8,10], to name just a few).

In its classical form, the MTT expresses the principal minor of some n X n-matrix
via summation over the set of trees on n numbered vertices. The matrix involved is a
weighted sum of the operators I — s where s runs through the set of all reflections in the
Coxeter group A, —1. In this article we generalize the MTT allowing any rank 1 operators
instead of I — s, and any non-commutative polynomial instead of a weighted sum.

The article is organized as follows. In Section 2.1 we formulate and prove the main
result, Theorem 2.3. It expresses the characteristic polynomial of an operator M given
as a function of rank 1 operators M, ..., My by a sort of “discrete path integration”.
Then we consider two special cases of the theorem: linear polynomials (Section 2.2)
and skew-symmetric ones (Section 2.3). In the first case the discrete path integration
is reduced to summation over subsets (Corollary 2.4). In the second case we express a
Pfaffian of the operator as a sum over the set of pair matchings (a.k.a. dimer structures;
Theorem 2.8).

Section 3 contains some applications of the main theorem. In Section 3.1 we use
Theorem 2.3 to prove a formula for the characteristic polynomial of the Laplacian of
a line bundle on a graph (this formula was first obtained by R. Forman in [6] using a
different method). In Section 3.2 we obtain two corollaries of the Forman’s formula: the
MTT (in [6] and [8] it was derived from Forman’s formula as well) and the D-analog of the
MTT (Corollary 3.5). In Section 3.3 we consider a discrete Scroedinger operator, which
is a generalization of the graph Laplacian, and prove an expression for its characteristic
polynomial.

In Section 3.4 we prove two results in a skew-symmetric case: Theorem 3.7, which is a
generalization of the Matrix-hypertree theorem of [10], and its D-analog, Theorem 3.9.

2. General results
2.1. The main theorem

Let V be a vector space of dimension n with a scalar product (-,-). For e, & € V denote
by M]e, o] the operator

Mle,a](v) & (a, v)e.

Mle,«) : V — V has rank 1 or is zero.

Choose an integer N and consider two sequences of vectors, ej,...,ey € V and
ai,...,ay € V. Define then a linear operator M : V — V as
M:P(M[el,ozl],...,M[eN,ozN]) (1)

where
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m
P(.Z‘l,...,.TN):Z Z Cih...,isxil-'-xis

s=11<iy,...,is <N

is a noncommutative polynomial of degree m.
For a,b € {1,..., N} define

We(a,) =Y D> ciy (i, e )iy, ei,) - (i, e, ) (2)

s=1 i1,iz,...,is
i1=a,is=b

We can consider {1,..., N} as the set of vertices in a complete directed graph K ; then
the internal summation in (2) is taken over the set of paths iy,...,is of length s — 1
joining the vertices a = i; and b = i;. Let G be a subgraph of Ky, i.e. a set {dy,...,dx}
where every d;, i = 1,...,k, is a directed edge joining vertices d; and d; . Define the

weight of the graph G by

k
We(G) = [[We(d; ,d) - det({a,.,e41))

i=1

k
p,q=1"

(3)
Remark 2.1. To write down (3) one has to number the edges of the graph; it is clear,
though, that Wp(G) does not depend on the numbering. On the contrary, the direction
of edges in G is essential: the polynomial P is noncommutative, so in general the weights
Wp(a,b) and Wp(b,a) are unrelated.

Remark 2.2. Obviously, Wp(G1 U G3) = Wp(G1)Wp(G2) where G U G is a union of
vertex-disjoint graphs G and Gs. For a usual union of graphs (which are edge-disjoint
but may have common vertices) the weight Wp is not multiplicative.

Theorem 2.3. chary(t) = > p_o(—1)Fpet™ " where

Pk = Z Wp(G). (4)

GeDy

Here Dy, is the set of directed graphs G with k edges, the vertices 1,..., N, such that
every connected component of G is either an oriented chain or an oriented cycle.

An oriented chain has vertices iy, ...,is and edges (i1,12), (42,13),..., (is—1,is); an
oriented cycle has the same vertices and the same edges plus (is, i1). We will call a graph
G € Dy a discrete oriented 1-manifold with boundary (abbreviated as DOOMB), by an
apparent graphical analogy.

Proof. Consider an orthonormal basis ui,...,u, € V and fix a sequence j,...,Jjk,
1<j1 <---<jr <N.Then
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m k Sq
MM (uj, A Auj,) = c (s €.0a) )
J1 Ik) — i(l‘”...ig‘(’]) i(r‘”’ i'E‘q—)l
r=2

S1,..5k=1 1<q<k q=1
1<t<sq

1<i{P< N

IA

X

=

<04i5q>,ujq> X €;m ARERNA €
1

Q
Il

m k

Sq
>, Ilew o Ttew )
r=2

S15.00,8=1 1<q<k q=1
1<t<sq

1<i{P< N
2(911) <...<i§’Z)
k

X E (_1)Sgn(0) H<ai§® ’ uja(q)> X eigll) AR eigl;;)
gESk q=1

(where sgn(o) means the parity of the permutation o). So, the coefficient at w;, A---Au;,
in M"*(uj, A+ Auj,) is equal to

m k Sq
> 2 I{ew.w ewew)
r=2

S1,..,8=1 1<q<k q=1
1<t<sq

1<i{P <N
(1) o o4 (R)
sy <<ty
k

k
X det(<ai§q”ujr>)q,r:1 X det(<ujr’ei§?1)>)q7r:1'

