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Abstract

This is continuation of our article [4]. When F and G in [4] are con-
stant sequences, we obtain continued fraction for zeta(3) parametrized
by some family of points (F,G) on projective line. This family of points
can be obtained if from full projective line would be removed some no
more than countable nowhere dense exeptional set of finite points. A
countable nowhere dense set, which contains the above exeptional set
of finite points, is specified also.

To the thirty fifth anniversary of Apéry’s discovery

Introduction

Let 7=7(v) =v+1,0=0(v) =7(1r —1) =v(r+1), where v € N. Let
further v and v are variables,

(0.1) Cupa(V) = —7(T + 1)%(27 — 1) x

—3(40(v) + Du® — (100 (v) + 3)uv + 20(30(v) + 1)v* € N[u, v],

(0.2) Cuwa (V) = —12(687° — 457% + 1272 — 1)u® —

8(1577% — 1067 + 307% — 3)uv+

1 Short version
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4(1027% — 1707° + 897* — 247% 4 3)v? € N[u, v],
(0.3) Cuwo(V) =7(T = 1)*(27 + 1) x
(B(do(v+1) + Du® + (106 (v + 1) + 3)uv — 20(v + 1) (3o (v + 1) + 1)v?),

(0.4) buw(v + 1) = —Cupr () € Qlu, v] for v € N,

05) v+ 1) = —Cuno(V)cuna(v — 1) for v>2, v €N,

(0.6) Pon(0) = b, (0) = 4(3u + 20), Qu(0) = 1,

0.7 0@ = —cuno(1), Qua(1) = buy(1) = (34u + 520)/(u + v)
0.8)  Puu(l) = (327 4+ 5000), auo(1) = Puy(1) = ~byu(0)bu(1).

Let r,,(v) be the v-th convergent of continuous fraction
Gup (D] | auwo(2)] | auw(3)]
buw(1)  [buw(2)  [buw(3)
over the field Q(u,v). Let P, ,(v) and Q,.(v) be respectively nominator and
denominator of 7, ,(v), pr(z) = <5x + 3+ (=1)F A(m)) /(x(3x + 2)),

with A(z) = 182?(2x + 1) + (Tx + 3)*, z =2v(r + 1), v €N, k = 1,2, and
let A={pp(x): z=2v(v+1),vreN, k=1,2},

3= { - 5050 v e Nl

(0.9) Do (0) + T

where

(0.10) 5O =S ()0 k)) v

k=0
Then we have
Theorem B. Let F+ G # 0, (F+G)G > 0, G/F ¢ BU, if F # 0.
Then all convergents r,,,(v) are well defined for u=F, v =G and
apc(l)| | arc2)]  arc(3)|
bra(1)  |bra(2)  |bra(3)

Moreover P, ,(v) and Q,.(v) are homogeneous polynomials in Zu,v),

(0.12) max(2v, 1) = deg,(P,,(v)) = deg, (P, (v)) = deg(P,,(v)),

(0.13)  max(2v —1,0) = deg, (Qu.(v)) = deg,(Quu(¥)) = deg(Quo(v)),

where v € Ny.
Remark. The values pi(z) with k£ = 1,2 are zeros of the following trino-
mial ag(z) + 2a;(z)p + az(z)p*, where

ag(x) = —6(2z + 1), a1(x) = =2(5x + 3), az(x) = z(3z + 2).

(0.11)  8(F + G)C(3) = bra(0) + T
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Since —ag(z)/az(x) = 3/x +3/(3x + 2), —a1(x)/as(z) = 3/x + 1/(3z + 2),
decrease together with increasing of x > 0 it follows that

A(z)/(as(x))® = (—a1(x)/az(x))® — (—ao(x)/az(x)),

and py(x) decrease with increasing of x. Moreover, 0 < —p;(z) < po(z) for
any x > 0 and lim ro(z) = 0. Consequently, for given ' > 0 and G > 0

r—00

the condition of the Theorem B must be checked for finite family of v; for
example, if G/F > r(4), then condition of the Theorem B is fulfilled. We note
that (4) < 0, 36.

