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1 Introduction

The moduli spaceMEn of (unpolarized) Enriques surfaces is an open subset
of a 10-dimensional orthogonal modular variety, which was shown by Kondō
to be rational. In this note we want to discuss moduli spaces of polarized
and numerically polarized Enriques surfaces. A polarized Enriques surface
is, of course, a pair (S,L), where S is an Enriques surface and L ∈ Pic(S) is
an ample line bundle. By numerically polarized Enriques surface we mean a
pair (S, h) where h ∈ Num(S) is the numerical class of an ample line bundle
L.

One of the main results of this note is Theorem 3.2: for a given polariza-
tion h, i.e. an O(U⊕E8(−1))-orbit of a primitive vector of positive degree in
the abstract Enriques lattice U⊕E8(−1), we construct a suitable orthogonal
modular variety MEn,h of dimension 10 and identify in this an open subset
Ma

En,h whose points are in 1 : 1 correspondence with isomorphism classes
of numerically polarized Enriques surfaces with this polarization. Moduli
spaces of polarized Enriques surfaces, which exist as quasi-projective vari-
eties by Viehweg’s theory, are then given by an étale 2 : 1 cover of Ma

En,h.
We ask the question when these covers are connected.

The main conclusion which we derive from our description of the moduli
spaces is contained in Corollaries 3.5 and 4.4 and can be stated as follows:

Theorem 1.1 There are only finitely many birational equivalence classes
of moduli spaces of polarized and numerically polarized Enriques surfaces.

In section 5 we use automorphic forms to prove that some moduli spaces
of numerically polarized Enriques surfaces have negative Kodaira dimension
if the corresponding modular group contains sufficiently many reflections.
For example, this is true for all polarizations of degree h2 ≤ 32 (see Corollary
5.6). In Proposition 5.7 we proved that for infinitely many polarizations h
the moduli space of numerically h-polarised Enriques surfaces coincides with
the moduli space of Enriques surfaces with a level-2 structure (see §2). It
was announced in [Gri2] that the last moduli space is of general type.

Moduli spaces of (polarized) Enriques surfaces have been studied by many
authors, but not all of the results have appeared in the literature. We have
done our best to attribute published results wherever possible, but some
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further results in sections 2 to 4 are also likely to be known to experts,
although they cannot be found in the literature. Throughout this note
we will be working over the complex numbers C, but we will also briefly
comment on moduli spaces in positive characteristic.
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2 Enriques surfaces and the Torelli theorem

An Enriques surface (over the complex numbers) is a regular compact com-
plex surface S, i.e. q(S) = h1(S,OS) = 0, whose canonical bundle ωS is not
trivial, but has the property that it is 2-torsion, i.e. ω⊗2

S = OS . Thus its
holomorphic Euler characteristic is χ(OS) = 1 and by Noether’s formula its
Euler number is e(S) = 12.

Unlike K3 surfaces Enriques surfaces are always projective [BHPV, Sec-
tion V.23] and since H0,2(S) = H2,0(S) = H0(ωS) = 0 all classes in H2(S,Z)
are algebraic, in particular H2(S,Z) ∼= NS(S). Since the canonical bundle
is 2-torsion the group H2(S,Z) is not-torsion free. However, the canonical
bundle is the only torsion element and there is a (non-canonical) splitting
H2(S,Z) = H2(S,Z)f ⊕Z/2Z where H2(S,Z)f = H2(S,Z)/ torsion is a free
module of rank 10. The cup product, or intersection product, endows this
with a lattice structure and one has, see [BHPV, Chapter VIII 15.1]

H2(S,Z)f = Num(S) ∼= U ⊕ E8(−1)

where U denotes the hyperbolic plane and E8(−1) is the negative definite
E8-lattice, i.e. it is negative definite, even, unimodular of rank 8.

The condition ω2
S = OS implies the existence of an étale cover p : X → S

and by surface classification X is a K3 surface. We denote the corresponding
involution on X by σ : X → X. For a K3 surface X it is well known that
the intersection form on H2(X,Z) is a lattice of the form

H2(X,Z) ∼= 3U ⊕ 2E8(−1) =: LK3

where LK3 is the so-called K3 lattice. Under the 2 : 1 cover p : X → S the
intersection form is multiplied by a factor 2 and thus

p∗(H2(S,Z)) ∼= U(2)⊕ E8(−2) =: M.
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By [Nik, Theorem 1.14.4] there is a unique embedding of the lattice U(2)⊕
E8(−2) into the K3 lattice LK3 and thus we may assume that M is embedded
into LK3 by the embedding (x, u) 7→ (x, 0, x, u, u). Whenever we refer to the
sublattice M of LK3 we will use this embedding.

Consider the involution

ρ : LK3 = 3U ⊕ 2E8(−1)→ LK3 = 3U ⊕ 2E8(−1),

ρ(x, y, z, u, v) = (z,−y, x, v, u).

Clearly M = Eig(ρ)+ is the +1-eigenspace of this involution. Let

N = U ⊕ U(2)⊕ E8(−2).

We think of N as a primitive sublattice of LK3 via the embedding (y, z, v) 7→
(z, y,−z, v,−v). Clearly

N = M⊥LK3
= Eig(ρ)−.

Before we discuss markings and periods we will recall the basics about dis-
criminant forms of lattices. For every lattice L its dual is defined by L∨ =
Hom(L,Z), or equivalently L∨ = {x ∈ L ⊗ Q | (x, y) ∈ Z, for all y ∈ L}.
The discriminant group of L is the finite abelian group

DL = L∨/L.

