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Introduction

Stochastic programming approach to optimal portfolio selection is widely used in aca-
demic literature since the pioneering works of Merton [Merton, 1969] and Samuelson
[Samuelson, 1969] who studied the problem for discrete and continuous time in its sim-
plest form (multi-asset portfolio in costs-free market without price impact). Continuous
time strategy modeling usually attracts more interest due to the possibility of a closed-form
analytic solution of a Hamilton-Jacobi-Bellman equation (or quasi-variational inequality).
The model assumes that m-dimensional price process X is given by geometric Brownian
motion with SDE .

dX] = piXjdt + X} > ofdw], i=Tm, (1)

J=1

where w; is a Wiener process. Dynamics of the risk-free asset Y is described by SDE
dY, =rY,dt (2)

where r is a risk-free rate. Problem is solved for isoelasic (CRRA) utility, the solution is to
keep a constant part of total portfolio wealth in each risky asset (the so called “Merton line”
for single asset).

The approach has been extended in various studies. Richard |Richard, 1979] generalizes
results to multi-dimensional Markovian price process. Karatzas et al. [Karatzas et al., 1986]
solve the problem for HARA utility. Soon after the works of Merton and Samuelson,
Bismut presents an alternative approach to solving the problem using the dual problem
[Bismut, 1973], [Bismut, 1975]. It allows Pliska [Pliska, 1986] to find a solution for non-
constant market parameters, a terminal phase constraint and general-shaped utility func-
tion. Shreve & Xu [Xu and Shreve, 1992] use the dual approach to solve the problem with
phase constraints (no short-selling).

Besides the standard framework, there is a number of studies for problem
with constrains on probability of default which are popular in actuarial math-
ematics where investor represents a pension fund. For other optimal crite-
ria, see also [Cvitani¢ and Karatzas, 1993|, [Basak, 1995], [Melnikov and Smirnov, 2012|,
[Kraft and Steffensen, 2013|, [Andreev and Druzhinina, 2013|.

Extensive research has been conducted recently for market with transaction costs and

price impact. One of the first works in this field is [Magill and Constantinides, 1976] for



canonical Merton’s framework with infinite horizon and proportional costs function. It
shows that optimal strategy allows a constant range of optimal risky position values rel-
ative to portfolio wealth. Constantinides’ studies were extended by Davis & Norman
[Davis and Norman, 1990] and [Dumas and Luciano, 1991| for continuous time. Based on
Davis & Norman’s work, Shreve & Soner [Shreve and Soner, 1994| study the problem for
milder value function assumptions using viscosity solutions.

Above-mentioned continuous control framework does not allow for fixed fee per deal. Za-
kamouline in |Zakamouline, 2002|, [Zakamouline, 2005] considers both fixed and proportional
costs while maximizing portfolio terminal value over impulse control strategies. Numerical
procedure for finding the solution is also presented for CARA-utility. [Vath et al., 2007]
presents characteristics of the solution for price-dependent costs function and permanent
price impact. Impulse solution for general-shaped concave costs function is studied in
[Ma et al., 2013|. It is noteworthy that there are very few studies considering both transac-
tion costs and trading limits (phase constraints).

The work by Bertsimas & Lo [Bertsimas and Lo, 1998] drew attention to the problem
of optimal liquidation, i. e. optimal selection problem with a boundary condition. It
has been researched in a series of works by Almgren & Chriss [Almgren and Chriss, 1999],
[Almgren and Chriss, 2001]|, [Almgren, 2003|, [Lorenz and Almgren, 2011|, [Almgren, 2012]
for discrete time, which consider various models of price impact and Markowitz approach to
defining optimal criterion using risk-aversion of the portfolio manager. Further extension of
the framework can be found in [Andreev et al., 2011]|, with cubic polinomial costs function
with stochastic coefficients.

[Obizhaeva and Wang, 2013|? became a foundation for further optimal liquidation stud-
ies in order-driven market. In this case, costs function can be defined via observ-
able distribution of volumes in limit order book. Based on Almgren & Chriss ap-
proach, the work considers the same class of strategies (one-directional trades at given
moments) but allows price value and costs dependency on previous actions of investor
through resiliency. Alternative definitions of price resiliency were introduced, for exam-
ple, in [Schied and Schoneborn, 2009], [Schéneborn, 2008]|, [Schéneborn, 2011] which max-
imize terminal utility, or [Alfonsi et al., 2008]|, [Alfonsi et al., 2010], [Predoiu et al., 2011],
[Fruth et al., 2013] which minimize total costs of the liquidation.

We present a worst-case approach to optimal selection problem, based on stochastic

2The work first appeared in 2005 as a working paper.



dynamic programming principle. The key difference is that specification of the market
parameters process is not required. Instead, basic properties of the process must be specified,
such as expectation and credible intervals of parameters for subsequent periods (both can be
estimated statistically or by an expert). Optimality is defined via maximization of worst-case
expected value of general-shaped terminal utility. The approach allows transaction costs and
phase constraints (including no short-selling for single risky asset) while being oriented for
practical use as a decision support system (DSS) during investment management process.
Similar approach, in game-theory terms, was studied in [Deng et al., 2005| for one-period
problem and Markowitz optimal criterion without transaction costs.

First chapter considers general framework applied to market without costs. We obtain
the sufficient conditions to simplify the arising Bellman-Isaacs equation and study properties
of the value function. Second chapter generalizes the results for non-zero transaction costs.
Third chapter describes numerical procedure for finding the solution for the particular case
of linear costs, which allows reducing dimension of the problem. Fourth chapter presents

results for model data, fifth chapter concludes.

1 Market with no transaction costs

Consider an indexed set of filtered probability spaces
(Q,F,F,PY), icZ,

satisfying usual conditions, compact sets ; C R! and vectors E, € K; for t € T. Let

©: QO x T — R! be an F;-adaptive random function such that

0,eky, tel,

Fi . . (3)
EP@)@t =F, 1€Z, t>infT.

We consider a standard financial market of one risk-free and m risky assets (analogous to
(B, S)-market in [Shiryaev, 1998]) for discrete time T = {to,...,tn}). O, describes stochas-
tic parameters of the market at moment ¢,. Distribution of ©; is unknown but (3) states
that it belongs to a class of distributions with compact support and known expectation,
henceforth denoted as P. Let Qg)(A) | Fro1 = Pu(,i){@tn € A | F,_1} stand for mutual distri-

bution of parameters at time ¢, (dependence on F,_; will be suppressed in later notation),



a set of all such measures is denoted Q,, for every n =1, N.
Assume that HX € R™ is the volume in risky assets at ¢,, and HY € R is the volume in

risk-free asset at t,,, while prices are X,, € R™ and Y,, € R correspondingly.
Definition 1. Portfolio at time t,,n =0, N, is a vector H,, = (HX, HY).

Definition 2. Market value of portfolio H at t,, is
W, =HX' X, + H'Y,. (4)

WX = HT)fTXn, WY = HYY, are market values of risky and risk-free positions.

In the presence of transaction costs, difference arises between market and liquidation
value, i.e. real value of portfolio when liquidated on the market. Henceforth, by “portfolio

value” we mean market value.

Definition 3. Trading strategy is a sequence

H={H,)",, H,ecm(F, ).

n=1>

H, is a known initial condition. Denote
He, = {H,},_,, Hsp={H.},.

(Throughout the paper inequalities in indices are interpreted analogously.) Outer capital

movements are not considered so the following budget equation must hold at every n:

AHX' X, + AHYY, | = (5)
=
HY =Y, (Wt — HY X,00). (6)

A set of H,, that satisfy (6) is denoted SF,.
By trading limits at time ¢,, we mean phase constraints of the form H, € D, C R™,

n=1,N. D, can be dependent on H,_;, X,,_; and WY ,.

Definition 4. Admissible strategy is a trading strategy H such that H,, € SF,ND, = A, for

everyn = 1, N. A class of all admissible strategies is denoted A = {H: H,e A,n=1, N}.



