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Abstract—An axiomatics of power indices in voting with quota was proposed. It relies on the
additivity and dictator axioms. Established was an important property that the player’s power
index is representable as the sum of contributions of the coalitions in which it is a pivot member.
The coalition contributions are independent of the players’ weights or the quota. The general
theorem of power index representation and the theorem of representation for a power index of
anonymous players were formulated and proved.
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1. INTRODUCTION

Measurement of power is an efficient tool for analysis of decision making. The classical methods
of power measurement with the use of the Banzhaf and Shapley—Shubik indices are widely used [1, 2].
Axiomatic description of the power indices is of special interest. The existing axiomatics were
constructed within the framework of the game-theoretical model of the simple game [3, 4] which is
defined by listing the winning coalitions. The power index is considered as a vector function defined
on the set of all simple games. The basic problem lies in axiomatic description of the classical power
indices.

The present paper proposes a general axiomatics of the power index in the problem of voting
with quota. For decision making, this problem is described by defining the player set N, their
votes vj, j = 1,...,n, and the quota ¢. Under a fixed set N (|N| = n), the collection (v1,...,v,;q)
is called the voting situation [5]. In the model of simple game, different lists of winning coalitions
correspond to different situations. The axiomatics is formulated in terms of the voting situations,
which makes it sufficiently simple and transparent.

The suggested axiomatics relies on the convention that a player has voting power only if it is a
pivot player in a winning coalition, that is, if its exit makes the coalition losing. This convention is
reflected in the additivity and dictator axioms which underlie the following fundamental features
of the power indices in the problem of voting;:

(1) Each winning coalition where the player is a pivotal one makes a certain contribution to its
power index independently of the voting situation.

(2) Under an additional convention for anonymity, the contribution of each winning coalition to
the power index of any player is independent of the player and the coalition and defined only by
the size of this coalition.

These features enable one to formulate and prove the general theorem of representation of the
power index and the theorem of representation of the power index of anonymous players. The
proposed below axiomatics embraces a wide class of power indices including those of Banzhaf and
Shapley—Shubik and the power indices allowing for the players’ preferences [5].
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POWER INDEX AXIOMATICS 601
2. BASIC DEFINITIONS

The participant of voting is characterized mainly by its weight v in voting by which usually is
meant the number of votes belonging to it such as the number of votes in a parliament fraction
or the number of stockowner shares. The present paper considers only voting for one or another
decision where each participant may vote only “for” or “against.” The decision is regarded as
approved if the total weight of the approving voters exceeds a certain quota ¢ (3> v; > ¢q). The
two most popular values of ¢ are 50% (simple majority) and 66% or sometimes 75% (qualified
majority) [6].

The following notions are used in the definition of the power index:

Coalition is a set of players.

Winning coalition is that whose total weight exceeds the quota q.

Losing coalition is that whose total weight does not exceed the quota q.

Pivot player in a coalition is that with whom the coalition is winning and becomes losing
without it.

Significant coalition for a player is that for which it is the pivot player.

e Dummy (a term from bridge that was used first in [1]) is the player which is not pivotal in
any coalition.

We denote by v(S) the total weight of the coalition S

v(S) = Z V.
€S
The Banzhaf and Shapley—Shubik indices are most popular power ones. It is possible to determine
for any player a set of coalitions where it is pivotal. The Banzhaf index for the player i obeys the
formula )
ﬁi = n ' 9
2. b
j=1

where b; is the number of different coalitions where the player i is pivotal and n is the total number
of players.

The Shapley—Shubik index for the player ¢ obeys the formula

b = Z (s —1Dl(n —s)!

|
g n:

)

where summation is carried out over all coalitions S where i is the pivot player and s = |S| is the
number of players in the coalition S.

3. GENERAL AXIOMS

The existing approaches to describing the general properties of the power indices are based on
the game-theoretical model of the simple game [7] which is defined by the pair (N,u), where N is
the set of players and u is the gain function u : 2V — {0, 1} defining whether any coalition of
players S is winning (u(S) = 1) or losing (u(S) = 0). This function should be monotone

VS, TCN ScT = u(S) <u().

The set of all winning coalitions in the game (N, u) is denoted by W (u). The set of all minimal
winning coalitions where removal of any player makes them losing is denoted by M (u). The power
index is defined as the vector function ®(u).
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The basic axioms of the power indices were formulated in [3], and a new view of the power index
axiomatics was presented in [4]. The main axioms of the classical power indices are as follows:

Dummy aziom. In a simple game, the dummy power index is zero.

Anonymity aziom. The equality

Oriy(u) = @i(mu), where 7u(S) = u(w(5))

is satisfied for any permutation 7 of the set N in the simple game (N, u).
Transfer axiom. The equality

O(u) + P(w) =P(uVw)+ P(uAw),
where  (uV w)(S) = max(u(S), w(S)), (uAw)(S)=min(u(S), w(9))

S

is satisfied for any simple games u and w.