I give here sketch of proof of Theorem B. Full version of this work can be
found in [5]. Initial variants of this article can be found in [3], [4]

§1. Auxiliary functions.
We use the same auxiliary functions as in [3] — [5]. For example,
(L.1) fi(zv) = 30 (z0).8 fi (zv) = 5,7 (z0),

where § = % Expressions for my other auxiliary functions and connection of
them with polylogarithms can be found in (12) — (17) of [4]. Expressions for

3" (2 v) for k = 1,3,4 can be found in (4.37) — (4.38), §4 of [5].

§2. Auxiliary difference equation.

As in [4], we put

(2.1) apa(zv) = Fay(zv) + Gasy(z,v),
(2.2) yron(zv) = Fofu(zv) + G6 fi(z,v)

forve My =(R\(-2,1))NZ,j=1,2, 3, k=13 In view of (40) in [4],

(2.3) W)V yEe (L v —1) Z@?‘E}m (L:)(& frox)(1,v)

with v € M{ = ((—o0,—2]U[1l,400)) NZ and k = 1, 3. Replacing v € M; by
vi=—v—2¢c M= (R\(-3,0))NZ in (2.3), we see that

2
(24)  —m@)* (v +2)yrarl v +1 *F**G] —v=2)(¢ fi)(1,v)
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with k=1, 3 and v € M;* = ((—o0, —=3] U [0, +00)) N Z. Let

apé il —v —2)
(2.5) Wpa;(v)= | FQ—-j)+G(H—-1) |,
&*Ffé,jJrl(l; v)

where j = 1,2, v € M = ((—o0, =3]U[1,4+00)) N Z,

a}faz(h —v—2) &*FTE',S(L —v—2)
(2.6) Wea(v) = F G) =

ag (1 v) a1 v)

(raalv) draalt)) i) = ((Es?;i)>(<11’,7}>) |

pa(—v — 2)*(—v — 2)°ygq(z, —v — 3)
(2.7) Yrar(v) = Yra(zv) :
(V) vPyie(z,v — 1)

where k =1, 3, v € M{*** = ((—o0, —3] U [1,4+00)) N Z. Let further

wF,G,3,1(V)
(2.8) WUpas(V) = | wrgs2(v) | = [Wre1(v), Urea(v)].
wF,G,3,3(V)

is vector product of Wr e 1(v) and Wrga(v). Let wres(v) = (Wres(v))! is the

row conjugate to the column g ¢ 3(v). Then for scalar products (g 3(v), Wrea,;(V))
we have the equalities

wras(V)Wre;(v) = (Wras(v), Wra;(v)) =0,
where v € M{*** = ((—o0, —=3] U [1,+00)) N Z, j = 1, 2. Therefore
(2.9) Wpes(V)Wra(v) = (0 0),
where v € M = (R\ (-3, 1)) N Z. In view of (2.3) (2.4) and (2.9),
(2.10) ?I]F’G73(V>YF*:gfk(l/> = Wras(WV)Wpes(v)Y,™(v) =0, for k=1, 3

and v € M = (R\(-3,1))NZ. Since 7_,_9 = —v —1 = —7, = —7, it
follows from (31) in [4], (2.1), (2.6) — (2.8), that

(2.11) a*Fng(l? v) = Fafo,zg(l: v) + Ga;,*Q(l: v)=7(1 —1) X

(F(m* 4+ 221 — 1)*) = 2G(1 — 1) (21 — 1)(7° — (7 — 1)?)),
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(2.12) Apiolz;—v —2) = Fayy(1l, —v — 2) + Gazy(1, —v — 2) =

