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Abstract. For the Dirac 2D-operator in a constant magnetic ﬁeld with perturbing electric
potential, we derive Hamiltonians describing the quantum quasiparticles (Larmor vortices)
at Landau levels. The discrete spectrum of this Hall-eﬀect quantum Hamiltonian can be
computed to all orders of the semiclassical approximation by a deformed Planck-type quantization condition on the 2D-plane; the standard magnetic (symplectic) form on the plane
is corrected by an “electric curvature” determined via derivatives of the electric ﬁeld. The
electric curvature does not depend on the magnitude of the electric ﬁeld and vanishes for
homogeneous ﬁelds (i.e., for the canonical Hall eﬀect). This curvature can be treated as an
eﬀective magnetic charge of the inhomogeneous Hall 2D-nanosystem.
DOI 10.1134/S106192081203003X

1. INTRODUCTION
Microscopic intrinsic sources, like hydrogen-type centers, quantum dots, etc., can create highly
inhomogeneous electric ﬁelds acting on free electrons in 2D-materials. In the presence of a magnetic
ﬁeld, these electrons form Larmor vortices (quasiparticles) whose motion, i.e., the Hall current, is
controlled by the electric ﬁeld. On the level of the classical mechanical picture, the current lines
are perpendicular to the electric ﬁeld directions. If this ﬁeld is inhomogeneous and has maxima,
minima, saddle points, etc., then the Hall current lines can be closed (circular). On the level of
quantum mechanics, the states of such quasiparticles are described by Hamiltonians generated
by the electric ﬁeld. The phase space for these Hamiltonians is the surface of the 2D-material
considered as a quantum surface. The circular behavior of the Hall current lines means that these
Hamiltonians have a discrete spectrum.
The quantum description of “Hall phenomena” of this kind has been developed for a long time
(see, e.g., [1–6]) and, in some cases, the approximate quantum Hamiltonian of a quasiparticle was
computed [3, 7–10].
In the present paper, we describe a general scheme of computing the Hall-eﬀect quantum Hamiltonians. We consider qraphene-type systems which are described by an eﬀective Dirac equation
[11–15]; however, the same approach certainly works for Schrödinger equations, say, for the bilayer
graphene and for other 2D-systems.
We represent the quantum Hamiltonians of the quasiparticle exactly and show how to compute
their spectra for all orders of the semiclassical approximation.
As the ﬁrst semiclassical correction, we ﬁnd an interesting addition to the usual magnetic differential form on the surface of the 2D-material. This additional form represents something like
electric curvature in the Hall phenomena. It contributes to the spectrum by deforming the usual
magnetic ﬂux in the Planck-type quantization condition.
It is important to note that, in the case of nanosystems living just on the border of the quantum
and classical worlds, the knowledge of high-order semiclassical terms becomes crucial, since the
eﬀective semiclassical parameter  (“the Planck constant”) for these nanosystems is not too small.
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For example, for  ∼ 1/3, one certainly needs to know terms of order 3 ∼ 4 · 10−2 and to compare
them with possible “exponential” terms of order e−1/ ∼ 5 · 10−2 . The semiclassical picture in this
nanoarea has to be clariﬁed in much more detail than that usually needed in quantum mechanical
problems. The objects which appear in the higher-order semiclassical terms are invariants and play
a crucial role in nanophysics.
The computation of the Hall eﬀect Hamiltonians on the surface with an inhomogeneous electric
ﬁeld represents a good example in which a careful and advanced semiclassical analysis is required
and new interesting objects arise.
Finally, note that here we consider here only the simplest ﬂat model, ignoring local nontrivial
geometry and possible inhomogeneity of the magnetic ﬁeld (or the lattice strain) [16–24]. A more
general situation will be considered in another publication.
2. DIRAC-TYPE HAMILTONIAN
Consider the 2D-system described (in dimensionless quantities) by the Dirac-type Hamiltonian
Ĥ = γ · p̂ + εV (q),

