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¯�°
±Y²�³�´aµ>¶�²¸·¹²
´aº6»!¶½¼!³
³S¾!²�»!ºY±�¿aµ>¼�ÀÂÁY¼>µ!¿aÃ>µ>¶*ÄÂºY´aµ>ºYÅ¡²
µ>¼>ÆÇ¼@³�ºYºY´a±Y²
´Y³�´a±YÈ�É(Ê¡¼�ÄÂ¼!·

Ë Ã!¿YÌ�ºY±�Í>²
Ã>²
°X³�Î>²
Ï>´aÃuÐÑ´6. ²Y.&·¹µ>º�ÒX²�³�´a±YºÓ³�ºYÁ�³�´a±Y²
µ>µ>¶*ÄÔ°
µ!¿�Í>²
µ>¼>Æ�Õ�·A¿a´aÃ>¼>Ö>¶×³
·¹²�Ò�µ>º�³�´a¼Ø±
»�¿aµ>µ>º�·u³S¾!È�Í!¿a²�µ>²
Î>Ã>¼!·¹²
µ>¼!·¹¶�Ù>Î>º�³�Ï�ºa¾!ÚYÏ>È�»>¾>ÀÔ¿aÖ>¼>Ï�¾!¼>Í>²�³�Ï>¼�ÄÓºY´aµ>ºYÅ¡²
µ>¼>Æ,Û
´6¿�·A¿a´aÃ>¼>Ö!¿
µ>¼�¾!ÚYÎ>ºY´a²
µ>´aµ!¿�¼Ô²
²�³�Î>²
Ï>´aÃ2´aº�Ò�»!²�³�´a±Y²
µ>µ>º�µ>È�¾!²
±YºYÆe.
Ü�ºYÛ
´aº�·¹È�µ>²
ºYÁ6Ä�º�»!¼!·¹ºX±Yº�³�Î>ºa¾!ÚY°
ºY±Y¿a´aÚ�³LÀÓÁYºa¾!²
²�´aºYµ>Ï�ºYÆ,Ä�¿aÃ>¿aÏ>´a²
Ã>¼!³�´a¼>Ï�ºYÆ2·A¿a´aÃ>¼>Ö>¶�.
Ý¸³�´�¿a´aÚY²]±�Û
´aº�·ÔÏ�¿6Í>²�³�´a±Y²]Ã!¿Y³�³
·A¿a´aÃ>¼>±�¿a²
´Y³[À�ÒXºYÃ�»�¿aµ>ºY±�¿nµ>ºYÃ!·A¿�¾!ÚYµ!¿�À�Ì�ºYÃ!·A¿�ÐßÞáà¡âXÕS.
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¬�«�ë!«�>®!ì�®Ô®!í�ª�«�î�ï�>è�«�ê!«6í
ð�ë>ñaï
ò�ï�è
ó Î>Ã>²�»!²�¾!²
µ>¼�ÀeÙ>Ï�¿Y³
¿aÉ(Ê¡¼>²�³LÀ,ÁY¼>µ!¿aÃ>µ>¶*ÄÓºY´aµ>ºYÅ¡²
µ>¼>ÆÓ»�¿aµ>¶�³�º Ë ¾�¿Y³�µ>º,ô õaö:.
Ü�È�³�´aÚ

U = {u1, . . . , uN} ÷ Ï�ºYµ>²
Í>µ>ºY²�·¹µ>º�ÒX²�³�´a±Yº!.øn¼>µ!¿aÃ>µ>¶�·×ºY´aµ>ºYÅ¡²
µ>¼>²�·×µ!¿
U
µ!¿a°
¶�±�¿a²
´Y³[ÀùÎ>º�»�·¹µ>º6ÒX²�³�´a±Yº

P ⊂ U × U
.*úC±YºYÆ!³�´a±Yº

(a, b) ∈ P
ºYÁYºY°
µ!¿�Í!¿a²
´Y³LÀ¸Ï�¿aÏ

aPb
. ó ´aµ>ºYÅ¡²
µ>¼�²

P
·¹º6Ò�µ>ºÔÎ>Ã>²�»�³�´�¿a±a¾>À>´aÚÔ±Ô±Y¼�»!²�ºYÃ>¼>²
µ�û

´a¼>Ã>ºY±�¿aµ>µ>º Ë º Ë Ã!¿YÌ�¿2³Ó·¹µ>º�ÒX²�³�´a±Yº�·�±Y²
Ã>Å¡¼>µ U ¼u·¹µ>º�ÒX²�³�´a±Yº�·ü»!È Ë P ÙE±Y²
Ã>Å¡¼>µ>¶ a
¼
b³�ºY²�»!¼>µ>²
µ>¶�Ù>²�³S¾!¼,¼Ô´aºa¾!ÚYÏ�º�²�³S¾!¼

aPb
.

