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Compact Leaves of Structurally Stable Foliations
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Abstract—We prove that any compact manifold whose fundamental group contains an abelian
normal subgroup of positive rank can be represented as a leaf of a structurally stable suspension
foliation on a compact manifold. In this case, the role of a transversal manifold can be played
by an arbitrary compact manifold. We construct examples of structurally stable foliations that
have a compact leaf with infinite solvable fundamental group which is not nilpotent. We also
distinguish a class of structurally stable foliations each of whose leaves is compact and locally
stable in the sense of Ehresmann and Reeb.
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1. INTRODUCTION

The structural stability of diffeomorphisms and flows on compact manifolds has been one of the
most important directions in the qualitative theory of dynamical systems during the last 50 years.
The concept of structural stability was introduced by Andronov and Pontryagin in [1]. The develop-
ment of the structural stability theory is due to the well-known studies of Smale, Anosov, Palis, et al.
(see [2-5]). Earlier, this theory concentrated around the proof of the stability conjecture in the C*!
topology, which states that a dynamical system (a diffeomorphism or a flow) is C! structurally
stable if and only if it satisfies Axiom A and the strong transversality condition.

First, the sufficiency of these conditions was proved for various classes of dynamical systems by
Anosov, Palis, Smale, Robbin, de Melo, and Robinson. The necessity of these conditions in the
class C'! was proved by Maiié [6] for diffeomorphisms and later by Hayashi [28] for flows.

As emphasized in [7], the Palis—Smale conjecture stating that Axiom A and the strong transver-
sality condition characterize C” structurally stable diffeomorphisms remains an open problem
for r > 2.

In the introduction to [8], Katok and Spatzier pointed out that the phenomenon of structural
stability was not completely understood.

In the present paper, by structural stability (of diffecomorphisms, group representations, and
foliations) we mean the C" structural stability for any fixed » > 1 unless otherwise stated. All
manifolds are assumed to be C'°°-smooth, connected, Hausdorff, and with countable base, and
neighborhoods are assumed to be open. In addition, all mappings are assumed to be C"-smooth
and Diff"(T") = Diff (T') unless otherwise stated.

As pointed out by Brunella [9], today there are few examples of structurally stable foliations.

The following question is known to be important (see, for example, [10]): What manifolds can
serve as compact leaves of a structurally stable foliation on a compact manifold? The goal of the
present paper is to study this question.

To prove the existence of a structurally stable foliation with a given compact leaf, we apply
suspension foliations, which were introduced by Haefliger. The construction of a suspension foliation
generalizes the suspension of a diffeomorphism, which is well known in the theory of dynamical
systems.
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COMPACT LEAVES OF STRUCTURALLY STABLE FOLIATIONS 95

As stated by Palis [22] and shown by the author and Chubarov [11], the structural stability of
a foliation obtained by a suspension of a homomorphism

p: G =m(B,by) — Diff (T)

is equivalent to the structural stability of the representation p. Such a foliation is denoted by
(M,3F) = Sus(T, B, p). To construct a structurally stable foliation with a given leaf L, it suffices
to set B = L and define a structurally stable representation p: G = 71 (L, by) — Diff (T") such that
the group ¥ := p(G) has a fixed point. Then the foliation (M,F) = Sus(T, L, p) has a closed leaf
diffeomorphic to L (see the proof of Theorem 3).

First, we find sufficient conditions for the structural stability of some representations of groups
that have an abelian normal subgroup (Theorem 1 and Corollaries 1 and 2), and then prove the
feasibility of these conditions and apply the results obtained in order to construct structurally stable
suspension foliations (Theorem 3).

We prove that any compact manifold L whose fundamental group G contains an abelian normal
subgroup Gy of positive rank is a leaf of some structurally stable foliation (M,F) = Sus(T, L, p),
where the role of T can be played by an arbitrary closed manifold (Theorem 3). This leaf L can
be any compact manifold whose fundamental group has infinite center. We construct examples of
structurally stable foliations that contain a compact leaf with infinite solvable fundamental group
that is not nilpotent (Example 2).

We establish (Corollary 3) that any compact manifold with abelian fundamental group of positive
rank is a leaf of some structurally stable suspension foliation (M, F) on a compact manifold M with
the global holonomy group ¥ := p(G) isomorphic to the group of integers Z. In this case, every
nontrivial transformation in the group W is structurally stable. For such a foliation (M,J) to be
structurally stable, it is most essential that the centralizer of a diffeomorphism 1) generating the
group ¥ be CY-discrete (see the proof of Theorem 1).