(2.1)

where the coordinates q = (q 1 , q 2 ) and the momenta p̂ = (p̂1 , p̂2 ), as well as the γ-matrices, satisfy
the relations
[γ j ,γ k ]+ = 2δjk, [γ j ,p̂k ] = [γ j , q k ] = 0, [p̂1 , p̂2 ] = i, [p̂1 , q 1 ] = [p̂2 , q 2 ] = −i, [p̂1 , q 2 ] = [p̂2 , q 1 ] = [q 1 , q 2 ] = 0.
(2.2)
2
2
Here the eﬀective “Planck constant” is given by  = l /L , where l stands for the magnetic length
(the scale of the Larmor vortex) and L characterizes the scale of the electric ﬁeld inhomogeneity. The
additional parameter ε in (2.1) controls the scale of the electric strength, and usually ε ∼ 10−1 ÷ 10.
The second term in (2.1) is regarded as a perturbation: either ε is small and   1 or ε could
not be small, while the semiclassical parameter  is small enough, ε  1.
The leading term γ · p̂ in (2.1) represents the graphene Hamiltonian itself. Its spectrum is well
known. Our purpose is to study the perturbed Hamiltonian (2.1) in the ﬁrst approximation with
respect to the perturbation parameter ε and to reduce it to 1D-eﬀective Hamiltonians. Another
objective is to derive the asymptotical expansion of the corresponding eﬀective Hamiltonians of a
quasiparticle on the quantum plane for all orders of  and to present asymptotic formulas for its
spectrum.
We ﬁrst introduce complex γ-matrices and complex coordinate-momenta, namely,
γ ± = γ 1 ± iγ 2 ,

1
z ± = √ (q 1 ± iq 2 ),
2

1
Π± = √ (p̂1 ∓ ip̂2 ).
2

Note that [24]
[γ + , γ − ]+ = 4,

[γ ± , γ 0 ] = ±2γ ± ,

where
def

γ 0 ==
Then

γ − γ + = 2(1 + γ 0 ),

i 1 2
[γ , γ ],
2

(γ + )2 = (γ − )2 = 0,

(γ 0 )2 = 1.

(2.3)

1
γ · p̂ = √ (γ + Π+ + γ − Π− ),
2

(2.4)

[Π± , z ± ] = −i,

(2.5)

where
[Π− , Π+ ] = ,

[Π± , z ∓ ] = 0.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS

Vol. 19

No. 3

2012

HALL QUANTUM HAMILTONIANS AND ELECTRIC CURVATURE

301

Squaring (2.4), we see that
 
1
def
(γ·p̂)2 = Π+ Π− + + γ 0 == A,
2
2 2

[A, Π± γ ± ] = 0,

[Π+ Π− , Π± ] = [A, Π± ] = ±Π+ . (2.6)

Squaring (2.1), we have
√
1
1
ε
ε √
1 2
Ĥ = (γ · p̂)2 + ((γ · p̂)·V + V ·(γ · p̂)) + ε2 2 V 2 = A+ √ ( A·V + V · A)+ O(ε2 2 ). (2.7)
2
2
2
2
2
Assume now that we have found an invertible operator U such that
√
√
ε √
ε √
U · (A + √ ( A · V + V · A)) · U −1 = A + √ ( A · V + V · A) + O(ε2 2 ),
2
2

(2.8)

where an operator V commutes with A,
[A, V ] = 0.
√ √
Then (2.8) yields (1/2)(U · Ĥ · U −1 )2 = A + 2ε A · V + O(ε2 2 ), and thus
√
U · Ĥ · U −1 = 2A + εV + O(ε2 2 ).

(2.9)

(2.10)

In the next section we explain how to construct the operator U and compute an operator V .
3. HALL QUANTUM HAMILTONIANS
One can seek a unitary operator U in the form
√
iε √
U = 1 + √ ( A · C + C · A) + O(ε2 2 )
2

(3.1)

Then, by (2.8), the following equation holds for the self-adjoint operator C:
i
[A, C] = V − V .


(3.2)

To solve this equation together with (2.9), note that the operator A has the spectrum Z+ , i.e.,
Spectr(A) = {n | n = 0, 1, 2, . . . }.

