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ABSTRACT. In this paper we consider asymptotic expansions for a class
of sequences of symmetric functions of many variables. Applications to
classical and free probability theory are discussed.

1. INTRODUCTION

Most limit theorems such as the central limit theorem in finite dimensional and
abstract spaces and the functional limit theorems admit refinements in terms
of asymptotic expansions in powers of n~1/2 where n denotes the number of
observations. Results on asymptotic expansions of this type are summarized in
many monographs, see for example [2].

These expansions are obtained by very different techniques such as expanding
the characteristic function of the particular statistic, or in discrete cases starting
even from a combinatorial formula for its distribution function. Alternatively
one might use an expansion for an underlying empirical process and evaluate
it on a domain defined by a functional or statistic of this process. In those
cases one would need to make approximations by Gaussian processes in suitable
function spaces.

The aim of this paper is to show that for most of these expansions one could
safely ignore the underlying probability model and its ingredients (like e.g. proof
of existence of limiting processes and its properties). In fact one can obtain ex-
pansions in a very similar way based on a simple general scheme reflecting the
common nature of these models that is a universal collective behavior caused
by many independent asymptotically negligible variables influencing the distri-
bution of a functional.

The results of this paper may be considered as the extension of the results
given by F. Gotze in [5] where the following scheme of sequences of symmetric
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functions is studied. Let hy(e,...,e5),n > 1 denote a sequence of real functions
defined on R™ and suppose that the following conditions hold:

(1.1) hnt1(€1s,€5,0,6541, oy En) = hn(€1, s €5, Ej415 -0y En);
(1.2) ihn(al,...,ej, s En) =0forall j=1,..,n;

an €;=0
(1.3) hn(Ex(1)s - En(n)) = hn(€1, ... €n) for all m € Sy,

where by 5, denotes the symmetric group.

This symmetry property follows e.g. from the independence and identical dis-
tribution of an underlying vector of random elements X; (in an arbitrary space)
with common distribution P, if h, = EF(e1(dx, — P) + ... +en(dx, — P)) is
the expected value of a functional F' of a weighted process (based on the Dirac-
measures in Xi,...,X,). Here h, may be regarded as function of ”influences”
of the various random components X;. In [5] we considered limits and expan-
sions for functions A, of equal weights ¢; = n~1/2,1 < j < n. In the following
this scheme will be extended to the case of non identical weights €;, which oc-
curs e.g. for expectations of functionals of weighted i.i.d. random X elements

in Probability Theory.

Denote by € the n-vector €;,1 < j < n and by gd = Z?Zl 5?,d > 1 the
d-th power sum. In the following we shall show that - ensures the
existence of a ”limit” function heo (g2, A1, ..., As) as a first order approximation
of h,, together with ”Edgeworth-type” asymptotic expansions. These are given
in terms of polynomials of power sums %, d > 3. The coefficients of these
”Edgeworth”-Polynomials, defined in below, are given by derivatives of
the limit function he at A1 =0,..., s = 0.

Remark (Algebraic Representations). In case that h,, is a multivariate polyno-
mial of e itself, satisfying (L.1))—(1.3]), we may express it as polynomial in the
algebraic base, €%, d > 1, of symmetric power sums of ¢ with constant coeffi-
cients. Note that

9 a

—€

Ok,
where 041 = 1, if d = 1 and zero otherwise. Hence, (1.2) entails that h,, does
not polynomially depend on !. Now we may write

hn(e) = Pa(e3,..., &),

where P.» denotes a polynomial with coefficients in the polynomial ring C[e?]
of the variable 2. Restricting ourselves to the sphere £ = 1 for convenience,
P> is the desired ”Edgeworth” expansion, provided we introduce the following
grading of monomials in the variables £?,d > 3 via deg(e?) = d — 2 and expand
the polynomial in monomials of increasing grade.