ý�¾>À
x ∈ U

·¹µ>º6ÒX²�³�´a±Yº
Px = {y ∈ U | yPx} ÁYÈ�»!²�·üµ!¿a°
¶�±�¿a´aÚÔ±Y²
ÃYÄ�µ>¼!·@Ï�ºYµ>´aÈ�Ã>º�·Û�¾!²�·¹²
µ>´�¿

x
Ù!¿

xP = {y ∈ U | xPy} ÷ µ>¼�Ò�µ>¼!·ùÏ�ºYµ>´aÈ�Ã>º�·*.þØ¿a´aÃ>¼>Ö!¿�³
·¹²�Ò�µ>º�³�´a¼
M = (mij)

»>¾>À2ºY´aµ>ºYÅ¡²
µ>¼�À
P ÷ Û
´aº�Ï>±�¿�»!Ã!¿a´aµ!¿�À N ×N

·A¿a´�û
Ã>¼>Ö!¿>Ù>±�Ï�ºY´aºYÃ>ºYÆ

mij = 1
Ù>²�³S¾!¼

uiPuj
Ù>¼

mij = 0
±�Î>Ã>ºY´a¼>±Yµ>º�·ù³Q¾!È�Í!¿a²Y.

ó ÁYºY°
µ!¿6Í>¼!·ÇÍ>²
Ã>²
°
U ÷ ±Y²
Ï>´aºYÃ>µ>ºY²�Î>Ã>º�³�´aÃ!¿aµ!³S´Y±Yº!Ù&ºYÁYÃ!¿a°
ºY±�¿�µ>µ>ºY²�Ì�ºYÃ!·A¿�¾!ÚYµ>¶�·¹¼ÿ¾!¼�û

µ>²
Æ>µ>¶�·¹¼ÿÏ�º�·¹ÁY¼>µ!¿aÖ>¼�À!·¹¼ØÛ�¾!²�·¹²
µ>´aºY±
U � U =

{
N∑

i=1

aiui

} .��]¾!²�·¹²
µ>´a¶
U
Ù Ã!¿Y³
³
·A¿a´aÃ>¼>±�¿a²�û

·¹¶�²(Ï�¿aÏ�Û�¾!²�·¹²
µ>´a¶
U
Ù�ºYÁYÃ!¿a°
È�É(´�Á�¿a°
¼!³

U
. ó ÁYºY°
µ!¿6Í>¼!·¸Í�²
Ã>²
°

LP ÷ ¾!¼>µ>²
Æ�µ>¶�ÆÓºYÎ>²
Ã!¿a´aºYÃeÙ·A¿a´aÃ>¼>Ö!¿�Ï�ºY´aºYÃ>º Ë ºX±�Á�¿a°
¼!³�² U Ã!¿a±Yµ!¿
M
.

LP
»!²
Æ!³�´a±YÈY²
´�µ>¿�Û�¾!²�·¹²
µ>´a¶@Á�¿a°
¼!³
¿

U
³S¾!²S»!È�É�Êk¼!·ùºYÁYÃ!¿a°
º�·

�

LP (u) =
∑

v∈uP

v.

ýkºYÎ>ºa¾!µ>¼>´a²�¾!ÚYµ>¶�· Ï ÁY¼>µ!¿aÃ>µ>º�·¹È ºY´aµ>ºYÅ¡²
µ>¼>É
P

µ!¿a°
¶�±�¿a²
´Y³[À ºY´aµ>ºYÅ¡²
µ>¼>²
P c =

= {(x, y) ∈ U × U | (x, y) /∈ P} .
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Ü�º�³S¾!²�»!ºY±�¿a´a²�¾!ÚYµ>º�³S´aÚuÃ!¿a°�¾!¼>Í�µ>¶*ÄÇÛ�¾!²�·¹²
µ>´aºY±
u1, . . . , un

·¹µ>º6ÒX²�³S´Y±�¿
U
µ!¿a°
¶�±�¿a²
´Y³LÀ

Î>È�´a²�·*Ùn²�³S¾!¼
u1Pu2

Ù
u2Pu3, . . . , un−1Pun

Ùn¼ÂÏ�ºYµ>´aÈ�Ã>º�·*ÙC²�³S¾!¼ »!ºYÎ>ºa¾!µ>¼>´a²�¾!ÚYµ>º
unPu1

.
ønÈ6»!²�·sµ!¿a°
¶�±�¿a´aÚ¡»>¾!¼>µ>ºYÆÔÎ>È�´a¼�ÐÑÏ�ºYµ>´aÈ�Ã!¿�ÕnÍ>¼!³S¾!º�±aÄ�º6»>À>Ê¡¼�Ä�±�µ>² Ë ºX»!È Ë Ù�´6. ²Y.�»>¾!¼>µ!¿�Î>È�´a¼
u1, . . . , un

Ã!¿a±Yµ!¿
n− 1

Ù!¿¡»>¾!¼>µ!¿XÏ�ºYµ>´aÈ�Ã!¿
u1, . . . , un ÷ n .øn¼>µ!¿aÃ>µ>ºY²�ºY´aµ>ºYÅ¡²
µ>¼>²

