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Abstract

This article contributes to research dealing with the optimal dividend policy problem of
a firm whose goal is to maximize the expected total discounted dividend payments before
bankruptcy. We consider a model of firm whose cash surplus exhibits regime switching,
but unlike the existing literature, we exclude diffusion from our model in order to over-
come the well-known shortcoming of infinite money flows. Hence, we assume firm’s cash
surplus follows telegraph process, which leads to the problem of singular stochastic con-
trol. Surprisingly, this problem turns out to be more complicated than the ones arising
in the models involving diffusion. We solve this problem using the method of variational

inequalities and show that the optimal dividend policy is defined by two thresholds.
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1 Introduction and the formulation of the model

The optimal dividend problem was first discussed in [9]. The key idea of this work was that
the goal of a company is to maximize the expected present value of the flow of dividends before
bankruptcy. In the simplest discrete framework it was shown that the optimal dividend strategy
is of a threshold type — the surplus above certain level should be paid as dividends, and if the
capital is less than this level, company should not pay any dividends. The renewed interest in
the optimal dividend problems was stimulated by the articles [24], [15] and [1], which addressed
the optimal dividend problems in continuous environment with firm’s cash reserves following
Brownian motion with drift. Numerous works which followed after them considered the optimal
dividend problems for more complicated dynamics of cash reserves based on Brownian motion,
see for example [4], [31], [10], [23], [28]. Another big strand of optimal dividend policy literature
is based on compound Poisson process and presented in, for example, [11], [2] and [13] among
many others.

Our point of interest is an optimal dividend problem in the model where firm’s cash reserves
follow telegraph process. Introduced in [14] and [18], telegraph process was extensively analyzed,
for example, in [22], [12] and [3]. Notable generalizations of telegraph process include telegraph
process with random velocities introduced in [30] and with alternating renewal process defining
switching times in [33]. A jump-telegraph process with jumps occurring at the moments of
switching is introduced in [25] and analyzed in [7], [19] and [6]. Telegraph process and its
generalizations are widely used in finance as alternatives to the Brownian motion since it is
free from the limitations of the Brownian motion such as infinite propagation velocities and
independent log-returns increments on separated time intervals. In [21] telegraph process is
used in the context of stochastic volatility. In [5] the very basic model of evolution of stock
prices based on telegraph process is presented. In [8] a geometric telegraph process is used to
describe the dynamics of the price of risky assets, and the analogue of the Black-Sholes equation
is derived. In [25], [27] and [26], the jump-telegraph process is used to develop an arbitrage-free
model of financial market. In [20] it is used in the option pricing model.

The models of optimal dividend policy with regime switching, such as [29], [34], [17], [32],
[16] among others are closest to ours, but they involve diffusion, which is absent in our model.
For example, our model may be considered as just a special case of [29] with two states of

the world, first one with a positive drift coefficient, and the second one with a negative drift



coefficient with diffusion coefficients set to zero. But, as we shall see, the absence of diffusion
completely changes the nature of the problem and leads to substantially different results.

We now formulate our model. Let (2, F,P) be a probability space of trajectories of changes
of the state of the world and a filtration F(t) represents the information up to time t. We

assume that cash reserves of a firm X, follow the equation

X(t)=z+ /Ot Por(uydu — L(t), (1)
where x is the initial level of reserves, 7m(u) € {0, 1} is the state of the world, py < 0 and g3 > 0
are the drift coefficients and L(t) € F(t) is the total amount of dividends paid up to the time
t, which is non-negative and non-decreasing and also assumed to be left-continuous with right
limits. The switching between the states of the world is defined by the frequencies Ay > 0 and
A1 > 0: if the state of the world is 0 then the probability of switching to the state 1 during the
period of time At is AgAt and similarly for the state 1. The goal of firm is to maximize the
expected total amount of dividends paid before bankruptcy time 7, which occurs when firm’s

level of reserves hits zero for the first time:

S £) = | [ e L] > ma. ®)
0 _

We denote the admissible dividend policy, which maximizes J(s, L(-)), by L* and then denote

P(s,x) = EJ(s,z,L*(+)).

