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Abstract. We consider universal off-shell Bethe vectors given in terms of Drin-
feld realization of the algebra U, (gly) [10,12]. We investigate ordering prop-
erties of the product of the transfer matrix and these vectors. We derive that
these vectors are eigenvectors of the transfer matrix if their Bethe parameters
satisfy the universal Bethe equations [1].

1. Introduction

Algebraic Bethe ansatz for quantum integrable models with gl, symmetry as well
as hierarchical Bethe ansatz for models with higher rank symmetries solves the
eigenvalue problem for the set of the commuting quantum integrals of motion.
The eigenvectors in these methods are built from the matrix elements of the mon-
odromy matrix which satisfies Yang-Baxter relation defined by the quantum R-
matrix. Quantum integrable models solvable by these methods correspond to the
different monodromy matrices and quantum R-matrices. Monodromy matrices can
be obtained by considering the different representations of the quadratic algebras
which have the same type of defining relations as monodromy matrices have. In
this case one can use the generating series of the elements of this quadratic alge-
bra as kind of the universal monodromy matrix and try to reformulate the Bethe
ansatz on the universal level without specification to any concrete representations
or concrete integrable model.

Such an approach to find the eigenvalues for the quantum integrable models
with different boundary conditions and symmetries was elaborated in [1] using
certain analytical assumptions on the structure of these eigenvalues. This method
is called analytical Bethe ansatz and by construction was unable to yield an infor-
mation on the structure of the corresponding eigenvectors. In case of the models
with gl symmetry the method to build the eigenvectors from the matrix elements
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of the monodromy matrices was designed in [15,18-20] generalizing an approach
of the hierarchical Bethe ansatz formulated in [14]. Authors of these papers used
the universal monodromy which satisfies the commutation relations of the gl
Yangian or Borel subalgebra in the quantum affine algebra Uq(gA[N) to construct
the universal Bethe vectors of the hierarchical Bethe ansatz in terms of the matrix
elements of the corresponding fundamental L-operators.

Quantum affine algebra and their rational analogs — the Yangian doubles —
have an alternative to the L-operator description [17] in term of currents [2,5].
For the quantum affine algebras, it was proved in [11] that the modes of Drinfeld
currents coincide with Cartan—Weyl generators of these algebras constructed from
the finite set of Chevalley generators. One may address the question whether it
is possible to construct the universal Bethe vectors from the current generators
of the quantum affine algebra which serves as symmetry for some quantum inte-
grable models. This problem was investigated in [7] on a rather general level and it
was shown that in order to build the universal Bethe vectors from Cartan—Weyl or
current generators of the algebra one has to consider different types of Borel subal-
gebras in the quantum affine algebras. In this paper it was suggested to construct
universal off-shell Bethe vectors for arbitrary quantum affine algebra as certain
projections of products of the currents onto intersections of Borel subalgebras of
different types. The generating parameters of the currents become after this iden-
tification the Bethe parameters. The papers [12,16] contain detailed analysis of
these projections for quantum affine algebra Uq(gA[ ~)- In particular, these projec-
tions are explicitly expressed via entries of the fundamental monodromy matrix
and are identified with off-shell Bethe vectors of the nested Bethe ansatz [14].

An algebraic Bethe ansatz always uses a special vector which is annihilated
by some ideal in the symmetry algebra (bare vacuum) and Bethe vectors are
obtained by the application of the universal Bethe vectors to this vector. From
the representation theory point of view we will call such bare vacuum a weight
singular vector. The Cartan—Weyl generators have a good property: their products
can be ordered in a natural way. If we are able to express the commuting integrals
as well as the universal Bethe vectors in terms of these generators, we may rise the
question: what is special in the universal Bethe vectors if their Bethe parameters
satisfy the universal Bethe equations. In this paper we address this question for the
quantum affine algebra U, (gly). We found that the Cartan—Weyl ordering of the
product of the universal transfer matrix and the universal Bethe vector produces
the same Bethe vectors modulo elements of the ideal which annihilates the bare
vacuum if the Bethe parameters satisfy the universal Bethe equations from [1].

All our calculations are performed on the level of generating series and the
main technical trick which helps us to perform the ordering calculations is the
identity (3.30) which is a particular case of more general relations between off-
shell Bethe vectors obtained in the paper [13] using the technique of the generating
series.

The paper is composed as follows. In Section 2, all necessary statements for
the different realizations of the quantum affine algebra U, (gA[ ~) are given and the
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main assertion of the paper is formulated as the Theorem 1. Section 3 collects
propositions which describe the ordering of the generating series of the Cartan—
Weyl or current generators. There, an identity (3.30) is formulated: it is a new
type of hierarchical relation between universal off-shell Bethe vectors expressed in
terms of the current generators. Section 4 is devoted to the inductive proof of the
main Theorem 1.

2. Basic algebraic structures

~

2.1. U,(gly) as a quantum double

Let ¢ be a complex parameter not equal to zero or to a root of unity. Let E;; €
End(C") be a matrix with the only nonzero entry equal to 1 at the intersection
of the i-th row and j-th column. Let R(u,v) € End(CY @ CV) ® C[[v/u]],

u—v
R(u,v) = Z Ei @ By + pry—— Z (Eis ® Ej; + Ej; ® Eig)
1<i<N W=9 "V [ Gen
P (2.1)
p—— Y (uEy ®Eji + vEj ® Eyy)
W=aq9 "N

be a trigonometric R-matrix associated with the vector representation of gl .

We will consider an associative algebra Uq(gA[N) with unit as a quantum
double [4] of its Borel subalgebra generated by the modes L;fj k], k > 0,1 <

i,j < N of the L-operators L (z) = Y 72, Z?fj:l Eij ® L»j:j [k]27F, LL‘[O] =0,
1 <i < j < N subject to the relations
R(u,v)- (LT () ®1)- (1@ L% (v)) = (1@ L*(v)) - (LT (u) ® 1) -R(u,v) (2.2)

with a standard coproduct
N
ALY (w) =Y Li(w) @Lf (u). (2.3)
k=1

We denote this subalgebra U, (b™) C Uq(gT[N) and call it a standard Borel subal-
gebra of UQ(EIN). In (2.2) 1= Zf\[:l Ei;-

According to the general theory [4] the whole algebra Uq(aN) is generated
by the modes of the L-operator L*(z) and by the modes of the dual L-operator
L (2) = Y0 s By @ Li[kle ™, L ;[0] = 0,1 < i < j < N. The dual
Borel subalgebra U, (b™) has the same algebraic and coalgebraic properties (2.2)
and (2.3) with L*(z) replaced by L™ (2) everywhere. The commutation relation
between opposite Borel subalgebras

R(u,v)- (LY (v) ®1)- (1®L™(v)) = (1®L™(v)) - (L*(u) ®1) -R(u,v), (2.4)

can be calculated using the non-degenerated pairing between these subalgebras.
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The standard description of the quantum affine algebra Uq(g[ ~) with dropped
gradation element and at vanishing central element can be obtained from the
algebra U, (gl ) by imposing one more relation

Lf[0L;;[0)=1 i=1,...,N. (2.5)

Here we shall not assume this restriction. We shall require only invertibility of the
zero modes of the diagonal matrix elements of L-operators.

2.2. Current realization of U, (gA[ N)

To obtain the current realization of the algebra U, (E[N) [5] one has to introduce,
according to [2], the Gauss coordinates of the L-operators. There are two different
ways of introducing Gauss decompositions of L-operators. Each of these two pos-
sibilities leads to hierarchical relations for the universal Bethe vectors given by the
hierarchical Bethe ansatz. One type of hierarchy occurs when the smaller algebra
L-operator is embedded in the upper-left corner of the bigger algebra L-operator.
The second type corresponds to the embedding in the down-right corner [16,20].
In this paper we will use the latter embedding. Then, Gauss coordinates F;fa(t),

Eib(t), b > a and kX (t) are given by the decomposition:

N N
LE(z2) = <1+ZF;§G(,Z)E@,,> : (Zkg}(z)Eaa> <1+ZE E,,a> (2.6)
a=1

a<b a<b

that is to say

Ly, (t) =F + Y FE HOE; 1), a<b, (2.7)
b<m<N
Ly, (t) = + > F. m(OE; (1), (2.8)
b<m<N
LI, =kfES, )+ > Fh EMEL, (1), a>b.  (29)
a<m<N

Considering the linear combinations of the Gauss coordinates

F( ) Fj+1 1( ) Fz_+1 z( )v Ez(t) = Ej,_i—i-l(t) - Ei_,i+1(t) (2-10)
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and diagonal Gauss coordinates ki (t) one can obtain the defining relations [2,5]:
(472 — qu)Ei(2) Bi(w) = Ei(w)Ei(2)(gz — ¢~ 'w)
(2 = w)Ei(2) Ei1(w) = By (w)Ei(2)(q” 2 — qu),
1

(
B (2)Eiw) (K (2))

z—Ww
IR T
klj-:‘rl( )Ei(w ( z+1 = %Ei(w)a
() By (w) (K (2) T = Bi(w), if i#ji+1,
= F(w)Fi(2)(q"'z — qu), (2.11)

) =
w) = Fip1(w)Fi(2)(z —w),
R A

zZ—w

'z = qu)Fy(2) Fipa

z))

)
(qz—q~ 1w) i(2) Fi(w
(¢~ (

(2))

ki (2)Fi(w) (ki
Ea L F ) (F51(2) ' = LY ),
KE@F (@) (k)7 = Fyw), i i#jj+1,
[Ei<z)>Fj(w)] = 0ij 0(z/w)(q—q ") (k" (2) /K1 (2) = K7 (w) [kipy (w)
and the Serre relations for the currents E;(z) and F;(2)
Sym., ., (Ei(21) Ei(22) Eiz1 (w) — (¢ + ¢~ 1) Bi(21) Biz1 (w) Ei(22)
+ Biz1(w)Ei(21)Ei(22)) =0,
Sym., -, (Fi(21)Fi(22) Fi1(w) = (¢ + ¢~ ") Fi(21) Fita (w) Fi(22)
+ Fit1(w)F;(21)F(22)) = 0.
The generating series F;(z), E;(z) and k]i(z) are called total and Cartan currents
respectively. Formulae (2.11) and (2.12) should be considered as formal series

identities describing an infinite set of relations between modes of the currents.
The symbol §(z) entering these relations is the formal series ), 2".

