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a b s t r a c t

Resonant coherent excitation of relativistic heavy ions in crystals under planar channeling conditions is
considered at beam incidence inclined with respect to the channeling plane. The beam inclination leads
to effective exclusion of contribution of ions with small energy of transverse motion from observables of
resonant coherent excitation. This effect can be used for resolution of the observables by individual ion
trajectories.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Resonant coherent excitation of ions in monocrystals (RCE or
Okorokov effect) occurs when periodic electric field inside a crystal
acts resonantly on some electron transition in electron cloud of the
moving ion (see the review [1] and references therein). Experimen-
tally, RCE can be detected by observing resonant changes in charge-
state distribution of ions passed through a target, caused by
enhanced ionization of RCE-excited ions. Another way of observa-
tion is registration of characteristic X-ray radiation emitted by res-
onantly excited ions. The first reliable observations of RCE were
performed under conditions of axial [2] and, later, planar [3] chan-
neling by S. Datz’s group. A series of interesting experiments on RCE
of relativistic heavy ions under planar channeling conditions and
without channeling was performed over the last 12 years [4–11].

Under axial channeling, tuning on a resonance is achieved by
changing energy of ions [2]. In the case of planar channeling, the
resonance can be scanned by rotating the target in the channeling
plane, that is more convenient from the experimental point of view
[3,4]. In this case the ions entered the target with various impact
parameters move then along curvilinear trajectories, being
repelled by channel walls [12]. Neglecting multiple elastic colli-
sions of the ion with target electrons and nuclei, we can assume
that ion trajectory is unambiguously determined by its impact
parameter. Thus the ion motion is oscillating around a channel

center, while amplitude of these oscillations is determined by the
impact parameter, which is a value of ion transverse coordinate
at the moment when it enters the target [14].

Characteristics of processes, leading to excitation and subse-
quent ionization of the ion during RCE at each moment of time,
depend on its transverse coordinate in the channel in that moment.
So amplitude of a resonant electric field, ionization rate and Stark
splitting of excited levels of the ion caused by Lindhard potential
grow upon approaching the channel walls [4]. Therefore ions with
larger amplitudes of transverse oscillations in the channel undergo
more intense RCE process [5].

All ions, entered the channel with various impact parameters,
contribute to the observable characteristics of RCE (e.g., charge dis-
tribution and characteristics of X-ray radiation). As a result, reso-
nant profiles of survival fraction (i.e., fraction of ions retained
their charge state after passing through the target) and X-ray yield
have a rather complex structure reflecting contributions of ions
with various trajectories [6,7].

For theoretical description of RCE of multiply-charged ions,
density matrix formalism, allowing to describe interplay of coher-
ent and incoherent processes in electron clouds of the ions, was
developed and successfully used [15–18] (alternative methods
for theoretical description of RCE are presented in [19–21]). This
approach allowed to calculate both charge-state distributions of
ions and properties of characteristic X-ray radiation observed dur-
ing RCE. In order to reproduce experimentally observed resonant
profiles of survival fraction and X-rays yield, the model of
coherence zone, allowing to take into account intense incoherent
processes near channel walls, have been introduced into the den-
sity matrix formalism. In this model we assume that a resonant
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contribution to RCE observables is provided only by the ions with
amplitudes of transverse motion restricted to some zone near the
channel center.

For better understanding of the role of incoherent processes at
different distances from the channel center during RCE under pla-
nar channeling and for further development of the coherence zone
model, resolution of contributions to RCE observables, given by
ions with different trajectories, is desirable. One method to achieve
such resolution, realized experimentally in [10], is based on RCE in
very thin target with a thickness corresponding to a quarter-period
of ion transverse oscillations in the channel. Registration of ions,
emerged from the target at different angles to the channeling
plane, unambiguously determined by their impact parameters, al-
lowed to identify their trajectories. Another way to resolve RCE
observables over ion trajectories relies on registration of the
passed ions and X-ray photons in coincidence with energy, trans-
ferred from ions to the target in a process of their deceleration.
Such kind of experiments were performed in [5].

In this article, we propose a new method of experimental real-
ization of ion-trajectory resolution of RCE observables based on
inclination of the ion beam with respect to the channeling plane.
It is shown that the beam inclination leads to exclusion of the ions
with impact parameters fitting into some region near the channel
center from the RCE process; size of this region depends on an
inclination angle. Our calculations are aimed on description of
the experimental data [4] on hydrogen-like ions Ar17þ with energy
390 MeV/u propagating in the channel ð2 �20Þ of Si crystals with
94.7 lm thickness.