(3.3)

This follows from relations (2.6), (2.3) and from the fact that the operator Π− = −i∂/∂z − −iz + /2
annihilates the vacuum state
(3.4)
|0 = exp(−z + z − /2).
By using (3.3), one can construct the solution of the homological equations (3.2) and (2.9) in a
standard way [25], by an algebraic averaging, namely,
1
C=
2π


0

2π

e

it
A

−

+

− it
A

· v(z |z ) · e

t dt,

1
V =
2π



2π

0

it

it

e  A · v(z − |z + ) · e−  A dt.

(3.5)

Here we express the electric potential V in complex coordinates,
V (q) = v(z − |z + ),

1
z ± = √ (q 1 ± iq 2 ).
2
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The matrix part of the operator A (2.6) commutes with Π+ Π− and z ± . Therefore, one can
it
it
replace the operator A by Π+ Π− in the transformation e  A · (. . . ) · e−  A entering (3.5).
Introduce also the operator1
def
ẑ == z + − iΠ−
(3.7)
and take into account that

[Π± , ẑ] = [Π± , ẑ ∗ ] = 0.

(3.8)

Then, in (3.5), we obtain
it

it

2

it

2

1

1

2

it

2

1

1

e  A · v(z − |z + ) · e−  A = e  Π+ Π− · v(ẑ ∗ − iΠ+ | ẑ + iΠ− ) · e−  Π+ Π− = v(ẑ ∗ − iΠ+ (t) | ẑ + iΠ− (t)).
(3.9)
Here (following Maslov’s notation in [26]) we use numbers above symbols to indicate the order of
action of the operators. We also write
it

def

it

Π± (t) == e  Π+ Π− · Π± · e−  Π+ Π− .
It can readily be seen from (2.6) that Π± (t) = e±it Π± . Thus, by (3.9) we transform formulas (3.5)
as follows:
 2π 2
 2π 2
1
1
2
1
2
1
1
1
∗
it
−it
v(ẑ − ie Π+ | ẑ + ie Π− ) t dt,
V =
v(ẑ ∗ − ieit Π+ | ẑ + ie−it Π− ) dt.
C=
2π 0
2π 0
(3.10)
We shall consider the second formula in (3.10) only; the ﬁrst one can be treated similarly. One can
represent (3.10) in the form
2 1

V = v(ẑ ∗ |ẑ),

(3.11)

where the operator-valued function v on the complex plane is deﬁned by
def

v(z|z) ==

1
2π



2π
0

2

1

exp(−ieit Π+ · ∂ + ie−it Π− · ∂)v(z|z) dt.

(3.12)



Here ∂ = ∂/∂z and ∂ = ∂/∂z, as usual. Note that ∂∂ = (1/2)Δ = (1/2) ∂ 2 /∂q12 + ∂ 2 /∂q22 and
√
z = (1/ 2)(q 1 + iq 2 ).
Expanding the exponential function in (3.12) in the power series gives
v(z|z) =

∞

k=0
2

2 1
1
k
k
(
Π
+ Π− ) (∂∂) v(z|z).
(k!)2

(3.13)

1

Relations (2.6) readily imply that (Π+ Π− )k = (Π+ Π− )(Π+ Π− − ) . . . (Π+ Π− − (k − 1)), and
therefore formula (3.13) reads





Π+ Π−
Π+ Π−
− 1 ...
− (k − 1) v(z|z)


k=1


Π+ Π−
, 1; −∂∂ v(z|z).
= 1 F1 −


v(z|z) = 1 +

∞


1 Π+ Π−
(k!)2 



1 This

is the first approximation to the so-called “guiding center” operator describing the quantum coordinate of the
Larmor vortex center.
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Here we use the notation 1 F1 for the hypergeometric function,
∞

(a)n xn
·
,
1 F1 (a, b; x) = 1 +
(b)n n!
n=1

def

(a)n == a(a + 1) . . . (a + n − 1).

