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Abstract We prove a new local inequality for divisors on surfaces and utilize it to
compute a-invariants of singular del Pezzo surfaces, which implies that del Pezzo
surfaces of degree one whose singular points are of type A1, Ay, Az, A4, As, or Ag
are Kéhler-Einstein.
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We assume that all varieties are projective, normal, and defined over C.

1 Introduction
Let X be a Fano variety with at most quotient singularities (a Fano orbifold).

Theorem 1.1 [37] Ifdim(X) =2 and X is smooth, then

the surface X is Kihler—Einstein <=  the group Aut(X) is reductive.
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An important role in the proof of Theorem 1.1 is played by several holomorphic
invariants, which are now known as a-invariants. Let us describe their algebraic coun-
terparts.

Let D be an effective Q-divisor on the variety X. Then the number

c(X,D)= sup{e € Q | the log pair (X, e D) is log canonical} € QU {+o0}

is called the log canonical threshold of the divisor D (see [21, Definition 8.1]). Put
. 1 . o
Iet, (X) = 1nf{c<X, —B> | B is a divisor in |—nKX|}
n
for every n € N. For small n, the number Ict,, (X) is usually not very hard to compute.

Example 1.2 [28] If X is a smooth surface in P3 of degree 3, then

let; (X) = 2/3 if X has an Eckardt point,
277 13/4 if X has no Eckardt points.

The number Ict, (X) is denoted by o, (X) in [38].

Remark 1.3 It follows from [27, Lemma 4.8] that the set
1 . L
c| X,—-B )| Bisadivisorin |-nKy|
n

is finite (cf. [23]). Thus, there exists a divisor B € |—nKx| such that Ict,(X) =
c(X, B/n) €Q.

If the variety X is smooth, then it is proved by Demailly (see [6, Theorem A.3])
that

inf{lct, (X) | n € N} = a(X),

where «(X) is the a-invariant introduced by Tian in [36]. Put Ict(X) = inf{lct, (X) |
n € N}

Conjecture 1.4 [38, Question 1] There is an n € N such that 1ct(X) = Ict, (X).
The proof of Theorem 1.1 uses (at least implicitly) the following result.

Theorem 1.5 [10, 36] The Fano orbifold X is Kdhler—Einstein if

dim(X)

Note that there are many well-known obstructions to the existence of Kihler—
Einstein metrics on smooth Fano manifolds and Fano orbifolds (see [14, 15, 25, 34]).
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Example 1.6 1If X =P(1, 2, 3), then X is not Kidhler—Einstein (see [15, 34]).

Let us describe one more a-invariant that took its origin in [37].
Let M be a linear system on the variety X. Then the number

c(X, M) = sup{e € Q| the log pair (X, €M) is log canonical} € Q U {+00}.

is called the log canonical threshold of the linear system M (cf. [21, Theorem 4.8]).
Put

1
let, 2(X) = inf{c(X, —B) | B is a pencil in |—nKX|}
n

for every n € N. The number lct, 2(X) is denoted by «, 2(X) in [8] and [41]. Note
that

let(X) = inf{lct, 2(X) | n € N}, (D

and it follows from [21, Theorem 4.8] that Ict, (X) < Ict, 2(X) for every n € N.

Remark 1.7 Tt follows from [27, Lemma 4.8] and [21, Theorem 4.8] that the set
1 . o
{c(X, —B) | B is a pencil in |—nKx|}
n

is finite. Thus, there is a pencil B in |[—nKx| such that the equality lct, 2(X) =
c(X, B/n). Then

Ity 2 (X) > let(X)

if there exist at most finitely many effective Q-divisors D1, D3, ..., D, on the variety
X such that

c(X,Dy)=c(X, Dy)=---=c(X, D) =lct(X)
and Dy ~g D, ~q --- ~q@ D, ~9 —Kx.
The importance of the number Ict,, 2 (X) is due to the following conjecture.

Conjecture 1.8 (cf. [8, Theorem 2], [41, Theorem 1]) Suppose that

dim(X)

Iet, 5 (X) > —iA)
Ctn2(X) > ) 1

for every n € N. Then X is Kihler—Einstein.

Note that Conjecture 1.8 is not much stronger than Theorem 1.5 by (1).
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Example 1.9 Suppose that X is a smooth hypersurface in P of degree m > 3. Then

1 dim(X)
let,(X) 21— —=—0—r
m dim(X)+1

for every n € N by [2]. The equality Ict,(X) =1 —1/m holds <= the hypersurface
X contains a cone of dimension m — 2 (see [2, Theorem 1.3], [2, Theorem 4.1], [13,
Theorem 0.2]). Then

dim(X)

It 5 (X) > —2)
tn2(X) > ) 1

by Remark 1.7, [2, Remark 1.6], [2, Theorem 4.1], [2, Theorem 5.2], and [13, Theo-
rem 0.2], because X contains at most finitely many cones by [9, Theorem 4.2]. If X
is general, then

3/4 ifm=3,

= > >
I=leuX) 21t 2\ 56 ippm =,
1 ifm =5,

by [3, 5, 33]. Thus, if X is general, then it is Kdhler—Einstein by Theorem 1.5.

The assertion of Conjecture 1.8 follows from [8, Theorem 2] and [41, Theorem 1]
under an additional assumption that the Kéhler—Ricci flow on X is tamed (see [8] and
[41)).

Theorem 1.10 [8, 41] If dim(X) = 2, then the Kdiihler—Ricci flow on X is tamed.

Corollary 1.11 Suppose that dim(X) = 2 and
2
Ict, 2(X) > =
3
for every n € N. Then X is Kdhler—Einstein.
Two-dimensional Fano orbifolds are called del Pezzo surfaces.

Remark 1.12 Del Pezzo surfaces with quotient singularities are not classified
(cf. [20]). But

e del Pezzo surfaces with canonical singularities are classified (see [18]),

e del Pezzo surfaces with 2-Gorenstein quotient singularities are classified (see [1]),

e smoothable del Pezzo surfaces with quotient singularities of Picard rank 1 are clas-
sified (see [17]).

Del Pezzo surfaces with canonical singularities form a very natural class of del
Pezzo surfaces.
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Problem 1.13 Describe all Kdhler—Einstein del Pezzo surface with canonical singu-
larities.

Recall that if X is a del Pezzo surface with canonical singularities, then

e cither the inequality K )2( > 5 holds,

e or one of the following possible cases occurs:
— the equality K2 = 1 holds and X is a sextic surface in P(1, 1, 2, 3),
— the equality K 2 —2holds and X is a quartic surface in P(1, 1, 1, 2),
— the equality K )2( =3 holds and X is a cubic surface in P?,

— the equality K% =4 holds and X is a complete intersection in P* of two
quadrics.

Let us consider few examples to illustrate the expected answer to Problem 1.13.
Example 1.14 Suppose that X is a sextic surface in P(1, 1, 2, 3) such that its singular

locus consists of singular points of type A; or A,. Arguing as in the proof of [3,
Lemma 4.1], we see that

2
let, 2(X) > =
3
for every n € N. Thus, the surface X is Kdhler—Einstein by Corollary 1.11.

Example 1.15 Suppose that X is a quartic surface in P(1, 1, 1, 2) such that its singular
locus consists of singular points of type A or A,. Then X is Kihler-Finstein by [16,
Theorem 2].

Example 1.16 Suppose that X is a cubic surface in I3 that is not a cone. Then

e if X is smooth, then X is Kéhler—FEinstein by Theorem 1.1,
e if Sing(X) consists of one point of type A1, then it follows from [35, Theorem 5.1]
that

2
let, 2(X) > 3 =lct1 (X) = 1ct(X)

for every n € N, which implies that X is Kdhler—Einstein by Corollary 1.11,
e if the cubic surface X has a singular point that is not a singular point of type A or
A, then the surface X is not Kéhler—Einstein by [11, Proposition 4.2].

Example 1.17 Suppose that X is a complete intersection in P* of two quadrics. Then

e if X is smooth, then X is Kéhler—FEinstein by Theorem 1.1,
o if X is Kéhler—Einstein, then X has at most singular points of type A (see [19]),
o it follows from [24] or [16, Theorem 44] that X is Kéhler—Einstein if it is given by

4 4

inz = Z)‘ixiZ =0 € P* = Proj(Clxo, . .., x4]),
i=0 i=0

and X has at most singular points of type A, where (Ao : A1 : A2 : A3 : Ag) € P4
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Keeping in mind Examples 1.14, 1.15, 1.16, 1.17, [4, Example 1.12], and [26,
Table 1], it is very natural to expect that the following answer to Problem 1.13 is true
(cf. Example 1.6).

Conjecture 1.18 If the orbifold X is a del Pezzo surface with at most canonical sin-
gularities, then the surface X is Kihler—Einstein <= it satisfies one of the following
conditions:

K}z( = 1 and Sing(X) consists of points of type A1, Ay, Az, A4, As, Ag, A7, or Dy,
K)2( =2 and Sing(X) consists of points of type A1, Ay, or Az,

K}z{ =3 and Sing(X) consists of points of type A1, or Ay,

K}z( =4 and Sing(X) consists of points of type Ay,

the surface X is smooth and 6 > K)z( >5,

either X 2 P2 or X 2 P! x PL.

In this paper, we prove the following result.

Theorem 1.19 Suppose that X is a sextic surface in P(1, 1,2, 3). Then
2
lctn,z(X) > g

for every n € N if Sing(X) consists of points of type A1, Ay, Az, A4, As or Ag.

Corollary 1.20 Suppose that X is a sextic surface in P(1, 1,2, 3) such that its sin-
gular locus consists of singular points of type A1, Ay, Az, Ayg, As, or Ag. Then X is
Kdhler—Einstein.

It should be pointed out that Corollary 1.20 and Examples 1.14, 1.15, 1.16, 1.17
illustrate a general philosophy that the existence of Kéhler—Einstein metrics on Fano
orbifolds is related to an algebro-geometric notion of stability (see [11, 12, 39, The-
orem 4.1]).