The inequality ZS) << zgi) here and above means actually that the summation should

be taken over the set of unordered k-tuples {i(V), ... i)} of multi-indices. Therefore

m

e = Tr MM = Z Z H €y <q>HOé(q>,€(q>>

S1,...,8=1 {1(1) . (k)} q=1

(Q):( (q) (Q))
1 5t sq
1<ifP <N,
1<q<k,1<i<sq
k
X det((ai§p) , eigz) >)p’q:1 (5)
For every multi-index z(q) . (q) , 1 < q <k, denote by G a directed graph with the

vertices 1,..., N and the edges dq7 1 < q < k, where d, joins vertices d def (q) and

d(‘]“ def zgq) Then z(q) zg‘f) is a path joining d, with d;l", and (5) becomes

ke = > Wp(G) (6)

G is a graph with k directed edges
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The last factor in (5) is zero if igql) = ig‘”) or iggi) = ig‘fg) for some q; # g2. So, every
vertex of G has at most one outgoing edge and at most one incoming edge. Therefore,

G is a DOOMB, and the summation in (6) is actually performed over G € Dy. O
2.2. A special case: P is linear

Suppose that the polynomial P of Theorem 2.3 is linear: P = Zf\il c;z;. In this
case all the paths in Eq. (2) have length 1. Consequently, the edges of G in (4) are
loops attached to the vertices 1 < iy < -+ < i, < N; one has Wp(i,i) = ¢; for such
edge. The vertices i1, ..., should be chosen so that the vectors e;,,...,e;, are linearly
independent, and the same is true for a;,, ..., a;, — else the determinant in (4) is zero.

In other words, the following corollary of Theorem 2.3 takes place:

Corollary 2.4. Let M = vazl ciM[e;, ;). Then charp(t) = Y p_o(—=1)Fpipt™* where

k
e Z Ciy - - - Ciy, det({e; aiﬂ>)p7q=1' (7)
{i1yeesin} C{L,....N}

Example 2.5. Let V = R™. Consider sequences of vectors e and o numbered by pairs of
indices 1 < 4,7 < n: ey def u; and a;; def u; where uq,...,u, is an orthonormal basis
in V (so, N =n?). Let

n
def
P(x11,...,%nn) = E CijTij;

i,j=1

then the matrix of the operator M = P(Mlei1,0q1),. .., M[enn,ann]) in the basis
Ui,..., Uy is (¢;;). By Corollary 2.4 one has charp(t) = Y op_o(—1)*ugt™* where
B = D Ciygy - - Cirge (€35, Qs ) )k =15 the summation is taken over the set of un-
ordered k-tuples (i1,71),. .., (ig, jr) with 1 < is,js < N, s = 1,...,k. In other words,
the summation is over the set of graphs F' with the vertices 1,2, ..., n and k£ unnumbered
directed edges (loops are allowed).

One has (a;j,ep) = 0k, so the contribution of a graph F' into (7) is equal to
Civjy -+ - Cigin det(éz—qu)’;,q:l. It is easy to see that the determinant is nonzero only if
all the ¢, and all the j, are distinct (else the matrix has identical rows or columns), and
for every g there is a unique p def o(q) such that j, =i, (else a matrix has a zero row).
If these conditions are satisfied, the determinant is equal to (—1)*¢*(?) where sgn(c) is
the parity of the permutation . Hence, Theorem 2.3 in this case is reduced to the usual
formula expressing coefficients of the characteristic polynomial of the operator via its

matrix elements.
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2.8. A special case: o = e and P is skew-symmetric

Suppose now that a; = e; for all ¢ = 1,..., N, and the polynomial P is skew-
forall s = 1,...,m and 1 < iy,...,is < N. Then the
operators Me;, e;] are symmetric: (M[e;, e;]v1, v2) = (e;,v1)(e;,v2) = (v1, M|e;, €;]va),

symmetric: ¢; 4, = —Ci; ..,
and the operator M = P(M]ley,e1],..., M[en,en]) is skew-symmetric. Fix now an or-
thonormal basis u1, ..., u, in V, and define a half-weight Up " *** (F') of a directed graph
F with the edges d1,...,d; as

k
Ulijla-uﬂék H dp ,d;_
xdet(wm o) - o) b)) g
<ui2kvedf> <ui2kvedj'> <ui2k7ed;> <ui2k7edzj>

Remark 2.6. Similarly to Remark 2.1, to write down the expression for the half-weight
U one has to number the edges of F', but the result is independent of the numbering.

Remark 2.7. The skew symmetry of P implies Wp(b,a) = —Wp(a, b); therefore reversing
the direction of an edge in G will not change Up"*(@). Thus we can speak about a
half-weight of an undirected graph.

Theorem 2.8. charp () = Y _(—1)F puost™ 2% where

= Y (S opeem). o)

1<i1 < <igp<n “FEPy

Here Py, is the set of partial pair matchings (i.e. undirected graphs where different edges
have no common vertices) with k edges. In particular, if n is even then the Pfaffian of
the operator M is equal to > pcp " U (F).