The rest of this article is organized as follows. Is Section 2 we
formulate the density matrix approach and the model of coherence
zone. The method of trajectory resolution of RCE observables based
on inclination of the beam is described in Section 3. Results of cal-
culations illustrating this method are presented in Section 4, and
conclusions are formulated in Section 5.

2. Density matrix approach

To begin with, we will briefly describe the approach, based on
density matrix formalism and coherence zone model, and used to
for simulation of RCE at planar channeling [15–18]. We character-
ize quantum state of bound electrons of the ion by the density ma-
trix q which evolves in time (t0 – time in the ion rest frame)
according to the Master equation [22]

i
dq
dt0
¼ ½H;q� þ RðqÞ; ð1Þ

where the Hamiltonian H ¼ H0 þ
PN

i¼1Vi is a sum of the free ion
Hamiltonian H0 and operators of interaction Vi ¼ �euðriÞþ
ðe=2mcÞðpiAðriÞ þ AðriÞpiÞ of each of N bound electrons of the ion
with scalar u and vector A potentials of electromagnetic field of
the crystal arising in the reference frame of the moving ion. The
operator R is responsible for relaxation (incoherent) processes – in
our case, ionization by impacts with electrons of the target and
spontaneous decay of ion excited. Explicit expressions for H and R
can be found elsewhere [16–18].

The Eq. (1) is solved repeatedly for each ion ensemble, moving
along its individual trajectory in the channel. The operators H
and R, entering this equation, depend on transverse coordinate of
the ion in the channel. In the laboratory frame, the ion transverse
motion obeys the equation (t is time in this frame)

cM
d2zion

dt2 ¼ �eðZ � NÞV 0LðzionÞ; ð2Þ

where zion is transverse coordinate of the ion, measured from the
channel center, M and Z are ion mass and charge of its nucleus,

c ¼ ð1� v2
ion=c2Þ�1=2 is the Lorentz factor, v ion is a velocity of ion mo-

tion along the channel. The continuous Lindhard potential VLðzÞ
keeps the ion inside the channel and can be represented in-crystal
electric field, averaged along the channel direction [12].

Solving the Eqs. (1) and (2) for each value of the impact param-
eter zin (i.e., ion transverse coordinate zion at the moment of enter-
ing into the target) within the interval �d=2 < zin < d=2 (d is the
channel width), we get the time-dependent density matrix
qðt; zinÞ. In our example, we write down the density matrix q in a
basis of stationary states of unperturbed hydrogen-like ion Ar17þ.
In such approach, its trace at the moment of leaving the target
tout is a fraction of hydrogen-like ions remaining after passing
through the target and avoided ionization inside: nðzinÞ ¼
Tr qðtout; zin½ Þ�.

The main characteristic of RCE, measured in experiments
[2–7,9–11] is the survival fraction f, equal to a fraction of non-
ionized ions in the beam after passing through the target. It can
be obtained from nðzinÞ by integrating on impact parameter:
f ¼ 1

d

R d=2
�d=2 nðzinÞdzin. Characteristics of X-ray radiation, emitted by

ions (yield, angular distribution, polarization) can be obtained by
using a similar averaging procedure [16,17,23].

According to the coherence zone model, we assume that intense
incoherent processes outside the coherence zone with a half-width
zmax suppress RCE. Thus we exclude the periodic field which coher-
ently excites the ion from Eq. (1) at jzinj > zmax, obtaining the den-
sity matrix qðbkÞ corresponding to a non-resonant background. In
this case, a fraction of ions retained their initial charge state on exit
from the target is nðbkÞðzinÞ ¼ Tr qðbkÞðtout; zinÞ

� �
. To exclude contribu-

tion of non-resonant processes from the survival fraction, we sub-
tract its non-resonant background value. The result is a purely
resonant contribution to the survival fraction:

Df ¼ 1
d

Z zmax

�zmax

DnðzinÞdzin; ð3Þ

where DnðzinÞ ¼ nðzinÞ � nðbkÞðzinÞ. Thus, ions not fitting inside the
coherence zone jzinj < zmax do not contribute to (3).

3. Inclined beam

Consider a situation when the ion beam enters the crystal at
small angle / with respect to the channeling plane. As known,
channeling conditions are violated when the beam incidence angle
exceeds a Lindhard critical angle [12]. In the conditions under con-
sideration [4] (390 MeV/u Ar17þ ions in the ð2 �20Þ channel of Si
crystal) the critical angle is about 1:5� 10�4, so we will consider
even smaller incidence angles /.