?(r+ D)(=F( +202r+1)%) = 2G(r + D27 + D((7 +1)°) — 7°),

(2.13) a*F’faS(l; v) = Fays(1, V) + Ga:’;j‘g(l, v) =741 —1) x

(=3F2r —1)* +G(r = D((t — 1)> +2(27 — 1)*)),

(2.14) apg (2 —v —2) = Fays(l, —v — 2) + Gazs(1, —v — 2) =
1+ 1(=3F27 +1)* = G(r + D((r + 1)* +2(27 + 1)?))),
In view of (2.5), (2.11) — (2.14)
@Ti*i,i,jJrl(l.; v 2)
W)= (1-0)2—j)+i(j—1) ],
aT:k(;(,jJrl(l; l/)a
where 1 =0, 1, j =1,2, v € M = ((—o00, —3] U[1, +00)) N Z. Then
U_;F,G’,j(y) = FU_))LOJ'(V) + Gw0’17j(y)

where j = 1,2, v € M = ((—o0, =3] U [1, +00)) N Z. In view of (2.8),
(2.15) Wra3(v) = FG([wh0,1(v), Wo2(V)] + [Wo11(v), W o2(v)]) +

F? [wl,OJ(V); 1171,0,2(V)] + G? [117071,1(V)7 wo,m(V)]-

a1
For any @ = [ ay | i =1, 2, 3 we put (@); = a;. Let further
as
(216) wi,jA(V) = [w},l_i’l(y),u7j71_j72(y)] with 7= 0, ]_, j = 0, 1.

In view of (216),(211) - (214), 11_})1’174(V) = [1171’071(V),117170’2(V)] = 1171’073(V)],

<@Mwh=wmw%f”“Qﬁiw>*”%m):

10,3

aiys(Lv) = ayy(lv) = =37 (r — 1) (27 — 1)%,

Ot — e (@2 = 2) a1 —2))
(uaal) = (s = = (T 10 T 00 ) <

_d%(@mn—u—m @yn—u—m)

az(1;v) azs(1;v)
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a5 (1)a (1 —v = 2) — a3 (15v)ag (15— — 2) =
(= D( + 2027 — D3 (=37 (r + 1)(27 + 1)) —
(=374 (7 — )27 — D*)(=7"(r + 1)(7* + 2(27 + 1)%)) =
=37(77 = (721 — 1)° + (27 +1)°) + 4(47° = 1)°) =
—1279(7% — 1)(687° — 457* + 1272 — 1),

- . atyo (1, —v —2) ai (1, —v—2
(W1,1,4(v))s = (W1,0,3(v))3 = det ( 102 1 ) il 0 )) =

—ayys (1 —v — 2) = —ayy(1, —v — 2) = 37 (7 + 1) (27 + 1),

In view of (2.16),(2.11) — (2.14), Wo4(v) = [Wo11(V), Wo12(v)] = Wo13(v),
(004 ()1 = (s () = det (., L _
ool = st = i) aia(i))

_a(ﬁ}(l? v) = —agj}(l, v) = 27'5(7' - 1>2(27 - 1)(73 — (7 - 1)3)7

- - ad o (l;—v —2) ai . (l;—v —2
(g )2 = (dsa))a = — det (2L V502 e VD)

a0,1,2(1§ V) a0,1,3(1; v
~det (aéz(ls —v—2) ags(l—v— 2)) _
a3y (1;v) az3(1;v)

ags(1;v)ags(l; —v —2) — agy(Lv)aghy(l; —v — 2) =
—27%(r = 1?21 = )(7* — (7 = D) (-t + DAH(t + 13+ 227 + 1)) —
(=27°(r + D22 + (7 + 1> = ) (7 (7 = D2((r — 1)* + 221 = 1)%) =
47%(7% — 1)%(1027° — 687" 4 2177 — 3),

- - adTo(l;—v —2) ada(l;—v—2
(To04(v))s = (Wo15(v))s = det ( ool . ) 0,1,3( X )) _

azy(l;—v —2) = =279 (1t + 1?27+ D((t +1)* — 7)%),
In view of (2.16),(2.11) — (2.14), Wy 14(v) = [Wo 1.1 (v), W 02(V)],