Proof. Note first that in (4) one has pogy1 = 0 because M is skew-symmetric. Let now
G be a DOOMB with 2k edges and a cycle i; ...i94+1 of odd length, and let G be a
DOOMB obtained from G by reversal of all edges in this cycle. The skew symmetry of
the polynomial P implies that Wp(G) = —Wp(G), so contributions of G and G into
(4) cancel. Therefore, the summation in (4) is performed over the set of DOOMBs with
cycles of even length only. Such DOOMBSs can be represented as unions of two (directed)
partial pair matchings.

To continue the proof we will need the following identity involving minors of a 2k x 4k
matrix A. Denote by S a set of all d-element subsets in {1,...,2d}. For I € Sy, denote
by A a determinant of the 2k x 2k-submatrix of A formed by all the rows and the
columns i € I. Denote also =; “ A - Ay where I’ & {1,2,...,4k}\ I.
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Lemma 2.9. Denote by Ex C Sop, a set of all I € Say, such that for every s =1,...,2k
the intersection I N {2s —1,2s} is empty or contains 2 elements, and by O C Sai a set
of all I € So, such that for every s = 1,...,2k the intersection I N{2s —1,2s} contains
1 element. Then

I€0y I€E)

where X1 is the sum of elements in I.

Proof. For every (2k — 1)-element set J C {1,...,4k} there holds a classical Pliicker
relation (see e.g. [7, p. 110]):

> (-1)™MME e =0 (10)
acJ’

where m(a) = #{zx € J | x> a} + #{z € J' | z < a}. Let now

p(J) = (1)) (% _kyf;) - 1) _

where v(J) = #{s | J N {2s — 1,25} # (}. Multiply the relation (10) by p(J)
and sum over all J. The resulting relation is linear in =y (that is, quadratic in Aj)
and skew invariant under the permutations of 1,2,...,4k that respect the splitting
{1,2,...,4k} = LU** {25 — 1,2s}. So it suffices to calculate the coefficient at =, where
I, ={1,2,...,2d,2d + 1,2d + 3,...,4k —2d — 1}, 0 < d < k.

Z7p, enters relations (10) for J = Jg 4 o, \{s}, 1 < s <2d, and for J = Jj e

I\ {2d+2s—1},1 < s < 2(k—d). The coefficient at =7, in (10) for J = Jy s is —(k_l)_l

d—1
and for J = Jj it is (kzl)_l (in both cases it is independent of s). So for 0 < d < k
the total coefficient is —(2d) (Zj)_l +2(k — d) (kgl)_l = 0. For d = 0 it is 2k, and for

d =k, it is —2k. Since Iy € Oy and [ € E}, the lemma is proved. O

Finish now the proof of Theorem 2.8. Consider an undirected graph H that consists of

p cycles containing 2n4,. .., 2n, edges, ¢ “even” chains containing 2/, ..., 2{, edges, and
2r “odd” chains containing 2m, 4+ 1, ..., 2maq, + 1 edges, respectively. The total number
def

of edges in H is 2(n1 + -+ np) +2(01 + -+ + £g) +2(m1 + -+ - + ma,) + 2r = 2k;
the total number of vertices is 2r + ¢ + 2k. Without loss of generality one can suppose
that the endpoints of the odd chains are numbered 1,2,..., (4r — 1), 4r, the endpoints
of the even chains are 4r +1,...,4r + 2¢q, and the other vertices are 4r+2q+1,...,2r+
q+2k.

Denote by D(H) the set of DOOMBSs that become H after erasing orientations of all
the edges. The set D(H) contains 2PT9%2" elements; a graph G € D(H) is determined
by orientation of all the components. Denote also by P(H) the set of all pairs (Fi, F»)
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where I} and F5 are partial pair matchings containing k edges each and such that the
union of F; and F; is H. Edges of F; and F5 in every component of H alternate, so the
component can be split into edges of F} and F5 in exactly two ways. The total number
of edges of F} and F; in odd chains should be equal, which gives 1/2 of all possible
splittings (in the even chains and in the cycles the balance is maintained automatically).
Therefore, P(H) contains 2PT4T" elements.

Fix a sequence of indices 1 < 4; < --- < i, < N. For a graph G € D(H) let I_(G)
be the set of initial vertices of its chains, I (G), the set of final vertices of its chains,
and V(H), the set of all vertices (it depends on H only). Also denote by E(H) the set of
edges in H. Number the edges dy, ..., ds and consider the matrix A(H) with 2k rows,
4k columns, and the matrix elements given by

A(H)3q = <uisved;>7 A(H)3 = <uisvedt+>

(as usual, the edge d; joins vertices d; and d;"). Note that some columns in A(H) are
repeated twice, namely, the columns corresponding to the vertices of the cycles and to
the internal vertices of the chains; they depend on H only. Apply Lemma 2.9 to the

matrix A(H), and multiply the result to [];cp ) Wr(d; ,dJ ):

> I Weldy . df) det AU ity - det AU 3k, (6
GeD(H) jeE(H)

= ) UpTh(ER)URT(R)

(F1,F2)€P(H)

Take a sum over 1 < iy < -+ < ig, < n and use the Cauchy-Binet formula [11, §10.5].
In the left-hand side one obtains > ,cp, Wp(G) = pai; in the right-hand side the
summation over Fy and Fy becomes independent, and (9) follows. O

3. Applications
3.1. Line bundles on a graph

Let G be an undirected graph without loops; parallel edges are allowed.
Definition 3.1. (See [8].) A line bundle with connection on G is a function attaching a
number ¢4 # 0 to every directed edge d of G, such that ¢_4 = qﬁ;l where —d is the edge
d with the direction reversed.