The transfer axiom reflects the transfer of power at merging the lists of the winning coalitions.
Various versions of the transfer axiom are discussed in detail in [4].

The problem of voting with quota has its own distinctions within the framework of the game-
theoretical model of the simple game. As the following example demonstrates, merging of two
lists of winning coalitions corresponding to two different situations of voting may result in a list of
winning coalitions which does not correspond to any situation of voting.

Example. Let AB, BC, and ABC be the winning coalitions in game 1 of the players A, B,
and C. Such game is voting with quota if one takes, for example, the weights of A, B, and C equal,
respectively, to 2, 6, and 2 and quota 7. Let in game 2 the winning coalitions be represented by A,
AB, AC, and ABC. This game also is voting with quota if one takes, for example, the weights of
A, B, and C equal, respectively, to 6, 2, and 2 and quota 5. The game with the winning coalitions
A, AB, AC, BC', and ABC is the union of these games. Yet such voting does not exist because for
that the weight of A must exceed the quota. Yet then BC cannot be a winning coalition; otherwise,
if A votes “for” and B and C, “against,” then the result of voting will be ambiguous.

Therefore, it is only natural to describe the general characteristics of the power indices of the
problem of voting with quota in terms of the voting situations. The present paper proposes to use
of the dictator and additivity axioms to describe the power indices in the problem of voting with
quota. The additivity axiom was formulated in terms of the winning coalitions where the given
participant of voting is pivotal (significant coalitions) and is an analog of the general transfer axiom
in the model of simple game. To establish the general properties of the power indices from the
two basic axioms, we consider the structure of the set of significant coalitions for the player in the
problem of voting with quota (Theorems 1 and 2). The result is represented by a general theorem
about representation of the power index (Theorem 6). The anonymity axiom added to the two
basic axioms simplifies considerably the representation of the power index (Theorem 10).

3.1. Relatwity of the Power Indices

The power index is a relative value, that is, not the absolute magnitudes of the power indices
but their relations are of importance. Stated differently, the power of players in the two following
situations is the same: (1) three players A, B, and C have the power indices ® 4, ®p, and P¢;
(2) these three players A, B, and C have the power indices k® 4, k®p, and kPc.

Definition. Two power indices ® and ¥ are equivalent if and only if for any voting situation
(v1,...,Vn; q) both give identical shares of power to the players (at that, the absolute magnitudes
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POWER INDEX AXIOMATICS 603

of the indices may differ):

d v,

Vi=1ln ' = "
> P >V

j=1 j=1

3.2. Unambiguity of Voting

Voting unambiguity. If the coalition T is winning and its subcoalition S C T is winning as well,
then the coalition 7\ S must be losing:

VS, T ScT, v(S)>q, v(T)>q= v(T\S)<gq.

This property formulates superadditivity of the simple games in terms the problem of voting. It
implies that the votes of the players of any winning coalition define unambiguously the result of
voting: if they vote “for,” the decision passes, if “against,” the decision is rejected.

Ezample. Let three players A, B, and C have the respective weights 10, 10, and 10. Then, the
quota ¢ = 9 does not provide unambiguity of voting because in this case T'= ABC is a winning
coalition and its subcoalition S = AB is winning as well but the coalition 7\S = C is again
winning. The quota ¢ = 11 makes voting unambiguous.

If a quota makes more than 50% of the sum of weights of all n players, that is,
1 n
q> Z v,
24

then voting is unambiguous. This example demonstrates (¢ = 11) that this condition, although
sufficient, is not necessary for voting unambiguity [8].

We assume in what follows that voting is unambiguous.

3.8. Structure of the Set of Significant Coalitions in the Problem of Voting

Theorem 1. For any coalition which includes the given player and at least one other player, it
s always possible to determine a situation where this coalition is a unique significant coalition for
the given player:

v(S)>q

VS, i€ S, S#E{iy I, q) {V(S)—u<q

. v(T) >q
and AT #S,i€T { W(T) =i < q.
Proof. To prove constructively this statement, we denote by S the coalition which must be a
single significant coalition for the player i. Let this coalition have k > 2 players, the total number
of players being n.

We take the player weights and the quota as follows:

V]¢S I/jzl,
I/Z‘Zl,
ViesS, j#i vi=n—k+1,

qzw—nm—k+m+;.
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604 BATSYN, KALYAGIN

Such situation is plausible because it features unambiguity of voting (the quota exceeds one half of
the total weight of the players):

qz(k—l)(n—kﬂ-l)—l—i,

iyj:;(n—k+1+(k‘—1)(n—k—|—1)):l;(n—k+1),
j=1

1 k k 1
q:k(n—k+1)—<n—k+2):2(n—k+1)+2(n—k+1)—(n—k+2),

1 & k E—-1 1
QZQZyj+<2—1>(n—k)+ ) >2jz::11/j, because k > 2.