5d,1,
Ej:()

1.1. Notations. Throughout the paper we will use the following notations.
We denote e := Y7 % and |g|¢ := 31, |&;]¢. We also introduce additional
notation and denote by (£)g and |e|4 the d-th root of ¥ and |e|¢ respectively,
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ie. (8)g :== (eHY4 and |e|g == (Je]")/?. By ¢ with induces or without we
denote absolute constants, they can be different in different places. Let D¢,

. . . . . O(l (6%
where a a nonnegative integral vector, denote partial derivatives 2o ... 2500
’ 8511 68m ’

and o = >, aj.

2. RESULTS
We denote by
(2.1) hoo (A As, A) := lim h A A i L
. 0o\ N1y ++e9 N\sy = yoo k+s Ly ee S,\/Ej‘“’\/g .

The following theorem is an analogue of the Berry-Esseen type inequality for
sums of non identically distributed independent random variables in probability
theory.

Theorem 2.1. Assume hy(-),n > 1, satisfies conditions (L.1), (1.2]) and (1.3
together with

(2.2) |D%hp (€1, ...y €n)| < B,

foralley, ..., en, where B denotes some positive constant, o = (aq, ..., a,), 7 < 3,

and
'

a;>2, j=1..,1 > (aj—2)<1
j=1

Then there exists function hoo(|g|2) defined by (2.1)) and
(et s n) = hoo(lel2)| < ¢ B - max(fe]a, |e[3)]e],

where ¢ is an absolute constant.

In case that € depends on n, this theorem shows that if
(2.3) Jim el =0

then hy,(e1,...,e,) converges to the limiting function hs(|el2), which doesn’t
depend on ¢y, ...,e, but on the ly-norm |e|s. This means that the sequence of
symmetric functions (invariant with respect to S,,) may be approximated by a
rotationally invariant function (invariant with respect to the orthogonal group

Op).

Note though that if (2.3)) holds, Theoremdoesn’t provide an explicit formula
for the function hoo(|e|2), but guarantees its existence.

Remark. It was shown in [10, Lemma 4.1] that (2.3) holds with high probability.

Proof of Theorem [2.1. We divide the proof into three steps. In the first step
we substitute each argument e; by a block of the length k of equal variables
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5]-/\/E. This procedure doesn’t change the lo-norm |e]o. After n steps we we
arrive at a function which depend on n x k arguments

We show that

(2.5) Bn(€1, oo En) — Pk ( <c-B-lef.

I .Y %)
T

This step corresponds to Lindeberg’s scheme of replacing arbitrary by Gaussian
random variables in the central limit theorem in probability theory. In the sec-
ond step, still fixing n, we determine the limit of the sequence of functions ,
as k goes to infinity. We will show that in this case the limit depends €1, ..., €y,
through the lp-norm |e| only. It will be shown that

;w<a e e %>_k<M2 Mﬁ'
i (T T e s
(2.6) <c¢-B-kY2

Finally, we may apply the result of [5][Proposition 2.1]. For the reader’s conve-
nience we repeat the proof of this proposition here in the third step. We show
that

(2.7) ‘hk (’j‘g '\E/’%) — heo(le]2)

From (2.5)— (2.7) it follows that
|hn(€1, "'7671) - hoo(|5|2)| < C-B- (|5|3 + ]’C_l/2).

Taking the limit with respect to k we conclude the statement of Theorem.

<c-B- k12

In the following we give the details for the steps outlined above.

Proof of the first step. We denote hy(01,...,0k) := hpyk—1(01, ..., O, €2y .oy En)-

Set
8y = (01, onny Op) = (\g/% j%)
8% = (89,...,89) := (£1,0,...,0).

