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INTRODUCTION

Let f: M™ — M™ be a Morse—Smale diffeomorphism (the basic notions and facts of the theory of
dynamical systems can be found in [1]—[3]) of a closed n-manifold M™ (n > 3), and let o be a saddle
periodic point of the diffeomorphism f with k-dimensional (1 < k <n — 1) stable manifold W3(o)
or unstable manifold W"(co). The set Sep™(c) = W7 (o) \ {0} is called a separatrix (7 is either s
or u; for brevity, we use the notation 7 =s and 7 = u). If Sep” (o) does not intersect the separatrices
of other saddle periodic points, then Sep” (o) belongs to the unstable (if 7 =s) or stable (if 7 =u)
manifold of some nodal periodic point, say N. In this case, the topological closure of the separatrix
Sep” (o) coincides with W7 (o) U {N} and is a k-sphere topologically embedded in M™, provided that
k = dimSep” (o) > 2 [4]. The possibility of a wild embedding of such a k-sphere was first proved
in [5] when the manifold is a 3-sphere (M3 = S3) and k = 2 (similar examples were constructed
in [4], [6]{10], where classification questions were also considered). More precisely, in [5], a gradient-
like diffeomorphism of the 3-sphere with one saddle and three nodes was constructed (we describe the
idea of the construction at the beginning of Sec. 2). I follows from results of [11] that there exist no
orientable closed 3-manifolds admitting a Morse—Smale diffeomorphism with three periodic points.
Since a Morse—Smale diffeomorphism of any closed manifold has at least one periodic source and one
periodic sink [3], it follows that, in the case n = 3, the least number of periodic points for which the
closure of a separatrix can be wildly embedded is four.

In[12], the existence of closed n-manifolds with n > 4 admitting Morse functions with precisely three
critical points was proved, and such manifolds were studied. Thus, in the case n > 4, there exist Morse—
Smale diffeomorphisms with precisely three periodic points. Any such diffeomorphism has precisely
one saddle (see Lemma 3). Therefore, it is natural to consider the question of whether the topological
closure of a separatrix of the (unique) saddle can be wildly embedded. The present paper is devoted to
this question. The main result is contained in the following theorem.

Theorem. Suppose that f: M™ — M"™ is a Morse—Smale diffeomorphism of a closed manifold
of dimension n > 4 and its nonwandering set consists of three fixed points, namely, a sink w, a
source o, and a saddle sg. Then

o M™isorientable;
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498 ZHUZHOMA, MEDVEDEV

e the separatrices of the saddle sy have the same dimension (and, therefore, the dimensionn
of M™ is even);

o the closures of the unstable separatrix Sep"(so) and the stable separatrix Sep®(so) are
topologically embedded (n/2)-spheres, i.e.,
Wh(so) U{w} = S, W3(s0) U{a} = Sa,

respectively.
Moreover,

e ifn > 6, then the spheres S, and S,, are locally flat;

o if n =4, then there exists an f: M* — M?* for which the spheres S, and S, are wildly
embedded.

The paper is organized as follows. All the assertions of the main theorem, except the last one,

are proved in Sec. 1. The last statement, which asserts the existence of an f: M* — M* with wildly
embedded closures of separatrices, is proved in Sec. 2.

1. CLOSURES OF SEPARATRICES FOR n > 6
1.1. Basic Definitions

First, we recall some basic definitions. A diffeomorphism f of a smooth manifold M is called a
Morse—Smale diffeomorphism ifits nonwandering set NW ( f) consists of finitely many periodic points
(and, therefore, NW(f) = Per(f)), all periodic points are hyperbolic, and the invariant manifolds W*(z)
and W"(y) either are disjoint or intersect transversally for any points z,y € NW (f).

The Kronecker—Poincaré index is the number Ind,(f) = (—1)3mW*®) A where A is +1 or —1,
depending on whether or not f|yu(,) preserves orlentatlon By tr(f.«x) we denote the trace of the (linear)
map fix: Hi(M,R) induced by the dlffeomorphlsm f on the k-dimensional homology group

Hp(M,R) = Hy(M),  0<Fk<dimM.

[f the fixed point set Fix(f) of a diffeomorphism f consists of hyperbolic points, then this diffeomorphism
satisfies the following relation, called the Lefschetz formula:

dim M
Z (=1)F tr(fop) = Z Ind,)(
k=0 peFix(f)

A wild and a locally flat embedding of a submanifold in a manifold are defined as follows. For positive
integers 1 < m < n, consider Euclidean space R™ embedded in R™ so that the last n — m coordinates
of points from R™ are equal to 0. Let e: M™ — N™ be an embedding of a closed m-manifold M™ in the
interior of an n-manifold N™. Then e(M™) is said to be locally flat at a point e(z), x € M™, if there
exists a neighborhood U (e(z)) = U of e(x) and a homeomorphism h: U — R" for which

WU Ne(M™)) =R™ C R".

Otherwise e(M™) is said to be wildly embedded at e(x). In the case of a compact manifold M™ with
boundary, definitions are similar.

MATHEMATICALNOTES Vol.92 No.4 2012



MORSE—SMALE DIFFEOMORPHISMS WITH THREE FIXED POINTS 499

1.2. Preliminary Results

In [4], the following assertion was proved; we state it below as a lemma for reference.

Lemmal. Let f: M™ — M"™ be a Morse—Smale diffeomorphism for which a separatrix Sep” (o) of
some saddle o does not intersect the separatrices of other saddles and k = dim Sep” (o) > 2. Then
Sep” (o) is contained in the unstable (if T = s) or the stable (if T = u) manifold of some periodic
sink, say N, the topological closure of Sep” (o) coincides with W7 (o) U{N}, and Sep” (o) itself is
a k-sphere topologically embedded in M™.