We prove that in this situation the coalition .S is indeed a single coalition significant for the player i.
The coalition S is significant for ¢ because

{V(S):(k—l)(n—k+1)+1>q
v(S)—vi=(k-1n—-k+1)<gq.

Let us consider the rest of the winning coalitions that include the player i and prove that none
is significant for it. To prove that any winning coalition T including the player ¢ must include
all other players from S, we admit the contrary. Let one of these players be not within 7. The
maximal possible such coalition is that of all players but one from S. Its weight is as follows:

V(T):iyj—(n—k—l—l):(k—l)(n—k—i-l)<q.
j=1

This weight is smaller than the quota, and such coalition cannot be winning. Consequently, any
winning coalition 7T includes all players from S. Apart from the players from S, the coalition T
includes at least one player j ¢ S. The weights of all such players are equal to 1, and the weight
of player ¢ also is 1. Consequently,

v(T)>v(S)+1 = v(T)—vi>v(S)+1-1>q.

Therefore, the player ¢ is not pivotal in the coalition T', and .S is its unique significant coalition.

Ezample. Let us construct a situation for voting of eight players A, B, C, D, E, I', G, and H
where the player A is pivotal only in the coalition of five players ABCDE. For that, one has to
assume that the weights of A, F', GG, and H are equal to 1, the weights of B, C, D, and E are equal
to 8 =54+ 1 =4, and the quota is equal to 4 x 4 + 0.5 = 16.5.

Theorem 2. For any situation where the player is pivotal in a nonempty set of coalitions W,
there always exists a coalition w € W such that it is possible to find another situation where this
player is pivotal in the same coalitions save w.

Proof. Let the player ¢ enter the coalitions wiy, ..., Wk, Wk11,- -, Wktm, Wktm+1, - - - ,w; ordered
in weight:
viwy) < ... <v(wg) <qg<v(wgsl) < ... < v(Wkim)
< g+ v <v(Wiimil) < ... <v(w) & v(w\{i}) <... <v(wi\{i})
< q—vi <v(wp\{i}) < ... S v(weem\{7})
< ¢ <v(Wppm \{1}) < .. S v(wi\{i).
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POWER INDEX AXIOMATICS 605

Here, the coalitions wi,...,wy are losing, the coalitions wyi1,...,wk+m are significant for the
player i, and the coalitions wgima1,--.,w; are winning but not significant for 7.

We prove that the quota and player weights may be modified so that the player ¢ remains pivotal
in all coalitions except for wy,1. For that, we assume that the quota is equal to ¢ = ¢ + A and
increase by some small value Ag the weights of all players except for those included in the coalition
We+1:

Vj€wppr vi=
Vi ¢ Wk+1 I/;' =vj+ Ag.

I/j,

It is required to obtain the following weights of coalitions:

max (v (wi\{i}), ..., V" (w\{i})) < v(wra\{i})
v < min (e ), @ \1))
< max (0 (@M i} oV (1)) <
= ¢+ A < min (V' (Wgrmr1\{i}), ...,V (w\{i})) .

Since the weights of each player, except for those included in the coalition wgi1, were increased
by Ag, the weight of each coalition is increased by tAg, where t is the number of players in this
coalition whose weights were increased, 1 <t < n, n being the number of all players. Therefore,

Vi, wj C wp1 = V' (w;) = v(wj),
Vj, wj ¢ wip1 = v(wj) + Ag <V (w;) < v(wj) +nd,
max (V' (w1 \{7}),...,V (we\{i})) < max (v(wi\{i}),...,v(wr\{i})) + ndo
= v(wg\{i}) + ndy,

min (' (wi+2\{i}), - s v/ (Whm \{i})) = min (v(w2\{}), - . -, v(Wrem \{i})) + Ao

= v(wk2\{i}) + Ao > v(we1\{i}),
max (v (wi2\{i}); -+, V' (Whm \{i})) < max (v(wr2\{i}), - - -, V(Whm \{i})) + 1o

= V(wk+m\{i}) + nlo < g+ nlo,

min (V' (W+m1\{2}), - -V (@i\{i})) = min (v(Wgpm\{i}), ..., v(@i\{i})) + Ao

= v(Wk+m+1\{i}) + Ao.