An ion, entered the target at the incidence angle / with the ini-
tial transverse coordinate zin has a following energy of transverse
motion:

EðzinÞ ¼
cMv2

ion/
2

2
þ eðZ � NÞVLðzinÞ: ð4Þ

Classical turning point of transverse motion zt½zin�, correspond-
ing to the impact parameter zin, should obey the equation
EðzinÞ ¼ eðZ � NÞVLðztÞ. A turning point zt (for definiteness we will
take this value positive) determines an amplitude of transverse
oscillations of the ion in the channel, as shown in Fig. 1. If it does
not exist, then an energy of transverse motion is sufficiently large
to reach channel wall – in this case dechanneling of the ion will be
very probable [13].

We will follow the model of coherence zone during simulation
of RCE with inclined beam as well. According to this model, we
should neglect contribution to Df , coming from ions with ampli-
tudes of transverse motion zt > zmax exceeding the boundaries of
the coherence zone. The ions contributing to Df should have
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amplitude of oscillations zt < zmax. At each given /, such range of zt

corresponds to a range of impact parameters zin < z1, where the
half-width of the ‘‘effective coherence zone’’ z1 can be determined
from the equation zt½z1� ¼ zmax or

Eðz1Þ ¼ eðZ � NÞVLðzmaxÞ ð5Þ

(in other words, z1 is impact parameter of trajectory with amplitude
reaching exactly the coherence zone boundary).

Therefore, when the beam incidence angle is /, the expression
(3) for resonant contribution of survival fraction should be re-
placed by

Df/ ¼
1
d

Z z1

�z1

Dn/ðzinÞdzin: ð6Þ

Here Dn/ is calculated with inclined beam incidence.
Note that, since transverse motion of ions in the channel has a

character of one-dimensional oscillations, inclined beam incidence
gives some nonzero initial velocity to this motion and thus leads to
increase of its amplitude and shift of its phase (in comparison with
the case of normal incidence). At large thickness of the target (we
consider the case of 94:7 lm-thick Si target [4]), when an ion per-
forms many cycles of transverse oscillations, the phase shift does
not play any important role. Therefore the beam inclination leads
mainly to effective enlargement of ion oscillations amplitude. This
allows us to set the quantity Dn/ðzinÞ, calculated along ion trajec-
tory starting with inclined beam incidence, equal to Dn/¼0ðzt½zin�Þ,
calculated along trajectory starting with normal beam incidence
but with the same amplitude of transverse oscillations.

Calculating resonant contribution to survival fraction (6) with
inclined beam, we take the region of impact parameters jzinj < z1

corresponding to ion trajectories located entirely in the coherence
zone. The mapping zt½zin� converts this region of impact parameters
to a region of turning points (or region of oscillation amplitudes)
z2 < zt < zmax (see Fig. 1). The lower boundary of this region z2 is
determined by ions with the smallest energy of transverse motion,
possible at inclined beam incidence (i.e., ions with the impact
parameter zin ¼ 0 fitting into the minimum of the Lindhard poten-
tial): z2 ¼ zt½0� or

Eð0Þ ¼ eðZ � NÞVLðz2Þ: ð7Þ

Using the mapping zt½zin�, we can express the resonant contribu-
tion to the survival fraction (6) obtained with inclined beam in
terms of quantities Dn/¼0, calculated at normal incidence:

Df/ ¼
2
d

Z z1

0
Dn/ðzinÞdzin

¼ 2
d

Z zmax

z2

Dn/¼0ðztÞ
dzin

dzt
dzt: ð8Þ

If we approximate the Jacobian dzin=dzt by a ratio of the integra-
tion ranges z1=ðzmax � z2Þ, Eq. (8) will take the simpler form:

Df/ �
z1

zmax � z2

2
d

Z zmax

z2

Dn/¼0ðztÞdzt: ð9Þ

Compare (9) with the expression for normal incidence (3),
which can be rewritten as:

Df/¼0 ¼
2
d

Z zmax

0
Dn/¼0ðztÞdzt: ð10Þ

As seen, inclination of the beam leads to: (a) change of Df
dependence by absolute value in comparison to the case of normal
incidence, and to (b) effective exclusion of contributions of ions
with small impact parameters jzinj < z2. The last effect arises since
the beam inclination increases transverse energy (4) of all ions and
thus excludes some part of the ions with small transverse energies
existing at normal incidence.