The orientability of the manifold M™ is a consequence of the following lemma, which is of independent
interest.

Lemma 2. Let f: M™ — M™ be a Morse—Smale diffeomorphism for which there are no one-
dimensional separatrices and no separatrices with heteroclinic intersections. Then the mani-
fold M™ is orientable.

Proof. Suppose than M™ is nonorientable. Without loss of generality, we can assume that all periodic
points of the diffeomorphism f are fixed (otherwise we pass to some iteration of f). As is well known,

there exists a double covering 7: M M™, where M™ is an orientable manifold. Let us show that

there exists a pullback f of the diffeomorphism f by the covering 7. We set f: id at all points
71 (Fix f). Take any point

TeM",  T¢7 Y (Fixf).
Its image 7(Z) belongs to either the stable manifold W*(w) of some sink w or the stable separatrix

Sep®(o) of some saddle o. In the former case, since W*(w) is simply connected and, therefore, the
preimage 71 (W*(w)) consists of pairwise disjoint simply connected domains, it follows that there exists

a unique component WS of the preimage 7! (W3(w)) containing Z. Note that there also exists a unique
point @ € 71 (w) belonging to the same component. We set

f@=ger (fE@))NW*.
In the latter case, where 7(Z) € Sep®(o), it follows by Lemma 1 that the closure of the separatrix Sep®(o)

is the k-sphere S§. By assumption, we have k > 2. Therefore, S§ is simply connected, and, therefore,
the preimage 71 (S¥) consists of pairwise disjoint k-spheres, one of which, say S, contains 7. We set

f@) =ger (f@) N 5.
[t can be verified directly that the map fthus constructed is a Morse—Smale diffeomorphism satisfying
the relation T o f = f7.

Clearly, f has no one-dimensional separatrices. It was shown in [13] that any Morse—Smale
diffeomorphism for which there are no one-dimensional separatrices has precisely one source and

precisely one sink. Since f has at least one source and at least one sink, it follows that fmust have
at least two sources and two sinks. This contradiction shows that the manifold M™ is orientable.

Following [14], we say that a saddle o is of type (u,v) if p = dim W"(o) and v = dim W*(o). The
number u (v) is called the unstable (respectively, stable) Morse index.

Lemma3. Let f: M™ — M"™ be a Morse—Smale diffeomorphism whose nonwandering set NW (f)
consists of three fixed points. Then

o NW(f) consists of a sink, a source, and a saddle; moreover, the separatrices of the saddle
have the same dimension (and, therefore, the dimension n of the manifold M™ is even);

e M™" s orientable.
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Proof. First, we recall the Morse—Smale inequalities [15]. Let M; denote the number of periodic
points p of f for which the stable manifold has dimension j = dim W*(p), and let 5;(M™) = ; be the
ith Betti number of the manifold M", i.e., B;(M™) = rank H;(M",Z). Then the following relations
hold [15]:

MOZﬁO) MI_MOZﬁl_ﬁ(]v sy Mn—l_Mn—1+“‘Zﬁn—l_ﬁn—l+"'a (1)
S (1M =) (-1)'B;. (2)
=0 =0

For a connected manifold, we have 8y = 1; therefore, it follows from (1) that f has at least one sink and
at least one source. If f has two sinks w; and wo and one source «, then the connected set M™ \ {«}
is the union of the two disjoint open sets W*(wy) and W#(w9). Similarly, f cannot have two sources
and one sink. Thus, NW(f) consists of a sink w, a source «, and a saddle o. Suppose that ¢ is of type
(n — k,k). Then My = M,, = My = 1. For the diffeomorphism f~!, we have My = M,, = M,,_; =1
and

M; =0, j#0,nk,n—k.

Equating the left-hand sides of (2) for f and f~!, we obtain (—1)¥ = (=1)"*; therefore, the number
n = 2m is even. Moreover, n > 4.

Let us show that k& # 1. Assume the contrary. Since the manifolds W*(¢) and W"(o) have no
heteroclinic intersections, it follows that their topological closures are

Wi U{a} &8t W)U {w} & st

these are a topologically embedded circle and a topologically embedded (n — 1)-sphere, respectively [4].
Since n > 4 and S™~! is smoothly embedded, except possibly at one point, it follows that S?~! has a
neighborhood U,, homeomorphic to S?~! x (—1; +1)[16],[17]. Moreover, U,, can be constructed so that
f(U,) C U,. The only intersection point of S?~! and S is o; therefore, S?~! does not separate M™.
Hence MJ* = M™\ U,, is a connected manifold with two boundary components homeomorphic to S7~!.
Attaching disjoint n-balls to these components, we obtain a closed manifold MJ. It follows from
f(Uy) C U, that f can be extended over MJ to a diffeomorphism with one source and two sinks. It
was shown above that such a diffeomorphism does not exist. This contradiction proves the inequality
k # 1. Applying this result to f~!, we obtain k # n — 1. Thus,

My =M,—; =0.

For a Morse—Smale diffeomorphism, the separatrices of the same saddle do not intersect; therefore,
both separatrices of the (unique) saddle of the diffeomorphism f have no heteroclinic intersections. This
observation and Lemma 2 imply the orientability of the manifold M™.