To explain the name, attach a one-dimensional space L, (a fiber of the bundle) to

every vertex v of G. If an edge d joins vertices d~ and d*, then the number ¢4 can be
interpreted as the 1 x 1-matrix of an operator L,- — Lg+ of parallel transport along d.
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For a path A = (dy,...,d;) in G denote ¢, et ¢dy - - - Pq,, (the operator of parallel
transport along A). If A is a cycle then ¢, is called its holonomy. The holonomy of the
same cycle with the orientation reversed is ¢Zl.

Attach now a weight ¢y to every edge d of G; the weight ¢4 does not depend on the
edge direction.

Let 1,2,...,n be vertices of G and dy,...,dg, its edges. Choose an orientation for
every edge d;, so that it joins the vertex d; with the vertex d;r. Fix then an orthonormal
basis u1, ..., u, in R™ and define eg4 def Ug— — d);lUdJr and ag def Ug— — Pqug+. Consider
a polynomial

P(zy,..., %) = Y Ca%a, (11)
d
and define an operator M by (1). If v = 31" | v;u; then

ca(va- — 7 va+ ) (Ug- — Patta+)

Us; Z cd(vi - ¢lej). (12)

=1 d:{d-dt}={ij}

The operator M is called (see [8]) a Laplacian of the bundle. Apparently, it does not
depend on the direction of the edges.

A wunicycle is a connected graph having as many vertices as edges. A unicycle is
a simple cycle with trees (possibly empty) attached to its vertices. Call a graph G
a uni-forest if every its connected component is either a tree or a unicycle; a based
uni-forest is a uni-forest with a base point chosen in every tree component.

The following result generalizes the Matrix-CRSF theorem of [6] and [8]:

Theorem 3.2. The characteristic polynomial of the Laplacian (12) of a line bundle on a
graph is equal to Y p_o(—1)Fpt™=* where

= > H ca I (-éa)1-erh). (13)

FGZ/{n k A s,
an edge of F a cycle in F

Here Uy, 1, is the set of based uni-forests containing n vertices and k edges.

Note that the summand does not depend on the base vertices, so (13) contains groups
of [T, (mz—l—l) identical terms; here m; is the number of edges in the i-th tree component
of F.

Theorem 3.2 follows from Corollary 2.4 and Lemma 3.3 below. Denote by Qg the
matrix ((oq,,€q,))p =1 (recall that dy, ..., dy are edges of the graph F).
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Lemma 3.3.
1. If F is a tree with k edges (and k + 1 vertices) then det Qp =k + 1.
2. If F is a unicycle with a cycle A then det Qp = (1 — ¢4)(1 — ¢, ).
3. If I is a connected graph with more than one cycle then det Qp = 0.

Proof. Elementary transformations (v; +— v; + tv;) applied to vectors e and « will not

change det Q. If I = (i1,...,is) is a path in F' (a sequence of vertices joined by succes-
sive edges dy = (i142),...,ds—1 = (is—1ls)) then elementary transformations applied to
vectors eg, , . . .,eq,_, allow to replace the last vector in this system by wu;, — ¢} 'u;_; for

o it s us, — ¢ru,,.

Choose a base vertex in F'; in case F' is a unicycle, it must belong to the cycle. Without
loss of generality, the base vertex has number 1, and the other vertices in the cycle (in
the unicycle case) are 2,...,¢. If F is a tree then for every vertex j there is a unique
shortest path A; joining 1 with j; applying the transformations described above one can
replace the vectors eq,,...,eq, and ag,,...,aq, (where dy,...,d; are the edges of F)
by €; def uy — (ijluj and a; def u1 — ¢a,u; where j =2,... k+1.If Fis a unicycle then
deleting an edge 1¢ makes it a tree; take for A; the shortest path joining 1 and j in this
tree. Similar to the tree case, one replaces e4, and aq, by €; and a; for 2 < j <k, and
additionally €41 def €1, iyl def Q1.

If F' is a tree then the matrix ({(a;,€;)), 2 < 4,7 < k+ 1 has 2 on the main diagonal
and 1 in all the other positions. Its determinant is k 4+ 1 by easy induction.

If F is a unicycle then an elementary transformation applied to vectors e, = uy —ngZel Up

and €xy1 = €p1 = U — P1oup allows to replace the last one by Ey def up (1 — gi)Zzlqﬁlg) =

up(l— ¢Zl)~ Then an elementary transformation applied to £; and €; allows to replace

f _ . . . .
g; by Ij o —Aj 1uj; here j = 2,..., k. Similar operations for « give the set of vectors

Ay =u1(1—¢a) and A; def —Aju; for j =2,..., k. The matrix ((E;, A;)), 1 <4,j <k,
is a diagonal matrix with (1 — ¢,)(1 — ¢') in the upper left corner and 1 in the other
positions.