Remark 1.21 If X is a sextic surface in P(1, 1, 2, 3) with canonical singularities, then
either

Sing(X)

Es, E7, E7 + A1, Eo, E¢ + Az, Eg + A1, Dg, D7, Dg, D + Ay + Ay, De + Ay,
Ds, D5 + Az, D5 + Ay, Ds + Ay + Ay, D5 + Ay, Dy, Dy + Dy, Dy + Az, Dy + Ay,
Dsa+A+A1+AT+ALDs+AT+A +A,Da+ A1+ A1, Dy + Ay, Ag,

€3 A7, AT+ALAs, Ag+ AL As, As + AL As+ A AL As + A, As + Ay + Ay,
Ag, Ay +Ag, Ag+ Az, A+ A + A, Ay + A, Ay + A+ A, Ag+ A,

Az, Az + A3, A3+ A3+ AT +AL A+ A, As+ Ao+ AL A +HA A+ A,
A+ A1 +AT+AT+ALASHFAT+ AT+ AL A +HAT +HAL A3+ Ay

or Sing(X) consists only of points of type A and A; (see [40]).
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What is known about «-invariants of del Pezzo surfaces with canonical singulari-
ties?

Theorem 1.22 [3] If X is a smooth del Pezzo surface, then 1ct(X) = Ict (X).

Theorem 1.23 [3, 31] If X is a del Pezzo surface with canonical singularities, then
Iet(X) =1ct1 (X)
in the case when K)Z( > 3.

Theorem 1.24 [31] If X is a quartic surface in P(1, 1, 1, 2) with canonical singular-
ities, then

Icty(X) =1/3  if X has a singular point of type A7,
Iet(X) = 3 leto(X) =2/5  if X has a singular point of type Ag,
Ict1 (X) in the remaining cases.

In this paper, we prove the following result (cf. Example 1.14).

Theorem 1.25 Suppose that X is a sextic surface in P(1,1,2,3) with canonical
singularities, let w: X — P(1, 1, 2) be a natural double cover, and let R be its branch
curve inP(1, 1, 2). Then

let(X)

leta(X) =1/3  if Sing(X) consists of a point of type Dy,

Icto(X) =2/5  if Sing(X) consists of a point of type D7,

let3(X) =1/2  if Sing(X) consists of a point of type Ag,

Ieto(X) =1/2  if Sing(X) consists of a point of type A7 and a point of type A1,
Icto(X) =1/2  if Sing(X) consists of a point of type A7 and R is reducible,

=\ let3(X) =3/5 if X has a singular point of type A7 and R is irreducible,
Ietry(X) =2/3  if X has a singular point of type Ag,

lety(X) =2/3  if X has a singular point of type As,

letr (X) = min(lct1 (X), 4/5) if X has a singular point of type Ay,

Ict; (X) in the remaining cases.

It should be pointed out that if X is a del Pezzo surface with at most canonical
singularities, then all possible values of the number Ict; (X) are computed in [28-30].

Example 1.26 1f X is a sextic surface in P(1, 1,2, 3) with canonical singularities,
then

Ict; (X) =1/6 <= the surface X has a singular point of type Eg,

et (X) = 1/4 <= the surface X has a singular point of type E7,

Ict; (X) =1/3 <= the surface X has a singular point of type Eg,

Iet) (X) =1/2 <= the surface X has a singular point of type D4, Ds, Dg, D7 or
Dy,
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e lct)(X) =2/3 <= the following two conditions are satisfied:
— the surface X has no singular points of type D4, D5, Dg, D7, Dg, E¢, E7, or Eg,
— there is a curve in |[— K x| that has a cusp at a point in Sing(X) of type Ay,

e lct1(X) =3/4 <= the following three conditions are satisfied:
— the surface X has no singular points of type D4, D5, Dg, D7, Dg, E¢, E7, or Eg,
— there is no curve in |[—K x| that has a cusp at a point in Sing(X) of type A,
— there is a curve in |— K x| that has a cusp at a point in Sing(X) of type A,

e Ictj(X) =5/6 <= the following three conditions are satisfied:
— the surface X has no singular points of type D4, D5, Dg, D7, Dg, Eg, E7, or Eg,
— there is no curve in |- K x| that have a cusp at a point in Sing(X),
— there is a curve in |- K| that has a cusp,

e Ict;(X) =1 <= there are no cuspidal curves in |[-Kx]|.

A crucial role in the proofs of both Theorems 1.25 and 1.19 is played by a new
local inequality that we discovered. This inequality is a technical tool, but let us
describe it now.

Let S be a surface, let D be an arbitrary effective Q-divisor on the surface S, let
O be a smooth point of the surface S, let A and A; be reduced irreducible curves
on S such that

Ay Z Supp(D) 2 As,

and the divisor A1 + A has a simple normal crossing singularity at the smooth point
O € A1 N A, leta; and a; be some non-negative rational numbers. Suppose that the
log pair

(S, D+aiA1+axAr)

is not Kawamata log terminal at O, but (S, D 4+ a;A; + az/A») is Kawamata log
terminal in a punctured neighborhood of the point O.

Theorem 1.27 Let A, B, M, N, «, B be non-negative rational numbers. Then
multo(D - Ay) > M+ Aay —ay; or multp(D-Ay) >N+ Bay, —ay

in the case when the following conditions are satisfied:

the inequality aay + Bay < 1 holds,

the inequalities A(B — 1) > 1 > max(M, N) hold,

the inequalities «(A+ M —1) > A>(B+ N — 1) and a(1 — M) + AB > A hold,
either the inequality 2M + AN < 2 holds or

a(B+1—MB—N)+B(A+1—AN—M)>AB—1.

Corollary 1.28 Suppose that

2m —?2 n 2 <1
m—}—la1 m+1a2\
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for some integer m such that m > 3. Then

multo(D - A1) >2a; —ay; or multo(D - Aj) > m la2 —aj.
m—
Proof To prove the required assertion, let us put
m 2m —2 2
A=2, B=——, M=0, N=0, o= , B=——a,
m—1 m+1 m+1
and let us check that all hypotheses of Theorem 1.27 are satisfied.
We have aa; + Baz < 1 by assumption. We have
2
A(B — 1):—1 >12>0=max(M,N),
m—
since m > 3. We have
ArM_n=""2 —AXB+N—-1B
* T om41 T m2—1" ’
sincem > 3. Wehavea(l — M)+ AB=2>2=Aand2M + AN =0< 2.
Thus, we see that all hypotheses of Theorem 1.27 are satisfied. Then
multo(D - A)) > M+ Aay —ay =2a; —ay or
multo(D - Ay) > N+ Bay —a; = 1a2—a1
by Theorem 1.27. g

For the convenience of the reader, we organize the paper in the following way:

in Sect. 2, we collect auxiliary results,
in Sect. 3, we prove Theorem 1.27,

in Sect. 4, we prove Theorem 4.1,

in Sect. 5, we prove Theorem 5.1,

in Sect. 6, we prove Theorem 6.1.

By Remark 1.21, both Theorems 1.19 and 1.25 follow from Theorems 4.1, 5.1,
and 6.1.

2 Preliminaries

Let S be a surface with canonical singularities, and let D be an effective Q-divisor
on S. Put

r
D:ZaiDi,
i=1

where D; is an irreducible curve, and a; € Q~o. We assume that D; # D; <= i # j.
Suppose that (S, D) is log canonical, but (S, D) is not Kawamata log terminal.
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Remark 2.1 Let D be an effective Q-divisor on the surface S such that
r
D= Zai D; ~g D,
i=1

and the log pair (S, D) is log canonical, where a; is a non-negative rational number.
Put

a:min{c_’—f | &; 7&0},

ai

where « is well defined and @ < 1. Then @ = 1 <= D = D. Suppose that D # D.
Put

a; — aal
D' =
Z T
and choose k € {1,...,r} such that &« = ay/a. Then Dy ¢ Supp(D’) and D’ ~q
D ~q D, but the log pair (S, D’) is not Kawamata log terminal.

Let LCS(S, D) be the locus of log canonical singularities of the log pair (S, D)
(see [6]).

Theorem 2.2 [22, Theorem 17.4] If —(Ks + D) is nef and big, then LCS(S, D) is
connected.

Take a point P € LCS(S, D). Suppose that LCS(S, D) contains no curves that
pass through P.

Lemma 2.3 Suppose that P & Sing(S) and P & Sing(D1). Then
r r
Dy - (Za,‘D,) > ch,'multp(Dl -Dj)>1.
i=2 i=2

Proof The log pair (S, D1 + Z;:Z a; D;) is not log canonical at P, since a; < 1.
Then

r r r
D ~ZaiD,- = ZaimultP(Dl - D;) > multp (ZaiDi|Dl> > 1
i=2 i=2 i=2

by [22, Theorem 17.6]. Il

Let 7: § — S be a birational morphism, and let D be a proper transform of D
via 7. Then

s
K§+D+ZeiEi ~qn*(Ks + D),
i=1
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where E; is an irreducible w-exceptional curve, and ¢; € Q. We assume that E; =
Eji < i=].
Suppose, in addition, that the birational morphism 7 induces an isomorphism

S\(UEi)ES\P.
i=1

Remark 2.4 The log pair (S, D+ Y i_, ei E;) is not Kawamata log terminal at a point
in Ule E;.

Suppose that S is singular at P, and either P is a singular point of type D, for
some n € N4, or the point P is a singular point of type [E,, for some m € {6, 7, 8}.

Lemma 2.5 Suppose that E% = E% =...= Ef =—2.Thene; =1if

Ei- (12;: Ei> =3.

Proof This follows from [32, Proposition 2.9], because (S > P) is a weakly excep-
tional singularity (see [32, Example 4.7], [7, Example 3.4], [7, Theorem 3.15]). O

Lemma 2.6 Suppose that S is a sextic surface in P(1, 1,2, 3) that has canonical
singularities, and suppose that D ~g —Kx. Let . be a positive rational number
such that either

n<lcty(S)

or w=2/3 and D is not a curve in |—Kx| with a cusp at a point in Sing(S) of type
Ay. Then

LCS(S, uD) < Sing($),
the locus LCS(S, uD) contains no points of type Ay or Ay, and |LCS(S, uD)| < 1.

Proof This follows from Theorem 2.2 and the proof of [3, Lemma 4.1]. O

Most of the described results are valid in much more general settings (cf. [22] and

[21D).

3 Local Inequality

The purpose of this section is to prove Theorem 1.27.

