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Klein foams as families of real forms of

Riemann surfaces

Sabir M. Gusein-Zade and Sergey M. Natanzon

Klein foams are analogues of Riemann surfaces for surfaces with
one-dimensional singularities. They first appeared in mathemati-
cal physics (string theory etc.). By definition a Klein foam is con-
structed from Klein surfaces by gluing segments on their bound-
aries. We show that, a Klein foam is equivalent to a family of real
forms of a complex algebraic curve with some structures. This cor-
respondence reduces investigations of Klein foams to investigations
of real forms of Riemann surfaces. We use known properties of real
forms of Riemann surfaces to describe some topological and ana-
lytic properties of Klein foams.

1. Introduction

A Klein foam (a seamed surface) is constructed from Klein surfaces by gluing
segments on their boundaries. Klein foams first appeared in mathematical
physics (string theory, A-models) [5, 9, 25] (see also [11]) and have applica-
tions in mathematics: [2, 3, 10] etc.

A Klein surface is an analog of a Riemann surface for surfaces with
boundaries and non-orientable ones [4, 22]. One can consider a Klein foam
as an analog of a Riemann surface for surfaces with one-dimensional singu-
larities. Further on we consider only compact Riemann and Klein surfaces.

Following [7] we also require existence of a dianalytic map from a Klein
foam to the complex disc. According to [7] such function exists if and only
if the corresponding topological foam is strongly oriented. According to [21]
this condition makes it possible to extend the 2D topological field theory
with Klein surfaces [1] to Klein foams.
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In this paper we prove, that a Klein foam is a collection of real forms
of a complex algebraic curve. Any Klein surface is the quotient S/τ , where
τ : S → S is an antiholomorphic involution of a Riemann surface S. In terms
of algebraic geometry the pair (S, τ) is a complex algebraic curve with an
involution of complex conjugation. Thus it is a real algebraic curve [4]. We
will say also that τ is a real form of S. The fixed points of τ correspond to the
boundary ∂(S/τ) of the quotient S/τ and to real points of the corresponding
real algebraic curve. The fixed points form closed contours that are called
ovals [23]. In what follows we consider only real algebraic curves with real
points, that is with non-empty ∂(S/τ).

A general Riemann surface has not more that one antiholomorphic invo-
lution. However, there exist Riemann surfaces with several antiholomorphic
involutions [13, 14, 17]. Here we prove that the Klein foams are in one-to-one
correspondence with the equivalence classes of the families of real forms of
Riemann surfaces, i.e. of the collections {Ŝ, G, (G1, τ̂1), . . . , (Gr, τ̂r)} consist-
ing of:

1) a compact Riemann surface Ŝ;

2) a finite subgroup G of the group Aut (Ŝ) of holomorphic automor-
phisms of Ŝ;

3) real forms τ̂1, . . . , τ̂r of Ŝ such that τ̂iGτ̂i = G;

4) subgroups Gi ⊂ G (i = 1, 2, . . . , r) generating G and such that
τ̂iGiτ̂i = Gi.

A collection of real forms of a Riemann surface has some non-trivial
“collective” properties. Initially these properties were observed in [12, 15, 16,
18]. These results were developed and refined in a long series of publications
(see [6] and references therein). We use these properties of real forms to
describe some non-trivial combinatorial properties of analytic structures of
Klein foams. In particular, we give bounds for the number of non-isomorphic
Klein surfaces in a Klein foam and for the total number of ovals in a Klein
foam.

2. Klein foams

A Klein foam is a topological foam with an analytic structure. A topological
foam is obtained from surfaces with boundaries by gluing some segments on
the boundaries [2, 25]. For our goal we modify this definition considering
instead of a surface with boundary a surface without boundary, but with
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an involution such that the corresponding quotient is homeomorphic to the
first one. This change of the definition does not change the notion itself.

A generalized graph is a one-dimensional space which consist of finitely
many vertices and edges, where edges are either segments connecting differ-
ent vertices or isolated circles without vertices on them. A pair of vertices
may be connected by several edges.

A normal topological foam Ω is a triple (S,Δ, ϕ), where

• S = S(Ω) is a closed (i.e. compact without boundary, but usually dis-
connected) oriented surface with a reversing the orientation involution
with the fixed point set being a closed curve L �= ∅, that is finite dis-
connected union of simple contours;

• Δ = Δ(Ω) is a generalized graph;

• ϕ = ϕΩ : L → Δ is the gluing map, that is, a map such that:
(a) Imϕ = Δ;
(b) on each connected component of L, ϕ is a homeomorphism on a
circle in Δ;
(c) for an edge l of Δ, any connected component of S contains at most
one connected component of ϕ−1(l \ ∂l);
(d) (the normality condition) for Ω̌ = S ∪ϕ Δ (the result of the gluing
of S along Δ) and for each vertex v from the set Ωb of vertices of the
graph Δ, its punctured neighbourhood in Ω̌ is connected.