Since the spectrum of Π+ Π− coincides with Z+ , i.e., Spectr(Π+ Π− ) = {N | N = 0, 1, 2, . . . },
one can write
∞

v N (z|z)IN ,
(3.14)
v(z|z) =
N =0

where IN stands for the projection to the N th eigensubspace of Π+ Π− (the N th “Landau level”)
and
N

N!
def
(∂∂)k v.
(3.15)
v N == 1 F1 (−N, 1; −∂∂)v =
(k!)2 (N − k)!
k=0

Finally, by (3.11) and (3.14), we obtain
V =

∞


2 1

v N (z ∗ |ẑ)IN ,

(3.16)

N =0

where the scalar functions v N on the complex plane are given by the hypergeometric series (3.15)
via the electric potential v(z|z), and the operator ẑ is given by (3.7).
Note that, in view of (3.8), the operator ẑ, as well as its conjugate ẑ ∗ , leave each eigenspace of
Π+ Π− invariant (i.e., the projections IN are invariant). It can also readily be seen that
[ẑ ∗ , ẑ] = .

(3.17)

Thus, the operator ẑ can be referred to as the quantum complex “coordinate” on the plane of the
2D-material (e.g., on the surface of graphene).
Formulas (2.10), (2.6), and (3.16) imply the following theorem.
Theorem 3.1. The Dirac-type operator Ĥ (2.1) is unitary equivalent up to O(ε2 2 ) to the direct
sum of operators
(±

√

2 1

 2N + 1 + γ 0 + εv N (ẑ ∗ |ẑ))IN ,

N = 0, 1, . . .

Here IN is the projection to the N th “Landau level” and γ 0 is the matrix (2.3) with the spectrum
2 1

{±1}. The Hall quantum Hamiltonians v N (ẑ ∗ |ẑ) are given by the quantum coordinates ẑ and ẑ ∗
satisfying relation (3.17) and by the functions v N (3.15) generated by the electric potential v =
v(z|z).
Note that, for the lowest (N = 0) Landau level, one has v N = v by (3.15), i.e., in this case, the
Hall eﬀect Hamiltonian coincides with the electric potential itself. This result was known in some
speciﬁc cases (see, e.g., [3, 5, 8–10, 27, 28]).
4. SPECTRAL ASYMPTOTICS
2

1

The Hall quantum Hamiltonians v̂N = vN (ẑ ∗ |ẑ) were derived above without referring to the
semiclassical approximation; the scheme works well for both small and not small .
The discrete spectrum of the operator v̂N can be obtained by a method analogous to that
developed by P. Argyres [29].
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Theorem 4.1. Suppose that the spectrum of v̂N is discrete, say, the function vN has a minimum
and grows at inﬁnity as a polynomial in all directions on the plane. Then the eigenvalues E = EN,m
of the operator v̂N can be computed by resolving the quantization condition

−1
(2π)
(4.1)
ρE
N dz dz = m + 1/2,
where
def

ρE
N (z|z)==θ(E − bN )1,

1

2

def

bN == vN (z|z − ∂).

(4.2)

Here θ is the usual Heaviside step function and 1 is the function identically equal to one.
In reality, to use this theorem, one needs to assume that  is small. In this case, the distribution
ρE
N (4.2) can be calculated explicitly for any order of ,
ρE
N



∞


(−1)l l l
l
 ∂ vN · ∂ 1 = θ(E − vN ) − |∂vN |2 θ  (E − vN ) + O(2 )
 θ E − vN −
l!
2
l=1

(here, for simplicity, we wrote out only the ﬁrst two terms of the asymptotic expansion). Then (4.1)
yields


1 ∂2
1
1
(4.3)
dz dz −
|∇vN |2 dz dz + O() = m + .
2
2π vN E
8π ∂E vN E
2
√ 

Here we took into account that ∂vN = (1/ 2) ∂/∂q 1 − i∂/∂q 2 vN and |∂vN |2 = (1/2)|∇vN |2 .
The second integral in (4.3) can be transformed as follows:
∂2
∂E 2