2 Analysis of the model

2.1 Variational inequalities

In this subsection we derive variational inequalities which the solution of the optimal dividend
policy problem must satisfy. Consider a small interval [0,6]. Fix some ¢ and consider an

admissible policy L*Y(-) such that for any y > 0 and s € {0, 1}

EJ(&y?Ls,y(,)) > P(57y> - &

Let W(t) = « + piznyt. Consider the following policy:



0,t <9,

L(t) =
LTOWER) (¢ —§), ¢t > 6.

This policy means that we pay no dividends before § and then switch to suboptimal policy. We
get

P(s,2) > eE [P(n(8), W(5)) — €] (3)

By the definition of the telegraph process

EP(x(6),W(8)) = (1 — Ay)P(s, 2 + 11:0) + AP (1 — s,2) + 0(6). (4)

Using (4) and the arbitrariness of ¢, (3) may re rewritten as

P(s,2) > (1 — ed)[(1 — Ad)P(s, 2 + p1s0) + AJGP(1 — s,2)].

Assuming P(s,z) is continuously differentiable and using Taylor expansion, we get

P(s,z) > (1 —cd)[(1 — Ay0)(P(s,z) + uﬁ%f’(s, z)) + Ao0P(1 — s,x)].

Simplifying this expression and tending ¢ to zero we get the first variational inequality:

NS%P(S, ) — (As+c)P(s,x) + AjP(1 —s,2) <0,s € {0,1}. (5)

To obtain another one, we fix z, 6 > 0 and denote y = x — §. Consider the policy L.(t) =

§ + L*=%(t), which prescribes to pay ¢ instantaneously and then use the policy L*~°. We get

P(s,z) >0+ P(s,z —9) +e¢.

Again using Taylor expansion and arbitrariness of ¢ we get the second variational inequality

%P(s,m) > 1. (6)

Now combining (5), (6) and the obvious boundary condition P(0,0) = 0, we get the following
Theorem 1. Let the function P be continuously differentiable. Then it satisfies the follow-

ing Hamilton-Jacobi-Bellman equation:



max{us(%P(s,x) —(As+¢)P(s,x) + AsP(1 —s,2),1 — (%P(s,x)},s € {0,1},

P(0,0) =0.

2.2 Solution of Hamilton-Jacobi-Bellman equation

Standard arguments verify that P(s,-) is concave. This implies that there exist mg,s € {0,1}
such that P(s,z) > 1 for x < my and P(s,z) = 1 for x > m,. Denote m = min(mg, m;) and
M = max(mg, m;). We now analyze two different cases.

Case 1. mg > my. In this case we have three domains. In the lower domain [0, m] it follows

from (5) that function P follows equations

0

p88—P(s,x) — (As+0)P(s,2) + AsP(1 —s,2) =0 (8)
x

for s € {0,1} with the boundary condition P(0,0) = 0. Applying Laplace transform to it, we

get

ML =58 | L6OA | LOe
i i i

where L(s,§) is the Laplace transform of P(s,z). This leads to

§L(s,6) = P(s,0) = —

L (0 5) - _ P (170) AOMl
7 E2puopr — € pro — c& py — E Aopn — E Ao + 2+ chg + Ay’ 9)
L (1 é-) _ —P (170) 5/’60”1 + P<170) cpy + P (170) Aolul

_€2uou1 — & pig — ¢ — ENoptr — E Ao + 2+ e+ ey

Considering denominator as the square polynomial on £, we may rewrite (9) as

P (1,0) Ag —P(1,0) § popn + P (1,0) cps + P (1,0) Agpn
£(0,6) = — L(,6) = — . (10
0= te—ae-n*t"Y nsio (€= ) (€ ) (1)
where
_ Ctot Aoptr + Aijig +VQ p - CHo + cpn 4 Nopr + Ao — VQ (11)
2411 o ’ 2411 o
and



Q= Ppo? — 2 uop + Ap? — 2 chopopy + 2 chop’+ 12)
+ 2 Mgy — 2 eMypopn + Apd + 2 AoMpropn + Ajpg.
We now derive some inequalities which will be used later.