Expanding by Taylor’s formula we may write

5 Ol (6)

(6; — 69)
j=1

5 92h(89)

0 0
96,03, (65 —6;)(0 — &) + Rs1,

1
2
Jil=1
where Rs3p is the remainder term which will be considered later. In what fol-
lows we shall denote by Rs;, for some ¢ € N, the remainder terms in Taylor’s

expansion. By (|1.1]) all summands in the first sum equals zero except for j = 1.
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Consider the second sum. If j # [ and j,1 # 1 then the corresponding summand
equals zero. Condition ([1.2)) yields

g 0
—— —hp(8)) =0
65j 851 k(fk)
provided that j # 1, j,I # 1 and

o 0 0
87516761}%@’“) = R3o.
forall [ =2,..., k. Since
0 82
93, "(08) = B2 (00) 5901 + B,
0? 0?
852h k(80) = 852h (50)\50 o+ R,

and applying condition we may sum the coefficients in front of the second
derivatives of h; and get

() ra(Gee) 5 (o) =0

We now investigate the terms R3;,[ = 1, ..., 4, and show that |R3| < c-B-|e1|3.
Let us consider R3;. First we note that Rg; is the sum of the third derivatives

20
of hj, at some middle point 9,

& 0 20 20 20
JIZ 55 a5, B G5 = B = 81) 6 — 80

If the partial derivative with respect to d; (or d;,6,,) is of order one then we
have to expand further with respect to this variable at zero using (1.2)). Finally
we come to the bound

o8 n ) ) )
O 396 — §0)(6, — 89)(s,, — 8O
]lz 55,0006, (005 = 07) (0 = I 0)
<C-B-(la]* + [e1]* + |e1l°).

The other terms Rg;,l = 2, 3,4, may be studied in the similar way.

Repeating this procedure k£ — 1 times we come to the function (2.4) and the

bound ([2.5)).

Proof of the second step is similar to the previous step. In this case n is fixed
and we may write down all bound with respect to k.

Proof of the third step. We consider the difference between h,,, at the point

Em = (el ™72, ... Jelam™1/%)

and hg4, at the point
Em+r = (’5‘2(777‘ + T)_l/Qa ) |€|2(m + r)_l/Q)
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and show, similar to the previous steps or the proof of |5][Proposition 2.1], that

m+7‘ 1
hm(gm) - hm-H“( m+r) - d3 h, m Z p_3/2

Therefore, hy,(g,,) is a Cauchy sequence in m with a limit, say hoo(|e|2). Taking
m = k we finish the proof of Theorem. O

To formulate the asymptotic expansion of the function hy(:),n > 1, we have to
introduce further notations. We introduce the following differential operators by
means of formal power series identities. Define cumulant differential operators
kp(D) by means of

o0 (o]
D plTlePry(D) =In {1+ ) pl~'e’DP
p=2 p=2

in the formal variable €. One may easily compute the first cumulants. For
example, ko = D?, k3 = D3, ky = D* — 3D?D?. Define Edgeworth polynomials
by means of the followmg formal series in k,, 7, and the formal variable ¢

o0 [e¢]
Z&TPT(T*H,*) = exp (Z T!_1€T_2I€TTT>

r=0 r=3
which yields

r

(2'8) PT(T*’%*) = Z m!_l Z (]1 + 2) TJ1+2"€J1+2

m=1 j17---7jm
. 1 . 1
X (Jo 4+ 2 Tjpa2ky e (Jm + 2)! 7 T 12K, 42,

where the sum ) i1 €xtends over all m-tuples of positive integers (J1y ey Jm)
satisfying 221:1 Jq =17 and Ky = (K3, ..., Kr42), Ts = (73, ..., Tr42). For example,

1 1
Pl(T*K/*) = 67'::33/433 = 6 gDS,

(2.9)  Po(Tuks) = ! — TRy + L T iT4(D4 —3D?D?) + 1 apsps

‘ Y 72 373 T 9y 723 '

In the following theorem we will assume that ¢ is a vector on the unit sphere,
i.e. |ela = 1. It is also possible to consider the general case |e|a = 7,7 > 1, but
then the remainder terms will have more difficult structure. In what follows we
shall omit the argument |e|y from the notations of hs