If L is an even lattice, then the discriminant DL carries a quadratic form
with values in Q/2Z induced from the form on L. As usual we shall denote
the group of isometries of L and DL by O(L) and O(DL) respectively. There
is a natural homomorphism O(L)→ O(DL) and its kernel

Õ(L) = {g ∈ O(L) | g|L∨/L = id}

is called the stable orthogonal group of L. For the lattices M and N we have
a natural isomorphism

DM
∼= DN

which as an abelian group is the 2-elementary group F10
2 . Moreover O(DM ) =

O(DN ) ∼= O+(F10
2 ) is the orthogonal group of even type, whose order is

|O+(F2)| = 221 · 35 · 52 · 7 · 17 · 31, for details see [Kon2, §1], [Die, Chap. I,
§16, Chap. II. §10]. We also know by [Nik, Theorem 3.6.3] that the homo-
morphisms πM : O(M)→ O(DM ) and πN : O(N)→ O(DN ) are surjective.

For future use we also describe a different description of the group O(N).
For this we notice that

N∨(2) ∼= U ⊕ U(2)⊕ E8(−1) ∼= 2U ⊕D8(−1) (1)
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and hence

O(N) ∼= O(N∨) ∼= O(N∨(2)) ∼= O(2U ⊕D8(−1)). (2)

A marking of an Enriques surface S is an isometry ϕ : H2(S,Z)f →
U ⊕ E8(−1). Every such marking, or more precisely the induced marking
ϕ : p∗((H2(S,Z)) → U(2) ⊕ E8(−2) can be extended (not uniquely) to a
marking ϕ̃ : H2(X,Z) → LK3 of the K3-cover X. This follows from [Nik,
Corollary 1.5.2] together with the fact that O(N) → O(DN ) is surjective.
Moreover, we can assume that ϕ̃(H2(X,Z)) = M ⊂ LK3, with M the prim-
itive sublattice of LK3 as explained above. The involution σ∗ acts trivially
on ϕ̃(H2(X,Z)) and by − id on its orthogonal complement. This implies
that ρ ◦ ϕ̃ = ϕ̃ ◦ σ∗. We shall refer to a marking ϕ̃ of X with this property
as an Enriques marking. Note that if ϕ̃ and ϕ̃′ are two Enriques markings
extending the same marking ϕ, then

ϕ̃ ◦ (ϕ̃′)−1|L−K3
∈ Õ(N).

Markings allow us to define period points of Enriques surfaces: given
a marked Enriques surface (S, ϕ) we consider an Enriques marking ϕ̃ :
H2(X,Z) → LK3 as above. The Enriques involution σ on X is non-sym-
plectic, i.e. σ∗(ωX) = −ωX and thus ϕ̃(ωX) ∈ NC. The lattice N is an even
lattice of signture (2, 10) and we can associate to it the type IV domain

ΩN = {[x] ∈ P(N ⊗ C) | (x, x) = 0, (x, x̄) > 0}

which has two connected components ΩN = DN ∪ D′N . The group O(N)
acts properly discontinuously on ΩN and we denote by O+(N) the index 2
subgroup of O(N) with real spinor norm 1, i.e. the subgroup which fixes the
connected components of ΩN . We will call the group O+(N) the Enriques
modular group. Indeed O+(N) has index 2 in O(N), since the reflection with
respect to a +2-vector in a hyperbolic plane has real spinor norm −1. After
possibly composing with an isometry (id,− id, id, id, id) on LK3 = 3U ⊕
2E8(−1), which commutes with ρ and interchanges the two components of
ΩN , see [BHPV, Proposition VIII 20.2], we may assume that [ϕ̃(ωX)] ∈ DN
is in a fixed connected component. For this reason we refer to DN as the
period domain of Enriques surfaces. Clearly, the period point depends on the
choice of the extension ϕ̃, but it also depends on the choice of the marking
φ itself. Since every isometry of the sublattice M ⊂ LK3 can be extended
to an isometry of the K3 lattice LK3 one is thus led to consider the action
of the group O(N) on ΩN , respectively O+(N) on DN .

Unlike in the case of K3 surfaces not every point in the period domain
DN comes from an Enriques surface. To describe the image of the period
domain we consider all vectors −2-vectors l ∈ N , i.e. l2 = −2. For each
such root we obtain a hyperplane

Hl = {[x] ∈ DN | (x, l) = 0}.
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We consider the union

H−2 = ∪l∈N, l2=−2Hl.

It was shown by Horikawa [Hor, Main Theorem], see also Nakamura [Nam,
Theorem 7.2] and [BHPV, Chapter VIII, 21.4] that the image of the period
domain is equal to the set DN \ H−2.

Let us now consider the action of the group O+(N) on DN . This group
acts properly discontinuously and the quotient

MEn = O+(N)\DN (3)

is a 10-dimensional quasi-projective variety. It was shown by Namikawa,
cf. [Nam, Theorem 2.13], that all −2-vectors in N are equivalent under the
action of O+(N). Note that, using (2), this can also be deduced by standard
methods by considering 2U ⊕D8(−1), where we remark that −2 vectors in
N correspond to reflective −4-vectors in 2U ⊕D8(−1) with the additional
property that they pair to an even number with any other vector (we will
call this later an even −4-vector) and vice versa.

Hence the union H−2 maps to an irreducible hypersurface ∆−2 in MEn.
Let

M0
En =MEn \∆−2.

