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After an optimal solution of a combinatorial opti�
mization problem (COP) is obtained, the next natural
step is an analysis of its sensitivity. The sensitivity anal�
ysis of an optimal solution of COP consists in deter�
mining the dependence of this solution on the varia�
tion of the initial data. The simplest sensitivity analysis
studies the perturbations of only one element of an
optimal solution. The purpose of the study of such
perturbations is the determination of tolerances, that
is, the maximum variation of an individual cost (such
as weight, time, etc.) under which the optimality of a
given solution is preserved, provided that the remain�
ing COP’s data are fixed.

The interest in tolerances is caused by that the min�
imum tolerance of elements of an optimal solution of
a problem is a lower bound for the stability radius of
this optimal solution and serves as a basis for develop�
ing and improving algorithms for some COPs. The
first implicit algorithmic application of tolerances
appeared in Vogel’s method [12] for finding a solution
closest to an optimal basic solution in the simplex
method for solving the transportation problem.
Among the cases where tolerances were successfully
used we mention exact algorithms for solving the trav�
eling salesman problem for oriented graphs [6] and the
linear assignment problem [1].

Special attention is given to efficiently solvable
classes of COPs, for which it is possible to simulta�
neously compute an optimal solution and all toler�
ances. Examples of such problems are the minimum
spanning tree problem [14], the shortest path problem
[11, 13], the assignment problem [15], and the problem
on a weighted independent set problem for trees [2].

This paper is a continuation of [2]. It is devoted to
the simultaneous determination of an optimal solution
and all corresponding tolerances in the weighted inde�
pendent set problem (WISP) for certain classes of
graphs. For a simple graph with positive weights of ver�
tices, this problem is to find a set of pairwise nonadja�
cent vertices of maximal weight in this graph. We con�
sider bipartite and interval graphs and show that

(i) for a bipartite graph with n vertices and m edges,
an optimal solution of WISP can be found in time O(nm),
and all tolerances can be computed in time O(n2);

(ii) for an interval graph with n vertices and m
edges, an optimal solution of WISP and all tolerances
can be computed in linear time O(n + m).

These results not only generalize results of [2] but
also are useful in developing exact and approximate
algorithms for solving WISP in the general case. An
algorithm presented in [2] has already been used for
this purpose in [7]. Using WISP for interval graphs as
a relaxation of certain NP�complete problem on sen�
sor networks [4] is also promising.

1. COMBINATORIAL OPTIMIZATION 
PROBLEM AND THE TOLERANCES 

OF ITS ELEMENTS

A combinatorial optimization problem is deter�
mined by a quadruple {Γ, c, F, fc} of parameters,
where c: Γ → �+ is a weight function of the universal
set Γ, F ⊆ 2Γ is the set of feasible solutions of the prob�
lem, and fc is the objective function. Given a particular
quadruple {Γ, c, F, fc}, the corresponding COP con�
sists in finding an element S* ∈ F at which the objec�
tive function takes its extremal (minimal or maximal)
value. Such a set S* is called an optimal solution of the
problem. A combinatorial optimization problem is
said to be additive if fc(S) = (s) for any S ∈ F.c
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Suppose we are given a maximization additive COP,
an optimal solution S* of this problem, and elements
x ∈ S* and y ∈ Γ\S*. We denote this problem by Π. We
associate this problem with two other problems, Π1
and Π2. The problem Π1 is obtained from Π by
decreasing the weight of x by a nonnegative number w1.
The problem Π2 is obtained from Π by increasing
the weight of the element y by some nonnegative num�
ber w2.

Let us return to the problem Π. The lower tolerance
of the element x with respect to a given optimal solu�
tion S* (denoted by lS*(x)) is defined as the supremum
of those numbers w1 for which the set S* remains an
optimal solution of Π1, provided that all other data of
Π are intact. The upper tolerance of the element y with
respect to the optimal solution S* (denoted by uS*(y))
is defined as the supremum of those numbers w2 for
which the set S* remains an optimal solution of Π2,
provided that the other data of Π are intact. The
meaning of the notions of lower and upper tolerances
is that their minimal values are estimates for the stabil�
ity radius of the solution S* of the problem Π. More
precisely, the problem Π has no solutions S ', S '' ∈ F
such that fc(S*) > fc(S ') > fc(S*) – l or fc(S*) > fc(S '') >

fc(S*) – u, where l = (x) and u = (y).

In the study of the problem Π, we use the following
notation:

F* is the set of optimal solutions of the problem Π;

fc(F ') = (S), where F ' is a subset of F.

The following lemma is valid (see, e.g., [3] or [10]).
Lemma 1. Suppose that S* ∈ F*, x ∈ S*, and y ∉ S*.

Then lS*(x) = fc(F*) – fc( (x)) and uS*(y) = fc(F*) –

fc( (y)).

