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ON DEFORMATIONS OF LINEAR SYSTEMS
OF DIFFERENTIAL EQUATIONS
AND THE PAINLEVÉ PROPERTY

V. A. Poberezhny UDC 517.927

Abstract. We consider systems of linear differential equations discussing some classical and modern

results in the Riemann problem, isomonodromic deformations, and other related topics. Against this

background, we illustrate the relations between such phenomena as the integrability, the isomonodromy,

and the Painlevé property. The recent advances in the theory of isomonodromic deformations presented

show perfect agreement with that approach.
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1. Introduction

Using Fuchsian systems and their isomonodromic deformations as a kind of “toy model,” we il-
lustrate some deep natural relations existing between the integrability, the isomonodromy, and the
Painlevé property. Briefly, it claims that the integrability and the isomonodromy are assumed to be
somehow equivalent when the Painlevé property usually serves as a sign of some underlying hidden in-
tegrability. This concept is valid for a number of classical integrable systems and differential equations.
The isomonodromic equivalents are established for such famous models as the KP–KdV equations,
the associativity or WDWW system, the Yang–Mills theory, the Painlevé-VI equation, and for a lot of
others. One can find some elucidation in reviews [2, 7]. The Painlevé test in the theory of integrable
systems says that if an equation is integrable, then there should exist some reduction procedure trans-
forming it to an equation possessing the Painlevé property. Such reductions are known for all classical
integrable systems mentioned above. The Painlevé property is the property for the equation not to
have the movable singular points other than simple poles. Historically it was Kowalewskaya who first
used the Painlevé property in her research. Investigating the problem of integrability of the top, she
had arrived at the idea of finding all sets of parameters for which the equation of motion possesses the
Painlevé property and then to try to solve the equation for those cases. She had found that there are
three such possibilities for the parameters; two were known as the Euler and the Lagrange tops, and
for the third one she had found a solution known now as the Kowalewskaya top. This story is a nice
illustration of the desirable relation between the integrability, the isomonodromy, and the Painlevé
property.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 83, Modern Algebra and Its Applications, 2012.
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Considering Fuchsian systems and looking at the progress in the theory of their deformations,
we see that first, when only Schlesinger deformation was known, this correlated perfectly with the
integrability–isomonodromy–Painlevé property picture. The isomonodromy of a Schlesinger deforma-
tion was equivalent to a complete integrability of the Schlesinger form distribution, and the resulting
family possessed the Painlevé property. Later, when non-Schlesinger deformations were found the
relations to the Painlevé property seemed to be broken. But recently, after establishing a full clas-
sification of the Fuchsian system, isomonodromic deformations, this relation was restored by the
appearance of new degrees of freedom with a free dynamics. This is a feature of the so-called reso-
nant case. Removing this new degree of freedom (which is always possible because of independence
of their dynamics from the dynamics of other variables), one can arrive at an agreement with the
integrability–isomonodromy–Painlevé property concept we formulated above. Recently these results
were generalized to the case of the integrable deformations of meromorphic linear systems having poles
of greater orders. The integrability–Painlevé property relation still holds for that generalization.

2. Fuchsian Systems

Fuchsian systems are linear systems of differential equations with meromorphic coefficients having
no singular points other than first-order poles. They are equivalent to the logarithmic connections on
the trivial vector bundle over Riemann sphere:

∇y = dy − ωy = dy −
(

n∑
i=1

Bi

z − ai
dz

)
y = 0.

Being the simplest possible linear systems, Fuchsian systems are, however, the source of a number of
classical problems. The main characteristics of the linear differential equation are its singular points,
asymptotics, and monodromy. For a generic Fuchsian system, that data set appears to be complete.
By monodromy we mean the branching of the fundamental matrix of the system under an analytical
continuation along the loops encircling singular points. The monodromy map has a number of very
interesting and useful properties revealing the geometry and symplectic nature of isomonodromic
deformations [1].