Lemma 1. For any values of the parameters of the model the following inequalities hold.
1. a<0andb>0.

2. —bepg — bAopy — bA g + ¢ + e + cAy > 0.

3. bepg + bepy 4+ bAgpy + bA g — ¢ — cAg — cAy < 0.

4. —bpy — 2bcAypg — bAoAy — bAZ g + A + Ao + 22N + cAgAy + cA? 0.

Proof. 1. Inequality a < 0 may be rewritten as

\/ﬁ < —(CLLO + Cly + A(),ul + Al,uo).

If the expression in parentheses is positive, it is obviously true. If it is negative, we square both

sides of inequality and after some simplifications get

4P popy + 4 choptopny + 4 cAipops <0, (13)

which is always true. Inequality b > 0 is also reduced to (13).
2. Substituting (11) we get

(cpro + Aopr + A po) Va < g — popii+cNopiy +2¢M 1§ — e propin +Ag 1> +2 AgAs propn + AT g

The expression on the right side is always positive. If the expression in parentheses on the left
side is negative, the proof is concluded. If it is positive, we square both sides of inequality and

get

—4 P Nopdpd + 4 A Nopop — 4N pEpd + 4 AN ot — 4 NgAypidp? + 4N A popss < 0,

which is always true.

3. Substituting (11) we get

(ctto + cpa + Nopur + Aijio) VQ < P+ Apd + 2 ol + 2 cAypio® + A2 + 2 NoAsprops + A3yl

7



If the expression in parentheses on the left side is negative, the proof is concluded. If it is

positive, we square both sides of inequality and get

0 < dctugui + 8 Ao + 8 P Mgt + 4 A ® + 8 Ao + 4 A g,

which is always true.

4. Substituting (11) in it, we get

(CQMO + 2cAypg + ANoAqpg + Af,uo) VQ < c?’u% — c3,uo,ul — cQAououl + 302A1u3—
-2 C2A1[L0[1,1 + CA()ALLL(),Ml + CAQALM% -+ 3 CA%[I,QQ - CA%,LL(),Ml + A3A1M12 + 2 A()A%,l,b(),ul + A?[I,g

The expression on the right side is always positive. Indeed, it may be rewritten as

oA 3 + AZA 13 + (3 A2 —33AN + 3+ A:f) e — (63 + A2 —2A0A% +2 c2A1) po- (14)

The necessary condition for this inequality to hold is that the coefficient of p3 is positive:

3¢} — 3PN + ¢+ A > 0.

The cubic polynomial in the left side of inequality has one zero A; — v/2A; with respect to ¢,
which is negative, and this polynomial is positive for big values of ¢, hence it is always positive
and the necessary condition is satisfied. Also note that (14) is positive for g = 0. Hence, if the

derivative of (14) in po = 0 is non-positive, inequality is proven. Assume it is positive:

— g1 — A2 py + 20 A2 1y — 262 Ay > 0. (15)

The maximum of (14) is achieved at

- 1/,61 (C3 + CA12 — 2A0A12 + 2C2A1)
My A — 3N A+ A
The value of (14) in this point is

1 picY
43cA3 —32N + A+ A}

(16)

where



T =c"+4Mc"+ 6N+ 4PN + AT — 40 (=3cAy + & +3AT) Af—
4A1 <C3 -2 02A1 + QA? + 5CA%) A().
For (16) to be positive, T has to be negative, because the expression in denominator is shown

earlier to be positive. The coefficient of A2 in T is negative, hence T is negative for big values

of Ag. Now consider the minimal value of Ay defined by (15):

~ 1pnc® + A2y + 2 A
AQ = = 2 .
2 pa Ay

The value of YT in this point is
~ c(BA2+2cA + ) (3cA? — 332N, + A + A3) (A 4 ¢)

It is left to show that derivative of T in the point Aj is negative. Indeed,

9, " _ (202 + 2Ny + ) (3cA? — 332N + A+ A3)
’AO:AS -
AN Ay

< 0.