Theorem 2.2. Assume hy(e1,...,en),n > 1, satisfies conditions (1.1)), (1.2))
and (1.3)) together with |e|a = 1. Suppose that

(2.10) |D®hy(e1, ..., en)| < B,



ASYMPTOTIC ANALYSIS OF SYMMETRIC FUNCTIONS 7

foralley,...,e,, where B denotes some positive constant, « = (aq, ..., ), 7 < s,
and

a; >2, j=1,..,m Z(aj —2)<s-—2.
j=1

Then
P (€1, - 6n) = hoo +ZPZ e ) hoo(A1s s As) |y, - _y._o T R

where
|Rs| < c¢s-B-[e]’.

where cg s an absolute constant.

As an example consider the case s = 5. Then by ([2.9))

3 33
(2.11) hn(61,-~ ) hoo + — 6 a)\?,h )’)\:0

E4 84 82 82 6 83 83
iy QAR (AR al AL Y W T
" [24 <3A§ N2 mg) 200 axg} 25,2000
+O(eP).

Before we start to prove Theorem [2.2] we have to introduce one more notation.
For any sequence 7,,p > 1, of formal variables define ]5(7'*5*) as a polynomial
in the cumulant operators , multiplied by 7, by the following formal power
series in pu:

o o

(2.12) Z Pj(Tukia )t = exp Zj!flrjmj(D)uj
j=0 J=2

For example, 150 =1, Pl =0, 152 = %TQDQ,Pg = %T3D3, and

-1 1
Py= o m(D' = 3D*D?) + 273 D* D,

If 7, =7P,p > 1 then

(2.13) P; =47 D7

One may also see that

(2.14) S By(rr) By(rins) = Br((r. + T))w).
JjHl=r

There is a relation between Edgeworth polynomial P.(-) and P,(-) which is
given by the following formula

) l

(2.15) > [Pr(rak)] Z (Tikin),
r=1 r=1
where [-]; means the sum of all monomials 7{" - - - Tf_SQ in P.(7xk«) such that

p1+2p2+...4+(r4+2)pr42 < I. We will use (2.15)) in the proof of Theorem[2.2] The
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following Lemma gives the possibility to rewrite the derivatives of hy (g1, ..., &5)
via derivatives in the additional variables using definition of P,.

Lemma 2.3. Suppose that the conditions (L.1)), (1.2)) and (1.3) hold. Then

m

19 . .
Z hn(€,€2,...,€n)‘€:0(’r]] — &)

2. 1527
= Z pT((n* - 5*)K*(D))hn+m()\lv ) )\kh €,82, .. En)‘)\lz.“:Am:Q + 0O (Em) .
r=2

Proof. The following simple calculations prove the statement of Lemma

2 ~T((17* — ")k (D)) hm4n(0, m, 0,e,€2,...,€n)
SN P — )maD) Br(e (D))
Jj=1 l+;=1]

O

Proof of Theorem 2.2. We prove this theorem by the induction on the length
of the expansion. We consider the difference

) (L L5 )
yeeey =Nk | == ey Ty ey Ty ey, — =
and similarly to the idea of the previous Theorem divide it into the sum

of n terms, each time changing ¢; by (k_1/25]-, .., k71/2¢;). We start from the
case j = 1 and denote hy(d1,...,0k) = Aptk—1(01, .., Ok, €25 ...y En ). Set

€1 €1
O = (01,...,0%) i= | —, ..., —
N )
30 = (89,...,8%) := (1,0, ...,0).
Expanding by Taylor’s formula we get
hi(@) = he(@R) = D I D hk(8R) (5 — 83)* + Rus,
0<|al<s

where Rj ¢ is the remainder term and |R; | < ¢s - B - |e1]®. To simplify our
notations we introduce the following agreement. We shall denote by R;, 1 > 1 a
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remainder term which has the order O(J¢|') and omit the explicit dependence
on B. By Ry;,l > 1 we shall denote a remainder term which has the order

O(lea]").