To prove the last statement of the lemma just note that there are k vectors ey, and they
all belong to the space R™ where n is the number of vertices in F'. If F is connected and
contains more than one cycle then n < k, so the rows of Qp are linearly dependent. O

Proof of Theorem 3.2. Apply Corollary 2.4 to the vectors eg4, ag defined above. Summa-
tion in (7) is done over the set of all unordered k-tuples dy, ..., dg, that is, over the set
of directed graphs F' with k edges.

Let F1,..., Fy be connected components of F. If the edges d; and d; belong to different
components then (aq,,eq;) = 0. So the matrix Qr is block diagonal, and det Qr =
det Qp, ...det Qp,. It follows now from statement 3 of Lemma 3.3 that detQpr = 0
unless F' is a uni-forest.
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Let F' be a uni-forest; by statement 1 of the lemma if F; is a tree component then
det QF, is equal to the number of ways to choose a base vertex in it. By statement 2 of
the lemma, if F; is the cycle component then det Qp, is (1 — ¢4,)(1 — gble) where A; is
the only cycle in F;. Every cycle in F' is A; for some 4, which finishes the proof. O

3.2. Matriz-tree theorems

Fix a space R™ with an orthonormal basis uq,...,u,. For a permutation o € X,
denote by o : R™ — R™ a linear operator permuting the basic vectors: o(u;) def Ug(i)-
This defines an action of the group X,, on R™. Transpositions (pq), 1 < p < ¢ < n, act
by reflections; they generate the Coxeter group A, _1.

Corollary 3.4 (of Theorem 3.2). The characteristic polynomial of the operator M =
> 1<p<q<n Crg(1 = (pq)) is equal to o (1) ut® where

T |

FeFn (pq) is
an edge of F

Here F, 1 is the set of based forests with n vertices and k edges.

Proof. (Cf. [6].) This is a special case of Theorem 3.2 arising when ¢;; = 1 for all 4, j
(a “trivial connection”). Since all the holonomies for such connection are equal to 1, only
forests make nonzero contribution into (13). 0O

Apparently, det M = 0 (there are no forests with n vertices and n edges), so the
summation is indeed up to k =n — 1.

The corollary follows also from the classical Principal Minors Matrix-Tree Theorem,
see e.g. [4] for proofs and related results.

Denote now by (pg)’ : R™ — R"™ a reflection in the hyperplane normal to the vector
Up + Ug:

(pq) (up) = —uq,  (pq)'(ug) = —up, and (pq)'(u;) =u; fori#p,q.  (14)

Reflections (pg) and (pq)’ together, 1 < p < ¢ < n, generate a Coxeter group D,,. The
D-version of the Matrix-tree theorem is:

Corollary 3.5. The characteristic polynomial of the operator

M= > ¢,(t=/a)+c,(1-(p))

1<p<qg<n

is equal to Y1 _o(—1)*usth where
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ZED DR D DR | B
0<¢<k/2 FeUO, k¢ (pq)s is

an edge of F

Here UO,, 14 is the set of based uni-forests with n vertices, { unicycle components, and
k edges marked either + or — so that the number of +-edges in every cycle is odd.

Proof. Join every pair of vertices (i,j) with two edges: (i,j)— with ¢;; =1 and (i, j)+
with ¢;; = —1; the weights are c;rj and ¢;;, respectively. By (12), M =3 pcqen Cpg(1—
(pq)) + ¢f,(1 = (pg)’). The holonomy of a cycle is w = (—1)7 where j is the number of
+-edges in the cycle. O

3.8. Discrete Schroedinger operator

Definition. A discrete Schroedinger operator is the operator H : R™ — R™ given by the
formula H = A + A where A > 1<pcq<n L — (pq) and A(u;) 4 \ju; for every element
of an orthonormal basis uq,...,u,.

In terms of (12) A is the Laplacian of the line bundle on a complete graph with trivial
connection and edges of unit weight.

Theorem 3.6. The characteristic polynomial of H is equal to
n n—k
S T+ My (15)
k=0 FEFn ) i=1

Here F, i, is, like in Corollary 5.4, the set of based forests with n vertices and k edges;
p;(F) is the base point of the i-th component of F.

Proof. Take e;; def u; —uj, 1 <i < j <n (like in Section 3.1), and e; def ui, 1 <1< n.
If

n
P(zi2,...,Zn—1m Y1, Yn) = E Zij + E Aili
1<i<j<n i=1

then, apparently,
H = P(M[6127 612}7 ey M[en—l,na en—l,n], M[ela 61]7 EERR M[en7 enD

Use Corollary 2.4. A k-element subset {i1,...,ix} C {(12),...,(n—1,n),1,...,n} in (7)
can be interpreted as a graph F' containing k¥’ < k edges (corresponding to pairs (pq)
chosen) and k — k' marked vertices (corresponding to elements p). Denote, as usual, by
Qr the matrix mentioned in the term of (7) corresponding to F.
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Like in the proof of Corollary 3.4, if the graph F' contains a cycle ji, ..., js then the
corresponding vectors e,, are linearly dependent: e;, ;, +--- +¢€; 5, = 0, and therefore
det Q@ = 0. Similarly, if j; and j, are marked vertices of F' joined by a path ji, ja, ..., Js
then e;, +ej,5, +---+ej, .5, +e;, =0, and det Qr = 0, too. Thus, summation in (7) is
over the set of forests F' with every component containing at most one marked vertex.
If F1,...,Fy are connected components of F' then det Qr = det Qp, ...det Qp,.

