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flag varieties. The g-analogues of the Genocchi numbers can be
naturally defined as the Poincaré polynomials of the degenerate
flag varieties. We prove that the generating function of the Poincaré
polynomials can be written as a simple continued fraction. As
an application we prove that the Poincaré polynomials coincide
with the g-version of the normalized median Genocchi numbers
introduced by Han and Zeng.

© 2012 Elsevier Ltd. All rights reserved.

0. Introduction

The Genocchi numbers appear in many different contexts (see e.g. [1,4,5,7,6,14,20]). Probably the
most well-known definition uses the Seidel triangle
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1 1 3 6 14 48 104 552

1 1 1 2 2 8 8§ 56 56 608

By definition, the triangle is formed by the numbers g , (k is the number of a row counted from bottom
to top and n is the number of a column from left to right) withn =1,2,...and 1 <k < % subject
to the relations g;; = 1and

8k,2n = E 8i2n—1, 8k, 2n+1 = E &ion-
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For example, 138 = 56448+ 34 and 48 = 14+ 17+ 17. The two sequences of numbers sitting on the
edges of the Seidel triangle are called the Genocchi numbers. More precisely, the Genocchi numbers of
the first kind are 1, 1, 3, 17, 155, ... and those of the second kind are 1, 2, 8, 56, 608, . ... The latter
numbers are also referred to as the median Genocchi numbers and are denoted by H,,,_. For example,
H; = 1and H; = 56. These numbers are known to be divisible by powers of 2 (see [1,4]): Hypyq +2".
The ratios are called the normalized median Genocchi numbers and are denoted by h,,. Thus the first
values hg, h1, hy, ... are as follows:

1,1,2,7, 38, 295, 3098, ....

It has been shown recently (see [9]) that the numbers h, are analogues (“degenerations”) of the
numbers n!. More precisely, let F,, be the variety of flags in an n-dimensional space, i.e. 3, consists
of collections of subspaces (V; C V, C --- C V,_1) of a given n-dimensional space W such that
dim V, = k. It is well known that the Euler characteristics of J,, is equal to n!. Combinatorially, the
number n! appears in this context as the number of sequences (I; C I, C --- C I,_q) of subsets of
{1, ..., n} such that #I; = k. The varieties ¥, have natural degenerations 7, called the degenerate
flag varieties (see [8-11]). The degenerate flag varieties consist of collections (V¢, V5, ..., V,_1) of
subspaces of an n-dimensional vector space subject to certain explicit conditions (see Section 1). It
turns out that the Euler characteristic of F, is equal to the normalized median Genocchi number:
x (&) = h,. Combinatorially this means that the number of sequences (I4, I, . . ., I,_1) of subsets of
{1,...,n}such that #I, = kand Iy C Iy+1 U {k + 1} is equal to hy,.

We introduce natural g-analogues h,(q) as the Poincaré polynomials of the degenerate flag
varieties. We note that the degenerate flag varieties are singular, but share the following important
property with their classical analogues: the varieties 55 can be decomposed into a disjoint union of
complex (even-dimensional real) affine cells. Therefore the Poincaré polynomials Pya (t) are functions

of ¢ = t? (odd powers do not show up). Hence we define h,(q) = Pya (q'/?). Obviously, one has
h,(1) = h,.Various g-analogues of the Genocchi numbers appear in the literature (see e.g. [ 15,16,22]).
In particular, in [15] Han and Zeng used the g-analogues to give a third proof of the Barsky theorem
[1,4].

We give a continued fraction presentation of the generating flmction of the polynomials h,(q).
Namely, it is convenient to introduce the “reversed” polynomials h,(q) = "™ Y/2h,(q~'). Then we
have

Theorem 0.1.

D In(@s" = — S

n>0 1— as

Using this formula, we prove that the fln(q) coincide with the g version of the normalized median
Genocchi numbers introduced by Han and Zeng in [15,16]. We also note that the Viennot formula
(see[19,21,4,7]) for the generating function of the median Genocchi numbers H;,_1 can be derived by
specialization at ¢ = 1.

Our paper is organized as follows.

In Section 1 we briefly recall the definitions of the degenerate flag varieties and of the g-analogues
of the normalized median Genocchi numbers.