(2.12)

The algebra Uq(gA[N) in its current realization can be also obtained in the
framework of the quantum double construction choosing another type of the Borel
subalgebra. It can be constructed as the quantum double from the subalgebra Up
generated by the modes of the currents F;[n], k;‘[m}, i=1,...,N—-1,7=1,..., N,
n € Z and m > 0. One may easily see from the commutation relations (2.11) that
this is an subalgebra in Uq(é\[ ~ ), but for the quantum double construction one has
to choose for this subalgebra a coalgebraic structure different from (2.3) [5]:

1

AP (Fy(2)) = 1@ Fy(2) + Fi(2) @ kF (2) (K 1(2))

AP (EF(2)) = kF (2) @ K} (2) - (2.13)

We call Ug a current Borel subalgebra of U, (gly).
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The dual current Borel subalgebra Ug C Uq(gT[ ) is generated by modes of
the currents E;[n], k;[—m], i=1,....N—1,7=1,...,N,n € Z and m > 0 with
coalgebraic structure

AP E;(2) = Ei(z) @ L+ k; (2) (ki (2)) T @ Ei(2),
AP k7 (2) = ki (2) @ k; (2).

In the L-operator formulation of U, (E[N) we do not use the restriction (2.5).
In the current realization of the same algebra we shall not assume the relations

EFojk;[0]=1, i=1,...,N. (2.14)

The latter relations are standard in the realization of the quantum affine algebra

~

Uq(gly) through a quantum double construction [5]. This realization of the quan-

tum affine algebra Uq(a[ ~) can be obtained from Uq(gi ) by imposing the relation
(2.14).

2.3. Cartan-Weyl generators of U, (gly)

The current realization of Uq(g[ ) uses currents corresponding to the simple roots
of gly only. The modes of these currents can be identified with a part of the
Cartan—Weyl generators of this quantum affine algebra. Instead of the rest Cartan—
Weyl generators we will use the generating series introduced for the first time in [3]
where they were called the composed currents.

Denote by U  an extension of the current Borel subalgebra Uz formed by the
linear combinations of series, given as infinite sums of monomials a;, [n1] - - - a;, [ng]
with ny < --- < g, and ny +- - - +ny, fixed, where a;,[n;] is either F},[n] or k:lr [ny].
Analogously, denote by Ug an extension of the dual current Borel subalgebra Ug
formed by the linear combinations of series, given as infinite sums of monomials
bi, [n1] -+ biy [ng] with ny < -+ < ny, and ny +- - - +ny, fixed, where b;, [ny] is either
B, [m] or k;, [ni].

First we define the composed currents F};(t), ¢ < j as the series with co-
efficients in Uy. The definition of the composed currents may be written in the
analytical form

d d
Fji(t) = — 1es Fjo(t)Fai(w) == = res Fj o(w)Faq(t) (2.15)
w=t w w=t w
forany a =i+ 1,...,5 — 1. It is equivalent to the relation

Falt) = § Fra@Fat) 2 = § I F ) Byl 22,

w 1—t/w w

dw g —quw/t dw
7—%7FaitF-a —.
1 /t ,() Js (’LU) w

(2.16)
Fialt) = § Fraw)Fos(t)

In (2.16) we set § 9 g(w) = go for any formal series g(w) =3, 7 gnz™".
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Using the relations (2.11) on F;(t) we can calculate the residues in (2.15) and
obtain the following expressions for Fj;(t), i < j:

Fi(t)=(q—q YT E () Fia(t) - Fja(t). (2.17)

For example, Fi+1,i(t) = Fz(t>, and F»L‘J'_Q,i(t) = (q — qil)Fl(t)Fl_i_l(t) Formulas
(2.17) prove the consistency of the defining relations for the composed currents
(2.15) or (2.16), since they yield to the same answers for all possible values i <
a<j.

Calculating formal integrals in (2.16) we obtain the following presentation
for the composed currents:

Fji(t) = Fja(t)Fail0)—¢  Fail0]Fja(t)+(g—q ") D Failk] Fja(t)t™*, (2.18)
k<0
Fj,i(t) = Fj,a[O]Fa,i(t)_qFa,i(t)Fj,a[O]—’_(q_q_l) Z Fa,i(t) Fj,a[k] t_k . (219)
k>0

Composed currents E; ;(t) are defined analogously as the series with coeffi-
cients which belong to the completed current Borel subalgebra U g.

The fact that current generators for the quantum affine algebras form the
part of the Cartan—Weyl basis in these algebras was proved in [11]. There exists
a natural ordering in the Cartan-Weyl basis. If the generator e, corresponds to
a positive root v = «a + [, where o and 3 are the roots, then these generators
are ordered either in a way e, < ey, < eg or in the way eg < ey < eq. An
important property of the Cartan—Weyl basis of a Borel subalgebra is that the
g-commutator of any two generators from this subalgebra, say e, and eg, is a
linear combination of monomials which contain only the products of generator e,
which are ‘between’ e, and eg: e, < e,, < eg or e, > e, > eg. An important
application of this property is that using it one can order arbitrary monomials of
the generators.

The ordering on the Borel subalgebra can be extended to the ordering of the
whole set of Cartan—Weyl generators corresponding to the positive and negative
roots such that the same ordering property is valid. This ordering is called ‘circular’
or ‘convex’ and it allows to order arbitrary monomials in the whole algebra [7].
For the goals of our paper we will need the following specialization of this circular
ordering of the current generators in the algebra Uq(g[ N)-

Define the intersections of the different type Borel subalgebras in U, (é\[ N):
Uz =UgnU,(b7), Uy =Uy(b7)NUF,
Ui =UrnU, (b7, Ur=u,06"nUg. (2.20)
Let Uy and U, be subalgebras of Uq(g[N) formed by the modes of the currents

Fi(z) and E;(z) respectively. Subalgebras U, and Uj: can be also decomposed
into subalgebras U_", U, and U;r, U,j7 where

U =U.NUg, Uf=U;nU; (2.21)
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I Y a4 v
Ur —\Ys - \Ys

FIGURE 1. Subalgebras of Uq(gTIN). Vertical dotted line separates
standard Borel subalgebras. Horizontal dotted line separates cur-
rent Borel subalgebras. Horizontal solid axis shows increasing of

the modes of the current generators. Ovals signify different sub-
algebras in the standard and current Borel subalgebras of

Uqg(gln)-

and U ,;t are defined by the isomorphisms

Uf @Uf - UF =Uf-Uf, U-@U; -Ug =U;-U, .
Different relations between these subalgebras are represented schematically in Fig-
ure 1.

We fix a ‘circular’ ordering ‘<’ on the generators of Uq(g[ ~) (see [7]), such
that:

< Up = Uy = Uf U <US <U7 < U7 < -0 (222
Definition 2.1. We will call an element W € U,, (5[ ~) normal ordered and denote it
as : W : if it is presented as the linear combinations of the products the elements
W1 . W2 . W3 . W4 . W5 . Wﬁ such that

WyeU;, WoeUf, WseUf, WieUl,
WseU;, WeelU, . (2.23)

We may consider standard Borel subalgebras as ordered with respect to the
circular ordering (2.22):

Uy(b™) =U, -Uy -U;, Uy(b")=U; -UF-US.
Analogous statement is valid for the current Borel subalgebras:
UF:U;-U;-U,:F, Ug=Uf-U;-U, .
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2.4. Projections and universal off-shell Bethe vectors

It was proved in [10] that the subalgebras U; and Uj are coideals with respect
to the Drinfeld coproduct (2.13)

APUUF) cTylaly) @ U, AP(UF) Uy @ Tylaly) |
and that the multiplication m in Uq(g [v) induces an isomorphism of vector spaces
m: UJ? ® U; —Up.