Budget equation demonstrates that HY can always be expressed through HX, so we will
consider H¥ as a strategy and define phase constraints in terms of HX. We also assume

that F, n K, are constants that do not depend on market or portfolio state.

Definition 5. Optimal strategy is an admissible strategy HX™ such that

inf BT (X, HY ,Wy") = sup inf EL0J( Xy, Ha, WY). (7)

PeP HXE_APEP

We define value function as

Vo(X,HX WYYy = sup  inf ES*J(Xy, Hx,WY), n=0N—1, (8)
H§n+16"42n+1 Per

where X is vector of risky assets’ prices, H¥ is vector of volumes of risky assets, and W7 is

market value of risk-free position, all at time ¢,,. Bellman-Isaacs equation can be written as

Vi HEWY) = sup il By Vs (X, Z,W0050), o)
Vy(X, HX, WY) = J(X, HX, WY).
Theorem 1. Assume the following assumptions hold
1. For anyn=1,N — 1, O, is independent of O1,...,0,.
2. Punction V, (X, HX,WY) is defined according to Bellman-Isaacs equation (9).
Then
1. Vo (X, HX,WY) satisfies (8).

2. If HX" satisfies

HX € Argmax inf By Vo (Xn1, Z,W),) n=0N-1, (10)
ZE€Dpy1,  @n+1€Qnp
HX=H%X,=X,
WY =wY

then HX" is an optimal solution of the control problem

inf B2 (X, Hy, Wy) — sup . (11)
HXecA



First condition of the Theorem states independence of parameters process which is rather
constraining. However it is only required during the proof of the verification theorem, the
rest of the results below holds without it as long as optimal solution is a solution of the
Bellman-Isaacs equation. Thus strategy can be required to be a solution of the Bellman-
Isaacs equation. Besides, dependence of ©,, values (for example, clustering of price volatility)
can be considered while estimating the input parameters of K,, and FE,. Hereinafter, we

assume that optimal solution of the investment problem satisfies (10).

Since © describes market parameters, X, 11 = X+1(Op11,) and W, = W)Y (0,41, ),
while H;¥ , is predictable. Thus, the value function can be viewed as a function of ©:
Vo1 (Ons1, ) = Vi1 (Xns1(Ong1, -),Hﬁrl,Wfﬂ(@nH, -)). The main difficulty in finding
optimal strategy is to find the extreme measure in (9). However, when concavity of the value

function V41 in ©,41 holds, the measure can be found by using the following statement:

Theorem 2. Let Q be a class of all measures with compact support IKC being a cartesian
product of | intervals; consider f(z): Rl — R — a concave function on K, and value E € K.

Then the optimization problem

J 1(@)dQ(z) — inf,
J2:dQ(x) = By, i = 1,1, (12)
I[d@(x) =1

has an (I 4+ 1)-atomic solution with mass concentrated in corners of K.

Remark: This result can be obtained from theory of generalized Tchebycheff inequalities,
see [Karlin and Studden, 1966, chapter XII|. Similar problem of finding extreme measure is
studied in [Goovaerts et al., 2011] for a number of measure classes. The alternative proof
presented in Appendix 2 is constructive and provides analytic formula for masses in atoms
which is crucial for numerical solution of the Bellman-Isaacs equation.

Hereinafter we assume that for every n, class Q,, does not depend on F,,_; and contains

all distributions with compact support IC,, and expectation FE,.

The rest of the research concentrates on a particular case of © being parameters of a
general price process. Consider multiplicative price dynamics based on discrete version of

geometric Brownian motion (1). A means backward difference operator: AE, = &, — &,-1.



Dynamics of risky price X € R™ is given by

AX, = X 10, + 0, X0 1/ Al,, n =1,N, (13)

where 0, € R™™ are diagonal matrices with random elements o,...,0™ on the
main diagonal, u, € R™*™ are matrices with non-negative non-diagonal elements as in
[Yaozhong, 2000|. We assume that p, is known for all n. Construction of (13) resembles
GBM model but does not assume normal, or even symmetrical, distribution of returns, thus
avoiding the most criticized assumption of the model (see [Cont, 2001]).

Risk-free dynamics is given by
AY, =r, Y, 1At,, n=1,N, (14)

where r,, > 0 is a risk-free rate known for every n.

Theorem 2 can be used to simplify the Bellman-Isaacs equation for specified price dy-

1 m
ny e O0p

namics and 6,, = (o )T. Assume that at time t,, range of each random variable ¢! is
[of &' ] while expectation is E'. If the value function V,,,1, as a function of ©,,41, is concave
in ©,,,1, then solution of the minimization problem in (9) is an atomic measure concentrated
on one of CPM combinations of m + 1 corners of the support, with particular choice of the
combination depending on X, HX and WY if m > 1. (Note that for m = 1 atomic measure
is defined solely by parameters of expectation and support.) A set of corner combinations

we denote as G. Then (9) can be simplified to the form

Vo(X, HY W) =
su min W(G)V, ( 14+ pp1 Aty + diag(Gy)/Ati1) X, Z,
ZGDEH GEGn+1 (X, HX ,WY) Z,le ( ) +1 ( Pn+1 +1 g< ) +1)

WY — (Z — HNTX)(1 + rn+1Atn+1)>, n<N, (15)

where diag(G;) is a diagonal matrix with elements of vector G; on the main diagonal. Suffi-

cient conditions for concavity of the value function in this particular framework are presented



below.

1.1 Properties of the value function and the optimal strategy

This section presents sufficient conditions to simplify the Bellman-Isaacs equation (9) and
transform it to the form (15). We also show that direct specification of expectation E for
o cannot be avoided by solving extreme measure problem on a class with given compact
support only. Thus, expectation and support can be thought of as minimal information
basis about the unknown distribution required to solve the problem. It is known among
practitioners that expectation E is difficult to estimate statistically which is consistent with
the Efficient-market hypothesis. Besides, it cannot be separated from p in this case. For
practical purposes, F,, = 0 is reasonable assumption since expected value of returns will
be defined exclusively by u. For other choices of © (for example, when it includes risk-free
rate 1) consequences of avoiding E require further research. Hereinafter, for the sake of
convenience, we assume that the optimal control problem (11) has finite solution and value
function is finite.

Counsider set-valued function
D(X,HX WY):R™ x R™ x R — 2%,
Assumption 1. For every X, HX WY,

Z e DX, H*WY) <= A"Ze DA'X, ATHY W) (16)

for all invertible matrices A,

Ze DX, H*WY) <« ZeDX,0,W¥+H"X); (17)
3. For every a € [0, 1],

7y € DX, HX W), Zy € D(X,HyX, WY) =

= aZi + (1 —a)Zy, € DX, aH;" + (1 — Q)H; , oW} + (1 — a)Wy). (18)

10



Assumption 1'. For every X, HX, WY, (17), (18) hold and
ZeDX,H*WY) <= AZec D(A'X,AHX, W)

VA = diag(a',...,a™) > 0.

As an example of constraint set which satisfies the Assumptions, the following statement

can be readily proved:

Statement 1. Set-valued function
DX, H*, W")={Z eR™: —pXW <Z"X < (1+ "W},

w=wY +H XX,
satisfies Assumption 1.
Proof. Obtained directly by verifying (16)-(18).
Now, consider function V (X, HX, WY) : R™ x R™ x R — R.

Assumption 2. For every X, HX , WY,

V(AX, HY WY) = V(X,ATHX WY) VA.

Assumption 2'. For every X, HX, WY,

V(AX, HX WY) = V(X,AH*,WY) VA = diag(a',...,a™) > 0.

Assumption 3. For every X, HX WY,

VX, HX, WY) =V(X,0,W" + HX'X).

(20)

(21)

(22)

(23)

11



The following notations will be used below:

Sp+1 = I+ /JJn—l-lAtn—l-l + oni1v Atn—l—ly

Sn41(Gi) = I + 1 Aty + diag(Gy) /Aty

§n+1 =1 + Mn-i-lAtn—i-l + Tpnt1V Atn-ﬁ—l» (24>
Spy1 = I+ NnJrlAthrl + O0nt1v Atn+17

fn-i—l = ]_ + Tn+1Atn+1.