By analogy with (9), expressions for other observables of RCE
(yield, angular distribution and polarization of characteristic X-
rays or Auger electrons, yield of metastable ions, etc.) can be ob-
tained. Varying an inclination angle / in experiments, one can
change z2 from zero to the maximal value zmax and thus smoothly
vary a region of impact parameters contributing to observables
from vanishingly narrow to maximally wide. This will allow to sep-
arate contributions of ions with different trajectories to observ-
ables of a type of (3).

The practical recipe for such trajectory resolution of the observ-
ables can be the following. First, we will need the Lindhard poten-
tial VLðzÞ either calculated numerically (using, e.g., Doyle–Turner
potentials [24]) or extracted from channeling experiments data
(see, e.g., [25]). The next step is estimation of the coherence zone
half-width zmax, which can be found by fitting theoretically calcu-
lated survival fraction resonant profiles to experimental ones at
normal beam incidence (in a manner of the works [15–17]). An-
other independent way to estimate zmax is to find experimentally
such an inclination angle /max that Df/ ¼ 0 at any / P /max (i.e.,
at inclination angles exceeding /max, resonance dips in survival
fraction disappear leaving only a nonresonant background). At this
‘‘RCE critical angle’’ / ¼ /max; z1 ¼ 0 and z2 ¼ zmax, so, according to
(4), (5) and (7), we can find zmax from the following equation:

eðZ � NÞ½VLðzmaxÞ � VLð0Þ� ¼
cMv2

ion/
2
max

2
: ð11Þ

If we obtained experimentally the survival fraction resonant
profiles Df/ for two inclination angles /1 and /2 > /1, then, accord-
ing to (9), we can find a trajectory resolved resonant contribution
to survival fraction integrated in some narrow range of impact
parameters:

2
d

Z zð2Þ2

zð1Þ2

Dn0ðzÞdz ¼ zð1Þ1 Df/1

zmax � zð1Þ2

� zð2Þ1 Df/2

zmax � zð2Þ2

: ð12Þ

Here the quantities zð1Þ1;2 and zð2Þ1;2 can be calculated using given
VLðzÞ; zmax and Eqs. (4), (5) and (7) for / ¼ /1 and / ¼ /2,
respectively.

Having Df/ measured at several different values of inclination
angle /, we can calculate trajectory resolved data (12) distributed
among different integration ranges. By gradual increase of / we
can trace change of the trajectory resolved survival fraction upon
approach to the coherence zone boundary.

4. Results

To illustrate the proposed method of trajectory resolution of
RCE observables, we present calculation results for resonant con-
tribution to survival fraction Df/ under conditions of the experi-
ment in Ref. [4], where hydrogen-like Ar17þ ions with energy
390 MeV/u pass through planar ð2 �20Þ channel of Si crystal with

z2

0

1
zion

φ

Fig. 1. Schematic view of ion trajectories in the channel with incident beam,
inclined on angle /. Turning points of transverse ion motion with coordinates
zt > z2 are shown by gray circles. Ion trajectories, contributing to RCE, should not
touch light-gray regions outside the coherence zone.
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thickness 94:7 lm. In this experiment, a scanning of resonant pro-
file of survival fraction is performed by changing an angle h be-
tween the beam and the crystallographic axis ½110�. The
resonance condition [4]

2pcv ion

a
k
ffiffiffi
2
p

cos hþ l sin h
� �

¼ Etrans ð13Þ

(a is the lattice constant of Si, ðk; lÞ ¼ ð1;1Þ are the indices of reso-
nant harmonic of in-crystal field) relates the h angle to the energy
Etrans of transition 1s2 ! ½n ¼ 2� induced in the ion electron cloud.

In Fig. 2, experimental data from Ref. [4] for resonant contribu-
tion to survival fraction for the case of normal beam incidence
Df/¼0 as a function of h are presented in comparison with results
of our calculations. The triply split resonant dip corresponds to

electron transition from the 1s state to the states n ¼ 2. The left
and central dips correspond to excitation of the 2s and 2p1=2 states,
mixed by the Lindhard potential, whereas the right dip corre-
sponds to excitation of almost purely the 2p3=2 state.

The results for Df/¼0, calculated according to the formula (10),
are presented for the value of coherence zone half-width
zmax ¼ 0:9 ðd=2Þ. In addition, the calculated function Df/¼0ðhÞ was
multiplied by the factor 0:43. Although the experimental data
and calculation results do not agree by absolute value (which can
be a signature of some additional ionization processes in the target,
not taken into account in our approach), agreement of resonant dip
shapes is very good.

Good reproduction of the experimental data with our model at
normal beam incidence allows us to use this model to predict re-
sults, which could be measured in experiments with inclined
beams. Results of this prediction can be used to verify the method
of trajectory resolution of observables, proposed in the previous
section.