According to the general theory presented in [7] we define projection operators
Pf:Up CUy(gly) = Ug and Py : Up C Uy(gly) — Uy by the prescriptions

Pi(f- fo)=e(fo) fro Pr(f- fo)=f- e(fs),

i (2.24)
forany f_eU;, fy€eUf.
It was also proved in [7] that
(1) projections (2.24) can be extended to the algebra U r;
(2) for any f € Ur with AP)(f) =3, f/ @ f!' we have
f=2_ P (- PED- (2:25)

Analogously, we may define projections of the dual current Borel subalgebras Ug:
P :Ug — Uz and P} :Ug — U}

Let i = {n1,ng,...,nN_2,nn—_1} be a set of non-negative integers. Denote
by t}5) the set of formal variables:
7 N— —2 ,N— -
tn) = {t},...,t}“;tf,...,tiQ; ...... it Lt 2y 1,...,tﬁN}1}. (2.26)

The variable t¢ is of type a. If n, = 0 for some a, then the variables of type a
are absent in the set (2.26). Denote by Wy (#;)) the universal weight function
associated with the set of variables (2.26):

Wi (tm) = Py (Fz\rfl(tN_1 ) Fyoa(ty ™l - Fl(tvln)"'Fl(t%))- (2:27)

NN -1

By definition, the universal weight function (2.27) is a formal Laurent series
of all variables 1/t%, the ratios t} /t{ with b < ¢ and t3/t; with i < j taking values

in the completion U g:
W (f)) € All{L/t5 17/t lb<es 8 /8]l YIHE DY), A =TUp.
The calculations made in [12] show that it is indeed a formal power series in the
variables 1/t¢, ] /t{ with b < ¢ and t§/t} with i < j taking values in Up.
It was proved in [7,10] that this projection satisfies the comultiplication
properties of the off-shell Bethe vectors of the hierarchical Bethe ansatz [14].
In [9], a method of calculation of the projection (2.27) based on the ordering

n contrast to the paper [13], here we will not normalize the universal weight function by the
product of factorials.
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property (2.25) was proposed. Then in [12, 16], this method was applied to the
quantum affine algebra Uq(gA[N). It was proved there that the calculation of the
projection (2.27) produces the same hierarchical relations for the universal off-shell
Bethe vectors as were found in [20] using combinatorial methods in the framework
of the standard hierarchical Bethe ansatz.

We call a vector v a weight singular vector if it is annihilated by any positive
mode E;[n],i=1,...,N —1,n >0 and is an eigenvector for k; (t), i =1,...,N

E;H@yu:o7kj@yv:&um7 (2.28)

where \;(t) is a meromorphic function, decomposed as a power series in t~1. The
L-operator (2.6), acting on a weight singular vector v, becomes upper-triangular

+ _ Lo s + -\ -
L) v=0, i>j, Li®v=XNEt)v, i=1...,N. (2.29)

Definition 2.2. We note J the left ideal of U,(b"), generated by all elements of
the form U,(b")-E;[n], i = 1,...,N — 1, n > 0 (equivalently, by all modes of
Ug(b4)-EJ(1), 1 <i < j < N).

Equalities in Uy(b*) modulo element from the ideal J we denote by the

9

symbol ¢ ~;’.

It is clear that W - v = 0 for any element W € J and arbitrary weight singular
vector v.
We call a (universal) transfer matriz the trace of L-operator

N

N
=Y Lh=> |k Z Fr HES @) ] . (2.30)

=1 =1 Jj=i+1

The Gauss coordinates F;fi(t), Ejj(t) coincide with the projections of the corre-
sponding composed currents and can be expressed through modes of the currents
from subalgebras U]T and U} (see section 3.1). Note that the presentation (2.30)
of the transfer matrix TN( ) is normal ordered according to the circular ordering

(2.22) and Ty (t) ~, SNk (1),

Definition 2.3. Let B be the left ideal of U,(b™), generated by all elements of the
form U; -b, where b are the modes of the series

i) = ) H d—a i/t T Lt
j\nl) = th - — 14— i 7
! kz_:rl( = R GV e W B 1t;"1/tj m=1 l_twl/tj
m#j
(2.31)
Herei=1,...,N—1,j=1,...,n;. Equalities in U,(b") modulo elements from
the ideal B we denote by the symbol ‘~z’. We call this ideal the Bethe ideal and
equations for the set of the Bethe parameters {t;}
bi(fn) =0, i=1,...,N—-1, j=1...n, (2.32)

the universal Bethe equations.
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The main statement of this paper is
Theorem 1. A formal series identity with coefficients in U, (b™)
In() - Wn(trm) —Wn(ta) (G ta) ~s 0 (2.33)
is valid modulo elements from the ideals J and B. Here

N Nni—1 —14i—1 n; —1 1
q—q 't /tyr g g/t
) = E kot _J - J 2.34
) ~ Z()H l—t;fl/t H 1-25;/25 ( )

j=1 j=1

is an eigenvalue of the universal transfer matriz.

One may understand the universal Bethe equations (2.32) as a relation be-
tween Bethe parameters f[ﬁ] with coefficients in the commutative subalgebra U ,:r -
U,(b") generated by the modes of the commuting Cartan currents k; (¢). In a rep-
resentation with a generating singular vector v these modes are being replaced by
the corresponding eigenvalues of v.

Proving the statement of Theorem 1 we will try to present the product
Tn(t) - Wn (tm)) in the normal ordered form according to the ordering given in
Definition 2.1. After performing this ordering we will observe that subtraction of
the ordered product Wy (7)) - 7 (t; £5)) results only in the terms which belong
either to the ideal J or to the ideal B.

For any weight singular vector v, let w{ (fz)) = Wn(f() v be the weight

function taking value in the U q (g[N)—module V generated by v and

N Na—1

wi (Fmp) = B [T TT At wd (Eay) (2.35)

a=2 (=1

be the corresponding modified weight function [10]. Here
—1ta /4a
q—q 'ty/t,

t _— =,
[n] H H 1— ta/ta,
a=1 1S€<el Sna f4 4
According to [10,12,20] we call the modified weight function (2.35) universal off-

shell Bethe vector. The Theorem 1 has obvious

Corollary 2.4. Universal off-shell Bethe vector is an eigenvector of the universal
transfer matrix

ni—1 —14i—1 n; _—1 )

B gt —q 't} q t—qt;

In(t) - wi (fa)) = Wi (Ea) - Z/\ )11 t_ti—f 11 T
j=1 J Jj=1 J

if Bethe equations of U, ( ) hierarchical Bethe ansatz are satisfied:
Ai(t5) qth —qh, Rt -ttt T g — gt

q
Aig1(t5) gqutﬁ—qtin o ath — g ,L[l th— !
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3. Proofs

We will prove the Theorem 1 by induction over N. First, we check that the state-
ment of the theorem is valid in the simplest case N = 2. Then, assuming the
correctness of the statement for the algebra Uq(gA[N) we will prove it for the alge-
bra U, (aly +1)- The L-operator of the smaller algebra Uq(gA[N) will be embedded
into right down corner of the L-operator for the bigger algebra Uq(gIN 41)- This
embedding is in accordance with the Gauss decomposition (2.6). The main tech-
nical tool will be a special presentation of the universal weight function based on
the main property of the projections (2.24). This allows to reduce the calculation
of the ordering to the commutations of the Gauss coordinates and total currents,
which is much simpler than the exchange relations of these coordinates with the
projection (2.27).

3.1. Relation between Gauss coordinates and the currents

In order to perform the proof of the main theorem we need to establish a precise
relation between all Gauss coordinates and the currents. This was done partially
in [10] and here we repeat this calculations for the sake of completeness. Note that
the paper [2] yields these relations only for currents corresponding to simple roots.

Set S4(B) = BA — ¢ 1 AB. Projections of composed currents can be defined
using g-commutators with zero modes of the currents F(t), i=1,...,N — 1. We
will call the operators Sg,[g) = S; the screening operators.

Proposition 3.1. We have
PF(Fja0) = Si(Pf (Fiana ()
P; (ijz(t)) = —q ijl(Pfi (ijl,i(t))> , 1<j—1. (31)

Proof. We apply the projection ij' to both sides of the relation (2.18) with a =
i+1 and the projection P; to both sides of the relation (2.19) with a = j—1. The
modes F;[k] with k < 0 belong to U, and the modes F;_1[k] with k > 0 belong to
UJT. Hence, due to formulae (2.24), the projections Pf both kill the semi-infinite

sum in the right hand side of (2.18) and (2.19), and we get
P;r (F5() = P;r (i1 (OF[0] — g7 Fi[0]Fj i1 (1)) (3.2)
=P (Si(Fjv“'l(t))) =5 (P;F(Fj,iﬂ(t))) ‘

and
Py (Fij(t) = —q Py (Fi1.i(O)F; 5-1[0] — ¢~ Fj 1[0 F;—1.4(t))

=—qP; (Sj_l(Fj_l,i(t))) =—q Sj_l(Pf— (Fj_17i(t))) )

To get the last equalities we use the fact proved in [9] that the projection Pfi
commutes with the screening operators S;: Pfi (S;(W)) = S, (Pfi(W)) for any
W e Uf. U

(3.3)
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The screening operators also relate the Gauss coordinates of the L-operators.
Lemma 3.2. We have
(q— qfl)Fji,i(t) =5 (F]i,z+1( ), i<j—1. (3.4)

Proof of this lemma was given in [10]2 and is based on the commutation relation

between matrix elements L, (s) and LE, j(t). One should consider the coeffi-

cients at the zero power of the spectral parameter s in these relations and take
into account that L, ,,[0] = F;[0]k;;[0] and L}, , ,[0] = k;',,[0]. O

Proposition 3.1 and Lemma 3.2 imply the following

Proposition 3.3. We have

PH(F (1) = (q—¢ YT FL®), i<, (3.5)
Py (Fji(t))
= —(g—q¢ YT FL0) + i (1) Z Fi @) F,@) ). (36)
=1 J>ip>e>01>1