Note that if X,, follows (13), then X, .1 = s,41X,,. Thus, if p,,; is diagonal, then I,
must be chosen in such a way that s,,; > 0 holds. Otherwise, at time ¢, price of some
assets is assumed to become non-positive with non-zero probability which is not considered
in the current framework (all issuers are default-free).

Assuming that utility J and constraints D,, satisfy above-mentioned assumptions, we
prove that some properties of J is inherited by value functions V,, across all n, along with

concavity in WY. Then it is easy to obtain sufficient conditions to simplify (9):
Theorem 3. Let the following assumptions hold:

1. J(X, HX, WY) satisfy Assumptions 2 and 3.

2. J(X, HX , WY) is concave in WY.

3. For everyn =1, N, D,(X, HX, WY) satisfies Assumption 1.

4. Prices X,, and 'Y, follow (13) and (14) correspondingly.
Then the Bellman-Isaacs equation (9) is equivalent to the simplified equation (15).
Theorem 4. Let the following assumptions hold:

1. J(X, HX, WY) satisfy Assumptions 2’ and 3.

2. J(X,HX, WY) is concave in WY

3. For everyn =1, N, D,(X, HX, WY) satisfies Assumption 1.

4. Prices X,, andY,, follow (13) and (14) correspondingly.

5. For everyn =1, N, u, are diagonal.
Then the Bellman-Isaacs equation (9) is equivalent to the simplified equation (15).

12



Concluding the section, we return to the question of avoiding E as a required parameter
while finding optimal worst-case strategy. For the problem with unspecified ' we provide
sufficient conditions under which risk-free strategy is always optimal, thus investment process

is degenerate.

Theorem 5. Consider the Bellman-Isaacs equation (9) and let the following assumptions

hold:
1. J(X, HX, WY) satisfies Assumptions 2 and 3.
2. J(X, H*X , WY) is concave in WY.
3. For everyn =1,N, D, (X, HX WY) satisfies Assumption 1" and 0 € D, (X, HX , WY).
4. Prices X,, andY,, follow (13) and (14) correspondingly.
5. For everyn =1, N, p, are diagonal.

6. (Tn1d — png1) VA1 € K1

Then V, (X, HX,WY) as a function of E,y1 at fized Kspy1, Esnia, isne1 and rspy 1, attains
manimal value over K, at EX | = (rpy1l — ping1)V/Atnga, where I € R™™ s identity

matriz. Moreover, in this case Hr)f+1 = 0 15 an optimal strategy.

2 Market with transaction costs

Denote by C,,(H, X,,) = C(H, X,,) the value of transaction costs from deal of volume H at
moment t,. Presence of costs slightly changes formalization of the problem and obtained

results. Budget equation SF,, has the form

AHX' X, i+ AH Y, = —C 1 (AHY, X,i_1) (25)
<~
HY =Y, (Wt — HY Xy — Cu (AHY X, 1)) (26)

and coincides with (6) when C,,_; = 0. By liquidation value of the portfolio, we assume

W, — C,(HX, X,,), i. e. value obtained by liquidating all positions at the market.

13



Bellman-Isaacs equation (9) remains almost unchanged and the verification theorem 1

still holds. Considering price dynamics (13)-(14), the equation transforms into

Vo(X, HX, WY) = sup inf

Z€Dp+1 Qn+1€Qn11

I[‘F:Qn+1‘/n-&-1 <Sn+1X> Z> Wyfn-i-l - (Z - HX)Tan-H - Cn(Z - Hv X)":n-i-l)? n < N7 (27)

Vi (X, HX WYY = J(X, HX, WY).

In previous chapter, we presented sufficient conditions in costs-free market to simplify
the Bellman-Isaacs equation. Here we provide sufficient conditions under non-zero costs.

First, consider some assumptions made for C,,.
Assumption 4. For every X, H and every A = diag(a', ..., a™) > 0,
1. C(H, X) is non-negative, non-decreasing in |H| and convex in H;

2.
C(AH, X) = C(H, AX); (28)

As in costs-free case, one can readily prove analog to Theorem 4:
Theorem 6. Let the following assumptions hold:

1. J(X, HX,WY) is non-decreasing in WY

2. J(X, HX, WY) satisfies Assumption 2'.

3. J(X, HX, WY) is jointly concave in HX WY .

4. For everyn =1, N, D, (X, HX,WY) satisfies Assumption 1.

5. For everyn =0,N — 1, C,(H, X) satisfies Assumption 4.

6. Prices X, andY,, follow (13) and (14) correspondingly.

7. For everyn =1, N, u, are diagonal.

14



Then the Bellman-Isaacs equation (27) is equivalent to the simplified equation

m+1

Vn(X> HX7 WY) = Sup min Z piH—l(G)VnJrl (3n+1 (Gz)X7

Z€D7L+1 GEgn+1 i=1

ZWY Fir — (Z — HO Xy — Co(Z — HY, X)fn+1>, n<N. (29)

The key difference between Theorems 4 and 6 are the assumption of joint concavity and
non-decreasing in WY . However, these properties are inherent to a wide range of classic

utility functions of the form
J(X,HX, WY) = JWY + HX'X — Cy(HY, X)), (30)

i.e. non-decreasing concave functions of terminal liquidation value of the portfolio.

3 Optimized numeric algorithm for solving the Bellman-

Isaacs equation with linear costs

When costs function is linear in volume, it is possible to reformulate the problem in terms of
WX = X" X instead of X and H¥X separately. This leads to Bellman-Isaacs equation where
V,, depends on m less variables compared to the general case, which is useful for numerical
purposes. At time t,, let C\,(AH, X) = \,|AH|X. In the formula, we assume that limit book
is symmetrical which is necessary when bid-ask spread is zero and market is arbitrage-free
(see |Gatheral, 2010]). Such symmetry is used for the sake of convenience while not required
for numerical scheme. Generalization for asymmetrical costs will be presented below.

Consider isoelastic utility J(X, HX, WY) = (WY+HXTX - )\N|HXT|X)7/7 and m =1,

WX

multidimensional case can be readily written out analogously. Then, denoting 7% = 7t
0

Y . . . . .
¥ = WWO’ we can work in terms of dimensionless variables and obtain the Bellman-Isaacs

equation as

Vn(ﬂ'Xa WY) = sup |:pn+1vn+1 (§n+1ha 71'an+1_ (h_ﬂ-X)fnJrl_)\n’h_ﬂ'XVnJrl)"i_
hGDn+1(WX,WY)

15



+ (1 - pn+1)Vn+1(§n+1h>7Tan+l - (h - 7TX>T~n+1 - )\n’h/ - ’/TXM;T%H))]; (31>

Vy(a*, o¥) = (7" + 7% = An|n™ )7 /v, (32)

where

Dy = {h: =B (7" +77) <h < (14 By (7" +7%)}. (33)

Dimension can be reduced up to m + 1 for even more general case: when costs function
C.(AH, X) can be represented as a function of AHT X. For general case of asymmetric C,,,
in equations (31),(32) all expressions of the form “\,|h|” should be replaced by “A(h)|h|”
where \,(h) = AF = const for h > 0 and \,(h) = A\, = const for h < 0. (A} and A,
are proportionality coefficients for transaction costs function for buy and sell deals corre-
spondingly.) However, in this case the value function will depend on (W W?Y) and not on

dimensionless (7%, 7Y).

The described method was implemented for MatLab R2012a. Generally speaking, the
framework can be decomposed into several blocks. Actual implementation depends on spe-

cific formalization of the problem. The block are:

1. Defining key aspects of the problem which is conducted by both investor and portfolio
manager. At this stage, one defines investment horizon, control moments ¢1, ..., %y,
initial market and portfolio state, optimal criteria, admissible set of assets for future

investments (stock selection).

2. Preliminary analysis of market data: estimation of initial market parameters and a

priori distributions for Bayes method.