Let S be a surface, let D be an arbitrary effective Q-divisor on the surface S, let
O be a smooth point of the surface S, let A; and A; be reduced irreducible curves
on S such that

Ay Z Supp(D) 2 As,
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and the divisor A1 + A5 has a simple normal crossing singularity at the smooth point
O € A1 N Ay, let a; and a; be some non-negative rational numbers. Suppose that the
log pair

(S,D+aiA1+arAr)

is not Kawamata log terminal at O, but (S, D + a1 A1 + a2A») is Kawamata log
terminal in a punctured neighborhood of the point O. In particular, we must have
ai<landap < 1.

Let A, B, M, N, «, B be non-negative rational numbers such that

the inequality oa; + Ba> < 1 holds,

the inequalities A(B — 1) > 1 > max(M, N) hold,

the inequalities ¢ (A+M — 1) > A2(B4+N —1)Band a(1 — M)+ AB > A holds,
either the inequality 2M 4+ AN < 2 holds or

a(B+1—MB—-N)+BA+1—AN—-M)>AB—1.
Lemma 3.1 The inequalities A+ M > 1 and B > 1 holds. The inequality
a(B+1—MB—-N)+BA+1—AN—-M)>AB—1

holds. The inequality B(1 — N) + Ba > B holds. The inequalities

a@-M) BR2-N) 51
A+1 B+1 7

anda(2—M)B+ (1 —-N)(A+1) > B(A+1) hold.

Proof The inequality B > 1 follows from the inequality A(B — 1) > 1. Then
o B S _“ n B S 1

A+l  B+r1~ A+l 2872
because 2B > B + 1. Similarly, we see that A + M > 1, because

a(A+M—1)

T >8>0
A2(B+N —1) p

and B+ N — 1 > 0. The inequality 8(1 — N) + Ba > B follows from the inequalities

1-N) _2-M 1-N
asq B ) S L )1
B A+1 B

’

because A+1>2— M.
Let us show that the inequality

a2-M)B+p(1—-N)(A+1)=>BA+1)
holds. Let L; be the line in R? given by the equation

x2-M)B+y(1—-N)(A+1)—-B(A+1)=0
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and let L, be the line that is given by the equation
x(1-M)y+Ay—-—A=0,
where (x, y) are coordinates on R2. Then L intersects the line y = 0 at the point
A+1
0
(55)

and L, intersects the line y = 0 at the point (A/(1 — M), 0). But

A+1 A
- o
2-M 1-M

which implies that (2 — M)B + (1 — N)(A+ 1) > B(A + 1) if
A’Bo(B+N —1) = ag(A+M —1)

where (g, Bp) is the intersection point of the lines L and L;. But

(0. fo) A(A+1)(B+N—-1) B(A-1+M)

o, = s ’

0, Po A A

where A=2AB — ABM — A+ AM —-14+M+ NA—-NAM+ N — NM. But
AZ(B(A—1+M))(B+N—1)> (A(A+1)(B+N— 1))(A+M—1),

because A(B — 1) > 1, which implies that A2Bo(B4+ N —1)>ag(A+M —1).
Finally, let us show that the inequality

a(B+1—-—MB—-N)+B(A+1—-—AN-M)>AB—1
holds. Let L} be the line in RR? given by the equation
x(B+1—-MB—-N)+yB(A+1—AN—-M)—-AB+1=0,
where (x, y) are coordinates on R%. Then L intersects the line y = 0 at the point
( AB —1 0)
B+1—-MB—N’

and L, intersects the line y = 0 at the point (A/(1 — M), 0). But

AB —1 A
< 9
B+1-MB—-N 1-M

which implies that «(B +1 — MB — N) + B(A+ 1 — AN — M) > AB — 1 if

A28 (B+N -1 >a1(A+M—1),
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where (a1, 1) is the intersection point of the lines L/1 and L;. Note that

A(AB—A—-2+NA+M) A—i—l—NA—M)

(0!17,31)=< ~ ~

where A’=AB —1— ABM + AM +2M — NAM — M>.
To complete the proof, it is enough to show that the inequality

A*(A+1—NA-M)B+N—-1)>(A(AB—A-2+NA+M)(A+M—1)
holds. This inequality is equivalent to the inequality
RQ—MYA+M—-1)>AAN+2M —2)(B+ N — 1),
which is true, because M <1 and AN +2M —2 <O0. O
Let us prove Theorem 1.27 by reductio ad absurdum. Suppose that the inequalities
multop(D - A1) <M+ Aay —a, and multp(D - Ay) < N + Bay —a;
hold. Let us show that this assumption leads to a contradiction.
Lemma 3.2 The inequalities a1 > (1 — M)/ A and a; > (1 — N)/B hold.
Proof It follows from Lemma 2.3 that
M+ Aay —ar > multp(D - Aq) > 1 —apy,
which implies that a; > (1 — M)/A. Similarly, we see that a, > (1 — N)/B. 0
Put mg = multp (D). Then my is a positive rational number.
Remark 3.3 The inequalities mo < M + Aay — a> and mg < N + Bay — aj hold.
Lemma 3.4 The inequality mo + a1 + ax < 2 holds.

Proof We know that mg + a1 +a; < M + (A + 1)a; and mo +a; + a2 < N +
(B + 1)as. Then

(mo+ar +a) (2 + =L tpar+ M PN

m a a e —— < aa a e ——

0T TR AT T B+ PP T T T B
<1y M PN
= A+1 B+1’

which implies that mg + a; + a» <2 by Lemma 3.1. O

Let w1 : S1 — S be the blow-up of the point O, and let F be the mi-exceptional
curve. Then
Ks, + D'+ a1A] + ax Ay + (mo+ay +ay — 1) Fy
~onj(Ks+ D +ajA|+axAy),
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where D!, Al, Al are proper transforms of the divisors D, Ay, A via 7y, respec-
tively. Then

(S1, D' + a1 A + ax Ay + (mo + a1 +ar — D Fy)

is not Kawamata log terminal at some point O1 € F) (see Remark 2.4), where mg +
ay+ax > 1.

Lemma 3.5 Either Oy = FiN A} or Oy = Fi N AL
Proof Suppose that 01 & A% U A%. Then mo= D' - F| > 1 by Lemma 2.3. But

B+ Ba a+AB
mo
AB—1 ' AB-—1

B + Ba o+ AB
N + Bay — ,
AB—1+( + Bay al)AB_l

><(M+Aa1 —ay)

because my < M + Aa; — ap and mg < N + Bay — a;. On the other hand, we have

B + Ba a+AB
M + Aay — _— N + Bay —
(M + Aa; az)AB_1+( + Bay al)AB—l
<14 MB+MBa+Na+ ANS

AB —1

because waj + Bar < 1 and AB — 1 > 0. But we already proved that mg > 1. Thus,
we see that

B+Ba+a+AB<AB—-1+MB+MBa+ Na+ ANB,
which is impossible by Lemma 3.1. g

Lemma 3.6 The inequality O1 # F1 N A} holds.

Proof Suppose that O1 = F1 N A}. It follows from Lemma 2.3 that
M + Aay — ap — mg > multg, (D1 . A%) >1—(mo+ay+ay—1),
which implies that a; > (2 — M)/(A 4+ 1). Then

- M B(1—N)
A+1 + B

<aa)+Bar <1,

because a; > (1 — N)/B by Lemma 3.2. Thus, we see that

Q—-M)ax B(1-N)
A+l B

1 )
which is impossible by Lemma 3.1. 0
Therefore, we see that O; = F1 N A%. Then the log pair

(Sl,Dl + a1 Al Far AL+ (mo+ay +ap — DFy)

is not Kawamata log terminal at the point O1. We know that 1 > mo+aj;+ax—1 2> 0.
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We have a blow-up 71 : S; — S. For any n € N, consider a sequence of blow-ups

Ty TTn—1 3 ) Tl

Sn Sn—l S2 Sl S

such that 7r;41: S;41 — S; is a blow-up of the point F; N Aé forevery i € {1,...,
n — 1}, where

e we denote by F; the exceptional curve of the morphism 7;,
e we denote by A} the proper transform of the curve A; on the surface S;.

For every k € {1, ...,n} and for every i € {1, ..., k}, let Dk, A]f, and Fik be the
proper transforms on the surface Sy of the divisors D, A and F;, respectively. Then

n i—1
Ks, + D" + a1 AT +ay Al + Z(al +iay—i+ Zm])Fi”
i=1 j=0

~Qn*(Ks+ D +a1Ar +axAz),

where m =, o---omp o and m; :multoi(Di) forevery i € {1, ..., n}. Then the
log pair

n i—1

i=1 j=0

is not Kawamata log terminal at some point of the set F{' U F7 U---U F} (see Re-
mark 2.4).
Put Oy = Fr N A’E forevery k € {1,...,n}.

Lemma 3.7 Foreveryi €{l1,...,n}, we have

i—1
1>a1—|—ia2—i+ij >0,
j=0

and (2) is Kawamata log terminal at every point of the set (F' U Fy U---UF')\ Oy.

Since multy (D - Az) < N + Bas — ay by assumption, it follows from Lemma 3.7
that

n—1
N+ Bay —ay >multo(D-A2) > ) mi > (n—D(1—az) —ar,
i=0

which implies that n < (N + Bay)/(1 — az). On the other hand, the assertion of
Lemma 3.7 holds for arbitrary n € N. So, taking any n > (N + Baz)/(1 — az), we
obtain a contradiction.

We see that to prove Theorem 1.27, it is enough to prove Lemma 3.7.
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Let us prove Lemma 3.7 by induction on n € N. The case n = 1 is already done.

We may assume that n > 2. For every k € {1, ..., n — 1}, we may assume that
k—1
1>ai+kay—k+Y m;>0,
j=0

the singularities of the log pair

k i—1
(Sk, DX +aiAh +ar b + Z(al +kay —k + ij)Fik)

_ j=0

are Kawamata log terminal along (F’ lk U Fé‘ ..U F/f) \ Oy and not Kawamata log
terminal at Oy.

Lemma 3.8 The inequality ap > (n — N)/(B +n — 1) holds.

