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ABSTRACT. We consider probability measures on R® and study optimal trans-
portation mappings for the case of infinite Kantorovich distance. Our exam-
ples include 1) quasi-product measures, 2) measures with certain symmetric
properties, in particular, exchangeable and stationary measures. We show in
the latter case that existence problem for optimal transportation is closely re-
lated to ergodicity of the target measure. In particular, we prove existence of
the symmetric optimal transportation for a certain class of stationary Gibbs
measures.
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1. INTRODUCTION

Let us consider two Borel probability measures u,v on R%. The central re-
sult (Brenier theorem) of the finite-dimensional optimal transportation theory es-
tablishes under fairy general assumptions existence of the corresponding optimal
transportation mapping 7', which can be characterized by the following properties:

1) T =V, where ¢ is a convex function

2) v is the image of g under T: v = o T~ 1.

The mapping T exists, in particular, when both measures are absolutely contin-
uous and have finite second moments. The second assumption can be replaced by
the weaker assumption of the finiteness of the corresponding Kantorovich distance
Wa(p, v) but it does not make much difference for the finite-dimensional problems.
However, this difference becomes essential in the infinite-dimensional case.

It is well-known that the optimal transportation mapping 7" solves the so-called
Monge problem, meaning that 7' gives minimum to the functional

[ Irte) = alduta)
Rd

among of the mappings r: R? — R? pushing forward p onto v; here || - || is the
standard Euclidean norm. The corresponding minimal value coincides with the
squared Kantorovich distance W3 (u, v).

Now let us consider a couple of measures on an infinite-dimensional linear space
X to avoid unessential technicalities, we will assume everywhere that X = R*>.
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We deal throughout with the standard Hilbert norm

o0
lz)® = flellip =D af,
i=1

which takes infinite value almost everywhere with respect to most of the measures
we are interested in.

What is a natural analog of the Brenier theorem in this setting? To understand
the situation better let us consider the Gaussian model.
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Ezample 1.1. Let v = [[i2, v = [liey \/%e_% dx; be the standard Gaussian
product measure on R® and H = [? be the corresponding Cameron—Martin space.
More generally, one can consider any abstract Wiener space.

The optimal transportation problem is well-understood for the case of measures
w1 and v which are absolutely continuous with respect to . The most general results
were obtained in [12] (another approach has been developed in [15]). In particular,
for a broad class of probability measures f - v absolutely continuous w.r.t. + there
exists a transportation mapping T'(z) = x + V(x) minimizing the cost

/MT@)—mmdv

and pushing forward v onto f-vy. Analogously, there exists a transportation mapping
pushing forward f -y onto . The gradient operator V is understood with respect
to (-, -);2-scalar product.

It is known (this follows from the so-called Talagrand transportation inequality)
that under assumption [ flog f dy < oo the Kantorovich distance between v and
f -y is finite

‘WWﬂﬂZ/M@%Mﬁm<m

In particular, V(z) € [2 for y-almost all . More on optimal transportation on the
Wiener space, the corresponding Monge-Ampére equation, regularity issues, and
transportation on other infinite-dimensional spaces see in [5], [6], [8], [11], and [10].

In this paper we study situation when the Kantorovich distance between mea-
sures is a priori infinite. This makes impossible in general to understand T as
a solution to a certain minimization problem. Nevertheless, we have many good
candidates to be called ”optimal transportation” in many particular cases. The
following example motivates our study.

Ezample 1.2. 1) Let p = [[:2, pi(dw;), v = [[2; vi(da;) be product probability
measures. Assume that all p; have densities. Then there exists a mass transporta-
tion mapping T' pushing forward g onto v which has the form

T(x) = (Tl(xl)v' e 7E(xi)7' ’ ')7

where T;(x;) is the one-dimensional optimal transportation pushing forward p; onto
V;.

2) Let us consider the Gaussian measure p which is a push-forward image of
the standard Gaussian measure v under a linear mapping T(x) = Az with A
symmetric and positive. It is well-known (and can be obtained from the law of large
numbers) that v and p are mutually singular even in the simplest case A =2 - Id.
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T is "optimal” because it is linear and given by a positive symmetric operator.
Heuristically,

T(x) = %V(Ax, x).

It is clear that in both cases T cannot be obtained as a minimizer of a functional
of the type [||T(z) — z||% dp.

We state now the central problem of this paper.

Problem 1.3. Let p and v be two probability measures on R>*°. When does exist
a transportation mapping T pushing forward g onto v which is ”optimal” for the
cost function c(z,y) = ||z — y[|%?

In this paper we deal with two model situations.

Quasi-product measures.

We assume that both measures have densities with respect to product probability
measures

w=fpo, v=g-1o,
o0 o0

Mo = Hﬂi(dl’i)7 vy = HVi(dxi)~
=1 =1

Then the corresponding ”optimal tranportation” is a small perturbation of the
diagonal mapping, considered in Example 1.2.

Symmetric measures.

It is possible to give a meaning to the Monge—Kantorovich optimization problem
if we restrict ourselves to a certain class of symmetric measures. In this paper we
consider two types of symmetry: exchangeable measures (invariant with respect to
finite permutations of coordinates) and stationary measures on R (invariant with
respect to shifts of coordinates). Note that ||z — y||% is symmetric with respect to
both types of symmetry. More generally, let G be a group of linear operators which
actson X =Y =R*® and X xY: z — gz, (x,y) = (92,9y), g € G and preserves
the cost function ¢(z, y). We assume that every basic vector e; can be obtained from
any other e; by action of this group: there exists g € G such that e; = ge;. Note
that under these assumptions all the coordinates are identically distributed. This
leads us to the following definition: given G-invariant marginals p and v we call 7
an optimal (symmetric, invariant) solution to the Monge-Kantorovich problem if
7 solves the Monge-Kantorovich problem

/(xl —1)? dr — min

among all of the measures which are invariant with respect to G. If there exists a
mapping T such that its graph T' = {z, T(z)} satisfies m(T") = 1, we say that T is
an optimal transportation mapping pushing forward p onto v.

The following counter-example, however, demonstrates that the optimal trans-
portation may fail to exist by a quite simple reason.

Example 1.4. Let p = v be the standard Gaussian measure on R> and
1

V= 5(’Y+72)

be the average of v and its homothetic image v = v o S™1, where S(z) = 2z.

There is no any mass transportation 7" of p to v which commutes with any cylin-

drical rotation. Indeed, any mapping of such a type must have the form T'(z) =
3



g(z)(x1,22,--+) = g(x) - x, where g is invariant with respect to any ”rotation”, in
particular, with respect to any coordinate permutation. But any function g of this
type is constant y-a.e. This is a corollary of the Hewitt—Savage 0 — 1 law. It is clear
that there is no any mass transportation of this type for the given target measure.

There is a general principle behind of this simple example. Recall that a measure
u is called ergodic with respect to a group action G, if for every G-invariant set A
one has either u(A) =1 or u(A) = 0. It follows directly from the definition that
there does not exists a bijective mass transportation T pushing forwarg p onto v,
such that Tog=goT for every g € G, provided p is G-ergodic but v is not.

This observation leads to the following problem.