By Lemma 3.3.1, if F; is a component of F' containing no marked vertices then det F; =
m; + 1 where m; is the number of edges in F;. Suppose now F; that contains a marked
vertex a;. Let p be a dangling vertex of Fj; let ¢ be the parent of p and r, the parent
of ¢ (a path joining p with the root starts with the vertices ¢ and 7). Replace F; by a
tree F containing an edge rp instead of gp. Then the vectors epq = ayq are replaced by
epr = Qpr = epgt+eqr. The matrix Qp; differs from Qp, by an elementary transformation,
so det Qp; = det Qp,. Applying this transformation several times, we convert F; into a
“bush” tree F;* where every vertex is joined by an edge with a root a;, and conclude that

11 ... 1
1 2 ... 1

det Qp, = det Qpy = det =1
11 ... 2

(one assumes that a; is in the first row and column). So, the coefficient at t"~* in the
characteristic polynomial of H is a sum over forests with k' < k edges (hence n — &’
components) and k — k' marked vertices, at most one per component. The summand
is Hf;lk/ Api(F) X H;:,f/_k, (m; + 1); here we assume that a component numbered i =

1,2,...,k — k' contains a marked vertex p;(F) and a component numbered j = k — k' +
1,...,n — k' contains m; edges and no marked vertices. Obviously, this is equivalent
to (15). O

3.4. Pfaffian-tree theorems

In this section we prove two corollaries of Theorem 2.8.

A finite 3-graph is a topological space obtained by gluing several triangles by their
vertices (not sides!). Triangles (homeomorphic to disks) are called 3-edges of the 3-graph;
their sides are called 2-edges.

A contractible 3-graph is called a 3-tree; a 3-forest is a 3-graph such that every its
connected component is a 3-tree. If a root (a base vertex) is chosen in a 3-tree then every
its 3-edge has one “inner” vertex (closer to the root) and two “outer” ones.

The following theorem is a generalization of the Matrix-hypertree theorem of [10]:

Theorem 3.7. The Pfaffian of the principal (i1,...,i2x)-minor of the skew-symmetric
operator

M= > cgllper) - (pro) (16)

1<p<qg<r<n
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s equal to

Hiy,oior = Z (71)S(G) H Cpqr (17)

GETFiy, .. igy, (pqr) is
a 3-edge of G
Here TFi, .. i is the set of 3-forests with k 3-edges and the vertices 1,2,...,n such that
every their component contains exactly one vertex (a root) not in the set {i1,..., ik };
5(G) is the number of inversions in a permutation o of 1, ..., 2k defined so that iy(2—1) <
ig(2t) are outer vertices of the t-th edge of G, 1 <t < k.

Remark 3.8. To define s(G), the 3-edges of G should be numbered and the vertices

of every 3-edge should be ordered. Nevertheless, the sign (—1)%(¢)

does not depend
on the numbering because every 3-edge has two outer vertices, and therefore different

numberings give rise to permutations of the same parity.

Proof of Theorem 3.7. Extend the definition of cpq, to all p,g,r = 1,...,n to make it
skew-symmetric: cqpr = —Cpgr = Cprq. Also assume c,q, = 0 if any two indices coincide.
Take epq = u, — u, and consider the polynomial

1 n
P:E Z CparTpgTqr; (18)

p,q,r=1

where x,, = x4, for all 1 < p,q < n by definition. A simple calculation shows that
M = P(Mlei2,e12),...,M[en—1n,en—1,)) is the operator (16). (Note that Mepq, epq] =
M egp, eqp), so the relation z,q = x4, is satisfied.)

Apply now Theorem 2.8. A partial pair matching F' € Py is the set of ordered pairs
((ps,qs), (gs,7s5)), s = 1,...,k, or, equivalently, a 3-graph with the 3-edges (ps,gs,s),
where the vertices of every 3-edge are ordered.

Fix the set of indices I = {iy,...,iax}, i1 < --+ < igx, and denote by Qr = QL the
matrix in the right-hand side of (8): its matrix elements are given by

(QF)S,Qt—l = <uisaeqmt>a (QF)S,Qt = <Uis76qtm>- (19>

If Fy,..., Fy; are connected components of the 3-graph F', then, as usual, detQp =
det Qp, ...det Qp,. Notice also that the term in (8) corresponding to F' does not depend
on the ordering of vertices in edges; so, taking into account the factor 1/6 in (18), one
can say that the summation in (8) is done over the set of 3-graphs with the vertices
1,2,...,n and with £ unoriented 3-edges.