Let us show that kK =m. Suppose that, on the contrary, & # m. We can assume that k > m

(otherwise consider the diffeomorphism f~1). According to (1), we have 8y = - = B,_x_1 = 0,
because M; =--- = M,,_x_1 = 0. Poincaré duality for orientable manifolds (see e.g., [18, p. 145])
implies By =---=0;_1=0. Thus, ;=0 forall i=1,...,n—1, and relation (2) takes the form

14 (=1)* 4+ (=1)" = 1 + (—1)", which is impossible.

The equality £ = m can be proved by a different method, which does not use the orientability of M™.
Again, suppose that k # m; to be definite, assume that & < m. In this case, the codimension of the
manifold W9(o) is at least 2. Hence there is a diffeomorphism x: M™ — M™ close enough to the identity
which maps the union W5(o) U ato k(W*(0) U o) so that

(k(W3(e)Ua)) N (W3 (o) Ua) =2.

Moreover, we can assume that & is equal to the identity diffeomorphism in some neighborhood of the
sink w. The diffeomorphism k=1 o f o kK = &’ is a Morse—Smale diffeomorphism for which w is a sink
and the closure of the saddle separatrix does not intersect W*(o) U o. Hence the stable manifolds of
the sink w of the diffeomorphisms f and ' cover the entire manifold M™. Since the stable manifold of
the sink is homeomorphic to the open n-ball, it follows that M™ is the n-sphere S™ [19]. Passing, if
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necessary, to some iteration, we can assume that f and the restriction f|[yyu(,) preserve orientation. For
the n-sphere S™, we have

Ho(S™) = H,(S") =1,  Hy(S") =0, 1<k<n-1;

therefore, the Leischetz formula for a Morse—Smale diffeomorphism of the sphere S™ has the form

1+ (-1)" = > Indy(f). (3)

peFix(f)

Clearly, Ind,(f) = (=1)" and Ind,(f) = 1. Applying (3), we obtain Ind,(f) =0 = (—1)3mW*"(@)
which is impossible. This contradiction proves the equality & = m.

1.3. Proof of Local Flatness for n > 6

We have proved that if f is a diffeomorphism satisfying the assumptions of the main theorem, then
n = 2k, where k > 2, and the nonwandering set NW (f) consists of a sink w, a source « and a saddle sg
of type (k, k). Lemma 1 implies the following assertion.

Lemma 4. Let f: M?* — M%* be a Morse—Smale diffeomorphism whose nonwandering set
NW (f) consists of a sink w, a source o, and a saddle sy of type (k,k). Then the closure of
the unstable manifold W"(sg) and the stable manifold W*(sg) are the topologically embedded
k-spheres W' (sg) U {w} and W5(sg) U {a}, respectively.

Set
Sh=W"(so) U{w},  Sh=W?3(so) U{a}.

Lemma 5. Let f: M?* — M?* be a Morse—Smale diffeomorphism whose nonwandering set
NW (f) consists of a sink w, a source a, and a saddle s, and let k > 3. Then SE and Sk are
flat k-spheres.

Proof. Let e: M* — R™ be an embedding of a k-manifold (possibly with boundary) into R™. It
was proved in [20] (see also [21], [22]) that, if n > 5 and k& # n — 2, then the embedding e has no
isolated points of wild embedding. Since the unstable and stable manifolds are smoothly embedded
submanifolds, it follows that the k-spheres S and S* can have points of wild embedding only at nodes.
Applying results of [20] to a neighborhood of a node homeomorphic to R™, we see that S¥ and S* are
locally flat topologically embedded k-spheres.

2. EXAMPLE OF A WILD EMBEDDING OF THE CLOSURE OF A SEPARATRIX
2. 1. Idea of the Construction

We borrow the idea of the construction of similar examples from [9], [5]. For this reason, it makes
sense to recall the key points of these constructions. Consider a north-south flow f4 ¢ on the 3-sphere $3
which has one sink w and one source « (see Fig. 1(a)). All other orbits are wandering.

Let fys = frg denote the shift along the orbits of the flow f§¢ in the time ¢ = 1. Consider the
Artin—Fox configuration consisting of the three arcs shown in Fig. 1(b). As is well known, the Artin—
Fox curve [5 is obtained by shifts of this configuration. Therefore, we can embed the Artin—Fox curve
in S3 so that [z is invariant with respect to fyg and joins the points w and «, which are points of
wild embedding (in Fig. 3(b), a tubular neighborhood of the curve [sr is shown). Let us represent a
tubular neighborhood T of the curve [or (to be more precise, of the open arc [or \ {w, a}) as an infinite
cylindrical solid figure, on which we define a flow with one saddle and one node. This flow can be obtained
by rotating a Cherry cell in a strip around the central line (see Fig. 1(c)). It is easy to define a flow gk
on T so that the shift g-. = g along the orbits in the time ¢ = 1 on the boundary of 7" coincides with the
shift fys. Now, we can define a diffeomorphism f: S3 — S2 by setting f equal to fyg outside T and to g
inside T'. As a result, we obtain a gradient-like Morse—Smale diffeomorphism with one saddle and three
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Q=

(b)

Y T ———

Fig. 1.

nodes for which the closure of the two-dimensional separatrix of the saddle is a wildly embedded (at one
point) 2-sphere. Note that the closure of one of the one-dimensional separatrices is wildly embedded as
well (at an endpoint).