Proof The singularities of the log pair
n—2
(Snl, D"t ay Ay <a1 +(n—Da—(n—1)+ Zm,)F" ‘)
=0

are not Kawamata log terminal at the point O,_;. Then it follows from Lemma 2.3
that

n—2
N+ Bay —a; — ij > multg, (D"_1 . Agfl)
j=0
n—2
>1- <a1 +(n—1)a2—(n—1)+2mj>,
j=0
which implies thata, > (n — N)/(B+n — 1). U

Lemma 3.9 The inequalities 1 > a1 +nay —n + Z] Omj >0 hold.

Proof The inequality a; +nar —n + Z;f;(l) m 2> 0 follows from the fact that the log
pair

n—2
(Snl, D"t a Ay <a1 +(n—Da—(n—1)+ Zm,)F" ‘)
=0

is not Kawamata log terminal at the pomt Op_1.
Suppose that a; +na, —n + Z 0 mj > 1. Let us derive a contradiction.
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It follows from Remark 3.3 that mg + ap < M + Aaq. Then

n—1
ar +nM+nAa; —n >ay +nay —n+nmgy = ay —l—naz—n—i-ij}l,
j=0

which implies thata; > (n +1 — Mn)/(nA+1). Buta > (n — N)/(B+n —1) by
Lemma 3.8. Then

a(l — M) A-1+4M 1-B-N

( A +ﬂ)+aAMn+l)+ﬂB+n—l
n+1—Mn n—N

=0 ar1 Ppyaog e thasl

where (1 — M)/A 4+ B > 1 by assumption. Therefore, we see that

A+M—1 B+N-—I
< )
“AAn+ 1) P Byn-1

wheren >2.But A+ M > land B4+ N > 1 by Lemma 3.2, since a; < 1 andap < 1.
Then

A(An+1) B4+n—1
«(A+M—1) BB+N—-1)

but A2(B+N — DB <a(A+M—1) by assumption. Then

A B—1 >< A2 1 )
«A+M—-1) BB+N-D \aA+mM—-1) gB+N-D)"
A B—1
—+ — >
a(A+M~—-1) BB+N-1)

)

which implies that BA(B+ N — 1) > a(B — 1)(A+ M — 1). Then
ac(A+M—-1)
f2,3A(B+N—1)>o:(B—1)(A+M—1),

because A2(B + N — 1) <a(A+ M — 1) by assumption. Then we have o # 0 and

A(B — 1) < 1, which is impossible, because A(B — 1) > 1 by assumption. O

Lemma 3.10 The log pair (2) is Kawamata log terminal at every point of the set
Fa\ ((Fu O F2) U (Fa 01 83))

Proof Suppose that there is a point Q € F}, such that

F,NF' [ #Q#F,NAL,
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but (2) is not Kawamata log terminal at the point Q. Then the log pair
n—1
(Sn, D" + <a1 +nap—n+ ij>Fn>
Jj=0
is not Kawamata log terminal at the point Q as well. Then
mo=my_1=D"-F, > 1
by Lemma 2.3, because a1 + nay —n + Z?;(l) mj < 1byLemma 3.9. Then

+Aﬁ
]?

(/3+Ba a+ A

B+
M + Aaj —
AB— 1 AB—1)<( T AG @)

+(N+Baz—a1)

because mg < M + Aa; — az and mg < N + Bay — a1 by Remark 3.3. We have

B + Ba a+ AB
M + Aay — N + Bap —
(M + Aa az)AB_1+( + Bay al)AB—l
<14 MB+MBatNa+ ANS

AB —1
because aa; + fay < 1and AB — 1 > 0. But mg > 1. Thus, we see that
B+Ba+a+AB<AB—-1+MB+MBa+ Na+ ANB,
which contradicts our initial assumptions. g

Lemma 3.11 The log pair (2) is Kawamata log terminal at the point F, N F'_,

Proof Suppose that (2) is not Kawamata log terminal at F,, N F,’_,. Then the log pair

n—2
(Sn, D" + <a1 +mn—1Dar—m—1) +ij)Fr’fl
j=0
n—1
+ (al + nay —n~l—ij)Fn>

=0
is not Kawamata log terminal at the point F,, N F,'_; as well. Then
n—1
My—n—my_1=D" Fy_p>1-— (a1 + nay —n~|—ij)
=0
by Lemma 2.3, because a; + (n — l)ay — (n — 1) + Z _Om, < 1. Note that

M+ Aay —ay — mo > multp(D - A1) —mg = multp (D)multp (A1) —mg =0,
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which implies that my + a» < Aa; + M. Then

n—1
nM +nAay —nay >nmo = m,_2 —m,_1| +ij >n+1—a; —nay,
j=0
which givesa; > (n+1—nM)/(An + 1).
Now arguing as in the proof of Lemma 3.9, we obtain a contradiction. g

The assertion of Lemma 3.7 is proved. The assertion of Theorem 1.27 is proved.

4 One Cyclic Singular Point

Let X be a sextic surface in P(1, 1,2,3) with canonical singularities such that
|Sing(X)| =1, let w: X — P(1, 1, 2) be the natural double cover, let R be its ramifi-
cation curve in P(1, 1, 2), and suppose that Sing(X) consists of one singular point of
type A, where m € {1,..., 8}.

Theorem 4.1 The following equality holds:

Iet3(X)=1/2 ifm=38,

leto(X) =1/2 ifm =7 and R is reducible,
let3(X) =3/5 ifm =7 and R is irreducible,
Iet(X) ={ letxp(X) =2/3 ifm =6,

letp(X)=2/3 ifm=35,

Iety(X)=4/5 ifm=4,

Iet) (X) in the remaining cases,

and if 1ct(X) = 2/3, then there is a unique effective Q-divisor D on X such that
D ~qg —Kx and

c(X, D) = let(X) = %

By Theorem 1.5, Corollary 1.11, and Remark 1.7, we obtain the following two
corollaries.
Corollary 4.2 [f m < 6, then Ict, 2(X) > 2/3 for every n € N.

Corollary 4.3 If m < 6, then X is Kihler—Einstein.

In the rest of this section, we will prove Theorem 4.1.
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Let D be an arbitrary effective Q-divisor on the surface X such that
D ~qp —Kx,
and put u = c(X, D). To prove Theorem 4.1, it is enough to show that

let3(X)=1/2 ifm=8§,

leto(X) =1/2 if m =7 and R is reducible,
let3(X) =3/5 ifm =7 and R is irreducible,
n= 14 letra(X)=2/3 ifm=6,

Ietp(X)=2/3 ifm=35,

letp(X) =4/5 ifm =4,

Iety (X) in the remaining cases,

and if u = lct(X) = 2/3, then D is uniquely defined. Note that lct; (X) > 5/6 if
m >3 (see [30]).

Let us prove Theorem 4.1. By Lemma 2.6, we may assume that m > 3 and u <
Ict; (X). Then

LCS(X, D) = Sing(X)

by Lemma 2.6. Put P = Sing(X).
Let 7: X — X be a minimal resolution, let Eq, E», ..., E, be m-exceptional
curves such that

E,--Ej;éO — li—jl<1,

let C be the curve in |—K x| such that P € C, and let C be it proper transform on X.
Then

m
C~om*(C) =) Ei,
i=1

and the curve C is irreducible. We may assume that D # C, because u > Icty (X) if
D=C.

By Remark 2.1, we may assume that C ¢ Supp(D).

Let D be the proper transform of the divisor D on the surface X. Then

m
D~qr*(D) =) aiE;,
i=1
where g; is a non-negative rational number. Then the log pair

(X,MD+Z/LaiEi) 3)

i=1



Computing a-Invariants of Singular del Pezzo Surfaces 819

is not Kawamata log terminal (by Remark 2.4). On the other hand, we have

D-E;=2a;—as, D-E,=2a—aj—as,

oy

D'Emfl =2am—1 — @Gn—2 — am, D-Ep=2ay—an-1,

where all intersections D - E 1, D - E>, ..., D- E,, are non-negative. Moreover, we
have

D-C=1-ay —ay,,

where the intersection D - C is non-negative, since C ¢ Supp(D) by assumption.
Hence, we have

“

am—2 + am
am—1 2 f’
am—1
2 bl
1>a +ay.

am =

It should be pointed out that at least one inequality in (4) must be strict, since
D - E; > 0 for at least one i € {1,...,m}, because P € Supp(D). Then a; > 0 for
somei €{l,...,m}.

Note that a; > ay/2 by (4). Similarly, it follows from (4) that

a1 +a3 al az
ar > >

> 4ty

which implies that a, > 2a3 /3. Arguing in the same way, we see that

k
ar, > ——a
k27 1 k+1
for every k € {1,...,m — 1} (use (4) and induction on k). Using symmetry, we see
that
S m—k
a > —a
k1t
for every k € {1,...,m — 1}. In particular, the inequality a; > 0 holds for every

ke{l,..., m}, since we already know that a¢; > 0 for some i € {1, ..., m}.
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Lemma 4.4 Suppose that pa; < 1 for everyi € {1, ..., m}. Then
e there exists a point
Qel{E\NEy, EoNEs, ..., Ey 1 NEy}

such that the log pair (3) is not Kawamata log terminal at Q,
e the log pair (3) is Kawamata log terminal outside of the point Q,
o ifu<(m+1)/2m—2),then Q#E 1 NEyand Q # Ep—1 NE,,.
Proof Tt follows from Remark 2.4 and Theorem 2.2 that there is a point Q € | Ji_, E;
such that the log pair (3) is not Kawamata log terminal at Q and is Kawamata log
terminal elsewhere.

Suppose that Q € E1 and Q ¢ E>. Then

2ai —ax=D-E; > 1

by Lemma 2.3. Taking (4) into account, we get

and adding all these inequalities together we get

m 1 a1 m—1 a

m
.E]a,‘>§+3+ Ezai+7,
1= 1=

which implies that a; + a,, > 1. However, the latter is impossible, since a; + a,, < 1
by (4).

We see that if Q € Eq, then Q = E; N E». Similarly, we see that Q = E,,,_1 N E;,
if Q € Ey,.

Suppose that Q € E; and Q ¢ E; for every j #i. Theni # 1 and i # m. We have

2a; —aj—1 —ajy1=D-E; > 1
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by Lemma 2.3. Taking (4) into account, we get

+79

and adding all these inequalities together we get

m 1 a1 m—1 a

m
.E]a,‘>§+—2 + -Ezai+_2 ,
1= 1=

which implies that a; + a,, > 1. However, the latter is impossible, since a; + a,, < 1
by (4).