Proof. First equality (3.5) was proved in [10] using induction with respect to j —4

from the formula P;r (Fit14(t)) = Ff, ;(t) [2]. Here we shall prove (3.6). We apply

the projection P, to both sides of the relation (2.18) to obtain
p-

' (Fra(t) = S; (Pf_ (Fj,m(t))) +(a—¢Y) Py (Fira(®)) - Py (Fjasa (1)) . (3.7)
Using this relation recursively and the Lemma 3.2, we get
(Fj.i(t) + (g — q‘l)j_i_lF-_-(t)

Py

+ Z ¢—q YUEL () Py (Fit) =0, (38)

t=it1
From the identity
Py (Fi1(t) = —F i () (3.9)
one proves that equality (3.6) is a solution of this recurrence relation, and coincide
with it for ¢ = 57 — 1. O

Proceeding in analogous way, we may relate the projections of the dual
composed currents PF(E; ;(t)) with Gauss coordinates Ei (t), but here we shall
need only the relations between different dual Gauss coordlnates or analog of the
Lemma 3.2 for Ei (t). Set Sao(B) = AB — ¢BA and denote Sg, 0 = =5

2See also the proof of the analogous Lemma 3.4 below.
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Lemma 3.4. We have
(q— qil)E?,Ej(t) =S (Ez:'t+1,j(t)) ;o 1<j—1. (3.10)

Proof. Let us consider the commutation relations between the following matrix
elements of L-operators

(t—s) [L;’Ei-i-l (1), Ly 4(9)]
=(¢— ¢ )ty (L () — sLE (DL (s))

(gt — q_ls)Li_+1,i+1(s)Lji,i+1(t)
=(t— S)Lfi+1(t) i_+1,i+1(5) + (g — qil)SLfE+1,i+1(t)Lj_7i+1(5) .

Choosing the coefficients at the zero power of the spectral parameter s in these
relations and taking into account that L;, ,[0] = —k;;,[0]E;[0] and L, ;,[0] =
k. 1[0] we obtain

(¢ — qil)ch,i(t) = Ei[O]Lji,i-g-l(t) - qu¢+1(t)Ei[0} = Sz (Lji,i+1(t)) . (3.11)

In order to obtain (3.10) we shall use an explicit expression for the matrix elements
of the L-operator (2.9) in terms of the Gauss coordinates. The relation (3.11)
implies (3.10) for j = N due to the commutativity of ki (t) and E;[0] for i =
1,..., N — 2. Next, the relations (3.11) for j = N — 1 and (3.10) for j = N imply
(3.10) for j = N — 1 due to the commutativity of the Gauss coordinates ki, (t),
kL (t) and FﬁN_l(t) with F;[0] for i = 1,..., N — 3. The statement of the lemma
follows by induction over j. O

3.2. Basic notations

Let [ and 7 be two collections of nonnegative integers satisfying a set of inequalities
log<ry, a=1,....,N—1. (3.12)

Denote by [I,7] a set of segments which contain positive integers {l, + 1,1, +
2,...,1q — 1,7} including r, and excluding [,. The length of each segment is
equal to rq, — I,.

For a given set [I,7] of segments we denote by ti7,7 the sets of variables

7 1 1 .42 2. . N-1 N—1
Bir) = {thars b ith ot tiys it et L) (3.13)
For any a = 1,...,N — 1 we denote the sets of variables corresponding to the

segments [lo,7q] = {la + 1,la +2,...,7a} as ;= {tf ;4,...,t7, }. All the

a
[lasra]

shorten notations t(5 ) = t[n) and f‘[lo na] = t?na].

variables in ¢ have type a. For the segments [l,,r,] = [0,n,] we use the
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For a collection of variables f[[ﬂ we consider the ordered products of the
currents

—

F(tpq) = H H Fo(t7) (3.14)

N—-1>a>1 \re>>1,

=Fnoa () Fu(t)) - Fult] ),

TN—-1

where the series Fi,(t) = Fy11,4(t) are defined by (2.10). As particular cases, we
have f(tﬁmra]) =F,(tg ) Fa(t?a+2)Fa<t?a+1)'

The product (3.14) is a formal series over the ratios t¢ /t¢ with b < ¢ and
t;‘/t? with ¢ < j taking values in the algebra Up.

Symbol [, A, (vesp. [[,  A.) means the ordered products of noncom-
mutative entries A,, such that A, is on the right (resp. on the left) from A, for
b>a:

IT Aa=4;4,-1 - Ain A, ] Aa=AiAipr -+ Aj_1 A;.
j>a>i i<a<j
Consider the permutation group .S,, and its action on the formal series of n
variables defined for the elementary transpositions o; ;41 as follows

-1
" —qti/tin
7(0ii+1)G (1, ..ty tiv1, . tpy) = —————— G
( z7z+1) ( 1 iy bi4-1 n) q-— qilti/tiJrl
The ¢g-depending factor in this formula is chosen in such a way that each product
F,(tn) -+ Fy(t1) is invariant under this action. Summing the action over all the
group of permutations we obtain the operator Sym, = % de S, m(0) acting as
follows?

(t17"'7ti+1ati7-~-atn)~

STRCOEES DI | i = L ST URCTRRCRE
n! o q o /o
o(&)>a(l)
The product is taken over all pairs (¢,¢'), such that conditions ¢ < ¢’ and o(¢) >
o(¢') are satisfied simultaneously.

We call the operator Sym, a g-symmetrization. The operator Sym, is the
group average with respect to the action 7, so that

Sym ¢ Sym ¢ (-) = Sym ¢ (-). (3.16)
An important property of g-symmetrization is the relation

S sl(n — s)! N S
Sym(th...,tn) =0 Z (o) Sym(t1,..‘7t5)Sym(tSJrh...,tn)> (3.17)

n!
0657(13)

3Normalization of the g-symmetrization used here differs from the one used in the papers [12,16]

by the combinatorial factor ;.
n:
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where s € [0,n] is fixed and the sum is taken over the subset
5) = {oeS, o)< ---<o(s); o(s+1)<---<a(n)}.

Denote by Si 7 = Sjiy ) X - X S[iy_,ry_,) the direct product of the groups
Si1.,r,) Permuting integer numbers I, + 1,...,7,. The g-symmetrization over the
whole set of variables #; ;) is defined by the formula

—-1_ taa , taa ~
-2 1l (raila)! n _qa(g)/,,(@) G(tn)

_ 1+a a
4=47 a0/t

0€S (5 1<a<N—1 <t
a®(0)>c* (L")

(3.18)
where the set 7% - is defined as
oF _ _ 1 1 .
t[l,f] — {tal(l1+1)’ e 7t01(7‘1)7

2 2 . N-1 N-1
Ea(ta1y ooz ()i b iy a1y bt ey (319)

We say that the series G(t_[lfﬂ) is g-symmetric, if it is invariant under the
action 7 of each group S, .} with respect to the permutations of the variables

i 1yeestp, fora=1,...,N —1:

Sym g, G(tgq) = Gltgs) - (3:20)
The g-symmetrization G(; ) = Syim;[l,ﬂQ(f[l-ﬂ) of any series Q(;5) is a g-
symmetric series, which follows from (3.16).

Let § = {s1,...,Sn—1} be aset of nonnegative integers satisfying i, < s, < rq
fora=1,..., N —1. The set of integers s divides the set of the variables t; 5 into
two subsets t[5 7 U [ 5-

Using the property of the projections (2.25) we can present any product of
the currents in a normal ordered form (in the sense of Definition 2.1):

_ Ta — lg)!
F) = 3 Y 11 ™ _(la)m )_ —

IN-1<sN-1<TrN-1 l1<s1<r1 1<a<N-1 (321)
X Sym g, | (Zg(f[z’ﬂ) Py (F(lisn)) - Pf (f(f[zis]))),
where
N-2 —1 sa a+1
_ q—q 'ty /g
Zg(t[ivf]) = H H 1 —¢@ /ta+1 : (322)
a=1 $q<l<rq 4 4

lat1<l <sq41

Equality (3.21) was proved in [12] and the proof is based on the current coproduct
property (2.13) and the exchange relations between currents.
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3.3. Special presentation of the universal weight function

Let m = {my,...,my_1} be a collection of the non-negative integers satisfying
the admissibility condition

mi>me >ms...>my_1>my=0. (3.23)

We define a series depending on the set of the variables #[;;) of the form

=z
N

X(tm) = Vit e e 1) (3.24)

Ma+41?
1

a

where the rational series V(-; -) is given by the formulae
k k —141 /42
_ q—q 't ./t
V(2. . 1t ..., t]) = L1 mlim
n11;[1 /t2 H +1 1 7t71n’/tgn
k

B m—1 q_q—ltl /t2
_H< tl /t2 H 1*m/tm/ )

m=1

(3.25)

Define a normalized ordered product of the composed currents:
B L — 1 —
Snltm) =XEm) [[ | ———— 11 E.1(th) | . (3.26)

Ma_1 — Mg)!
( a-1 a) mi1—me>€>m1—mg—1

This ordered product was called the dual string in the paper [13]. Denote the
negative projections of the g-symmetrized dual strings (3.26) as follows

Em s (pn) = P7 (Svm g, (SlEmn)) (3.27)

Denote by Dy, ,....ny_ (f[ﬁ]) the elements of Uf_ defined by the recursive relations

Syimfm Z Z

n1>mi >0 nN—12mny-120
mi>-2>my—1

Zm (t[n])Dnl —M1,...,AN_1—MN_1 (t[m,ﬁ]) : gm1 ,,,,, my_1 ({[m]) =0. (328)

It was proved in [13] that the coefficients Dy, . ny_,(t)) defined by (3.28) are
non-zero only iff ny > ny > --- > ny_1 > 0 and can be deﬁned uniquely by means
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of (3.28) from the initial condition Dy, o(tz) = 1. In particular,

Dy, 10,0t N ==& a0 0tttV
m times m times
m—1 1
= - H 1 _ ta/ta+1 Pf_ (Fnl+1,1(t1)) . (329)
a=1

Denote by #[5 the following collection of the formal variables

¥ 2 2 N-1 N-1
t[E’]:{tlv"'7t52;"';t1 ,...,tSN 1

excluding the variables of type 1. We formulate without proof the following
Proposition 3.5 ([13]) There is a formal series identity

o) _
N () ZH - Sym ¢ (Zg(t[n])

X Doy sscmos s (s ) W1 () - Fi(th,) -+ Fi(81))

In this paper we will need the following corollary of this proposition. Let
t[n1),, be the following collection of formal variables

(3.30)

{[ﬁ/] —{t ey n2 1y
tm tm tm+1 thrl . 'tN_l tN 1 (331)

1o abp, —1; L 2 RS 5 MR S,
Note that t_[ﬁ/]l E{[ﬁ/].
Corollary 3.6.