Problem. Let G be a group of linear operators acting on R> and preserving
lo-distance (model example: group of shifts). Let u,v be ergodic G-invariant
measures. When does exist a transportation T: R> — R* pushing forward p
onto v, which commutes with G and gives minimum to the Monge functional 7" —
S (T () = 21)? dp?

Trivially, the ergodicity by itself is not sufficient for the affirmative answer to
this problem. In addition to it, we need to have certain infinite-dimesional analogs
of 7absolute continuity” for the source measure p.

We believe that the symmetric transportation problem must have deep and very
interesting relation with the ergodic theory. The second named author studied the
interplay between ergodic decompositions and transportation theory in [26]. An-
other interesting connection has been established in [3]. It was shown that the
Birkhoff ergodic theorem implies equivalence between optimality and the so-called
cyclical monotonicity property. The related problems on optimal transportation in
symmetric settings have been considered in [22] (stationary processes), in [23] (sym-
metric measures on graphs), and in [19], [20], [9] (ergodic theory). Transportation
problems with symmetries have been studied in [13], [21]. Further development
of the duality theory for transportation problem with linear restriction has been
obtained in [25].

The paper is organized as follows: in Section 2 we give preliminaries in trans-
portation theory, ergodic theory, and recall some important results on log-concave
measures. In Section 3 we establish sufficient conditions for existence of optimal
transportation mappings which are obtained as a.e.-limits of finite-dimensional ap-
proximations. The applications of this result are obtained in Section 4. Here we
prove existence of optimal transportation for a couple of measures having densities
with respect to product measures. In Section 5 we discuss the invariant optimal
transportation problem, consider examples and prove some basic facts. In Section
6 we briefly discuss Kantorovich duality for problem which is invariant with respect
to the action of a group. In Section 7 we construct a non-trivial example of a
symmetric optimal transportation 7. Namely, we establish sufficient conditions for
existence of T pushing forward a stationary measure into the standard Gaussian
measure. Finally, we apply this result to a certain class of Gibbs measures.



2. PRELIMINARIES

2.1. Optimal transportation problem.

Kantorovich problem. Given two probability measures x4 and v on the spaces
X and Y respectively, and a cost function ¢ : X x Y +— RU {400} we are looking
for the minimum of the functional

W) = int{ [ o — gl dmi m € P},

on the space P(u,v) of probability measures with fixed projections: Prym =
w, Prym =wv.

In the classical setup X =Y = R", ¢ = |x — y|? the solution m is supported on
the graph of a mapping 7" : R" — R™:

m(T) =1, where T = {(z,T(z)), = € R}.

(see [1], [7], [24].). The functional Wa(u, v) is a distance in the space of probability
measures. In what follows we call it the Kantorovich distance. The mapping T is
called optimal transportation of p onto v.

Another well-known fact which will be used throughout the paper is the following
relation called the Kantorovich duality:

Wl v) = =57 (,0),

where

5 = int{ [ (@)~ LYt [ (5~ ) v, o) + 00 2 (@},

s

where the infimum is taken over couples of integrable Borel functions (), ¥ (y).
The function ¢ in the dual problem coincides with the potential generating the
transportation mapping

T =Ve.

2.2. Ergodic decomposition. Given a Borel transformation S : X — X of the
space X we call a Borel probability measure u ergodic if any S-invariant measurable
set A has the property u(A) = 1 or pu(A) = 0. A similar terminology is used if
instead of a single mapping S we deal with a family G of transformations.

The ergodic G-invariant measures are extreme points of the set of all G-invariant
measures, hence any G-invariant measure can be represented as the average of G-
invariant ergodic measures. The famous de Finetti theorem establishes decomposi-
tion of this type for a class of exchangeable measures, i.e. measures, invariant with
respect to a permutation of a finite number of coordinates.

Theorem 2.1. Let P be the space of Borel probability measures on R equipped with
the weak topology. Then for every Borel exchangeable p on R* there exists a Borel
probability measure II on P such that

u(B) = / m®(B)TI(dm),
for every Borel B C R*°.

Yet another example of the ergodic decomposition where a precise description is
possible is given by rotationally invariant measures (see Example 5.9).
5



2.3. Log-concave measures and functional inequalities. We recall that a
probability measure p on R" is called log-concave if it has the form e~V - H¥|y,
where #F is the k-dimensional Hausdorff measure, k € {0,1,--- ,n}, L is an affine
subspace, and V is a convex function.

In what follows we consider uniformly log-concave measures. Roughly speaking,
these are the measures with potential V' satisfying

V()= V() ~ (VV ()0 —9) 2 5l — ol

which is equivalent to D?V > K - Id in the smooth (finite-dimensional) case. Here
K is a positive constant.

More precisely, we say that a probability measure p is K-uniformly log-concave
(K > 0) if for any € > 0 the measure i = %B%MIQ - it is log-concave for a suitable
renormalization factor Z. It is well-known (C. Borell) that the projections of log-
concave measures are log-concave (this is in fact a corollary of the Brunn-Minkowski
theorem). It can be easily checked that the uniform log-concavity is preserved by
projections as well. We can extend this notion to the infinite-dimensional case.
Namely, we call a probability measure p on a locally convex space X log-concave
(K -uniformly log-concave with K > 0) if its images pol~1, | € X* under linear
continuous functionals are all log-concave (K-uniformly log-concave with K > 0).

Throughout the paper we apply the following estimate (see [15], [16]), which
generalizes the famous Talagrand transportation inequality.

Theorem 2.2. (Generalized Talagrand inequality.) Let m be a K-uniformly
log-concave probability measure with some K > 0. Then for any couple of probability
measures j = e~V dx, v =e~W dx and the corresponding optimal mappings Vou,
Vo, pushing forward p, v onto m respectively, one has the following estimate
p dp K 2
But, (2) = [og S dp= [(W=v)du= 7 — Ve, |? dp.
nty /ogdyu/( )N_2/|v50u Veu|” du
Another result used in the paper is the Cafarelli’s contraction theorem. Here is
the version from [16] (see also [17]).

Theorem 2.3. (Caffarelli contraction theorem). Let V® be the optimal trans-
portation of the probability measure p = e~Vdx into v = e~ Wdx. Assume that for
some positive ¢,C one has D*V < C-1d, D>*W > ¢-1d. Then V® is Lipschitz with

IV®[lzip < /€

The quantity Enty(%) is called the relative entropy or the Kullback-Leibler

distance between p and v.

3. SUFFICIENT CONDITION FOR EXISTENCE OF LIMITS OF FINITE-DIMENSIONAL
OPTIMAL MAPPINGS

3.1. Preliminary finite-dimensional estimates. Let ;1 and v be probability
measures on R? and T'(x) = V(z) be the optimal transportation mapping pushing
forward p onto v. Let us denote by p, the images of p under the shifts x — = + v,
v € R
It will be assumed throughout that p, have densities with respect to pu:
dpy = ePo.
dp
6




Lemma 3.1. For every p,q > 1 with % + % =1,>0, and e € R?