Suppose now that the 3-edges (p1,41,71),---,(Ps,qs,s) of F form a cycle. Ordering
of vertices in every 3-edge is not important, so one can suppose that the 2-edges (sides of
the 3-edges) (p1,q1), .-, (ps-gs) also form a cycle. Then e, q, +- - - +ep,q, = 0; therefore,
the rows of Qp are linearly dependent, and det @ = 0. Thus, only 3-forests enter the
sum.
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Suppose now that vertices p, ¢ ¢ I lie in the same connected component of F. Without
loss of generality there exists a sequence of 3-edges (p1,q1,71),- .-, (Ps,qs,s) such that
p1 = p and ¢s = ¢. Then e,,4, + -+ + €p.q. = Ug — Up, sO that (u;,,ep,q,) + -+ +
(wi,,ep,q,) = 0 for all ¢; so, the rows of Qr are linearly dependent, and detQr = 0.
Hence, if a 3-forest F' enters the sum then every its connected component contains at
most one vertex p ¢ I (cf. with the proof of Theorem 3.6). On the other hand, the total
number of vertices in F' is equal to 2k+¢ (twice the number of 3-edges plus the number of
connected components). Therefore, every connected component Fj of F' contains exactly
one vertex a; ¢ I; call it a root.

Let now o be the permutation of {1,. .., 2k} defined in the formulation of the theorem.
Let (pgr) be a dangling 3-edge of a component F; of F'; we assume that the vertices p and
r are outer (belong to no other 3-edge), and ¢ # a; belongs to a 3-edge (p'¢'r’): g =p'.
Replace the 3-edge (pgr) by a 3-edge (pg'r) obtaining a new 3-forest F”. Equivalently,
the vectors e,y and ey are replaced by epy = €pq + €90 = €pg + €prg and eq, =
€qr + €q'q = €qr — €pqr. Since p,q,r € I, the matrix Qs is obtained from Qr by an
elementary transformation, and det Q% = det Qp. At the same time, one may assume
that the permutations ¢’ and o are the same (remember that the parity of ¢ does not
depend on the edge numbering), so that (—1)5(F") = (—1)s(7),

Applying the transformation several times we make every component of F' look like
a “3-bush”: a set of 3-edges attached to a common vertex a ¢ I. For such 3-forests the
equality det Qp = (—1)*¥) is obvious. O

Formulate now a D-version of Theorem 3.7 (in the same sense as Corollary 3.5 is
a D-version of the Matrix-tree theorem). Define a semi-open triangle as a triangle pqr
with a side pr removed (the internal points, the sides pg and gr, and the vertices p, g, r
are preserved). A semi-open 3-graph is a topological space obtained by gluing semi-open
triangles by their vertices (not sides!). A skeleton of a semi-open 3-graph is a union of
sides pq and qr of all its 3-edges pqr; it is a graph. A semi-open 3-graph is called a 3-tree
or a 3-unicycle if its skeleton is a tree or a unicycle, respectively. A union of sides pg and
qr is a homotopy retract of the semi-open triangle pgr; consequently, a semi-open 3-graph
is homotopy equivalent to its skeleton. Therefore, a semi-open 3-graph is a 3-tree if it is
contractible, and a 3-unicycle if it is homotopy equivalent to a circle. A 3-uni-forest is a
semi-open 3-graph where every connected component is either a 3-tree or a 3-unicycle.

Fix a system of weights cpqr, 1 < p,q,7 < n, such that cpgr = —crgp and cppr = Cpgp =
Cpgq = 0 for all p,q,r. Consider an operator A, = (pg)'(¢r)’ — (gr)' (pg)’ where (pq)’
and (qr)" are given by (14).

Define now a semi-weight Wi (G) for any 3-uni-forest G and a set I f {i1,. . 2k}
where 1 < 71 < --- < i9, < n. Start from the case when G is a rooted 3-tree. Let
1<y < -+ <igg < nbeits vertices different from the root (for other I the semi-weight
Wi(G) = 0 by definition). In every 3-edge of G mark the “inner” vertex (the one closest to
the root) with a star; apparently, every non-root vertex of G is marked in all the 3-edges
containing it except exactly one. Then number and orient the 3-edges. Let ig(2;—1), %o (21)
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(@) = [3241],s(G) = +1

3 U(G) = 3210431 = c123C134

Fig. 1. A half-weight of a 3-unicycle.

(1 <t < k) be the unmarked (“outer”) vertices of the t-th 3-edge in the order determined
by the edge orientation. (The orientation determines the cyclic order of the vertices, and
the position of the deleted edge fixes their linear order: if the oriented 3-edge is pgr
with the side pr deleted then the order of vertices is p, then ¢, then r.) Then o is a
permutation of 1,...,2k; denote by sign;(G) = £1 its parity.

The permutation ¢ depends on the numbering of the 3-edges of G, but its parity
sign;(GQ) is well-defined because every 3-edge contains two unmarked vertices. At the
same time, sign;(G) changes sign if an orientation of a 3-edge of G is changed. Recall
that the same is true for the weights of the 3-edges: c,qp = —cpgr. Thus, the half-weight

UrG) Esign (@) [ e (20)
2 3edge ot G
is independent of the orientations.

Let now G be a 3-unicycle. Again, number and orient its 3-edges arbitrarily and also
choose an orientation of the cycle. Then mark with a star one vertex of every 3-edge
using the following rule: if some vertices of a 3-edge pgr enter the cycle then mark the
last of them (according to the orientation of the cycle). If no vertex of pgr is in the
cycle then mark the vertex closest to the cycle. An easy induction shows that every
vertex of G would be marked in all the 3-edges containing it except exactly one. (See
Fig. 1 for an example of the marking; dashed lines mean deleted sides.) Then define the
permutation o, its parity sign;(G) and the half-weight U;(G) exactly as in the 3-tree
case. Note that in the 3-unicycle case I must be the set of all the vertices in G.

