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1 Introduction

The aim of the present paper is to study the refined topological vertex Cy,,(t,q) of Igbal,
Kozcaz and Vafa [20] from the point of view of the quantum algebra of type Wi intro-
duced by Miki [22]. We also treat the vertex C,”(g,t) considered by Awata and Kanno [3]
in the same footing.

Let us first recall briefly the notion of the topological vertex [4, 18]. A trivalent
graph plays an important role, since it encodes the information where the cycles of a
T? fibration of a toric 3-fold degenerate. The Calabi-Yau threefold is then mapped to
a Feynman graph with fixed Schwinger terms (Ké&hler classes of the threefold), and the
topological vertex is associated with states in the threefold tensor product of bosonic Fock
spaces. Bach edges of the graph is an oriented straight line labeled by a vector v € Z?2
corresponding to the generator of Hy(7?) (shrinking cycles). If all the edges are incoming,
we have the condition ), v; = 0 (Calabi-Yau condition), and |v; A v;| = 1 for any pair
of edges (smoothness condition). Together with a ‘gluing rules,” on can calculate all genus
amplitudes of the topological A-model for non-compact toric Calabi-Yau threefolds. The
topological vertex C),,, is represented by Okounkov, Reshetikhin and Vafa using the skew
Schur functions [27, 28]

Cnur(@) = a2 80(a) D snyg(@™" ") spupmla™ "), (1.1)

where A, u, v are partitions labeling the states in the threefold tensor of the Fock spaces,
X' denotes the transpose of A, p = (—1/2,—-3/2,-5/2,---), and k(A) = >, \i(\i + 1 — 2i).

In [20] a refined version of the topological vertex was introduced, based on the argu-
ments of geometric engineering concerning the K-theoretic lift of the Nekrasov partition
functions [15, 26]. See also [24, 25]. In this refined version, one more parameter ¢ comes
in and the theory seems to be deeply relate with the Macdonald functions Py(x;q,t) [21].

The formula is
2

[l [l A =[]

q s [vl? ~ q Ly o
o ta=(1) T T L) (1) T st st ), (12)
n

!
12

Z,(t,q) = [[(1 = g =t =4

sev

P, (t7":q.1), (1.3)

where [[A|[?2 = >, A2. See [19] for recent development, and a remark on their notational
convention.

There is another approach by Awata and Kanno [3], where Macdonald functions are
used in some symmetric way

Con"(@.1) = PA(t*:0,8) D 1P jor (=Y 731, 0) By jo (175 0, ) (¢ 2 /)71 £ (g, 1)1
g
(1.4)
(See section 4.1 as for the notations.) Here they incorporated the ‘framing factor’

A1) = (—1)PlgnO)HN 2= -IAl/2. (1.5)



which was introduced by Taki [33]. It has been recognized that these two different formulas
give us essentially the same result, and the difference should be superficial. As for the
preliminary version of the formula (1.4), see [2].

Now we turn to the quantum algebra side. The algebra we consider was first introduced
by Miki in his study on the W7, algebra. After the first discovery by Miki, essentially the
same algebraic structure has been rediscovered by several authors. See [11-14, 16, 29-32].
This verifies the naturalness and the richness of the algebra. Because of this, it has been
called by several different names, and there is no good choice at this moment than waiting
for well established terminologies. In this paper, we denote the algebra by U.

Motivated by the construction in (refined) topological vertex, we study a representation
theory of the quantum algebra U which includes the following ingredients:

1. triple of the Fock spaces and associated intertwining operators,

2. trivalent vertex with edges labeled by vectors € Z? satisfying the Calabi-Yau and

smoothness conditions,
3. spectral parameters playing the role of the Kéhler parameters.

It has been recognized that the quantum algebra U has two central elements, and they
obey a certain transformation formula with respect to the SL(2,Z) action [22, 31, 32].
Namely, the SL(2,Z) action preserves the structure of the algebra up to the shift in the
central elements. As a consequence of the SL(2,Z) action, we have two types of the Fock
representations of U, one in [16] and the other in [13]. After fixing convention suitably, one
can say that the former has level (0, 1) (vertical), and the latter has level (1,0) (horizontal).
The action of the T' generator of the SL(2,Z) can be easily treated, and we can modify
the ‘horizontal” Fock representation to level (1, N) with N € Z. We restrict ourselves only
to the family of the Fock modules ]-"150’1) and ESLN) (N € Z), where u is the spectral
parameter. (See sections 2.3, 2.4.) Note if one of the edges (the preferred edge) is labeld
by (0,1), then from the Calabi-Yau and the smoothness condition the rest should be (1, N)
and (—1,—N — 1) where N € Z.

Consider the intertwining operators of U/-modules associated with three Fock modules
of the forms ® = @ wﬁggug} D Fal @ Fy2 — Fyd and ©F = @ [wgizém} N
Faz @ Fyl. The following particular cases are essential in our construction:

o FOD @ LN FUNFD 05 — $A(a) (Va € U), (1.6)

®y(a) = (P ® ) (VP ®@a € FOU @ FONY - @y(1) =1+4---, (1.7)

o FUNTD L p(LN) @ 7O A(0)d* = §*a (Va € U), (1.8)

o) =Y ®5(a) ® Q) (Va € FEVHY oi(1)=1+---, (1.9)
A

where @) and @3 are normalized components of ® and ®*. We prove that such (normalized)
intertwining operators ® and ®* exist uniquely (theorems 3.3, 3.6).



Let Sx(g,t)’s be the dual of the Schur function s,’s with respect to the Macdonald
scalar product in (2.8) satisfying (Sx(q,t),5u)q,t = Ox,u- We show that the refined topolog-
ical vertex C’Sﬁv)
factor (proposition 4.4). If we use the bases (¢Py) and (¢Q,), then the refined topological

t,q) coincides with the matrix element (S, (q,t)| ®} [sy) up to a simple
1% v

vertex C,"” arises as the matrix element (1P, | ®3 Q) (proposition 4.7).

We cheek that any types of the compositions of the intertwining operators ® and $*
produces contractions of topological vertices involving correct gluing factors (see defini-
tion 4.9). Thereby proving the equivalence of the topological vertex and our representation
theory (theorem 4.10). Since the discovery of Alday, Gaiotto and Tachikawa [6], it has been
intensively studied that we have the representation theory of the Virasoro and W algebras
playing a profound role in the Nekrasov instanton partition function [5, 10, 17, 23]. As for
the K-theoretic version, see [1, 7, 8]. Our quantum algebraic approach extends this idea
in such a way that the topological A-model and the topological vertex are involved. We
hope this will give us better understandings both in string theory side and in quantum
integrable system side.

We remark that the intertwining operator proposed in [1] can be explicitly constructed
by composing our ®’s and ®*’s in a suitable manner. However it still remains unclear how
to describe the the structure of the ‘integral basis’ proposed there. Therefore we do not go
in this direction here.

This paper is organized as follows. In section 2, we recall our notations for the algebra
U and introduce the family of the Fock modules .7:50’1) and ]-"S’N) (N € Z). In section 3,
the trivalent intertwining operators ® and ®* are defined (definitions 3.1 and 3.4). The
existence and the uniqueness of them are stated in theorems 3.3 and 3.6. Section 4 is
devoted to establishing the equivalence with topological vertex of Igbal-Kozcaz-Vafa, and
Awata-Kanno. For this purpose, we calculate the matrix elements of ® and ®* (propo-
sitions 4.4 and 4.7). Then we check the gluing rules for all the possible compositions
(propositions 4.11, 4.12, 4.13, 4.14 and 4.15). Our main theorem is stated in theorem 4.10.
In section 5, we present two examples of calculations which involve Nekrasov partition
functions, and investigate the meaning of the spectral parameters. Proofs of theorems 3.3
and 3.6 are given in section 6. A proof of proposition 5.1 is stated in section 7.