Grossi Sad [12] constructed a faithful C? structurally stable representation

pg: G =17 x 7 — Diff (S x S*)

defined on generators by the equalities pg(1,0) = (f,Idgx) and pg(0,1) = (Idgm, g), where f and g
are Morse -Smale diffeomorphisms of S™ and S*, respectively, that have precisely two periodic
points (a source and a sink) and satisfy some additional conditions. Let T = S™ x S* and L = T?
be a two-dimensional torus. Then the foliation (M,J) = Sus(T, L, pg) is structurally stable and
has four compact leaves that are diffeomorphic to the torus 7°2.

Let L be a compact leaf of the foliation (M, ). Levine and Shub [13] introduced the concept of
stability of a germ of foliations in L. In contrast to the present paper, Levine and Shub considered
foliations defined in a neighborhood of an embedded submanifold L in M. They proved that the
stability of a germ of foliations in L is equivalent to the stability (also defined by them) of a linear
holonomy representation of the fundamental group (L, by) of the leaf L. Using this fact, Levine
and Shub [13| showed the local instability of foliations in a compact leaf diffeomorphic to a torus
of dimension higher than 1. They stressed the difference between their notion of local stability of
foliations in a compact leaf L and the structural stability of foliations with a compact leaf L when
they are considered globally. Our results also illustrate this difference (Corollary 3).

We distinguish a class of structurally stable foliations all of whose leaves are compact and stable
in the sense of Ehresmann and Reeb (Section 6). The foliations of this class are also locally stable
in the sense of Levine and Shub in each of their leaves.

In addition, we point out that any compact manifold with finite fundamental group is repre-
sentable as a leaf of a structurally stable foliation.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 278 2012



96 N.I. ZHUKOVA

2. THE BASIC CONCEPTS AND NOTATIONS

2.1. Structural stability of diffeomorphisms. Since the manifold T is compact, the strong
and weak C" topologies in Diff"(T") coincide for every r > 1. It is well known [14] that the space
Diff"(T") admits a complete metric, which we denote by ¢”. For f, h € Diff"(T'), the distance o"(f, h)
is determined by the r-jets of the diffeomorphisms f and h. A ball of radius € > 0 with center at
f € Diff"(T) is called an e-neighborhood of f and is denoted by D.(f).

Since T' is compact, it is metrizable and admits a complete metric 0. The set of homeomor-
phisms Homeo(T') of the manifold 7" can be equipped with the metric

o'(f,h) = maxor(f(z), h(z)),

for which the metric topology coincides with the compact-open topology. Denote by D?(f) the ball
of radius & > 0 centered at f in the metric space (Homeo(T'),c%) and call D?(f) the e-neighborhood
of f in the space of homeomorphisms Homeo(7). Any homeomorphism in the e-neighborhood
DY(Idr) of the identity mapping Idr is called an e-homeomorphism of the manifold T

A diffeomorphism f € Diff"(7T') is said to be C" structurally stable if, for any e-neighborhood
DY(Id7) in Homeo(T'), there exists an e-dependent neighborhood U = U(f,¢) for f in Diff" (T') such
that for any h € U there exists a homeomorphism d € D?(Idr) satisfying the equality do f = hod.
In this case, f is said to be conjugate to h by an e-homeomorphism.

It is well known that the C! structural stability of a diffeomorphism f is equivalent to Axiom A
and the strong transversality condition.

2.2. Diffeomorphisms with discrete centralizers. The centralizer of an element f €
Diff"(T") is the subgroup Z(f) := {h € Diff"(T') | ho f = f o h} of the group Dift"(T"). If
Z(f) ={f* | k € Z}, then f is said to have a trivial centralizer.

In [5], Smale lists 18 problems, the 12th of which is called “Centralizers of Diffeomorphisms” and
is formulated as follows:

“Can a diffeomorphism of a compact manifold T onto itself be C" approximated, for all r > 1,
by a diffeomorphism f:T — T that commutes only with its iterates?”

Denote by A" (T') the subset in Diff"(T") formed by diffeomorphisms satisfying Axiom A and the
strong transversality condition.

The results of Kopell [15] and Palis and Yoccoz [16]|, which are known [17] to be valid in the
smoothness class C", r > 2, as well as the recent paper by Bonatti, Crovisier, and Wilkinson [17]
for the smoothness class C!, imply a positive answer to the above question of Smale for the space
of C" diffeomorphisms A" (T") for any fixed r > 1.

2.3. Metric in the representation space. The terms ‘representation of a group G in
Diff"(T')” and “C" action of a group G” are used in this paper as synonyms.

Below, we consider only discrete groups G, with any representation p: G — Diff (T') being a
continuous mapping. Denote by A(G,T) the set of all representations of the group G in Diff(T').
Since the group G has a finite number of generators, the space A(G,T') is metrizable as follows.