P
µ!¿a°
¶�±�¿a²
´Y³LÀ

÷ Ã>²�Ì�¾!²�Ï�³�¼>±Yµ>¶�·*Ù>²�³S¾!¼ ∀x ∈ U (x, x) ∈ P �
÷ ¿aµ>´a¼>Ã>²
Ì�¾>²
Ï�³�¼>±Yµ>¶�·*Ù>²�³S¾!¼ ∀x ∈ U (x, x) /∈ P �
÷ ¿Y³
³�¼>·¹²
´aÃ>¼>Í>µ>¶�·*Ù!²�³S¾!¼ ∀x, y ∈ U (x, y) ∈ P ⇒ (y, x) /∈ P �
÷ ¿aÖ>¼>Ï�¾!¼>Í>²�³�Ï>¼!· AR Ù�²�³S¾!¼ÔºYµ>º�µ>²�³�º6»!²
Ã�Ò�¼>´�Ö>¼>Ï�¾!ºY± �
÷ ´aÃ!¿aµ>°
¼�´Y¼�±Yµ>¶�·*Ù!²�³S¾!¼ ∀x, y, z ∈ U xPy

¼
yPz ⇒ xPz �

÷ ºY´aÃ>¼>Ö!¿a´a²�¾>ÚYµ>º�´aÃ!¿aµ>°
¼>´a¼>±Yµ>¶�·*Ù>²�³S¾!¼ P c ´aÃ!¿aµ>°
¼>´a¼>±Yµ>º �
÷ Î>ºa¾!µ�¶�·*Ù>²�³S¾!¼ ∀x, y ∈ U xPy

¼�¾!¼
yPx �

÷ ³�±aÀ>°
µ�¶�·*Ù>²�³S¾!¼ ∀x, y ∈ U
Ù
x 6= y xPy

¼�¾!¼
yPx �

÷ Î>Ã>²S»!Î>ºYÃ�À�»!Ï�º�·*Ù>²�³S¾!¼,ºYµ>º�´aÃ!¿aµ>°
¼>´a¼>±Yµ>º�¼ÔÃ>²
Ì�¾>²
Ï�³�¼>±Yµ>º �
÷ Í!¿Y³�´a¼>Í�µ>¶�·ùÎ>ºYÃYÀ�»!Ï�º�· PO Ù>²�³S¾!¼,ºYµ>º�´aÃ!¿aµ>°
¼>´a¼>±Yµ>º�¼2¿Y³
³�¼!·¹²
´aÃ>¼>Í>µ�º �
÷ ¼>µ>´a²
Ã>±�¿�¾!ÚYµ>¶�·uÎ>ºYÃYÀ�»!Ï�º�· IO Ù>²�³S¾!¼ P ÷ Í!¿Y³�´a¼>Í>µ>¶�ÆÔÎ>ºYÃYÀ�»!ºYÏ,¼ ∀x, y, z, t ∈ U xPy¼
zP t⇒ xPt

¼�¾!¼
zPy �

÷ Î>ºa¾!È�Î>ºYÃ�À�»!Ï�º�· SO
Ùn²�³S¾!¼

P ÷ ¼>µ>´a²
Ã>±�¿�¾!ÚYµ>¶�ÆÇÎ>ºYÃYÀ�»!ºYÏÇ¼Ç±Y¶�Î>ºa¾!µ�À>²
´Y³[ÀÇÈY³S¾!ºY±Y¼>²Î>ºa¾!È�´aÃ!¿aµ>°
¼>´a¼>±Yµ>º�³�´a¼
� ∀x, y, z, t ∈ U xPy

¼
yPz ⇒ xPt

¼�¾!¼
tPz �

÷ ³S¾�¿aÁY¶�·sÎ>ºYÃYÀ�»!Ï�º�· WO
Ù>²�³S¾!¼

P
¿Y³
³�¼!·¹²
´aÃ>¼>Í>µ>º�¼ÔºY´aÃ>¼>Ö!¿a´a²�¾!ÚYµ>º�´aÃ!¿aµ>°
¼>´a¼>±Yµ>º �

÷ ¾!¼>µ�²
Æ>µ>¶�·ùÎ>ºYÃ�À�»!Ï�º�· LO Ù>²�³S¾!¼ P ³�±aÀ>°
µ>¶�ÆÔ³S¾�¿aÁY¶�Æ,Î>ºYÃYÀ�»!ºYÏe.
�(Î>º�· À>µ>È�´a¶�²kÏ�¾�¿Y³
³�¶@ÁY¼>µ!¿aÃ>µ>¶*Ä�ºY´Yµ�ºYÅ¡²
µ>¼>Æ2³�ºYºY´aµ>º�³[À>´Y³LÀÓ»!Ã>È Ë ³(»!Ã>È Ë º�·u´6¿aÏ �

LO ⊂WO ⊂ SO ⊂ IO ⊂ PO ⊂ AR.

Ýn±Y²�»!²�·�ÁYºa¾!²
²�È�»!ºYÁYµ>¶�²�»>¾>Àu³S¾!²�»!È�É(Ê¡¼�Ä »!ºYÏ�¿a°�¿a´a²�¾!Ú�³�´a±ØÛ
Ï>±Y¼>±�¿�¾!²
µ>´aµ>¶�²ÓÌ�ºYÃ!·¹È�¾!¼�û
Ã>ºY±YÏ>¼e.
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U M U = {u1, . . . , uN} NPO 5#(
uiPuj ⇔ i < j
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P < %'��1*S07>=�?6(BA�+���(0/,8
Ð;: :HÕ�8L�D� !���%45�)*�&�45T5�1*/ (*��A�1�U*S0"��436"��

U
3�1V3��4?6�&%45#7W�@?6(*�XGY36(�Z[��%45�)21

U1, . . . , Um N
O 5#(

xPy ⇔ x ∈ Ui N y ∈ Uj N i < j
8

ý�¾>ÀÓÁY¼>µ!¿aÃ>µ>º Ë ºkºY´aµ>ºYÅ¡²
µ>¼�À P ºYÎ>Ã>²�»!²�¾!¼!·�ÁY¼>µ!¿aÃ>µ>ºY²�ºY´aµ>ºYÅ¡²
µ>¼>²
T � xTy ⇔ xP ⊃ yP¼

Px ⊂ Py
.
T
¿a±Y´aº�·A¿a´a¼>Í>²�³�Ï>¼ÓÀ>±a¾>À>²
´Y³[À,Î>Ã>²�»!Î>ºYÃ�À�»!Ï�º�·*.
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P < ?6(K��� ?6(BA�+���(0/,8
Ð;: :HÕ�8

T < ?6(K��367>=�?2A�����?6(BA�+���(0/,8
Ü�È�³�´aÚ

A ÷ µ>¼�¾!ÚYÎ>ºY´a²
µ>´aµ>¶�Æ�ºYÎ>²
Ã!¿a´aºYÃ�± n û ·¹²
Ã>µ>º�·ÓÎ>Ã>º�³�´aÃ!¿aµ!³�´a±Y² V Ù X = {x1, . . . xn} ÷Á�¿a°
¼!³
V
.

X
µ!¿a°
¶�±�¿a²
´Y³[À�ÒXºYÃ�»�¿aµ>ºY±Y¶�· »>¾>À

A
Ù>²�³S¾!¼Ô±�Á�¿a°
¼!³�²

X
ºYÎ>²
Ã!¿a´aºYÃ

A
¼!·¹²
²
´�±Y¼�»

Ð'�6Õ Ax1 = x2, . . . Axn1−1 = xn1
, Axn1

= 0,
Axn1+1 = xn1+2, . . . Axn1+n2−1 = xn1+n2

, Axn1+n2
= 0,

. . . . . . . . . . . .
Axn1+...+nk−1+1 = xn1+...+nk−1+2, . . . Axn1+...+nk−1 = xn1+...+nk

, Axn1+...+nk
= 0,

Ë »!² n1, . . . , nk ÷ µ>²
Ï�ºY´aºYÃ>¶�²�µ!¿a´aÈ�Ã!¿�¾!ÚYµ>¶�²�Í>¼!³S¾�¿>Ù n1 + . . .+ nk = n
.
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�&����§ � §
��±�¿�»!Ã!¿a´aµ>¶�² Î>º6»�·A¿a´aÃ>¼>Ö>¶�Ù Î>ºa¾!È�Í>²
µ>µ>¶�² ¼>°

A
±Y¶�ÁYºYÃ>º�· ³�´aÃ>ºYÏ ¼ ³�´aºa¾!Áaû

Ö>ºY±!Ùù³�ºYºY´a±Y²
´Y³�´a±YÈ�É(Ê¡¼�Ä Î>º6»�·¹µ>º�ÒX²�³�´a±�¿Y·
X � {x1, . . . , xn1

} Ù {xn1+1, . . . , xn1+n2
}, . . .

. . . , {xn1+...+nk−1+1, . . . , xn1+...+nk
} Ù>µ!¿a°
¶�±�¿aÉ(´Y³[ÀÓÒXºYÃY»�¿aµ>ºY±Y¶�·¹¼,Ï�¾!²
´aÏ�¿Y·¹¼eÙ!Í>¼!³S¾�¿ ni ÷»>¾!¼>µ!¿Y·¹¼,ÒXºYÃ�»�¿aµ>ºY±Y¶*Ä�Ï�¾!²
´aºYÏe.

Ýn²
Ï>´aºYÃ>¶
xn1+...+nj

(j = 1, . . . , k)
µ!¿a°
¶�±�¿aÉ(´Y³[ÀX³�ºYÁ�³�´a±Y²
µ>µ>¶�·¹¼X±Y²
Ï>´aºYÃ!¿Y·¹¼

A
Ù�º�³�´�¿�¾!Úaû

µ>¶�² Û�¾!²�·¹²
µ>´a¶
X ÷ Î>Ã>¼!³�ºY²�»>¼>µ>²
µ>µ>¶�·¹¼�±Y²
Ï>´aºYÃ!¿Y·¹¼ � x ∈ X ÷ Î>Ã>¼!³�ºY²�»!¼>µ>²
µ>µ>¶�Æ@±Y²
Ï�û´aºYÃsÎ>²
Ã>±Yº Ë º2Î>ºYÃ�À�»!Ï�¿>Ù ²�³S¾!¼ Ax ÷ ³�ºYÁ�³�´a±Y²
µ>µ>¶�Æ�±Y²
Ï>´aºYÃ A Ù ¼sÎ>Ã>¼!³�ºY²�»!¼>µ>²
µ>µ>¶�Æs±Y²�Ï>´aºYÃ

m
û Ë º�Î>ºYÃ�À�»!Ï�¿>Ù�²�³S¾!¼ Ax ÷ Î>Ã>¼>³�ºY²�»!¼>µ>²
µ>µ>¶�ÆÔ±Y²
Ï>´aºYÃ m− 1