3. Update procedure for statistically estimated parameters and updates of expert fore-

casts.
4. Numerical solution of the Bellman-Isaacs equation based on current estimates.

5. Analysis of strategy performance and control characteristics. Strategy can be stopped

prematurely due to reset or assumed “bankruptcy”.

We consider the case when the value function is concave in parameters ©, hence the

Bellman-Isaacs equation can always be reduced to simplified form. If phase constraints are

16



compact, maximum is always achieved. For example, in one-dimensional case, constraint set

(20) is an interval, while in multidimensional case it can be modified as

-XwW < ZTX < (1+pV)W,
ZI'X < (14 W

D(X,H* WY)={ Z ¢ R™: , (34)

where W = WY + HX" X , so that D is compact and still satisfies Assumption 1 which can
be readily verified. (34) can be interpreted as limits for total size of short positions and limit
for the amount invested in risky assets. Without the second constraint, one could infinitely
short one risky asset and invest in another without violating the limit.

The value function can be calculated recursively according to (31), however this method
becomes too slow with the increase of the number of steps IN. Hence, we propose a step-
by-step reconstruction of the value function on (7%, 7Y) grid: first, for ¢y, then for t_; by
using known values at ¢y, and so on up to t3. As a byproduct, we obtain reconstructed value
function for the whole grid which can be used for future analysis and strategy modeling if
market parameters and forecasts are assumed unchanged.

At time ty value function is known from analytic formula of J. Suppose that V., is
reconstructed for the grid. To find Vj, according to (31), we might need V,,;; values in
points inside and outside the grid. Thus, either interpolation and extrapolation methods or
appropriate parametric form Vn+1 of the function is required. The latter approach was used
during modeling, parametric form was chosen so that it is concave for any value of calibration
coefficients. We find that for isoelastic J, all V,,,1, n < N — 1, can be approximated (even

in the presence of costs and constraints) by isoelastic function of the form
~ T v
Viaa (75, 77) = (035 7% + 007 + ) /7, (35)

with fitting reduced to simple linear regression. Since V,, depends solely on V,, .1, it is possible

to calculate values of V,, on the grid in parallel mode.

4 Modeling results

This chapter presents results of implementing the proposed framework to modeled market.
We consider one risky asset and stationary parameters p,, E,, K,. Economic interpretation

allows to divide them into two main groups characterizing price forecast and deviation from
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it. Hence, during investment process, the groups can be estimated by different departments
(analyst/trader and risk-manager). We assume that p is given by an expert analyst since
poorly estimated based on market information. K is estimated and updated via a Bayesian
method based on observable data: we assume that the data follows a known stochastic
process with unknown parameters (GBM was used since it was the basis for the multiplicative
price model). The parameters are estimated and K is found as credible interval of detrended
returns. FE is assumed zero to keep all the information about price forecast within pu.
Analyst’s forecasts of p are characterized by the forecasting power. Denote the price
change over interval [t,,t,+1] as AX,11. At time ¢,, value of the forecast is modeled as a

random variable fi,,+; with normal distribution such that

~ A)(71—1-1 o AAXn—H

£, E~N(0,%). (36)

e~! is a measure of forecast’s precision (hence, analyst’s forecasting power). This method of
forecast modeling is extremely rough but allows to define dimensionless measure of forecast-
ing power. Estimates for IC are characterized by credible interval for specified level a.

Below we demonstrate the worst-case strategy and discuss the results for one realized
scenario of market price. Parameters are the following: m = 1; N = 5; C,(AH,X) =
AMAH|X; price follows GBM with drift 0.03 and volatility 0.005; risk-free rate equals 0.02;
initial prices are 1; initial capital is 10; At,, = 1. The utility function is isoelastic with v =
0.6. Strategy is constrained by D(X, HX , WY), defined in (20), with stationary coefficients
BX = BY = 1. Between neighboring ¢, 500 price observations are assumed available for
Bayesian updates. Figures 1 - 3 demonstrate realized price trajectory and the worst-case
strategy results for high forecasting power ¢ = 1 when A = 0 and A = 0.05 (loss of 5% of
each deal’s value).

Since the forecasting power is big enough, all decisions made by DSS were correct in
terms of long/short position, hence portfolio value increased at every step. In the presence
of costs, transacted volumes are smaller and the total profit becomes less. Further increase
in A shows that at some point costs are so large that risky investments are not worth investing
into, even if all the decisions are correct. Figure 4 demonstrates results for the same price
scenario and A = 0.12.

For the same values of parameters, we simulated market dynamics and compared the

expectation of liquidation value. Based on 100 iterations, we obtained that, for A = 0.05,
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Figure 2: The worst-case optimal strategy: to the left — at costs-free market; to the right —
at A =0.05. e = 1.

Figure 3: Portfolio market value W,, when using the worst-case optimal strategy: to the left —
at costs-free market; to the right — at A = 0.05. Dashed line is market value according to
risk-free strategy HX = 0. Pentagonal star denotes liquidation value of the portfolio at the
end of the strategy. ¢ = 1.
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10.4

10.21

Figure 4: To the left is optimal strategy, to the right is market value of the portfolio for
A =0.12. ¢ = 1. Markup repeats Fig. 2 and 3

expected optimal portfolio value outperforms risk-free value by 3.05%, and by 28.32% for
A = 0. This shows that even for A = 0.05 the worst-case strategy produces better results

than risk-free investment.

5 Conclusion

We present a worst-case approach to strategic portfolio selection problem for discrete time
when stochastic process of market parameters is not specified. Discrete framework is chosen
over continuous because the intended purpose of the work is implementing the approach as
a DSS during investment process and not as an automatic trading system. Besides, even
high-frequency trading cannot be continuous due to latency of the trading system which, in
couple with possibility of fixed transaction costs, makes discrete management model more
viable.

The selection problem can be solved if only statistical properties of the process are known
such as expected value and range of its values for future time periods. Various choices of
parameters produce different frameworks for the problem, hence the paper studies only the
case of unknown price process. The key aspect of the worst-case framework is indepedence
of price model and the implied assumptions. For example, the canonical model of geometric
Brownian motion assumes normal distribution of returns which has been criticized lately
[Cont, 2001], while the proposed approach assumes general multiplicative model without the
assumptions of GBM. An expert, while working with the DSS, can change forecasts and
ranges of possible price movements according to state of the market, which is crucial during

crisis and eventual shocks. One of the assumption of the framework is compactness of range
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which can be considered mild restriction if range is chosen big enough.

The paper presents research of the proposed framework and gives sufficient conditions to
reducing the arising Bellman-Isaacs equation to a simpler form. Simplified equation does not
require finding extreme element in a class of measures with given expectation and support,
thus can be easily solved numerically. The main results hold for several risky assets in
presence of convex transaction costs and trading limits. For proportional costs, we present
a simpler form of the Bellman-Isaacs equation for numerical solution, which has reduced

dimension of the value function’s phase space.
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Appendix 1. Verification theorem

To prove Theorem 1, we make use of the following lemma:

Lemma 1. Let Q be a measure on X CR! and f: X x Y — R is such that for everyy € Y

/ £, 1)dQ(x) < o

the integral

In addition, assume that

ey it [ fe)dQ) = [ £ey)dQ() > oo,

X
JyreY: foraexeX iI}}ff(x,y) = f(z,y™) > —o0.

Then
i [ fe)dQle) = [ int fla. Q)

X

Proof. Denote f(z,y*) = f*(x), f(z,y™) = f**(x). By the assumptions,

1nf/fxyd@ /f )dQ(x /mffxyd@ /f** )dQ(z

X

When [ f*(2)dQ(z) > [ f**(x)dQ(x), then y* cannot be minimum, thus contradicting the

X X
assumptions of the lemma. Hence,

[ r@dae < [ £ @dae.