Let &€ = {g1,...,9m} be the set of generators of the group G. Then the space A(G,T) of
representations of the group G in Diff"(T") admits a metric 0 = o, with

o(p,p) := max o" (p(g:), p'(90))-

We will denote a finitely presented group G with generators g1, ..., ¢gn and defining relations
Ri=e,....Ry=eby G=(g1,-..9m | R1,... . Ry).
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COMPACT LEAVES OF STRUCTURALLY STABLE FOLIATIONS 97

2.4. Structural stability of representations.

Definition 1. A smooth representation p: G — Diff (T') of a group G in Diff(T) is said to
be structurally stable if, for any e-neighborhood D?(Id7) of the identity mapping Idr in the space
Homeo(T'), there exists an e-dependent neighborhood V = V(p,¢) of p in A(G,T) such that, for
any p' € V, there exists a homeomorphism d € DY(Idr) that satisfies the equality

dop(g) =p'(g)od

for all g € G.

For r = 1, this definition coincides with the definition of structural stability of a C'! action of
a 0-dimensional Lie group, as given by Kupka in [18] for § = Id¢.

Note that a representation p: G — Diff(T') of a discrete group G with a finite number of
generators {g; | i = 1,m} is structurally stable if and only if, for any ¢ > 0 and every diffeomorphism
¥; = p(g;), i = 1, m, there exists an e-dependent neighborhood U; = U;(v;,€) of 1; in Diff(T") such
that for any representation p’: G — Diff(T) in the neighborhood W = W(g1,...,9m;U1,...,Un),
where

W(gh’ o 7.gm;U17- . 7Um) = {p/ € A(G,T) ‘ p/(.gl) € Ui7 1= 17m}7

there exists an e-homeomorphism d of the space T' that satisfies the equality

dop(gi) =p'(gi)od  Yi=T,m.

Let G ={(g1,.--,9m | R1,...,Rg) be a finitely presented group. Consider the closed subset

N:={t=(t1,...,tm) € DH(T))™ | Rj(t1,... ,tm) =1dr Vj=1,k}

in (Diff (7))™. We stress that the points (¢, .., ) with ¢, = p/(¢;) and p’ € W run only through
the trace of the neighborhood Uy X ... x Uy, on N, i.e., the set P = (U; x ... x Up,) N N, rather
than through the whole neighborhood.

2.5. Structural stability of foliations. We consider the category Fol® of CT-smooth fo-
liations, in which a morphism of two foliations (M,F) and (M’,F') is a continuous mapping
d: M — M’ that sends the leaves of the foliation F to the leaves of the foliation F'.

Let M be a C"-smooth manifold, not necessarily compact. By Fol,(M) we denote the set of
C"-smooth codimension ¢ foliations (M,¥F) with the Hirsch-Epstein topology ©" [19]. Let M be
compact and " be the standard C" topology on the set of C™*! foliations on M identified with
the sections of the fibration f: I' — M whose fiber over z € M is the Grassmannian of all (n — g)-
dimensional subspaces of the tangent vector space T, M. Then the inclusions ©" C " C ©"*! hold
on the set of C™ ! foliations on M [19)].

Definition 2. A foliation (M,J) is said to be structurally stable if, for any neighborhood
U = U(Idpr) in Homeo(M), there exists a neighborhood U = U(F,U) of the foliation F in Fol, (M)
such that, for any foliation ¥ € U, there exists a homeomorphism d € U that is an isomorphism of
the foliations (M, ) and (M,JF") in the category Fol°.

3. SUFFICIENT CONDITIONS FOR THE STRUCTURAL
STABILITY OF SOME REPRESENTATIONS

3.1. Representations of groups with abelian normal subgroups. Since the manifold T’
is metrizable, Homeo(7T') admits a unique Polish topology with respect to which Homeo(T) is a
topological group [20]. This topology coincides with the compact-open topology, and the inclusion
j: Diff"(T) — Homeo(T) is continuous for r > 1. Recall that a diffeomorphism v has a C%-discrete
centralizer if Z(1)) is a discrete subgroup in the group Homeo(T).
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98 N.I. ZHUKOVA

Lemma 1. If a C" diffeomorphism 1 of a compact C™ manifold, r > 1, satisfies Aziom A and
has a trivial centralizer Z(1)), then the centralizer Z(v) is C°-discrete.