û Ë º�Î>ºYÃ�À�»!Ï�¿>.
à�¿a°
ºY±Y²�·

x1, xn1+1, . . . , xn1+n2+...+nk−1+1
³�´6¿aÃ>Å¡¼!·¹¼Â±Y²
Ï>´aºYÃ!¿Y·¹¼Â³�ºYºY´a±Y²
´Y³�´a±YÈ�É(Ê¡¼�Ä

ÒXºYÃ�»�¿aµ>ºY±Y¶*ÄsÏ�¾!²
´aºYÏe.�úC´6¿aÃ>Å¡¼>ÆÂ±Y²
Ï>´aºYÃ
j
û:Æ Ï�¾!²
´aÏ>¼ÂÁYÈ6»!²
´�³�ºYÁ�³�´a±Y²
µ>µ>¶�· »>¾>À

A
Ù]²�³S¾!¼

nj = 1
Ù�¼�Î>Ã>¼!³SºY²�»!¼>µ>²
µ>µ>¶�·¸·A¿aÏ�³�¼!·A¿�¾!ÚYµ>º�±YºY°�·¹º�Ò�µ>º Ë º�»>¾>À�Û
´aºYÆXÏ�¾!²
´aÏ>¼�Î>ºYÃYÀ�»!Ï�¿ nj−1

Ù
²�³S¾!¼

nj > 1
.

þØ¿a´aÃ>¼>Ö!¿2ºYÎ>²
Ã!¿a´aºYÃ!¿
A
±2Á�¿a°
¼!³�²

X
µ!¿a°
¶�±�¿a²
´Y³LÀ¸Ò¡ºYÃ�»�¿aµ>ºY±YºYÆ¸µ>ºYÃ!·A¿�¾!ÚYµ>ºYÆ Ì�ºYÃ!·¹ºYÆ

ÐßÞáà¡âXÕ
A
.!ønÈ�»!²�·u´6¿aÏ�ÒX² Ë ºY±YºYÃ>¼>´aÚ!Ù�Í>´aº�ºYÎ>²
Ã!¿a´aºYÃ A Î>Ã>¼>±Yº6»!¼>´Y³LÀÔÏ2Þáà¡â{±�Á�¿a°
¼!³�²

X
.

ýkºYÏ�¿a°�¿a´a²�¾!Ú�³�´a±�¿kÎ>Ã>²�»>¾!º6Ò¡²
µ>¼>ÆÔõ ÷�� ³Sº6»!²
Ã�ÒX¿a´Y³[À,±2ô ��Ù���ö:Ù�¼>µ>º Ë »�¿X±�µ>²�³�Ï�ºa¾!ÚYÏ�º¡»!Ã>È Ë ¼�ÄÌ�ºYÃ!·¹È6¾!¼>Ã>ºY±YÏ�¿�Ä&.
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²�ÁYÈ6»!²�·�³�Í>¼>´�¿a´aÚ!Ù Í>´aºØÒXºYÃY»�¿aµ>ºY±Y¶}Ï�¾!²
´aÏ>¼uÈ�Î>ºYÃYÀ�»!ºYÍ>²
µ>¶ Î>ºØÈ�ÁY¶�±�¿aµ>¼>É »>¾!¼>µe.

�C´aº Ë º�±�³�² Ë »�¿X·¹º6Ò�µ>ºX»!ºYÁY¼>´aÚ�³[ÀeÙ�Î>²
Ã>²
µ>È�·¹²
Ã>ºY±�¿a±X±Y²
Ï>´aºYÃ>¶ü±XÒXºYÃ�»�¿aµ>ºY±Yº�·�Á�¿a°
¼!³�²Y.
Ü�º�³�Ï�ºa¾!ÚYÏ>È,Þáà¡â~°�¿�»�¿a²
´Y³LÀØÃ!¿a°
ÁY¼>²
µ>¼>²�·

n
±Ó³�È�·A·¹ÈÔµ>²�³�Ï�ºa¾!ÚYÏ>¼�ÄÔµ!¿a´aÈ�Ã!¿�¾!ÚYµ>¶*Ä2³S¾�¿�û

Ë ¿a²�·¹¶*Ä&Ù¹²
ÆuÈ�»!ºYÁYµ>º¸³�ºYÎ>º�³�´6¿a±Y¼>´aÚØ»!¼!¿ Ë Ã!¿Y·A·¹È��{µ Ë ¿ùÐßÃ�¼!³a.��6ÕS.AÞ�ºYÃ�»�¿aµ>ºY±Y¶}Ï�¾!²
´aÏ>¼ ³�ºaû
ºY´a±Y²
´Y³�´a±YÈ�É(´2³�´aºa¾!ÁYÖ!¿Y·*Ù&´6. ²Y.eÞáà¡â�Ù&ºY´a±Y²
Í!¿aÉ(ÊX¿�ÀØ»�¿aµ>µ>ºYÆÿ»!¼!¿ Ë Ã!¿Y·A·¹²YÙ&¼!·¹²
²
´ 2

Ï�¾!²
´aÏ>¼
»>¾!¼>µ>¶

8
Ù
3 ÷ »>¾!¼>µ>¶ 4

¼ÔÎ>º�º6»!µ>ºYÆÓ»>¾!¼>µ
1
Ù
5
¼

6
.