/I@(Hte) —o(@)["* dp < | (@, e) " e -Oiugt\leﬂ”\lm(u)-
_S_

[ (ot +t0) = pla) — 026()) dis < . Nr - s e = g
Proof. One has p(z + te) — ¢(x) = fg Oep(x + se) ds. Hence
t
1ot i) = o du < [ [ 100w +se) ds
0

t
:tg/ U|5e<p|”566“ dp] ds < 10 o - sup e lzagy
0 0<s<t

=t [z, )" Loy - sup (€] Lau)-
0<s<t

Applying the same arguments one gets

J (et +t0) = pla) = torpl@) diu = [ [ @usta+s0) = dupta) ds d

t t 1
= [1[ € =) as]onete) du < e onplon [ [ [ 16 =1 as a] "
0 0

The desired estimate follows from the change of variables formula and trivial uni-
form bounds. O

In addition, we will apply the following elementary Lemma.

Lemma 3.2. Assume that a sequence {T,,} of measurable mappings T, : R>® — R
converges to a mapping T in the following sense: for every e;, lim, (T, e;) = (T, e;)
in measure with respect to p. Then the measures {y o T, 1} converge weakly to
poT™ 1

3.2. Existence theorem. We consider a couple of Borel probability measures u
and v on R*, where R™ is the space of all real sequences: R = [, R;. We deal
with the standard coordinate system = = (x1,x2, - ,2p, --) and the standard
basis vectors e; = (5ij). The projection on the first n coordinates will be denoted
by P,: Pn(z) = (1, -+ ,2,). We use notations ||z||, (z,y) for the Hilbert space
norm and inner product: ||z|| = Y72 22, (z,y) = > ;o; z;y;. We use notation
IE)Z for the conditional expectation with respect to p and the o-algebra generated
by x1,--- ,2,. For any product measure P = [[:2, p;(z;) dz; its projection P, =
Po P, ! has the form []}_, pi(x;) dz; and the projection (f-P)o P, ! = f,- P, of the
measure f- P satisfies f,, = IE% f. Everywhere below we agree that every cylindrical
function f = f(x1,---,x,) can be extended to R* by the formula © — f,(P,z).
It will be assumed throughout the paper that the shifts of p along any vector

v = te; are absolutely continuous with respect to u:

diy =ePo.

dp
In Section 3, moreover, the following assumption holds.
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Assumption (A). For every basic vector e = e; there exist p > 1, ¢ > 1,
satisfying % + % =1, and € > 0 such that

/\(m,e)|(1+5)p dv < oo

and
= sup /|66“ 119 du

0<s<t
satisfies lim;_, p(t) = 0.

Let g, = po Pl (x), v, = vo P, 1(y) be the projections of u, v. For every
v = te; let us set

d(,un)v _ 651(’”)
dpin, )
It is easy to check that the projections of u, v satisfy Assumption (A).

Lemma 3.3. For every n € N and every e = e; one has

/| e)P dv, < /| z,e)|? dv, /|e B 19 duy, < /|eﬂﬁ —1]? dp.

Proof. The first estimate is trivial. To prove the second one, let us note that
B = IE}Zeﬂ’”. The claim follows from the Jensen inequality and convexity of the
function ¢ — |t — 1]9. O

We denote by 7, the optimal transportation plan for the couple (p,,v,). Let
©n(z) and 1, (y) solve the dual Kantorovich problem. Let us recall that Vi, (Vi)
is the optimal transportation mapping sending i, to v, (¥ to u,). One has

for every z,y. The equality is attained on the support of m,. In particular,

on(T) + Yn(Von () = (Prz, Vi (z)).

It is easy to check that {m,} is a tight sequence. By the Prokhorov theorem one
can extract a weakly convergent subsequence m,, — m. Note that m, is not the
projection of .

The main result if the section is the following theorem.

Theorem 3.4. Assume that (A) is fulfilled and, in addition,

in measure with respect to w. Then there exists a mapping T : R*® +— R*> such that
T(x) =y

for m-almost all (x,y).

In what follows we will pass several time to subsequences and use for the new
subsequences the same index n again, with the agreement that n takes values in
another infinite set N’ C N. Let us fix unit vectors e;,e; for some 4,5 € N and
consider the following sequence of non-negative functions:

Fo(@,y,t,5) = pn(z +tei) + Pnly + se;) — (Pu(z +tei), Py + se;))
with n > 4,n > j.



Lemma 3.5. There exists a L'+ (m)-weakly convergent subsequence
Py (x + tei) — o, (x) = U(z).
The following relation holds for the limiting function U(z):

U@ du—t [ty av] < crnto
Proof. Taking into account that [ F,(z,y,0,0) dm, = 0, one obtains

/Fn(x7y7t,0) dm, = /Fn(ac,yﬂf,O) dm, — /Fn(ac,y7070) dmp, > 0.

Note that the right-hand side equals

/ (o (2, 9,1,0) — Fo(2,9,0,0)) dmy = / [on(@ + ter) — pu(@) — t{y, e1)] drm.

Taking into account that the projection of m, onto X coincides with u, and ¢,
depends on the first n coordinates, one finally obtains that for n > ¢ the latter is
equal to

/ [on (@ +tes) — ()] du—t / (v,es) dv = / [on (& +te:) — on () — 0o o ()] di.

It follows from Lemma 3.1, Lemma 3.3 and Assumption (A) that

1) [ Futwv.t0) am,

Since ¢, depends on a finite number of coordinates (< n), one has

[lonte+te) = on@ ™ diu= [ oo+ te) = o0 @) .
Hence by Lemma 3.1

Un(x) = ¢n(z + te;) — pn(z) € L' ()

and, moreover, sup,, ||Uy|[p1+¢(,) < oo. Thus there exists function U € L'*¢(u)
such that for some subsequence ny

P (T + te;) — o, () = Ulz)
weakly in L'7¢(p). Passing to the limit we obtain from (1) that

U@ du—t [ty.e an] < conto.

< Ctp(t).

O

Lemma 3.6. Assume that F,,(z,y,0,0) — 0 in measure with respect to w. Then
U(z) —t{y,e;) >0

for m-almost all (x,y).

Proof. Note that

[on(@ttes) —pn(@)—t{y, e)]+Fu(2,5,0,0) = on(z+te:) +n (y)—(Puy, Pu(z-+te:))

is a non-negative function for every n. Since F,,(z,y,0,0) — 0 in measure, there

exists a subsequence (denoted again by F),) which converges to zero m-almost ev-

erywhere. Since f, = @n(z + te;) — on(x) — t(y, ;) converges to f = U(x) —
9



t(y, e;) weakly in L'*%(7), one can assume (passing again to a subsequence) that
% 25:1 fn — f m-a.e. Since f,, + F,, > 0, this implies that f > 0 m-a.e. O

Proposition 3.7. Assume that there exists a sequence of continuous functions

fo(@1, - 2n), gn(y1, - yn) € Ll(ﬂ'n)
such that Gy, = fr(z) + gn(y) — >oiy 2iy; has the following properties:
1) Gp, >0,
2) G, <Gp, Yn<m,z,y€eR™,
3) sup,, [ G, dm, < co.
Then F,(x,y,0,0) — 0 in L'(r).

Proof. We start with the identity [ F,(z,y,0,0) dm, = 0 and rewrite it in the
following way:

@ 0= [(n=f)du+ [ =) dv+ [(fule) + anly szyz drn.