Then, to obtain the desired weights of coalitions, it suffices to satisfy the following system of
inequalities:

v(wi\{i}) + nAg < v(wip1\{i}) Ag < V(wk+1\{i})n— v(wg\{i})

g+nho < g+ A & A <

V(wiims 1 \{i}) + Ag > ¢+ A oon ,
A <v(Wrrm1\{1}) — ¢+ Do

Since v(wr+1\{i}) > v(wi\{i}) and v(wg+m+1\{i}) > ¢, this system has many solutions. Here is
one of them:

A = v(Wkrmr1\{i}) — ¢
Aq = min (A v(wrs1\{i}) — V(wk\{i})) ‘

n’ n
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606 BATSYN, KALYAGIN

For this modification of the quota and the player weights, we obtain what was required:

max (V' (wi\{i}), ..., v/ (wi\{i})) < v(wrn\{i}) = ¢' — v

< min (V' (wp2\{7}), - ..,V (Wkm \{2}))

< max (V@M D)V s\ 1))
< ¢ =q¢+A<min (V' (Wkrmi1\{i}), -,V (w\{i}))
< max (V (w1),...,V (wi)) < v(wgs1)
= ¢ <min (V' (wg42), .-,V (Wktm))
< max (V (wgt2), -« -, V' (Wktm)) < ¢ + v, < min (V' (Wksmt1)s -5V (wr)) -

One can easily see that the player i remains pivotal in all coalitions save wy. 1.

3.4. Dictator Axiom

Definition. For the given situation of voting, by the dictator is meant the player whose weight
exceeds the quota.

Dictator axiom. If in the situation of voting there is a dictator, then its power is positive, ® > 0.

3.5. Additivity Axiom

The player actually influences the outcome of voting only if it is pivotal. The more are case
where the player is pivotal. the higher must be its power. The following axiom considers the
absolute (unnormalized) value of power.

Additivity aziom. If player A is pivotal in situation 1 in some set W' of coalitions, in situation 2
A is pivotal in the set W? of coalitions, and in situation 3 A is pivotal in the set W3 = WU W?
of coalitions and the sets of coalitions W' and W? are disjoint (W' N W?2 = @), then the power
of A in situation 3 is equal to the sum of its powers in the two first situations, that is,

P3(A) = d1(A) + d%(A).

Let us consider an example of the three players A, B, and C' with respective weights 34, 33,
and 33 and determine the power of player A in three situations differing in the quota ¢. Let in
the first situation ¢ = 51, in the second ¢ = 75, and in the third ¢ = 67. We put down all
coalitions where A is the pivot player in the three situation under consideration: (1) AB, AC;
(2) ABC; (3) AB,AC,ABC. By the additivity axiom we obtain ®3(A) = ®(A) + ®2(A).
This axiom is satisfied by the unnormalized indices of Banzhaf, §; = b;, and Shapley-Shubik,
di=> (s—=1Dln—s)

€S
plA) =2, p*A)=1, 3=6'(4) + 8%(4),
¢'(A) =2, ¢*(A) =2, ¢°(A)=4=0¢"(4)+¢*(4).

As the above example demonstrates, the power index that depends on the player weight only—
®(A) = vy, for example,—does not satisfy the additivity axiom. In the example at hand, we obtain
for this index that

dH(A) = d3(A) = d3(A) = 34.

The properties of power index monotonicity, lack of power, equality of powers, and dictatorship,
as well as the general representation theorem are derived below from the dictator and additivity
axioms.
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POWER INDEX AXIOMATICS 607

3.5.1. Property of Lack of Power.

Theorem 3. If the additivity axiom is satisfied and the player is not pivotal in any coalition,
then its power indez is 0.

Proof. We assume the contrary: let the power index of player A be equal to some number
®1(A) > 0 in situation 1 where it is not pivotal in any coalition. Let us consider situation 2 where
A is pivotal only in one coalition w and has the power index ®2?(A). By Theorem 1 such situation
exists.

Then, by the additivity axiom in situation 3 which completely coincides with situation 2 because
in situation 1 the set of coalitions where A is pivotal is empty, the power index of A must be equal
to the sum ®3(A) = ®1(A) + ®2(A4) > ®?(A). Yet since situation 3 coincides completely with
situation 2, in these situations the power indices must coincide, ®3(A) = ®2(A), and therefore, the
initial assumption is not true and ®!(A) = 0.

3.5.2. Property of Dictator.

Theorem 4. If the dictator and additivity axioms are satisfied, then the dictator has 100% of
power in voting, the rest of the players having no power.

Proof. We denote by V' the dictator’s weight. Since by definition V is greater than the quota ¢,
by the property of voting unambiguousness the total weight of the rest of the players does exceed ¢.
We consider any such player ¢ and prove that it is not pivotal in any winning coalition, that is,

Vwicw, viw)>q = vw)—v >q.

The dictator must be in any winning coalition because otherwise its weight does not exceed ¢ even
if it includes all remaining players. Then,

viw) > +V = vw) -y >V >q,

that is, any player ¢ is not pivotal in any coalition.