Proof. Suppose the contrary: let there exist an Axiom A diffeomorphism ¢ with centralizer
Z() = {¢™ | m € Z} such that Z(v)) is not a discrete subgroup in Homeo(7T'). Then, for any arbi-
trarily small neighborhood V' = V(Id7) in Homeo(7'), we necessarily have Z(¢)) NV # Idy. Since
Homeo(T') has a countable base, it follows from the above that there exists a sequence ay = ™*
that converges to Idp in Homeo(T'), with all my being pairwise different. From this sequence, we
can extract a converging subsequence, which we denote by 9" as before, where {my} is a sequence
of integers that satisfies one of the following two conditions:

O<mp<mo<...<mp <Mpg1 <..., (1)
0<—m1<—m2<...<—mk<—mk+1<.... (2)

Then
Y™ — Idyp as k — +oo, (3)

as a subsequence of a converging sequence. Hence,
1DV y|| — [yl as k— +4oo forall zeT, yel,T. (4)

Suppose that {my} satisfies (1). Since v satisfies Axiom A, ¢ has a periodic point 2z € T' and the
orbit U -z of the group ¥ = (¢) is finite. Therefore, there exists a neighborhood U = U(Idr) in
Homeo(T') such that U -x NV - x = {z}, where U - x is the orbit of the point = with respect to U.
Since ¢ — Idp, there is a number K such that ¢"* € U for all k > K hence, ¢ (z) = x for
all k> K. It follows from Axiom A that

| DY w]| — 400 as k — 400

for any nonzero vector w € E¥. This contradicts (4).

If the sequence 9™ satisfies condition (2), then, taking a nonzero vector v € EJ instead of
w € B, we arrive at a contradiction in the same way as above. This means that the centralizer
Z(v) is discrete in Homeo(7'). O

Theorem 1. Let G be a finitely generated group with abelian normal subgroup Gy and {g; |

i =0,m} be a family of generators in G such that gy € Gy. Let
p: G — Diff(T)

be a representation defined on the generators by the equalities p(go) = o and p(g;) = Idp for
i > 1. Suppose that g is a structurally stable diffeomorphism that has a neighborhood consisting of
Axiom A diffeomorphisms with trivial centralizers. Then the representation p is structurally stable.

Proof. If G = Gy = (g), then the structural stability of the representation p: G — Diff(T") of
the group G is equivalent to the structural stability of the diffeomorphism 1) = p(g). Therefore, the
assertion of Theorem 1 is valid.

Now, let m > 2. Since the group Yo = p(Gy) is abelian and ¢y € ¥y, we have Uy C Z(¢y).
The fact that the centralizer Z(1)) is trivial implies that ¥y = (¢p9). By condition, 1y satisfies
Lemma 1; hence, the centralizer Z(vy) is C%-discrete. Therefore, there exist neighborhoods U =
U(¢g) and W = W(Idr) in the topological group Homeo(7T') that have the following properties:
Z(o) NU = {1}, Z(o) "W = {Idr}, and W o)y o w-lcuU.

In the topological group Homeo(T'), there exists an e-neighborhood D = D{(Idr) such that
DoDoD tcCcW.
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Since the inclusion j: Diff(T) — Homeo(T') is continuous and the diffeomorphism g is
structurally stable, for a given e-neighborhood D there exists an e-dependent neighborhood
Uy = Uy(o, €) of 1 in Diff (T") such that Uy C U and any diffeomorphism in Uy is conjugate to vy
by a homeomorphism in the e-neighborhood D. According to the hypotheses of the theorem, we can
assume that the neighborhood Uy is formed by Axiom A diffeomorphisms with trivial centralizers.

Denote by Vp = Vy(Idp,e) an e-dependent neighborhood of the identity diffeomorphism in
Diff (T") that does not intersect Uy and is such that Vo C D.

Consider an e-dependent neighborhood of the representation p in A(G,T) that is defined as
follows:

V(p,e) = {p' € A(G,T) | p'(90) € U, p'(g:) € Vo Vi =T,m}.

Take an arbitrary representation p’ € V(p, ). Introduce the notations v, := p/(go) and ¥ := p'(g;)
for i = 1,m. Let ¥} := p/(Gy).

Since ) € Uy, it follows that ¢ is a structurally stable Axiom A diffeomorphism with trivial
centralizer Z (1)) = {Yi¥ | k € Z}. Therefore, as for the group ¥, above, we get ¥j = (¥}).

Since ¥, is a normal subgroup of the group W, for any v there exists an integer s = s(i),
depending on 7, such that the following equality holds:

i o = g o . ()

According to the choice of p’, we have ), € Up; therefore, there exists an e-homeomorphism d
satisfying the equality

’l/}oOd:dO'l/}E). (6)

Since d, v, € D, we have d:=do Ylod™! € W. Equalities (5) and (6) imply the relation

d oo =¥ o d. (7)

Thus, 5§ € Wotgo W™t C U, and so ¥§ € Z(vhg) NU = {1)g}; therefore, s = 1. Taking this into
account, we find from (5) that ¥ € Z(1}) N D; i.e., . = (¥§)* = d~1 o (9)* o d for some k € Z.
Hence, (¢o)¥ = do ! od™! € Z(py) "W = {Idr}. This implies ¢, = Idy for any i = T, m.