ýk²�Ì�²
Ï>´aº�· ºYÎ>²
Ã!¿a´aºYÃ!¿
L
±¸Ï�ºYµ>²
Í>µ>º�·¹²
Ã>µ>º�· Î>Ã>º�³�´aÃ!¿aµ!³�´a±Y²

V
µ!¿a°
¶�±�¿a²
´Y³[ÀsÃ!¿a°
µ>º�³�´aÚ

dimV − dim ImL
Ù>´6. ²Y.>Ã!¿a°�·¹²
Ã>µ>º�³�´aÚ�µ>È�¾!Úaû:Î>Ã>º�³�´aÃ!¿aµ!³�´a±�¿>.
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Ï�³�º�·ÿµ>¼�¾!ÚYÎ>ºY´a²
µ>´aµ>º�³�´a¼�ºYÎ>²�Ã!¿a´aºYÃ!¿

L
µ!¿a°
¶�±�¿a²
´Y³[ÀX´6¿aÏ�ºY²�Í>¼!³S¾!º

k
ÙYÍ>´aº

Ak−1 6= 0
Ù

µ>º
Ak = 0
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Ü�º�³S¾!²�»!µ>²
²C³S¾!²�»!Èa²
´�¼>°]´aº Ë º!Ù
Í>´aº ImL ÷ ¾!¼>µ>²
Æ>µ!¿�À�ºYÁYºa¾!ºYÍ>Ï�¿n±�³�²�Ä�Û�¾!²�·¹²
µ>´aºY± U Ù
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��D��	�������� � 	EÝu¿aÖ>¼>Ï�¾!¼>Í�²�³�Ï�º�·ÿºY´aµ>ºYÅ¡²
µ>¼>¼Xµ>²
´�Î>È�´a²
ÆeÙaÎ>Ã>º6ÄYº6»>À>Ê¡¼�Ä�»!±�¿�Ã!¿�û
°�¿ Í>²
Ã>²
°2º6»!µ>Èu±Y²
Ã>Å¡¼>µ>ÈYÙ]Î>ºYÛ�´Yº�· Èu»>¾>¼>µ!¿�Î>È�´a¼Â± µ>²�·{µ>²2ÁYºa¾!ÚYÅ¡² |U | − 1

.CÜ�È�³�´aÚ
k ÷»>¾!¼>µ!¿�³
¿Y·¹º Ë º�»>¾!¼>µ�µ>º Ë º�¼>°kÎ>È�´a²
Æe.��eº Ë »�¿�Î>º�Î>Ã>²�»!¶*»!È�Ê¡²�·¹È,È�´a±Y²
Ã�Ò�»!²
µ>¼>É¡Ù�³�È�·A·A¿�Û�¾!²�û·¹²
µ>´aºY±

Mk+1 Ã!¿a±Yµ!¿ 0
.>à�ºXÛ�¾!²�·¹²
µ>´a¶@Û
´aºYÆ2·A¿a´aÃ>¼�Ö>¶ ÷ Ö>²�¾!¶�²�µ>²
ºY´aÃ>¼>Ö!¿a´a²�¾!ÚYµ>¶�²�Í>¼!³S¾�¿>ÙÎ>ºYÛ
´aº�·¹ÈÓ±�³�²�ºYµ>¼,Ã!¿a±Yµ>¶

0
. ú]¾!²�»!ºY±�¿a´a²�¾!ÚYµ>º!Ù

Mk+1 = 0
¼eÙ!³S¾!²�»!ºY±�¿a´a²�¾!ÚYµ>º!Ù

LP
k+1 = 0

.
ú »!Ã>È Ë ºYÆs³�´aºYÃ>ºYµ>¶�ÙE³�È�·A·A¿2Ï�ºYÛ�Ì�Ì�¼>Ö>¼>²
µ>´aºY± Mk µ>È�¾!É~µ>²�Ã!¿a±Yµ!¿>ÙeÎ>ºYÛ
´aº�·¹È¸¼

Mk ¼
LP

k µ>²
µ>È�¾!²
±Y¶�²Y.
ó ÁYºY°
µ!¿6Í>¼!· Í>²
Ã>²
°

JP
Þáà¡â×ºYÎ>²
Ã!¿a´aºYÃ!¿

LP
¿aÖ>¼>Ï�¾!¼>Í>²�³�Ï�º Ë ºXºY´aµ>ºYÅ¡²
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µ>¼�À��XÎ>ºa¾!È�Í!¿a²�·
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Ï�¿a²
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´aÏ>ÈY.��eº Ë »�¿ P ³�º�»!²
Ã�Ò�¼>´

Î>È�´aÚ�»>¾!¼>µ>¶ |U |−1
ÙY´6. ²Y.�³SÈ�Êk²�³�´a±YÈY²
´�´6¿aÏ�¿�À�µ>È�·¹²�Ã!¿aÖ>¼�À�Û�¾!²�·¹²
µ>´aºY±