2

vN E

|∇vN | dz dz = ΔvN , δ(E − vN ) =

vN =E

ΔvN dt,

where t is the time coordinate in the Hamiltonian system corresponding to vN and to the symplectic
form dq 2 ∧ dq 1 on the plane. The form dt, at any energy level vN = const, can be chosen as
dt =

∇vN × dq
|∇vN |2

vN =const

,

where the cross × stands for the skew product with respect to the symplectic structure dq 2 ∧ dq 1 .
Thus, Equation (4.3) reads
1
2π




vN E

1−


div
4



ΔvN
∇vN
|∇vN |2




1
+ O(2 ) dq 2 ∧ dq 1 = m + .
2

(4.4)

Theorem 4.2. The semiclassical asymptotics of the eigenvalues E = EN,m for the Hall quantum
Hamiltonians v̂N can be derived from the quantization condition (4.4). This can be done explicitly
for all orders of .
The function vN in these theorems is given by (3.15), i.e.,
vN =

N

k=0

N!
2
(k!) (N − k)!

 k

Δk V,
2

(4.5)

where V is the original electric potential from (2.1). If the number N of the Landau level is not
high, then (4.5) can be regarded as the asymptotic expansion, v N = V + (N /2)ΔV + O(2 ).
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Corollary 4.1. For low Landau levels, the eigenvalues E = EN,m of the Hall quantum Hamiltonians can be derived (for all orders of ) from the quantization condition
1
2π


V E

1
dq 2 ∧ dq 1
−

4π



1
N+
2




div
V E


div E
1
E dq 2 ∧ dq 1 + O() = m + ,
2
|E|
2

(4.6)

where V stands for the perturbing potential in (2.1) and E = ∇V is the electric ﬁeld.
The ﬁrst summand in (4.6) represents the magnetic ﬂux through the area {V  E}. The second
summand depends on the derivatives of the electric ﬁeld E; this “electric curvature” correction to the
magnetic ﬂux exists even at the lowest Landau level (N = 0); it does not depend on the magnitudes
of the electric and magnetic ﬁelds, and it vanishes for a homogeneous electric ﬁeld (i.e., for the
canonical Hall eﬀect).
It is useful to note that the divergence of the electric ﬁeld div E determining the electric curvature