2.1. Monodromy and Riemann–Hilbert map. Below we give a more precise definition of mon-
odromy and discuss some of its basic properties. Taking linearly independent solutions y1, . . . , yp of
the Fuchsian system as the columns of a matrix Y , we obtain a fundamental matrix of a system or
the base of the solution space. Taking a branch of Y at some point z0 we can continue it analytically
along the loop γ. On the return to z0 we obtain some other branch Ỹ , which is still the fundamental
matrix. But any two fundamental matrices are connected by some constant matrix, as they are both

the bases of the same linear space. So they are related by Y � Ỹ = Y Gγ . If γ encircles only one of
ai, the matrix Gγ is called a local monodromy, and as Gγ depends only on the homotopic class of γ,
the representation

χ : π1
(
CP

1 \ {a1, . . . , an}
) → GL(p,C),

called the monodromy representation, is well defined. The image (G1, . . . , Gn) of χ defined up to an
overall conjugation is called the monodromy of the system. The natural relation in the fundamental

group gives
n∏

i=1
Gi = 1.
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Since for any set of coefficients (B1, . . . , Bn) and singularities (a1, . . . , an) the monodromy is well
defined, we can consider it as a map between moduli spaces of Fuchsian systems and the representa-
tions: {

B1, . . . , Bn

∣∣∣∣
n∑

i=1

Bi = 0

}
/ ∼

χa

��{
G1, . . . , Gn

∣∣∣∣
n∏

i=1

Gi = 1

}
/ ∼

The equivalence relation ∼ means a simultaneous conjugation of all matrix by a constant one. One
can see that it is natural to consider here the map χa as a noncommutative generalization of the
exponential map. Indeed, the relation

∑
Bi = 0 transforms to

∏
Gi = 1 and for any k the spectrum

of Gk is equal to the spectrum of exp(2πiBk). Moreover, in a nonresonant case, the matrices Gk and
exp(2πiBk) for any k are conjugated by different constant matrices.

Having such a picture, a question about the reciprocal map arises. Such a map is known as the
Riemann–Hilbert map {

B1, . . . , Bn

∣∣∣∣
n∑

i=1

Bi = 0

}
/ ∼

{
G1, . . . , Gn

∣∣∣∣
n∏

i=1

Gi = 1

}
/ ∼

RHa

��

and it is related to the classical Riemann–Hilbert problem that asks for any given monodromy and
singularities to construct a Fuchsian system with such a data. The generalized Riemann–Hilbert
problem deals with data set extended by inclusion of asymptotics of the system. Historically the
problem is closely related to the problem of construction of an isomonodromic deformation for a given
Fuchsian system.

Both the monodromy and RH maps are extremely transcendental and cannot be expressed in known
classical or linear special functions if n > 3, p > 1.

A short introduction to the geometry of monodromy and Riemann–Hilbert maps is given in Ap-
pendix B.

2.2. Isomonodromic deformations. Considering the Fuchsian system dy = ωy, we see that
the construction of isomonodromic deformation consist in establishing a family of ω(a, t) such that
ω(a0, t0) = ω for some initial point (a0, t0) and for any fixed a = a∗, t = t∗ the monodromy of the
Fuchsian system ω(a∗, t∗) is the same as of the system ω (see [5] for precise definitions). The questions
of construction of the isomonodromic family for a given initial system and establishing whether a given
family is isomonodromic naturally arise.

Theorem 2.1 (see [6]). ω(a, t) is isomonodromic if and only if there exists a 1-form Ω such that :

(1) dΩ = Ω ∧ Ω;
(2) Ω

∣∣
(a,t)=(a∗,t∗) = ω(a∗, t∗) for any fixed (a∗, t∗).

Geometrically this means that continuous isomonodromic deformations are in fact deformations of
an embedding; one just moves the sphere in the space where the global form Ω is defined and take the

535



restriction of Ω to that sphere as ω. Also, it gives a nice example of the integrability-isomonodromy
relation: the family ω is isomonodromic if and only if some distribution dy = Ωy is completely
integrable.