By the property of no power (Theorem 3), the power of all players save the dictator is zero. And
by the dictator axiom, the dictator has a nonzero power. Therefore, the dictator has all 100% of
power in voting.

3.5.3 Property of Equal Power.

Theorem 5. The dictator and additivity axioms being satisfied, if in two different situations 1
and 2 player A is pivotal in the same set of coalitions, W' = W2, then its power index is the same
in both situations, ®1(A) = ®2(A).

Proof. Let us consider situation 0 where A is not pivotal in any coalition. According to the
property of no power, its power index is 0: ®°(A) = 0. Since the set of coalitions, where A is
pivotal, is empty in situation 0, W0 = ¢, in situation 2 the set of coalitions where A is pivotal is in
fact equal to W2 = W'UWD?. By the additivity axiom we obtain ®?(A4) = ®1(A)+®(A) = dL(A).

3.5.4. General Theorem of Representation.

Theorem 6. The dictator and additivity axioms being satisfied, the power index of player A
which is pivotal in the coalitions w1, ...,wy is situation-independent, depends only on the set of
pivotal coalitions, and equals Ca(w1) + ...+ Ca(wk), where Ca(w) # 0 is the function defining the
contribution of the coalition w to the power index of its pivot player A.

Proof. According to the property of equal powers in any situation 1 (independently of the player
weights and the quota) where A is pivotal only in one coalition w;, it has the same power index
®1(A), that is, this index is independent of the player weights and the quota and depends only on
the player and the coalition w; where it is pivotal. Then, this index is equal to the value of some
function Cy(w;) > 0 which is nonnegative because the power index cannot be negative.
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Remark. By Theorem 1, such situation 1 exists for any coalition w save w = {A}. The case
of w={A} implies that A is the dictator because its weight exceeds the quota. This case is
fully described by the property of dictator (Theorem 4) which shows that the absolute value of
the dictator’s power is of no importance. It is only important that its power is other than zero.
Therefore, if A is a dictator, then one can assume that its power is C4({A}) + Ca({AB}) + ...+
Ca({AB...}). Since this sum includes the contributions of every possible coalition including A
and Cy(w) # 0, this sum is nonzero. Thus, the theorem is satisfied for the case where the player
is a dictator.

Let the coalitions wy, wo, ..., wr be arranged in the ascending order of weights. By Theorem 2,
there exists situation 2 where A is pivotal in the same coalitions save the first coalition: ws, ..., wy.
Then, by the additivity axiom, the power index of A is as follows:

B(A) = Ca(wr) + P*(A),

where ®2(A) is the power index of A in the second situation. Now, by Theorem 2 there again exists
situation 3 where A is pivotal in the coalitions ws, ..., wi and by the additivity axiom

D*(A) = Ca(wz) + ©*(A),
and so on until the last coalition for which we obtain
F1(A) = Calwy—1) + (A),

where ®*(A) is the power index of A in the situation where A is pivotal only in the coalition wy.
Therefore, ®¥(A) = C4(wy). By adding all terms, we obtain that

D(A) = Cy(wr) +Ca(wa) + ...+ Calwyg).

3.5.5. Property of Monotonicity.

Theorem 7. The dictator and additivity axzioms being satisfied, if the two situations 1 and 2
differ only in that the weight of player A in situation 2 is higher than in situation 1, Vi > 1/}1, then
its power in the second situation is not less than in the first situation: ®>(A) > ®1(A).

Proof. We denote by Wy and W5 the sets of all coalitions where the player A is pivotal, re-
spectively, in situation 1 and situation 2 and prove that W7 C Ws. Let us consider some coalition
w € Wi where the player A is pivotal in the first situation which means that w is the winning
coalition and w\A is the losing coalition.

> vi<q
1€w\A

> v+ Vil >q.
1€w\A

The player weight in the second situation exceeds

V,%1>V}; = Z VZ-+V31> Z VZ-+1/}12q.

1€w\A 1€w\A
Consequently,
> vi<gq
1€w\A
E v + V,24 Z q,
1€w\A
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POWER INDEX AXIOMATICS 609

that is, in situation 2 w is the winning coalition and w\A is the losing coalition. Therefore, A is
the pivot player of the coalition w in the second situation as well. We obtain

YVwe W, = we Ws.

Consequently, Wi C Wa, and then either Wy = W7 and ®?(A) = ®1(A) or Wy = Wy U{wr,...,wi}
It follows from the general theorem of representation that

B(A) = DY(A) + Ca(wr) + ... + Calwy) > BH(A).

3.6. Anonymity Axiom

The power indices of anonymous players should be dependent only on the quota and the player
weights. Therefore, the players become depersonalized in a sense, and two players with the same
weights do not differ one from the other. Any permutation of the player weights leads to the same
permutation of their power indices.