Thus, the equality

pjod=doy) (8)

holds for all j = 0, m, which implies the structural stability of the representation p. [

Remark 1. If the diffeomorphism g in Theorem 1 is C! structurally stable, then Axiom A
certainly holds for some neighborhood of 1 in Diff!(T).

Example 1. Let H be an arbitrary group with a finite number of generators and Gg be an
arbitrary abelian finitely generated group. Then the semidirect product of groups G = H x Gy
provides an example of a finitely generated group with the abelian normal subgroup Gg.

3.2. Representations of solvable groups. Let G be an arbitrary group and A, B C G.
The commutator of A and B is denoted by [A, B]; i.e., [A, B] := {a"'b"lab| a € A, b € B}. If the
derived series of the group G,

GO =¢qg, gV = [G(O)7g(0)]7 a? — [G(l),G(l)], o, GO = [G(i—l)jg(i—l)], e

terminates, i.e., if there exists a positive integer n such that G = ¢, where e is the identity of the
group G, then the group G is said to be solvable. We stress that G*) is a normal subgroup of the
group G.
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Solvable groups contain all nilpotent groups. The latter include all abelian groups.
The following two statements are corollaries of Theorem 1.

Corollary 1. If a finitely generated group G is solvable, its derived series terminates at
G™ = e, and Gy = GV, then a representation p: G — Diff(T') satisfying the hypotheses of
Theorem 1 is structurally stable.

Corollary 2. For a representation p: G — Diff (T') of an arbitrary finitely generated abelian
group G of positive rank to be structurally stable, it suffices that there exist a system of generators
{g; | i =1,m} in G such that p(g1) = 1, where 1 is a structurally stable diffeomorphism that has
a neighborhood consisting of Aziom A diffeomorphisms with trivial centralizers, and p(g;) = Idr
for i > 2.

4. APPLICATION OF SUSPENSION FOLIATIONS TO STRUCTURAL STABILITY

The construction of a suspension foliation consists in the following. Let B and T be smooth
connected manifolds and p: G := m(B,b) — Diff(T") be a group homomorphism. Let ¥ := p(G)
and p: B — B be a universal covering map. We define a right action of G on the product of
manifolds B x T

©: BXxTxG—BxT: (x,t,9)— (z-gp(g ")), (9)

where B — B:a — 1 - g is a covering transformation induced by an element g € G.

The mapping p: M := (E xT)/G — B = E/G defines a locally trivial fibration over B
with standard fiber T'; this fibration is associated with the principal bundle p: B — B with the
structure group GG. The quotient mapping fj: BxT — (E x T)/G = M induces a smooth foliation
F={fo(Bxt)|teT}on M that is transversal to the fibration p: M — B. A pair (M, ) is
called a foliation obtained by a suspension of the homomorphism p or a suspension foliation and
is denoted by Sus(T, B, p). The fibration p: M — B is said to be transversal, and T is called a
transversal manifold for this foliation. The diffeomorphism group ¥ := p(G) of the manifold 7" is
called the global holonomy group of the suspension foliation (M,F).

Everywhere below we assume that the manifold T is compact and the fundamental group
G = m (B, bp) is finitely generated. Under these assumptions, the author and Chubarov proved |11,
Theorem 2| that the foliation (M,F) = Sus(T, B, p) is structurally stable if and only if the repre-
sentation p is structurally stable. Here the foliated manifold M is, generally speaking, noncompact.

Thus, applying Theorem 1 and [11, Theorem 2|, we obtain the following statement.

Theorem 2. Let (M,F) be a foliation obtained by a suspension of the homomorphism
p: G =m(B,by) — Diff(T)

and the following three conditions hold:
(1) the group G has an abelian normal subgroup G;
(2) G has a system of generators {g; | i = 0,m} such that gy € Go, p(g0) = 1o, and p(g;) = Idp
for i > 1;
(3) the diffeomorphism g is structurally stable and has a neighborhood consisting of Aziom A
diffeomorphisms with trivial centralizers.
Then the foliation (M,JF) is structurally stable.

Owing to Corollaries 1 and 2, Theorem 2 implies the structural stability results for foliations
obtained by suspensions of homomorphisms p: G = 71 (B, bg) — Diff (T') of solvable (in particular,
nilpotent and abelian) groups G.
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Remark 2. The solvability of the fundamental group (M, z¢) of the manifold M implies the
solvability of the group G = (B, bg) for any suspension foliation (M, F), because the construction
of a suspension foliation implies that G is isomorphic to a normal subgroup of the group 71 (M, xg).