The global Torelli theorem for Enriques surfaces as proven by Horikawa
[Hor] and refined by Namikawa in [Nam] implies the following

Theorem 2.1 There is a bijection

M0
En

1:1←→ {S | S is an Enriques surface }/ ∼= .

For this reason the variety M0
En is often referred to as the moduli space

of Enriques surfaces.

Remark 2.2 Strictly speaking it is a misnomer to speak of the moduli space
of Enriques surfaces. Although this spaces parametrizes the isomorphism
classes of Enriques surfaces, it is, at least to us, not known that it represents
a moduli functor.

At this point we would also like to recall the following important theorem
due to Kondō [Kon1]:

Theorem 2.3 (Kondō) The space M0
En of Enriques surfaces is rational.

We also consider the modular variety

M̃En = Õ
+

(N)\DN (4)
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which is a finite cover of MEn with Galois group O+(F10
2 ). Its open subset

M̃0
En which coversM0

En can be interpreted as the moduli space of Enriques
surfaces with a level-2 structure (see [Kon2, §2]). Gritsenko discussed the

modular variety M̃En = Õ
+

(N)\DN at the Schiermonnikoog conference
[Gri2] and outlined a proof that it is of general type, which of course implies
that the moduli space Enriques surfaces with a level-2 structure is of general
type.

3 Moduli spaces of numerically polarized Enriques
surfaces

In this section we want to describe moduli spaces of polarized Enriques
surfaces in terms of modular varieties of orthogonal type. We first recall
that, since H2,0(S) = 0 for an Enriques surface S, every element in H2(S,Z)
is represented by an algebraic class. One consequence of this is that moduli
spaces of polarized Enriques surfaces are of dimension 10, in contrast to
the situation of K3 surfaces, where alle K3 surfaces form a 20-dimensional
family and polarized K3 surfaces have dimension 19.

We have already seen that NS(S) = H2(S,Z) ∼= U ⊕ E8(−1) ⊕ Z/2Z.
Since S is regular we can identify polarizations, i.e. ample line bundles L on
S with their first Chern classes h̃ := c1(L) ∈ H2(S,Z). A polarized Enriques
surface is a pair (S, h̃) where h̃ represents an ample line bundle on S. We de-
note the numerical class defined by h̃ by h = [h̃] ∈ Num(S) = H2(S,Z)f =
H2(S,Z)/ torsion. By a numerically polarized Enriques surface we mean a
pair (S, h) where h ∈ Num(S) comes from an ample line bundle. Clearly
every numerically polarized Enriques surface comes from two polarized En-
riques surfaces (S, h̃) and (S, h̃ + KS). Note that e.g. by Reider’s theorem
h̃ is ample if and only if h̃+KS is ample.

We shall first discuss moduli of numerically polarized Enriques surfaces.
For this we fix a primitive element h ∈ U ⊕ E8(−1) = M(1/2) of positive
degree h2 = 2d > 0. Note that again the situation is different from K3
surfaces. Any two primitive vectors h ∈ LK3 of the same positive degree are
equivalent under the orthogonal group O(LK3). This fails for h2 ≥ 4 for the
hyperbolic lattice U ⊕ E8(−1).

Now, given h, we define the group

O(M(1/2), h) = O(M,h) = {g ∈ O(M(1/2)) = O(M) | g(h) = h}.

We define the group
Γh = π−1

N (πM (O(M,h))). (5)

Note that Õ(N) ⊂ Γh is a normal subgroup of O(N) of finite index and
hence Γh is an arithmetic subgroup of O(N). We set

Õ
+

(N) = Õ(N) ∩O+(N), Γ+
h = Γh ∩O+(N).
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Again, we note that both subgroups have index 2, since the reflection with
respect to a vector of length 2 in the summand U of N gives an element in
Õ(N) of real spinor norm −1. The following space is crucial for us

MEn,h := Γ+
h \DN . (6)

The main point of this section is that we shall show that one can interpret an
open set of this modular variety as a moduli space of numerically polarized
Enriques surfaces. Before discussing this we first observe that, if h and
h′ belong to the same O(M(1/2))-orbit, then the groups Γ+

h and Γ+
h′ are

conjugate and hence MEn,h
∼=MEn,h′ .

Note that for every primitive vector h ∈M we have finite covering maps

M̃En →MEn,h →MEn. (7)

Recall the hypersurface ∆−2 ⊂MEn and let ∆−2,h and ∆̃−2 be the pre-

images of ∆−2 in MEn,h and M̃En respectively. We set

M0
En,h =MEn,h \∆−2,h, M̃0

En = M̃En \ ∆̃−2.

We will show that a suitable open subset of M0
En,h gives a moduli space

of numerically polarized Enriques surfaces. Before we can do this, we need
to recall some facts about rational curves and ample divisors on Enriques
surfaces.

Assume that an Enriques surface S contains a rational curve C. Then
the pre-image of C under the étale cover p : X → S is a union of two
disjoint rational curves C ′ and C ′′ which are interchanged by the involution
σ and hence the class [C ′] − [C ′′] ∈ H2(X,Z) is in the −1-eigenspace of
σ∗. Hence, given an Enriques marking ϕ̃ : H2(X,Z) → LK3 this defines a
primitive vector l = ϕ̃([C ′] − [C ′′]) ∈ N of length l2 = −4. According to
[Nam, Theorem 2.15] there are two O(N)-orbits of vectors of length −4 in
N , and the same argument also shows this to be true for O+(N) . They are
distinguished by the divisor div(l), which is defined as the positive generator
of the ideal {(l, n) | n ∈ N} ⊂ Z and which can be either 1 or 2 here. If
(u1, v1) and (u2, v2) are a standard basis of the summands U and U(2) of
N respectively, then the two orbits can be represented by lodd = u1 − 2v1

and lev = u2 − v2 whose divisors are 1 and 2 respectively and which, for
this reason, are called odd and even. Note that their complements in N
are l⊥odd = E8(−2) ⊕ U(2) ⊕ 〈4〉 and l⊥ev = E8(−2) ⊕ U ⊕ 〈4〉. It follows
from [Nam, Proposition 2.16] that l is of even type. As before we consider
Hl = {[x] ∈ DN | (x, l) = 0} and the union

H−4,ev = ∪l2=−4, l evenHl.