2 Preliminaries

2.1 Algebra U

Let ¢ and ¢ be independent indeterminates, and set F = Q(q,t). Set also F = Q(q"/*, t1/4).
We sometimes work over the field F to keep the notation considerably symmetric for our
dual constructions. We briefly recall our notation for the algebra /. We follow the notation
in [13] which is based on [9]. Let

o) = D Qi GHE) = - - - T (2




Definition 2.1. Let U be a unital associative algebra over F generated by the Drinfeld

currents z5(2) = >, w2 " 0 (2) = Y, ey ¥z 7", and the central element AEL2,

satisfying the defining relations

1'LU z
GEUE W) =R, e ) = L5 et @2
()t (w) = g7 /)Tl () (2), (23)
b () (w) = g7 fw)E Lt (w) (2), (2.4
(20 ()] = G <5(7‘IZ/w)¢+(71/2w)—5(72/10)1!}‘(7‘1/220)),
(2.5)
GF(z/w)z™ (2)z* (w) = GF (2 /w) ™ (w) 2™ (2), (2.6)

where 0(2) = ),z 2"

Proposition 2.2. The algebralf has a Hopf algebra structure defined by the coproduct A:

A(,yil/2) — ,yi1/2 ®’Yi1/2,

A(at(2) = 2t (2) @1+ 97 (1], 2) ® 27 (1) 2),

A (2)) =2~ (Y)2) @ UF (472) + 1@ 27 (2),
)

A@WH(2) = v %) @ v 2),

+1/2

where V) 712 @1 and Y = 1®~*/2. We omit the counit ¢ and the antipode a

since we do not need them here.
Remark 2.3. The wac are central elements in U/.

Definition 2.4. Let M be a left {-module over F. If we have

Y Pa=(t/g e, () g a = (t/g)2a (2.7)
for any v € M and for some fixed l1,l2 € Z, we call M of level (I1,12).

2.2 Macdonald symmetric functions and Fock space F

We basically follow [21] for the notations. A partition A is a series of nonnegative integers
A = (A, A2, ...) such that Ay > A9 > -+ with finitely many nonzero entries. We use the
following symbols: |A] :==> .o Xi, n(A) :=> ;5,0 — 1A, If Ay > 0 and Nyq = 0, we
write ¢(\) ;=1 and call it the_length of \. The_conjugate partition of X is denoted by N
which corresponds to the transpose of the diagram A. The empty sequence is denoted by
(). The dominance ordering is defined by A > u < |A\| = || and 22:1 A > Zi::l py for
alli=1,2,....

We also follow [21] for the convention of the Young diagram. Namely, the first coordi-
nate i (the row index) increases as one goes downwards, and the second coordinate j (the



column index) increases as one goes rightwards. We denote by [J = (i, j) the box located at
the coordinate (7, j). For a box O = (7, j) and a partition A, we use the following notations:

(@) =i, j(0):=j, ax(@):=X\—j, OL(0):=X —i.

Let A be the ring of symmetric functions in x = (z1,72,...) over Z, and let Ag(qy) :=
A®7Q(q,t). Let m) be the monomial symmetric functions. Denote the power sum function
by pn =Y ;> xI'. For a partition \, we write py =[], p),- Macdonald’s scalar product on
AF is -

Lo .
(Pas D) gt = Oa 2 i Z\ = Hz iomyl, (2.8)
i=1 i>1

Here we denote by m; the number of entries in A equal to i.

Fact 2.5. The Macdonald symmetric function Py(z;q,t) is uniquely characterized by the
conditions [21, chapter VI, (4.7)].

Py =my + Z Wy (uag € Qg 1)),
p<A

(Px; Bu)gr =0 (A # p).

Denote @y := Py/(Py, Px)gt- Then (@) and (Py) are dual bases of Ap. We have
(Px, Py)q,t = ¢\ /cx where

eni= [J(1 = g»OHO =TI = ¢ O H O, (2.9)
Oex Oex
Let x = (x1,x9,...) and y = (y1,¥2,...) are two infinite sets of independent indeter-
minates. The skew Macdonald polynomials Py, satisfy Px(z,y) = >_, Pu(2)Py/u(y) [21,
chapter VI, (7.9)].
Let H be the Heisenberg algebra over F with generators {a,, | n € Z} satisfying

1— g™

| Om-+n,0 A0-

[am, an] = mw

Let |0) be the vacuum state satisfying the annihilation conditions for the positive Fourier
modes a,,|0) =0 (n€Z=(). For a partition A= (A1, \a,...), we denote |ay) = a_x,a_y, - -|0)
for short. Denote by F the Fock space having the basis (|ay)).

As graded vector spaces, the space of the symmetric functions Ar and the Fock space
F are isomorphic, and we may identify them:

F l) AF, |a>\> = Dx- (2.10)

We give an H-module structure on Ap by setting agv = v and

A_pV = Pp¥, ApU =T"n —_— (n>0,v € Ap).

Let (0] be the dual vacuum satisfying (0| a, = 0 (n € Z«g), and (ax| = (0] ay,ax, - -
The dual Fock space F* has the basis ((ay]). We identify symmetric functions with states
in F (or F*) when it is convenient, and write |Py) (or (Py|) for Py for example. With this
notation we have (Py| O |P,) = (P\,OP,)q; for any O € U(H).



2.3 Level (0,1) module .7-'&071)

Definition 2.6. Let A=(\1, A2, ...) be a partition, and i € Z>(. Set Afi € Q(q,t), B/j\[(z) €
Q(g, 1)[[2]] by

L 0o i—1 (1-— iniA,iti,it]iH.)(l — q)\l:)\3:+1t:z:+]:fl), (2.11)
) jlll (1 _ q’\l Ajt z+])(1 _ q/\l Aj+1y z+])
Ay, =01—t7h) : _A.QAT;_M - | | 1= qAJ:_Af.lt_j_ﬂj_?_)(l — quH:A%t:]:ﬂi),
) 1— gl it+1g—1 S (1 _ q)\j+l Aitlp—j+i 1)(1 _ q)\J it ]—H)
(2.12)

B () = = e T (L gt (1 T ) (2.13)
S R = N T (e ) |

B*(z) _ 1— qf/\1+1t71z ﬁ (1 . qf)\itiz)(l o qf)\i+1+1tiflz) (2 14)
A 1— q—)\lz Pl (1 _ q—>\i+1t’iz)(1 _ q—>\i+1ti—1z) : :

Note that if \; = \;_1 then A;tz = 0, and if \; = A\;y1 then A)_\,i =0. If \j; < N1,
we may obtain a new partition by adding one box to the i-th row, and we denote it by
A1 = (A, Ae, o, s, A+ 1, A, - - <) for simplicity. If A; > Aj+1, we may obtain a new
partition by removing one box from the i-th row, and we write A—1; = (A1, A2, ..., Ai—1, Ai—
1, /\i+17 .. )

Proposition 2.7. Let u be an indeterminate. We can endow a left {/-module structure
over F to F by setting

2P, = Py, (2.15)
{(N)+1
rT(2)Py = Z A;:Z. 5(q it u/2) Py, (2.16)
=1
()
27 (2)Py = ¢/2t71/? Z Ay, S(N T ) 2) Py, (2.17)
=1
Y (2)Py = ¢'*t7 2B (u/2) Py, (2.18)
U (2)Py = q Y2 By (2/u) Py (2.19)

This is a level (0,1) module. We denote this ¢/-module by FoU,

This was obtained in [11, 16].