On the other hand,

wey [ feniQe) < [ fay)dQe —

X X

— VY eY /f** )dQ(x /fxde
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so that [ f**(2)dQ(z) < [ f*(x)dQ(x). The obtained inequalities imply
b b

it [ fe)dQle) = [ £ = [ £@det) = [ it e niQ)

X

]

Proof of Theorem 1. 1) For ease of notation, denote Jy = J(Xy, Hx, Wy ). For n < N, we
have

inf ELJy = inf EL B Iy = inf / EL Jn dP(Ospiy | Fr) =

= inf / Ep' Iy dP(©sp4 | Ongt, Fu)dP(Onir | Fr) =

PeP

PcP

= inf / E2* Iy dP(Onyy | Fo) / dP(O>ny2 | Ony1, Fn) =
~—_——

dQn+1 h :q

— ]i}g], / EJ;MJN dQni Lemma 1, ¢ / inf ]Eﬁ”“JN dQns1 =

Qn+1€Qn+1 PeP

— inf EZ inf BTN, 37
o o IEERT N (37)

Applying (37) successively for k& > n leads to

inf B2 Jy =  inf EZ» inf B2 inf EIN-UJy. 38
pPeP P N Qni+1€Qni1 Qnt1 Qni2€Qn 42 Qnt-2 QNEQN Qn N ( )

2) Let HX" satisfy (10), HX € A is an admissible strategy. Then, by using (9), we obtain

: Fn FX Yy 68 Fn : FN-1 X 1YY
}DIéFPEP J(Xn,Hy,Wy) = Qn+11rel@an+1EQ"“”'Q;Ig(i)NEQN J(Xn, Hy,Wy) =

_ : Fn : FN-1 X 11i7Y
" B g2, o T I ) <

< inf EJr inf ELY 2 Viv_1(Xno1 HY 1 Wh_y) < o < V(X Ha, W),

T Qnt+1€Qnta Qnt1 " QNEQN

This proves the first statement of the Theorem. Further transformations give

inf EgnHV"H (Xnt1, Hf)zil, W:H) =...

=

inf B2 J(Xy, B, WY) < Vi(X,0, Hy, WY) 2

PcP Qn+1€Qn+1

.. @ inf EZ» inf ngflvN(XNaHJ)\g: WN*) &

Qn+1e(@n+1 Qn+1 o QNGQN
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—~
=

= inf Elr 38
Qn+1€Qn+1 Qn1 QnNeQn

Substitution for n = 0 verifies the second statement and concludes the proof.

inf EY'J(Xn, Hy Wy ) = }%%EQJ(XN,H]%*,WN*).
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Appendix 2. Solution of the extreme measure problem

Lemma 2. Assume that function f(x) is concave on K = [z';7'] x ... x [2";7"] C R™.
In addition, consider Aq,...,Ayx as corners of K, and E € K. Then there exist corners
Ay, ... Ag,., and affine I(x), such that

2. 1(x) < f(x), Vo € K.

Proof. 1) One can readily show that concave f(x) attains minimum on one of the corners
of K. Consider closed convex hull M C R,,;; of points By = (A, f(Ax)) € R"™'. According
to [Artamonov and Latyshev, 2004, p. 45|, M is a polyhedron, thus can be defined in terms
of a non-singular system of linear equations

n+1

a(y) = dyi+ab, k=T,
=1

so that M = {y: g(y) >0, k= L_r} Since f is finite, M is obviously a bounded set, thus,
ap,q =...=al,, cannot hold.

2) Consider a set of facets of M?3. Our goal is to prove that a bounded polyhedron has
a facet which is dominated in the (n + 1)-th coordinate in the following sense: M possesses
hyper plane IIj«, defined by gx-, such that al’,; # 0 and

n k* k*

a;
Vye M ypi1 > — E —Yi —
i—1 On+1

By contradiction, assume that for any k, such that a® 41 7 0, there is point y®&) € M which

satisfies

n k k
yﬁL—Zl < - E k yz( - kO — aﬁ—i—lgk* (y(k)) <0.
i=1 Aptq Apt1

If af;l > 0 then gi-(y®) < 0, thus, y*) ¢ M, which contradicts the assumption. Due to
frivolous choice of k, we have to conclude that a” +1 <0 for every k = 1,r. Now, consider

any point z = (21,...,2,41) € M. Then

gz, 2ni1) =0 = g2,y 201 —A) >0 VeE=1,1r =

3 According to [Artamonov and Latyshev, 2004, Proposition 2.41], the set is non-empty.
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= (21, -, Zn1 —A) €M VA >0,

which contradicts boundedness of M, thus proving the statement.

3) Assume that Il has corners By, ..., By Consider affine function

n+1"°

n * *

ay ag
l(x) =— E T S
=1 anJrl anJrl

n a/]?.* alg*
Vx e K f(X) > = kl* Z; (Ik* l<X>
i=1 n+1 n+1

]

Lemma 3. Under the assumptions of Lemma 2, if f(x) > ¢ on K and E € K then there

D gk k ,
are corners Ay, ..., Ay, ., of K and affine function I(x) = — a,fl T — QZ_O’ which has
i=1 n+1 n+1

properties 1) and 2) of Lemma 2, such that [(E) > c.

Proof. In terms of proof of Lemma 2, we proved earlier that M has dominated facets

Iy, ... II,,. By contradiction, suppose there is a point E € K for which

u a’»“ (lk —_—
-y " E-—-"<c Vi=1m. (39)
k k )
i=1 a’n—i—l an+1

Denote llgp ={y € M: y; = E1,...y, = E,}. (39) implies that

(Oﬂk>m(nEﬂM):®:>(Oﬂk>ﬂ(ﬂEﬂF):®, (40)

where I' denotes boundary of M. Consider non-dominated facets I'y, ..., I", of M, which have

non-empty intersection with Iz and satisfy equalities g;(y), ..., ¢,(y) correspondingly. (40)
n k

implies that if B € Iy N Ty, then either af,, = 0 or Jy € M: yopq < — .~y — —

ak

=1 M+ Ani1

n k

If af,, > 0, definition of M implies g(y) > 0 & Yns1 > — 3. Ui — a,fg , resulting in
i=1 n+1 n+1

contradiction. Hence, if E' € IIg N T}, then ale < 0.

IfE €lpnT and af , <0, then
gk(Eiv s 7E':w E;H—l) >0 Vk= 17_Ta
—

(Ei7 cee 7E;u E;Hl) € U I
k=1
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(B, .. B E ,—A) >0 Vk=Tr,

n

) . m VA > 0=
<E17"'7En7E+1 A)%]ﬂu Hk
=1

n

= (Ei,...,E E,,, —A)e M YA>Q,

n

which contradicts boundedness of M.

O

Lemma 4. Consider affine functions [,I': R™ — R which attain values ly,...,l,41 and
l,.... 0 at corners Ay, ..., Apiqy correspondingly, E € conv{Ay,..., A1} IfI(A;) >
I'(A;) Yi=1,n+1 then I(E) > I'(E).
n+1 n+1
Proof. Since E € conv{A;,..., A1}, E= > NA; where Y A\, = 1 and A\; > 0. This,
i=1 i=1

together with affinity of [,1’, proves the statement.
]

Assume K = [z};7'] x ... x [2™;7"] C R". For function f: K — R", E € K and a class

of measures

Q={Q:R" = [0;1],suppQ C K},

consider the following optimization problem:

J F09dQx) — jnf
[{dQ(X) =1

Theorem 7. If f(x) is concave on K then the optimal solution of (41) is an atomic measure

with mass concentrated in n+ 1 or less corners of K.

Proof. For f(x), consider affine [(x) = > a;x; + ay according to Lemma 3 for cor-
i=1

ners Ag,...,A,, where A; = (z},...,2%), and given E. We rewrite [(x) as [(x) =

rn
n

>~ ai(z; — E;) + af and denote f' = f(A;), so that

=1

1 9-F ... 2%—FE, ag 1o

1 2y—E ... 2t —E, an I"
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O N —-FE ... 22-FE, 1 2V - F
A0 - aA =
fm at—F ... 2! —-FE, 1 27— Ey
Denote
€ry — El .Z'g - En
—1 i—1

b, = (1)1 ry — B x =B,

JTZl-H — E1 J,’;‘:rl — En

xf — By xr— B,

Using Laplace expansion along the first column, we derive

(16 = an = Zpiflv Pi = —

51’ 1=1 Z 51

=1

=1

.