Since the group O(N) acts transitively on all primitive vectors l of length
l2 = −4 of given type ([Nam, Theorem 2.15]), the collection of hyperplanes
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H−4,ev maps to an irreducible hypersurface ∆−4,ev inMEn. Note again that
the irreducibility can also be deduced via the identification (2).

By Namikawa [Nam, Proposition 6.2] the points inM0
En∩∆−4,ev param-

eterize those Enriques surfaces which contain a rational curve, the so called
nodal Enriques surfaces. Thus the open set

Mnn
En =MEn \ (∆−2 ∪∆−4,ev) (8)

parametrizes the non-nodal Enriques surfaces.
The following lemma ist standard, but we recall it for the reader’s con-

venience.

Lemma 3.1 Let L be a nef line bundle on an Enriques surface S with
c1(L)2 > 0. Then L is ample if and only if there is no rational curve C with
c1(L).C = 0.

Proof. Since c2
1(L) > 0 it follows from Riemann-Roch that L or L−1 must

be effective. Since L is nef it must be L itself. To show ampleness it is
enough by the Nakai-Moishezon criterion to show that c1(L).C > 0 for
every irreducible curve C. Again by nefness of L the only obstruction to
ampleness can thus be an irreducible curve C with c1(L).C = 0. But then
C ∈ c1(L)⊥ and the orthogonal complement of any vector of positive degree
in the hyperbolic lattice Num(S) ∼= U ⊕ E8(−1) is negative definite, which
implies C2 < 0, which in turn means that C is a smooth rational curve
orthogonal to c1(L). 2

Recall that we have fixed a primitive vector h ∈ M ⊂ LK3 where M is
the +1-eigenspace of the involution ρ. We fix the following set of roots in
the K3 lattice

Rh = {δ ∈ LK3 | δ2 = −2, δ.ρ(δ) = 0, δ.h = 0}. (9)

Note that, since h is invariant under ρ, the condition δ.h = 0 is equivalent to
(δ+ρ(δ)).h = 0 and implies (δ−ρ(δ)).h = 0. Also note that δ−ρ(δ) ∈ N is an
even vector of length −4 [Nam, Proposition 2.16]. By [Nam, Proposition 4.5]
the interpretation of Rh is the following: the classes δ and ρ(δ) correspond to
the classes [C ′] and [C ′′] where C is a −2-curve on S and p−1(C) = C ′+C ′′

with the additional property that h.p−1(C) = 0. As before we set Hδ−ρ(δ) =
{x ∈ DN | (x, δ − ρ(δ)) = 0}. Let

HRh
= ∪δ∈Rh

Hδ−ρ(δ). (10)

It follows from the construction of Γh and [Nik, Corollary 1.5.2] that every
automorphism in Γh can be extended to an isometry of the K3 lattice LK3

in such a way that it fixes h and commutes with the involution ρ. This im-
plies that Rh is mapped under Γh to itself and HRh

maps to a hypersurface
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∆−4,ev,h⊥ in MEn,h. Note that if ∆−4,ev,h denotes the pre-image of ∆−4,ev

under the map MEn,h →MEn, then by construction ∆−4,ev,h⊥ ⊂ ∆−4,ev,h.
Geometrically this is the obvious fact that non-nodal Enriques cannot con-
tain −2-curves orthogonal to h.

Finally we set

Ma
En,h =MEn,h \ (∆−2,h ∪∆−4,ev,h⊥). (11)

By what we have just saidMnn
En,h ⊂Ma

En,h is an open set. The main result
of this section is the following:

Theorem 3.2 The open subset Ma
En,h of M0

En,h has the following prop-
erty: its points are in 1 : 1-correspondence with isomorphism classes of
numerically polarized Enriques surfaces (S, h).

Proof. We start with a pair (S,H) and choose a marked polarization, i.e.
a polarization ϕ : H2(S,Z)f → M(1/2) with ϕ(H) = h, which we extend
to an Enriques marking on the K3 double cover ϕ̃ : H2(X,Z) → LK3. We
then associate to (S,H) the class of the period point ϕ̃(ωX) in M0

En,h. We
must first show that this is well defined. Two different Enriques extensions
of the marking ϕ differ by an element in Õ(N). As this is a subgroup of
Γh this defines the same point inM0

En,h. Next we have to consider the case

where we have a different polarized marking ϕ′ : H2(S,Z)f →M(1/2) with
ϕ′(H) = h. Let ϕ̃ and ϕ̃′ be Enriques extensions of these markings. Then
ϕ̃ ◦ ϕ̃′−1|N ∈ Γh by the definition of the group Γh, and thus the map is well
defined.

Clearly this map send (S,H) and (S,H+KS) to the same point inMa
En,h.