Thus, we see that there is k € {1, ..., m — 1} such that Q = Ex N Ej41.

Suppose that . < (m + 1)/(2m — 2). Let us show that k £ 1 and k £ m — 1.

Due to symmetry, it is enough to show that k # 1. Recall that m > 3.

Suppose that k = 1. Then Q = E; N E,. Take i € Q such that (m+1)/(2m —2) >
> and

(X, uD + fia1 Ey + jiar E»)

is not Kawamata log terminal at Q and is Kawamata log terminal outside of the point
Q. Then

2m —2 _ n 2 n 1
<
m+llw1 m+1lm2 a m—1

by (4), since aj; # 0 and a; # 0. On the other hand, we have

N

ar» <1,
multg(uD - Ey) < uD - Ey = par — az) < a1 — a),

since i < ft. Therefore, it follows from Corollary 1.28 that

rQay —ay —az) = uD - E; > multg(uD - E2) >

nay — par,
m—1
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which implies that ax(m — 2) > a3(m — 1), since u < . But we proved earlier that

m—2
asz z az,
m—1
which is impossible, since az(m — 2) > az(m — 1). Thus, we see that k # 1. O

If m = 3, then it follows from (4) that a; <3/4,a; < 1, a3 < 3/4.
Corollary 4.5 Ifm =3, then u > Ict; (X) > 5/6.
Lemma 4.6 Suppose that m = 4. Then > Icta(X) =4/5.

Proof There is a unique smooth irreducible curve Z C X such that
Z ~n*(=2Kx) — E1 —2Ey —2E3 — E4
and E» N E3 € Z (cf. the proof of Lemma 6.8). Put Z = 7(Z). Then

1 4
leta(X) < c(X, EZ) =-.

5
To complete the proof, it is enough to show that u > 4/5. Suppose that u < 4/5.
By Remark 2.1, we may assume that Z ¢ Supp(D), because Z is irreducible.
It follows from (4) that a; < 4/5, ay <6/5, a3 <6/5, as <4/5.
Put O = E> N E3. Then it follows from Lemma 4.4 that (3) is not Kawamata log
terminal at the point Q and is Kawamata log terminal outside of the point Q. Then

1 _ _ 5
2a; — Eaz—ag, >22ay—a;—a3=D-E>multg(D - Ep) > 1 —as,
by Lemma 2.3. Similarly, we see that
_ _ 5
2a3 —az —as =D - E3 > multg(D - E3) > 7 —ay,

which implies that a, > 5/6 and a3 > 5/6.

Let £: X — X be a blow-up of the point Q, let E be the exceptional curve of the
blow-up &, and let D be the proper transform of the divisor D on the surface X. Put
8 =multg(D).

Let El, EQ, Eg, E4 be the proper transforms on X of E1, E,, E3, E4, respectively.
Then

(X, uD + par Es + pasEs + (paz + pas + us — DE) Q)

is not Kawamata log terminal at some point O € E.
Let Z be the proper transform on X of the curve Z. Then

0<Z-D=2—ay—a3;—multg(D) =2 —ay —a3 — 4,
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which implies that § 4+ ap + a3 < 2. We have puas + pnaz + ud — 1 <2pu — 1 <
3/5, which implies that (5) is Kawamata log terminal outside of the point O by
Theorem 2.2. We have

2a3—a2—a4—5=E3~ﬁ20,
07

2612—01—(13—8:52-52

which implies that § < 1. If O & E» U E3, then
- . 5
l}S:D-E}multo(D-E)>Z

by Lemma 2.3. Thus, we see that either O = E>NE or 0= EsNE.
Without loss of generality, we may assume that O = E> N E. By Lemma 2.3, one
has

5 7 5 ~ -
Z—az>g—a2=2—8—a2>2—a2—a3>8=D~E>mult0(D~E)
5

> — —dajp,

4

since § + ap + a3 < 2 and a3z > 5/6. The obtained contradiction concludes the
proof. U

Let 7 be a biregular involution of the surface X that is induced by the double
cover .

Lemma 4.7 Suppose that m = 5. Then there exists a unique curve Z € |—2K x| such
that

X 1Z lety (X) 2
C — = 1C = -,
) ? 3
and either D = Z /2 or u > 2/3.

Proof Leta: X — X be a contraction of the curves C, Es, E4, E3. Then
a(Ep) -a(E)) =a(Er) - a(Er) = —1,

and X is a smooth del Pezzo surface such that K)%( =5, which implies that there is a
surnoovth irreducible rational curve iz on the surface X such that Zz -a(Ey) =1 and
Lo - L2_= —1. . _ - -

Let L, be the proper transform of the curve L, on the surface X. Then L, - Ly =
—1 and

—KX'I:2=E2-I:2=1,

which implies that E -I:2=E3 -I:2=E4-52:E5'1:2=C'1:2=0.
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Let B: X — X be a contraction of the curves Ly, C, Es, E4. Then

B(E2) - B(E2) = B(E3) - B(E3) =—1,

and X is a smooth del Pezzo surface such that K }2( =5, which implies that there is an

irreducible smooth curve ig C X such that 113 -B(E3) =1 and Z,3 . 113 = —1 (cf. the
proof of Lemma 6.7). 5 ) o

Let L3 be the proper transform of the curve L3 on the surface X. Then L3 - L3 =
—1 and

—KX-Z3=E3-L3=1,

which implies that E - Zg =E;- [_43 =E4- Z3 =Es- l:3 =C- l:3 =0.
If t(L3) = L3, then 27 (L3) ~ —2K x, but 7(L3) is not a Cartier divisor.
Put Z = (L3 + t(L3)). Then Z ~ —2Kx and c(X, Z) = 1/3. We see that
Iet (X) < 2/3.
Suppose that D # Z /2. To complete the proof, it is enough to show that u > 2/3.
Suppose that © < 2/3. Let us derive a contradiction. It follows from (4) that

AN
Wl s
N W
Wl s
O\.IUI

ar<—=, @<z, a3<z, @<z, as5<

By Remark 2.1, without loss of generality we may assume that 77(L3) ¢ Supp(D).
Then

1—a3=1:3-D>0,
which implies that a3 < 1.

Put Q = E> N E3. By Lemma 4.4, we may assume that (3) is not Kawamata log
terminal at the point Q and is Kawamata log terminal outside of the point Q. Then

_ _ 1 3
2a3 —ay —as =D - Ez >multg(D - E3) > — —ap > 3 —ap
7
by Lemma 2.3, which implies that a3 > 9/8 by (4). But a3 < 1. g

Lemma 4.8 Suppose that m = 6. Then there exists a unique curve Z € |—2K x| such
that

X 1Z Ieta (X) 2
C , = = 1IC = —
2 ? 3
and either D =Z/2 or u > 2/3.

Proof Let«a: X — X be a contraction of the curves C, Eg, Es, E4, and E3. Then

a(Ey) -a(Er) =a(Er) -a(Ey) =—1,
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and X is a smooth del Pezzo surface such that K )2( = 6, which implies that there is a

smooth irreducible rational curve iz on the surface X such that Lz -a(Ez) =1 and
Ly - Lz_: —1. B o

Let L, be the proper transform of the curve L, on the surface X. Then L, - Lo =
—1 and

—KX-I_Q:Ez-l_,z:l,

which 1mphes that E- L2 =F;3- Lz =FE4- L2 =Fs5- Lz = FE¢ - L2 =C- L2 =0.
Letg: X — X be a contraction of the curves Lo, C, Es, Es, and E4. Then

B(E2) - B(E2) = B(E3) - B(E3) = —1,

and X is a smooth del Pezzo surface such that K )2( = 6, which implies that there are

irreducible smooth rational curves I:3 and I:’z on the surface X such that
Lsy-B(E3)=L)-B(Ey) =1

and L3 - L3 = L’z . lv/2 =—1.Let L3 and I:’z be the proper transforms of the curves
L3 and I:’z on the surface X, respectively. Then L3 - L3 = Z/2 . I:’z =—1and

—KX~L3=—KX;~Z/2:E3-L3=E2~l_/2=1,

which implies that C - Ly = C - L/z =0,and E; - L3 = E; 'L/z =0 for every i #3
andJ;EZ o L o
PutL4—T(Lg) L5—T(L2) Ls_t(L)ThenC~L4=C~L5=CoLg=0and

—K)’(-L4=—K5(~[_,5=—KX~L/5=E4-[_,4=E5-L5=E5-l_,/5=l,

which implies that E; - Ls=E;- l_,’s =E;- L4 =0 for every i # 5 and j #4.
Put Ly = m(L3), Ly = n(L4), Lo = n(L2), Ly = n(Ly), Ls = n(Ls), L5 =
JT(I:’S). Then

Ly+Lsy~Ly+Ls~ L+ L5~ —2Kx,

and c(X, L3 + L4) = 1/3, which implies that Icty (X) < 2/3.

Note that ¢(X, Ly 4 Ls) =c(X, L, + L) =1/2.

Suppose that D # (L3 + L4)/2. To complete the proof, it is enough to show that
w>2/3.

Suppose that u < 2/3. Let us derive a contradiction.

It follows from (4) that a; < 6/7, ap < 10/7, a3 < 12/7, as < 12/7, as < 10/7,
ag <6/7.