2.4 Level (1, N) module .7-'1(}’1\’)

Definition 2.8. Set

o0

= exp ( Ll a_pz ) exp ( Z ! ;Lt anz_">, (2.20)
n=1 n=1
= exp ( i 1= _”/225"/2 _nZ ") exp (i ﬂ(1_"/215”/2an,2_">, (2.21)
n=1 n=1 "
_ ( Z —t" 1 . tann)qn/4t7n/4anzfn>7 (222)
n=1
o (Z) — exp (i 11—t (1 . tann)qn/zltfn/ﬁla_nZn) ) (223)
n

n=1

Proposition 2.9. Let u be an indeterminate, and N € Z. We can endow a left &/-module
structure over F to F by setting

V2P = (t/q)/" Py, (2.24)
ot (2) Py = uz N NN 2 () Py, (2.25)
7 (2)Py = u 2N V2N 2¢ (2) Py, (2.26)
Y (2)Py = ¢V N 20h (2) Py, (2.27)
VT (2)Py = ¢ NN 27 (2) Py (2.28)

This is a level (1, N) module. We denote this ¢/-module by FW,

This is obtained as an easy modification of the representation constructed in [13].

3 Trivalent intertwining operators ® and ®*

3.1 Intertwining operator ®

Let N € Z and u, v, w be independent indeterminates.

Definition 3.1. Let ® = @ (0(11)’]:%)]’\% ., | be the trivalent intertwining operator satisfying

the conditions

o FOU g FIN) _y FON+D) (3.1)
a® = PA(a) (Va € U). (3.2)

Introduce the components ®, by setting
Pr(a)=®(P\®a) (VPA®@aec FOU g FLN), (3.3)

We normalize ® by requiring ®3(1) =1+ ---.



Lemma 3.2. The intertwining relations (3.2) read

L(N)+1
Z AT, SNt/ 2) By, + g VB (2/0)®pat (2) = 2t (2) @y, (3.4)
=1

2(\
g2 i:) A;ié(q’\i_lt_Hlv/z)@A_li1/J+(q1/4t_1/4z)+
i=1
Sz (¢ 2 7122) = (¢ *t7 2@y, (3.5)
GBS (0] 2) a0t (g ) = ot (g By, (36)
VB (2 o) (g A 2) = o (g )@, (3.7)
Theorem 3.3. The normalized intertwining operator ® exists only when w = —vu. In
this case, it is determined uniquely and written in terms of the Heisenberg generators as

(I, N +1), —vu

= t(\,u, v, N)® 3.8
M0,1), 05 (1,8), ) = T NIRAY), (38)
t 1,0, N) = (—ou) (=) 7 VDR oA, (3.9)
Here we have used the notations
~ g )
D)\(v) = o s Dp(v)ma(v) (3.10)
~ 1 1 e
Py(v) = exp<_ ot nl— na,nvn) exp(— ; ~1 z qnanv_”), (3.11)
L) N\ ‘ '
m) =: [[[In@ "t (3.12)
i=1j=1
where the symbol : --- : denotes the usual normal ordering, and f is Taki’s framing

factor (1.5).

A proof of this will be given in section 6.

3.2 Intertwining operator ®*

Definition 3.4. Let ®* = &* | (V)0 (0Dl ho 4he trivalent intertwining operator satis-

(1,N+1),w
fying the conditions
o FILNHD _y FLN) @ FO1) (3.13)
Aa)®* = d*a (Va e U). (3.14)

Introduce the components ®, by setting

() =) Vi) @Qx (Yo FLHNTY). (3.15)
A

We normalize ®* by requiring ®3(1) =1+ ---



Lemma 3.5. The intertwining relations (3.14) read

o)
®lat (¢! %2) = at (¢ PR @F — w0 (g2 Y g Ay 6T /2@y,
i=1
(3.16)
i (2) = ¢V/HVPBY (u)2)x (2) @5~
(N)+1
g PN g AT SN )/ 2) @5 (3.17)
i=1
S5t (¢ ) = ¢ PP B (uf2 )0t (g7 M) 8, (3.18)
O (g ) = g RPBS (2 )y (¢ ) @5 (3.19)
Theorem 3.6. The intertwining operator ®* exists uniquely only when w = —vu. In this
case, it is written in terms of the Heisenberg generators as
* (17N)’U;(071)’u * o
) =t*(A N)D 3.20
A (1,N+1),—UU ( , Uy U, ) )\('U,), ( )
(A w0, N) = (g o) P (=) M £ (3.21)
Here f) is given in (1.5), and
~ ")~
D) (u) = e s Py (w)én(u) :, (3.22)
~ e 1 1 & 1 ¢
(1) = exp< i g2 2a,nu”) exp (Z qu—"/ 24n/ 2anu_”), (3.23)
n=1 n=1
L) N
o) =: [T IJ&@ "t ). (3.24)
i=1j=1

In section 6, we give a proof of this.

4 Identification with refined topological vertex

4.1 Notations

Let sy(z) € Az be the Schur function, and c§, be the Littlewood-Richardson coefficient
determined by sys, = >, XSv- The skew Schur function is defined by s/, = > cﬁysy,
and we have sx(z,y) = 3_, sx/u(x)su(y) [21, chapter L. (5.9)]. Let S\(z;q,t) € A be the
dual of s\ with respect to the scalar product (2.8), namely (Sx(q,t),5u)qt = Oxp- Set
Sx/u(@3q,t) = 32, € Su(a5.9,t). We have Sx(2,y;¢,t) = 30, Sx/(®; ¢, 4)Su(y; ¢, ).

Recall the F-algebra endomorphism w;,, of Macdonald [21, chapter VI. (2.14)].

n
nl—u

mpn- (4.1)

Wuw(Pn) = —(=1)

,10,



It is convenient to have two operations ¢ and 5f acting on Ay introduced in [3]. The ¢ is

defined to be the involution on Ap given by

t: A — Ap, tpn) =—pn (n € Zso).
The sf\c = E;\t gt 18 defined to be the algebra homomorphism
+ + Sy —1/2 £/
ey : Ar — F, ex(pn) = Z(q in 1)t¥(17 /2n 4 T
i=1

For any symmetric functions, we shall use the shorthand notations such as

NP AR

Ef(sn) = su(q 5}%(”#) = 15,(q

since we may have the interpretation p = (—1/2,—-3/2,—5/2,...) in mind.
We have

vsa(x) = sy (—x) = (=1)Msy (2),

Sa(@;q,t) = Lwigsr(—w),
and
g (Pn(@)) = €37y g ot (pn(—q V2! 20)).
Hence

e gitSul@iq ) = (¢ 22 el sy (@),

(4.2)

(4.4)

(4.7)

(4.8)

In the shorthand notation this is written as S, (¢ t?; q,t) = (¢"/2t=1/2) "5, (=N g=P).

4.2 Matrix elements of & and ®*

We have simple but important formulas which essentially control the property of our in-

tertwining operators.

Proposition 4.1. We have

(4.9)

(4.10)

L p(q" o) (g ?0) :
o oo
11—¢tn B 11—tn _ o
=exp| Y — a_n (g2l (py) | expl-y | = an (g2t 0 (py) |,
nl—q" nl—q®
n=1 n=1
05 (q"2u)éx(q" *u)
11—t g I
=exp(—) o na-nu'ey (pn) | exp 1 gn Ot ey (pn)
n=1 n—

— 11 —



Corollary 4.2. We have

(Su(q,t)] = By(qg"*v)ma(g"?v) « |s,) (4.11)
_ oI Q2 2 S S, (0 g, s, (g (g2 12) 2

(Su(a, )] = Dj(a"*u)én(a"*u) = |s,) (4.12)
= yl1=Im ZLSV/U (¢ AP ;%t)su/o(qi)\tip)v

and

(P,] = ®9(q"*v)nn(q"?v) | Py) (4.13)
— Y= \u\( 1/24-1/2 \VI+|u|Zp (q tP)LP/ (q At_p)(R;,Pa>q,t(q1/2t_l/2)_2‘a|,

(Py| : (g *u)ér(q" ) - |Pu> (4.14)
= uMi'“' Z LPy/cr(q)\tp)P,u/cr(qi)\tip) <PU7 PU>q,t

Proof. From proposition 4.1 we have

(O [T avs = o(a"v)ma(q"/?0) Ha—u 0)
= <0| H(aw + ql/Qt_l/Q Vlg pl/z H 1/2t 1/2 )Mjgx (puj)) |O> ,
( J
(0|Ha,,:£1v>*( 120060 (¢"?u) Ha 1; 10)

= O T(on — e ) H<a_uj U (py,)) [0).

