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Abstract—The transformation of the internal wave packet during its propagation over the shelf of Portugal
was studied in the international experiment EU MAST II MORENA in 1994. This paper presents the results
of modeling of the dynamics of this packet under hydrological conditions along the pathway of its propaga
tion. The modeling was performed on the basis of the generalized Gardner–Ostrovskii equation, including
inhomogeneous hydrological conditions, rotation of the Earth, and dissipation in the bottom boundary layer.
We also discuss the results of the comparison of the observed and simulated forms and phases of individual
waves in a packet at reference points.
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INTRODUCTION
Modeling of the generation and propagation of
internal waves and their transformation on the ocean
media irregularities is currently in demand in relation
to the development of shelf regions in seas and oceans.
Physicomathematical models of several levels have
been developed. Analytical linear models were histor
ically the first to be elaborated [1]. Then, nonlinear
models appeared that were developed with the appli
cation of the asymptotic methods in the approxima
tion of low nonlinearity and small dispersion [1–3].
The Korteweg–de Vries equation should be empha
sized among these approximate models of internal
waves as a model of the first level of nonlinearity [3, 4].
Models of the second level include generalizations of
the Korteweg–de Vries equation of higher nonlinear
ity and dispersion levels for a horizontally nonuniform
rotating ocean with account for energy losses [5, 6].
These models were frequently applied in the approxi
mation of two layer stratification [7–9], but it is not
difficult to numerically calculate the equation param
eters for continuous stratification as well [5, 6]. The
models of the second level include the models devel
oped on the basis of the Camassa–Choi system [10].
They include full nonlinearity and low dispersion.
These models were developed for waves in a twolayer
ocean. By the present time, models of the higher third
level have been developed based on the Euler or
Navier–Stokes equations of full nonlinearity, which
also take into account the bottom topography and

rotation of the earth [11–13]. However, so far these
models do not allow the existence of relatively stable
background horizontally nonuniform stratification,
which is characteristic of real oceanic conditions and
well realized in the approximate models. The applica
tion of the approximate models of the second level is
useful also because it makes it possible to analytically
predict one or another peculiarity of the dynamics of
internal waves at a relatively low number (from four to
six) of parameters, which cannot be revealed in the
equations of full nonlinearity. For example, the
authors of this paper used an approximate model of
the second level (the Gardner equation) to predict the
existence of quasistationary trains of long internal
waves, socalled breathers, the dynamics of which was
later demonstrated in a model of full nonlinearity [14].
An approximate model of the second level devel
oped by the authors on the basis of the Gardner–
Ostrovskii equation was applied to describe the field of
internal waves over the northwestern shelf of Australia
[5, 6, 15, 16], in the Arctic [15–17], and on the Malin
shelf [15, 16, 18]. Modeling of the dynamics of inter
nal waves was carried out in [18] as the wave train
propagated over the Malin shelf. The form of the wave
train was compared with the data of observations
recorded at reference points of the train propagation.
A similar experiment was also conducted on the shelf
of Portugal [19–21]. In this work, we model the
dynamics of this wave train and compare the results of
modeling with the observations of internal waves at
reference points.
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2. THEORETICAL MODEL
The Gardner–Ostrovskii equation is well known as
a model to describe the dynamics of long internal
waves in a horizontally homogeneous ocean. The
model also allows us to take into account the rotation
of the earth. The main equation of this model is writ
ten as [6, 22, 23]
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(13)

(14)

Equation (1) conserves the zero mass

∫ ς(s, x)ds = 0

where H is the basin depth; velocity с is also found
from (3)–(4). It is the linear velocity of the propaga
tion of long internal wave of the corresponding mode,
and coefficients of dispersion β, quadratic nonlinear
ity α, and cubic nonlinearity α1 are calculated in
quadratures from mode function Φ and its derivatives
(see [17, 24])

Φ 2dz
c
β=
,
2 (d Φ dz)2 dz

)

ς s + 2π , x = ς(s, x)
ω
and initial conditions

It is normalized as follows
Фmax = 1,

(12)

The rotation of the earth is taken into account
through the Coriolis parameter, where Tc = 24 h and ϕ
is the geographical latitude. Finally, the model
includes a dissipation term, which allows us to take
into account the friction in the bottom turbulent
boundary layer [5]; k is the friction coefficient, which
is selected phenomenologically.
Equation (1) is solved with the periodical boundary
conditions with respect to time

with zero boundary conditions at the bottom and sur
face (rigid lid approximation):
Ф(0) = Ф(Н) = 0,

(11)

It is normalized as

Variable s is the isopycnals displacement at the maxi
mum of the mode function, which is found from the
solution of the Sturm–Liouville problem,

d 2Φ + N (z) Φ = 0,
dz 2
c2

∫

2

(2)

(index “0” denotes the values corresponding to the
first reference station with coordinate x0). Hereinafter
we use the Boussinesq approximation. Variable s is
“slow” time in the accompanying coordinate system
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where T(z) is a nonlinear correction to the mode,
which is found from the solution of the following
equation
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(15)

and energy flux

∫ ς (s, x)ds = a ∫ F
2

2
0

2

(s)ds

(16)

if dissipation is zero.
3. DATA OF OBSERVATIONS AND THEIR
PROCESSING FOR MODELING
The data of observations of the internal wave train
transformation were obtained in the course of the
European field experiment EU MAST II MORENA
in 1994 on the shelf of Portugal [19–21]. The data
were given to the authors by T. Sherwin within the joint
grant INTASRFBR no. 95969. The measurements
were carried out in August 1994 on the shelf of Portu
gal at three points, which in the course of the experi
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Fig. 1. Displacements of isotherms at points (a) 14, (b) 15, and (c) 16. The lower isotherm corresponds to a temperature of 13.5°;
the temperature difference between isotherms is 0.5°.

ment were numbered as 14, 15, and 16. Their coordi
nates are given in Table 1.

isotherms calculated from the temperature measure
ments are shown in Fig. 1 for all three points.