N—-1 m
PH(F(m)) = Pf (Fltm,)) - F(Ha,) — 3 H(na) Sym ;,, <Pf_ (Ens1a(th))
x PF(F(tmn,,)) f(f[m_u)'Zm(fm)) +W, (3.32)

where

Ngt1—1 q— q_lta /ta+1 Nm1 q-— q_ltm /thrl

t - - - 2 7 MalJ
(ta)) U 1—ta jet] 11 1—te /9

— Ng Na+1 j=1

H 1—¢m /t;n+l

Jj=1 Nm
(3.33)
and the terms W in (3.32) are such that PJZ" (:In(t)-W:)=0.

Recall that F (£ o ) =Fi(ty,) - Fu(ty) and F(t, ) = Filty,_y) - Fi(th).
The first term in the right hand side of (3.32) corresponds to the term with

all s, = n, in (3.30). Each of the terms in the summation over m in (3.32)
corresponds to the following values of s,, in the general formula (3.30): s; =
ni—1,...,8, =Ny, — 1 and Spyp1 = Nypt1,--.,SN—1 = ny—1. The corresponding

elements Dy, 10,0 are given by (3.29), which brings in (3.32) the product of the

rational factors (1 — ¢ /tflj: )71, Other rational factors are given by the series

Zs(tjm)) for these particular values of 3.
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The general structure of the terms W which are not presented explicitly in
the right hand side of (3.32) can be described as follows. The structure of the
coefficients Eml,m%,,,mel(f[m]) (3.27) implies that these terms will have on the
left the negative projections of the string Sm(t_[m]) which contains, at least, the
product of two currents F, ; and Fg,, or the product of the several negative
projections of the strings of type (3.27). Since the projection of the string can be
always factorized to the product of the projection of the currents [12], the general
structure of the terms W willbe W = > P, (Fe, 1) - Py (Fe,,1) - W'. The elements
W’ are some elements of Ur and their exact structure is unimportant. The reason
why P;r (: Tn(t) - W ) = 0 will be explained in the next subsection.

Note that the identity (3.30) can be proved directly using only the ordering
relations (3.21) and the rules of calculations of the negative projections from the
product of currents. Indeed, for an arbitrary product of currents F(t5)), these
ordering relations can be written in the form

PH(F(tm)) = FEm) — Y Py (F) - P (F"), (3.34)
where the number of currents in the product F” is less than in the original product
F(t[m)). Thus, one can replace recursively the positive projection P;r (F") by the
right hand side of the relation (3.34) up to the obvious identity P;r (F;(t)) =
Fi(t)— Py (F;(t)) valid for arbitrary simple current F;(t). Calculating the negative
projections Py (F') to obtain the projections of the strings of type (3.27), we
can prove the identity (3.30) by brute force calculations. The technique of the

generating series developed in [13] yields more elegant way of proving this and
many other similar identities.

Ezample 3.7. Let us present an example of the general formula (3.30) in the case
N =3, n; =2 and ny = 2. To reduce the formula we will use shorthand notations
Pfi( ) = [-]*. We also denote t? = s; and t} = ¢; and Sym below will be the
g-symmetrization over variables ¢; and s;.

[Fa(s2)Fa(s1)Fi(t2)Fi(th)] = [Fa(s2)Fa(s1)] +F1(t2)F1(t1)

2 1
_— - to —qs;
_ 2Sym [Fl(tz)} I:FQ(SQ)FQ(Sl)}+F1(t1) H qt22_7$qj
j=1 ’
sy q 'ty —qs
S9 — t2 tz — 81

—4Sym ([FS,l(tQ)] - [F2(81)}+ Fi(t1)

+asm ([Fl(tg)]_[Fl(tl)]_—;[Fl(tg)Fl(tl)]_>

2 1
+ q ti —qs;
X [Fy(s2)Fa(s1)] H ?S]j
ij=1
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+ 4 Sym ( < 25_ 5 [F51(t2)]  [Fi(ty)] + 525—2 . q*t;Q_—S;m [Fi(t2)]

X [F3’1(t1)] T

[FSl(t2)F1(t1)] ) Fo 81 Hq t—q51>

2—t2 li —s1

#4570 (( [P 620) [Foa 0] = § [Foa 1P )

S1 sy q 'ty —qsy
S1—1t1 89—ty to—s1

The terms in curly brackets correspond to the term W in (3.32).

3.4. The action of Lj,b(t) onto P, (Fea(t))

Definition 3.8. Let I be the right ideal of Uq(é\[N), generated by all elements of
the form Fj[n]-U,(b%) such that i =1,..., N —1 and n < 0. We denote equalities
1"

modulo elements from the ideal I by the symbol ‘ ~

Proposition 3.9. We have an equivalence
-1
_ - s

LEy(0)-Frals) ~ dae % L, (). (3.35)
One of our technical tools will be the rule of commuting the negative projec-
tions of the composed currents P, (F¢ 4(t)) with matrix elements of the fundamen-
tal L-operator Lj{’b(t). We need a result of this calculation only modulo elements
from the ideal I and call this as action of P; (Fcq(t')) onto L:’b(t). Due to the
relation (3.6), in order to calculate the action of the matrix elements L;b(t) onto
P; (F.q(t')) one has to calculate first the action of the matrix elements L, (¢)

f
onto Gauss coordinates F_,(t').

Proof of Proposition 3.9 will be done considering each fixed a.

Fix a and consider ¢ < a. This case is simple. Formulas (3.6) can be inverted
to express the Gauss coordinates F;d(s) in terms of the modes of the currents
Fi[ndl, ..., Fe1[ne—1]. But the L-operator modes L:{,b[n] simply commute with
these current modes and so L;b(t) Foa(s) =F_4(s)- L;b(t) el

The case when a = N is also simple. For this choice, we have also b = N and
LE’N(t) = kj;(t) commutes with the Gauss coordinates Foa(s)fore=2,...,N-1.
It means that L},N(t) ‘F_4(s) ~0for ¢ < N. Let ¢ = N. Taking into account
that Fy ,(s) = Ly y(s)Ly, ~(8)7! and the commutation relation

1

L0l () = L0 ) — 0 0Ly () (330

we prove the statement of the proposition for a = V.
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Let a < N and ¢ > a. First consider the case when b > ¢ > a. We have
LEy(6)-Foy(s) = B (OF (o)) (1) + D F(OF ()k) (OES; (1)

j=b+1
due to the commutativity of the Gauss coordinates k; (t) and k;r (t)E, ;(t) with
modes of the currents Fyngl,..., Fe—1[n.—1] or with Gauss coordinates F_,(s).

The statement of the proposition follows from the lemma.

Lemma 3.10. Forb>c>d>aandb>c>a>d
Fi (OF 4(5) ~ Foa(t)F_4(s) € 1.

Proof is based on the commutation relations of the composed currents Fy, ,(¢) and
F. a(s). They are

t—s q’ltqu
7FatFC :7Fc Fat7 d< )
oty Fral) Foals) = T Fea(s) Foalt), d<a
it —gs
Foalt) Feals) = 75 Feals) Foa(t), d=o,

Fb’a(t) Fc,d(s) = Fc,d(s) Fb’a(t) s d> a,

and they take into account the Serre relations (2.12) (see details in Appendix A
of the paper [12]). The product F; o(t) F¢,q(s) has no pole for d > a and has first
order pole at the point t = s in the case d < a, but the residue at this point of
this product is zero. It means that commuting negative projections of the current
P, (F,a(s)) through the total currents Fj o(t) no higher currents will be created
and the result of commutation will belong to the right ideal I. Because of the
relation between negative Gauss coordinates and the negative projections of the
composed currents given by (3.6) the same statement will be true for the Gauss
coordinates. (]

Next we consider the cases when ¢ > a and ¢ > b. The statement of Propo-
sition 3.9 will be proved by a double induction over ¢ starting from ¢ = N
and over b starting from c. Let ¢ = N and b = N. Then using again the fact
Fy.a(s) = L;N(s)k;,(s)*l and the commutation relations

t—s +

-1
Lt (L (s) = — =% Lo (L () + LS =t ) (337
an (OLg n(5) 7 i—gs an(8)Lg n (1) + ¢ i—gs an (OLg § () (3.37)

we obtain the inclusion L} \ (¢)Fy 4(s) € I. Before considering other cases we
prove the following lemma.