J

Then (4.11), (4.12), (4.13) and (4.14) follow from the property of the skew functions. [

4.3 Topological vertex of Igbal-Kozcaz-Vafa

Definition 4.3 (Igbal-Kozcaz-Vafa). The refined topological vertex is defined by

[+ A =[]

s vl 1 —p v v -
C/(\I;ff/\/)( q) = (%) Ttig 72(1&) ) s /m(tPa )8, q77), (4.15)

where c) is defined in (2.9), [[A||? = 32, A7, k(A) = Y2, M(Ai + 1 — 24).
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v IKV
(0,1),u,\ (1,N+1),—vu,p (=1)lul+ |+|MC( at)
(1,N+1),—vu,p CLIIE;/) g (0,1),

Figure 1. Comparison between ®, ®* and (— )|“|+‘”|+"\|C (IKV) (q,t),CLI,IE;/)(t,q).

Proposition 4.4. The matrix elements of the intertwining operators ® and ®* are written
in terms of the refined topological vertex as

<PA,}DA>q,t (S0, )| @ [(gllj)vj (?&fuu} [5v) (4.16)
[Al
= (‘(J:Z;g) f/\—N. (_q—l/%)—lu\fy ) (t—1/2v)|u| . (_1)|u|+\u|+|,\\ C,SIVIf{;{)(CLtL
sutanies |G s (@17)

_u)N [Al - e - -
= (;_1/)21) f/J\V. (—q 1/2u)| |fy 1. (t 1/2u) lul . ijf;”(t, q).

Proof. Using corollary 4.2 and (4.8) we have the results. O

Remark 4.5. Note that in the formulation of Igbal-Kozcaz-Vafa, the transpose of the
partition is assigned to each outgoing edge. To identify the refined topological vertices
with vertices for ®, ®*, all the arrows should be reversed as shown in figure 1.

4.4 Topological vertex of Awata-Kanno

Definition 4.6 (Awata-Kanno). The refined topological vertices C,,1"(g,t), C**,(q,t) are
defined by

Con"(q.1) = PA(t°:0:6) > 1P jor (=Y ¢731,q) By o (175 0, 1) (M2 /1211 £ (g 1) 7!

Cuku(qv t) = (_1)|>\‘+IM|+|V‘CM/)\’V/(tv Q) (419)

where f) being defined in (1.5).
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(0,1),u,A (1,N+1),—vu,p

ACAY

(1,N+1),—vu,p (0,1),

Figure 2. Comparison between ®, ®* and C*,, Cn.

Proposition 4.7. The matrix elements of the intertwining operators ® and ®* are written
in terms of the refined topological vertices as

1 (1, N +1),—
m(bpu\% {(07 o (1 ,N), } LQy) (4.20)
2, \
B (‘](_’U)N> f;N (t_1/2v)|u|_|y‘fl’_1 CMAV(qat)a
i 00

AN A
= (M) R G, O,

Proof. Note that we have

(_1)\/\|qn(k’)tl>\l/2 1/2,— /2|1 £ 1
CnY(g,t) = t L 4.22
(a4, 1) o (q Tt P Pilos (4.22)
X Z Py/a(thp)LPu/a(q_At_p)<P07 P0>q7t7
[Al/24n(X) 1
C”)‘,, ) = q 1/2t’1/2 2|y ) 4.93
Z wlo (q 75 P,y (q_At_”)<PmPa>q,t(q1/2t_1/2)_2'”'-
Using corollary 4.2 we have the results. O

Remark 4.8. We note that all the vertical arrows should be get reversed to establish a
correspondence between ®, ®* and CH*,, C)\" as seen in figure 2.

4.5 Gluing rules

Consider a trivalent vertex with edges, say, 4,75 and k, with two component vectors
Vi, Vj, Vi € Z? attached respectively (see figure 3 (a)). Here we regard all the vectors being
outgoing. We assume that they satisfy the (Calabi-Yau and smoothness) conditions

vi +v;+vp =0, viAv; =1, (4.24)

— 14 —



v V.

Vi J
Ak, Qk
Vi
Vi Vi A7 A%
vertex edge

(a) (b)

Figure 3. Gluing rules.

where we have used the notation (a,b) A (¢,d) = ad — be. Note that these mean v A vy, =
vi Av; = 1.

Definition 4.9. Let v;,v;,vi, vy, v € Z*, and consider a graph as in figure 3 (b). Let
Ak be a partition, and @y be a parameter (Ké&hler parameter). To the internal edge, with
the data vy, A\g, Qi attached, we associate the ‘gluing factor’

Q|)\k|(f )Vi/\V,L-/ ) (4_25)

The refined topological vertices are contracted by multiplying the gluing factor and making
summation with respect to the repeated indices.

4.6 Check of gluing rules

Consider any intertwining operator of the & modules ! @ --- @ Fym™ — .7-" i Q- ® f
obtained by composing the trivalent intertwining operators ® and ®* in a certain way. The
matrix elements can be evaluated by virtue of proposition 4.4 or proposition 4.7. Then
we have a (not necessarily connected) graph with trivalent vertices, with the following
structure associated:

1. a spectral parameter and a vector € Z? is attached to each edge,

2. the condition (4.24) is satisfied with respect to every vertex,

3. to eace vertex a refined topological vertex is associated (propositions 4.4, 4.7),
4. each internal edge gives a contraction of refined topological vertices.

Hence if it is shown that the correct gluing factor (4.25) appears to every internal
edge in the matrix element, our approach from the representation theory of the alge-
bra U precisely reproduces the quantity derived from the refined topological vertex, up
to a factor depending on the data attached to the external edges. Omne can show that
this is the case by checking it for all the possible (local) processes stated in proposi-
tions 4.11, 4.12, 4.13, 4.14, 4.15 below. We demonstrate these for the case of Awata-Kanno
construction, since our notation gets a little simpler. The calculations for the topological
vertex of Igbal-Kozcaz-Vafa goes exactly the same way, and we omit them.
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(1,M)w

p
\\Cb (1,M+1),0w

0,1),~w

A

I C—

P* (1,L-1)u/w

(1,L),u

Figure 4. Case 1

Theorem 4.10. Suppose we choose the preferred direction to be vertical (0, 1) in the web
diagram. The matrix element of the composition of the trivalent intertwining operators ®
and ®*, and the corresponding quantity derived from the theory of the refined topological
vertex of Igbal-Kozcaz-Vafa or Awata-Kanno coincide, up to a factor depending on the
data attached to external edges.

Proposition 4.11. The matrix element of the composition (see Fig 4)

FLD) @ F1LM) e78id £(1,L-1) o ]_—ﬁolbl) ® FLM) dod £(L,L=1) o FLM+L),

u/w u/w

with respect to (1P, ® tP,| and [1Q, ® 1Q,) is

(_t—l/Qw)—|u\+\u|—|p|+|a\fyfp—l Z (wL—M,U/u)W f)%—M—lCM)\VCJ)\p'
A

Recall we should reverse the vertical arrow, and apply the rule for calculating the gluing fac-
tor (4.25). We have (1, M)A(1, L—1)=L—M—1, and thus the factor (w’ v /u) I f/\L*Mfl
agrees with the gluing factor (4.25).