In order to use the condition (T.2) we expand each derivative D®hy,(0%), where
a=(aj,...,a;,),1 <j1 <..<jp <k, around §;, = 0,7 = 1,...,p. This yields
(2.16) Dhi() = Y BUID i (82)(8))7 + R,
0<|al+|B|<s
Using the binom formula one may see that
1 , 1
Y. et =S =),
jtk=rj>1"" '

and applying it to (2.16) we get

k
hi(8y) — he(8) = Y AV D Rg(0, ..., 0) T[167° = (67)7] + Rus.
0<lv|<s i=1
To use an induction assumption which will be formulated later we have to
return to the function hx(9;,) taking derivatives in the additional variables at

zero. Applying Lemma [2.3] we get

(2.17)  hi(8y) — ha(3R)
= ZPTl A* H* RPN me(A;(me*)hk'i‘S(ék‘?O? ,O) + R1,87

here the sum extends over all combination of rq,...,7r, > 2,m = 1,2, ..., such
that r1 + ...+, < s and all ordered m - tuples of positive induces 1 < j,. <m
without repetition. Assume that is has been already proved for [ = 3,...,s — 1
that

1-3
(2.18) Dah(El,...,é‘n) = ZPj(E*H*)hoo +R1’l.

j=0
For example, the case [ = 3 follows from Theorem Applying the induction

assumption (2.18) to (2.17)) we get
hie(0y) = hi(89) = Y Pry(AF Ka) -+« Doy (A%, Ka) Prg (€K oo + R s,

where the sum extends over all induces rq,...,7,, > 1,79 > 0, such that rg +
r1+ ... +rm < s. We will rewrite this in the following way

hi() — hi ()

—4 s—1ro
Z ("R Z H Z Pvl A /-1* hoo + R s.
: ] =1 = 1 s—10
The last may be rewritten as
s—4 00 k
(219) D Prle*ra) |exp AP pl=te, | —1 hoo + R
ro=0 p=2 \j=1

S—Tro
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It is easy to see that

and

k—1 |61|p
p_ _ p
(2.20) E:A 61[<kp/2 1>+kp/2}_—sl+o<kp/2), p>2.
Usingweget

) k
P, (¥ky) |exp Z ZA? P ey | — 1 oo
p=2 \j=1 J s—rg
s—ro—1 k
= Py (%K) P, ( ZA;‘ o
=3 J=1
0o k i
(2.21) =P, (e /@*)Z P (Z A% | ks hoo
=1 J=1 ds—rog—1
and
k
Pry(em) P | > Afks | oo
j=1
(2.22) = Py, (e"k4) Z A*K* hoo + R s
s—ro—1

By (2.21)—(2.22) we may rewrite (2.19) in the following way

s—4 s—3—rg k
hk(ék) - hk(ég) = Z PTO (5*"4'7*) Z P, Z A;k"f* hoo + Rl,s-
ro=0 r=1 7=1

Since
Z P (1ukin) Py(Tikin) = Pi((Te + T)kx), ¢ 7,k > 0.
r+q==~k
we will have

hi(81,) — hi(5)
s— 3

M

5 - 51 l‘f*) - Pr(g*ﬁl*)] hoo(>\17 ceey )\8)‘)\1:”-:/\5:0 + RLS,
r:l

where we have used -

Now we may change ¢; by (kfl/zej,...,kfl/%j) for j > 2. It is easy to see
that if one replace the function h(e1, ...,e,) by hi(d;) than (2.18) will be true
replacing € by €[g.,], where €., 1= (€2, ...,€,). But the function ho, will be the
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same since it depends only on the |e[z and [§;|* + e[ [* = |e|2. The same is
true for all j > 2. Repeating this procedure n — 1 times we will arrive at