To extend this construction, we represent the 4-sphere S* as the result of the application to the
3-sphere S® of a rotation R with precisely two fixed points, w = S and & = N. Then the rotation of the
Artin—Fox curve yields the 2-sphere R(lar) wildly embedded at the two points S and N. A tubular
neighborhood T’k of this 2-sphere (to be more precise, of the open cylinder R(Iar) \ {IV, S}) is replaced
by a special neighborhood Uy of a saddle of type (2,2). By analogy with the three-dimensional case, a
diffeomorphism of the resulting 4-manifold is defined so that it has one sink, one source, and one saddle,
and the two-dimensional separatrices of the saddle, together with the nodes, form two wildly embedded
2-spheres.

2.2. The Special Neighborhood of a Saddle of Type (2,2)

In Euclidean space R* with canonical coordinates (1, 22, 73, 24), consider the flow f! determined by
the system of differential equations

& = -1, Ty = —x2, T3 = 3, Ty = T4. (4)
The origin O = (0,0,0,0) is a saddle for the flow f!; it has the stable 2-manifold
W3(0) = {(z1,x2,23,24) | x3 = 0 = x4}
and the unstable 2-manifold
WH(O) = {(z1,x2,x3,24) | x1 = 0 = x2}.
[t can be verified directly that the function
F(x1, 19,13, 14) = (23 + 22) (2% 4 22)

is an integral of system (4). The equality F' = 1 determines a 3-manifold, which we denote by H? (see
Fig. 2(a)).

This manifold separates R* into two open invariant sets, one of which is a neighborhood of the
saddle O. We denote this neighborhood by Uy and call it the special neighborhood. Clearly, 0Uy = H?

The set of points whose coordinates satisfy the relations

2

i+ a3 =r and xi+ 2% = )
r

with fixed 7 > 0 is homeomorphic to the standard 2-torus T?, because it can be naturally represented as
the direct product of the two circles

1 1
511’2(7“) = {(z1,22,0,0) | :r% —1—33% =r?}, S§’4<r> = {(0,0,383,3:4) 33;2), —I—xi = rQ}'
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T34 T34
Usa(t < to+ 1)
T2
0 T1T2 0 T1T2
Uo
3 Uiz (t < to)
(a) (b)
Fig. 2.

We denote this 2-torus by T'2. The one-parameter family {72}, forms a foliation of codimension one
on H3. Note that T2 is the common boundary of the two solid tori

1
3 2 2 2 .2 2
Pio,= {(331,332,3337$4) ‘ i t+axy =17, x5+ x; < 2 (0

1
3 2 2 2 2 2
Py, = {(331,!172,!173,334) ‘ i+ a5 =1, 25 + 15 < o[

whose interiors are contained in the neighborhood Uy (see Fig. 2(b)).

Suppose that the torus 72 is the boundary of a solid torus P3 = S x D?, that is, T? = 0P3 =
St x 9D?. On T?, there is a unique (up to isotopy) simple closed curve { - } x &D? homotopic to zero
in P3 (because it bounds a disk {-} x D?) and not homotopic to zero in T2. Any such curve is called
a meridian. It is natural to refer to a simple closed curve S* x {-} on T2 which intersects the zero
meridian at precisely one point as a parallel. As is well known, the identification of the boundaries of
two copies of P? by means of a diffeomorphism 72 — T? taking meridians to parallels and vice versa
yields a 3-sphere S3. Such a representation of 2 is called a standard Heegaard diagram of genus 1.

Lemma 6. The union P13,27r U P§47r is a representation of the 3-sphere in the form of a standard
Heegaard diagram of genus 1 (the boundaries of the solid tori Pf”m and P?i4,r are identified by
means of the identity map). Moreover, in R*, the 3-sphere

3 3 3
S°(r) =Py, UPs,,

bounds an open 4-ball By C Uy containing the saddle (0,0,0,0) and separates the special
neighborhood Uy into three domains, Uy, Ut (1), and Ug 4(r), where

1
Utatr) = {(arnanen) |+ > 0% s+ <+ s+ <1,

1
U§174(T) = {($1,3§'2,ZL‘3,ZL‘4) ‘ ':L‘% +$% < T27 ZL‘% +$42l > r2’ (':L‘% +$%)(3§§ +$421) < 1}

Proofi. Take any point

2

2 2, 2 2, 2
(a1,a2,a3,a4) € Ty, aptay=r17, aztay= .

[t is easy to show that the curve
{(x1,29,a3,a4) | 27 + 23 = r?}
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is a meridian of T? treated as the boundary of the solid torus Pg’Am and a parallel of T? treated as the
boundary of P}, .. Similarly, the curve

{(a1,a2,x3,24) | m% + xi = 1/r2}

is a parallel of T2 treated as the boundary of the solid torus P§47r and a meridian of T2 treated as the
boundary of PP, . It follows that the union S*(r) = PP, . U P§, . is a representation of the 3-sphere

in the form of a standard Heegaard diagram of genus 1. Clearly, in R, $3(r) bounds a 4-ball B4 c Uy
containing the saddle (0, 0,0,0). The remaining assertions are verified directly as well.

Lemma 7. Each orbit of the flow f! contained in H? intersects each 2-torus T? precisely once, and
the intersection is quasi-transversal (this means that the tangent space to T? and the orbits of
the flow intersect only in zero).

Proof. It follows from the form of (4) that the projection of any trajectory I C H® on the plane
(z1,22,0,0) is the orbit of an attracting node. Therefore, the projection of [ intersects 5%72(7“) precisely
once, and the intersection is transversal. Similarly, the projection of / on the plane (0, 0, 3, x4) intersects
S%A(l/r) precisely once, and the intersection is transversal. The required assertion follows.