In Section 2 we obtain the continued fraction presentation for the generating function of h, Q.
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1. Combinatorics of the normalized median Genocchi numbers

The normalized median Genocchi numbers h,, n = 0,1, 2, ..., form a sequence which starts
with 1, 1, 2, 7, 38, 295. These numbers enjoy many definitions (see [1,4,3,14,17,18]). We have shown
recently that the numbers h, are equal to the Euler characteristics of certain (singular) algebraic
varieties F, called the degenerate flag varieties (see [9]). Recall that F7 consists of sequences
(V1q, ..., V,_1) of the subspaces of a given n-dimensional space W with a basis w1, ..., wy, subject to
the conditions

prk+1vkcvk+1, k=1,...,n—2,

where pr, : W — W is a projection along wy: prk(Z?:1 Cw;) = Zi# c;w;. One proves that
the degenerate flag varieties share the following important property with their classical analogues
(see [13]): 7 can be decomposed into a disjoint union of complex (even-dimensional real) cells. Hence
we obtain a natural graded analogue of the numbers h, defined by the Poincaré polynomials of F;.:

ha(q) = Psa(q'?),

where Psa(t) is the Poincaré polynomial of 37 and g/ shows up because all the cells are even-
dimensional. The first four polynomials h, (q) are as follows:

hi(@) =1, ha(@) = 1+,
h3(@) = 1+29+3¢* + ¢,
ha(q) = 14 3q + 7¢> + 10¢® + 10q* + 6¢° + ¢°.

In general, the degree of h,(q) is equal to n(n — 1)/2. Obviously, h,(1) = h,,.
Let us recall an explicit formula for the polynomials h,,(q) derived in [2] using the geometry of
quiver Grassmannians. Let m > n > 0. Then the g-binomial (Gaussian) coefficient (?:)q is defined as

1/2

! n1—g
<m> _ mg! | 1—¢q
q

n’lg  ngl(m—n),!’ Ma: = 1—q°
q- q- i=1 q

Proposition 1.1. The Poincaré polynomial of the degenerate flag variety 55 is equal to

n—1 n—1
3 i =0 (= fitfi) I1 (1 +f"“> I1 (1 +f"“) , (1.1)
k=1 fk q fk q

firifn—1=0 k=1
(we assume fo = f, = 0).

Geometrically, formula (1.1) appears as follows. The varieties F7 can be cut into disjoint pieces,
such that each piece is fibered over a product of several Grassmannians with fibers being affine spaces.
Since the Poincaré polynomial of a Grassmannian is given by a g-binomial coefficient, we arrive at the
formula as above.

2. The generating function and continued fractions

Our goal in this section is to give an explicit continued fraction form of the generating function of
the Poincaré polynomials h,(q) and to prove that they coincide with the g-versions of the normalized
median Genocchi numbers defined in [15,16].

We first recall the formalism of the weighted generating functions of Motzkin paths due to Flajolet
(see[12]). Letay, By and v, n > 0, be sequences of complex numbers called weights. For a nonnegative
integer k we define w(k, k) = y, w(k,k+ 1) = oy and w(k, k — 1) = B,_ (if k = 1). We denote
by o, the whole collection (ay);2, and similarly for 8, and y,. The weighted generating function of
Motzkin paths is given by the formula

n—1
F(S; e Bos va) = 35" Y [ wheo firn).

n>0 feM;, k=0
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The following result is due to Flajolet [ 12]: the weighted generating sum of the Motzkin paths is given
by the continued fraction

1
o fos?

2
0(1/515
1—y15— T=ygs——

F(57 U, ﬁoy )/.) =
1— YoS —

Let us apply this formalism to our situation. Formula (1.1) can be rewritten as follows:

n—1 n—1
n— 1 _ 1
ha(q) = qn(iFl)/2 E qZk:}fk(fk*ka*Z) | | ( —i}lfk 1) | l ( "}lfk—H) . (2.1)
¢ q ¢ q

fEMn k=1 k=1
We introduce three sequences of weights

2 2 1\?
aM®=¢“(m; ), ﬁM®=qW”<m: ), %ND=¢“<mT )
q q q

and define w (fy, fr+1) using these weights. Then formula (2.1) implies the following lemma.

Lemma 2.1.

n—1
g " Pha(q) = Y [ [ firn)- (2.2)

feM, k=0

In order to use the Flajolet theorem we need to get rid of the factor ¢""~1/2 in (2.2). We introduce the
notation

ha(@) = """ "ha(g™")
(note that the degree of h,(q) is exactly n(n — 1)/2). Let fz(q, )=
m+ 1)\ L (m+2)\?
m@=(,1) : %@M@=q( 2)
g1 g1

Using the Flajolet theorem we arrive at the following theorem.

fzn (q@)s™. We note that

n>0

Theorem 2.2. The generating function ﬁ(q, s) can be written as follows:

- 1
h(q, s) = > (2.3)
—s— q —
§2
(e —
q 4\2 5
1_(?)125— Q<2)q ’
1,(;1);5,...
Proof. Follows from Lemma 2.1 and the Flajolet theorem. O
Corollary 2.3.
- 1
h(g.s) = — 5 (24)
1- g
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Proof. Recall the following formula (see [7, Lemma 2]):

Co Co

c1cp82 1—

C1S
s

1— Cc3s
1—oee

1—c¢15s—

63C452 1—

1—(cp+c3)s—
(c2+c3) 1—(cq4+c5)s—-+

Now our corollary follows from Theorem 2.2. O

Recall the g-analogues of the normalized median Genocchi numbers ¢, (q) introduced by Han and
Zeng (see formula (17) in [15]). By definition,

where the polynomials C,(x, q) are defined by C;(x, ) = 1 and

(1 4+ gx)C—1(1+gx, @) — xCo_1(X, @)

n>2.
14+gx —x

Ca(x, @) = (1+gx)

Corollary 2.4. h,(q) = Cni1(q).