div E
E
(4.7)
Kelectric = div
|E|2
does not vanish in general since the vector ﬁeld E is only a projection to the surface of the actual
physical electric ﬁeld whose 3D-divergence is zero indeed, by the Maxwell equation. Thus, the
electric curvature (4.7) is, in fact, controlled by the third transversal component E3 of the physical
electric ﬁeld (which is “invisible” from the viewpoint of the 2D-world).
The electric curvature contributes to Planck’s type quantization rule (4.6) at the same semiclassical order as the Kramers–Keller–Maslov correction 12 . As a result, the magnetic ﬂuxes through the
areas enveloped by the Hall circular current lines need not be not half-integer; these are numbers of
generic kind which depend on the values of the electric curvature. Note that, in order to be written
in actual physical units, the curvature expression in (4.6) must be multiplied by the magnetic ﬂux
quantum.
Thus, we see that the two-dimensionality and the presence of the transversal electric “frequency”
induce an eﬀective magnetic charge of the Hall nanosystem. When the input magnetic and electric
ﬁelds are both generated by internal sources (like the lattice strain and the deformation of electronic shells [19–22]), this eﬀective magnetic charge may be treated as an internal feature of the
2D-system embedded in the 3D-space. Possibly this charge is responsible for some magnetic properties of graphene and other 2D-materials.
Remark 4.1. The asymptotics of the eigenvalues λ = λN,m of the original Hamiltonian (2.1)
is derived from Theorems 3.1, 4.1, and 4.2 and from the quantization conditions (4.4) or (4.6) as
follows:
(4.8)
λN,m = ± (2N + 1 ± 1) + εEN,m + O(ε2 2 ),
where ±1 are the eigenvalues of γ 0 (2.3).
Although we explicitly present here only a couple of ﬁrst terms, all asymptotic expansions can
be made with arbitrary accuracy with respect to ε and  using the above approach.
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18. N. Park, M. Yoon, S. Berber, J. Ihm, E. Osawa, and D. Tománek, “Magnetism in All-Carbon Nanostructures with Negative Gaussian Curvature,” Phys. Rev. Lett. 91 (23), 237204 (2003).
19. A. Cortijo and M. A. H. Vozmediano, “Electronic Properties of Curved Graphene Sheets,” Europhys.
Lett. 77, 47002 (2007); M. A. H. Vozmediano, F. de Juan, and A. Cortijo, “Gauge Fields and Curvature
in Graphene,” J. Phys. Conf. Ser. 129, 012001 (8pp.) (2008); arXiv: cond-mat/0807.3909v1.
20. F. Guinea, M. I. Katsnelson, and M. A. H. Vozmediano, “Midgap States and Charge Inhomogeneities
in Corrugated Graphene,” Phys. Rev. B 77, 075422 (2008); F. Guinea, A. K. Geim, M. I. Katsnelson,
and K. S. Novoselov, “Generalized Quantizing Pseudomagnetic Fields by Bending Graphene Ribbons,”
Phys. Rev. B 81, 035408 (2010); arXiv: cond-mat/0910.5935v1; M. A. H. Vozmediano, M. I. Katsnelson,
and F. Guinea, “Gauge Fields in Graphene,” arXiv: cond-mat/1003.5179v2.
21. F. de Juan, A. Cortijo, and M. A. H. Vozmediano, “Dislocations and Torsion in Graphene and Related
Systems,” Nuclear Phys. B 828 (3), 625–637 (2010); arXiv: cond-mat/0909.4068v1.
22. T. Low and F. Guinea, “Strain-Induced Pseudomagnetic Field for Novel Graphene Electronics,” Nano
Lett. 10 (9), 3551–3554 (2010).
23. M. V. Karasev, “Magneto-Metric Hamiltonians on Quantum Surfaces in the Conﬁguration Space,”
Russ. J. Math. Phys. 14 (1), 57–65 (2007); M. V. Karasev, “Internal Geometric Current and the Maxwell
Equation as a Hamiltonian System on Conﬁguration Surfaces,” Russ. J. Math. Phys. 14 (2), 134–141
(2007); M. V. Karasev, “Geometric Dynamics on Quantum Nano-Surfaces and Low-Energy Spectrum
in a Homogeneous Magnetic Field,” Russ. J. Math. Phys. 14 (4), 440–447 (2007); M. V. Karasev,
“Qunatum Geometry of Nano-Space,” Russ. J. Math. Phys. 15 (3), 417–420 (2008); M. V. Karasev,
“Magneto-Metric Current Competing with Hall Current on Curved Nanosurfaces” (in Russian), Proc.
of Intern. Forum on Nanotechnologies, Moscow, 2008, Vol. 1, p. 31.
24. M. V. Karasev, “Graphene as a Quantum Surface with Curvature-Strain Preserving Dynamics,” Russ.
J. Math. Phys. 18 (1), 25–32 (2011).
25. M. V. Karasev and V. P. Maslov, “Asymptotic and Geometric Quantization,” Uspekhi Mat. Nauk 39
(6), 115–173 (1984) [Russ. Math. Surv. 39, 133–205 (1984)].
26. V. P. Maslov, Operational Methods (Nauka, Moscow, 1973).
27. P. Gosselin, A. Berard, H. Mohrbach and S. Ghosh, “Berry Curvature in Graphene: a New Approach,”
Eur. Phys. Jour. C 10052-008-08394 (2009); 0802 3565.
28. P. Gosselin, H. Boumrar, and H. Mohrbach, “Semiclassical Quantization of Electrons in Magnetic
Fields: the Generalized Peirels Substitution,” Europhysics Letters (EPL) 84 (2008) 50002; arXiv:
0805.2455.
29. P. N. Argyres, “The Bohr–Sommerfeld Quantization Rule and the Weyl Correspondence,” Physics 2,
131–139 (1965).
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS

Vol. 19

No. 3

2012