Lemma 7 makes it possible to parameterize the family {T:2},725 by the moment of time ¢ at which

the 2-tori T intersect a given orbit; this parameterization is more convenient for our purposes. Let [’
be the trajectory passing through the point (1,0, 1,0) at ¢ = 0. It can be verified directly that (1,0, 1,0)
belongs to the torus T2, and I* passes through the points (e, 0, et, 0) of the tori Tezxp(_t) witht € R. As

a consequence, H? is diffeomorphic to R x T? under the map
{t} x T? — {t} x Te2xp(—t)'

For simplicity, we denote the torus fop(_t) by T? (we can assume that we have made the change t =
—Inr) and the corresponding solid tori PP, and P§, . by PP, and P, respectively. We denote the
sets into which the solid tori P13,2,t0 and P?§’j47t0 separate Uy at fixed t = ¢y according to Lemma 6 by Uy
(if t < tg) or Usq (if t > tg). The torus T7, separates H® into the sets

TtQSto = U Tt27 TtQZto = U T%a

t<to t>to
for which

OUra(t < to) = Tiey,s  OUsa(t > to) = Thoy,.

On each T?, we introduce coordinates (u,v), u, v € [0;1), by setting

—t

r1 =€ 'cos2ru, To = et

sin 27, x3 = e cos 27, x4 = e’ sin 27v. (5)

On H3 = dUy, we obtain the coordinate system (¢, u, v), which we denote by (t2, u2,v2).

For any fixed ¢, the curve u = 0 is the zero meridian of T7 treated as the boundary of P, ,. Similarly,
the curve v = 0 is the zero meridian of T? treated as the boundary of P§47t. We refer to the curve u = 0
as the zero parallel of T? treated as the boundary of P13727t and to the curve v = 0 as the zero parallel
of T? treated as the boundary of P§’74’t. The intersection point of the zero meridian with the zero parallel
is said to be marked. On T2, the marked point has coordinates (e, 0, e*,0).
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2.3. The Special Neighborhood of an Artin—Fox Cylinder
Consider the copy of the space R* with canonical coordinates (x1,z2,23,74). Suppose that the
flow f4 ¢ is determined by the system of differential equations
i1 =x1,  dp=T9,  F3=a3,  B4=T4 (6)

The origin (0,0, 0,0) is a repelling node, which we denote by N. It is convenient to consider this copy
of R* as the 4-sphere $* minus the point §: R* = §4\ {S}. The point S is identified in an obvious sense
with the ideal 3-sphere at infinity in R* so that any ray starting at the origin is an arc joining the points N
and S. Clearly, fi ¢ can be extended to the entire 4-sphere S* so that the point S becomes an attracting
node. The flow f4 g is of type north-south, and any ray going from the origin is an orbit of f4. The

diffeomorphism
fns = fhs : (x1, 20,23, 24) — (ex1, exo, ex3, exy)
is the shift by time ¢ = 1 along the orbits of the linear flow f% ¢. Clearly, the spheres
S3 ={(x1,...,24) : 25 + 23 + 23 + 27 = 2™}, S2 =83 N{xy =0}
are invariant with respect to fys.
In
Ri = {(@1, 20,23, 24) €ERY: 23 >0, 24 = 0},

we construct an Artin—Fox curve [y = [ as follows. On Sg, we take the three point

INRRVE! V3 1
of *+.p. : 0(0)- 01 0 -
}/0<2a07 92 70>7 Y1(070a170)7 YV2<2 70a270>'

In the annulus K3, bounded by the spheres S§ and fns(S3) = S5, we join the points Y and Y,? by an
arc dy and the points fyg(Yy) = Y3 and Y3 by an arc ds (we specify the arrangement of the arcs later
on; see Fig. 3(a)). We also join the points fys(YY) and fns(Yy)) by an arc ds so that the arcs dy, da,
and dg form an Artin—Fox configuration in the annulus K3,.

I B BN
NI

v
v
4

Fig. 3.

We require that the arcs dy, de, and ds lie on rays issuing from the origin in neighborhoods of their
endpoints. We can assume that A = dy U fy5(d2) Uds is a simple arc whose endpoints Y and fys(Y)
are identified by fnyg. Then the union

o def
= | fs(A)
kEZ
is a simple curve joining the points S and N in S*. The arc

L={S,N} | fhs(4) = {S,N}ur
kEZ
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is an Artin—Fox curve [23].

As is well known (see, e.g., [19, p. 118 of the Russian original]), at each of the points N and S, the
complement S3\ I does not have the homotopy type of the circle (this means that, for any sufficiently
small neighborhood U of, say, the point N, there exists a smaller neighborhood U’ such that the image
w1 (U \ 1) in w1 (U \ 1) under the embedding homomorphism is not an infinite cyclic group). Note that
we regard the 3-sphere S? both as the space R? extended by adding the point S and as a part of the
4-sphere S%.

The rotation R of the half-space R3 about the 2-plane x4 = 0 = z3 is determined by

T1 =T1, To=T9, X3 = X3C082MV — T4S8iN27v, x4 = T3Sin2wV + T4 COS 2TV, (7)

where v € [0,1]. Thus, R(l) is a 2-sphere topologically embedded in S4, because the points S and N
are fixed with respect to the rotation R, and the remaining part I° = [\ ({S, N'}) of the Artin—Fox curve
is contained in the interior of the half-space R3 . We sometimes endow objects obtained by applying the
rotation R with the subscript R; for example, R(l) = Iz.

Lemma 8. The 2-sphere R(l) is wildly embedded in S* at the points S and N.