Remark 3. Anderson [21] was the first to apply (Morse-Smale) diffeomorphisms with C°-dis-
crete centralizers to the structural stability of representations of abelian groups and of the corre-
sponding suspension foliations. The next study in this direction was Palis’ article [22].

5. EXISTENCE OF STRUCTURALLY STABLE
SUSPENSION FOLIATIONS

Lemma 2. Let G be a finitely generated group with abelian normal subgroup Gy of rank p > 0,
G # Gy. Then the group G has a system of generators {g; | i = 0,m} such that G = (go, ..., gm |

9pts- - ,g;iq_l, Ro(9p+qs--->9m), a € A), where {go, ..., gp+q—1} are generators of Gy.

Proof. The finitely generated abelian group Gy of positive rank p is equal to the direct product
ZP X Ligy X ... X L, of the free abelian group Z* and the finite abelian group Zy, x ... x Z,, . Let
{90;- -, Gp+q—1} be generators of Gy such that {go,...,gp—1} are generators of the group Z” and
gp+j—1 1s a generator of the group Zy;, j = 1,q. Then Go = (go,-- -, Gp+q—1 | gptse - ,gZiq_1>.

Denote by f: G — G/Gqy the canonical epimorphism of the group G onto the quotient
group G/Gy. Since G is finitely generated, the quotient group G/Gp is also finitely generated.
Let G/Gy = (k1,...,ks | Ra(k1,...,ks), « € A). Then there exist elements hi,...,hs in G
that do not belong to G and are such that k; = f(h;), j = 1,s. One can easily verify that
{905+ Gp+q—1,h1,..., hs} is a sought family of generators of the group G. [

Definition 3. If G is a finitely generated group with abelian normal subgroup Gy of positive
rank, then a family of generators of GG that satisfies Lemma 2 is said to be Gg-adapted.

Theorem 3. Let T and L be compact C° manifolds. Suppose that the fundamental group
G := w1 (L,by) has an abelian normal subgroup Gq of positive rank. Then there exists a represen-
tation p: G — Diff > (T) such that (M,F) = Sus(T, L, p) is a C structurally stable foliation on a
compact manifold M with a compact leaf L and transversal manifold T.

Proof. Denote by 2A°°(T") the subset of Diff**(7T") formed by Axiom A diffeomorphisms sat-
isfying the strong transversality condition, and denote by 2()(7") the subset of diffeomorphisms
in A°°(T') that have a fixed source or a fixed sink. Note that 2 ;)(7') is a nonempty open subset in
2°°(T') that contains Morse-Smale diffeomorphisms having a source or a sink (of period 1). Denote
by (1),0(T) the subset of 2()(T) formed by diffeomorphisms with trivial centralizers. It follows
from the results of Kopell [15] and Palis and Yoccoz [16, Theorem 2| that the set (1) (T) is open
and dense in (1) (7). Thus, any element 1)y € (1) o(T') is a structurally stable C*° diffeomorphism
of T that has a fixed point (a source or a sink) and satisfies condition (3) of Theorem 2.

Set B := L. By Lemma 2, there exists a Gy-adapted family of generators gq,..., gmn of the
group G := m1(B,by). Here gy € Gy is an element of infinite order, and the equalities p(go) := 1o
and p(gy) := Idr for all k=1, m define a homomorphism p: G — Diff(T"). Thus, the group G and
the representation p: G — Diff(T') satisfy Theorem 2, according to which the foliation (M,F) :=
Sus(T, B, p) is structurally stable.

It follows from the construction of (M, F) that T is a transversal manifold for this foliation. As
above, U := p(G); then ¥ = (1hg) = Z. Let L := fo(B x {z}) be a leaf of the foliation (M,F) that
corresponds to a fixed point zg € T of the diffeomorphism g, where we used the notation introduced
at the beginning of Section 4. Since the stationary subgroup ¥, of the point zy coincides with the
whole group ¥, it follows from the definitions of the suspension foliation (M, F) and of the fibration
p: M — B that the restriction p|r,: Lo — B = L is a diffeomorphism.
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According to Theorem 2, the representation p is C°° structurally stable. Hence, the foliation
(M,F) := Sus(T, B, p) is also C* structurally stable and has a closed leaf Ly diffeomorphic to
the base L. Since the manifold M is a fiber space over a compact base B with compact standard
fiber T', we see that M is also compact. [

Remark 4. In [23], Palis and Yoccoz proved that for the g-dimensional torus 7Y, ¢ > 2, the
set of Anosov diffeomorphisms with trivial centralizers 24 (T'%) is open and dense in the set of all
Anosov diffeomorphisms of T9. Therefore, we can take any diffeomorphism vy € 52(64(T‘1) with a
fixed point to construct a structurally stable suspension foliation of codimension ¢ that has the
global holonomy group ¥ = (¢)) and satisfies Theorem 3.