Resonant contributions to survival fraction Df/ with inclined
beam incidence at different angles / calculated in the framework
of the coherence zone model using Eq. (6) are shown in Fig. 3 (solid
lines). The values of zmax and additional multiplier taken here are
the same as in Fig. 2. For the presented angles / ¼ 0:3�
10�4;0:6� 10�4;0:9� 10�4 and 1:2� 10�4 radians, the values of
z1 are, respectively, 0:89;0:85;0:77 and 0.62 in the units of d=2,
whereas z2 is 0:20; 0:41;0:60 and 0.76 in the same units.

Dashed lines in Fig. 3 show the quantities Df/ calculated
according to Eq. (9), i.e., by reducing the case of inclined beam
incidence to the case of the normal incidence, but with a new
region of impact parameters – with a part near the channel
center excluded. As seen on the figure, the solid and dashed
lines almost coincide, which indicates correctness of the pro-
posed method of trajectory resolution of observables by using
inclined beams.

1.4 1.5 1.6 1.7 1.8 1.9 2.0
θ, deg.

-0.2

-0.15

-0.1

-0.05

0

Δfϕ=0

Fig. 2. Resonant contribution to survival fraction Df/¼0 at normal beam incidence as
a function of angle h between the beam and the ½001� crystal axis, measured
experimentally [4] (white circles) and calculated theoretically (solid line) with the
coherence zone half-width zmax ¼ 0:9 ðd=2Þ; the theoretical result is additionally
multiplied by 0.43.

1.4 1.6 1.8 2
θ, deg.

-0.2

-0.1

0

Δfϕ

Δfϕ Δfϕ

Δfϕ

1.4 1.6 1.8 2
θ, deg.

-0.2

-0.1

0

1.4 1.6 1.8 2
θ, deg.

-0.2

-0.1

0

1.4 1.6 1.8 2
θ, deg.

-0.2

-0.1

0

ϕ = 0.3 × 10-4 ϕ = 0.6 × 10-4

ϕ = 1.2 × 10-4ϕ = 0.9 × 10-4

Fig. 3. Solid lines: profiles of resonant contribution to survival fraction Df/ with incident beam inclined on different angles /, calculated according to (6) with zmax ¼ 0:9 ðd=2Þ
and additional multiplier 0.43. Dashed lines: profiles of Df/ calculated according to (9) by reduction to the case of normal beam incidence.
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Flattening of the curves in Fig. 3 at increase of / reflects growth
of a mean amplitude of ion transverse oscillations in the channel,
leading to increasing smearing of the resonant dips by Stark
splitting of the ion excited states, which depends on ion transverse
coordinate. Such a regularity conforms with effective exclusion of a
part of ions with small transverse energies from RCE process,
increasing with increase of /.

5. Conclusions

Resonant coherent excitation of ions at planar channeling in
monocrystals grants a possibility to study a lot of processes occur-
ring with ions in oriented spatially nonuniform targets. Each ion,
moving along its curvilinear trajectory in the channel, passes alter-
nately through regions with different field amplitudes and electron
densities. Ions moving along very different trajectories contribute
all together to experimentally observed RCE characteristics.

Resolution of RCE observables by individual ion trajectories is
important problem from the point of view of fundamental under-
standing of coherent and incoherent processes in channeled ions,
and also for further development of the coherence zone model,
successfully used for theoretical treatment of RCE.

In this article, we proposed the new method allowing to per-
form resolution of observables by ion trajectories and based on
usage of ion beam, inclined with respect to the channeling plane.
It was shown that the RCE observables obtained with inclined
beam can be related to the observables obtained at normal inci-
dence but with excluded contribution of ions from some region
near the channel center. Width of this region increases with
increasing beam inclination. This allows to resolve the observables
by individual ion trajectories by varying an inclination angle.

Behavior of trajectory resolved survival fraction upon increase of
impact parameter should reveal the physics of RCE process under
planar channeling conditions. In particular, we can expect that de-
gree of resonant suppression of survival fraction should grow with
increase of impact parameter owing to growing amplitudes of res-
onant field of the crystal. At the coherence zone boundary, this sup-
pression should diminish back due to strong incoherent processes
near the channel walls. Besides, the usage of inclined beam offers
a possibility to estimate a coherence zone width on a basis of exper-
imental data without need of full density-matrix RCE modeling.

The proposed method was illustrated in the article by calcula-
tions of survival fraction of hydrogen-like Ar17þ ions under condi-
tions of the experiment [4]. The calculation results demonstrate
workability of this method.
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