Since ¢y, 1y, are defined up to a constant, one can assume that [ (¢, —g,) dv = 0.

Thus — [(¢n — fn) dp = [(fo(@) + 9n(y) — i) @iyi) dmy. It follows from 1)
and 3) that the right-hand side is a bounded sequence of non-negative numbers.
Passing to a subsequence we may assume that the right-hand side has a limit. It
follows from the weak convergence m,, — 7 and the monotonicity property 2) that
for every k

n k
lim, / () + an0) = 3 i) > 1, / (o) + n(y) = Y i)
/(fk + oy leyz

Hence

n k
mn/(fTL(z) + gnly) — ;$zyz) dmy, > li]?l/(fk(fﬂ) +agr(y) — ;xzyz) dm,

where the limit in the right-hand side exists, because the sequence is monotone.
Hence we get from (2)

n
0 > liTILn/(QOn - fn) dﬂ' + hrILn/(fn(x) + gn(y) - inyi>d7r
i=1
Taking into account that [ g, dr = [ g, dv = [, dv = [, dr, we obtain

02 tim [ (o0 = £2)(0) du-+1im [ (7u(e) + gn(0) = Y i) dn

ZIigl(/(sDn( ) + Py szyz ) dr) =0

The proof is complete. O

Finally, we obtain a sufficient condition for the existence of an optimal mapping
in the infinite-dimensional case.
10



Proof. (Theorem 3.4) Let us fix e; and choose a sequence of numbers ¢,, — 0. We
get from Lemma 3.5 and Lemma 3.6 that there exist m-a.e. nonnegative functions

Uy, () —tn(y, ;) with [ (U, (z) —t,(y, e;)) dm = o(ty,). Hence, hmtn_mf(Ut“ 2) _

Ut (w)

(y,€;)) dm = 0. Taking into account that —(y, ;) > 0 for w-almost all (z,y),

we conclude that U’"n( “) converges ji-a.e. and in L'(u) to a function u;(x) satisfying

ui(z) — (y,e;) > 0, mae. and [(u;i(z) — (y,e;)) dr = 0. Clearly, u(z) = (y,e;)
for m-almost all (z,y). Repeating these arguments for every i € N, we get the
claim. [l

4. APPLICATION: QUASI-PRODUCT CASE

The main result of this section is a generalization of the optimal transport ex-
istence theorem for Gaussian measures. Recall that by results from [12], [15] that
for the standard Gaussian measure v = [[:2, vi(dx;), v ~ N (0,1) the existence of
the optimal transportation mapping pushing forward f -~ into g - -y is established,
for instance, under assumption [ flog f dy < oo, [ glogg dy < co. We give in this
section a generalization of this result for a wide class of quasi-product measures.

Let us consider two product reference measures

P = sz(fﬂz) dr;, Q= H%(%)d%

i=1 i=1

and fix the diagonal infinite transportation mapping
T(x) = (Ty(z1), -, Talan), )

where T;(x;) pushes forward p;(z;)dz; onto ¢;(x;)dz;. Clearly, T takes P onto Q.
The inverse mapping S = T~! has the same diagonal structure:

S(x) = (Si(@1), -+, Snlan), -+ )

Theorem 4.1. Let p = f- P and v = g- @ be probability measures satisfying the
Assumption (A) of the previous section. Assume, in addition, that

1) there exists K > 0 such that every q; is K-uniformly log-concave;
2) there exists M > 0 such that

Si(zi) <M
for all i,x;;
3) Assume that either a) or b) holds for some constants C > ¢ > 0
a) glog’g € L(Q), $ € L'(P), [ <C,
b) flogf e LI(P), c<g<C.
Then there exists a transportation mapping T pushing forward p onto v which is
w-a.e. limit of finite-dimensional optimal transportation mappings T, .

Remark 4.2. Tt follows from Caffarelli’s contraction theorem (see Section 2) that
assumption 2) is satisfied if (—logp;(z;))" > Co, (—loggq;(z;))” < C; for some
Cy,Cp > 0 and every i. Of course, there exist many other examples when this
assumption is satisfied.

Proof. Consider the finite-dimensional projections p, = fp - Py, Vn = gn-Qn, where
P, = [Ii-, pi(x;) dzy, Qn =[]}, ¢i(2;) dx;. Here f,, and g,, are the conditional
11



expectations of f, g with respect to P, and the o-algebra F,,, generated by the
first n coordinates. Recall that V¢, is the optimal transportation of y,, to v,. Let

ui(xi), viyi) = u;
be the one-dimensional convex potentials associated to the mappings T3, S;, respec-
tively:
Ti = ’u;, Si = U;.
Note that T}, = (Ty,- -+ ,T),) pushes forward P, onto @, and V¢, pushes forward
fn . P, onto Q,,.

. (ng(irding to Proposition 2.2 one has the following estimate:
(3) g/m — Vin|2dP, < /1og(g”(¥7;p7’))dpn.
To see that the right-hand side is finite, let us estimate
/1og(9"<zpr”))dpn g/log %dpn + % /10g2 90 (Vepn) fndPy +% d;”
= /log findPn + %/gn log? g,dQ,, + % d;n.

Applying Assumption 3a of the Theorem and the Jensen inequality one can easily
get that the right-hand side is uniformly bounded.
We complete the proof by applying Theorem 3.4 and Proposition 3.7. For appli-
cation of Proposition 3.7 set
n

fn = Zuz‘(%‘)’ gn =D vilys).

i=1

We need to estimate Y ., [(wi(x;) + v;(y;) — x;y;) dm,. Taking into account that
7, is supported on the graph of V,,, and the relation u;(z;) + v;(T;(z)) = ;T (x)
we obtain that the latter equals to

/(Uz(l’z) + 0 (0z,0n) — xiGIiwn(:c)) dpn,
— [ [5:@son(@) = 0i(Ti(2)) = 2:(0r,0(2) = Tia))] it
— [ [5:@son(@) = 0i(Ti(a)) = (T@) Gaon(o) = Tila)] di

SMﬂ%%w—mwM

Here we use the uniform bound v = S; < M. Finally, using the uniform bound
f < C and the Jensen inequality we obtain that

Z/(ui(mi) + vi(ys) — xoy) dmy, < MC’/ \Vn — T,|? dP,.
i=1

We have already shown that the right-hand side is bounded. The result now follows
from Proposition 3.7.

The proof follows the same line under Assumption 3b, but we use another corol-
lary of Proposition 2.2:

5/|T~n—wn|2LdPn g/log( Jr I
2 gn(

9n(Veon) Vn) ) 9n(Ven) @Fn.

12



The detailes are left to the reader. O

5. SYMMETRIC TRANSPORTATION PROBLEM AND ERGODIC DECOMPOSITION OF
OPTIMAL TRANSPORTATION PLANS

5.1. Symmetric transportation problem. In this section we discuss the mass
transportation of symmetric (mainly exchangeable) measures, where the word ”sym-
metric” means ”invariant under action of a group I'”.

Recall that a probability measure is exchangeable if it is invariant with respect
to any permutation of finite number of coordinates. Before we consider R*°, let us
make some remarks on the finite-dimensional case.