Palis and Yoccoz [16] proved that for any closed two-dimensional surface T, the set of diffeo-
morphisms with trivial centralizers is open and dense in the space A°°(T"). Fisher [24] showed that
a similar statement holds in any smoothness class C”, 2 < r < co. Therefore, if the manifold 7" in
the hypotheses of Theorem 3 is two-dimensional, then the assertion of this theorem holds in every
smoothness class C", 2 < r < co.

Example 2. Denote by K the fundamental group of the Klein bottle K2. Suppose that the
group G is an extension

1-A—-G—-Z—1,

where the group A is either Z x Z or K; i.e., one of the following two cases holds:

(1) G=(Zx2Z)xZ,

(2) G=KxZ,
where x stands for the semidirect product of groups. In both cases, G is a solvable group without
center. Since any nilpotent group has nontrivial center, G is not nilpotent.

It is well known [25] that the group G is representable in both cases as the fundamental group
of a compact 3-manifold L that is a Seifert fiber space over the circle S', with the standard fiber
given in case (1) by the torus 72 and in case (2) by the Klein bottle K 2.

In both cases, the group G has a system of generators gg, g1, go such that gg is a generator of the
normal subgroup Gy = Z and {g1, g2} are generators of the subgroup Z x Z in case (1) and of the
subgroup K in case (2). Just as in the proof of Theorem 3, let T be an arbitrary compact manifold
and 1y an arbitrary element in 4 o(7"). Setting p(go) = ¢ and p(g1) = p(g2) = Idr, we define a
homomorphism p: 7(L,by) — Diff (T"). Then, according to Theorem 2, we obtain a C'* structurally
stable foliation (M, J) := Sus(T, L, p) with a compact leaf L, solvable fundamental group G, and
transversal manifold 7.

Corollary 3. For an arbitrary positive integer q, any compact smooth manifold L with abelian
fundamental group of rank k > 1 is a leaf of some structurally stable suspension foliation of codi-
mension q on a compact manifold. In particular, the role of L can be played by the torus of arbitrary
dimension k > 1.

6. STRUCTURALLY STABLE FOLIATIONS ALL OF WHOSE LEAVES
ARE STABLE IN THE SENSE OF EHRESMANN AND REEB

The notion of stability of leaves of foliations was introduced by Ehresmann and his student
Reeb, the founders of the theory of foliations. Recall that a subset of a foliated manifold is said to
be saturated if it can be represented as a union of some leaves of the foliation. A foliation is said to
be compact if all of its leaves are compact.

Definition 4. A leaf L of a foliation (M, F) of codimension ¢ is said to be locally stable in the
sense of Ehresmann and Reeb if there exists a family of its saturated neighborhoods Wpg, 8 € B,
with the following properties:
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(1) there exists a locally trivial fibration fg: W3 — L, § € B, with a g-dimensional disk DY as
a standard fiber, whose fibers are transversal to the leaves of the foliation (Wg, Fw,);

(2) for some « € B, the traces of these neighborhoods form a base of the topology of a fiber of
the fibration f,: W, — L over z at the point z.

According to the well-known theorem of Reeb, any compact leaf of a foliation with finite holon-
omy group is locally stable. Recall that a leaf of a foliation is said to be closed if it is a closed subset
of the foliated manifold.

Throughout this section, we assume the smoothness of class C”, r > 2.

Theorem 4. Let B be an arbitrary manifold with finite fundamental group G = w1 (B, bg) and
p: G — Diff(T') be an arbitrary representation of the group G. Then

(1) the suspension foliation (M,F) := Sus(T, B, p) is structurally stable;

(2) every leaf of the foliation (M,JF) is closed, has a finite holonomy group, and is locally stable
in the sense of Ehresmann and Reeb, and the leaf space M/F =T /p(G) is a smooth orbifold.

Proof. The author and Chubarov proved [11, Theorem 2| that the structural stability of the
suspension foliation (M, F) := Sus(T, B, p) is equivalent to the structural stability of the represen-
tation p.

It is well known (see, for example, [13, 26]) that any differentiable action of a finite group G
on a compact manifold T is structurally stable. Therefore, the representation p and the foliation
(M,3F) = Sus(T, B, p) are structurally stable.