Next we want to show that these are the only points which are identified.
Let (S,H) and (S′, H ′) be two polarized Enriques surfaces defining the same
point in Ma

En,h. We want to show that (S′, H ′) ∼= (S,H) or (S′, H ′) ∼=
(S,H+KS). For this we consider the K3 covers (X,H) and (X ′, H ′) together
with polarized Enriques markings ϕ̃ and ϕ̃′ respectively. Let ψ ∈ Γh be an
automorphism with ψ(ϕ̃(ωX)) = ϕ̃′(ω′X). By definition of the group Γh
we can extend ψ to an isometry ψ̃ ∈ O(LK3) with ψ̃(h) = h. Since ψ̃
respects the subspaces M and N it follows that it commutes with ρ. Hence
η = (ϕ̃′)−1 ◦ ψ̃ ◦ ϕ̃ : H2(X,Z) → H2(X ′,Z) is a Hodge isometry with the
additional properties that it commutes with the Enriques involutions, i.e.
η ◦ σ∗ = (σ′)∗ ◦ η and that η(H) = H ′. Since H and H ′ are ample we can
apply the strong Hodge theorem to conclude that there is an isomorphism
f : X ′ ∼= X with η = f∗ and f∗(H) = H ′. Since moreover f commutes
with the Enriques involutions on X and X ′ it descends to an isomorphism
g : S′ → S with g∗(H) = H ′ or g∗(H) = H ′ +KS′ .

It remains to prove that every point in Ma
En,h comes from a polarized

Enriques surface. By the surjectivity of the period map for K3-surfaces we
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can assume that there is a pair(X,L) where X is a K3-surface and L a semi-
ample line bundle, together with a marking ϕ̃ : H2(X,Z) → LK3 such that
ϕ̃(ωX) = ω. Via the marking ϕ̃ the involution ρ induces an involution ι on
H2(X,Z) which is a Hodge isolmetry. We want to argue that ι = σ∗ for an
Enriques involution σ : X → X which has the additional property that it
fixes c1(L). For this we argue similar to the proof of [Nam, Theorem 3.13].
The idea is to find an element w ∈ WX in the Weyl group of X such that
w◦ ι◦w−1 is an effective Hodge isometry. The main point is to find such a w
with the additional property that w(c1(L)) = c1(L). That this can be done
follows from the fact that the subgroup WX.h of WX generated by reflection
by roots orthogonal to h acts transitively on the chambers of the positive
cone, see [Bea, p. 151]. But then we can argue as in the proof of [Nam,
Theorem 7.2]: the involution w ◦ ι ◦ w−1 is induced by an involution on X
which can be shown to have no fixed points, i.e. is an Enriques involution.
Hence the quotient of (X,L) is a pair (S,M) where S is an Enriques surface
andM is a nef line bundle. (The involution ι can be lifted in two ways to an
involution of the line bundle L, whose quotients give rise toM andM⊗ωS
respectively). The fact that M is ample now follows from Lemma 3.1 since
ω /∈ HRh

implies that there are no −2-curves on whichM has degree 0. 2

Remark 3.3 The points on the hypersurface ∆−4,ev,h⊥ \ ∆−2 are in 1 : 1
correspondence with numerically semi-polarized Enriques surfaces, where
semi-polarization as usual means that the line bundle is nef but not ample.
The argument is as in [HP, Section 5], see also [Bea].

Remark 3.4 Note that the variety MEn,h depends only on the finite sub-
group πM (O(M,h)) in O(D(M)), but that ∆−4,ev,h⊥ a priori depends on h
itself.

One corollary from this is the following finiteness result:

Corollary 3.5 There are only finitely many different birational equivalence
classes of moduli paces of numerically polarized Enriques surfaces.

Proof. By Theorem 3.2 every such moduli space is birational to a variety
MEn,h, which in turn only depends on a subgroup in O(D(M)). Since this
is a finite group the result follows. 2

Klaus 11/02: A prior there could be a problem because the open set
Ma

En,h depends on h and removing more hyperplanes might make
the number of double covers larger. However one can restrict to
non-nodal Enriques surfaces and then the problem does not arise or
now works with semi-polarizations.
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4 Moduli spaces of polarized Enriques surfaces

In this section we want to discuss moduli spaces of polarized Enriques sur-
faces, i.e. pairs (S,L) where S is an Enriques surfaces and L is an ample
line bundle. We fix the O(M)-orbit of the numerical polarization defined
by c1(L). By Viehweg’s theory [Vie, Theorem 1.13] there exists a quasi-

projective moduli space M̂a
En,h for these pairs.

Proposition 4.1 There exists an étale 2 : 1 morphism M̂a
En,h →Ma

En,h.

Proof. We use the map which maps (S,L) and (S,L⊗ωS) to the numerically
polarized Enriques surface(S, h) where h is the class of c1(L) in H2(S,Z)f .
Arguing as in [GHS2, Theorem 1.5], using Borel’s extension map [Bor], we
find that this map is not only a holomorphic map, but a morphism of quasi-
projetive varieties, see also [Has, Proposition 2.2.2]. 2

It is not clear whether the covering M̂a
En,h → Ma

En,h is connected or
not. The answer is known to be positive in some cases. Classically studied
examples include the polarizations in degree 4 and 6 where the polarization
is base point free. Note that in both degrees we have two orbits of primitive
vectors. One case is given by h = e + df ∈ U , d = 1, 2. In this case
h⊥ ∼= 〈−2d〉 ⊕ E8(−1). The corresponding polarizations H are in general
ample but never base point free (and are in the literature partly excluded
as polarizations on Enriques surfaces). The reason they are not base point
free is that |2f | defines an elliptic fibration with two double fibres F and F ′

(differing by the canoncal bundle) and H.F = H.F ′ = 1. For the other cases
h⊥ ∼= D9(−1) and h⊥ ∼= A2(−1) ⊕ E7(−1) respectively. The first of these
cases was treated by Casnati who proved connectedness of the moduli space
and rationality in [Cas]. In [Lie] these polarizations are called Cossec-Verra
polarizations. The second case is simply the classical fact that a general
Enriques surface can be realized as a sextic surface in P3 passing doubly
through the edges of the coordinate tetrahedron. This space is also known
to be rational, see Dolgachev [Dol1], [Dol2]. For further discussions about
polarized Enriques surfaces, in particular of degrees 2 ≤ h2 ≤ 10, we refer
the reader to [Dol3].