(Wo,1.4(¥))1 = ([Wo11(¥), W1 02(¥)])1 = det ( - (21; V) ar (21; V)) =0,

Qp,1,2 10,3

(Wo,1.4())2 = ([Wo,1,1(V), Wi 02(V)])2 =

et (az‘)fﬁ?(l; —v=2) ayga(l;—v— 2)) _
GS:HH(L V) af(i:%(h V)

—az5(1; —v = 2)az (L v) + azp(Lv)ays(1; —v = 2) =

—12t%(7% — 1)(47* — 1)(127* — 672 + 1),
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(Wo,1.4())3 = ([Wo,11(v), Wi 02(V)])s =

det (@33*,2(1; —v—2) af(i?)(l; i 2)) _

0 0 N
In view of (216),(211) - (214), 11_})17074(1/) = [11_}‘17071(1/),/(170’172(1/)],

(104001 = ({102 (v), Wo o)1 = det (@,{*0*21(1; ) il u>) B

Qp1,3

a3y (Lv) — asy(Lv) = —t*(t — 1) (2t — 1)(10¢% — 10t + 3), w1 04(v))2 =

7] det (a’{f‘&z(l; —v—2) agj‘ﬁ;}(l; -V — 2))
V)

(fn0al) woastil)e = =det\ e 1)V apy
—a55(1; —v = 2)agy(Lv) + ags (1 v)ags(l; —v — 2) =
—4t2(#2 — 1)(170¢° — 104¢* + 30t* — 3), (W1 04(v))3 =

. . ayoo (L —v —2) ajis(l;—v—2
([w1’071(y)7w071’2(7/)])3 — det ( 170,2( 1 ) 0,1,3( 1 )) .

ayy (L —v —2) — afy(1; —v — 2) = t*(t + 1) (2t + 1)(10> + 10t + 3),
(Wo1.4(V))2 + (W1 04(v))2 = —8¢2(+* — 1)(157t° — 106t* + 30t* — 3).

Therefore,
(2.17)  (Wres(v) = =3t (7 —1)(27 — D) F? — (1 — 1)(27 — 1) x
(1072 — 107 + 3)FG — 27(7 — 1)(7* — (7 — 1)*)G?),
(2.18) (Bpas(v))y = —1277(7% — 1)(687° — 457* + 1272 — 1) F? —
8t (t* — 1)(157t° — 106t* + 30t* — 3) FG+
47%(7% — 1)*(1027° — 687" + 217° — 3)G”,
(2.19) (Bpas(v))s =3ttt +1)2r + 1) F2+ ¢ (t + 1)(2t + 1) x

(10t 4+ 10t + 3)FG — 27(7 + 1)((1 + 1)® = 7°)G?).
According to (2.2), (2.10), (2.7), (2.17), (2.18), (2.19),

(2.20) —74r + 1>5wF,G,3,1(V>y;TG,k(V +1) +

wras2(WYrar W) + 7 (1 = 1) wress(V)yFarlv — 1) = 0.

Since fiox(1,v) = fiox(1,v)/(r+1)? it follows from (2.20), (0.1) — (0.3) that

(2.21) crea(V)z(v+ 1)+ cpai(v)z(v) + crao(v)z(v —1) =0
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for z(v) = xpgr(v), where
(2.22) rror(V) = Fofi(l,v)+ G fi(1,v), k=1, 3.

Let
Foalzv) = PO (zv) + GB7 (20)
for i = 1,2. In view of (1.1),

(L) = FEY 1) + 8P (1) =

Fofi(1,v) + Ga*f(1,v) = zpaa(v)
In view of (16) in [4] with j = 1 and (2.22),

(2.23) tras(v) = 2 (3) e (1:v) — Byaa(liv).
The equality (2.21) have been checked for v = 1, k = 3. in [5], pages 30-32.

§3. Auxiliary continued fraction.