Obviously, Zpi = 1. Lemma 4 implies that aj, = I(E) does not decrease in f?, thus all

=1
p; > 0. By definition of [(x), VQ € Q

[ 1da00 =

K

where Q* is atomic measure concentrated in Ay, ..., A,. O

K

/ 109dQ0) = Y aiBi + 0 = dh = Y F(A)pi = / F()dQ" ().
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Appendix 3. Properties of the Bellman-Isaacs equation in

costs-free market

Lemma 5. Assume that V,(X, HX, WY) is defined by formula of the Bellman-Isaacs equa-

tion (9) for given n < N and
1. Vo (X, HX WY satisfies Assumptions 2 and 3;
2. Vo1 (X, HX, WY) is concave in WY ;
3. X, and 'Y, follow (13) and (14) correspondingly.
Then (9) is equivalent to (15) for given n.

Proof. Using Assumptions 2 and 3, (9) can be transformed as:

X Y : Fn Y _
Vn(X, "W ) - Zesgpﬂ Qn-&-i%gn-‘rl EQnHV"JFl(X"JFl’ Z, Wn+1) -

. - . (23)
= sup inf ESZHV”H(S"HX’ ZWYr o —(Z — HT X7 ) =
ZeDn+1 Qn+1€Qn+l

D sup it ER Vi (e X0, oy — (2 — B Xy + 27,0 X) 2
Z€Dp+1 Qn+1€Qn+1

® sl B Ve (X0 W R = (7= B X+ 278,00 X).
ZEDp 41 @nt+1€Qnt1 n+1

Since V1, is concave in WY, function under the expectation sign is concave in s,.; and

Theorem 2 applies. Using (21),(23) for backward transformation, we derive

m+1
Vn<X7 HX7WY> = sup min pr1+1(G)Vn+1(X707

ZEDTLJFI Gegn+l i=1

WY1 — (Z — H' X P + Z75,1(G)X) =

m—+1

= sup min > ph oy (GWasri (501 (G)X, ZW iy — (2 — HY) ' Xipp),
ZeDn+l Gegn-}—l i1

which coincides with (15) after substituting formulas for s,,,1(G;) and 7,41. O

33



Similar proof can be readily derived under weaker assumptions when p,, . (therefore,

Sp+1) is diagonal:

Corollary 1. Under the assumptions of Lemma 5, assume that Vi, (X, HX, WY) satisfies

Assumptions 2" and 3 while 41 is diagonal. Then (9) is equivalent to (15) for given n.
Assumption 3 can be replaced by joint concavity in H* and WY:

Lemma 6. Assume that V,,(X, HX, WY) is defined by formula of the Bellman-Isaacs equa-

tion (9) for given n < N and
1. Vo (X, HX,WY) satisfies Assumptions 2;
2. Vot (X, HX,WY) s jointly concave in WY and H* ;
3. X, and Y, follow (13) and (14) correspondingly.
Then (9) is equivalent to (15) for given n.

Proof. Using 2, transform (9):

Vo(X, HX WY) = sup inf Eg’;HVnH(XnH, Z,Wa) =

ZeDn+1 Qn+1€Qn+1

= sup inf B Vipa(snn X, Z, W iy — (Z = H) X7 i) =

ZEDn+1 QnJrl eQnJrl

= sup inf  EL V(X 800 Z,W P — (Z = HY) X ).

ZeDn+1 Qn+1 EQn+1

Since V,,,1 is jointly concave in H*X, WY, it is concave in s,,; and Theorem 2 applies. Using

(21),(23) for backward transformation, we derive

VX, HY, WY) =
m+1

su min Vo1 (X, s G Z, wWYi. 1 —(Z - HOTXF, =
Z€D£)+1 Geo, izpm-l +1 n+1( ) +1 ( ) +1)

m+1

= sup min anﬂ Vg ( Sn+1(Gz‘)X,Z>Wan+1 - (Z - HX)TanH)?

Z€Dp 1 Gegn+1 X

which coincides with (15) after substituting formulas for s,1(G;) and 7, 41. O
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Corollary 2. Under the assumptions of Lemma 6, assume that Vi, (X, HX, WY) satisfies

Assumptions 2" while 11 is diagonal. Then (9) is equivalent to (15) for given n.

Lemmas 5 and 6 with corollaries provide sufficient conditions to reduce equation (9)
to a simpler form where the extreme measure is concentrated in corners of its support.
Diagonality of u,.1, together with diagonality of o,1, is quite constraining and seem to
lead to independent dynamics of X, ..., X. However, dependence of o, ,...,00 is
still allowed; besides, p,1+1 can be estimated according to model which allows dependent
dynamics of parameters. Therefore, dependency can be accounted for outside the worst-case
framework during practical implementation.

Now we obtain conditions under which properties of V,,,; are inherited by V,,.

Statement 2. Assume that V, (X, HX, WY) is defined by formula of the Bellman-Isaacs
equation (9) for given n < N; D, (X, HX, WY) satisfies (17). Then V,(X, HX WY)

satisfies Assumption 3.

Proof. Direct check together with self-financing condition (6) lead to

Vo (X,0,WY + HX'X) = sup inf  EY Vit (X1, Z,

Z€Dn 11 (X,O,WY+HXTx) Qn+1€Qn41

WY Fir + HY Xy — (Z — 0) Xipy1) =

= sup inf Egn Voo (Xnp1s Z, WY P — (Z — H)T X7 yy) =
ZEDn41(X,HX WY ) @n+1€Qn41 ntl
= Vn(X, HX, WY),
O

Lemma 7. Assume that V,,(X, HX,WY) is defined by formula of the Bellman-Isaacs equa-

tion (9) for given n < N and
1. Dy (X, HX,WY) satisfies (16);
2. Vo1 (X, HX,WY) satisfies Assumption 2;
3. X, and 'Y, follow (13) and (14) correspondingly.

Then Vi, (X, HX, WY) satisfies Assumption 2.
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Proof. Letting Z' = AT Z, we obtain

Vi(AX, HX W) = sup inf

ZGDn_»,_l(AX,HX,WY) Qn+1€Qn+1

ESZHVnH(AXnH; ZWYFp —(Z — HOTAXT, ) =

= sup inf
Z'€Dp i1 (X, ATHX WY) Qni+1€Qn11

E£2+1Vn+1(AXn+1, AT WY — (AT‘lz’ — HTAX ) =

= sup inf
ZIGDn+1 (X,ATHX ’WY) QTL+1 €Q7L+1

ED . Vier(Xor, ATAT 20 WYy — (ATAT T 2~ ATHN)T X7 y) =

= sup inf
Z'€Dp 1 (X, AT HX W) Qn+1€Qni1

EL Vot Xy, Z WY iy — (2" = ATHY) X 1) = Vo (X, ATHY W),

[]

Corollary 3. Under the assumptions of Lemma 7, assume that Vi, (X, HX, WY) satisfies
Assumption 2', D, (X, HX, WY) satisfies (19) and pin41 is diagonal. Then V,(X, HX, WY)

satisfies Assumption 2'.

Lemma 8. Assume that V,(X, HX, WY) is defined by formula of the Bellman-Isaacs equa-

tion (9) for given n < N and

1. Dpy (X, HX,WY) satisfies (18);

2. X,, and Y, follow (13) and (14) correspondingly.
Then

1. If Vot (X, HX WY s jointly concave in HX, WY then V,(X, HX, WY) is jointly

concave in HX WY,

2. If Vo (X, HX,WY) is concave in WY and satisfies Assumption 3, then
Vi (X, HX,WY) is jointly concave in HX WY .
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3. If Vot (X, HX WY is concave in WY, then V,(X, HX,WY) is concave in WY .