A triple (S,Δ, ϕ) which satisfies all the properties above but (c) will be
called a topological pseudofoam. The same terminology will be applied to
analytic and Klein foams defined below.

Normal topological foams arise naturally in the theory of Hurwitz num-
bers [2, 3]. A foam Ω = (S,Δ, ϕ) will be called connected if Ω̌ is connected.
In what follows topological foams are assumed to be normal and connected.
Let Ωb be the set of vertices of the graph Δ.

A morphism f of topological foams Ω′ → Ω′′ (Ω′ = (S′,Δ′, ϕ′), Ω′′ =
(S′′,Δ′′, ϕ′′)) is a pair (fS , fΔ) of (continuous) maps fS : S′ → S′′ and fΔ :
Δ′ → Δ′′ such that fS is an orientation preserving ramified covering com-
muting with the involutions on S′ and S′′, ϕ′′ ◦ fS = fΔ ◦ ϕ′ and fΔ|Δ′\Ω′

b
is

a local homeomorphism Δ′ \ Ω′b on Δ′′ \ Ω′′b .
An analytic foam is a topological foam Ω = (S,Δ, ϕ), where S is a com-

pact Riemann surface, the involution of which is antiholomorphic. A mor-
phism f of analytic foams Ω′ → Ω′′ (Ω′ = (S′,Δ′, ϕ′), Ω′′ = (S′′,Δ′′, ϕ′′)) is
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a morphism (fS , fΔ) of the corresponding topological foams such that fS is
complex analytic.

The simplest analytic foam is Ω0 = (C, S1, Id), where C = C ∪∞ is the
Riemann sphere with the involution z 	→ z̄. An analytic function on an an-
alytic foam Ω is a morphism of Ω to Ω0.

A Klein foam is an analytic foam Ω = (S,Δ, ϕ) admitting an everywhere
locally non-constant analytic function. This condition appeared first in [7]
and is equivalent to the condition of being “strongly oriented” for the cor-
responding topological foam. The category of strongly oriented topological
foams [21] is a subcategory of topological foams that allows the topological
field theory to be extended to the Klein topological field theory [1].

A Klein (pseudo)foam Ω will be called compressed if the coincidence of
F (x) and F (x′) for two points x and x′ of ΔΩ and for all analytic functions
F on Ω implies that x = x′. For any Klein foam Ω there exists a unique
compressed Klein pseudofoam Ω′ with a morphism Ψ : Ω → Ω′ such that
ΨS is an isomorphism. This follows from the following fact. In [7, Theorem
2.1], it was shown that there exists a connected Riemann surface Š with an
antiholomorphic involution τ̌ and an analytic nowhere locally constant maps
f : Ω̌ → Š, commuting with the involutions on S and on Š, such that the
corresponding morphism of the foams establishes an isomorphism between
the fields of analytic functions on Ω and on Š respectively. One can see
that Ω′ is obtained from Ω by gluing all the points x and x′ of Δ(Ω) with
f(x) = f(x′). (In particular the graph ΔΩ′ coincides with the set of the real
points of Š cut into edges by the ramification points of f .) We shall say that
Ω′ is the compressing of Ω.

Two Klein foams Ω1 and Ω2 will be called weakly isomorphic if their
compressings are isomorphic.

3. Real forms

Definition 1. An equipped family of real forms of a Riemann surface Ŝ is
a collection {Ŝ, G, (G1, τ̂1), . . . , (Gr, τ̂r)} consisting of:

• a compact Riemann surface Ŝ;

• antiholomorphic involutions (i.e. real forms) {τ̂1, . . . , τ̂r} of Ŝ;

• a finite subgroup G of the group of holomorphic automorphisms of
Aut (S) such that τ̂iGτ̂i = G for each i = 1, 2, . . . , r;

• subgroups Gi ⊂ G such that τ̂iGiτ̂i = Gi for i = 1, 2, . . . , r and G as a
group is generated by G1, . . . , Gr;
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• the inclusion Gi ⊂ G generates a morphism of Klein surfaces S/Gi →
S/G that is a homeomorphism on any oval of S/G.