Question 4.2 When is the degree 2 cover M̂a
En,h →Ma

En,h connected?

This question is related to the notion of supermarked Enriques surfaces,
which has been developed by Dolgachev and Markushevich. A supermar-
king is an isometry ϕ : H2(S,Z)→ U ⊕ E8(−1)⊕ Z/2Z.

A further question, which we do not know the answer to, is the following:

Question 4.3 Is M̂a
En,h the quotient of DN by a suitable arithmetic group?

11



Of course a positive answer to that would imply that M̂a
En,h is connected.

The above description is, however, enough to prove the

Corollary 4.4 There exist only finitely many different isomorphism classes
of moduli spaces M̂a

En,h of polarized Enriques surfaces

Proof. It is enough to show that each variety MEn,h only admits finitely
many étale 2 : 1 coverings. This follows sinceMEn,h is a finite CW complex
whose degree 2 coverings are classified by the elements in H1(MEn,h,Z/2Z).
This is a finite group. 2

At this point we would like to comment briefly on the work of Liedtke in
[Lie]. There he considers the moduli problem also in positive characteristic.
He treats in particular the case of Cossec-Verra polarizations in detail, see
[Lie, Theorem 4.12]. Liedtke shows that this moduli problem carries the
structure of a quasi-separated Artin stack of finite type over SpecZ, which
over Z[1

2 ] is even a Deligne-Mumford stack. In characteristic p > 2 the stack
is irreducible and smooth of dimension 10. Liedtke also considers the functor
of unpolarized Enriques surfaces. This stack is, however, badly behaved, in
particular its diagonal is not quasi-compact, see [Lie, Remark 5.3]. It is not
clear whether this stack has an underlying coarse moduli space and if, how
this is related to MEn (over the complex numbers).

5 Modular varieties of negative Kodaira dimen-
sion

In this section we describe a class of modular varieties of dimension 10 of
negative Kodaira dimension.

Theorem 5.1 Let Γ+ be a group between the Enriques modular group and

its stable subgroup Õ
+

(N) < Γ+ < O+(N). We assume that Γ+ contains at

least 26 reflections which are not conjugate with respect to Õ
+

(N). Then
the Kodaira dimension of the modular variety MΓ+ = Γ+\DN is negative.

To prove this theorem we use the theory of reflective modular forms together
with the general results about the compact models of modular varieties of
orthogonal type obtained in [GHS1].

Definition 5.2 Let sign(L) = (2, n) with n ≥ 3 and let Γ+ be a subgroup of
O+(L) of finite index. A modular form of weight k and character χ : Γ+ →
C∗ with respect to Γ+ is a holomorphic function F : D(L)• → C on the affine
cone D•L over DL such that

F (tZ) = t−kF (Z) ∀ t ∈ C∗,
F (gZ) = χ(g)F (Z) ∀ g ∈ Γ+.

12



Note that by Koecher’s principle these forms are automatically holomorphic
at the boundary. We denote the (finite dimensional) space of modular forms
of weight k and character χ with respect to the group Γ+ by Mk(Γ

+, χ) and
the space of cusp forms, i.e. those forms vanishing at the boundary of the
Baily-Borel compactification, by Sk(Γ

+, χ).
The geometric type of a modular variety of orthogonal type depends very

much on its ramification divisor. For any non isotropic r ∈ L we denote by
σr the reflection with respect to r:

σr(l) = l − 2(l, r)

(r, r)
r ∈ O(L⊗Q).

This is an element of O+(L⊗Q) if and only if (r, r) < 0 (sign(L) = (2, n)).

If r2 = −2, then σr ∈ Õ
+

(L).

Definition 5.3 A modular form F ∈Mk(Γ
+, χ) is called reflective if

Supp(divF ) ⊂
⋃
±r∈L

r is primitive

σr∈Γ+ or −σr∈Γ+

Hr(L) =: R.div(πΓ+) ⊂ DL.

We note that σr = σ−r and Hr = H−r.

The divisor R.div(πΓ+) in the above definition is the ramification divisor
of the modular projection πΓ+ : DL → Γ+\DL according to [GHS1, Corollary
2.13]. The ramification divisor of the moduli space of Enriques surfaces has
two irreducible components defined by −2- and −4-reflections in O+(N) (see
§3 above). We need two reflective modular forms, the so-called automorphic
discriminants, of this moduli space.

Lemma 5.4 There exist two reflective modular forms

Φ4 ∈M4(O+(N), χ2), divDN
Φ4 = H−2,

Φ124 ∈ S124(O+(N), µ2), divDN
Φ124 = H−4,ev

where χ2 and µ2 are two binary characters of O+(N). Both modular forms
vanish along the corresponding divisor with order one.