By Remark 2.1, without loss of generality we may assume that Ly ¢ Supp(D).
Then

1—a4=1:3~D20,
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v_vhich gives us a4 < 1. Similarly, we may assume that either L, ¢ Supp(D) or
Ls ¢ Supp(D), which implies that either a; < 1 or a5 < 1, respectively.
Let us show that L, + L/2 + L3 ~ —3Kx. We can easily see that

LZNQT[ (LZ)__EI—7E2——E3__E4__E5_§E6’

7 7 7 7
7 . 5 10 8 6 4 2
Ly~qm (Lz)—7E1—7E2—§E3—§E4—§E5—§E6,

= 4 8 12 9 6 3
L3~qn*(L3) — E\— zEy — —E3— -E4— -Es — - Eg,
7 7 7 7 7 7

which implies that L + L), + L3 ~g —3Kx, since Pic(X) = Z3 and

/ / 5
Ly -Lr=, Ly Ly=, Ly -L3=_,

N oo W
N[00 3| W

, , 10
Ly L3= 2, Ly - L3=—, L2-L2=7,
but Ly 4+ L/, + L3 is a Cartier divisor, which implies that L 4 L/, + L3 ~ —3Kx.
Since c¢(X, Ly + L’2 + L3) = 1/4, we may assume that Supp(D) does not contain
at least one curve among L, L’Z, and L3 by Remark 2.1, which implies that either
ar<loraz<1.
It follows from (4) and a4 < 2 that pa; < 1 for every i. By Lemma 4.4, there exists

a point
Q € {Ex N E3, E3N Ey4, E4N Es},

such that (3) is not Kawamata log terminal at the point Q € X, but it is Kawamata
log terminal elsewhere. Take k € {2, 3,4} such that Q = E} N Ex41. It follows from
Lemma 2.3 that

_ _ 1 3
2af — ag—1 — ag+1 =D - Ex 2 multp(D - Ef) > u — @Wetl > 5 T Akt

_ _ 1 3
2ar+1 — ak — a2 =D - Exqy1 2 multg(D - Epy1) > n —a; > 5~ G

which is impossible by (4), since a4 < 1, and either ap < 1 oraz < 1. O

Lemma 4.9 Suppose that m = 7. Then the following conditions are equivalent:

e the curve R is irreducible,

e the surface X contains an irreducible curve Ly such that La - L4 = —1 and Ly -
Es=1. B B L B

o the surface X contains an irreducible curve Lg suchthat Ly-La= —1,L4-Eq4=1
and

wom(Ly) C Supp(R).
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Proof Suppose that X has an irreducible curve L4 such that Ly - Ly = —1 and Ly -
E4=1.Then

_ . 1 3 3 1
Ly~gnmn™ (L) — EEl —E> — §E3 —2E4— EES — E¢ — §E7’

where L4 = 7(L4). Then t(Lg) = L4 and w(Ly) C Supp(R), because

—1+ L4 1(Ls) =Ls- (Ls +1(Ls))

Ly- (JT*(—ZKx) —E|—2E)—3E3—4E4—3E5 —2FE¢ — E7)
=-2.

Suppose now that the curve R is reducible. Let us show that the surface X contains
an irreducible curve Ly suchthat Ly - La=—1and Ls- Eq = 1.

Let n: X — X’ be a contraction of the curve C. Then there is a commutative
diagram

i o ¢

X’ P2

where 7/ is a minimal resolution, ¢ is an anticanonical embedding, v is a projection
from ¢ o w(P), and o’ is a double cover branched at 1 o ¢ (R). Note that X’ is a del
Pezzo surface and K }2(, =2.

The morphism 7’ contracts the smooth curves n(E3), n(E3), n(E4), n(Es), and
n(Eg). But

n(Ey) € Sing(X/),

and X’ has a singularity of type As at the point n(E2). Put P’ = n(E»).
Put R’ = o ¢(R). Then R’ is reducible, since R is reducible.
Since Sing(P(1, 1, 2)) ¢ R, one of the following cases holds:

e cither ¢ (R) is a union of a smooth conic and an irreducible quartic,
e or the curve ¢ (R) is a union of three different smooth conics.

The case when the curve ¢ (R) consists of a union of three different smooth conics
is impossible, since the surface X’ has a singularity of type As at the point P’ =
Sing(X").

We see that the curve ¢ (R) is a union of a smooth conic and an irreducible quartic
curve, which easily implies that R’ is a union of a line L and an irreducible cubic
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curve Z. Then
mu]tw/(p/) (L-Z)=3,

because X’ has a singularity of type As at the point P’. Then X contains a curve Ly
such that

o on’on(Ly) =L,
and Ly is irreducible. Then Ly - L4 = —1 and L4 - E4 = 1. O

The proof of Lemma 4.9 can be simplified using the results obtained in [31,
Sect. 2].

Lemma 4.10 Suppose that m =7 and R is irreducible. Then p > lct3(X) = 3/5.

Proof Arguing as in the proofs of Lemmas 4.7 and 4.8, we see that there is an irre-
ducible smooth rational curve L, on the surface X such that L, - L, = —1 and

—K)‘(-l_,QZEz-l_Q:l,

V_Vhi(zhimpliesthatEl~L2=E3-I:2=E4-I:2=E5-Z2=E6'I:2=E7-I:2=
C-L,=0. B o B B

Put Ls =7(L3). Then L5 - Ls =—1and —K - Ls = E5 - Ls = 1, which implies
that

Ei-Ls=Ey-Ls=E3-Ls=FE4-Ls=Eg-Ls=FE7-Ls=C-L5=0.

Since the branch curve R is reducible _by Lemma 4.9, one can shoyv tllat there
exists an irreducible smooth rational curve L3 on the surface X suchthat L3-L3 = —1
and

—KX;-I_J3=E3-Z,3=1,

which implies that E ~L3=E2-L3=E4-£3=E5~L3=E6-£3=E7-l_,3=
C-L3=0.

Put £6 = ‘L'(Zz), Z5 = ‘L’(l:g), L, = n(iz), Ly = n(i4), Ls= 71(1_45) and Lg =
7(Lg). Then

_ ) 3. 35 3 1 1
Ly ~gmn™ (L) — ZEI - EEZ - ZE3 —E4— ZES - §E6 - ZE7’

- 5 5 15 3 9 3 3
Ly~gn*(L3) — ~E{ — “Ey— —E3— ~E4— ~Es — ~E¢ — ~ E7,
3~ m (L3) gbv—gEa— g Es—SEi—gEs— 2B —2ky

- 3 3 9 3 15 5 5
L5NQ7T*(LS)__E1——Ez——E3——E4—_E5__E6__E77
8 4 8 2 8 4 3

L n*(L)—lE—lE—éE By - Es-2E-3E
6Q 6 4 1 ) 2 4 3 4 4 5 ) 6 4 7
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which implies that L, +2L3 ~ —3Kx. Indeed, we have L, +2L3 ~g —3K, since
Ly -L)= ! L3 -L3= L Ly -L3= >
2 2 - 27 3 3 - 89 2 3 - 47

and Pic(X) = Z3. But L, + 2L5 is a Cartier divisor, which implies that Ly + 2L3 ~
—3Kx.

We have c¢(X, Ly + 2L3) =3/15 and Ly + 2L3 ~ —3Kx, which implies that
letz (X) < 3/5.

To complete the proof, it is enough to show that p > 3/5.

Suppose that ;© < 3/5. Let us derive a contradiction.

By Remark 2.1, we may assume that the support of the divisor D does not contain
at least one component of every curve Lo+ Le, Ly +2L3, L3+ Ls. But

which implies that a; < 1 if L; ¢ Supp(D). Therefore, either a3 < 1 or ap < 1 and
as < 1.
If a3 < 1, then it follows from (4) that

a]<§7 a2<§7

-
o)
Wl &~

If a, <1 and a5 < 1, then it follows from (4) that

3 4 6
ar <1, a3<§, a4<§, as <1, a6<§

[e<RIEN|

ar <

By Lemma 4.4, there exists k € {2, 3,4, 5} such that (3) is not Kawamata log
terminal at the point Ex N Ex1 and is Kawamata log terminal outside of Ex N Ej41.
Put Q = Ex N E41. Then it follows from Lemma 2.3 that

_ _ 1 5
2ar — ag—1 — ap+1 =D - Ex 2 multg(D - Ey) > n — @il > 3 = ks

_ - 1 5
2ak+1 — ak — a2 =D - Exy1 2 multg(D - Epy1) > n —a; > 3~ %

which is impossible by (4), since we assume that either a3 < 1 or ap < 1 and
as < 1. O

Lemma 4.11 Suppose that m =7 and R is reducible. Then p > Ity (X) = 1/2.

Proof By Lemma 4.9, the surface X contains an irreducible curve 1:4 such that
wom(Ls) C Supp(R)
and —L4-Lys=Ly4-E4=1.Then —Ky- L4 = 1, which implies that

E]'I:4=E2'I:4=E3-I:4=E5-I:4=E6-[_,4=E7-I:4=C-L4=0.
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Put L4 = n(i4). Then 2L4 ~ —2K x and

_ . 1 3 3 1
Ly~gnm™ (L) — EEI —E;— §E3 —2E4— EES — E¢ — §E7,

which implies that Icty (X) < c(X, Lg) = 1/2.
To complete the proof, it is enough to show that o > 1/2.
Suppose that 4 < 1/2. Let us derive a contradiction.
By Remark 2.1, we may assume that L4 ¢ Supp(D). Then

0<Ly-D=1-ay,

which implies that a4 < 1. Thus, it follows from (4) that

It follows from Lemma 4.4 that there exists a point
Q €{ExNE3, E3NE4, E4NEs, EsN Eg}
such that LCS(X, uD + 2,7:1 ua; E;) = Q.

Without loss of generality, we may assume that either Q =E>NE3z or Q =E3 N Ey.
If Q = E3 N Ey4, then it follows from Lemma 2.3 that

_ _ 1
2a4 —az —as =D - E4 > multg(D - E4) > — —a3 > 2 — a3,
I

which together with (4) imply that a4 > 1, which is a contradiction.
If Q = E> N Ej3, then it follows from Lemma 2.3 that

— — 1
2a3 —ay —as =D - Ez >multg(D - E3) > — —az > 2 —apy,
n
which together with (4) immediately leads to a contradiction. 0

Lemma 4.12 Suppose that m = 8. Then u > Ictz(X) = 1/2.