h(ﬁ e En %>_h@ en)
nk \/E"“’\/%"“’ \/E’“.’\/E k\E€1--5¢En

n s—3

_ [Pr((ggrjm] — k) — Pr(af‘jm}n*)} hoo M os A3y g

where e[, == (€j, .-, €n)-

To finish the proof we need to show that for fixed r we get

n
(2.23) 3 {PT((E’[}:“] — ki) — Polelen)| = —Pr(eR)
j=1
Validity of (2.23)) follows from the following simple observation. Let m > 1
be a fixed integer and (ji,...,jm) be a vector of positive numbers such that
j1+ ...+ Jm =r. Then
n n
142 142 ; 42 142 im
Z(ﬁfﬁz] — el ) (T — ) — Z#;:] T
i=1 i=1
— _€j1+2 . €Jm+2

The proof of it is trivial, it is enough to see that for all ¢ > 1

J1+2 +2

J1+2 J1+2 j
(e -y S Efg1m

Jm+2 _ _Jm+2
[in] — i &)

’ (E[i:n]

= g[i-l—lzn}

Applying (2.23) we arrive at

(e 5)_h(a £ %)
n\cly - en nk \/Ea"'a \/E,.”’\/%7”.7\/§

s—3
= Z Pr(e’f*,‘i*)hoo(/\l, ey )\S)‘M:---:)\SZU + R,.
r=1

Now we may repeat the last two steps in the proof of the previous Theorem [2.1]
and taking the limit with respect to k& — oo we get

s—3
hn(e1, s 8n) = hoo = Y Pr(e*Ra)hoo (M, s As)|y - _y g + Rs:
r=1

This proves (2.18) for [ = s and a = 0. Hence, the induction is completed and
the Theorem is proved. ]

3. APPLICATION OF THEOREM

In this section we illustrate on different examples how one may apply Theo-
rem to derive an asymptotic expansion of different functions in probability
theory.
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3.1. Expansion in the Central Limit Theorem. As the first example let
us consider the sequence of independent random variables X, X;,j € N, tak-
ing values in R with a common distribution function F'. Suppose the E X =
0,E X2 = 1. Consider the sum S. = ;X1 + ... + €, X,,. As h,, we may take the
characteristic function of 5, i.e.,

B (€1, .. en) = EettE1Xit denXn)

From Theorem (2.1) we know that hoo(|e]2) exists provided that the condi-
tion (2.2)) holds. In our setting this condition means that E |X |3 < oo . It is
well known that A

hoo(lel2) = E ™€,
where G ~ N (0, |e|2). The speed of convergence is given by ||3. In what follows

we shall assume that |e|o = 1. If € is well spread, for example, ¢; = n=1/2 for
all 1 < j <n then

EIX]?

nl/2 -
This doesn’t hold for all € on the sphere. Consider a simple counter example.
Let X ~ Uniform([—v/3,+/3]) and e = e;. Then S. = X ~ Uniform([—+/3,v/3]),

which is not Gaussian as n — oco.

(3.1) |hn (g1, .oyen) — hoo(lel2)| < C -

It is interesting to mention here the following result of Klartag and Sodin [10]
who showed that with high probability the right hand side of (3.1)) has the order
O(1/n) for the uniform distribution o,,_; on S"~ 1.

Let us construct an asymptotic expansion applying Theorem [2.2] We have

hoo(AL, ..y As) = B e/ Xit A Xot G

We may take derivatives with respect to A1, ..., As at zero and get

03 )
——hoo(A1) = (it)%e™" /s,
a)\? A1=0
o4 )
——hoo(A1) = (it)*e " /8y,
a)\él1 A1=0
o4 )
—— 5 hoo(A1, A2) = (it)*e"/23,
8)\%8)\% A1=0,22=0 2
* (A1, A2) (it)Se /2 82
A2 a2 too 1y N2 — )
8)\%8)\% A1=0,22=0 °

where E X? = 35 = 1,E X? = 3 and E X* = 4. Substituting these equations

to (2.11) we get

) 3
hn(é‘l, coey €n) = ]EeltG + %(Z’t)geitzmﬁg

4 3\2
€ 1n  alfpnd —t2/2 (B3e°)* . \6 —12/2
+ 91 [Bs — 3](it)%e + ey (it)°e + Rs.
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This expansion coincides with the well known Edgeworth expansion for sums
of random variables, see Petrov [12][Chapter 6, Paragraph 1].