Lemma 3.11. For b < ¢ and arbitrary a < b and d < ¢ we have
- (¢—q7")%s -
L(—;b(t) : Ld,c(s) + W L:ii_,c(t) ' La7b(s) ~r 05 a 7£ da
L;b(t) ‘L .(8)~0, a=d.

a,c
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Proof. The case of a = d follows from the relation

I GIME)

The case a < d follows from two relations

L0, L (s)] = =) (s L (0L5,(5) — Lo (s)LiE ()

=8 e (oL, + TS g (0.

T qt—q s qt —q~1s

t—s
- (=gt [ _ -
[LEe(®),Lzy(9)] = 2 (La(o)LE () = L (DL, (9)) -
The case a > d can be proved analogously. O

Return to the proof of Proposition 3.9. Keep ¢ = N and consider b = N — 1.
Then
L;Nfl(t)F&,d(s) = L;NflL;,N(S)kRI(S)_l
(g—gq Mts _ P
~r (t—s)2 L}_,N(t)La,N—l(S)kN(S) !
(3.38)

S L P C] L

)

+ Py (ki () By () Ky (s) 7

where we used Lemma 3.11. Now the first term in the right hand side of (3.38)
belongs to the ideal I because the second index of Ldf ~ (1) is bigger than the first
index of Fy_; ,(s). The second term corresponds to the case ¢ = b = N considered
above, and thus also belongs to I. Reducing b and using the Lemma 3.11 we proved
the statement for all b < N = c.

Let now ¢ = N — 1. For the negative Gauss coordinate F_; ;(s) we can use
the formula

~o1a(®) = (Lan1(8) = Ly (B s n () ) By ()7 (3.39)

To prove that the product L:,N71(t)L;,N—1(5) € I we can use the same arguments
as for the product L;N(t)L;N(s). The fact that L;Nfl(t)L;N(s) € I was already
proved above. Continuing we check that L;b(t)L;N_l(s) €l forallb< N—1
For general ¢ we have to use instead of the formulae (3.39) the relation

F_a(s) =Ly (s)k; ()71 + Lyei(8)Xes1 +- -+ Ly n(8) XN, (3.40)

where the explicit form of the elements X; € U,(b™) is not important.

At last we have to check the case a = ¢ < N. The case a = ¢ = N was
considered above. According to (3.40) the consideration of L;b(t)F; 4(s) reduces
to the analysis of the product L;b(t)L;a(s)k;(s)_l. We have

(@—a™")

L0 Laa(9)] = == (1 L7, ()LEL(8) = s L, (DL (1))



Vol. 10 (2009) Bethe Ansatz for the Universal Weight Function 535

J
€ I the statement of the Proposition 3.9 is proved.

Since L, ,(s)ky (s)™! = 1+Z§V=a+1 Fi.(8)k; (s)E, ;(s)k, (s)~! and LIb(t)F;a(s)
O
Corollary 3.12. We have an equivalence

(q _ q—l)c—d—ls

t—s
Proof. Let us apply the matrix element L:’b(t) to both side of (3.6). The first
term gives the right hand side of (3.41). Other terms produce products of the

Kronecker’s symbols d4 i, 04,i5 64, i5 - - - 0i,_, . c Which are zero due to the restriction
d<ig <---<ipg<c If€=1then d,;, 4. =0 since d < c. O

L;b(t) : P]: (Fc7d(3)) ~ Oa,c Ld+,b<t) . (3.41)

Let us explain why Pf+ (: Tn(t) - W :) = 0, where W are the terms not shown
explicitly in the right hand side of (3.32). Due to Corollary 3.12 the action of L}, (¢)
onto the product of two negative projections of the currents Py (Fe, 1) - P; (F;%l)
is proportional to the product of delta-symbols: 4 ¢, 01 ¢,. But since co > 1 this is
zero modulo elements of the right ideal I, which obviously satisfies P;r (I)=0.

4. Ordering of the universal objects

The proof of main Theorem 1 consists of a detailed analysis of the circular ordering
of the product of the transfer matrix and of the universal Bethe vectors expressed
in terms of the current generators of the quantum affine algebra Uq(g[N). In the
next two subsections we will perform such an analysis to the case N = 2 and prove
main Theorem 1 for the algebra Uq(gIQ). Then we go on by induction over N.

In what follows, besides the right ideal I and the left ideal J introduced in
Definition 3.8 and Definition 2.2, we will also use the following ideal K.

Definition 4.1. We denote by K the two-sided Uq(gA[N) ideal generated by the
elements which have at least one arbitrary mode k; [n], i =1,..., N, n <0, of the
negative Cartan current k; ().

Equalities in Uq(gT[N) modulo element of the ideal K are denoted by the
symbol ¢~ .

Equalities in Uq(ai ~) modulo the right ideal I, the left ideal J and the two-
sided ideal K will be denoted by the symbol ‘=’.

4.1. Ordering for Uq(g[g)

The algebra U, (5[2) is generated by the modes of the Gauss coordinates ki (t),
kE(t), BL(t), FL(t) in the L-operator realization or by the modes of the cur-
rents ki (t), k£ (t), By(t), Fi(t) in the current realization. The standard quantum
affine algebra Uq(alz) can be obtained from Uq(glz) by imposing the restriction
kF[0] k;[0] = 1, i = 1,2. To simplify further formulas we shall not use index of the
single simple root in the notation of the Gauss coordinates and the currents, that is
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we use the following identification: EL,(t) = EE(t), F£ (t) = F£(¢), E1(t) = E(t),
Fi(t) = F(t). Let (1) = kF () (1)

The universal transfer matrix for U, (gl,) is given by the relation
To(t) = Lf;(t) + Lyp(t) with Lf; = kf (1) +FT (k3 (ET(t), Lay(t) = ky (1),
while a universal weight function is a projection P;r(]-'(f)) = PF(F(tn) - F(t1)).

We avoid to use upper index in the notation of the formal variables ¢;.

Proposition 4.2. There is a formal series equality in the algebra Uq(EIQ)

(1) P} (F(D) = Pf (F(D) (qu_tqjt/t Kt +quﬁtjt/t ;u))
e Sy (B8 (OF () -+ (i) LI )

_ 1
S5 (P ORF OF o)+ P L) (1)

Proof of Proposition 4.2 is based on the special presentation of the universal weight
function given by the Corollary 3.6. In this case we have

P}H(F(E)) = Fltn)--- F(t)—n Sym t—(pf— (F(tn))  F(tn_1) - F(tl))+W, (4.2)

where W are the terms which have on the left the product of at least two negative
projections of the currents F'(¢). Since P; (F'(t)) = —F~(t) these terms can be
equally described as having on the left the product of at least of two negative
Gauss coordinates F~(t). As was explained above and as we will see explicitly
below, the terms W are characterized by the property that 75(t)-F € I.

We will order the product of 73(¢) and each summand in the right hand side
of (4.2) separately. For the ordering of the first term we use the relation

50 Fa] = L 00— ().

so that
[k (1) + Ky () + F+(t)k+(t)E+(t)} “F(t,)-- F(t)

n

=F(t,) - F(t1) (H — — k+ )+ f[ qt — 1 k+(t)>

+n Sym 7 (F+ F(ty)- - Fl(ts) % ¢+(t1)) (4.3)
—nym; (F+ Flta) -+ P ™ o)

+ FY)kS(t) F(ty)---F(t1) ET(t).
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Here we used the exchange relations of the Cartan currents k;' (¢) and the total
currents F'(t;) and ¢g-symmetrization in second and third terms of the right hand
side of (4.3) appears when commuting Cartan currents 1 (¢;) with total currents
F(t5).

Observe that the last term in (4.3) belongs to the ideal J and the next to
last term belongs to the ideal K. At thls point we benefit from the absence of the
restriction (2.14) in the algebra U ( 5). Otherwise we would have to take into
account the zero modes of the currents )~ (¢) if we were considering the standard

quantum affine algebra Uq(gAIQ).
According to (3.21)

F(tn) - F(t1) ~ P (F(ta) - F(t))
and equality (4.3) implies the equivalence

[ () + k3 (8) + FF (k3 (ET ()] - F(tn) -+ F(t1)

-1
~ Pf(F(tn) - F(t)) (H ql—tqjt/t k() + H q— L jt/t ;(t))
i=1

Sy ¢ (FROR () Fltn) Flta) W sw). @)

Consider now the ordering of the product 75(t)(P; (F(ty)) - F'(tn—1) - F(t1)). To
perform this we will use the following specialization of the Proposition 3.9. For
arbitrary element X € Up and m > 1 we have

Ly (8) - Py (F(tm) -+ F(t1)) X ~ 0
(4.5)

L (0)- P (Fltn) - F(t)) - X ~, %W O KD X

Applying (4.5) to the second term in the right hand side of (4.2) we obtain

/TQ(t)Pf_(F(tn)) 'F(tn—l)"'F(tl)

-1
~ WW( ) kS () F(tn-1)--- F(t1). (4.6)

Since any equality modulo ideal I implies the related equality modulo all the ideals
I, J and K, the relations (4.4) and (4.6) imply the statement of
Proposition 4.2. [l
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Corollary 4.3. Relation (4.1) can be considered as the equality

22 ( ))
gt /t —q 1/t
<Hq1—tq/t/ K (1) ql—qt/t/ 2”)

=1

oSy (27 (FHOR 0 Plo) - Ple) UL )

— —q Dty /t
— 1 Sym ; (Pf+ (F()kF (t) F(tnr)---F(t)) W) :
in Uy(b1) modulo elements of the ideal J. The sum of the last two terms in the
above equality belongs to the left ideal B (see Definition 2.3).