Proof Arguing as in the proofs of Lemmas 4.7 and 4.8, we see that there is an irre-
ducible smooth rational curve L3 on the surface X such that L3 - L3 = —1 and

—KX'I:3=E3-I:3=1,

vyhic_himpliesthat E1-I:3=E2-l_,3=E4~l_,3=E5-Z,3=E6~Z3=E7-l_,3=
C-L3?0. B o B B

Put Lg =7t(L3). Then L - L¢ = —1 and —K 3 - L = E¢ - L¢ = 1, which implies
that

E]'I:6=E2'I:6=E3-I:6=E4-I:6=E5-[_,6=E7-I:6=C-I:6=0.
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Put L3 = 7 (L3) and Lg = 7 (Lg). Then 3L3 ~ 3L ~ —3K x. On the other hand,
we have

Ly~qn*(L3) — EEI - iEz —2E;3 — é1'54 - iEs — E¢— %E7 - lEs,
3 3 3 3 3 3

Le~qm*(Le) — lEl - %Ez —E3— iE4 - §Es —2E¢— iE7 - %Es,
3 3 3 3 3 3

which implies c¢(X, L3) =c(X, Le¢) = 1/2. Then lct3(X) < 1/2.
To complete the proof, it is enough to show that p > 1/2.
Suppose that u < 1/2. Let us derive a contradiction.
By Remark 2.1, we may assume that Supp(D) does not contain L3 and Lg. Then

l—a3=D~i3 >0,
which implies that a3 < 1. Similarly, we have ag < 1. Then it follows from (4) that

8 7 4
a1<§7 a2<87 a3< ) a4<§9

7 8
) a6<13 a7<61 a8<§-

Wl &

as <

By Lemma 4.4, there exists k € {2, 3,4, 5, 6} such that (3) is not Kawamata log
terminal at the point E; N Ex41 and is Kawamata log terminal outside of the point
Er N Egqq.

Put Q = Ex N Ei41. Then it follows from Lemma 2.3 that

_ - 1 1
2ary —ak—1 —agy1 =D - Epy 2 multg(D - E) > — — agq1 > 3 " et
1%

_ _ 1
2ap+1 — ar — a2 =D - Ejy 2 multy(D - Ey1) > " —a; > 5~ G

which is impossible by (4), since a3 < 1 and ag < 1. Il

The assertion of Theorem 4.1 is proved.

5 One Non-Cyclic Singular Point

Let X be a sextic surface in P(1, 1,2,3) with canonical singularities such that
|Sing(X)| = 1, and Sing(X) consists of a singular point of type D4, D5, Dg, D7,
Dg, E¢, E7, or Eg.

Theorem 5.1 The following equality holds:

Ieto(X) =1/3  if P is a point of type Dg,
Iet(X) = { Icta(X) =2/5 if P is a point of type D7,
Iety (X) in the remaining cases.
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Corollary 5.2 The inequality 1ct(X) < 1/2 holds.

In the rest of this section, we will prove Theorem 5.1.
Let D be an effective Q-divisor on X such that D ~g —Kx. We must show that

Icto(X) =1/3 if P is a point of type Dy,
c(X, D) > 4 leta(X) =2/5 if P is a point of type D7,

Iet1 (X) in the remaining cases.

To prove Theorem 5.1, put u = c(X, D).

Suppose that u < Ict; (X). Then LCS(X, u D) = Sing(X) by Lemma 2.6. Put P =
Sing(X).

Let 7: X — X be a minimal resolution, let E;, Es, ..., E,, be irreducible 7-
exceptional curves, let C be the curve in |—Kx| such that P € C, and let C be its

proper transform on X. Then

m
C~qm*(C) =Y niE;,

i=1

where n; € N. Without loss of generality, we may assume that E3 - ), 23 Ei =3.
Then

1/2 if P is of type Dy, D5, Dg, D7, or Dg,
1/3 if P is of type Eg,
1/4 if P is of type E7,
1/6 if P is of type Eg.

1
letj(X) =c(X,C) = — =
n3

By Remark 2.1, we may assume that C ¢ Supp(D), since the curve C is irre-
ducible. .
Let D be the proper transform of the divisor D on the surface X. Then

m
D~qm*(D) =Y aiE;,
i=1
where a; is a non-negative rational number. Then
m
KX+M(D+§:ma>~@nWKx+qu
i=1

which implies that (X, ,uD + Z;’;l wua; E;) is not Kawamata log terminal (see Re-
mark 2.4).
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Lemma 5.3 The equality paz = 1 holds.
Proof The equality paz = 1 follows from Lemma 2.5. g
Lemma 5.4 Suppose that P is not a point of type E¢, E7, or Eg. Then
N : leta(X) =1/3  if P is a point of type Dg,
T et (x) = 2/5 if P is a point of type D7,
and P is either a point of type D7 or is a point of type Dg.

Proof Without loss of generality, we may assume that the diagram

E, E3 Ey Ep—1 Ep
° . ° ° °
E;

shows how the m-exceptional curves intersect each other. Then
m—1

C~qn*(C)—E\— Ey— En— Y _2E;,
i=3

which implies that C-E,_j=1land C-E; =0 <= i #m — 1. Then
l—am,1=D~C_’>O,
2ay —az=D-E; >0,
Zaz—a3=D-E220,

2a3 —ay —ar—a3=D-E3 >0, (6)

201 — Q-2 — G = D- En-120,

2am — am—1 ZD'Em =0,

which easily implies that a3 < 2 if m < 6. But paz =1 and p < Iet;(X) = 1/2 by
Lemma 5.3, which implies that either m =7 or m = 8.

Arguing as in the proofs of Lemmas 4.7 and 4.8, we may assume that there is an
irreducible smooth rational curve L on the surface X such that L; - L1 = —1 and

—KX-Z1=E1-I:1=1,

which implies that C- Ly =0and E; - L; =0 < i # 1.
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Let w: X — P(1, 1, 2) be the natural_double cover given by |—2{( x|, anq let T
be a biregular involution of the surface X that is induced by w. Put L, = t(L1). If
m =17, then

_K}.(.122=E2.112:1
and Ly - Ly = —1, which implies that C - Ly =0 and E; - Ly =0 <= i #2.

Put Ly =n (L) and Ly = 7(Ly). Then L1 4+ Ly ~ —2Kx. If m =7, then

_ . 7. 5. 5 3 1
Ly~qn™ (L) — ZEl - ZEz - 5E3 —2E4— EES — E¢ — EE%

_ . 5 7.5 3 1
Ly ~qn™(L2) — ZEI - ZEZ - §E3 —2E4 — EES — E6 — §E7’

which implies that c(X, L1 + Ly) = 1/5 and Ictp(X) < 2/5. If m =7, then
o 5
a3 < —
N2

by (6). But a3 =1 by Lemma 5.3. Then u > 2/5 if m = 7, which is exactly what
we need. . .
We may assume that m = 8. Then L, = L and

- 3 5 3 1
L~ *(L1) —2E1 — =E») —3E3 — —E4—2E5s— —E¢ — E7 — —Eg,
1~Qm (L) 1~k 35k 5= 5Es 17— ks
which implies that Ictz (X) < c(X, L1) = 1/3. But az < 1/3 by (6) and puaz =1 by
Lemma 5.3, which implies that ©« > 1/3, which completes the proof since lcty (X) >
let(X). O

To complete the proof of Theorem 5.1, we may assume that P is a point of type
]EG, E7, or Eg.
Without loss of generality, we may assume that the diagram

E) Ey E3 Es Ep

ok

shows how the m-exceptional curves intersect each other. It is well known (cf. [29,
30]) that

° ifm=6,thenC:‘~E4= l,whichimpliesthatandc:‘oEi=0 — i #4,
o ifm=7, thenC_‘-El = 1, which implies thatandC_'-Ei =0« i#1,
e if m =8, then C - Eg = 1, which implies thatand C - E; =0 <= i # 8.
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Putk=4ifm=6,putk=1if m =7, putk =8 if m =8. Then
l—ak=D-C>O,

2a1 —a3=D-E; >0,

2a0 —az—a;=D - E» >0,
2a3—a2—a4—a5=l_)-E3>0,

2a4s —az=D-Es >0, (7)

2a5 —az —ag=D - E5 >0,

20— — Q-2 — A = D- Ep_120,

2am — am—1 :[)'Em =0,

which implies that a3 < n3. But n3 = 1/Ict;(X) and a3z = 1 by Lemma 5.3. Then
w = lety (X).
The assertion of Theorem 5.1 is proved.

6 Many Singular Points

Let X be a sextic surface in P(1,1,2,3) with canonical singularities such that
|Sing(X)| > 2.

Theorem 6.1 The following equality holds:

let(X)

Ieta(X) =1/2  if Sing(X) consists of a point of type A7 and a point of type Ay,
Icty(X) =2/3  if X has a singular point of type Ag,

= ) letp(X) =2/3  if X has a singular point of type As,
Ietr(X) = min(lct1 (X)), 4/5) if X has a singular point of type A4,

Ietj (X) in the remaining cases,

and if there exists an effective Q-divisor D on the surface X such that D ~g —Kx
and

c(X, D) =Ict(X) = %

then either D is an irreducible curve in |—K x| with a cusp at a point in Sing(X) of
type Ay, or the divisor D is uniquely defined and it can be explicitly described.

Let D be an arbitrary effective Q-divisor on the surface X such that

D ~¢p —Kx,
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and put u = c(X, D). To prove Theorem 6.1, it is enough to show that

Ietp(X) = 1/2 if Sing(X) consists of a point of type A7 and a point of type Ay,
Icto(X) =2/3 if X has a singular point of type Ag,
=1 leta(X) =2/3 if X has a singular point of type As,
letz(X) = min(lct; (X),4/5) if X has a singular point of type Ag,
Ict; (X) in the remaining cases,

and if pu = Ict(X) = 2/3, then we have the following two possibilities:
e cither D is a curve in |[—K x| with a cusp at a point in Sing(X) of type A,
e or the divisor D is uniquely defined and it can be explicitly described.

Lemma 6.2 If Sing(X) has a point of type D4, Ds, D¢, K¢, E7, or Eg, then ©u >
Iety (X).

Proof Suppose that Sing(X) has a point of type D4, D5, D¢, Eg, E7, or Eg, but
n < lIcty(X). Then

LCS(X, uD) C Sing(X)

and LCS(X, uD) consists of a point in Sing(X) that is not of type A; or A, by
Lemma 2.6.

If the locus LCS(X, uD) is a singular point of the surface X of type Dq4, Ds, D,
E¢, E7, or [Eg, then arguing as in the proof of Theorem 5.1, we immediately obtain a
contradiction.

By Remark 1.21, the locus LCS(X, « D) must be a singular point of the surface
X of type A3z, and we can easily obtain a contradiction arguing as in the proof of
Corollary 4.5. d

Lemma 6.3 Suppose that Sing(X) consists of points of type Ay, Ay, or Az. Then
w=let (X). If

lety (X) 2

= IC = —,

w 1 3

then D is a curve in |—K x| with a cusp at a point in Sing(X) of type A,.