Consider the group Sy of all permutations of {1,--- ,d} acting on R? as follows:

Lg({E) = ($0(1)7$0(2)7 s ,xo(d)), o€ Sy
Let I' C Sy be any subgroup with the property that for every couple i, j there exists
o €T such that o(i) = j.

Assume that the source and target measures are both invariant with respect
to I'. Under additional assumption that the cost function ¢ is I'-invariant (for
instance, ¢ = |z — y|?) one can easily check that the Kantorivich potential ¢ is
I-invariant as well: ¢ = p o L, for any o € T see [21], [25]. Consequently, the
optimal transportation T'= V¢ has the following commutation property:

T=L:ToL,)=L;'oTolL,.
Equivalently,
LyoT =TolL,.
The optimal transportation plan 7(dx,dy) is also T'-invariant under the following
extension of the action of I' to R% x R%:

L,(z,y) = (Lo, Lyy).
Now let (i) = j. One has

/xiyi dm = /(ei,x>(ei,y> dm = /<LneiaLUI><LoeiaLny> dm
= /(ej,Lgx><ej,Lgy> dm = /xjyj dm.

Consequently,
d

@) W2(uv) = / Iz — y||? dr = Z/(mi )2 dr = d/(a:i )2 dr, Vi
1=1

Lemma 5.1. The standard quadratic Kantorovich problem on R? with T -invariant
marginals is equivalent to the transportation problem for the cost |x1 — y1|? with
additional constraint that the solution is a I'-invariant probability measure

Proof. Let  be the solution to the quadratic Kantorovich problem for the marginals
p, v and 7 be a measure giving the minimum to the functional m — [ |z — 11 |2dm
among of the I'-invariant measures with the same marginals. By optimality of 7

[z = vldn < [ o - ylPas.

Since 7 and 7 are both I-invariant, (4) implies that [|z; — y1[?dr < [|zg —
y1|2d7. By optimality of 7 one gets [ |z1 — y1|?dn = [ |1 — y1]?d7, and, finally
13



J |z = y||*dm = [ ||z — y||*d7. This means that 7 solves the quadratic Kantorovich
problem as well and, vice versa, m solves the Kantorovich problem with symmetric
constraints. (]

The conclusion made above helps us to give a variational meaning to the trans-
portation problem in the infinite-dimensional case.

Definition 5.2. Symmetric Kantorovich problem. Let I be a group of linear
operators acting on R* and u, v be I'-invariant probability measures. Assume in
addition that

e For every 7,j € N there exists g € I" such that
glei) = ¢;.
e The space of probability measures IT' (11, ) on R® x R which are invariant

with respect to the action (z,y) — (g(x),9(y)), g € ' of I' and have
marginals pu, v, is non-empty and closed in the weak topology.

We say that a measure 7 € II'' (11, ) is a solution to the I-symmetric (quadratic)
Kantorovich problem if it gives the minimum to the functional

(5) 0" (u,v) > m— /(xl — 1) dm.

Definition 5.3. Symmetric optimal transportation. Let m be a solution to
the symmetric Kantorovich problem. A measurable mapping 7: R® +— R is
called optimal transportation mapping of u onto v if

m({(z,T(x))}) = 1.

The standard compactness arguments imply that a solution to the Kantorovich
problem (5) exists provided [ 2% du < oo, [yi dv < co. If, in addition, there exists
an optimal transportation mapping 7, it commutes with any g € I'. This means
that for p-almost all  and every g € T’

(6) (T'og)(x) = (goT)(x).

Example 5.4. Exchangeable measures. We denote by S, the group of permuta-
tion of N which change only a finite number of coordinates. We consider its natural
action on R*° defined by

o(z) = (xa(i))a x=(x;) ER®, o€ S.

Consider measures p and v which are invariant with respect to any o € So:
u:uoa_l, v=voo L.
The measures of this type are called exchangeable. The basic example is given
by the countable power m® of some Borel measure m on R. The structure of
mappings satisfying (6) in the case p = m® is very easy to describe. Consider
the function T3 (z) = (T'(z),e1) and fix the first coordinate x1. Then the function
F: (zg,x3,---) — Ti(x) is invariant with respect to S (acting on (z2,x3,---)).
Hence F' is constant according by the Hewitt—Sawage 0 — 1 law applied to the
measure pu. Thus Ti(x) = Ti(z1) depends on x; only (up to a set of measure
zero). The same arguments applied to other coordinates imply that T is diagonal:
(T1(z1), To(x2),- -+ ). Moreover, T;(x) = Ti(x) because T commutes with every
permutation of coordinates.
14



FEzample 5.5. Optimal transportation not always exists. Let u1, o be count-
able powers of two different one-dimensional measures. By the Kakutani dichotomy
theorem they are mutually singular. There is no any mass transportation T of
= pp onto v = %(ul + p2) satisfying (6). Indeed, according to Example 5.4 any
T satisfying (6) must be diagonal, hence the measure p o 7~! must be a product
measure.

Thus, we see that the optimal transportation does not always exist. This example
can be easily generalized to many other linear groups I' and I'-invariant measures.
It can be easily understood that T' does not exist provided the source measure is
ergodic, but the target measure is not.

5.2. Ergodic decomposition of optimal transportation plans. The connec-
tion between Kantorovich problem and ergodic decomposition has been established
under fairy general assumptions by the second-named author in [26]. A particular
case of this result is given in the following theorem.

Let T' be an amenable group acting by continuous one-to-one mappings on a
Polish space X. Let II' be the set of all Borel probability I'-invariant measures and
p,v € II'. The set of I-invariant transportation plans with marginals p, v will be
denoted by TI' (i, v). Assume that the cost function c is lower semicontinuous and
% (p, v) is non-empty and closed in the weak topology.

Let us fix a solution 7 to the I'-invariant Kantorovich problem with marginals
i, v. Denote by A(X) the set all I-invariant ergodic measures on X. Assume we
are given ergodic decompositions

(7) = / ' doy, v= / v do,
A(X) A(Y)

of p,v, where X =Y, 0,0, are probability measures on A(X), A(Y') and, simi-
larly, the ergodic decomposition of 7:

(8) = / 7*Yds
A(XXY)

(recall that the I-invariance for m means the invariance with respect to the action
(z,y) — (g(z),g(y))). We stress that in (7) the integrals are taken not with respect
to variables z,y, but with respect to variables u”*, v¥ (z,y indicate the spaces where
the measures are defined), the same holds for (8). It is straightforward that §-almost
all 7%¥ have ergodic marginals and taking the projections of the both sides of (8)
we obtain decompositions (7). Moreover, the following statement holds:

Theorem 5.6. Under § almost every measure ™Y solves the I'-symmetric Kan-
torovich problem with marginals pu*, vY:

ke =yt [aim= [
S (u®vY) mGH%I(lum,Vy) cdm cdm
and the following representation formula holds:

inf )/ch: inf /Kg(u””ﬂ/y) do.

melll (p,v d0ell(op,0.)