Proof. Left hand side of the equality (4.1) belongs to U, (b™) while the right hand
side does not. We can imposing projection Pf+ onto this right hand side to cancel
all the terms which belongs to the ideal I. O

4.2. Proof of Theorem 1 for UQ(QT[Q)

Let us compare the last two lines in (4.1). They contain so called ‘unwanted’ terms.
In order to cancel them we will use the following properties of g-symmetrization.
For any formal series G(t1,...,t,) on n formal variables ¢; we have

nSymgG(tl,...,t )

n n —1
= W Sym Nt G(t17...,tm_1,tm+1,...7tn7tm) (47)

- q—q 't /tm
= Z S Sym pg,, Gltmstrs s tm—1tmgt, - tn),  (4.8)
m=1 j=1 4 qatj/tm
where ¢g-symmetrization in the right hand sides of this formal series identities runs
over (n — 1) variables ¢ \ tm, = {t1,---,tm—1,tm+1,---,tm}- Note that formulas

(4.7) and (4.8) are particular cases of the property (3.17) for s = n and s = 1,
respectively.

Using formulas (4.7) and (4.8) we may write the difference of unwanted terms
n (4.1) as a sum

(q—q Dtm/t

n Y Syma, | FHOR @) Ft) - Fltms) F(tno) - F(t) =

m=1

q—q 'tm/t; Gt Hq—q‘lt/t

jmt1 4 gt —qtm/t; = qtj/tm
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Applying to this equality the projection P;' , as it was explained in the proof of
Corrolary 4.3, we obtain the elements from the left ideal B. Latter elements are
vanishing if the Bethe parameters satisfy the universal Bethe equations [1]

_ k;r(tm) _ - q_q_ltj/tm

+ = =
w (tm) k;_(tm) q_l - qtj/tm ’

=1,....n. (4.9)
j#m

Thus, Theorem 1 in the case N = 2 is proved. O

4.3. General case

4.3.1. Preliminary exchange relations. To consider the general case of Theorem 1,
we need the embedding ¥ : Uy(gly) < Ugy(gly, 1), defined by the rule?

v (ng] (t)) =Lij141(t), ij=1,...,N. (4.10)

Let 7X(t) = Zf\[:'gl L;;(t) be the universal transfer matrix for the algebra
Uq(gly) and Wi (1) be the universal weight function, where 71’ is a set of the

positive integers {ng, ..., ny} and [/ is an associated set of the formal variables:
F N N
ty = {85, ..ttt )

Using the result of Corollary 3.6 we present the Uq(g/[\[N 4 1)-universal weight
function Wi 41(#7)) in the form

W1 (tm) = Wi (Ean) - F(tn,) =S, (4.11)

where S contains the sum of terms as in the right hand side of (3.32) and the
redundant terms W such that : Tn41(t) - W : ~; 0.
We consider the product

Tn1(t) Wrsi(tm) = Inea(t) Wy () - Flpy) — Tvea(t)-S. - (4.12)

Since Ty41(t) = L11(t) + 75 (t) we rewrite the first term in the right hand side of
(4.12) modulo terms from the ideal I:

T () Wi () - F(E)) + Lan(8) - FEpm) - (4.13)
To obtain (4.13) we use the result of the following

Lemma 4.4.
L1 (t) . WJ,V (f[ﬁ/]) . f(f[m]) ~y Lll(t) . f(f[m) . (4.14)

4We omit writing explicitly superscript ‘+’ of the L-operator and their Gauss coordinate, assum-
ing that they are always from the standard positive Borel subalgebra Ugq(b7).
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Proof. The universal Bethe vector Wi (f(717) for the algebra U (A ) embedded
into U, (g [N+1) by (4.10) depends on the modes of the currents Fy(t),..., Fn(t)
and is given by the projection P (.7-" (t[n/])) of the product of these currents. Ac-
cording to the ordering rules (3.21) we may replace this projection by the product
of the total currents F(f[z/)) subtracting the terms which have on the left the neg-
ative projection of the currents P (Fq(t)) with 2 < d < ¢ < N + 1. According
to (3.41) the product Lq1(¢)P; (Fe.a(t')) ~ 0. This proves the statement of the

f
lemma. O

Now we apply the result of Proposition 3.9 to the second term in the right
hand side of (4.12). We have

N
Tn41(t)-S ~ Sym g <Z Limi1(t) - P (F(Em,,)) - FEn, 1)
m=t o (4.15)
—q )"/t
X H Tl/t Zm(f[n])>

where the sets of the formal variables t[;,), ~are defined by (3.31) and a rational
series Zp (f[z)) is defined by (3.33). We can simplify the right hand side of (4.15)
replacing the projection P;r (F(fan,,)) by the product of the currents F(t7,,)
due to the following

Lemma 4.5.
Lim+1(t) 'Pfr (F(Ea 1)) ~ Limsa () - F(Emr ) - (4.16)

Proof of this lemma is analogous to the proof of Lemma 4.4. Il

Using the explicit form of the matrix elements L; 1 (¢) and Ly ,,,41(¢) in terms
of the Gauss coordinates

N+1
Ly Z Fry i),
N+1
Ll,m+1(t) = F;—i—l,l(t)k;‘tl-ﬁ—l(t) + Z F;ﬁ(t)kj(t)EjnJrLj(t)’
j=m-+2

we can present the product in the left hand side of (4.12) as the sum of the terms
modulo ideal I

Tni1(t) Wy (tm) ~ Tn(t) - Wy (ta) 'f(fm]) + k(1) F(tm)
N+1

Z Fr <E+ (t) FlEm) — Ajor — Z By (0) m) 7 (4.17)
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where

m

. — i TN
Ao = (= ™)™ T 00) S5 1, (F(8a, )y ) Zonllo) 12207 )-
a=1 nq

(4.18)

Calculation of (4.17) modulo elements of the ideal I is useful since now to
continue ordering we have to exchange the Gauss coordinates E; +1,; With total
currents. These exchange relations are based on the formulae given by Lemma 3.4:

EJnr1+1,j(t> =(g—q¢ )" 81 Sz - ijz (E;r,lyj(t)) , (4.19)

where the screening operators is defined as S;(B) = E;[0] B—¢B E;[0], the formulae

B0, (0]~ 60, T2 ), (1.20)
and
(B0, (1))~ g0 — a™) 0 (1), (1.21)

Here ¢ (t) = kif (t)k ,(t)~'. Recall that the symbol ‘~’ means an equality
modulo terms of the ideal K which composed from the elements of U, (é\[ ) with
any mode of the negative Cartan current 1; (t) = k; (t) ki, (t) "

The ordering of the first term for j = 2 in the right hand side of (4.17) can be
performed as in the case of the algebra U, (;[2) since the Gauss coordinate EILQ (t)

does not commute only with the currents Fj(t}). This term is equal to (modulo
elements from the ideals K and J)

_ — _ _ t/t
mla = a L0 () S5 g, | Flan,) (0 ) 725177 T (6D

B B tl /t na q _ltl /t2
— F(tan,) - Fljn, —q) — 3
! [na=1] 1—t}L1/tj1;[1 1t /2

(4.22)

The ordering of the Gauss coordinates E +1,;(t) with total currents is more
involved. To perform this ordering we have to use besides (4.19), (4.20), (4.21) also
the relation

Si(a (D) = Bil0] o1 (8) — ¢, () Eil0] = (¢ — ¢~ )of (OB (1) (4.23)
Fix the jth term of the sum in the right hand side of (4.17) and denote
j—2
R; = Efj(t) '}-(t_[ﬁ]) —(¢— q_l)]_lAjfl - Z (q— q_l)mE:;-H,j(t) Ay, . (4.24)
m=1

We will exchange the Gauss coordinates E +1,;(t) with total current. As above
we will calculate modulo elements of the ideals K and J.

We will describe this calculation as the sequence of the steps.
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1. According to (4.19) the Gauss coordinate E;" | .(¢) is composed from the zero

m+1,j
mode of the currents E;(t) with i = m+1,. .. ,jJ—2 and the Gauss coordinate
Ej_l, ;(t). It means that this Gauss coordinate will have nontrivial commuta-
tion relations only with the currents F, (%) for a = m+1,...,j—1. The move
of the Gauss coordinates E ,, ;(t) through the total current F,(t¢) with
a=m+1,...,7 — 2 produces the terms which belong to the ideal J. These
terms appear after commuting zero modes E,[0] with the current F,(t?) and
can be neglected since we perform the calculation modulo elements of the
ideal J. The nontrivial terms, which we will consider, are created after ex-

changing the Gauss coordinate E;-s—l,j (t) with the currents F;_q(#71). At
the first step the Cartan currents )", (tJ 1) together with a rational factor
(a—a_Hti" '/t
1—t3 1t
the total current Fj_;(tJ7!) in the place of the latter current. This Cartan
current should be moved to the right of the product of type j—1 currents. All
the terms resulting from the exchange relation of E;‘tl, ;(t) and Fj_q(t71)
can be presented as the g-symmetrization over the type j — 1 formal vari-
ables of the single term which appears after commutation of E;;l, ;(t) with

appear according to (4.20) after an exchange of E;ll’ ;(t) and

Fj,l(tjfl). Due to properties (3.16) this g-symmetrization is absorbed into
‘global’ g-symmetrization entering into definitions of the elements A,, (4.18)
producing factor n;_; due to definition of the g-symmetrization. The prod-
uct of the current F(#)) in (4.24) can be also presented as the ‘global’
g-symmetrization over the set of the variables #5.