Anonymity aziom. If the situations 1 and 2 differ only in that the weights of the players A and B

changed their places, 1/31 = v}, 1/% = v}, then the power indices of these players also change their

places: ®2(A4) = ®1(B), ®?(B) = ¢!(A).
The properties of independence of coalition contribution and dependence of coalition contribu-
tion on the size follow from this axiom.

3.6.1. Property of Independence of the Coalition Contribution.

Theorem 8. The dictator, additivity, and anonymity axioms being satisfied, the contribution of
coalition to the power index of its pivot player is independent of the player and its weight. Stated
differently, if A and B are the pivot players in a coalition w, then its contributions to their power
indices are equal, that is, Cy(w) = Cp(w) = C(w).

Proof. Let us consider a case where A and B are pivot players only in one coalition w. By
the general representation theorem, then ®(A) = C4y(w), ®(B) = Cp(w). Now we interchange
the weights of the players A and B: vy = vp, V3 = v4. By the anonymity axiom, their power
indices also interchange: ®'(A) = ®(B) = Cp(w) and ®'(B) = ®(A) = Ca(w). We prove that after
changing the weights the players A and B remained pivotal only in the coalition w. Obviously, the
weight v, of the coalition w did not change when A and B interchanged their weights. A was a pivot
player in w; consequently, v, —v4 < ¢, Vg = vg4 = v, — Vg < ¢q. Therefore, after the change of
weights B remains pivotal in w. Similarly, B was pivotal in w: v,—vp < ¢,V =vp = v,—v) <,
that is, after the change of weights A also remains pivotal in w.

It remains to prove that after the change of weights no other coalition where A or B becomes a
pivot player can occur. Let us assume that on the contrary there exists a coalition w* # w where
A becomes pivot player:

B £ w Uy >q/ N V\A TV > ¢
Uy —Vy < q Vw*\qu'

If B ¢ w*, then since vy = vp, we obtain

Vw*\A+VB>q N Vw*\AuB>q
Vix\ A <q V\A <q,

that is, B was pivotal before the change of weights in the coalition w*\ AU B which cannot coincide
with w because it does not include the player A. Yet B was the pivot player only in w, and
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consequently, the assumption of B ¢ w* is no true. Let us consider the case of B € w*. We get

Vyx > ( Vyx > ¢
{Vw*—vgéq - {Vw*_VBSQa
which means that before the change of weights B was pivotal in the coalition w* # w. Again we
get a contradiction, and consequently, the original assumption that there exists a coalition w* # w
where A becomes pivotal after the change of weights is not true. The corresponding statement for
the player B is proved in a similar way.

Therefore, A and B remain pivot players only in one coalition w. According to the general
representation theorem, their power indices become then ®'(A4) = Cy(w), ®'(B) = Cp(w). As
was established before, ®’'(4) = Cp(w), ®'(B) = Ca(w). Consequently, Cy(w) = Cp(w). Since
VA,B € w, C4(w) = Cp(w), this contribution of the coalition w to the power indices of its pivot
players may be denoted just as C'(w).

3.6.2. Property of Dependence of the Coalition Contribution on Size.

Theorem 9. If the dictator, additivity, and anonymity axioms are satisfied, then any coalitions
with identical number of their participants make the same contribution to the power indices of their
pivot players: Yv,w, |v| =|w| =k = C(v) = C(w) = C(k).

Proof. Let there exist a losing coalition w which is made winning by the players A and B, that
is, the player A is pivotal in the coalition w U A and B, in the coalition w U B. Let also there
be no other such coalitions, that is, A and B are pivotal only in one coalition. By the general
representation theorem and the property of independence of the coalition contribution, the power
indices of these players are equal: &4 =C(wUA), &p = C(wU B).

Now we interchange the weights of A and B: vy = vp, vz = v4. By the anonymity axiom, the
power indices interchange as well: ®'(A) = ®(B) = C(w U B), ®'(B) = ®(4) = C(wU A).

A was the pivot player in the coalition w U A which means that

Vo < q N R

Vi +v4>q Vo + Vg > q.
Consequently, B remains pivotal in the coalition w U B. There are no other coalitions where A is
pivotal:

Vy > q
vy +rva<gq

Uy > q

Yo # w vy + Vi < 4.

Then, B cannot be pivotal in any coalition save wUB. Similarly, A remains pivotal after the change
of weights only in the coalition w U A. By the general representation theorem and the property of
independence of the coalition contribution, the power indices of A and B become ®'(A) = C(wUA)
and ®(B) = C(w U B), respectively. Yet, it was established above that ®'(A4) = C(w U B),
?'(B) = C(wU A). Therefore, C(wU A) = C(wU B).