Proof. We have

Z @X(LQ/L) ® (I))\(LQ,O)'

A

1Qu ®1Q, z}\:(IJA(LQM) ® Q@ 1Q, m

Hence the matrix element is

1
Z m (LPy| @Y |tQp) (LPs| Py [1Q)) -
A ’ ,

Proposition 4.12. The matrix element of the composition (see figure 5)

FON o 1) deR” £0.1) o ;<},L—1> 5 701 @i ;(1,/L> % 7O
Y u -y u/x - uy/x —x

,16,



Figure 5. Case 2

with respect to (1P, ® Py| and |Q, ® tQ,) is

L—1 \ A 1/2 1
qx 1 —tFu/x —L+1
(—t1/2u/x> f>\ ( qu—l ) fp (4.26)

x (= 20y W (2T S () M G O,

Note that we have (1, L) A (1, L) = 0, and the factor (z/y)/"! agrees with (4.25).

Proof. We have

1

Py Pohs D 0,85(1Q,) @ Qo

v

Qp®1Qu = Y Qp @ ¥;(1Q,) ® Q, —
14
Hence the matrix element is

1 . 1 .
@ Pos (1P| @5 [1Qp) = D B (P, ®,1Q,) (LP,| % 1:Q,) -
P 5 o 5 ,

Proposition 4.13. The matrix element of the composition (see figure 6)
0,1 P , P 1,M 0,1
]_—SI ) ® F{LM) 2, p(LM+1) 27, gLM) o £(0.1)

vz/y -y

with respect to (1Py ® P,| and |Q) ® 1Q,,) is

[Al ol
—t1/2v Y qu P o
( gz ) Z <—t1/2v:v/y> g (4.27)

x (=) Wl 2y £, S )10, O

Note that we have (1, M) A (1, M) = 0, and the factor (z/y)"! agrees with (4.25).
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g
A (L,M)wz/y
Figure 6. Case 3

(1,M)w (1,M+2)vay

Figure 7. Case 4

Proof. We have

3 00 2 Q.

(I)X(LQ#) = <P)\>P)\>q,t —

Qx @ 1Qy

(P)n P)\>q,t

Hence the matrix element is
1
(Pxy Pa)g,t

1 .
(1Ps| @ |1Qpu) = ; Pr Pos (L] @5 [1Qu) (P Py [1Qp) -

Proposition 4.14. The matrix element of the composition (see figure 7)

FOU @ 7O g paneg gO g pLM+) 2, 7l

1,M+2)
—y VT VY ’

with respect to (1P| and |Q, ® Q) ® 1Qy) is

Al lel
—t1/2y M —t!/2px CM—1
( et ) e e I (129

X (=2 (g 2ol Sy AR, 0

Note that we have (1, M) A (0, —1) = —1, and the factor (z/y)"|f, 1 agrees with (4.25).

Proof. We have

1 1
(PAa P/\>q,t <Pp» Pp>q,t

Qp QN ®1Qy — Qp @ Cx(1Qy) — P, PN (1Qp)-

<P>\7 P)\)Q,t

,18,



(1,L),u (1,L—-2)u/zy

Figure 8. Case 5

Hence the matrix element is

1 1
<P>\, P>\>q7t <Pp7 Pp>q,t
1

1
— zy: BB (LPy| @, |1Qy) P Pos (P O [1Qp) -

(LPy] P, ’LQM>

Proposition 4.15. The matrix element of the composition (see figure 8)
L) ® (1,L—1 0,1) ®*®id (1,L—2 0,1 0,1

u/x u/zy —x

with respect to (1Py ® P, ® Py| and [1Q,) is

L-1 N\ L-2 Il
<qm > A <qy > £ (4.29)
—t1/2u/x —t1/2u/xy P
% (2 Wl g2y 1S ) G Co.
Note that we have (1, L) A (0,1) = 1, and the factor (x/y)"!f, agrees with (4.25).

Proof. We have
1Qu Y B5(1Qu) ® Qy = > DB (1Q,) ® Q) ® Q-
v v,p

Hence the matrix element is

(1P| ®50% 10Qu) = D (1P| ©) [1Qu) (1P| 5 [1Qy) -

v

5 Examples of compositions of intertwining operators

We have shown in theorem 4.10 that our construction based on the intertwining operators
®, ®* derives the same result as the one from the theory of the refined topological vertex.
Based on the findings in [3, 20, 33], it explains clearly the reason why the Nekrasov partition
functions appear from matrix elements of intertwining operators of the algebra /. In this
section, we try to have an interpretation of the spectral parameters attached to our Fock
modules by looking at two examples of the Nekrasov partition functions [15, 26].
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(1,M),v

\\ (1,M+1),0w

(0,1),—w

R C—

(1,L-1)u/w

(1,L),u

Figure 9. Four point operator.

5.1 Pure SU(NN.) partition function

Recall the formula of the instanton part of the (K-theoretic) partition function Z35* of the
pure SU(N,) gauge theory on R* x S' with eight supercharges, associated with the m-th
power L& of the line bundle £ over the instanton moduli space M (N, k)

HNc ((q1/2t71/2)7NCA2NC(_ea)fm)|)\<a)| —m

Zins‘c(e1 S en A'q t) _ Z a=1 Ao
) bl c? b b) Nc b
" A, AWe) [Ta5=1 Nx@ o (€a/ep)
(5.1)
where the notation
Nau(w) = [ (1 —ug et T (1 — ug i) (5.2)
(4,7)EX (k,l)en
— H (1 — ug~@=1=0@)y . H (1 — ug™ @ ¢le(@+1) (5.3)
OeA S

has been used. We demonstrate how Z5¢ appears from our construction.

Let L,M € Z and u,v,w be indeterminates. Consider the four point operator (see
figure 9)

(17L o 1)’u/w; (LM + 1),’[)11)

P
(17 L),U, (1) M),’U

L FM @ FM — FOSY @ FOMAD, (5.4)

defined by the composition of the trivalent intertwining operators (which we already con-
sidered in proposition 4)

v u/w w/w

FiLB @ pD TEL O @ FOD @ FANEES pOL @ FMA) (5.5)
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(I’M)avl (17M+NC)"UN5+1

\\ (17M+1)77J2 (17M+NC_1)1UNC//

| (0,1),—wr | (0,1),~wn,
R . I
/ (1,L—1),uz (1,L—Nc+1)up, \
(I’L)7u1 (le_NC)quc+1

Figure 10. Web diagram for pure SU(N) gauge partition function.