Proof. 1) We begin by proofing the first statement. (18) implies, that for any « € [0, 1]
the set of Z that can be represented as aZ; + (1 — a)Zy with Z; € D, (X, H;*, WY and
Zy € Dpyi (X, HsS WY, belongs to the set

D;H_l - Dn-i—l(Xa aHlX + (1 - a)H2X7 aWIY + (1 - O‘)W2Y)
Therefore,

Vo(X,aH; + (1 —a)Hy oW + (1 —a)Wy)) = sup inf

ZeD;L+1 Qn+1 E@n+l

ED' Vit (Xnir, Z,aW Frgr + (1= Q)WY Ty — (Z — @l — (1 — a)HY)' Xfpy1) >

n+1

: 7,
> sup inf EQZ+1VH+1(XTL+1>Z7
Z=aZi+(1—a)Zy @n+1€Qnt1
Z1€Dn 41 (X, HE WY)
Z2€Dn+1(X7H2)(7W2Y)

W Py + (1= )Wy Fpyy — (4 — aH = (1 - O‘)HZX)TXf"“) >

v

: F
sup inf EQZHVnH(XnH, aZy+ (1 — «a)Zs,
Z1 eDn+1(X7H1X7W1Y) Qn+1€Qn+1
Z2€Dn41(X,HX WY)

AWy Frgr + (1= )Wy Tpyn — (@Zi+ (1 = a)Zs — o} — (1~ O‘)HQX)TXf"H) -

. P
— sup inf EQn+1Vn+1(Xn+1, aZ + (1 — a)Zs,
Z1€D7L+1(X7H1X,W1Y) Qn+1€Qn+1
Z5€ D1 (X, HZ Wy)

WY P — (Z1 — H) ' XFnia] + (1 — @) (WY Fpn — (Zo — Ha) " XFppa]) >

. " Y ~ ~
> sup inf EZ [avn+1(xn+1, 2 WY Frir — (Z1 — H)T XTrir)+
Z1€Dn+1(X,H1X7W1Y) Qn+1 eQn+1
Z2€Dn41(X,HX WY)

(1= )WVt (X1, Zoy W Frsr — (2 — HQ)TanH)]. (42)
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Since

inf[af(z) + (1 — a)g(z)] > ainf f(z) + (1 — @) inf g(z),

we obtain

Vo(X, aH + (1 — a)H; oW} + (1 —a)Wy) >

> « sup - inf B Var1(Xni1, Z1, W Py — (Z1 — Hy)" Xippa)+
Z1€Dn+1(X,H1 ,W1 ) n n

e o inf Eg'z“ Vit (Xng1, 2, W2Y7zn+1 —(Zy— HQ)TanH) —
Z1€Dp41(X,HX WY) Qn+1€Qn41

= aV,(X, HX, W) + (1 — )V, (X, H, WY).

2) The second statement is proven by analog. The key difference is in using Assumption

3 to obtain

VX, o HX + (1 —a)H; ,aW) + (1 —a)W)) = sup inf

ZED’:’LJrl QnJrl EQnJrl

~ ~ T <~
B Var1(Xni1, Z,aW P+ (1 = )Wy Py — (Z — aH — (1= a)Hy' )" Xipy1) =

. Fn ~ ~
= sup inf EQn+1Vn+1(Xn+1, 0, aW) Fpiq + (1 — @)Wy Ty —
ZeDl Qnt+1€Qn+1

—(Z = aH{ = (1 = )HY) Xfpi1 + Z7 Xoi17uin).

One can notice that Z is missing in the second argument of V,,,; and appears only in the
third argument expression which is linear in Z. Therefore we can obtain (42) by using
concavity of V,,,; only in WY . The rest is proved by analog.

3) Proof of the third statement repeats proof of the first when HX = H;¥ = HX. O

Obtained Lemmas lead to Theorems 3 and 4, which provide sufficient conditions for the

extreme measure problem in the Bellman-Isaacs equation to have an atomic solution.

Proof of Theorem 3. Properties of D,, and Statement 2 imply that V,, satisfies Assumption 3
for every n. Hence by Lemma 8, concavity in WY holds for every n. Lemma 5 concludes

the proof. n
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Proof of Theorem 4. Proof follows Theorem 3 by using corollaries of the mentioned Lemmas.

]

Proof of Theorem 5 is based on analogous theorem for one risky asset:

Theorem 8. Consider the Bellman-Isaacs equation (9) for m = 1. Assume that the follow-

ing holds:
1. J(X, HX, WY) satisfies Assumptions 2 and 3.

2. J(X,HX, WY) is concave in WY .

3. For everyn =1, N, D, (X, HX, WY) satisfies Assumption 1 and 0 € D, (X, HX, WY).
4. X, and'Y, follow (13) and (14) correspondingly.
5. (Tn—l—l - ,un—i-l) V Atn—l—l c ICn+1-

X WY ;
Then Vo, (X, H*, W), as a function of Eny1 for fivted Kspi1, Esnio, psnt1 and rspi1,
attains minimum over Kyi1 at Ef i = (Tns1— fini1)VDEnr1. Moreover, in this case Hy\ =

0 is an optimal strategy.

Proof. Lemma 7 implies that V, (X, HX, WY) satisfies Assumption 2 for every n, while

Lemma 8 implies concavity in WY for every n. Using Theorem 3, we write

VX HS W) = sup (pa Ve (Suna X, 20 (WY = (Z = HY) X))+

Z€Dp 11 (X, HX WY)

(1= prs)Voss <§n+1X, 7, WY — (7 - HX)X)anﬂ _

= sup |:pn+lvn+1 <X7 0, (WY —(Z - HX)X)an + §n+12X>+
Z€Dp 1 (X, HX,WY)

+ (1 - an)VnH (X, 0, (WY - (Z - HX)X)an + §n+IZX>:| =

_ sup [pn“vn+1 (X, 0, (WY + HXX)Fp1 + (Grsr — an)ZX) n
)

ZE€Dn i1 (X, HX WY

+ (1 - pn+1)vn+1 (X7 0, (WY + HXX)an - (fnﬂ - §n+1)ZX>]~
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Since V,,(X, HX, WY) depends on E,, ;; exclusively through p,,,1, it is easier to work in terms

of pnyr1. We define function

Fn(pv X, HXJWY) - sup |:pvn+1 <X707 (WY+HXX>fn+1+(§n+1_fn—O—l)ZX)—i_

ZEDni1 (X, HX WY)

(L= ) Vot (2,0, (WY 4 HE X1 = (Fas = 5,10 2X ) | (43)

and find its minimizer over a set of p € [0,1]. Maximizer of (43) is denoted

Z* = Z*(p, X, HX,WY). Since 0 € D, 11(X, HX,WY), we have

Fn(p7 Xa HXa WY) Z an—f—l (Xa 07 (WY + HXX)fn—&—l + (gn—i-l - fn—&—l)X ' O>+

+ (1 B p)Vn+1 <X7 07 (WY + HXX),FTH-l - (/Fn-i-l - §n+1)X . O) =

= Vn+1 (X7 07 (WY + HXX)":n-H) . (44)

On the other hand, V,,,1(X, HX, WY) is concave in WY, hence

Fn(p7 Xa HX7 WY) S Vn+1 <X> 07 (WY + HXX)fnJrl_'_

Pt = Fas)) 2 X+ (1= p) (541 = Fas1) 2°X) =

= Van (X7 0, (WY + HXX)Fpi1 + (08n41 + (1 — D)8, — fnﬂ)Z*X)- (45)

(44) and (45) imply that p which satisfies

PSnt1+ (1 =p)s,g — Tny1 =0

is a minimizer of F},(p, X, HX, WY while minimum is V,, (X, 0, (WY—i—HXX)an) . There-
fore,

P+ (1 =p")s, 41 — T =0 =

— p* . fn—l—l —Sp+1  Tntl — ,un+1Atn+1 — Qn+1‘/Atn+1 B

Sn+1 — Spa1 Tn1V A 1 — 0 VDl

_ (ra+1 = 1) VA1 — 0y _ By — o -

On+1 — Qn+1 On+1 — Qn+1

= B = (a1 — 1) V Al

40



Moreover,

sup [p*vn+1 (X, 0, (WY + HXX)pi1 + (Ssr — ml)zx) +
ZEDn 1 (X, HX WY)

+ (L =p )WV <X7 0, (WY + HXX>7:n+1 — (Tnt1 — §n+1)ZX>] =

= Falp", X, HS W) = Vi (X0, (WY HY X)), (46)

*

where maximum is attained at Z* = H; , = 0. [

From Theorem 8, we know that if expected values or risky and risk-free return are the
same, then risk-free strategy is optimal. We can also see that in this case optimal expected
utility is minimal since all assets are equal in view of portfolio manager, hence any strategy
performs as well as risk-free investment. The approach to finding E;;,; can be extended for
m > 1. The problem of finding extreme measure over a m-dimensional set can be reduced
to a sequence of m one-dimensional problems. Diagonality of p,.1 will be required; besides
it is crucial that IC,,; is a cartesian product of intervals.