Now we can invert Laplace transforms in (10) and get

P (1,0) Ag (e — &™)

P(0,x) = ,x € [0,m],
P(1,0) (e‘““ (apo — ¢ — No) + (=bpo + ¢ + Ag) ebx)
P(l,z) = ,x € [0,m)].
fo (@ —b)
The threshold level m is defined by the condition a%P(l, x) =1
P (1,0) (aeam (apo — ¢ — No) + (—=bpo + ¢+ Ap) bebm) _, (18)
1o (@ — b) .
Substituting (18) into (17), we get
AO (ebas . eaa:)
P 07 = 9 e 07 ?
(0,2) ae®™ (apg — ¢ — No) + (=bpo + ¢ + Ag) beb™ v € [0,m] (19)
e (apg — ¢ — Ao) + (—bpo + ¢+ Ag) €
P(1 = 0,m|.
(1) ae®™ (apg — ¢ — No) + (—buo —i—c—l—AO)bebm’w € [0,m]



We now consider the middle domain [m, M]. In this domain the function P(1,-) follows the

equation %P(l, x) = 1. Integrating it and using obvious boundary condition, we get

P(l,z) =x—m+ P(1,m),z € [m, M]. (20)
Function P(0,-) follows (8). Substituting (20) into (8) and solving the differential equation, we

get

r—m—+ ( 7m))(c;|— 0)+'u0) 0_|_Ce OA:) ,$€[m,M]- (21)
(A0+C)

Since P(0, -) is assumed to be continuously differentiable, we impose two conditions: P(0,m_) =

P(0,z) = («

P(0,m4) and 2 P(0,m_) = 2 P(0,m) but they turn out to be identical:

am __ 1 bm o ym
Ao (P (1,0) (Ag + c) (ae be2 ) + o (a— b)) JECTLY (22)
(a—10b) (Ao +c)
Substituting (22) into (21) and also substituting P(1,m) found from (19), we get

C=—

Ay Ae?™ — Bebm
P(0,z) = Ao + ¢ <aAeam — bBebm em + cx — Agm + Aoz + MO)"‘ 23)
Aopd (aPe™™ — b2eP™) Ag(a—m)te(a—m)

"o ,x € [m, M|,

(Ag + ¢)? (aAe®™ + bBeb™) + (a Ae®™ + bBeb™) ¢
where B = —bug + ¢+ Ny, A = —apg + c+ Ay.
We now consider conditions the solution must satisfy.
Condition 1. 2 P(0,z) > 1 for z € [0,m]. To guarantee the fulfilment of this inequality,
we can demand 2 P(0,2)|,—n > 1 and %P(O,x) < 0 for x € [0,m]. First inequality may re

rewritten as

Ao (be"™ — ae™™)
> 1. (24)
a(apg — ¢ — Ng) e + (=bug + ¢ + Ag) beb™

After some simplifications, denominator may be represented as g (¢ + Ay) (ae“m — bebm) +
¢ (Ao + ¢+ Ay) (e™ — ™) and hence is obviously positive. Inequality (24) is thus equivalent
to

(—bcuo — bAopn — DA g + 2 + Ay + cAI) e MMM L epig+alopn 4+ al o — 2 —eAg—cAy < 0.