Remark 5.7. In the situation of Theorem 5.6 one can decompose the optimal trans-

portation plan for ergodic marginals p,v: ™ = fA(XXy) w5¥d0. Ergodicity of the

marginals implies immediately that §-almost all 7% have the same marginals p
15



and v. The optimality of 7%¥ for the cost ¢ follows from Theorem 5.6. Thus we get
that any solvable symmetric Kantorovich problem with ergodic marginals admits,
in particular, an ergodic solution.

Thus the symmetric transportation problem can be reduced to the following
steps:
Q1) Construct a solution to the symmetric Kantorovich problem for ergodic
measures.
Q2) Given two non-ergodic measures u, v and the corresponding ergodic decom-
positions (7) construct a solution to the Kantorovich problem to measures
0,0, on A(X) with the cost function K.

Consider application of Theorem 5.6 to several classical groups.

Example 5.8. Exchangeable measures revisited. Consider invariant trans-
portation problem for exchangeable measures and ¢ = (z; — y1)?. The answer
to Q1) is trivial, because ergodic measures are countable powers and the structure
of the corresponding solution is trivial. As for Q2), by the de Finetti theorem the
space of ergodic measures is isomorphic to the space P(R) of probability measures
on R. Thus to resolve an optimal transportation problem for exchangeable mea-
sures, we need to study the optimal transportation problem for a couple of measures
o, Vo on P(R) arising from the de Finetti decomposition. It is clear that the cost
function ¢ on P(R) satisfies

C(plva) = sz(PbPQ)a

where W5 is the standard Kantorovich distance on R.

Ezample 5.9. Rotationally invariant measures. Consider invariant transporta-
tion problem for measures invariant with respect to operators of the type U x Id,
where U is a rotation of R" = Pr,,(R>°) and Id is the identical operator on the or-
thogonal complement to R™ As usual ¢ = (x; —y;)2. This is an example where the
optimal transportation problem admits a precise solution. By a well known result
(see [14]) every rotationally invariant measure p on R> admits a representation

n= /%dpu(t),

where ~; is the distribution of the Gaussian i.i.d. with zero mean and variance t and
Py is a measure on Ry. The optimal transportation problem is reduced obviously
to the one-dimensional optimal transportation between p,, and p,.

FEzample 5.10. Stationary measures. These are the measures which are invariant
with respect to the shift:

T:x=(x1,29, )+ (T2,Z3, ).

Note that the powers of T' generates the semigroup {0} U N, but not the group.
However, it makes no difference for our analysis, we are still able to consider the
corresponding ergodic decompositions. In this case the description of ergodic mea-
sures is nontrivial and we do not know any general sufficient conditions for existence
even in the case when both measures are ergodic. Some sufficient conditions are
given in Section 7.
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We conclude the section with the remark that existence of a transportation
mapping for (not necessary optimal) symmetric plan 7 with ergodic X-marginal
implies ergodicity of .

Proposition 5.11. Let X =Y be Polish space and T" be a group of Borel one-to-one
transformations acting on X . Assume that w and p are I'-invariant Borel probability
measures on X XY and X respectively. Assume, in addition, that Prxm = p, p is
ergodic, and n({z,T(z)}) = 1 for some Borel mapping T. Then 7 is ergodic.

Proof. Assuming the contrary we represent 7 as a convex combinations of two I'-
invariant measures
m = A + (1 — A)ma,

m # 72, 0 < A < 1. Clearly, this implies a similar decomposition for the projections
w=APrxmi 4+ (1 — A\)Prxms. If we show that uy, po are I-invariant and distinct,
we will get a contradiction. The I'-invariance of both measures follows immediately
from the T'-invariance of m;. Let us show that pu; # po. Assume the contrary
and take a Borel set B C X x Y. We get that m;(B) equals to p;(A), where
A = Prx(BNGraph(T))) (note that A is universally measurable as a projection of
a Borel set). Then it follows that m; coincide because p; do coincide. U

6. KANTOROVICH DUALITY

In this section we start to study measures which are invariant under actions of
some group. The results of this section will not be used in this paper, but they are
of independent interest.

Let X, Y be Polish spaces, I' be a locally-compact amenable group with contin-
uous actions L, LY on X, Y respectively. The action Lr on the product space
X XY is defined as follows:

Ly(x,y) = (Lg(2), Ly(y))-
where L, is an element of Ly corresponding to g € I'.
Let us define the space Wr C Cy(X x Y) as the closure of linear span of the
following set:
{f—foLy: feCy(X xY), geT}
It can be checked that the property

(9) /wdﬂ' =0, Yw € Wr

of a probability measure 7 € P(X x Y) is equivalent to its invariance w.r.t. L.

Let u € P(X), v € P(Y) be invariant under the actions L, LY respectively.
Then a transport plan 7 € II(u, v) is invariant iff the property (9) is satisfied. We
denote the set of all invariant transport plans by II' (1, v).

The following Theorem is a refinement of the duality result, which was proved
in [25] (Theorem 2.5). In there we considered only Cp(X X Y) cost functions (we
warn the reader that the classical duality statement from Section 2 is forr2nu1ated in
x

a slightly different but equivalent way: in notations of this section ® = %

2

/i

5 — ).

Theorem 6.1. Let c € C(X xY) be a nonnegative function such that there exist
feLYX,u), ge LYY,v), and

c(z,y) < f(z) +g(y), V(r,y) € X x Y.
17
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Then, in the setting described above,

inf /Cdﬂ' = sup / O(z)dp —|—/ U(y)dv,
welll O4+V4w<eJ X Y
where ® € LY(X), ¥ € LY(Y), w € Wr.

Proof. The inequality

inf /Cdﬂ' > sup /@du—l—/\lldu
melll d+V+w<ec

can be easily obtained:
inf /cdw > inf ( sup /(@ + U+ w)dﬂ') =
melll 7€’ \ 4T +w<e

= inf ( sup /q)d,u + / \I!du) = sup /<I>d,u + / Ydy.
m€l" \ o4+ U4w<e D+V+w<c
To obtain the opposite inequality we use the following statement from Theorem 2.5
of [25].

inf [ epdr = sup /@(x)du—l—/ U(y)dv
menr S T+w<ey, J X Y

forcp € Cp(XXY), ® € Cp(X), ¥ € Cp(Y), w € Wr. Let ¢, (2, y) := min{c(x, y), n}
for each n € N. The inequality

sup /X O () dy + / U(y)dv < sup /X ®(x)du + / U(y)dv

P+V+w<cy Y P+V+w<c Y

is obvious for any natural n. Thus it remains to prove that

lim inf /Cndﬂ' = inf /cdﬂ'.

n—oo relll melll
Recall that the functional 7 — f cpdm is weakly continuous for every ¢, € Cp(X XY).
It follows from the characterization (9) of invariant measures, that IV (i, v) is a

closed subset of II(p, v), which is known to be compact. Thus II' (u,v) is compact
in the topology of weak convergence. If 7, is the solution for

inf cpdm,

melll
the sequence (7, ) has to have a subsequence converging to some element 7* € I1'.
Since for any fixed m € N the inequality: lim, o [ cpdr* > [ ¢pdn* is satisfied,
and, by monotone convergence theorem, limy,, o [ ¢pdr* = [ecdn* < [(f(x) +
g(y))dm* < 0o, we obtain

lim [ ¢pdm, > lim cpdm* = / cdr* > inf / cdr.

n—00 m—o0 welll

This fact concludes the proof of the theorem. O

As one can see, the form of the duality theorem is similar to the well-known
classic result, but the difference is substantial: dual functionals are related to each
other in a more complicated way. Moreover, there is no existence result for the dual
problem without any additional assumptions.
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It was shown in [25] (Theorem 5.7) that in case of compact group I" and under
the assumptions of Theorem 6.1,

inf /cd7r= sup /@(x)d,u—&—/\ll(y)du.
melll P4U<cJX Y

where ¢ := [.(cog)dx(g) and x(g) is the probability Haar measure. It is clear that
if cost function is I'-invariant, the invariant dual problem coincides with the usual
one.