This result means that in any coalition w’ any its player A (W' = w U A) can be replaced by
another player B without changing the contribution of this coalition to the power indices of its
pivot players: C(w') = C(w'\A U B). Then, for any two coalitions v and w with the same number
of participant all players of v can be replaced by the players of w without changing C'(v), that is,
C(v) = C(w).

Whence it follows that in fact the contribution of a coalition to the power indices of its pivot
players depends only on the number of the players in this coalition. Then, the contribution of any
coalition w of k players (Jw| = k) may be denoted just as C'(k).
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3.7. Theorem of Representation at Satisfaction of the Anonymity Axiom

The power index satisfying the dictator, additivity, and anonymity axioms is representable as
®(A) = > C(s), where s = |S]|, S being the coalition significant for the player A. The function
S

C'(s) # 01is the contribution of the coalition of s players to the power indices of its pivot participants.
The inverse is true as well: the power index given by ®(A) = > C(s), C(s) # 0, satisfies the
S

dictator, additivity, and anonymity axioms. To prove the corresponding theorem, two lemmas are
proved first.

Lemma 1. Let A be the pivot player in the coalitions wf‘, .. ,w;,“l and the weights of the players

A and B be interchanged: V'y = vp, vy = va. Then, B is the piwot player only in the coalitions

WB . WB | where
wit if B € w
(wMN\A)UB if B¢wi.

9 m’

/B __
wy =

For example, if A was a pivot player in the coalitions ABE and AC, then after the change of

weights B becomes the pivot player in the coalitions ABE and BC.

Proof. The fact that A was the pivot player in the coalitions w{l, .. ,w,‘% before the change of

weights implies that
V,.,A >
Vi=1,m { wit = 4

VA — VA <gq.

The fact that there are no other coalitions where A is a pivot player means that

vy t+rva<gq

Vw Vi=1m wUA#uw! vy > g
w > (.

(1)

We consider one of the coalitions w/* where A was the pivot player before the change of weights w?*
and prove that after the change of weights B became the pivot player in

{w;‘, if Becw?

WP =
(wMN\A)UB if Bg¢wi

7
Let us consider two cases: B € w* and B ¢ w.
(1) For B € wi,
v,.,A >(q v.,a>(q
wi PR U.)i ,
Vgt =A< ¢ VoA — VB S 4.

Consequently, after the change of weights B became the pivot player in wZA and, therefore, w’
(2) For B ¢ wi,

B _ A
Z—U.)Z.

Vst > 4 o] Yepatraza | Vomat+vp >4 o V(wMa)uB =~ 4
Vw;“_Vqu VwZA\ASq UwZA\A—I_Vj/B_VJ/BSq V(wZA\A)UB_I/ng’

that is, B became the pivot player in (wZA\A) UB, and w'P = (wZA\A) U B. Therefore, after the

change of weights B became the pivot player in the coalitions w’ ’19 o, Eb, where
wit if Bewd
WP =
i (wh\A)UB, it B¢wi
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Now we prove that there are no other coalitions distinct from w'P, ... w'B where B becomes the

pivot player. We admit the inverse: let there be a coalition 3w B € w, Vi = 1,m w # ' f where
B becomes the pivot player:
Vy > q
{ v — Vg <gq.

We consider two cases: A € w and A ¢ w.
(1) In the case A € w, for those i for which w'P = (wf\A) U B (for B ¢ wf), the condition

w # w'B is satisfied mechanically because A € w, but A ¢ w'P = (wf\A) U B. For such i, w # w
because B € w, but B ¢ wZA. For the rest of 7, w’ f = wZA, and since by assumption w # w’ f ,
w # wi. Then, the following assertion is true:

. >
dJw Aew Vi=1m w#w = q/
Vw_Vng
Vy > ¢ Vw\A+VA>q
-, < < <
Vo —Vp>(q VA > ¢-

By denoting w* = w\ A, we obtain that

. A Vyx + VA > q
Jw* Vi=1,m w'UA#uw {Vz*gq

which contradicts condition (1) of the lemma according to which there is no coalition distinct from

wf‘, . ,w,‘% where A was the pivot player before the change of weights.