Let
(3.1) CookV) = Cupn(v)/(u+v)? for k=0,1, 2,
(3.2) by ,(v+1)=—c,1(v) € Qu,v]/(u+v)* for v €N,

(3.3) Uy (v +1) ==, 0(V)c, o — 1) for v € [2400) NN,

(3.4) ty,(2) = =€ 0(1),;

(3.5) Py o(0) = 0,,(0) = (Bu +20) /(u +v), Quo(0) =1,
(3.6) Qr..(1) =0, (1) = (34u + 52v)(u + v)

(3.7) Poy(1) = (327u + 5000) (4u + 4v)

(3.8) a, (1) = Py, (1) = =0, ,(0)b;, ,(1).

Let 7} ,(v) be the v-th convergent of the continued fraction

a’ (1 a’ (2 a’ (3 a’ (4
1:'11( >| + 'zi,v( )| + 1:'11( >| + Q:’U( >|
bu,v(l) bu,v(2> bu,v(3) ‘bF,G(4)

(3.9) b,.,(0) +
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Let Py, (v) and Q;, ,(v) be respectively nominator and denominator of r; , (v).
If F+ G # 0, then, clearly, the equations

(3.10) cra2(V)Tuy1 + craa (V)T + crgo(v)r,-1 =0,

(3.11) Cha (V)01 + Chngy (V)T + (V)21 = 0,

are equivalent. If z, = rpai(v) = FOff o (1,v) + G6* frox(l,v),
for v € Ny and fixed k € {1, 3}, then, in view of (2.21), the equality (3.10)
holds. In view of (0.1) — (0.3), crga(v) = —1273G*(1 + o(1)) (T — ),

cra(v) = 4087’8G2(1 +0(1)), crao(v) = —127’8G2(1 +0(1)) (1 — o0),
if G#0, and, if G =0, then crpga(v) = 2479F?(1 + o(1)) (1 — 00),
crai(v) = —247'634F2(1 +0(1)), crao(v) = 24T6F2(1 +0(1)) (1 — o).

In any case the equation (3.10) is difference equation of Poincaré type with
characteristic polynomial A\* — 34\ + 1. Hence, if {z, }/2 is a non-zero solution
of (3.10), € € (0,1), then there are Cy(¢) > 0 and Cs(g) > 0 such that either

—4v(1+e) —4v(l—e¢)

(3.12) ()( +f) <\x,,\g02(g)( +f)

for all v € N or

313 @ (14v2)" T <l <o) (14v2) "

4v(1+¢)

for all v € N. In view of (0.10), if z, = 8*")(1;v) = 6" f3(1,v) with r = 0,1, 2,
then (3.12) is impossible. Therefore

41/(1-1—6

B11) G (1+v2)" T < a0 < ) (14 v2)

for r=0,1,2, and all v € N.
Lemma 3.1. The following equalities hold:

(3.15) lim 5140515 2)) = 400, lim 55 (1) /61 (1; ) = 400,

Proof. Proof can be found in [5], §6, Lemma 6.1. [J
Let conditions Theorem B are fulfilled. Then, in view of (0.10),

(3.16) g, (Lv) = (F+ G55 (Lv) + G(Bron(Liv) — Bi5%5(151)) #0
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for v € Ny, and therefore, in view of (3.15),

(3.17) Braa(Liv) = GO0 (F + GBP (150) /850 (15 1)) — oo,

when v — oco. Moreover, if F'# 0 and G/F ¢ B then (3.16) and (3.17) hold,
and, if in this case v, = zra,1(V) = BFg1(1;v), then (3.12) is impossible. In
view of (11) — (16) with j = o = 1 in [4] and (4.3), (4.35) in [5], we have the
equality 8" f}5(1,v) = (v +1)?0(1) for r = 0, 1, 2; hence (3.13) is impossible
for x, = xpa3(v) = Fofios(1,v) + G6* fi5(1, ). Therefore

Ch(2)/Cy(e)  BEea(lv) Ca(e)/Ci(e)
(3.18) (1 N \/i)sy(1+€) < 'QC(S) Toa (L) < (1 N \/§>8y(1—€).
Let
(3.19) 0n (V) = ﬂcz,m(j) for v € Ny.