Definition 2. Two equipped families of real forms of Riemann surfaces

{Ŝ, G, (G1, τ̂1), . . . , (Gr, τ̂r)} and {Ŝ, G′, (G′1, τ̂ ′1), . . . , (G′r, τ̂ ′r)}

are equivalent if there exists h ∈ Aut Ŝ, hi ∈ G, li ∈ Gi, such that

hGh−1 = G′, hhiGih
−1
i h−1 = G′i, hhiliτ̂il

−1
i h−1i h−1 = τ̂ ′i .

Two equipped families of real forms of Riemann surfaces

{Ŝ, G, (G1, τ̂1), . . . , (Gr, τ̂r)} and {Ŝ′, G′, (G′1, τ̂ ′1), . . . , (G′r, τ̂ ′r)}

are equivalent if there exists an analytic isomorphism H : Ŝ → Ŝ′ such that

{Ŝ′, HGH−1, (HG1H
−1, Hτ̂1H

−1), . . . , (HGrH
−1, Hτ̂rH

−1)}

and

{Ŝ′, G′(G′1, τ̂ ′1), . . . , (G′r, τ̂ ′r)}
are equivalent.

4. Main theorem

Theorem 1. There exists a natural one-to-one correspondence between
the classes of weakly isomorphic Klein foams and the equivalence classes
of equipped families of real forms of Riemann surfaces.

Proof. Consider a Klein foam Ω = (S,Δ, ϕ) with S consisting of connected
components Si, i = 1, . . . , r. Let τi be the restriction of the (antiholomor-
phic) involution to Si.

In [7, Theorem 2.1], it was shown that there exists a connected Riemann
surface Š with an antiholomorphic involution τ̌ and analytic nowhere locally
constant maps f : Ω̌ → Š, commuting with the involutions on S and on Š,
such that the corresponding morphism of the foams establishes an isomor-
phism between the fields of analytic functions on Ω and on Š respectively.
Consider the restrictions fi : Si → Š of f to Si.

Let Š◦ be the surface Š without all the critical values of the maps fi
and S◦ = f−1(Š◦). Consider an uniformization U → U/Γ̌ = Š◦. (Excluding
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trivial cases we assume that U is the upper half-plane in C and Γ is a
Fuchsian group.)

The restriction f◦i : S◦i → Š◦ of fi to S◦i = Si ∩ S◦ is a covering without
ramification. Thus there exists a subgroup Γi ⊂ Γ̌, that uniformises S◦i =
U/Γi and generates the map f◦i by the inclusion Γi ⊂ Γ̌. This subgroup Γi is
well-defined up to conjugation in Γ. Let σi be a lifting to U of the involution
τi to S◦i , such that σiΓiσi = Γi. This σi is well-defined up to conjugation in
Γi.

The subgroup Γi has a finite index in Γ and there are only finitely many
different subgroups of Γ̌ conjugate to Γi. Let us consider the intersection of
all the subgroups Γi and all their conjugates:

Γ̂ =

r⋂
j=1

⋂
a∈Γ̌

a−1Γja ⊂ Γ̌ .

Since all the involutions τi give one and the same involution τ̌ on the
surface Š, one has σiσj ∈ Γ̌ for all i and j. Thus σiaσj ∈ Γ̌ for any a ∈ Γ̌
and

σiΓ̂σi = σi

⎛
⎝ r⋂

j=1

⋂
a∈Γ̌

a−1Γja

⎞
⎠σi

=

r⋂
j=1

⋂
a∈Γ

σia
−1σjΓjσjaσi =

r⋂
j=1

⋂
b∈Γ

b−1Γjb = Γ̂ .

Consider now the Riemann surface Ŝ◦ = U/Γ̂. The involution σi gen-
erates an involution τ̂0i on Ŝ◦. The inclusion Γ̂ ⊂ Γ̌ generates a covering
Φ◦ : Ŝ◦ → Š◦. The inclusion Š◦ ⊂ Š generates a branching covering of Rie-
mann surfaces Ŝ → Š. The involution τ̂0i generates an antiholomorphic invo-
lution τ̂i on Ŝ. Moreover Γ̂ is a normal subgroup of Γ̌ and thus the subgroup
Γ̌/Γ̂ in a natural way is isomorphic to a subgroup G ⊂ Aut (Ŝ) of the group
of biholomorphic automorphisms of Ŝ.

The subgroups Γi from this construction also have an interpretation
in terms of the Riemann surface Ŝ. Let us consider the group Aut ∗(Ŝ) of
biholomorphic and antiholomorphic automorphisms of Ŝ. All the involutions
τ̂i belong to Aut ∗(Ŝ). Moreover, the involution σi preserves the subgroup
Γi ⊂ Γ̌. The homomorphism φ : Γ̌/Γ̂ → Aut (Ŝ) maps the subgroup Γi to a
subgroup Gi ⊂ G, such that τ̂iGiτ̂i = Gi.