(1,L) 1,M)

Foranya® € F, 7' ® ]:5 , we have
(]-aL - 1),’LL/U), (17M + ].),UU}
5.6
o[ @es (50)
1 (1, L —1),u/w; (0, 1),—w} { (I, M +1),vw ]
=N o 3
2P P [ (1.L).u @€ (0,1), ~w; (1,0),0] ¥
(q—1/2t1/2u—1UwL—M)\)\|f/\LfM71 . _
= : Po(— —w) : Py (— —w) :
> ) (: Bs(—w)a(—w) 1 a) ® (: Fy(—w)m(~w) : B)
from theorems 3.3, 3.6 and the formula (7.3).
Let wy,wa,...,wn, be a set of indeterminates. Set
i—1 i—1
ul-:un,zl, Ui:vak, (1=1,2,...,N.+ 1), (5.7)
k=1 k=1

for simplicity. Define the four point operator (see figure 10)

o [(1,L = Ne)sune+15 (1, M + Nc),vNcH] L FIWD) g FLM) _y FLLNG @ FMENS),

(LL)uul; (17M)7U1 UNc+1 UNe+1
(5.8)
as the composition
(I) (17L_NC)?“NC+1;(17M+NC),UNC+1 (5 9)
(l,L),U1;(1,M),U1 ’

— P (17L - NC)auNc—i-l; (15M+ NC)yvNc—‘rl B (17L - 1),”2; (17M + 1)7U2
(17L - NC + 1)auNc; (LM+ NC - 1)7UNC (1,L),U1; (LM))UI

Proposition 5.1. When we identify parameters as

Nc
e;=—w, A ="T[w, m=-L+M+N., (5.10)
ui:l
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0,1),~y

(1,1),0w (1,0),0w/y
(1,0),v
(0,1),—w
(1,0),u
(1,-1)u/ (1,0),uz/w
(0,1),—x
Figure 11. Six point operator.
we have
(1,L — Ne),un.+1; (1, M + Ne), vn,. 41
Py @ Pyl ¢ ¢ Py ® P,
( ®® Q)’ |: (1,L),U1;(1,M)7’U1 ‘ ®® ®>
= H g(ei/ej)g(qt_lei/ej) : ZgLISt(elv"' ,ENC,A; q’t)v (511)
1<i<j<N
where
Glu) = exp -3 ! u" | € Qlg,1)[[u]]. (5.12)
n(l-g)(l—t)

A proof of this will be given in section 7.

5.2 SU(N,) with Ny = 2N,.

Next, we turn to the case with Ny = 2N, fundamental matters. Let u,v,w,z,y be inde-

terminates. Consider the six point operator

(1’ O)a UIL‘/’LU; (1’ O)a Uw/y; (Oa 1)7 )

o 5.13
(0.1). —5 (1,0),u: (1,0). v (519
FOD @ FO @ FOO — FUD @ FOO @ FGY,
defined by the composition of the intertwining operators
fiogél) ®]_-751,L) ®.7:751’M) id@®*®id ]__an;l) ®]__75},£71) ®]:£O&;1) ®]__517M) (5.14)
: 2 *
M 0D g AL g I IS L) g 040 6 00
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For any P\®a® 8 € .7-‘&09;1) ® ]-'181’ ) .7'"(1 0) , we have

(17 0)7 u:z:/w7 (17 0)7 Uw/ya (07 1)7 -y
) P
|: (0,1),-(13;(1,0),“;(1,0),1) ( )\®a®6)
B 1
2 Py P
(170)7U$/w * (17_1)7u/w; (Oa 1)7_w
P P 5.15
0 [(o, 1), —; (1, 1), ufw | (1,0),u @ 619
. | (1,0),vw/y; (0,1),73/ (1,1),vw
) P v
@b [ (1,1),0 #L(0,1), —w; (1,0),0] P @€
=2 O ) gy o) (@27 ) W (/)
CACy Npp(1)
x (; By(—2)ma (=) = Bf(—w)Epu(—w) : a)
® (: F(—w)& (1) = By(—whmu(—w) : B) © Q.
Restricting this six point operator, introduce the four point operator
(1,0),’&1’/111; (1,0),UZU/y (1,0) (1,0) (1,0) (1,0)
P : ' '
oA e A — AL 0 7L,
defined by specifying the action on any a ® 8 € }751’0) ® .7:151’0) as
(1,0), uz/w; (1,0),vw/y
d 5.16
o] @29 (519
L (1,0), uz/w; (1,0),vw/y; (0,1), —y
=id®id® (R, ) P,
doids Baee |0 G Rieas
(¢ 1/24— 1/2)= \u\(v/u)lulf 1
- I Ny (1)
x (Bo(—2) : B~ w)gu(—w) : @) @ (B5(~y) : Fyp(~whnu(-w) : 8),
where we have used the shorthand notation (P, )0 Q. = (FPy, Qu)q,:-
Let w,v,w1,...,wN,,Z1,...,ZN,,Y1,---,YN, De a set of indeterminates. Set
ui:uka/wkv Ui:UHwk/ykv (Z: 1’2)"'7Nc+1)7 (517)
for simplicity.
Proposition 5.2. Set
Ne o
. o 1/2,-1)2, no_—1/2,1/2, 2N, _ (,1/2,—1/2 i
e =—w;, € =—q't Yi, € = —(q t /e, ATV = t
(q )N H o
(5.18)
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We have

1 ; (1 1 ; (1
(Py @ By| @ [( /0), une1i ’0)’”Nc+1] D {( °0), i (1,0), vz [Py @ Py) (5.19)

(1,0),UNC;(1,0),UNC (1,0),“1;(1,0),1)1
_ ﬁ 1 I Glei/e;)G(at"ei/e;)G(qt™ e} e])G(e]/e))
Ll Gle/er)a(at—Ter/e}) Glei/e))G (at= e} ;)G atTei/e))G(el/e))

1<i<j<N.

N,
« Z ﬁAQNC|>\(k)| H N@,m)(eé/ej)Nw,@(ei/e}')
A o A(Ne) k=1 1<i,j.<N. Ny a0 (ei/e))

Since our proof of this goes in a parallel way as the one for proposition 5.1, we omit it.

6 Proofs of theorems 3.3 and 3.6

6.1 Some formulas concerning Ai\t,i’ B;\t(z)

Lemma 6.1. Let c,\,c’)\,AL,A;’i be as in (2.9), (2.11), (2.12). We have

/ /
C C
A1, CA AT - A—1; Cx _ —1 4+
AL = _gAT,. . AT = —q AT 6.1

C’)\ Chi1, A A+1;,10 Cl/\ Cr1, A A—1;,1 ( )

Hence the action of U is written in terms of the basis (Q,) as

YN = Q», (6.2)
L(N)+1
e (2)Qx =~ Y Ay, 8@t u/2) Qs (6.3)
=1
2(N)
v (2)Qn = —¢" P2y g AL oM T T u/2)Qx (6.4)
=1
H(2)Qx = ¢t 2B (u/2)Qa, (6.5)
Y (2)Qx = ¢ *t'/2 By (2/u)Qa. (6.6)

Proof. From the definitions of ¢y, ¢}, it immediately follows that

k=1 D — Ak

CVHLE _ (1 _ Mgt l—q
= =q"t )H NN Lph—i H No—Ni7j ,
— i - - _ A _]*k"‘rl
C)\ i=1 l—q S j=k+1 1 =gt

k—1 NiApgh—i ) 1 — e Nitlgg—h-1

/
a1, Aok () —k l—¢q
Cl)\ - (1 —q t ) 21;[1 1 _ q)\i—)\ktk—i—l

NNt lpi—k
j=k+1 1 — gtk

Noting that

1 — g~k t)+k N g NN IR g AL

Ay =(1- th

1— qf)\k+1t7£()\)+k71 1— q—)\k+)\jt7j+k 1— q—)\k“!‘)\j‘l'lt*j‘i’k ’

j=k+1

one obtains (6.1). O
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Lemma 6.2. Let Bf(z) be as in (2.13), (2.14). We have

1 1—v/z
j—1,—i+1 -1 _ - +
g(@ ) = —ZYE Bry/2), 6.7
[T 97 = Tt B /) (6.7
g7 /) = —— 2B (2/v), 6.8
[T [9) = T By ) (68)
where ¢(z) is given in (2.1).
The following will also be needed.
Lemma 6.3. We have
o) s
1—v/z 1—q¢ Mt "v/z
HHf (¢t o /z) = o7 1 Np—itly )y (6.9)
palefealet —t ()v/zi:ll—qztZ v/z
o) N . o\ Lot
T e = i T S 610
1 i 1—gqt zfv o 1—q7 z/v
where
(1—2)(1—qt™12)
= . 6.11
1) = (6.11)
Lemma 6.4. We have
ex \ 1=t Wo/z 22 1—ghit=Flu/z - vl —tfNz/v 131 — g Mti=lz/v '
HOEL (1)) |
= inL S(¢it o /2).
7
Proof. 1t follows from
l l .
1 ﬁ 1 itz |z 1 ﬁ 1—q itz /v
1— ¢t v/z 1—g¢hit— /2 01— te(’\)z/v LL1 — g1z /v
PN () 1— g digg—itl