2. CASES OF JOINT EFFICIENT 
COMPUTATION OF AN OPTIMAL SOLUTION 

OF COP AND ALL TOLERANCES

By Lemma 1, if fc(F*) is known, then, to compute
the lower and upper tolerances of x and y, it suffices to
find fc( (x)) and fc( (y)). However, it is expedient
to use the information accumulated during the com�
putation of fc(F*) to determine fc( (x)) and fc( (y))
(rather than, say, run the algorithm again for data
without/with x/y). This is one of the ideas used in
computing all tolerances with the complexity not
exceeding (or slightly exceeding) that of computing an
optimal solution.

lS*
x S*∈

min uS*
y S*∉

min

F– x( ) S F: x S∉∈{ },=

F+ y( ) S F: y S∈ ∈{ };=

F–* x( ) F– x( ) F*, F+* y( )∩ F+ y( ) F*;∩= =

fc

S F '∈

max

F–*

F+*

F–* F+*

F–* F+*

In [13], it was shown that, for a given edge�weighted
graph on n vertices and some optimal solutions of the
maximum flow and shortest path problems, the toler�
ances of all edges can be computed in time O(n2). Tar�
jan showed in [14] that, for the minimum spanning
tree problem and a given optimal solution, all toler�
ances can be computed in time O(mα(n, m)) (where
α(n, m) is a very slowly growing the inverse Acker�
mann function). Of particular interest are the cases
where both an optimal solution and all tolerances with
respect to this solution can be calculated in linear
time. In [5], the shortest path and minimum spanning
tree problems were considered; it was shown that, for
a planar graph on n vertices, an optimal solution and
all tolerances for these problems can be calculated in
time O(n). This time is also sufficient for computing
an optimal solution and all tolerances in WISP for an
n�vertex tree [2].

In this paper, we show that, in the cases of bipartite
and interval graphs, all tolerances in WISP can be
computed in polynomial time not exceeding the time
required for finding an optimal solution.

3. BIPARTITE AND INTERVAL GRAPHS

A graph G is said to be bipartite if the set V(G) can
be divided into two parts X and Y (called the parts of G)
so that E(G) ⊆ X × Y. A graph G is said to be interval if
each of its vertices can be associated with an interval of
the real line so that two vertices of G are adjacent if and
only if the corresponding intervals intersect. This set of
intervals is called an interval representation of G.

4. APPLICATION OF FLOW ALGORITHMS 
TO COMPUTING TOLERANCES IN WISP 

FOR BIPARTITE GRAPHS

A reduction of WISP for bipartite graphs to search�
ing for a maximal flow in a network is well known.
Let us describe this reduction. Suppose we are given
a bipartite graph G with parts X and Y and a weight
function c: X ∪ Y → �+. We construct an edge�
weighted graph G ' as follows. We augment G by two
vertices s and t; s is joined by edges with all vertices of
the part X, and t is joined with all vertices of Y. Each
edge e = (x, y) of the graph G ' is assigned with a weight
c'(e) by the rule: if x = s, then c'(e) = c(y); if y = t, then
c'(e) = c(x); otherwise, c'(e) = ∞ (infinity can be
replaced by the sum (v)). Recall that an

(s, t)�cut of the graph G ' is any partition of its vertex set
into parts S and T such that s ∈ S and t ∈ T. The weight
of this cut is defined as (v, u). It is well

known that if (S, T) is a cut of G ' with minimum
weight, then (A ∩ S) ∪ (B ∩ T) is an independent set
of G with maximum weight. By the Ford–Fulkerson
theorem, a cut of G ' with minimum weight can be

c
v X Y∪∈

∑

c'
v S∈ u, T∈

∑
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found by transforming this graph into a network (by
introducing a natural orientation of the edges of G ',
with respect to which s is a source, t is a sink, and the
capacities of arcs equal the corresponding weights)
and applying any flow algorithm. At present, the best
known algorithm for computing a maximal flow in a
network with n vertices and m arcs is the Orlin algo�
rithm [9] with the complexity O(nm). Therefore, for a
bipartite graph with n vertices and m edges, WISP can
be solved in time O(nm), and, according to a result of
[13], the tolerances with respect to the found optimal
solution can be computed in time O(n2).

5. COMPUTATION OF TOLERANCES 
IN WISP FOR INTERVAL GRAPHS

IN LINEAR TIME

In this section, we consider WISP {Γ, c, F, fc} for an
interval graph G with an interval representation I(G).
We assume that the vertices v1, v2, …, vn of G are lin�
early ordered so that i ≤ j ⇔ ai ≤ aj, where ai is the coor�
dinate of the left endpoint of the interval from I(G)
corresponding to the vertex vi. Given the graph G, the
representation I(G) and this ordering can be computed
in time linear with respect to the sum of the numbers
of its vertices and edges (this is a corollary of Algo�
rithm 9 in [8]). We propose to determine an optimal
solution of WISP for the graph G and the tolerances of
all vertices with respect to this solution by the method
of dynamical programming. For this purpose, for each
1 ≤ i ≤ n, we introduce the notation