U � U = {u1, . . . , uN} ÙÍ>´aº
u1Pu2, . . . , uN−1PuN

.e¯�°¡´aÃ!¿aµ>°
¼>´a¼>±Yµ>º�³�´a¼¸Î>ºa¾!È�Í!¿a²�·
uiPuj

Î>Ã>¼
i < j

Ù&Í>´aºÓÀ>±a¾>À�û
²
´Y³[ÀÔº6»!µ>¼!·s¼>°�ºYÎ>Ã>²�»!²�¾!²
µ>¼>Æ,¾!¼>µ>²
Æ>µ>º Ë º�Î>ºYÃYÀ�»!Ï�¿>.
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µ>¼�² �YÕ
�
³�È�Ê¡²
³�´a±YÈY²
´2´6¿aÏ�ºY²�Ã!¿a°
ÁY¼>²
µ>¼>²
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µ!¿Ôµ>²
Î>È�³�´a¶�²�Î>º6»�·¹µ>º�ÒX²�³�´a±�¿

U1, . . . , Um
Ù>Í>´aº

xPy ⇔ x ∈ Ui
Ù
y ∈ Uj

Ù
i < j
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ý�¾!¼>µ!¿¡·A¿aÏ�³�¼!·A¿�¾!ÚYµ>º Ë º�Î>È�´a¼Ó± P Ã!¿a±Yµ!¿

m− 1
Ù�Î>ºYÛ
´aº�·¹ÈX±
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²�³�´aÚ¡Ï�¾>²
´aÏ�¿�»>¾!¼>µ>¶

m
.

( ¿Y·¹²
´a¼!·*Ù!Í>´aº�²�³S¾!¼
u, u′ ∈ Ui

Ù Ë »!² i ≤ m− 1
Ù>´aº

LP (u) = LP (u′) =
∑

j>i

∑

v∈Uj

v,

¿s²�³S¾!¼
u ∈ Um

Ùn´aº
LP (u) = 0
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±Yº�·¹Èù±Y²
Ï>´aºYÃ>ÈùÎ>Ã>º�³�´aÃ!¿aµ!³�´a±�¿
Ũ
ÕS.*Ü�ºYÛ
´aº�·¹È

³�Ã>²�»!¼ ºYÁYÃ!¿a°
ºY±¸Û�¾!²�·¹²�µ>´aºY±�Á�¿a°
¼!³
¿
Ũ
±�³�² Ë º m − 1

Ã!¿a°�¾>¼>Í>µ>¶*Äùµ>²
µ>È�¾!²
±Y¶*Äù±Y²
Ï>´aºYÃ>ºY±¸¼
dim ImLP ≤ m− 1

¼eÙ�³�º Ë ¾�¿Y³�µ>ºkÎ>Ã>²�»>¾!º6ÒX²
µ>¼>É /kÍ>¼!³S¾!ºXÏ�¾!²
´aºYÏ JP
µ>²�·¹²
µ>²
²

N −m+ 1
.

) ´�¿aÏùÏ�¿aÏù³�Ã>²�»!¼ùµ>¼�Äu²�³�´aÚ Ï�¾!²
´aÏ�¿ÿ»>¾!¼>µ>¶
m
¼ ³�È�·A·A¿ÿ»>¾!¼>µùÏ�¾!²
´aºYÏùÃ!¿a±Yµ!¿
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ÙA´aº
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´aÏ�¿X»>¾!¼>µ>¶ m
¼Ô±�³�²�º�³�´6¿�¾!ÚYµ>¶�²�»>¾!¼>µ>¶
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µ>¼>²�µ>²
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�&����§ ^ § �&����§ , §
øn¼>µ!¿aÃ>µ>ºY²�ºY´aµ>ºYÅ¡²
µ>¼>²(µ!¿�Ã>¼!³a. ��À>±a¾>À>²
´Y³[ÀeÙYÏ�¿aÏ�¾!² Ë Ï�º¡Î>Ã>ºY±Y²�Ã>¼>´aÚ!Ù�Í!¿Y³�´a¼>Í>µ>¶�· Î>ºYÃ�À�»>ûÏ�º�·@ÐÑ¼,»�¿�Ò¡²�Î>ºa¾!È�Î>ºYÃYÀ�»!Ï�º�·]ÕSÙ�µ>º�µ>²�³S¾�¿aÁY¶�·sÎ>ºYÃ�À�»!Ï�º�·*.
úØ»!Ã>È Ë ºYÆk³�´aºYÃ>ºYµ>¶�Ù
Ã!¿Y³
³
·¹ºY´aÃ>¼!·Ô±Y²
Ï>´aºYÃ>¶

� v1 = u1, v2 = u2+u3, v3 = u3, v4 = u4−u2
.