Now one can ask for some classification or any additional information about forms Ω. Historically
the first and very important result here is the following ansatz proposed by Schlesinger at the beginning
of the 20th century.

Theorem 2.2. For any given Fuchsian system dy = ω(a0)y, there exists a 1-form Ωs of the type

Ωs =

n∑
i=1

Bi(a)

z − ai
d(z − ai) (1)

satisfying the conditions of Theorem 2.1 such that Ωs(a
0) = ω(a0).

In other words, the problem of construction of isomonodromic family is always solvable by
Schlesinger-type forms. Written in coordinates, the equation dΩs = Ωs∧Ωs is known as the Schlesinger
equation; it possesses a number of nice properties (the Painlevé property among others), and became a
subject of intensive study a long ago. The next statement concerns the universality of the Schlesinger
deformation.

Theorem 2.3. ω is nonresonant =⇒ Ω = Ωs.

The resonance here means the nonsimplicity of the spectrum of one of the residue matrices of

the system. If there exist i, j, and k such that for some βj
i and βk

i in the spectrum of Bi we have

βj
i −βk

i ∈ N, then the point ai and the entire system are called resonant. Being formulated in analytical
terms, resonances, however have a natural geometric interpretation, and these are special points or
even special components of the moduli space lattice of the Fuchsian system.

Theorem 2.4. If the only parameters of deformation are the positions of singular points (if ω =
ω(a)), then

Ω = Ωs +Ωres, (2)

where

Ωres =
n∑

i=1

ri∑
j=1

n∑
k=1

βijk
(z − ai)j

dak, (3)

ri is the maximal i-resonance of the system (the greatest possible natural difference between the ele-
ments of the spectrum of Bi(a)), and n is the number of singular points (a1, . . . , an).

This result is due to Bolibrukh [3]. He also showed that for deformations of that type the Painlevé
property is usually broken. Even though the isomonodromy property of the Fuchsian family is
still equivalent to a complete integrability of some special distribution, the general integrability–
isomonodromy–Painlevé property picture meets here some problems. The recent advances in the
theory we are going to present eliminate this inconvenience and restore full agreement to the concept
we discuss.

2.3. Moduli space of Fuchsian systems. The recently developed approach to Fuchsian systems
we discuss in that subsection gives the natural and transparent interpretation of the above results
(historically they have very analytic origins) considering the description and classification of isomon-
odromic deformations. Moreover, the further generalization naturally arose against that background.
The approach under consideration is based on the investigation of Fuchsian systems moduli space.

The basic point here is the rigidity of Fuchsian systems. The following well-known property of
Fuchsian system can be easily checked by straightforward calculations.
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Lemma 2.1. For any given set of singular points, a monodromy, and a nonresonant set of asymp-
totics, there is no more than one Fuchsian system.

Let us fix positions of the singular points of the system. Since any Fuchsian system is characterized
by its monodromy and asymptotics distribution, it is natural to regard the system moduli space as
a bundle, where monodromy representations lie in the base and asymptotics in the fibers. In that
description the base is exactly the monodromy representations moduli space and fibers represents the
moduli space of the systems with given singular points and fixed monodromy. Below by “moduli
space” we will always mean that moduli space. It is the lattice with elements of three different types.
These are isolated points, generally encoding non-resonant systems, lacunas, or empty sets, the sets
of asymptotics for which there are no Fuchsian systems with given monodromy, i.e., the data for
which the generalized Riemann–Hilbert problem is unsolvable, and finally, there are some continuous
components that represent different distributions of asymptotics relative to the fixed monodromy
structure. The latter always correspond to resonant systems.

Now we give an idea of the proof of Theorem 2.3. Consider some isomonodromic family containing
a given initial Fuchsian family. Over any arbitrary point of a parameter space there is a system of the
isomonodromic family with the initial monodromy and asymptotics. In accordance with Lemma 2.1,
in a nonresonant case there is at most one such system. On the other hand, we know that there is
always a system from the Schlesinger family having the same characteristics. So the families should
coincide over any point of the parameter space and are in fact the same family.