10



Part 2 of Lemma 1 states that the coefficient of the exponent is always positive. Hence, this

inequality may be rewritten as

_acpy + alopiy + alypg — ¢ — chg — ey

—am+bm < K¥ = ) 25
¢ -t bepg + bAgpy 4+ bA g — 2 — cAg — ey (25)
Now consider the inequality 86—;2]3(0, x) <0 for x € [0,m]. It can be rewritten as
(bepto + bepr + bAopy + bAypg — ¢ — chg — cAy) e H7 — (26)
26

— acpy — acpy — alopr — al\qpig + 2 + chg + cAy > 0.

Part 3 of Lemma 1 states that the coefficient of the exponent is always negative. We now show

that if (25) holds, (26) also holds. Indeed e=9*+b* < e=emtbmieq (¥ hence

(bcl’LO + bcﬂl + bA(),ul + bAlMO — CQ — CAO — CAI) e_ax+b$_

— acpy — acpy — alopy — alypig + ¢ 4+ cAg + cAy >

(bepg + bepry + by + bAypg — 2 — chg — cAy) (acpo + alopy + alypg — ¢ — cAg — cAy)
—bC/LO — bAQ,LLl — bAlNO + c? + CA() + CA1

— acpy — acpy — alopy — alypg + A+ chg+chy =

B A (c+ Ao+ A1) (cpo — cpr + 2 Mopo — Aopr + A1 po)

> 0.
o (bepo + Aoy + bA g — 2 — ¢y — c/\y)

Condition 2. 2 P(1,z) > 1 for z € [0,m]. This inequality may be rewritten as

ae™ (apy — ¢ — No) + (=buo + ¢ + Ag) be*®
ae?™ (apy — ¢ — No) + (—bpo + ¢ + Ag) bet™’

which is obviously equivalent to the condition that the function in numerator has negative

z € [0,m] > 1.

derivative for any x € [0,m]. This condition after some simplifications may be rewritten as

(—bc2u0 — 2bcA g — bAGA g — DAZ g + ¢ + P Ao+ 22N + cAgAy + CA%) parthr < @7
27
—ac® g — 2achipig — aloAipy — al3pg + & 4 AN + 2PN+ oAy + cA? x € [0,m)].
Part 4 of Lemma 1 states that the coefficient of the exponent is always positive. If the expression

in parentheses on the left side is negative, inequality is proven. If it is positive, we square both

sides of inequality and after some simplifications get

11



0 < —4c*AoAy o — 8 AZA piop? — 8 NN prop — 4R NS A popss — 82 A3A2 popid — 4c? Ao A3 o,

which is always true. Hence, (28) may be rewritten as

stlb-a) < for a(ug + 2cA1pg + AoArpry + AN2pg) — 3 — Ao — 22N, — cAgAy — cA3
- 2 b(CQIMO + 2CA1,M0 + AOAllil + A%,uo) —c? — 02A0 -2 02A1 — CA()Al — CA% ’

Condition 3. Inequality (5) in the middle domain for s = 1 has the following form:

1 — (c+A)(x+P(1,m)—m)+ A P(0,z) <O0.

It holds as equality for x = m. To guarantee that it holds for z € [m,m'] for some m’ > m we
impose the following condition
0 c+ M\

—_— o < .
axP(O,SL’) lo=m < X

Substituting (23) in this inequality, we get

—b (bepg + bA1prg — 2 — chg — cAy) "™ + a (acpy + alypig — ¢ — cAg — cAp) ™

0< 29
- A1 (a%e g — ace™™ — ae® Ny — b2eP™ g + belme + bebmA) (29)
Denominator may be rewritten as
A
- (,uo(c + Ay) (ae“m — bebm) +e(e+ Ao+ Ay) (ebm — e“m)) (30)

M1

and hence is always positive. The condition that numerator is non-negative can be rewritten as

(=bc®po — 2bcAipo — bAgA 11 — bAT 1o + ¢ + Ao + 2P Ay + cAgAy + cA]) e @y a1)
+ ac? o + 2achipo + aloAipn + alPpug — ¢ — ANy — 22N — cAgAy — cA? >0,

which is exactly

efam+bm > K; (32>

Hence, the only possibility of both (28) and (32) to be satisfied is

12



sb—am _ pex _ a(cpo + 2 chypo + AoArpy + Adpg) — 3 — 2Ahg — 22N, — cAgAy — c\? (33)
2 b(cug 4+ 2 Ao + AoAypy + A2ug) — 3 — 2Ag — 22Ny — cAgAy — cA?’