Proof. According to[24, Theorem 3], the groups m1(S* \ i) and 7 (53 \ 1) are isomorphic (to be more
precise, any closed path in §* \ Iz is homotopic to a pathin S\ 1, and vice versa). Since the complement
S3\ I does not have the homotopy type of the circle at each of the points N and S, it follows that S* \ I»
does not have the homotopy type of the circle either at each of the points N and S. By virtue of [20,
Theorem 1 (¢)], none of the points N and S is locally flat.

Let us parameterize the arc A by means of any diffeomorphism 6y: [0; 1] — A for which

8(0) = Y, 9@) o, 9<§> SV (1) = fas(YD).

Clearly, we can extend 6y to a smooth parameterization #: R — [° by setting
6(t) = 2 o0 6p(tmod 1),

where [t] denotes the integer part of the number ¢t € R. It follows by construction that the Artin—Fox
curve [ is invariant with respect to fyg and perpendicularly intersects each 3-sphere S3,, m € Z, at

the points
e] e] 1 e] 2
1°(m), l <m+3>, l <m+3>

corresponding to the parameters t = m, m 4 1/3, and m + 2/3; moreover, the open arc [° is contained in
the interior of the half-space R%.. This implies the existence of a tubular neighborhood T'(A) of the arc A
such that T'(A) is diffeomorphic to the direct product A x D? and intersects S§ in the three 2-disks

1 2
Dy = {0} x D?, Dyy31 = {3} x D?, Dy39 = {3} x D?,
where Y? € D, /3,1 = 1,2,3, and the 3-sphere S} in the 2-disk
fNS(DOO) = {1} X D2.

Without loss of generality, we can assume that T'(A) does not intersect the plane x3 = 0 = x4 (and,
therefore, is contained in the interior of the half-space R%). Then the set

T(°) = |J fis(T(4)
keZ
is a tubular neighborhood of [° invariant with respect to fns. The product structure on T'(A) is carried
over to T'(1°) by means of iterations of fyg, so that T'(1°) is difiecomorphic under the identification iap
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to the product R x D2?. To emphasize that the product R x D? is related to T'(1°), we denote it by

(R x D?)ap. The product structure makes it possible to naturally carry over the parameterization @ to
any curve

R x {z})ar C (R x D?)ap

with any z € D?; moreover, any curve of this form is invariant with respect to fyg. This and Lemma 8
imply the following assertion.

Corollary. The complement S*\ (T(I1°)gr U {N, S}) does not have the homotopy type of the circle
at each of the points N and S.

Proof. The curve (R x {z})ar U{N, S} is an Artin—Fox curve isotopic to  in T'(1°) U {N, S}, and the
isotopy is fixed at the points N and S. Therefore, [ is a retract of the set T'(I°) U { N, S}, and hence I is
a retract of the set T'(I°)g U {N, S}.

24. Main Construction

Clearly, under the rotation R defined by (7), the tubular neighborhood (R x D?)r forms a neigh-
borhood R(R x D?)ar of the infinite 2-cylinder R(1°) = I%. It follows from the presence of a product
structure that the neighborhood R(R x D?)ar is diffeomorphic to R x D? x S, and its boundary is
homeomorphic to R x S! x S. Therefore, on the boundary of the neighborhood R(R x D?)ar, there
are coordinates (t,u,v), where v is defined according to (7). We denote these coordinates by (¢1,u1,v1).

Let Z be the union of the points N and S with the interior of (R x D?)ap:
T = int(R x D*)Arp U {N, S}.

We set My = S*\ Z. Note that, removing the interior of the set (R x D?)ar from S*, we obtain
a compact set with boundary homeomorphic to S% x S'. Removing also the points N and S, we
obtain a noncompact smooth 4-manifold, and its noncompactness is caused by the removal of two
boundary points. Thus, the boundary M of the set M; is homeomorphic to R x S x S, that is,
OM; ~R x St x ST,

Take My = clUy. Since Uy is the domain in R* bounded by the submanifold H? of codimension one,
it follows that M» is a noncompact smooth 4-manifold. Recall that, on the boundary

OMy = H* ~R x S x S*
of the manifold My, there are coordinates (t2, ug, v2). Consider the map Z: OMy — 0M; defined by
b1 = to, up = ug — U2, U] = V3. (8)
According to[25] (see also [26]), the set
M} = M, U Ms,

that is, the sets M; and M, attached to each other along boundaries by the diffeomorphism =, is a
smooth noncompact 4-manifold. As mentioned above,

M; = S*\int(R x D?)ap
is a compact set, and M; = M7 \ {N,S}. Since the image =(9M>) of the attaching diffeomorphism =
does not contain the points N and S, it follows that M2 = M; U= M> can be represented as the result of
attaching M{ to My and removing the two points N and S, i.e., as
M} = (M} Uz My) \ {N,S}.

In what follows, we shall prove that the set M{ Uz My admits the structure of a smooth (closed) 4-
manifold. To this end, for each of the points IV and .S, we shall construct a sequence of four-dimensional
annuli K; ~ S3 x [0; 1] converging to N and S and surrounding these points in an obvious sense.
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First, we prove a lemma in which the case where the Heegaard diagram of genus 1 is the 3-
sphere is considered. In this lemma, the boundary of the solid torus P2 is denoted by T2, and on T2,
meridians and parallels are naturally defined. By g and A we denote the generators of the homology
group Hy(T?,7) corresponding, respectively, to a meridian and a parallel of the torus 72. As is well
known, a diffeomorphism of the torus T2 induces an automorphism of the group Hy(7?,7Z), which can
be represented as

W= ru+pA, A= sutqh,  qr —ps = +1, where 71, 8,p,q € Z.
Lemma 9. Suppose that the 3-sphere S® is represented as the standard Heegaard splitting
83 = P3U P, of genus 1 of two solid tori P? and P,. Consider the manifold obtained by removing
the solid torus P? from S® and again attaching P? to P, by a diffeomorphism +: T? — T? (the
boundaries of P?to P, are naturally identified with T?), which induces either the automorphism
p— —p+ A A =X or the automorphism p— A\, A — —u — \. Then the 3-manifold P Uy P,
thus obtained is a 3-sphere.