Thus we have constructed an equipped family of real forms of a compact
Riemann surface corresponding to a Klein foam Ω = (S,Δ, ϕ). This family
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depends on the choice of the uniformizing subgroups Γi and of the pull-backs
σi. This means that the family is defined up to equivalence.

Since the compressing of a real foam depends only on the maps fi, the
weak equivalence class of the foam Ω is determined only by the equivalence
class of the corresponding equipped family of real forms of a Riemann sur-
face. �

Remark 1. One can see that there are finitely many Klein foams cor-
responding to an equivalence class of equiped families of real forms of a
Riemann surface. They are determined by some additional combinatorial
data.

5. Some topological and analytical properties of Klein foams

Consider a Klein foam

Ω = (S,Δ, ϕ), where S =

r∐
i=1

(Si, τi) .

Denote by gi and ki the genus of Si and the number of ovals of Si (i.e. the
number of the connected components of ∂(Si/τi)) respectively.

We say that (Si, τi) and (Sj , τj) are foam-equivalent if the images under
ϕ of the fixed point sets of τi and τj coincide. Otherwise we say that (Si, τi)
and (Sj , τj) are foam-different.

Recall that Klein surfaces (S′, τ ′) and (S′′, τ ′′) are isomorphic if there
exists a biholomorphic map h : S′ → S′′ such that τ ′′ = hτ ′h−1. We say that
a real algebraic curve (S′, τ ′) covers (S′′, τ ′′) if there exists a holomorphic
map h : S′ → S′′ such that τ ′′h = hτ ′. We say that Klein surfaces (S′, τ ′)
and (S′′, τ ′′) are weakly equivalent if there exists a Klein surface (S∗, τ∗)
covering both (S′, τ ′) and (S′′, τ ′′).

Consider the equipped family of real forms

F = {Ŝ, G, (G1, τ̂1), . . . , (Gr, τ̂r)}

corresponding to Ω. The main topological invariants of the family are the
genus ĝ of Ŝ, the numbers of the ovals k̂i = |π0(∂(Ŝ/τ̂i))| and the cardi-
nalities |Gi| of the subgroups. From the definitions it follow that (Si, τi) =
(Ŝ/Gi, τ̂i/Gi). Therefore

gi ≤ ĝ − 1

|Gi| + 1 and ki ≤ k̂i .
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Let us describe some properties of foams related with their genuses.
These properties depend not only on the topological properties of a foam
Ω = (S,Δ, ϕ), but also on a holomorphic structure on it. Further on we
assume that ĝ > 1. The topological classification of the equipped families of
real forms for ĝ ≤ 1 is more simple, but requires other methods.

Corollary 1. Let Ω = (S,Δ, ϕ) be a Klein foam such that S contains the

union
r∐

i=1
Si with all (Si, τi) foam-different. Then

r∑
i=1

ki ≤ 42(ĝ − 1).

Proof. The involutions τ̂i corresponding to foam-different Klein surfaces are
different. On the other hand, the sum of of the numbers of all the ovals of
all the real forms of a Riemann surface of genus ĝ > 1 is at most 42(ĝ − 1)

[15, 18]. Thus
r∑

i=1
k̂i ≤ 42(ĝ − 1). �

Corollary 2. Let Ω = (S,Δ, ϕ) be a Klein foam such that S contains the

union
r∐

i=1
Si with all (Si, τi) not weakly equivalent. Then r ≤ 2(

√
ĝ + 1) for

any ĝ > 1 and r ≤ 4, if ĝ is even.

Proof. The involutions τ̂i corresponding to not weakly equivalent Klein sur-
faces are not conjugate in Ĝ. On the other hand, the number of conjugation
classes of involution on a Riemann surface of genus ĝ is at most 2(

√
ĝ + 1)

for any ĝ > 1 [12] and at most 4 if ĝ is even [8]. �

Corollary 3. Let Ω = (S,Δ, ϕ) be a Klein foam such that S contains the

union
r∐

i=1
Si with all (Si, τi) not weakly equivalent. In addition assume that

either r = 3, 4 or all the surfaces Ŝ/Gi are orientable. Then
r∑

i=1
ki ≤ 2ĝ −

2 + 2r−3(9− r) < 2ĝ + 30.

Proof. The corresponding bounds for the number of involutions on a Rie-
mann surface are proved in [16, 18–20]. �
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