This condition defines the optimal lower threshold level m. Now we need to show that it

satisfies Condition 1. To do so, we show that K7 > K3. Indeed,

Kf — K; = —CQA()[Ll ((IC + CLA() + CLAl — bc — bAQ — bAl) X
X (bC,LL() + bAOILLI + bAll,L() — 02 — CAO — CAl)_l X

X (bczuo + 2bcAq o + bAoA + bA 2y — & — ANy — 2PN — cAgAy — cf\f)_1 > 0.

We now that that upper threshold level is finite. Indeed, %P(O,x) lo=m = % > 1

Ao
C+A0

and lim, oo 2P (0,2) = < 1. Hence, there exists a point M € (m,+o0) such that

%P (0,2) |z=m = 1. Equalizing a%P (0,z) to one, we get the equation defining M.

(Ag+o)M ¢ (a2 g — ace™ — ae™™Ng — b?e" g + beP™c + beP™ Ag)
e = — ) (34)
m(apg—c—=~7q) m(bug—c—~Ag)
Aopo <a26 KO — b2%e 10 )

Hence, there exists the unique solution for the optimal dividend problem in the Case 1, and
this solution is defined by threshold levels (33) and (34). Now we need to analyze the signs of

thresholds. Condition m > 0 is obviously equivalent to K5 > 1, which may be rewritten as

(02M0 + 2 cAipo + AoArpn + A12M0) VQ
Hot1

Thus we arrive to the condition of the positivity of thresholds:

< 0.

(c+ A1)po + AgAy sy > 0. (35)

Case 2. mg < my. Again, we should consider three domains. In the lower domain [0, m], as
in the previous case, function P follows (8), which leads to (17) but the boundary condition is

now 2 P(0,z) = 1:

P (1,0) Ag (—ae™™ + be'™)
1o (a — b)

Substituting it to (17), we get

13



b — ga® e (apy — ¢ — No) + (=bug + ¢+ Ag) ™

P0,2)=——F P(l,2) = 36
(0.2) —ae® + bebm’ (1) Ao (—ae®™ + bebm) (36)

For the middle domain, similarly to the Case 1, we get
P(0,2) =x—m+ P(0,m),z € [m, M]. (37)

Function P(1,-) follows (8). Substituting (37) into (8) and solving the differential equation, we

get

_ — (c+Ay)z
Pz = LOMELEOm (cc+mA+)§x Amt Mt ) Ay o 550 g
1

Again, we impose two conditions: P(1,m_) = P(1,my) and ZP(1,m_) = ZP(1,m,) but

they turn out to be identical:

A _(etapm P (1,0) (Beb™ — Ae®™) _(c+apm
O —_ u1+(7)(e e)e

(C+A1)2 (@ =) po (c+ A1) ’
where B = —bepg —bA g+ +cAg+cA and A= —acpiy — al pig+c? +cAo+cAy. Substituting

it to (38), we get

P(l,z) =

Ay ((c + Ay) (ebm — e“m)

(c+Ay)? —ae™ + bebm

th <—bf>’ebm + a[leam) (cHApE=m)
e 1231 .
(¢ + Ay)? Ay (aes™ — bebm)

—cm—l—cx—A1m+A1x+u1>+
(39)

We now consider some conditions the solution must satisfy and show they are inconsistent.