Proof. This result is, in principle, known. The form Φ4 was found in [Bor]
and is now called the Borcherds–Enriques modular form (of weight 4). The
additive lifting construction of Φ4 in terms of vector valued modular forms
was proposed by Kondō in [Kon2, Proposition 4.6]. For the second function
see [Kon2, Theorem 4.4]. Note however, that the modular groups in the
original constructions were smaller. We propose here simple constructions
of these forms which give us the maximal modular group, the formula for
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the characters together with the fact that the second form is cusp. Recall
from (2) that

O+(N) ∼= O+(2U ⊕D8(−1))

and that under the transformationN∨ → N∨(2) the−2-vectors ofN and the
even −4-reflective vectors (or the −1-reflective vectors in the dual lattice)
transform to the −4-reflective vectors and the −2-vectors respectively in
2U ⊕D8(−1).

In [Gri1] the modular form Φ4 was constructed as the Jacobi lifting of
the product of eight Jacobi theta-series

Φ4 = Lift(ϑ(τ, z1) · . . . · ϑ(τ, z8)) ∈M4(O+(2U ⊕D8(−1)), χ2).

We note that

O+(2U ⊕D8(−1)) = Õ
+

(2U ⊕D8(−1)) ∪ σ−4Õ
+

(2U ⊕D8(−1))

where σ−4 is the reflection with respect to any −4 reflective vector. (For
example, one can take the transformation z1 7→ −z1.) Using this we see that
χ2|Õ+(2U⊕D8(−1))

= 1 and χ2(σ−4) = −1.

To construct the second automorphic disriminant vanishing along the
−2-divisors of 2U ⊕ D8(−1) we consider this lattice as a primitive sublat-
tice of the even unimodular lattice 2U ⊕ N(3D8(−1)) of signature (2, 26)
where N(3D8) is the unimodular Niemeier lattice with root lattice 3D8.
The arguments identical to the considerations in Theorem 3.2 of [GH2]
show that the quasi-pullback (see [GHS3, §8]) of the Borcherds form Φ12 ∈
M12(O+(2U⊕N(3D8(−1))),det) to the lattice 2U⊕D8(−1) is a−2-reflective
cusp form of weight 124:

Φ124 ∈ S124(O+(2U ⊕D8(−1)), µ2)

where µ2|Õ+
(2U⊕D8(−1))

= det, and µ2(σ−4) = 1. We note that µ2(σ−2) =

det(σ−2) = −1 because σ−2 ∈ Õ
+

(2U ⊕D8(−1)).
2

Proof of Theorem 6.1. The modular variety MΓ+ of dimension 10 has
a projective toroidal compactificationMΓ+ with canonical singularities and
no ramification divisors at infinity (see [GHS1, Theorem 2]). To prove the
theorem we have to show that there are no pluricanonical differential forms
on MΓ+ . Suppose that F10k ∈ M10k(Γ

+, detk). We may realise DN as a
tube domain by choosing a 0-dimensional cusp. In the corresponding affine
coordinates of this tube domain we take a holomorphic volume element
dZ on DN . Then the differential form Ω(F10k) = F10k (dZ)k is Γ+-invariant.
Therefore it determines a section of the pluricanonical bundle over a smooth
open part of the modular variety away from the branch divisor and the
boundary. Let assume that Ω(F10k) can be extended to a global section
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H(MΓ+,kKMΓ+
). It follows that the modular form F10k vanishes with order

k along the ramification divisor of Γ+ in DN .
The group Γ+ contains the element −idN . According to [GHS1, Corollary

2.13] the ramification divisor of π+
Γ is equal to⋃

±r∈N, r2=−2, −4

σr∈Γ+

Hr.

This divisor always contains Hr with −2-vectors because σr ∈ Õ
+

(N) <
Γ+. Moreover all −2-vectors of the Enriques lattice N belong to the same

Õ
+

(N)-orbit. Therefore F10k vanishes with order k and it is divisible by
the k-power of the Borcherds-Enriques modular form Φ4. According to the
Koecher principle we have

F6k =
F10k

Φk
4

∈M6k(Γ
+, χ)

where χ is a binary character of Γ+. The modular form F6k vanishes with
order k along the −4-part of the ramification divisor of Γ+.

Starting from F6k we can construct a modular form with respect to
O+(N) with −4-reflective divisor using the method of multiplicative sym-
metrisation (see [GN, §3.2] and [GH1, §1]). We put

FSym(Z) =
∏

g∈Γ+\O+(N)

F6k(gZ) ∈M6k[O+(N):Γ+](O
+(N), χ′)

where χ′ is a character of O+(N). We note that the function F g6k(Z) =
F6k(gZ) is a modular form with respect to the group g−1Γ+g containing

the normal subgroup Õ
+

(N). The modular form F6k vanishes with order k
along the −4-reflective divisors Hr where r2 = −4 and σr ∈ Γ+. Therefore
F g6k vanished along Hg−1r. The −4-part ∆−4,ev of the ramification divisor
of O+(N) \DN is irreducible because all −4-reflective vectors belong to the
same O+(N)-orbit. Two −4-reflective vectors r1 and r2 belong to the same

Õ
+

(N)-orbit if and only if they have the same images in the discriminate
group or equivalently if r1

2 ≡
r2
2 mod N (see [Ste, Corollary 3.3]). We

note that r1
2 mod N is a non isotropic element in the discriminant group

D(N) ∼= (F10
2 , q

+) of the Enriques lattice N . This quadratic space has 496
non isotropic vectors and all of them might be obtained as the image of a
−4-reflective vector in U(2)⊕ E8(−2) (see [CD, §9]). Therefore there exist

496 different Õ
+

(N)-orbits of −4-reflective vectors in N .