The sequence of the screening operators S’m+1 e S'j,g which enter the for-
mula for the Gauss coordinate E;’,’L 41, j(t) are applied according to equation

(4.23) to replace the Cartan current 1/1]7*'_1(15]1.71) on the right of the product
of j — 1-type currents by the factor w;rfl(t{_l)E;H,jfl(t{_l).

The Gauss coordinate E;;_H’j_l(t{*l) should be moved through the total

currents of type j —2 to produce g-symmetrization over variables of the same

type and the factor wj_z(t{72)E;+l7j_2(t{72) on the right of the product of

—(qfq_i)tiiz-/tiil . Note
1-4]77 /17"

that the factor nj_o appears also due to definition of the g-symmetrization.

After moving all Gauss coordinates E +1.4(t7) to the right we are left with

a product of total currents where all the currents F,(¢{) have been replaced
by the Cartan currents ¢} (t¢) with a = m +1,...,j — 1 together with the
(a—q~Mtg /i

1—¢g /4 H!
currents to the right of all total currents producing the rational factors of the
Bethe parameters.

this type current accompanied with a rational factor

rational factors n, . Then, we have to move all these Cartan
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These calculations result to the following exchange relations of the Gauss
coordinate E () and the product of the currents F(t5/,,) -]-'(f[lm 1)

Ef o OF Ca,,) - Flt, 1)

j—1

c(@—g Y] 1(na) Sym g, <}'(t[m]) - F (8, )
a=m-+
x F(Hy . ])“'f@qfﬁnﬂl)f( 1)) F (1)
]t .
x — L Y, (E) (9
1_t]1_1/t a17_n[+1w

where a rational series Y, (5)) is defined by the relation

ji—2 a /ra+1 Mg —14a /4a+1 —14m /ym~+1
e/t q—q '3/t q—q '/t
Youlto) =[] (1_1 i H H ) LS

1 1 1
Wl g/ttt —te /et Pl e T4V L

(4.25)
Recall that the notation t‘[‘1 ,] means the collection of the variables {t3,...,t% }

We get finally the following presentation of the product Ty 11 (t) - Wi 11 (tjm)):
Tn1() W1 (E) = T (8) Wi (tary) - F(E [n1]>

—1 1 n2 —142
g —qti/t yya—q '/t
Wil H 1—t1/t H 1— 12/t
N+1
+Zq—q1J1Hna K1) Ry, (4.26)
j=2

where the symbol ‘=’ means an equality modulo the ideals I, J and K (see Defi-
nition 4.1). The elements R; have the structure

B . o _ 21
Rj = Sym ¢ | (f(thN]) x '7(tfnj])7(tf1,;,l]) - F(ty ) Yoltm) —

TT v (e N i -1 1 th,/t
al;[l Yo (11) = F () .]-"(t[nj])}"(t[nj_l_l]) o F(E ) ,Zj_l(t[ﬁ])m
j—2
_n;l(}-(ffym,]) e f(f{njpf(ffl_,ij,l]) B f(fﬁ;iﬁl])f(fﬁmil]) . ‘7.‘({[1”171])
-1 Jj—1
1 —n;}{f/t . ijl t{—/f 77 Emltm) Ym(ﬂm)azl;[HwJ (ﬁ‘))) : (4.27)

The series Zy, (t[7)) is defined by the relation (3.33).
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4.3.2. Proof of Theorem 1. The following proposition generalizes Proposition 4.2
and serves as a main statement which is proved by induction over N.

Proposition 4.6. There is a formal series equality in the algebra Uq (gA[N)

na71q l/t q 1—qt
In(t) - Wn (tm) = W () - <2k+ )kl;[l _t; 1/ze kl:[ 1—t“/t>
N j-1

+Sym ¢ (D [1(na) (qql)j1 FE (0K () FEYL ) F(E, )

j=2a=1

]:(tJ 1 ). j:(t‘l )-Zi_1 () M
[nj—1-1] e

ni—1 1 141 72 2 /41
1 q " —qty/t,, 11—t /t,
X <¢1 (tn ) H ltl/t H —qt%/gl -1
k=1 o/ T

”1k1

- - +(t nalq—q‘lt“ Yty ot - atd/
~s Wilt) - [ Dok ] T H 1—t“/t (4.28)

a=1 k=1

if the set {t;} of the Bethe parameters satisfies the set of the universal Bethe
equations, 1 =2,...,N—1,3=1,...,n;:

ki (t)) ﬁ q 't /[t "1—1 -t 1/t "ﬁ g =gty (4.20)
ki (8) o amt —ati/ty S a— gt S -t '

Proof. We will proof this proposition by induction over IV taking as the base of the
induction the statement of Proposition 4.2. We assume that the equality (4.28) is
valid for the algebra U, (g[N) embedded into U (9[N+1) by the relation (4. 10) and
prove from the relation (4.26) that (4.28) is valid also for the algebra U, (g [N+1)

First we rewrite the induction assumption (4.28) for the algebra Uq(é\[N)
embedded into Uy (gly1) by (4.10). It takes the form

N+1 Na—1 a
~ Wi (Far) Zlﬁ )Hq /thl i) g (430
n(fa) i ta 1/t ti/t |

k=1
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where in ‘unwanted’ terms

N+1

j—1
0=Sm;, (3 <<q — gy [ ) Tkt (1) F @Y - F(E, )
a=2

Jj=3

t
-1 2 ) T n;j 1/
A 1_%11/)

« (w; (tfm)H - ?;ﬁ I1 llt’“/t/tn 1) (4.31)

k=1 n2 =y 4
parameters t% with a = 3,..., N satisfy the universal Bethe equations (4.29) for
i =3,..., N while parameters 15%2 are free.

We substitute (4.30) into (4.26). First term in the right hand side of (4.30)
together with the second term in (4.26) produces ‘wanted’ terms

Wi 11t k (t) a—1 a :
Pt _tk /t 1—tk/t
The terms in the right hand side of (4.30) which belongs to the ideal J will be
again in the same ideal after multiplication to the right of 7 (t) - Wy (f[n/) by the
product of the first type currents F(£[,,]) (see (4.26)). This is because the currents

E,(t) commute with the current Fy(t') for a =2,...,N.
Fix parameters t7, from the condition that the ordered product : Q- F(fj, ;) :

of the unwanted terms and the currents of the first type F(t;) belong to the
ideal B. This results into Bethe equations

k3 () 11 a9 't/ v 1-th/t q ! fqt /th
= | I | I | I 4.32
k;(ti) m/ti - _1t1 /t2 /t2 ( s )

for the set of parameters 72 ,-

ml m=1

Now we will examine the structure of the terms R; given by (4.27) by the
conditions that parameters #3 with @ = 2,..., N are bounded by the universal
Bethe equations (4.29) and (4. 32) We replace in R; the Cartan currents ¢ (t{),

a = 2,...,j—1 by the right hand sides of the universal Bethe equations. Each Bethe
lia

% under g-symmetrization. This allows

to use the following property of the g-symmetrization, which is a consequence of

(4.7) and (4.8):

equation introduces the factor [ ], i

Sym ; | G(ty,t qufqtl/tf = Sym ;(G(t,,t tho1)) (4.33)
Yy t 17 2y "7 q_q lt]_/tg =Yy t nytlye+-ybn—1 .
for arbitrary formal series G of the formal variables (¢y,...,t,). The variables

{t$,t5,...,t5 } are replaced by the permuted sets {tg ,t{,...,tn _ } for a =
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m+1,...,7 — 1. Using an identity

1 =2 1 i 1
t—th ' al_Il t%jjl - t%a t—tl aH totl —ta
1 ! 1
- i—1 1 Z H +1 H +1 =0,
t— tzlj* tnl m=1a=m+1 t%‘“rl - ta a=1 t%‘“rl - t%a

and the explicit forms of the series Z,, and Y,, we observe that the element RR;
has the structure

B . n7 /t
Ry = F(fy ) F(E, )-FE ) Fllh—n) - L1 (Fm) ﬁ
J - tn]‘71/t
ni—1 _q 1/41 N2 2 /41
q —qt /t -1 /tn
(7/}1 ( 711) H _ —ltllg/t H _ ktZ/;l o 1)
E—1 q q n1 fo— 1 q k/"ny

belongs to the Bethe ideal B (see Definition 2.3). This proves the statement of the
Proposition. [l

The statement of Theorem 1 follows from Proposition 4.6. The element RR;
vanishes if we impose one more universal Bethe equation for the set of the param-
eters {t[, }

k+ tl ni _ 71t1 tl n2 _ t tl
et pelen
ks (tj) m#j B m/tj m—1 m/tj

Since the left hand side and first term in the right hand side of (4.28) belong to the
standard Borel subalgebra U,(b™) in U,(gly) the equality between them is valid

modulo elements of the ideal J and the Bethe ideal B. This finishes the proof of
Theorem 1. O
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