Since the group G = (B, by) is finite, the global holonomy group ¥ := p(G) of the suspension
foliation (M, ) := Sus(T, B, p) is also finite. Let ¥ = {4, | & = 1,s}. Consider some Riemannian
metric go on T. Set gr := > o_] ¥k go, where ¢} is the codifferential of the diffeomorphism .
Then gr is a complete Riemannian metric on the manifold T, and ¥ is a group of isometries with
respect to gr.

We will use the notation of Section 4. Since the orbit W - z of any point z € T is closed in T,
each leaf of the foliation (M, ) is closed.

According to Nomizu and Ozeki’s theorem [29], on every manifold with countable base there
exists a complete Riemannian metric. Let gp be a complete Riemannian metric on the manifold B
and p: B — B be a universal covering map. Then p*gp is a complete Riemannian metric on B.
Moreover, the Riemannian metric of the product (B x T, go) of the Riemannian manifolds (B P 9B)
and (T, gr) is also complete. Note that the group G acts on the Riemannian product (B x T, g0)
by © according to (9) as an isometry group. Therefore, the quotient mapping fo: BxT — M =
(é x T')/G induces a complete Riemannian metric g,, on M, and fj is a Riemannian covering with
respect to g,,-

Since g, is locally projectable with respect to both the foliation (M, F) and the foliation formed
by the fibers of the submersion p: M — B, it follows that (M,J) is a parallel foliation of the
complete Riemannian manifold (M, g,,) and all of its leaves are closed. Since a parallel foliation
is a Riemannian foliation, we can apply Reinhart’s results [27], which imply that each leaf of this
foliation is locally stable in the sense of Ehresmann and Reeb and the leaf space M/JF is a smooth
orbifold. It remains to be noted that M/F =T/¥. O

Corollary 4. If B is a compact manifold with finite fundamental group G = m(B,by) and
p: G — Diff(T) is any representation of the group G in the diffeomorphism group of an arbitrary
compact manifold T, then (M,F) := Sus(T, B, p) is a structurally stable compact foliation on a
compact manifold M and all of its leaves are stable in the sense of Ehresmann and Reeb.

Proof. It follows from the definition of a suspension foliation that M is the space of a locally
trivial fibration with standard fiber T' and base B. The compactness of T' and B implies the
compactness of M. Other assertions follow from Theorem 4. [
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Corollary 5. Let B be a manifold with finite fundamental group and T be any compact man-
ifold. Then the trivial foliation (B x T, F), where F = {B x {t} |t € T}, is structurally stable.

Remark 5. The situation described in Corollary 5 also occurs in the classical theory of dy-
namical systems. An example is given by a structurally stable flow on the two-dimensional cylinder
M = R! x S whose integral curves form the trivial foliation F = {R! x {t} | t € S'}.

Example 3. Let k > 2 be a positive integer and (k1, ..., k) be a set of positive integers that
are coprime to k. We will regard the odd-dimensional sphere S?™*1 as

St ={(z1,-- s zm) | P+ oo+ |z [P =1}

in the complex space C™*1. To define an action of the group Z; on the sphere S¢', we specify it
on the generator 1 € Zj by the equality

2mifk o 2mikafk Zm+1€27rikm/k)' (10)

1 (21,5 2mg1) = (z1€ , Zo€

Since k;, i = 1I,m, and k are coprime, the group Zj acts freely on the sphere Sg; hence, the
smooth quotient manifold L(k, k1, ..., ky) := SE'/Zy, is well defined, which is called a generalized
lens space. For m = 1, the closed 3-manifold L(k,k;) is a lens space. The fundamental group
m1(L(k,k1,...,kmn),bp) is isomorphic to Zy.

Consider the even-dimensional sphere S?¢ with ¢ > 1 as the submanifold

{((zl,...,zq),x) €C?xR! ‘ |21\2 4+ ...+ |zq\2 + \m|2 = 1}
in C? x RY. Define a faithful representation p: Z; — Diff(S%9) by the equality
p(1)((z1,...,2¢), ) = ((zlezm/k, .. ,zqe%i/k),x). (11)

The group ¥ = p(Zy) has two fixed points N = (0,...,0,1) and S = (0,...,0,—1) on the sphere S%4.

Set B = L(k,ki,...,ky) and T = 529, Let p be defined by (11). This defines a foliation
(M, F) := Sus(T, B, p) of codimension 2¢ on a closed manifold M of dimension 2m + 2q + 1. Two
leaves Ly and Lg of this foliation that correspond to the fixed points N and .S, respectively, are
diffeomorphic to the generalized lens space L(k, kq,...,ky); the other leaves are simply connected
and diffeomorphic to the sphere S+, According to Corollary 4, (M,F) is a structurally stable
foliation on the compact manifold M and all its leaves are compact and stable in the sense of
Ehresmann and Reeb.
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