(i)  = min({j: (vj, vi) ∈ E(G)} ∪ {i}) – 1;

(ii)  = max({j: (vj, vi) ∈ E(G)} ∪ {i}) + 1;

(iii)  ( ) is the graph obtained from G by delet�
ing the vertices vi + 1, vi + 2, …, vn (respectively, v1,
v2, …, vi – 1);

(iv) S '(i) and S ''(i) are optimal independent sets of
the graphs  and , respectively;

(v) (i) and (i) ( (i) and (i)) are inde�

pendent sets in the graph  (respectively, in the graph

) which have maximum weight among all indepen�
dent sets containing/not containing the vertex vi;

(vi) W '(i), (i), (i), W ''(i), (i), and

(i) are the weights of the sets S '(i), (i), (i),

S ''(i), (i), and (i), respectively.

We also set W '(0) = (0) = (0) = W ''(n + 1) =

(n + 1) = (n + 1) = 0 and S '(0) = (0) =

(0) = S ''(n + 1) = (n + 1) = (n + 1) = .

The graph G being interval leads to the recursive
equations (i) = W '(i – 1), (i) = c(vi) + W '( ),

(i) = S '(i – 1), and (i) = S '( ) ∪ {vi}. Clearly,

W '(i) = max( (i), (i)) ; moreover, S '(i) =

(i) if W '(i) ≥ (i) and S '(i) = (i) otherwise.

Recursive equations for W ''(i), (i), (i), S ''(i),

(i), and (i) are similar.

It follows from Lemma 1 and G being interval
that, for any vertex vi ∉ S* = S '(n), we have uS*(vi) =

W '(n) – ( (i) + W ''( )), and (i) ∪ S ''( ) ∈

(vi). It also follows from G being interval that, for

any vertex vi ∈ S*, the value fc( (vi)) equals

max( (k) 

+ W ''( )), W '( ) + W ''( )). 

An element of the set (vi) is defined accordingly.
Thus, for any vertex vi ∈ S*, the lower tolerance lS*(vi)

equals W '(n) – max( (k) + W ''( )),

W '( ) + W ''( )).

A pseudocode of an algorithm solving WISP for the
graph G and subsequently computing all tolerances is
given later on. We skip computing the values of S ''(i),

(i), and (i), which are not needed for comput�
ing the tolerances. If it is necessary to determine an
element of (vi) for vi ∈ S* (an element of (vi)
for vi ∉ S*), the algorithm can be supplemented in a
natural way without the loss of the linear complexity.

A l g o r i t h m  1.
{

W '(0) = 0; (0) = 0; (0) = 0; W ''(n + 1) = 0; (n + 1) = 0; (n + 1) = 0;

S '(0) = ; (0) = ; (0) = ;
for (i ∈ 1, …, n)
{

 = min({j: (vj, vi) ∈ E(G)} ∪ {i}) – 1;

 = max({j: (vj, vi) ∈ E(G)} ∪ {i}) + 1;
}

ji'

ji''

Gi' Gi''

Gi' Gi''

Sin' Sout' Sin'' Sout''

Gi'

Gi''

Win' Wout' Win''

Wout'' Sin' Sout'

Sin'' Sout''

Win' Wout'

Win'' Wout'' Sin'

Sout' Sin'' Sout'' �

Wout' Win' ji'

Sout' Sin' ji'

Win' Wout'

Sout' Win' Sin'

Win'' Wout''

Sin'' Sout''

Win' ji'' Sin' ji''

F+*

F–*

(Win'

k ji' 1, ji'' 1–+ \ i{ }∈

max

jk'' ji' ji''

F–*

(Win'

k ji' 1, ji'' 1–+ \ i{ }∈

max jk''

ji' ji''

Sin'' Sout''

F–* F+*

Win' Wout' Win'' Wout''

� Sin' � Sout' �

ji'

ji''
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for (i ∈ )
{

(i) = W '(i – 1); (i) = c(vi) + W '( );

(i) = S '(i – 1); (i) = S '( ) ∪ {vi};

(n – i + 1) = W ''(n – i + 2); (n – i + 1) = c( ) + W ''( );

W '(i) = max( (i), (i)); W ''(n – i + 1) = max( (n – i + 1), (n – i + 1));

if (W '(i) > (i)) S '(i) = (i);

else S '(i) = (i);
}
for {vi ∈ S '(n)}
{
lS*(vi) = W '(n) – max( (k) + W ''( )), W '( ) + W ''( ));

}
for (vi ∈ S '(n)) {uS*(vi) = W '(n) – (i) – W ''( );}

We store the sets S '(i), (i), (i) in simply con�
nected lists; this ensures the possibility of joining such
lists in time O(1). It is easy to show that, when this
storage strategy is used, the computational complexity
of the pseudocode presented above is O(|V(G)| + |E(G)|).
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