(2) In the case of A ¢ w, for the i for which w'? = w* (for B € w{'), the condition w # W'P is
satisfied mechanically because A € w'P = WA, but A ¢ w. For such i, (wU A)\B # w because
B € wf, but B ¢ (wUA)\B. For the rest of the values of i, w'P = (wf\A) U B, and since by

7

assumption w # w'B = (wf\A) U B, we get that (wU A)\B # w{'. As the result,

Vy >
Jw Adw Vi=1,m (wWUA)\B#w v q/
Vw_Vng
Vy > q Vs\B T Vg > q Vo\B VA > ¢
, 54 54
Vo —Vp <4 VB <4 VA\B < -
By denoting w* = w\ B, we obtain
. % Vpx +1V4 >
J* Vi=1,m w'UA#w? { “ 1
Vx < g

which again contradicts condition (1). As the result, the assumption that there exists a coalition

distinct from w’ ’19 o, ﬁ where B is the pivot player after the change of weights turned out to be
erroneous. Therefore, B became the pivot player in the coalitions w'f,... w5 where
wi, if Bewl
/B
wy =
' (wf‘\A) UB, if B¢ w,

which proves Lemma 1.
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Lemma 2. Let A be a pivot player in m coalitions and the number of participants in each of these
coalitions be s1,...,Sy, and player B be a pivot player in k coalitions with ti,...,tx participants.
Let the weights of the players A and B be interchanged: vy = vp, vy = va. Then, B is the pivot
player in m coalitions of sizes s1,...,8y, and A is the pivot player k coalitions of sizes tq,...,t.

wy!

B _ A
;7 = w;i or

Proof. The proof follows from Lemma 1. Obviously, |w'P = 5; because w’

Ww'B = (wZA\A) U B. The players A and B do not differ one from the other. Therefore, the same

1A B| _ .
i wi | = t;.

holds for the coalitions where A becomes the pivot player: ‘w

Theorem 10. The power index of the player A is representable as ®(A) = > C(s),C(s) Z 0
S

(summation is carried out over all coalitions S that are significant for A, s = |S|) if and only if the
dictator, additivity, and anonymily azioms are satisfied.

Proof. Lemma 2 will be used to prove necessity, the general representation theorem and the
property of dependence of the coalition contribution on the size, to prove sufficiency.

Necessity. We prove validity of the dictator axiom. The dictator is the pivot player in every
possible coalitions which include it. The number of different coalitions of s players including the

. . -1 . . .
dictator is equal to (Z _ 1), therefore its power index is as follows:

B(4) =Y (Z: 11> C(s) >0, C(s) 20,

s=1

which means that the dictator axiom is satisfied.

We prove validity of the additivity axiom. Let in situation 1 A be the pivot player in the set of
coalitions W' = {S1,...,8,,}, in situation 2 A be the pivot player in the set of coalitions W? =
{Smi1,...,Sk}, and in situation 3 A be the pivot player in the set W3 = WIUW? = {Sy,...,Si}.
Let the size of the coalition S; be s;. We prove that in the third situation the power index is equal
to the sum of indices in the first and second situations: ®3(A) = ®!(A) + ®2(A),

PLA) =C(s1)+ ...+ Clsp),
B2(A) = C(spmy1) + ... +C(sp),
P3(A) = C(s1) + ...+ C(sp) = D' (A) + P?(A).

Now we prove validity of the anonymity axiom. Let the weights of two players A and B be
interchanged: vy = vp, V3 = va. We prove that their power indices interchange as well: ®'(A) =
®(B), ' (B) = ®(A). Let the sizes of the coalitions where A was the pivot player before the change
of weights be s1, ..., s, and where B was the pivot player, be t1,...,tx. Then, their power indices
were as follows:

O(A)=C(s1)+ ...+ C(sm),
O(B)=C(t1) + ...+ C(ty).

By Lemma 2, after the change of weights A becomes the pivot player in the coalitions of sizes
t1,...,t, and B, in the coalitions of sizes s1, ..., s;,, that is, their power indices were as follows:
P'(A)=C(t1) +...+ C(tg),
®'(B) =C(s1)+ ...+ C(sm)-

Therefore, the power indices of the players interchanged: ®'(A) = ®(B), ®'(B) = ®(A).
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Sufficiency. As was shown above, the general representation theorem and the property of depen-
dence of coalition contribution on size follow from the dictator, additivity, and anonymity axioms.
According to the general representation theorem, the power index of A which is a pivot player in
the coalitions w1, ..., wy is as follows:

(I)(A) = CA(wl) + ...+ OA(wk) = ZOA(S)
S

In virtue of the dependence of the coalition contribution on size
Ca(S)=C(s), where s=]|9].

Therefore, the power index is as follows:

which is what we set out to prove.

Remark. For the Banzhaf index, the coalition contribution function is given by C(s) = 1, for
the Shapley—Shubik index, by C(s) = (s—1)!(n — s)!. Other variants of representation of C'(s) such
as C(s) = s and C(s) = 1/s make sense. In the first case, the contribution of a coalition to the
power indices of its pivot players is directly proportional to the coalition size. In the second case,
the contribution of a coalition to the power indices of its pivot players is inversely proportional to
the size of this coalition.

4. CONCLUSIONS

The paper considered a general approach to determination of the power indices in the problem
of voting with quota. The power of each participant was shown to be defined by the sum of
contributions of the winning coalitions where the participant plays the pivot role.
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