Condition 1. ZP(1,2)|,—m > 1 may be rewritten as

a(apo — ¢ — No) €™ + (=buo + ¢ + Ag) be"™ -
Ao (—ae®™ + bebm) -

Denominator is always positive and thus inequality may be rewritten as

(—bcuo — bAopn — DA g + 2 + Ay + CAl) e MMM L epig+alopn 4+ al g — 2 —cAhg—cAy > 0,

which is exactly e~@m+m > K7

14



Condition 2. Inequality (5) in the middle domain for s = 0, which may be rewritten as

P(l,z) < (@ —m+ P(0,m)) - % (40)

0 0

Condition 3. Finiteness on the middle domain.

a @ —cm+cx—mAy+TAq Al
—P 1 = — H1 _—
Oz (1) p1 (c+ Ar) Ag (aeo™ — be”m)e e + Ay’

where

0= eamaCQMO + 2e" acAypg + e alNgAy g + e“maA12u0 - ebmbCQ/Lg — 2ebmbcA1u0—
— " bAoA 1y — ebmbA%,uO — "M — e"MP Ny — 2 N — Ao — e "N+
+e"m 4 "M Ny 4 2" AL + "M eAg Ay + "M eA?.

If we want the middle domain to be finite, we must demand the coefficient of exponent to be

negative, which implies ©® < 0, which may be rewritten as

(=bcpo — 2bcAypig — bAgA 1 — bAT g + & + PN + 2P Ay + cAgAy + cAT) e+

+ ac® o + 2 achipig + aloAipn + a3y — ¢ — ANy — 22N — cAgAy — A2 < 0.

This is exactly e”*™t™ < K3. But it is already shown that K; > K3, so Conditions 1 and
3 cannot be satisfied at the same time. Condition 1 cannot violated for the solution of HJB
equation, so suppose Condition 3 is violated, which means there is no upper threshold. But if
O is positive, P(1,z) increases exponentially, so Condition 2 is violated for big . Condition 2
cannot violated for the solution of HJB equation, hence we arrive to the conclusion that there
are no solutions of HJB equation in the Case 2. Thus we arrive to the following

Theorem 2. Let the parameters of the model are such that (35) is satisfied. Than thresholds
m and M, defined by (33) and (34) respectively, are positive and the solution of HJB equation
(7) is given by
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( Ao(ebz_eam) s <m
= )

—ae® A+ Bbebm
A Ae®™m_B bm
Agic <aA2“m—b§ebm —cm+cx — Aom + Ao + M[))_’_
AOM% a2eam _p2obm (Ag+c)(x—m)
P(O,JT) = + ( ) € Ko y L S (m7M]7 (41)

(Ap+c)? (zer“m—l-bBebm ) + (aAe‘”" +bBebm)

Ao+c \ aAeam —pBebm
AO,U«g (aQEam_b2ebm) (Ag+c)(M—m)

\ +(A0+c)2(aAe‘”"—f—bBe”m)+(aAe‘”"+bBebm>e " T > M,

x— M + Lo < A" —Betm —cm+cM—A0m+AOM+,u0>—I—

7Aeaz+Bebz
_ —aAea™+pBebm )
P<1’ l‘) - am bm
—Ae*+ Be
,aAeam+bBebm 9

x € [0,m], (42)

r—m+ T >m,

where B = —bug + ¢+ Ag, A = —apuo + ¢+ Ay and the associated dividend policy is

t
L*(t) = (z — m)+]1{521} + (x — M)+]l{s:0} + / P L (u)=1,X (w)=m}dut.
0

The optimal dividend strategy is is thus defined by two thresholds m and M. In the region
lower than m firm should not pay any dividends in both states of the world. In the region
between m and M firm should immediately pay an excess above m as dividends, if the state of
the world is 1 and don’t pay anything if the state of world is 0. This may look a bit counter-
intuitive — in the state 0 firm loses money and then the state of the world switches to 1, it
pays the excess above m. Why don’t pay before switching? The answer is that in the case of
paying before switching, firm then suffers losses, because the state of the world is 0, and n the
case of paying at switching, it finds itself on the threshold in the state of the world 1 and makes
more money. Finally, if firm has more money than M, in both states of the world it should

immediately pay the excess above M as dividends (and then also the excess above m if the state

of the world is 1).