As for components of moduli space of Fuchsian systems other than isolated points, they map
to themselves under an isomonodromic continuation, but not necessarily identically. If it is still
identical, then it is a Schlesinger deformation. Otherwise, there is some additional dynamics over the
continuous component of moduli space of Fuchsian systems that is a non-Schlesinger deformation [8].
The description of this dynamics involves new variables encoding this new degrees of freedom. The
general form of the deformation is a recent result presented in the next section. The earlier known
result of Theorem 2.4 appears to be a reduction of the general extended form.

3. Recent Advances

Theorem 3.1 (see [4, 5]). For any (appropriately defined, see [5]) integrable deformation (E,∇), the
solutions {Bil(t)} of the integrability equations exist and can be continued holomorphically to T \Θ and
meromorphically to θ. Here T is the deformation space and Θ ⊂ T is the theta-divisor—an analytical
subset of the deformation space of codimension 1.

In accordance with the general concept we mentioned before, the statement above claims that
integrable deformations of linear meromorphic connections on trivial vector bundles do possess the
Painlevé property not only for Fuchsian systems but for systems of greater pole orders as well. This is a
generalization of the famous Malgrange theorem on the Painlevé property of the Schlesinger equation,
the equation that encodes isomonodromic deformation of logarithmic connections or Fuchsian systems.

The proof is based on vector bundles and connection techniques and involves Fredholm operators
theory.

Theorem 3.2 (see [4, 9]). The differential 1-form Ω defining the isomonodromic deformation of a
Fuchsian system dy = ωy is always constructed as follows:

Ω = Ωs +Ωres +Ωadd, (4)

where

Ωres =
n∑

i=1

ri∑
j=1

s∑
k=1

βijk
(z − ai)j

dtk. (5)
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Here ri is the maximal i-resonance of the system and s is the dimension of the continuous component
of the moduli space of the Fuchsian system.

The coefficients of the form Ω are meromorphic functions of (a, t). Any other 1-form Ω̃ encoding
the isomonodromic deformation of the same Fuchsian system is a reduction under t = t(a) condition

Ω̃ = Ω
∣∣
t=t(a)

, where t(a) are some single-valued function on the deformation space.

This statement explains the gap in the integrability–isomonodromy–Painlevé property concept con-
cerning the deformations of resonant Fuchsian families. It appears that the Painlevé property is broken
due to the freedom in choosing reducing functions t = t(a) encoding the evolution of Levelt’s filtration;
the only necessary condition that they should satisfy is the condition of single-valuedness. So choosing
functions of faster than polynomial growth leads to obeying the Painlevé condition.

To prove that result, we deal again with vector bundles and especially their gauge transformations.
The technique of gauges affecting the splitting type of the bundle and changing its particular indices
while the monodromy is preserved was established.

A. Results of Section 2.3 and Theorem 3.2 Revisited

Here we consider in detail the general case of families of Fuchsian systems and introduce general
ideas to interpret the results of Theorem 3.2 based on a moduli-space approach.

The construction uses the technique of Schlesinger transformation as a gauge of a matrix differential
1-form ω0 regarded as a connection form in a holomorphically trivial vector bundle over C. This
approach is widely used in working around the Riemann–Hilbert problem and related topics. The
gauges under consideration preserve the monodromy of the system but change its exponents. Since the
sum of the residues of a 1-form is an invariant, any local changes of exponents should be compensated
at the same or another singular point. It follows that the simplest possible Schlesinger transformation
(we call it elementary) that increases one of the exponents at some singular point should decrease one
at another singular point or vice versa. Such a gauge can be constructed rather explicitly (see [8] for
greater details).