For every measure P € P, consider marginal measures
QLAY = P({oh € A')), AT€B(C), i-Tm

We denote classes of such measures as Q. In addition, we denote Lebesgue extension
Q,=Ql ®...2Q" of measure Q. x ... x Q™. For every P € P, the obtained class of

m
measures is denoted Q/,. Q! C Q,, since K,, = @ K; and Egi‘*lan =5,.
i—1 n

(2

Proof of Theorem 5. Lemma 7 implies

VX, HX, WY) = sup inf B Vi (Xngn, 0,W) ) + 27 X)) =

Z€Dp 41 @nt+1€Qnt1

= inf ESZ-H Vi (XTL+17 0, W,z/_,'_l + Z*TXn+1>~

Qn+1 EQn+1

Since Q;,,; € @41, we obtain

Vo(X, HS, WY) < inf E’r

/ / Q»ln+1
Qn+1 eQnJrl

Vn+1(Xn+laOa ng—i—l + Z*TXnJrl) =
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= inf E»

o Vo (X,0,(WY + H XV + 27 (501 — Fnn)X).
Qni1€Q,y, Tt

Vnt1(X, 0, W) is concave in W, thus a.s. continuous in W. Therefore by Fubini’s theorem,

we have
Vo(X, HY, W) < o qu IEgZHVnH(X, 0, (WY +HX" X1+ 2" ($pp1—pp 1) X) =
n+1 n+1
= inf ... inf E» ...]Eg%HVnH(X,O,

Qn+1 EQn+1 Qny1€Qu n+l

WY + HX Xy + 27 (51 — Fan ) X) =

= inf ... inf Bl LEGE Via(X0,

m m
e 1€QL 4 @ 1€Q n+l

T\ S i ~ irzi*
(WY + HX X)’f’n+1 + Z(SnJrl - Tn+1)X Z )7
i=1
where the last equality holds due to diagonality of s,4;. Since Q},; contains all measures
with compact support K", C R and expectation E} ,, we apply Theorem 2 for [ =1 to

derive that minimizer of the problem

ED: o EQn Ve (X,0,(WY + H¥ X1 + Z § o — )X Z7) = inf

n+l Qny1€QRY 4

m—1

depends exclusively on K\, u E", and not on Q;_4,...,Qn . Therefore, by applying

Lemma 1 for Y = Q7" and Q = QL. ® ... ® QI'7]!, we obtain
Vo(X,HX WYy< inf ... inf EZ» .. .Eln V,.1(X,0,
TL( ) — Q}H_lEQ}L.H Q;ﬂ+1€@zzrl ;Jrl Qn+1 n+1(

WY + B X )1 + D (5hay — Fur1) X' Z77) =

=1

= inf ... inf EZr ...E”», inf Eg%lvnﬂ(x,o,

Qhn1€Q} 44 QriteQr! @i’ Qni Qi 1€Q

T\~ S - i i
(WY + HY X)ipa + Y (shyy — Fg) X' Z7) =

i=1
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N Q}L:lrelgiu o Qz”illlrelgxgll EE’{H B 'Eg%ff [p w1 Va1 (X0,
m—1
(WY 4 HY X)iogr + Y (8hpy = Fust)XTZ7 4 (800 — Frer) X275+
=1
+ (1= P Vo (X, 0, (WY + HXTX)an—i-
m—1
+ 3 (Shy = ) X 27 (s — ) X727 | <

=1

< inf it BN B Ve (X,0,(WY 4 HY X+
Qn+1€(@n+1 Qm;l EQnm-Fl ntl n+l
m—1

+ 2(5;4-1 — ) X' 27+ (PraSnan + (L= pRly)spiy — ) X Z™7).

=1

Applying similar technique for Qﬁ:ll, ..., QL consequentially, we finally derive:

VX, HX, WY) < Vit (X, 0, (WY + HX X )i+
+ Z(piz-i—lgfz—i-l + (1= pi+1)§;+1 — 1) X' Z7).

=1

By analogy with the proof of Theorem &, one can readily obtain that if 0 €
D (X, HX WY then V, (X, HX,WY) attains minimum value V,1(X,0, (WY +
HX"X)Fo1) at

* Tntl = Spy1 Tngl — Py 1 Atppr — 05 VAL o

i
pn+1 — = ; = - i
Snt+1 ~ Sntl i1V D1 — 05, VAL

(Pt = Hga) v Atyi1 — 0y B o

- —1 7 —1 i
Opi1 = Tptt Opi1 = Opytt

= E;+1 = (rpg1 — M;H) VA = By = (T — pnga) /At

=

It can also be shown by analog that Z* = H , = 0 is an optimal strategy. O
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Appendix 4. Properties of the Bellman-Isaacs equation

under non-zero transaction costs

Lemma 9. Assume that V,(X, HX, WY) is defined by formula of the Bellman-Isaacs equa-

tion (9) for given n < N and
1. Dyt (X, HX,WY) satisfies (19);
2. Vo1 (X, HX, WY) satisfies Assumption 2';
3. C,(H*X, X) satisfies (28);
4. X and Y, follow (13) and (14) correspondingly;
5. pny1 is diagonal.
Then V,(X, HX, WY) satisfies Assumption 2’
Proof. Proof follows Lemma 7, since transaction costs function satisfies (28). O]

Lemma 10. Assume that V, (X, HX, WY) is defined by formula of the Bellman-Isaacs equa-

tion (9) for given n < N and
1. Dyt (X, HX,WY) satisfies (18);
2. Vi (X, HX,WY) is non-decreasing in WY ;
3. Cy(H,X) is convezr in H;
4. X and Y, follow (13) and (14) correspondingly;
5. pny1 is diagonal.

Then

1. If Vot (X, HX WY is jointly concave in HX, WY, then V,(X, HX, WY) is jointly

concave in HX WY .
2. If Vot (X, HX WY is concave in WY, then V,(X, HX,WY) is concave in WY .
Proof. Proof of the first statement follows Lemma 8 since —C'(H, X) is concave in H while

V41 is non-decreasing in WY . Proof of the third statement repeats proof of the first when

HX = HX = HX. m
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Lemma 11. Assume that V, (X, HX, WY) is defined by formula of the Bellman-Isaacs equa-

tion (9) for givenn < N and
1. Vo (X, HX, WY) is non-decreasing in WY ;
2. Vot (X, HX WY satisfies Assumption 2';
3. Vot (X, HX WY is jointly concave in HX WY ;
4. C(H,X) satisfies Assumption 4;
5. X, and Y, follow (13) and (14) correspondingly;
6. i1 1S diagonal.

Then (9) is equivalent to (29) for given n.

Proof. Proof follows Lemma 6 since —C'(H, X) is concave in H and V,,;; is non-decreasing

in WY. O

Proof of Theorem 6. Analogously to Theorem 4, proof of Theorem 6 is readily derived from

corresponding Lemmas. O]
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