All the points are located along a straight line; the
distance between points 14 and 16 is 26.3 km. The
measured profile of the wave train at point 14 is the
input one for numerical modeling. Displacements of

An analysis of the modal structure based on the
available records of internal waves demonstrated that
the first mode dominates in the records with a propor
tion of 95%. The initial wave profile at point 14 con
sists of three solitonlike waves whose number increases
as the wave train transforms (Fig. 1).

Table 1. Coordinates of the stations
Number
of the point

Latitude

Longitude

14

41°03′

9°15.8′

15

41°04.8′

9°08.4′

16

41°06.5′

9°01.7′

The mode function and coefficients of Eq. (1) are
calculated on the basis of unperturbed (mean) vertical
profile of the Brunt–Väisälä frequency, which is
shown in Fig. 2 for each point.
The coefficients of the model are calculated from
formulas (2)–(4), (5)–(10), and (12); they are pre
sented in Table 2. All coefficients notably change
along the pathway of the wave.
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Fig. 2. Mean profile of the Brunt–Väisälä frequency at points (a) 14, (b) 15, and (c) 16.

The Gardner–Ostrovskii equation (1) for the mod
eling wave transformation during its propagation along
the horizontally inhomogeneous pathway is written for
the vertical displacement of isopycnals η(x, t) at the
maximum of the first mode. Knowing the observed
displacements of isotherms (Fig. 1) and assuming that

all oscillations occur in the first mode, we calculate the
displacement function at the maximum of the first
mode from each isotherm

η(x, t) =

ξ(z, x, t)
,
Φ(z)

(17)

Table 2. Coefficients of the model
Number
of the poin
14
15
16

Distance, m
0.0
13590
26280

Depth, m

α, s–1

β, m3/s

c, m/s

α1, m–1 s–1

Q

153
131
93

–2.39E02
–2.47E02
–1.81E02

297.7
341.6
123.6

4.57E01
5.65E01
3.75E01

–8.73E04
–2.41E04
–7.57E04

1
0.95
1.26
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Fig. 3. Wave profiles at points (a) 14, (b) 15, and (c) 16.

where Φ(z) denotes the mode function and ξ(z, x, t)
are observed displacements of isotherms. As a rule, the
forms of the isotherm displacements calculated from
relation (21) at the maximum of the first mode η(x, t)
do not completely coincide with each other and we use
the averaging procedure. We already used this method
in [18]. The results of calculations of the wave profile
from the data of observations at each point are shown
in Fig. 3. The zero level corresponds to the location of
the first mode maximum at each point.
The wave profile at point 14 is taken as the initial
data for the numerical modeling of Eq. (1).

4. RESULTS OF NUMERICAL MODELING
It was mentioned above that periodical boundary
conditions in time were used in the modeling. Taking
into account the fact that internal waves on the shelf
are generated mainly by the semidiurnal barotropic
tide (with a period of 12.4 h), the time series of internal
wave at point 14 was supplemented by a nonperturbed
time series so as to obtain a period coinciding with the
period of the semidiurnal tide. This record became the
initial one for the model. We note that the differential
scheme of the numerical solution of the Gardner–
Ostrovskii equation (1) and its stability was discussed
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Fig. 4. Comparison of the modeling results (solid line) with the data of observations (dots) at points (a) 15 and (b) 16 in the
absence of bottom friction.
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Fig. 5. Comparison of the modeling results (solid line) with the data of observations (dots) at points (a) 15 and (b) 16 when the
coefficient of bottom friction is 0.0006.

in [5, 6, 25]. We used the same numerical scheme in
our work.
Model equation (1) has one unknown parameter k
corresponding to the coefficient of the bottom fric
tion. The modeling was performed both at zero bottom
friction (k = 0) and with account for the friction when
the value of the coefficient was k = 0.0006. The value
of this coefficient for long surface waves and internal
waves was partly discussed in [5, 6, 26]). The geo
graphical latitude of the section was taken the same for
IZVESTIYA, ATMOSPHERIC AND OCEANIC PHYSICS

all points (41°5′ N). The results of wavetrain model
ing at points 15 and 16 are presented in Figs. 4 and 5.
The displacement of the isopycnals at the point of
maximum of the first linear mode obtained as a result
of the numerical calculation (solid line) is shown in
comparison with the displacement of the same isopy
cnals (dotted curve) plotted from the data of observa
tions.
It follows from a comparison of the curves shown in
Figs. 4 and 5 that, first, our model in both cases satis
Vol. 50
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factorily describes the two first solitary waves and then
a significant phase distortion of the solitary waves
occurs.

and Project of the NIU BSE Scientific Foundation no.
12010103.

Second, it is worth noting that the predicted form,
amplitude, and location of the first two solitary waves
is much closer to the observed ones when the bottom
friction with a coefficient of k = 0.0006 is introduced
in the model.
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