_ Aip—i+1 Aip—i+1
_Z;q (gt v/z)1 . zt‘ H11_[ = q)‘ i 1I—ghNigi—i

j=i+1
and
i—1 N\ R4 0 T
Ca+1; tiil(l B /\ité()\)*i+1) Zl_[ 1— q>\z )\_7+1t] i—1 ﬁ 1— q)\, )\th i
C) o q 1— q)\i*/\jJrltj—i 1 — q)\i*)\jtj—i—i—l’

j=1 j=i+1

Ai(Ai — 1) g L))
N — i
Tl()\ ) - E 9 ’ qno\/) =q .
>0
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Lemma 6.5. We have
)

o Ni—1p—it2
<(1 _q—lt—ﬁ()\)—&-lv/z)H l1—¢q | 3 v/z

palet 1—gri—l—itly /2

qn()\’)

C\

) —Ait1pi—2
1, -1 L —q M2 /v
t—(1 — gt -
+aq Z< q z/v) £[1 1— q—)\i-i-ltz—lz/v
L) (-1
q ‘ — 1,
:E 7A)\7i5(q)‘1 =1y 2).
-1 -1

6.2 Operator product formulas for ®y(v)

(6.13)

Lemma 6.6. The operator product formulas between &)@ (v) and the generators of U are

WEB) = T (D) -

Bo0)0(2) = ooy B -

E(2)Pp(v) = (1 — g 21" Pu/z) : £(2) g (v) -,
Dy(v)€(z) = (1= g2t 1/%2/v) : €(2)Pp(v) 1,

_ ~ 1—q 'tv/z~ _
e (g T )Ry (v) = J2 g ()t (g1 22),
—u/z
Cl—qgt /s

e~ (¢ VMY ) By (v) = By (v)p~ (g7t 4z).

1—2z/v
Proposition 6.7. We have
(g M )@ (0)e T (g 2) T = B (v/2)®a(v),
o (q M )@ (w) e (g )T = By
Proof. Note that
Pt (@ () e (@) T = g(v/2) M (w),
o (a7 M () (g V2T = g(z/0)n(v).
Then (6.20), (6.21) follow from lemma 6.2 and (6.18), (6.19) in lemma 6.6.

Lemma 6.8. We have
o)

~ 1 1— ¢t /2 ~
M) = T,z LTy 1R
i=1
o) “Aitlyie1
~ 1 1—qg Mz v ~
Pr(v)n(z) = 1— qtéo‘)*lz/v H 1— q*)‘i+1tif2z/v :n(2)@a(v) 1
i=1
£\ A
_ ~ 1 1—qgt'z/v ~
B3 (o008 (00n(2) = 177z 1] oo ens () -
i=1
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(6.14)

(6.22)

(6.23)

(6.24)



Proof. We have n(z)n(v) = f(v/z) : n(z)n(v) :. Hence from lemma 6.3

e, N gi
o 1-w/z 1—qght vz .
77(2)77)\(1)) - 1 t_g()\)v/z 11;11 1 _ q/\it_“‘lv/z : "7(3)77/\(71) *y
o) = I TP ),
MO =1 qtt)— z/v T 1= g Aiti=2y MEIAY) = -
Then (6.22), (6.23) follow from (6.14), (6.15) in lemma 6.6. O
Proposition 6.9. We have
n(2)®x(v) + = By (2/v)®x(v Z AL a1, (0)3(M o/ 2). (6.25)
Proof. 1t follows from lemma 6.4 and (6.22), (6.24) in lemma 6.8. O
Lemma 6.10. We have
€N Ni—1p—it2
~ 1—qgh " 0/z ~
1/2,-1/2 11—+ q (o 1/2,—1/2 .
g(q / t / Z)q)/\(’U) - (1 qg 't ?J/Z) Zl;ll 1_ q)‘i_lt_“‘lv/z : E(q t Z)‘I)A(U) *y
(6.26)
€ “Xi+1pi—2
~ 1—qg Mt 2z/v ~ _
1/2,-1/2 \ _ (N1 4q . 1/2,—1/2 )y .
OA(0)E(q P P2) = (1= gt' N1z /) 21;[1 1 g N tgi-lz)y OA(0)E(g" 2 22) 1
(6.27)

Proof.  Note that (g 1/2t_1/22)n(v) = flg tv/2)"t 2 £(¢V2t7V22)p(v) :, and
n()E(g?t=122) = f(z/v)~1 1 (¢ /22)n(v) ;. Thus from lemma 6.3, we have

1 — g Lty Ny P2y
l—q'tv/z 13 1—ghltmitly/z

(X .
1— qtf()\)—lz/v (M) 1— q—/\ri-ltz—QZ/,U
1—gqt=1z/v paley 1— g ritle=1z/y

g Pt P2 (v) = L€ P2 (v)

(g ) (o)

m(v)E(g 2t 122) =

Then (6.26), (6.27) follow from (6.16), (6.17) in lemma 6.6. O

Proposition 6.11. We have

§q 22D (0) + gD () 2)
z
o\
=3 A5 a1, ()3T /)t (g ), (6.28)

Proof. Tt follows from lemmas 6.5, 6.10 and : &(¢"/2t=122)n(2) : = ot (g /4 142).
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6.3 Operator product formulas for ii(u)

Lemma 6.12. We have

n(2)Fg(0) = (1— g V2020 2) () B5(u) -, (6.29

Fy(uyn(z) = (1 — g2 25 ) s ()5 (u) - (6.30)

i) = T €T (6:31)

B0)E() = T+ () (6.32)

ot g ) ) = 1 q__;jZ/Z By (u)et (g ) (6.33)

o @) ) = T e @ (6a)

Proposition 6.13. We have

et (g VYA T (W) (VY A2) = B (u/2)®)(w), (6.35

o (@ V)18 (w)p (1 V12) = By (2/u) B (). (6.36)

Proof. Note that
e (g M) T ()t (g z) = g(u/2) T (u),
P (@) T e ()T (¢ M) = gz /u)é(u).
Then (6.35), (6.36) follow from lemmas 6.2 and (6.33), (6.34) in lemma 6.12. O

Lemma 6.14. We have

)

. 1 1— Ai—1p—i+1 .

) = T 1 €OB@ (630
=1
£(N) Nog—i
~ 1 1—qgn ~
B (u/26(:)830) = Ty 1] Tty €00 (6.39)

~ SO RS VY ~
B ) = — OO (6.3

1=tz /u ST l—g itz e

Proof. From &(2)¢(u) = f(q Htu/z) : €(2)€(u) :, and lemma 6.3 we have

_ £(N) 1.
o 1—q Mu/z 1— gy /s '
§(2)x(u) = 1— gLty /2 E 1 i l—i2y ) £(2)6n(u) =,
o) o
1-z/u 1—qit'z/u '
€A(u)§('z) - 1— tg()\)z/u £[1 1 — q_/\iti_lz/u : f(z)@\(u) s
Then (6.37), (6.39) follow from (6.31), (6.32) in lemma 6.12. O
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Proposition 6.15. We have

B (u/2)€(2) @4 (u) + c1>A Z AL @3y, (w)d(ME /). (6.40)

Proof. Tt follows from lemma 6.4 and (6.38), (6.39) in lemma 6.14. O

Lemma 6.16. We have

%) —1p—it2
_ ~, 1 1—qgt 't u/z _ ~
n(g" 272285 (u) = (1 — g7 WV hu/2) [T 5 _Zkiltiﬂufz (g2 2) 8 (u) 1
i=1
(6.41)
€ A 1pie2
~. _ _ 1—g Mt %z/u ~, _
B (a1 %) = (1= ™1 [ 1= B2 -
i=1
(6.42)

Proof. Note that 1 (g2t 22)¢(u) = f(g  tu/2)"" @ (g2t 12 2)€(u) :, and
Ew)n(q?t7122) = f(z/u)~" : n(¢"/?*t1/22)€(u) :. From lemma 6.3 we have

170\ o
(@226 (u) = 1— g Lt +y WMy P2y .