Proof. As is well known, if P3 and P, are attached to each other by a diffeomorphism : T? — T2
inducing an automorphism of the form
W= T4 DA, A S+ gA, qr — ps = %1,
then P3 Uy P is the lens space L(p, g). In the case of the automorphisms specified in the statement of
the lemma, we obtain the lens space L(1,—1). Since L(p, q) = L(p, g mod p), it follows that
L(1,-1) = L(1,—1mod 1) = L(1,0) = S3.
Clearly, we have
R(S2) =83 cR*\ {N,S}).
Let us denote the exterior of the sphere S2, together with S3 by
K(>m) = {(x1, 19, 3, 24) : 23 + 23 + 22 4+ 23 > ).

By K (m1,ms) we denote the closed annulus bounded by the spheres S, and 52, . Finally, we denote
the interior of the sphere S, together with S3 punctured at N by K (< m).

According to Lemma 7, the tori T3 and T% separate H? into the three sets T2, |, T2, ., and T2, one
of which (T3, ) is compact and homeomorphic to the direct product of the 2-torus T2 and [0; i]. The

other two sets are homeomorphic to the direct product of 72 and [0; c0). Let us denote the restrictions
of the diffeomorphism E to the sets T7, |, Tg<,<y, and Ticq by E¢>1, Eo<e<1, and Ey<p, respectively.

The boundary of the tubular neighborhood (R x D?)aF is a 2-cylinder; the circles ({0} x 9D?)ap

and ({1} x D?)ar separate this cylinder into the compact cylinder
Cozi<1 = ([051] x S%)ar
and the two noncompact cylinders
Ci>1 = ([1;+00) x S')aF, Ci<o = ((—00;0] x SM)AF.

Under the action of the rotation R, these cylinders Cy<¢<1, Ci>1, and Ci<q form the sets

Co<i<ir > [0;1] x ST x S', Cpmip ~ [1;+00) x 8T x §', Creop ~ (—00;0] x ' x S,
respectively. By virtue of (8), Z;>1 maps ’]1‘?21 to Ci>1,r, Eo<t<1 maps Co<i<i1,Rr to ngtglv and Z<o
maps Ci<o.r to Ti.

Since

8U12(t < 0) = T%SO and 6U34(t > 1) = T%Zl,

it follows that M2 = M; Uz My can be represented as the union of the following three (intersecting)
sets:
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1) Uialt < 0) Uz, [K(< 0)\T] ™ By,

def

2) Usa(t > 1) Uz, [K(r > 1)\I] = Bs;

Ei>1

L K(-1L1)\I] ¥ B..

The set B, is compact, while By and Bg are not. According to [25] (see also [26, Chap. 3]), Bs has
the structure of a smooth manifold induced by = and the structures on B4(0 < ¢ < 1) and K(—1,1). Let
us prove that each of the sets By and Bg has a one-point compactification, and the compact set thus
obtained can be endowed with the structure of a smooth manifold extending the smooth structure of
the manifold B,. First, consider By. The set By contains the sequence of 3-manifolds Sy _,,, m € N,

obtained by removing the sets $3, N Z from the 3-spheres S2 . For fixed m, the manifold S, _,, is the
3-sphere S$2, minus the three (disjoint) solid tori

D_m71 X Sl, D—m+1/3,2 X Sl, D—m+2/3,3 X Sl.

In By, to each boundary component (homeomorphic to the 2-torus) of the manifold S, _,, the
corresponding solid tori P} p3 and P3 5 are attached by the diffeomorphism Z;<o.

2,—m> £1,2,—m+1/3° 1,2,—m+2/
Let us show that

3 3 3 def o3
S U (Plo m UPY s 13 U PPy _ins) & 82,

Zi<o

is a 3-sphere. On the boundary T_,, of the solid torus P13,2,_m, there are coordinates (—m, uz,v2)
defined by (5). According to Lemma 6, the meridians of the torus T_,, bounding the solid tori P13,2,—m
are determined by vy = const, and the parallels are determined by us = const.

On the boundary sz’l of the solid torus D_,,, 1 x S1, there exist coordinates (—m,uy,v1) in which
the meridians are given by v; = const and parallels, by u; = const. It follows from (8) and Lemma 9
that, removing the solid torus D_, 1 x S* from the 3-sphere $3,  and attaching the solid torus P}
we again obtain a 3-sphere. Repeating this argument for the solid tori

2,—m>

1 3 1 3
D-m+1/3,2 x S, P1,2,—m+1/3v D—m+2/373 x 5%, P1,2,—m+2/3’

we see that Sgw is a 3-sphere.

Let us show that, for any m > 1, the spheres S,?;%* and Si+1,* in By bound an annulus homeomor-
phic to 53 x [0; 1]. Note that the spheres S5, , and S3,, | , in By bound a compact set N* with nonempty
boundary 9N* = S5, U S3 ., .. Indeed, N* is obtained by attaching the three compact sets

1 2 1
U12<—m+3§t§—m+3>, U12<—m—3§t§—m>,

2
U12<—m—1§t§—m—3>

to K(—m < —m — 1) \ Z. The boundaries of these sets consist of the corresponding solid tori contained
in the boundaries of the 3-spheres S, , and‘S3, | , and the sets

2 2 2
T—m+1/3§t§—m+2/37 T—m—l/SStS—m’ T—m—lStS—m—2/3’

in which all points become interior after the attachment.