Proof This follows from Lemma 2.6 and the proof of Corollary 4.5. U

By Remark 1.21 and Lemmas 6.2 and 6.2, we may assume that

Sing(X)
A7+ A1, Ag+ AL A5 +HALAS+HAT+ AL As + Ao, As+ Ay + Ay,
Ag+Ag Mg+ Az, Au+As+ AL Ag+ Ao, Ay + A+ AL A +A

which implies that there is a point P € Sing(X) that is a point of type A,, for m €
{4’ 57 67 7}'
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Let 7: X — X be a minimal resolution, let Ej, Eo, ..., E,, be m-exceptional
curves such that

Ei - E;j#0 < [|i—jI<1

and 7 (E;) = P for every i € {1,...,m}, let C be the unique curve in |[—Kx| such
that P € C, and let C be the proper transform of the curve C on the surface X. Then

C-Ey=C-E,=1,

andC_'~_E2:C_'-E3:--~:C_‘-Em_1 :0.NotethatC_:§]P’1 andC-C=—1.
Let D be the proper transform of D on the surface X. Then

m
D~qm*(D) =Y aiE;,
i=l
where ¢; is a non-negative rational number. Then
l—al—am:l_)~C_'20,
2ai —ax=D-E; >0,
(3)

2am—1 — Ap—2 — ap “Ep1 20,

=D
2am —am—1 =D - E; > 0.

Let n: X — X’ be a contraction of the curve C. Then there is a commutative
diagram

) ® ¢
X X P(1,1,2) —— p3

X’ P2

where w and o’ are natural double covers 7’ is a minimal resolution, ¢ is an anti-
canonical embedding, and v is a projection from ¢ o w(P). Put P’ = n(E>). Then
P’ € Sing(X").

Remark 6.4 The birational morphism 7’ contracts the smooth curves n(E3), n(E3),
..,n(Em—1), and 7’ o n contracts all 7-exceptional curves that are different from
the curves Eq, Ep, ..., E,,.
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Let R be the branch curve in IP(1, 1, 2) of the double cover w. Put R’ = v o ¢(R).
Lemma 6.5 Suppose that m =7. Then > Icty(X) = 1/2.

Proof Let a: X — X be a contraction of the irreducible curves C , E7, Eg, E5, E4,
Es3, and E;, and let F be the m-exceptional curve such that 7 (F) is a point of type
A;. Then

X =P(Op1 ® Op1 (2)).

Let Lz be the fiber of the prOJeCthIl X — P! such that (x(C) € Lz, and let L, be
the proper transform of the curve L2 on the surface X via . Then Ly - L» = —1 and

—KX~E2=E2~[_,2=F-[:2=1,

vyhicihimpliesthat Eq ~L2=E3-L2=E4-£2=E5~L2=E6-Z42=E7-l_,2=
C-Ly= O._ . B B
Let B: X — X be a contraction of the curves L;, E;, C, E7, Eg, E5, E4. Then

B(E3) - B(E3)=B(F)-B(F)=0,

and X is a smooth del Pezzo surface such that K }2( =8.Then X = P! x P!

Let Z,4 be the curve in |B(F)| such that B(E4) € Z,4, and let 1:3_be its proper
transform on the surface X via 8. Then one can easily check that L4 - L4 = —1 and

—K)‘(-l_,4=E4-l_,4=1,

\yhic_himplie§thatE1-[:4:E2-£4=E3-Z4=E5-[:4:E6'1:4=E7-l_,4=
C~L4=F-L4_=O.

Put L4 = m(L4). Then one can easily check that

- 1 3 3 1
Ly~qgn*(Ly) — =E1— Ey— ZE3—2E4— ~Es— E¢ — - E7,
2 2 2 2

which implies that ¢c(X, L4) = 1/2. But 2L4 ~ —2Kx, which implies that Ict (X) <
1/2.

Arguing as in the proof of Lemma 4.9, we see that w(L4) C Supp(R).

Arguing as in the proof of Lemma 4.11 and using (8), we see that p > lcta(X) =
1/2. 0

Lemma 6.6 Suppose that m = 6. Then > Icty(X) =2/3, and if w =2/3, then
e cither D is a curve in |—Kx| with a cusp at a point in Sing(X) of type A,,
e or the divisor D is uniquely defined and can be explicitly described.

Proof Leta: X — X be a contraction of the curves C, Eg, Es, E4, E3, E>. Then X
is a smooth surface such that K )2( =7, and — K x is nef. There is a birational morphism

y: X — X such that
X =P(Op @ Opi(2)).
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and y is a blow-down of a smooth irreducible rational curve that does not contain the

point « (C_‘ ).

Let Lz be the fiber of the prOJeCthIl X — P! such that y o a(C) € Lz, and let L,
be the proper transform of the curve L2 on the surface X via y oa. Then Ly-Ly=—1
and

—KX'I:2=E2-I:2=1,

which impl_ies thg.t Eq- Z2 =E3- 1:2 =E4- Zz =Es -_1:2 =E¢- 1:2 =C- 1:2 =0.
Let 8: X — X be a contraction of the curves Ly, C, Eg, Es, E4, and let F be the
m-exceptional curve such that v (F) is a point of type A. Then

B(E2) - B(E2) = B(E3) - B(E3) = B(F) - B(F)=—
and X is a smooth del Pezzo surface such that K}%{ = 6. Thus, there exists an

irreducible smooth rational curve 1:3 on the surface X such that 123 . 113 = —1,
L3 B(E3)=1,and L3 B(F) =

Let L3 be the proper transform of the curve L3 on the surface X. Then L3 - L3 =
—1 and

—Kg-Ly=E3-Ly=1,
whighimpliesthat E1~Z3=E2~Z3=E4~l_,3=E5~l_,3=E6~l_,3=C_'-l_,3=
F-L3?0. _ _ _ o o
Put Ly=1t(L3)and Ls =1(Ly). ThenC-L4=C -Ls=0and

KygLim—Kyg-Ls=FEs-Li=Es-Ls=1.

which implies that E; - Ls = E; -Ly=0foreveryi#5and j #4.
Put L3 =n(L3), Ly = n(L4) Ly =mn(Ly) and Ls =7 (Ls). Then

L3+ Ls~Ly+ Ls ~—2Ky,

which implies that ¢(X, L3 + L4) = 1/3 and c(X, L> + Ls) = 1/2. Then lcty(X) <
2/3. But

Ly g - Vg 8p g, dp 2p lp
B e Tl B Tt A I Tt St

“(L3) 4E 8E 12E 9E 6E 3E

T ——-E—-FE)— —E3— -E4— —E5 — —F§,

~Q 3 1= b2 B3 gha—obs— ke

which implies that c(X, 2L+ L3) =1/4. Then 2L + L3 ~¢ —3Kx, since Pic(X) =
72 and

3 5 8
L2~L2—7, L3'L3—7, L2~L3—7,
but 2L, + L3 is a Cartier divisor, which implies that 2L, + L3 ~ —3Kx.
If Disnotacurvein |[-Kx|and D # (L3 + L4)/2, then arguing as in the proof of
Lemma 4.8, we easily see that > 2/3, since we can use (8). The lemma is proved
(see Example 1.26). Il
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Lemma 6.7 Suppose that m = 5. Then p > Icta(X) =2/3, and if w =2/3, then

e cither D is a curve in |—K x| with a cusp at a point in Sing(X) of type A,,
e or the divisor D is uniquely defined and can be explicitly described.

Proof The curve R’ has an ordinary tacnodal singularity at the point w’(P"), which
implies that there exists a line L' C P? such that either L' C Supp(R’) or L' ¢
Supp(R’) and

mult,y(pr (L/ . R/) =4.

There are irreducible smooth rational curves L} and L), on the surface X’ such
that

o' (Ly) =o' (Ly) =L’
and Ly = L), <= L' C Supp(R’). Note that neither L nor L, contains a point in
Sing(X") \ R/ _
Let L, be the proper transform of the curve L} on the surface X'. Then

LyNn(E)) = LyNn(Ey) = LyNn(Es) = LyNn(Es) =@

and L% -n(E3) = 1. Let L} be the proper transform of the curve L/, on the surface
X'. Then

LyNn(E)) =L,Nn(Ey) =LyNn(Es) =Ly Nn(Es) =2

and L, - n(E3) = 1. One can also check that L’ NL,=oif L/ #L,.
Let L3 and L4 be the proper transforms of the curves L’ and L’ on the surface X,
respectively, and let us put L3 = w(L3) and Ly = 7(Ly). Then

Z3+Z4N—2KX

and c(X, L3 + L4) = 1/3, which implies that Icty (X) < 2/3.
If D # (L3 + L4)/2, then (8), the proof of Lemma 4.7, and Lemma 2.6 imply that

2z letr(X) = =

and if © =2/3, then D is a curve in |[—Kx| with a cusp at a point in Sing(X) of
type Aj. d

Lemma 6.8 Suppose that m = 4. Then

>letr(X) = rn1n(lct1 (X), 4/5)

wll\J

and if w =2/3, then D is a curve in |—Kx| with a cusp at a point in Sing(X) of
type Aj.
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Proof The point @'(P’) is an ordinary cusp of the curve R’. Then there is a line
L’ c P? such that

mu]tw/(p/) (L/ : R/) =3.
Let Z’ be a curve in X’ such that @’ (Z’) = L' and —Ky’ - Z' = 2. Then
Z' N Sing(X') =Sing(Z') =R,

and Z' is irreducible curve that has an ordinary cusp at the point R’ B
Let Z’ be the proper transform of the curve Z’ on the surface X’. Then Z’ is
smooth and

n(E2) Nn(Es3) e Z'.

Let Z be the proper transform of the curve Z’ on the surface X. Put Z = (Z).
Then

Z~n*(Z)—Ey —2E, —2E3 — E4

and Eo N E3 € Z. Then ¢(X, Z) = 2/5, which implies that Icty (X) < 4/5.
Arguing as in the proof of Lemma 4.6 and using Lemma 2.6 and (8), we see that

n = leta(X) = min(let; (X), 4/5)

and if © =2/3, then D is a curve in |[—K x| with a cusp at a point in Sing(X) of
type A,. g

The assertion of Theorem 6.1 is proved.
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