1/24-1/2 _
=g ltu/z 11— ¢h Tz n(q 2)éx(u) 1,

(A :
1— qtf()\)flz/u (A) 1— qf)\ﬂrltlf?z/u .
1—qt~tz/u plell q ity

E(un(g"*t2z) = (gt 22)E )+

Then (6.41), (6.42) follow from (6.29), (6.30) in lemma 6.12. O

Proposition 6.17. We have
~ U~
n(ql/zt 1/2z)<1)>\(u) +q 1t—<1>3(u)77(q1/2t 1/22)

=Y AL 03, ()N T e 2)e (g Ae) (6.43)

Proof. Tt follows from lemmas 6.5, 6.16 and : 5(q'/?t=1/22)é(2) : = ¢~ (¢4t~ 1/*2). O
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6.4 Final step of proofs

The intertwining relations in lemma 3.2 are rewritten in terms of 7, &, T as

(g BrpT (¢ A2 T = B (v/2) @y, (6.44)
e (q M M) Brp (MY A 2) T = By (2/v) @y, (6.45)
n(=)®x =~ By (2/0)0an(2) (6.46)

A)+1

_ Z wil(ql/Qt’l/Qq)‘it*i“v)N“Aj{?i S(@ ) 2) By,
=1

{(q1/2t71/22)<1>>\ — qilt%q))f(ql/zt*lﬂz) (6.47)

()

_ w(q1/2t_1/2q>\i_1t_i+1’U)_N_1A;7i 5(q>‘i_1t_i+lv/z)<1>,\_1iz/)+(q1/4t_1/4z).
1

i

Proof of theorem 3.3. From (6.44) and (6.45), we must have that ®) be proportional to
@, (v) by virtue of proposition 6.7. Write ®y = t(\, v, u, N)®(v). Then in view of propo-
sitions 6.9, 6.11, we find that (6.46) and (6.47) may hold only in the case w = —vu and
when t(\,v,u, N) is given by (3.9). O

The intertwining relations in lemma 3.2 are rewritten in terms of n, £, T as

e (g ) T e (g YY) = B (u)2) @3, (6.48)
o (¢ VA2 100 (¢ VA2) = By (2/u) @3, (6.49)
B (u/2)&(2) @3 — E(I)AS(Z) (6.50)

LN +1 ‘ .

= > g (g PP ) TN AT (g /)05,
1=1

_ . LW _

(g 12205 — g 1lt*<1>v7(ql/2lt 12z) (6.51)

L(N)+1
:80 1/4t 1/4 Z q’U 1/2t 1/2 i 1t_i+lu)NA;ié(q)‘i_lt_H_lu/z)‘I’i,li-

Proof of theorem 3.6. From (6.48) and (6.49), we must have that ®} be proportional to
®3(v) by virtue of proposition 6.13. Write ®} = t*(\,v,u, N)®3(v). Then in view of
propositions 6.15, 6.17, we find that (6.50) and (6.51) may hold only in the case w = —vu
and when t*(\,v,u, N) is given by (3.21). O
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7 Proof of proposition 5.1

7.1 Some formulas concerning N ,(u).

Lemma 7.1. We have

L) L) o () £(p)
N)\,,u (u) = H H(uq*uiJr)\Hl 7 q)Aj_Aj_H . H H (uq)\a*llﬁt*aJrﬁJrl; q)#ﬂ_ﬂﬁ+1’
i=1 j=1 a=18=1
(7.1)
Ny H(q1/2t71/2a:) =N, )\(ql/2t*1/2x*1)x‘)‘|+|“|é (7.2)
) s fp/’
excy = (—1)AgrXI I Ny (1), (7.3)
Lemma 7.2. Let 515 be the algebra homomorphism in (4.3). We have
exp | ) =g (E3Pn) (Supa) u" | = G(w) " Napu(w), (7:4)
n>0 q
where G(u) being as in (5.12).
Proof. Fix an integer ¢ such that £ > Max(¢(\), ¢(u)). We have
11—t RO, : & :
— n in —mn —pin n
Lh.s. = exp gl_qnu == —I—Z(q 1)t 1—t"+z(q Him 1)
n>0 i=1 7=1
1 11— n ’ Aig—i\n igg\n
=G(w)exp (Y~ | D (M) (¢
n>0 q ij=1
p—ryn Lo fe+nn L .
=T Z(q POt T Z(q )"
j:l =1
¢ ! — i pi—j41. ¢ — e pk—L.
— o) 'TIT] (ug "t oo (UMM @)oo
i1y (g g)ee T (ug R g) o

were we have used the notation

(43 q) oo = €xp (— > l _1qn U”> € Q(q)[[u]].

Note that (u;9)so/(¢"U; @)oo = (u;q)n, (n =0,1,2,...), and use (7.1), then we have (7.4).
O
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Proposition 7.3. We have the operator product formulas

FBG(2)60(2) 3 D) (w) = W B ()60 (2) B () (w) -,
Glgt™lw/z) = _ |
Noalgt Tw/z) Dy (2)nr(2)Pg(w)nu(w) -,

_ N V21720, _
B0 5 Byfu(u) = AT )6 () g(winw)

_ N U20-1/2 1) - _
B (2) = Biw)(u) = AT Gy ()6

Proof. These follow from (4.9), (4.10) and (7.4).

- B(2)ma(2) = By(w)nu(w) ==

7.2 Proof of proposition 5.1

Using lemma 7.1 and proposition 7.3, we have

- o A
N, (q_l/Qtl/zviui Lyl—M 2z+2>

- L—M—2i+t1
Hhis of (1) _,\(1>7;\(Nc> k=1 Ny a0 (1) A
x (0] : Dp(—wn, )Exwe (—wn,) © -+ 1 Bf(—w1)€y (—w1) : [0)
x (0] : By(—wn )Ny (—wn,) © -+ Py(—wi)nya (—w1) : ]0)
) Z ﬁ <q—1/2t1/2viui—1wiL—M—2i+2)|’\(i>|f/\L(i)M2”1

N)\(i),A(i)(l)

G(wi/w;) G(qt™ wi/w;)

Nz (wi/w;) Ny zo) (gt~ wi /wy)”

A o A(Ne) k=1

X
1<i<j<N,

Simplifying the factors by using lemma 7.4 below, we have the result.

Lemma 7.4. We have

H (q1/2t—1/2)—|/\(i>\—|A<J'>\ _

1<i<j<N

((]1/225—1/2)—(N—1)|,\<i)|7

—

s
Il
i

(=N+2i—1)|]A®)]
w -

)

=

_|)\(i)| |/\(j>\_
H wp W=

1<i<j<N i

1

(7.10)

N
—IAG@) A9 (4) —Ia(® —9)\ ()
H w M A = H(w1w2 x -wN)P‘ ' ‘wi Xl (wiwg -+ - w;—1) AN (7.11)

7 J
1<i<j<N i=1
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