Let us concentrate now on the so-called short asymptotic expansion

3
(3.2) (e, oy en) = EeitC 4 %(z’t)3e_t2/2ﬁg + Ry,
where
n
Ry < B-Jt|*-) ef.
k=1
Suppose that the following two conditions from [10] hold:

C n
< — and et <

where C is some constant independent of n. It follows from [10, Lemma 4.1] that
these bound hold with high probability. Then it follows from (3.2]) and (3.3
that

n

D ek

k=1

(3.3)

)

¢
n

) 1
|hn(€17 "'aen) - E€ZtG| =0 <>

n

Since conditions hold with high probability with respect to the uniform
distribution o,_1 on S™ ! the previous estimate is valid for most choices of
€1,...,En. This property may be generalized for arbitrary function h,(e1,...,,)
which satisfies the conditions of Theorem 2.2

It also possible to apply our result for asymptotic expansion in the central
limit theorem for quadratic forms in sums of random elements with values in a
Hilbert space including infinite dimensional case, see, e.g. [2], [7], [15], [14], [13]
and [9).

3.2. Expansion in Free Central Limit theorem. It has been shown in the
recent paper [8] that one may apply the results of Theorem in the setting
of Free Probability theory.

Denote by M the family of all Borel probability measures defined on the real line
R. Let X1, Xo,... be free self-adjoint identically distributed random variables
with distribution p € M. We always assume that p has zero mean and unit
variance. Let p, be the distribution of the normalized sum S, := % z;‘:l Xj.
In free probability a sequence of measures u, converges to the semicircle law
w. Moreover, u, is absolutely continuous with respect to the Lebesgue measure
for sufficiently large n. We denote by p,,, the density of j1,,. Define the Cauchy
transform of a measure u:

Gu(z) :/Ru(dm)’ z € Ct,

Z—X

where CT denotes the upper half plane.
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In [3] Chistyakov and Gétze obtained a formal power expansion for the Cauchy
transform of p, and the Edgeworth type expansions for u, and p,, . In [8] the
general scheme from [5] was applied to derive a similar result.

3.3. Expansion of quadratic von Mises Statistics. Let X, X, X1,..., X,
be independent identically distributed random elements taking values in an
arbitrary measurable space (X,B). Assume that ¢ : X — R and h : X X
X — R be real-valued measurable functions. We additionally assume that h is
symmetric. We consider the quadratic functional

n n
Wn(E1y oy En) = Zajg(Xj) + Z gjerh(X;, Xi),
k=1 k=1
assuming that
Eg(X)=0, E(h(X,X)|X)=0.
We derive an asymptotic expansion of hy,(e1,...,&,) := Eexp(itwy,(e1, ..., &n)).

Consider the measurable space (X, B, 1) with measure p = £(X). Let L? :=
L?(X,B, ) denote the real Hilbert space of square integrable real functions.
The Hilbert-Schmidt operator Q : L? — L? is defined via

Qf(x) = /X W, y) f(y)u(dy) = Eh(z, X) F(X), fe L.

Let {e;,j > 1 denote an orthonormal complete system of eigenfunctions of Q
ordered by decreasing absolute values of the corresponding eigenvalues ¢, q2, ...,
that is, |q1] > |g2| > .... Then

ER*(X,X)=> ¢} <oo, h(z,y)=>_gej(z)e;(y)
j=1 Jj=1

If the closed span ({ej,j > 1}) C L? is a proper subset, it might be necessary
to choose functions e_1,eg such that {e;,j = —1,0,1,...} is an orthonormal
system and

9(x) =Y grer(x), h(w,x) =) hyey(x).
k=0

It is easy to see that Ee;(X) = 0 for all j. Therefore {e;(X),j = —1,0,1,...}
is an orthonormal system of mean zero random variables.