As before, sign;(G) is independent of the 3-edge orientation and numbering; still,
sign;(G) depends on the orientation of the cycle in G. An easy induction shows that

sign (—G) = (—1)°+ sign, (G) (21)

where —G is the 3-unicycle G with the cycle reversed, and ¢ is the number of 2-edges
(sides of the 3-edges) in the cycle.

Finally, if G4, ..., Gy are the connected components of a 3-uni-forest G then by defini-
tion Uy (G) = U, (Gy) ... U, (Ge) where I, is the intersection of I with the set of vertices
of G4, 1 < s < /. Note that U;(G) # 0 only if I is the set of all vertices of G except the
roots of all 3-tree components.
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Theorem 3.9. Fiz a set I = {i1,...yi2}, 1 <y < -+ < igr < n. The Pfaffian of the

principal (i1, ..., i2x)-minor of the skew-symmetric operator
1
M = 3 Z Cpar Apgr (22)
1<p,q,r<n
p<r
is equal to

My, ion = Z Uis,vsio (G).

Here TUF;, ... i, 1S the set of 3-uni-forests such that:

k

1. All the vertices of the 3-unicycle components of G are in the set I.
2. Ewvery 3-tree component of G contains exactly one vertex (a root) which is not in I.
3. A cycle in every 3-unicycle component of G contains an odd number of 2-edges.

The total number of 3-edges in any G € TUF;,
us not to worry about orientation of the cycles in G.

is k. By (21), condition 3 allows

yeeerl2k

Proof. Take ey, def up + uq and consider the polynomial

1
P = 5 Z Cpgr(TpgTar — Larpq), (23)
1<p,q,r<n
p<r
where z,, = x4, for all 1 < p,q¢ < n by definition. A simple calculation shows that
M = P(Mleiz,e12],- .., Men—1n,€n—1,]) is the operator (22). (Again, Mepq, €pg] =
Mlegp, eqpl, so the relation x,, = x4, is satisfied.)

Apply now Theorem 2.8. A partial pair matching F' € Py is the set of ordered pairs
((ps,qs)s (gs,7s)), s = 1,...,k, or, equivalently, a semi-open 3-graph with k 3-edges
(ps, qs,7s) (the side pgrs deleted). Consider the matrix QL from (19). Like in the proof
of Theorem 3.7, one has det Q%L = det Q% ...det Qiﬁ; where F,..., Fy are connected
components of F, and I, 1 < s < /£, is the intersection of I with the set of vertices of F.

Let the 2-edges (p1,p2), (P2,D3),- - -, (Pe, p1) form a cycle. Then one has

R 0, c is even,
€pips — Epaps T+ (1) €pep, =

2up,, cis odd.

Thus, if F' contains a cycle of even length, then the rows of the matrix QL. are linearly
dependent, and det QL. = 0; so, only graphs with all the cycles of odd length make a
contribution. As a corollary, no connected component of F' can contain more than one
cycle: if it contains two, then either one of them or their union has even length (cf. the
proof of Theorem 3.2). So, the summation is over the set of 3-uni-forests.



Yu. Burman et al. / Linear Algebra and its Applications 466 (2015) 64—82 81

Like in the proof of Theorem 3.7 one shows that every 3-tree component of the semi-
open 3-graph F' contains exactly one vertex p ¢ I (a root). The total number of vertices
of a 3-uni-forest is equal to 2k 4 ¢t where k is the number of 3-edges and t is the number
of tree components; therefore all the vertices of the unicycle components of F are in I.

Let Fs be a 3-unicycle component of F', and Iy C I be the set of its vertices. To prove
the equality det Qﬁ, = sign; (F,) we apply a series of elementary transformations to the
columns of the matfix, or, equivalently, to the corresponding vectors e;; (like in the proof
of Theorem 3.7; elementary transformations leave the determinant unchanged). First, let
P1,---,Pe be vertices in the cycle of Fy; as we proved already, c is odd. Then there exists a
sequence of elementary transformations converting the system of vectors e, p,; - -5 €p.p;
(where e, = Up, +Up,, ;) INt0 2up , Up,, . .., up, (cf. the proof of Lemma 3.3). Let now
pgqr be a 3-edge of F such that p and g are in the cycle and r is not. Let the deleted edge
be pr; if it is gr then the reasoning is similar. Applying the elementary transformation
to the vectors u, and ey = uq + u,, we replace ey with u,.

Consider now “tree” parts of the 3-unicycle F,. Applying to them the transformations
similar to those used in the proof of Theorem 3.7 we transform Fy into a 3-unicycle
where every out-of-cycle 3-edge pqr is attached to the cycle by a vertex. Suppose the
vertex is p and the deleted side is pr (the other cases are similar). Then an elementary
transformation applied to the vectors u, (already obtained), epq = up+uq and eqr = ug+
u, allows to replace e, and ey, with u, and wu,, respectively. Thus, a series of elementary
transformations converts } to the matrix R’ = ((u,, ui,,)) where 7 & 5 1.(Fs). Then
det Qﬁi = det R' = sign; (Fj).

If FS is a 3-tree component of F' then the equality det Qr, = sign; (F}) is proved
exactly as in the proof of Theorem 3.7. O
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