So, 6¢(1) = 65.¢(0) = 1. Let ciig (V) = ¢ (v) for all v € N, let
craol) = crgoW)craolv —1) for all v € [2,+00) NN,

and let ¢ (1) = ¢ 0(1). If conditions of Theorem B are fulfilled,
then 0p (v ) # 0 far all the v € N, and the equation (3.10) and the system

Yo41 T C},G,l(y)y(’/) + C},G,o(y)c},qz(l/ —y(v—1)=0
Y, = 5},0(1/)%’ veN

are equivalent. Moreover, Py o(v) and 63 ¢(v) 856 2(1,v)/Big .1 (1, 0) satisfy to
the first of equations (3.10) and the same initial conditions. Therefore

(3.20) Pra(v) = 0rc(v)Bra (1, v)/Braa(1,0),
Analogously,
(3.21) Qra(v) = 0ra(v)Bra. (L, v)/ Braa(1,0),

Hence, 77 (v) = Braa(1,v)/BFq.(1,v) for all v € Ny. In view of (3.18)

lim 7(v) = 2((3).

V—00



On expansion of Zeta(3) in continued fraction. Part 2 1395

84. End of the proof of Theorem B.
Lemma 4.1. The following equalities hold:

(41) PJ,U(V) - J/v,l(y)7 QZ,U(V) - QZ/v,l(”)? 5%71(”) = 5U/le(y)'

Proof. If v = 0, 1, then the equalities (4.1) directly follows from (3.5) —
(3.7) and (3.19) In view of (3.1),

(42) Cz,v,k(y) - CZ/v,l,k(V)

for k =0, 1, 2,v € N. Therefore the last equality in (4.1) holds for all v € N.
In view (3.8)), (3.5), (3.6), (3.3), (3.2) and (4.2),

au,v(l/> = au/v,l(y)a bu,v(l/> = bu/v,l(y)

for v € [2,400) NZ. Let v € [2,+00) N Z, and let (4.1) hold for all v — xk with
k € [0,v — 1] N Z. Then we have

P:,v(y) = bz,v(y)P:,v(l/ - 1) + @Zvv(l/)ngml/ — 2) =
by o1 (V) Py oy (v = 1) + @l s (V) Py i (v = 2) = Py ()
QZ,U(V) = bz,v(y)QZ,v(V - 1) + &ZU(V)Q* (V - 2) =

bZ/v,l(V)QZ/v,l(y - 1) + aZ/u,l(V)Qu/v 1( ) QU/U 1( )

OJ
Lemma 4.2. The following equalities hold:

(4.3) 62,1;(”) = 6u,v(y)/(u + U)max(%_zm
where 0y (V) is homogeneous polynomial in Z[u,v], and
(4.4) max(2v — 2,0) = deg, (0,,(v)) = deg,(0u,(v)) = deg(du(v)).

Proof. We have to prove the last equality in (4.4), because other assertions
of the Lemma are obvious. In view of (0.3) and (0.1),

crao(v) = —((r = 1?27 + 1)/( + 1)*(27 = 1))7(7 + Depea(v +1) #0

for all v € Ny. Therefore the last equality in (4.4) holds also.
Since (see (5.61), (5.62) in §5 of [5]) B5g,(1,1) = 34F + 52G,

o (1,0) = F + G, B5g,(1,2) = (14843F + 32845G) /6,

Faa(l, 1) = (327F + 500G) /4, Brqo(1,0) = 3F + 2G,
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it follows from (3.20), (3.21) and (4.1) that

Puo(v) = AP}, (v)(u+0)* = 16(u + v)du. (V) 817, 2(1, V),

u,v,2

Quw(v) = Qp , (V) (u+v)* ™1 = 48,,(v) 87,1 (1, v),
max(2v,1) = deg, (Puv(v)) = deg,(Puo(v)) = deg(Pu,v(V))v

max(2v — 1,0) = deg, (Qu,u(v)) = deg,(Qu.(v)) = deg(Qu(v)),
where v € Ny. [
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