ó µ>¼s¾!¼>µ>²
Æ>µ>º¸µ>²
°�¿a±Y¼!³�¼!·¹¶�Ù¹Î>º�³�Ï�ºa¾!ÚYÏ>È ºYÎ>Ã>²�»!²�¾!¼>´a²�¾!Ú ·A¿a´aÃ>¼>Ö>¶ ¼�ÄsÏ�ºYÛ�Ì�Ì�¼>Ö>¼>²
µ>´aºY±ÿ±
Á�¿a°
¼!³�²

U = {u1, u2, u3, u4}



1 0 0 0
0 1 0 −1
0 1 1 0
0 0 0 1




Ã!¿a±Y²
µ
1
.A¯�°

LP (v1) = v2
Ù
LP (v2) = v3

Ù
LP (v3) = 0

¼
LP (v4) = 0

³S¾!²�»!ÈY²
´6Ù¹Í>´aº¸Û
´aº
ÒXºYÃ�»�¿aµ>ºY±2Á�¿a°
¼!³a.]ú]¾!²S»!ºY±�¿a´a²�¾!ÚYµ>º!Ù
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³�º�»!²
Ã�Ò�¼>´ØÎ>ºÿº6»!µ>ºYÆ�Ï�¾!²
´aÏ�²Ó»>¾!¼>µ

3
¼

1
. ó ´Y·¹²�û

´a¼!·*Ù]Í>´aº
v3 ÷ ³�ºYÁ�³�´a±Y²
µ>µ>¶�Æu±Y²
Ï>´aºYÃeÙAºY´a±Y²
Í!¿aÉ(Ê¡¼>Æù°�¿ÿÏ�¾!²
´aÏ>ÈuÎ>ºYÃYÀ�»!Ï�¿ �>Ù]¿ v2 ¼ v1 ÷Î>Ã>¼!³�ºY²�»!¼>µ>²
µ>µ>¶�²�±Y²
Ï>´aºYÃ>¶]��û Ë ºX¼��6û Ë ºXÎ>ºYÃ�À�»!Ï�¿�³�ºYºY´a±Y²
´Y³�´a±Y²
µ>µ>º!.

ý�¾>ÀÿÁYºa¾!²
²kÅ¡¼>Ã>ºYÏ>¼�ÄØÏ�¾�¿Y³
³�ºY±�Í!¿Y³�´a¼>Í>µ>¶*ÄØÎ>ºYÃYÀ�»!Ï�ºY±�Ò¡ºYÃ�»�¿aµ>ºY±Y¶ Ì�ºYÃ!·¹¶ ÁYºa¾!²
²¡Ã!¿a°�û
µ>ºYºYÁYÃ!¿a°
µ>¶�.
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µ>¼>²

P
Î>º(»!¼!¿ Ë Ã!¿Y·A·¹² �{µ�û

Ë ¿ J . �]¾!²�·¹²
µ>´�¿Y·¹¼ U
ÁYÈ�»!È�´ù²
²¸Ï�¾!²
´aÏ>¼e. ó ÁYºY°
µ!¿6Í>¼!·}Í>²
Ã>²
°

ui,j
Ï�¾!²
´aÏ>ÈÇ±

i
û:Æ�³�´aÃ>ºYÏ�²

¼
j
û ·ù³�´aºa¾!ÁYÖ>²YÙ

P
°�¿�»�¿a²
´Y³[ÀÔ³S¾!²�»!È�É(Ê¡¼!·uºYÁYÃ!¿a°
º�·

�

ui,jPuk,l ⇔ (i+ 1 < k)
¼�¾!¼

(i+ 1 = k
¼
j ≤ l).

Ð ��¾!²
´aÏ�¿*»!¼!¿ Ë Ã!¿Y·A·¹¶ �{µ Ë ¿*»!º�·¹¼>µ>¼>Ã>ÈY²
´�Ï�¾!²
´aÏ>¼eÙ6³�´aº6À>Ê¡¼>²AÏ�¿aÏk·¹¼>µ>¼!·¹È�·Ôµ!¿n»!±Y²C³�´aÃ>ºaûÏ>¼üµ>¼�Ò¡²¸¼�¾!¼ü³�´aº6À>Ê¡¼�ÄÂµ!¿�º6»!µ>ÈÂ³�´aÃ>ºYÏ>È µ>¼�Ò¡²¸¼Çµ>²Ø¾!²
±Y²
²Y. Õ�à�¿�Ã>¼!³a. �s´a²�·¹µ>ºaû ³�²
Ã>¶�·
°�¿aÏ>Ã!¿aÅ¡²
µÓ±Y²
Ã�Ä�µ>¼>Æ,Ï�ºYµ>´aÈ�Ã,±Y¶*»!²�¾!²
µ>µ>º Ë ºXÛ�¾!²�·¹²
µ>´6¿>Ù!¿�³�±Y²
´
¾!ºaû ³�²
Ã>¶�· ÷ µ>¼�Ò�µ>¼>ÆÔÏ�ºYµ>´aÈ�Ãe.Ü�È�³�´aÚ

n ÷ Í>¼!³S¾!º�ÒXºYÃY»�¿aµ>ºY±Y¶*ÄÓÏ�¾!²
´aºYÏeÙ x1, . . . , xn ÷ ¼�ÄÓ»>¾!¼>µ>¶�.�ønÈ6»!²�·ù³�Í>¼>´�¿a´aÚ!Ù>Í>´aº
x1 ≥ x2 ≥ . . . ≥ xn

.
Ýn±Y²�»!²�· µ!¿

U
´�¿aÏ�ÒX²�¾!¼>µ>²
Æ>µ>¶�ÆÓÎ>ºYÃ�À�»!ºYÏ

L � ui,jLuk,l
Ù�²�³S¾!¼

i < k
¼�¾!¼¸Ð

i = k
¼
j < l

ÕS.
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