Moameni ([21]) proved that for I' = Z and an invariant cost function ¢, the
corresponding invariant dual problem coincides with the usual one, and, moreover,
both prime and dual Kantorovich problems have an invariant solution.

7. EXISTENCE OF INVARIANT OPTIMAL MAPPING FOR STATIONARY MEASURES
Recall that the measures on R* which are invariant with respect to the shift
o(x1,2a,...) = (2, 23,...)
are called stationary measures. Unlike exchangeable measures, the projections of
stationary measures are in general not invariant with respect to some reasonable

family of linear transformation.

As usual we assume that R is approximated by the sequence of finite-dimensional
spaces R"™ in the following sense: we identify R™ with the subset

PH(ROO) :{l’: (.’,Ul,l’27"' ;"E7130;07“')} CROO

On every finite-dimensional space R™ we will apply the following operator of cyclical
shift:
O—n(xla Lo, 7xn) = (iL’Q,ZL’g, e 7$n7x1)-
Let us associate with every stationary measure u the cyclical average of its projec-
tions: .
1 1 »

fy = — o P Yoo -1,

Hn n ;(l‘ ) oo,
In addition, let us denote by R,, , the orthogonal complement of R™ C R™:

R" =R™ x Ry, n, m <.

The marginal measures are always assumed to satify the following property:
Assumption B. The measures u, v are stationary Borel probability measures
such that their projections on every R"

—1

-1
n’VOPrn

wo Pr

have Lebesgue densities and bounded second moments.
We consider symmetric Monge-Kantorovich problem

(10) /(xl —y1)? dr — min
where the infimum is taken among of all stationary measures I1' (u, ) with marginals

1, V.

Remark 7.1. Minimizing f(:cl —y1)? dr is equivalent to maximizing of fxlyl dm,
because [zi dm = [ % dp, [yi dr = [yidv are fixed.

Theorem 7.2. Let p be a stationary measure which satisfies the following assump-
tions:
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1) p is a weak limit of a sequence of o, -invariant measures p, on R™.

2) For every m < n there exists a probability measure fiy, n 0on Ry, » such that
the relative entropy (the Kullback-Leibler distance) between iy, X fim.n and
Un 18 uniformly bounded in n:

8 i <

with Cy, satisfying
Cm

lim — = 0;
mm

3) The cyclical average fi,, of the n-dimensional projection o P, 1 has finite
second moments and admits a density p, with respect to p satisfying

sup/pffd/,t < 00
n

for some € > 0.
Then there exists a mapping T with the properties
o T pushes forward p onto the standard Gaussian measure on R

v=r.
o T a p-a.e. limit of finite dimensional mappings T,, : R™ — R"™ such that
every Ty, is a solution to an optimal transportation problem on R™.

Proof. We consider the sequence of n-dimensional optimal transportation mappings
T,, with cost function Z?:l(l’i — y;)? pushing forward s, onto 7,. It follows from
the o,-invariance of u, and =, that the mapping T, is cyclically invariant:

<Tn O On, ei> = <Tnu ei71>7 Hpn — a.€.

Fix a couple of numbers m,n with n > m. Let T}, ,, be the optimal transporta-
tion mapping for the cost function Y 1" .. (z; — y;)* pushing foward fi,,, onto
the standard Gaussian measure on R,, ,,. We stress that T, and T, , depend on
different collections of coordinates.

We extend T,,, onto R™ in the following way:

To(x) = T (Pnx) + T (P n ).

Clearly, T, pushes forward ji, X ftm  onto the standard Gaussian measure on R,,.
Applying Proposition 2.2 to the couple of mappings T,,, T, we get

(11) / 1T — Tl P, < / log (Mmdf’ltmn))dun.

This implies

(12) Z/<Tn T en)? dpiy < / 1T — T Pdjin < 2C
1=1

for every m,n, m < n.

Let us note that for every ¢ one can extract a weakly convergent subsequence
from a sequence of (signed) measures {(T},,€;) - i }. Indeed, for any compact set
K

([ el < [ 1Twed Pl (K%)= [ dy-palrce),
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Using the tightness of {u,} we get that {|(T),,e;)| - pn} is a tight sequence. In
addition, note that for every continuous f

([ f(Teldn)” < [a?ar- [ fan

This implies that any limiting point of {(T,, €;) - un } is absolutely continuous with
respect to p. Applying the diagonal method and passing to a subsequence one can
assume that convergence takes place for all ¢ simultaneously. Consequently, there
exists a subsequence {ny} and a measurable mapping T with values in R* such
that

<T7Lk7e’i> : ,unk — <T7 e’i> : :u’

weakly in the sense of measures for every i. It is easy to check that the standard
property of L2-weak convergence holds also in this case:

(13) /<T7 ei>2d;uf < mk/<Tnkvei>2dun = /1‘22 dy = 1.

Finally, we pass to the limit in (12) and get
(14 S [0~ Tse? du < 20,
i=1

The claim follows from (13) and the fact that lim, [ ¢ du, = [¢ du for every
¢ € L*(p). Indeed, if ¢ is bounded and continuous, this follows from the weak
convergence (T}, e;) - pn — (T, €;) - p. For arbitrary ¢ € L?(u) we find continuous
bounded cylindrical function ¢ such that || —@||12(,) < . One has lim,, [ ¢ dp, =
lim, [(¢ — @) dpy + [ @ dp. The claim follows from the estimate

2
(/Iw—@l d;m) < /(w—@)Q du~/pi dp < (sup/pi dp)e®.

Note that T' commutes with the shift o: (T'oo,e;) = (T,e;_1). Indeed, for every
bounded cylindrical ¢ one has

[etteidnn = [ o@aon.eidin = [oo )W cidun = [ olo™)(Te)din

Here we use that p(o, ') = p(oc~!) for sufficiently large values of n and the cyclical
invariance of T,,. Passing to the limit in the nj-subsequence one gets

[ettendu= [ oo )T ehdu= [ (oo edn

Hence Too =0o0T.
Hence by assumptions of the theorem and (14) we get

. 1<
hmy:‘up m;/(T —Tpyei)? dp = 0.