Now assume that we have an initial resonant Fuchsian system. First, let us note that by the sequence
of elementary gauges described above one can resolve all the resonances of the system by introducing
some auxiliary fixed singular point a∗. Indeed, any elementary gauge deals with two singular points.
Taking one by one the singular points of the system together with the auxiliary point, one can remove
all the resonances, compensating them by the appropriate changes of exponents at the point a∗. Now
there exists a Schlesinger family defined by this auxiliary system with the only resonant singular point.

The second step stems from the fact that the gauges we used can be generalized to isomonodromic
families as well. As they have a rather explicit and simple form, one can verify directly the action
of the reverse gauges on the Schlesinger 1-form. The next important observation is that during this
reverse gauging there are two different steps: the creation of resonances and their amplification.
Creating the resonance, one chooses the direction of the remarked solution from the monodromy
eigenspace according to our initial resonant system. Liberating the parameters {w1, . . . , wd} encoding
these singled out directions in the solution space, we obtain the whole component W of the Fuchsian
systems moduli space, the set of all possible Fuchsian systems having the prescribed monodromy and
exponents. Finally it remains to introduce these parameters as new variables to the gauges and modify
the gauge actions with respect to these new variables. As these new variables determine the system
uniquely among all systems having the same monodromy and exponents, and any isomonodromic
family can be presented as a gauged Schlesinger family. That is also the reason for the proof to
be independent of the position of a∗. That data can be expressed via new variables appears to be
inessential. Explicit calculations give the representation (4).
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The important point here is that the representation of any possible isomonodromic family as a
result of some elementary gauges of the Schlesinger one can help in estimating the growth of the family
coefficients under the deformation and gives an illustration of possible Painlevé property fulfillment or
its violation for the deformation equations. Indeed, assuming now that the new variables wi, which are
functions of a1, . . . , an, reduce the 1-form Ω to the representation (2), and assuming these functions
to be of faster than polynomial growth obviously gives the violation of the Painlevé property for the
resulting family (as we saw in Example 5). Moreover, that is the only possible construction of the
Painlevé property violation for isomonodromic deformations of Fuchsian systems. On the other hand,
the investigation of explicit forms of the gauges used in the reasonings considered above can assure
the fulfilment of the Painlevé property for the resulting family if there are no reductions of the type
w = w(a) or if the functions wi(a) are of an appropriate growth.

B. Symplectic Structures

In this appendix, we try to elucidate the geometry behind isomonodromic deformations and to
give a short review of relations between these deformations and some symplectic structures related to
connections and representations moduli spaces.

We begin with Fuchsian systems. The starting point is an investigation of the monodromy map
properties. That highly transcendental map appears to have a number of nice properties. Starting
from a monodromy that maps a meromorphic differential equation to its monodromy data, the map
extends to the (properly defined) moduli space of meromorphic connections targeting the moduli
space of fundamental group representations. The connections moduli space is naturally fibered over
the space of deformation parameters, and there is some bundle over the same base naturally asso-
ciated to the representations moduli space. In greater detail, that is the moduli space extended by
including some additional (rather formal) data, namely the concrete position of the punctures that
the generators of the fundamental group encircle. Clearly one can easily define the monodromy map
for these two bundles. Both bundles appear to be furnished with some natural symplectic structures,
and the monodromy map gives a symplectomorphism. The natural flat Ehresmann connection on the
target bundle is quite easy to describe: horizontal sections are those passing through the same class
of monodromy representation over each base point. The pull-back of these sections are just isomon-
odromic families of Fuchsian systems. So the equations of isomonodromic deformations describe the
natural flat symplectic connection on the moduli space of Fuchsian systems fibered over singular points
positions. Written down in coordinates the connection form varies from (1) in the simplest case to (4)
in the most general settings.

This approach was generalized by Boalch [1]. He described the corresponding moduli spaces, sym-
plectic structures, and the corresponding maps for systems with singular points of positive Poincaré
rank (non-Fuchsian singular points). Also he showed that the general symplectic ideology governs
against that background as well: the monodromy map is still a symplectomorphism between properly
defined generalized moduli spaces.
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