To prove that N* and 2 x [0;1] are homeomorphic, we show that N* is embedded in R*. First,
on the Artin—Fox curve, we take the arc d corresponding to the parameter —m — 2 <t < —m + 1 and
consider its tubular neighborhood

[—m — 2; —m + 1] x D* C (R x D?)ar,
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which is a part of the tubular neighborhood of the entire Artin—Fox curve and has the natural structure
of a direct product. We extend d over the half-space int R} = {(z1, z2,23) | 23 > 0} to a smooth (open)
curve L going from the origin to infinity so that the following conditions hold.

Condition 1. There exists a smooth diffeotopy ¢4, 0 < o < 1, on R‘i such that

(a) o = id;
(b) the diffeomorphism ¢ takes L to the ray
L=p1(L) ={(z1,22,23) | 71 = 29 = 73 > 0};

(¢) po =1id outside the 3-ball containing the arc d, and ¢, = id near the plane x3 =0 for all
0<a<l.

Condition 2. The tubular neighborhood [—m 4 1; —m — 2] x D? can be extended to a tubular neigh-
borhood T'(L) C R3 of the curve L endowed with the direct product structure: T(L) = (R x D?),.

The arc d can be deformed into the interval in space R? ; hence there exists an extension to the curve L
and a diffeotopy ¢, with the required properties. It follows from Condition | that L coincides with the
ray £ near the origin and outside a sufficiently large ball.

Clearly, the ray £ transversally intersects the 3-spheres
Sy ={(x1, w9, 23) | ] + 25 + 23 = r?}

of radius » > 0. Hence the ray £ has a tubular neighborhood 7'(£) admitting the structure of a direct
product generated by the intersections of the spheres S2 with £, i.e., such that

T(L) = (R x D%, where  ({r} x D?); = S3NT(L).

Passing, if necessary, to smaller tubular neighborhoods, we can assume that the diffeotopy ¢, satisfies
the following additional condition.

Condition 3. The diffeotopy o1 takes T'(L) to T'(L) so that the direct product structure is preserved.

Let R, denote the rotation of the half-space ]Rij’r about the 2-plane x4 = 0 = 3 which is defined

by (7) with v = 7. Clearly, R is a diffecomorphism. Therefore, if A, B C R3 are two sets diffeomorphic
under fixed R, and disjoint from the plane x4 = 0 = z3, then

0<r<1 0<r<1
[t follows that T'(L)r = T'(L)r, and, therefore,
R\ T(L)r = R\ T(L)r. (9)

The direct product structures on T(L) = (R x D?)g, and T(£) = (R x D?), can be naturally extended
to direct product structures on T'(L)r and T'(L)r, respectively, which allows us to introduce coordinates
on T (L) and 9T (L)x by analogy with the coordinates (¢1,u1,v1) on the boundary of the neighbor-
hood R(R x D?)ar. We use the same symbol = (hoping that this will not lead to confusion) to denote
the diffeomorphisms
= 8M2 — 8T(L)R, . 8M2 — 8T(£)R
defined by (8). Identifying the boundaries by means of =, we obtain the two sets
R, = (R4 \ T(L)R) U= Mo, Ry = (R4 \ T([,)R) U= Ms.

Condition 3 and relation (9) imply that R; and Ry are homeomorphic. Since £ is a ray, it follows from
Lemma 9 that Ry is homeomorphic to the direct product of 3-spheres and a once-punctured ray, i.e., Ro

[1]
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is the space R* minus the origin. According to Condition 2, Ry contains N*. Therefore, N* is embedded
in R

[t Tollows from the construction that the 3-spheres Sgw and 57?7’1+1,* have no points of wildness.

Locally flat 3-spheres in R* bound an annulus homeomorphic to S3 x [0;1] [17]; hence, for any m > 1,
the spheres Sj, , and S3 ., , in By bound an annulus homeomorphic to $% x [0;1]. We denote this

annulus by Kn(—m,—m — 1). It follows from the above considerations that the noncompact part By
is the countable union of annuli adjacent to each other along boundary 3-spheres. Therefore, By has a
one-point compactification By, to which the topological structure of the manifold By can be extended.

[t can also be proved in a quite similar way that Bg has a one-point compactification Bg, to which
the topological structure of the manifold By can be extended.

By virtue of (8), the diffeomorphisms
fns: My — M; and  fi: My — My

are compatible on the boundaries 9M; and OM,. Hence they induce a homeomorphism f: M* — M*
with three fixed points, namely, the sink S, the source IV, and the saddle O. According to [26] and [25],
the compact set obtained from M* by removing spherical neighborhoods Ug and Uy of the nodes S
and N, respectively, admits the structure of a smooth manifold. By construction, we can choose Ug
and Uy so that

fUs)cUs and  f1(Uy)CUn.

Thus, we can return the spherical neighborhoods Ug and Uy back so as to obtain a closed smooth
4-manifold (we denote it by the same symbol M*), on which a diffeomorphism conjugate to f is defined
(we denote this diffeomorphism by the same symbol f). According to the Corollary and Theorem 1
from [20], the closures of the unstable and stable separatrices of the saddle O are 2-spheres topologically
embedded in M*, which are not locally flat at the points S and N, respectively. This completes the
construction.
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