Let R be the number of Õ
+

(N)-orbits of −4-reflections in Γ+. The
multiplicity of FSym along the irreducible divisor ∆−4,ev of the modular
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variety O+(N) \ DN is equal to

m =
kR[O+(N) : Γ+]

496
.

Therefore FSym is divisible by the m-th power of the reflective form Φ124

and

6k[O+(N) : Γ+] ≥ 124m =
kR[O+(N) : Γ+]

4
.

Thus 24 ≥ R. It follows that H(MΓ+ , kKMΓ+
) is trivial for all k if R ≥ 25.

This finishes the proof of Theorem 5.1.

Corollary 5.5 Let h ∈ U ⊕E8(−1) be a primitive element such that h2 =
2d > 0 and the negative definite lattice h⊥U⊕E8(−1) contain more than 48

vectors with length −2. Then the moduli space MEn,h = Γ+
h \ DN of h-

polarized Enriques surfaces has negative Kodaira dimension.

Proof. We first note that we have Õ
+

(N) < Γ+
h < O+(N). Secondly,

the roots of the lattice h⊥ determine the −4-reflective vectors of the En-
riques lattice N non congruent modulo 2N . Therefore they define more

than 24 reflections non conjugate with respect to Õ
+

(N). We note that
O(M,h) ∼= Õ(h⊥U⊕E8(−1)). We finally remark that Γ+

h contains the class of
−2-reflections. 2

Corollary 5.6 The modular variety MEn,h := Γ+
h \DN has negative Ko-

daira dimension for all polarizations h ∈ U ⊕ E8(−1) of degree h2 ≤ 32.
For h2 = 34, 36, 38, 40, 42 the same is true for all polarizations of the
corresponding degree except one.

Proof. We take a primitive vector in h2d ∈ U ⊕E8(−1) such that h2
2d = 2d.

The hyperbolic lattice is unimodular and the discriminant form of the or-
thogonal complement h⊥2d is equal to the discriminant form of rank one
lattice 〈−2d〉. Therefore the lattice h⊥2d belongs to the genus G(2d) =
G(〈−2d〉 ⊕ E8(−1)) which has finite number of classes. They characterise
all primitive vectors h2d of degree 2d. For d = 1 there exist only one class
〈−2〉 ⊕ E8(−1). For d = 2, 3, 4 the number of classes is equal to 2 and
we can determine the second class. For larger d a MAGMA computation
performed by Gabi Nebe and David Lorch in Aachen gives the following
result where the notation d : [n1, n2, . . . , nk] means the half-number of roots
in the k different classes of the genus G(2d). We always have n1 = 120 for
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the “trivial” class 〈−2d〉 ⊕ E8(−1).

2 : [120, 72] 5 : [120, 64, 45] 8 : [120, 64, 56, 36] 11 : [120, 64, 63, 36, 33]

3 : [120, 66] 6 : [120, 56, 42] 9 : [120, 64, 39, 37] 12 : [120, 56, 39, 29]

4 : [120, 56] 7 : [120, 64, 43] 10 : [120, 56, 42, 30] 13 : [120, 64, 42, 38, 29]

14 : [120, 63, 56, 43, 36, 26] 15 : [120, 64, 39, 31, 25]

16 : [120, 64, 56, 42, 28, 26]

17 : [120, 64, 63, 43, 37, 36, 29,24] 18 : [120, 56, 42, 39, 26,23]

19 : [120, 64, 63, 42, 31, 28,24] 20 : [120, 63, 56, 36, 31, 28,20]

21 : [120, 64, 39, 37, 29, 25,23].

We see that for 2d = 34, 36, 38, 40, 42 there exits only one class h⊥2d
containing less than 50 roots. 2

We mentioned above that the reflections in h⊥U⊕E8(−1) determine the trans-

vections in the finite orthogonal group O+(F10
2 ) ∼= Õ

+
(N) \O+(N). The ta-

ble from the proof of the last corollary shows that the group πM (O(M,h)) =

Õ
+

(N) \Γ+
h is large for small degrees. The next interesting question is how

small this group might be.

Proposition 5.7 There exist h2d such that Γ+
h2d

= Õ
+

(N).

Proof. This proposition follows form the following well-known fact in the
theory of quadratic forms: most classes in a genus of a positive definite
quadratic form with large determinant have trivial orthogonal group. More
exactly, let c(G) be the number of classes in the genus G and c0(G) the
number of classes [L] ∈ G such that O(L) = {±1}. Then

c0(G)

c(G)
→ 1, if det(G)→∞.

This was proved by J. Biermann (1981) (see [Sch]). Therefore for a large d
there exists a negative definite lattice L ∈ G(2d) such that O(L) = {±1}.
Taking a unimodular extension of 〈2d〉⊕L we obtain a primitive vector h2d

in U ⊕ E8(−1) such that h⊥2d
∼= L. Then we get O(M,h) ∼= Õ(h⊥2d) = {1}

and
Γ+
h2d

= π−1
N (πM (O(M,h2d))) ∩O+(N) = Õ

+
(N)

which clearly implies the claim. 2

Remark 5.8 We note that Proposition 5.7 together with the fact men-

tioned at the end of §2 that the modular variety M̃En = Õ
+

(N)\DN is of
general type (see [Gri2]) show that there exist moduli spaces of numerically
polarised (or polarized) Enriques surfaces of general type.
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