2.3 Verification of solution

In this subsection we show that the solution of HJB equation described in Theorem 2 indeed
defines the solution of the optimal dividend problem.

Theorem 3. Let G be a solution of HJB equation (7). Than it is the value function for
problem (2) and the associated dividend policy is the optimal dividend policy.

Proof. Let L(-) be some admissible control. Denote the set of its discontinuities by ® and

let L(t) = > uew st (L(ug) — L(u)) and Le(t) = L(t) — L%(t) be discontinuous and continuous
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parts of L respectively. Denote also f(t,s,z) = e “G(s,z). We have

]Es,mdtf(t? ﬂ—(t)? X(t)) =
et g 0 6), X(0) + 2076 w(6), X(0) | de = 6, m(0), X (0)d2°(0) +

f(t,m(t), X(ty)) — f(t,7(t), X () Lrca + [Ny f(t, m(t), X (1)) + Arpy f(t, 1 — 7 (t), X(1))]dt =

e pxG(m(t), X(1) — cG(m(t), X () = ey G(7(t), X () + Arny G(1 — 7(t), X (#))]dt—
- eCta%G(W(t), X(t))dze(t) + e [G(n(t), X(t1)) — G(x(t), X (1)) Lico-

Integrating this expression, we get

e MGt AT), X(tAT)) = G(s,z) + /t/\T e YR(y)dy—

0

/OTecyé;ixa<w<y>,x<y>>ch<y>+ S e (Gr(), X (51)) - Glr(), X (1)

0<y<tAT,yed

where R(Y) = n(y) G(7(y), X (y)) —cG (7(y), X (¥) = Ar(y) G(7(y), X () +Ar() G(1=7(y), X ())-

Taking conditional expectations, we get

E . [efc(tAT)G(ﬂ(t AT), X(tA 7'))}

= G(s,2) + E,, [ /0 MT eCyR(y)dy} ~E,, [ /0 v ecy%G(ﬂ(t), X(£)dLe() | +

Es,x

Y e V(Gr(t), X(ty) ~ G(W(t),X(t)))] :

0<y<tATyED

Inequality (5) guarantees the integrand for the first integral is non-positive, and inequality (6)
guarantees that for every t € & G(n(t), X (t4)) —G(n(t), X(t)) < X(t4) — X (t) = L(t) — L(t4).
It also follows from (6) that e~ 2G(w(t), X (t)) > Y. Hence

E.., [e—c(t/\T)G<7T(t AT), X(tAT))] <G(s,z) —Eqp {/OMT e—cydL(y)} :

Note that for the dividend policy LE, associated with the solution of HJB equation , this
inequality turns into equality. Indeed, under this policy R(y) = 0 almost everywhere, hence
the first integral equals zero. Continuous flow of dividends corresponds to X(t) = m and
s = 1, and we know that 2G(1,X(t))|x#=m = 1. Finally, in the points of discontinuity
G(m(t), X (ty)) — G(m(t), X (t)) = X(t+) — X (t). Hence, taking t — +o00, we get
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G(s,z) > Eso { /O v ecydL(y)}

for the arbitrary dividend policy with equality for the dividend policy associated with the
solution of HJB equation (7).
[ |

3 Conclusion

It is shown that the optimal dividend policy in the model of firm’s cash surplus following
telegraph process is of a threshold type, which is in line with results for models with diffusion
and Markov regime switching. However, we had to perform rather tricky analysis of variational
inequalities to find these thresholds. Further research may involve generalization of our results
for the arbitrary number of regimes and the analysis of links between our model and the models

with diffusion.
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