We derive an expression for the the derivatives of hoo(A1,...,Ar). Since for
every fixed k the sum n="2(ep(X1) + ... + ex(X,)) weakly converges to the
standard normal random variable we get that w4, (A1, ..., A, Y2, ...,nil/Q)
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weakly converges to the random variable

Woo (A, s Ar) 1= wr(Ar s M) + 3 gkYe + Y (Vi — 1)
k=0 k=1

+EL(X,X)+2) a (Z )\lek;(Xl)) Y,

k=1 =1

where Yy, k > 0 are independent standard normal random variables. For every
fixed T' by complex integration we get

. : 1 : 20272
EeXp [thk(Yk2 — 1) —+ 2ZtTYk] = \/1_7% eXp<—thk) exp [—m] .

This yields that
(3.4) hoo(A1y iy Ar) = @(t) Eexplitw, (A1, ... Ar)

+ (@)Y arTe(N)(2aqxTe(N) + gr) (1 — 2itqe) ],
k=1

where Ty,(A\) = >;_; Mex(X;) and

oo 1 .
p(t) = [1}1 T =2ilg, eXP(—“ka)]

itEh(Xy, X1) = 12> gi(1 - 2itqk)‘1/2] :
k=0

- exp

Let us introduce the following functions of X and X:

o0
h(X, X) = (X, X) + 2t Y qien(X)ex(X)(1 — 2itqr) ",
k=1
9t(X) := g(X) + it E hy(X, X)g(X)[X).
Applying these notations we may rewrite (3.4) in the following way

n

hoo(A1y oo Ar) = p(t) Bexp it Y hy(Xj, Xp)Ajhe + it > Ajgr(X;)
g k=1 j=1

Taking the derivatives of ho, with respect with Ay, ..., A, at zero we get

5—3
hin(e1,y ey €n) = p(t) Z ar(t,h,g) + Rs,
r=0

where

ar(t7 h, g) =

Po(e*ra)Bexp |it Y hy(X;, Xp)Ajde +it > Xjgi(X;)
Ji:k=1 j=1

A1=...=Ar=0
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One may also consider the higher order U statistics by similar arguments. See,
for example, the result of [6] and [1].

3.4. Expansion for weighted one sided Kolmogorov-Smirnov statistic.
Let X1, ...X,, be an independent identically distributed random variables with
uniform distribution in [0, 1]. Consider the following statistic DT (e1, ..., ep, t) =
Z?:l gj(I(X; <t) —t). For example, if ¢; = n~1/2j = 1,...,n then we have
D*(t) = n'/2(F,(t) — t), where F,(t) is a classical empirical distribution func-
tion of X7, ..., X,,. We are interested in the asymptotic expansion of

P( sup Dt (e1,...,en,t) >a), a>0.
0<t<1

It is well known that hoo(0) = exp[—2a?] and

hoo(A):/OllP’(x(t)+/\(]I(s<t)—t) > a,0<t<1)ds =

1
/0 E fu(s, 2(5), N fa(1 — 5, 2(5), —\) ds,

where fu(s,z,A) = P(z(t) > a+ M,0 < t < s|z(s) = x) = exp(—2a(a + As —
x)/s) and x(t),0 < ¢t < 1 is a Brownian bridge. See [5] for details. Then it
follows from Theorem 2.2] that

1

0
P( sup DV (ey,..,en,t) >a) = |14+ =2 = + O(|e[}) | exp(—24?).
0<t<1 6 Oa

Such expansions for equal weights were derived, for example, in [11], [4].
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