To prove that T pushes forward p into 7 it is sufficient to show that that
(T, e;) — (T,e;) in measure (see Lemma 3.2). To this end let us approximate
T; by a bounded function &;(x1,...,x) depending on finite number of coordinates
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in L2(p): [ |71 —&||*dp < €, where € is chosen sufficiently small. Set: & = {oo'™ 1.
Clearly, we get by the shift invariance

[ = [ )<
i=1
Hence
timsup - [ [T~ €Pdu <2, € = (616or..0).
Let make the change of variables under the cyclical shift o,,. One has
(Trn,ei) 00,070 =1y
for all 1 <4 <m and

oo, 7D =g

as soon as 7 — 1 + k < m. Hence for the latter values of 7 one has

[ie-rerau= [t~ 1.0 duoo,

The number of indices which do not satify this property is limited by k. Clearly, it
doses not affect the limit of averages. Finally we obtain

: IS : .
e > limsup / ;@ — Ty e2)*dps = lim sup / (€ = Ty e1)dfi.
Recall that [(Ty — &1)?du < e. Finally

lim sup / (T = Ty, e1)*dfiry < 2limsup / (€ = T, €1)*djimy

+21lim sup/(T1 — &) dfiy, < 4e.

Since e > 0 is arbitrary, one gets [(I'—T,, e1)?dfim — 0. By the Holder inequality

/(T—Tm,eﬁ%dy < (/(T—Tm,el>2d/lm);(/p,_nplld/i)}].

Take p =1+ é we get by the assumption of the theorem that the latter tends to
zero. The proof is complete. (I

Remark 7.3. In Theorem 7.2 the Gaussian measure y can be replaced by any count-
able power of an uniformly log-concave one-dimensional measure.

In the following proposition we prove that the transportation mapping T is
indeed optimal under additional assumptions.

Proposition 7.4. Let the assumptions of Theorem 7.2 hold. Assume in addition
that

1
lim = W2 (fin, fn) = 0.

n—,oo M

Then there ezists a solution w of problem (10) in the class of stationary measures
such that w{(z,T(z)),z € R®} =1.
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Proof. We show that the measure 7 = p o (z,T(z))~!, which is the weak limit of
measures T, is optimal. Recall that m,, gives minimum tom — [ >0 (z; —y;)*dm
and has marginals p,,v,, hence measure m has marginals u,y. Indeed,

/(zl—yl d7r*hm/ 1 — Y1) dwn—hm /Z dﬂ'n

If 7 is not optimal, when there exists a stationary measure 7wy with projections u, v

such that
/(xl—yl) dmg +¢e < — /Z dﬂ'n

for some € > 0 and all sufficiently big values of n. Taking into account stationarity
of mo we get [ x;y;dmg = [ xjy,;mo for every i, j, thus

/Z — ;) d7r0+n6—/z — ;) d7r0+n6</z Vdm,,

where ﬁ'o = %Z?:l(ﬂ'o o P’I“;l) o g;(lf )

W22(ﬂn7 %) +ne < W22(.Una 'WL)'
By the triangle inequality
Wg(ﬂm')/n) +ne < (W2(/~Ln,/-5n) + WQ(ﬂna'Vn))2

. The latter inequality implies

Hence

1 . . N
(15) €< 5(2W2(Nna7n)w2(,um,un) + Wg(ﬂmﬂn))~
The quantity W3 (jin, V) can be trivially estimated by 2> | ([ 23dfin+ [ yZdy,) <
Cn. Then the using the assumption of the theorem we get that the right-hand side
of (15) tends to zero, which contradicts to positivity of €. O

We finish this section with a concrete application of Theorem 7.2. We study a
transportation of a Gibbs measure p which can be formally written in the form

p=e H@dg,

where the potential H admits the following heuristic representation:

x) = Z Vi(x;) + Z Wz, Tit1)-

Here V and W are smooth functions and W (z, y) is symmetric: W (z,y) = W(y, ).
The existence of such measures was proved in [2].
Let us specify the assumptions about V' and W. These are a particular case of

assumptions A1-A3 from [2].

1)

W(z,y) = Wy, z);
2) There exist numbers J >0, L > 1, N > 2, 0 > 0, and A, B,C > 0 such
that

(W(z,y)| < A+ ||+ [y)V ™ |0:W (2, 9)] < T+ 2] + [y )V
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3)
V() < C(L+[2)), V(@) < C(L+ |z))"
4) (coercivity assumption)
V() x> Alz|NT - B.
Let us define the following probability measure on E,,:
1 n
M = 7 exp(— ;(V(l’z‘) + Wz, $i+1))),
with the convention z,,+; := 1. Here Z,, is the normalizing constant.

Proposition 7.5. The sequence i, admits a weakly convergent subsequence pi,, —
u satisfying the assumptions of Theorem 7.2.

Proof. Tt was proved in Theorem 3.1 of [2] that any sequence of probability measures
[ = cne Hndy_ - day,

where H,, is obtained from H by fixing a boundary condition &

n n—1

H, = Z V(xi) + Z W(xi, wiv1) + W(zn, T1),
i=1 i=1
has a weakly convergent subsequence fi,, — fi. In addition (see [2]), u satisfies the
following a priori estimate: for every A > 0

sup/exp()\|xk\N) dii < 0.
keN
The same estimate holds for ji,, uniformly in n.

Following the reasoning from [2] it is easy to show that the sequence {u, } is tight
and satisfies the same a priori estimate. Thus, we can pass to a subsequence { i, }
which weakly converges to a measure p. For the sake of simplicity this subsequence
will be denoted by {u,} again. The limiting measure p satisfies

(16) sup/exp(Mxk\N) dp < o0,
keN
moreover,
(17) sup sup/exp()\|a:k|N) dpy, < 00.
n  keN

Let us estimate the relative entropy. We note that u, and p,, (n > m) are
related in the following way:

e? fin
[ eZdus,

where Z = —W(zy,, 1) + W(zm, Tm+1) + W(xn, 1), and vy, , is a probability
measure on E,, . Set: [y, n = Vpm . Then

dpy, B 7

The desired bound follows immediately from (17) and the assumptions about W.
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In order to prove assumption 3) we note that

[eW(wmwn+1)+W(w1,zn) ‘/i} ° P;l oW (a1,20) i

[ eWGna)TWen) dy, T W) dp,

The normalizing constants can be easily estimated with the help of a priori bounds
for p and p,. Applying assumptions on W one can easily get that

A Bl g™ o Bn g Bl N e M)
duo Py

where A, B > 0 do not depend on n. Hence, Assumption 3) follows immediately
from (17), the Jensen inequality and convexity if the function z~=. ([l

Remark 7.6. Finally, let us briefly discuss when the transportation mapping ob-
tained in Proposition 7.5 by Theorem 7.2 solves the corresponding optimal trans-
portation problem. To this end we apply Proposition 7.4.

Following the estimates obtained in Proposition 7.5 and applying Jensen inequal-
ity one can easily show that the sequence of the entropies

dju
log (5. i
[ 1o (522) di
is bounded. Then the assumption of Proposition 7.4 holds, for instance, if every
1, satisfies the Talagrand inequality

W3 (fins p - fin) < C’/plogpdun

with constant which does not depends on n. We don’t investigate here sufficient
condition for measures p,, to satisfy this inequality, we just mention that this clearly
holds in many natural situations (e.g. under assumption of uniform log-concavity
or finiteness of the log-Sobolev constant).

In addition, we emphasize, that in many applications the measures do indeed
satisfy the Talagrand inequality, but Proposition 7.4 should actually work under
much milder assumptions.
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