Proof. Formula (18) in [15] gives a continued fraction form of the generating function of the
polynomials ¢;,(q). Comparing this formula with (2.4) and using the equations

2n
<2> =(A+¢+q¢ 4+ -+ HA+q+¢ +---+¢"?),
q

2n+1
( 5 ) =(+¢+q" +-+¢"HA+q+q + - +q"),
q

we obtain Fln(q) =C1(@). O

Finally, we note that specializing to ¢ = 1, one derives the continued fraction formulas due to
Viennot for the generating functions of the (normalized) median Genocchi numbers (see [4,7,19,21]).

Acknowledgments

We are grateful to Michael Finkelberg and Sergei Lando for useful discussions and to the referee
for pointing out the continued fraction formula in [15]. This work was partially supported by the
Russian President Grant MK-3312.2012.1, by the Dynasty Foundation, by the AG Laboratory HSE, RF
government grant, ag. 11.G34.31.0023, and by the RFBR grants 12-01-00070 and 12-01-00944. This
study comprises research findings from ‘Representation Theory in Geometry and in Mathematical
Physics’ carried out within The National Research University Higher School of Economics Academic
Fund Program in 2012, grant No 12-05-0014. This study was carried out within The National Research
University Higher School of Economics Academic Fund Program in 2012-2013, research grant No.
11-01-0017.

References

[1] D. Barsky, Congruences pour les nombres de Genocchi de 2e espéce, Groupe d’étude d’Analyse ultramétrique, 8e année,
no. 34, 1980/81, 13 pp.

[2] G. Cerulli Irelli, E. Feigin, M. Reineke, Quiver Grassmannians and degenerate flag varieties, Algebra Number Theory
(in press), arXiv:1106.2399.

[3] H. Dellac, Problem 1735, L'Intermédiaire Math. 7 (1900) 9-10.



1918 E. Feigin / European Journal of Combinatorics 33 (2012) 1913-1918

[4] D. Dumont, Interprétations combinatoires des nombres de Genocchi, Duke Math. J. 41 (1974) 305-318.
[5] D. Dumont, A. Randrianarivony, Dérangements et nombres de Genocchi, Discrete Math. 132 (1994) 37-49.
[6] D. Dumont, G. Viennot, A combinatorial interpretation of the Seidel generation of Genocchi numbers, Discrete Math. 6
(1980) 77-87.
[7] D. Dumont, ]. Zeng, Further results on Euler and Genocchi numbers, Aequationes Math. 47 (1994) 31-42.
[8] E. Feigin, GQ” degeneration of flag varieties, arXiv:1007.0646.
[9] E. Feigin, Degenerate flag varieties and the median Genocchi numbers, Math. Res. Lett. 18 (6) (2011) 1-16.
[10] E. Feigin, M. Finkelberg, Degenerate flag varieties of type A: Frobenius splitting and BWB theorem, arXiv:1103.1491.
[11] E. Feigin, M. Finkelberg, P. Littelmann, Symplectic degenerate flag varieties, arXiv:1106.1399.
[12] P. Flajolet, Combinatorial aspects of continued fractions, in: Combinatorics 79 (Proc. Colloq., Univ. Montreal, Montreal,
Que., 1979), Part I, Ann. Discrete Math. 9 (1980) 217-222.
[13] W. Fulton, Young Tableaux, with Applications to Representation Theory and Geometry, Cambridge University Press, 1997.
[14] L Gessel, Applications of the classical umbral calculus, Algebra Universalis 49 (2003) 397-434.
[15] G.-N. Han, J. Zeng, On a g-sequence that generalizes the median Genocchi numbers, Ann. Sci. Math. Québec 23 (1999)
63-72.
[16] G.Han,].Zeng, g-Polynomes de Gandhi et statistique de Denert, Discrete Math. 205 (1-3) (1999) 119-143.
[17] G.Kreweras, Sur les permutations comptées par les nombres de Genocchi de 1-iére et 2-iéme espéce, Electron. J. Combin.
18 (1997) 49-58.
[18] N.J.A. Sloane, Sequence A000366, The On-Line Encyclopedia of Integer Sequences, http://oeis.org.
[19] X.G. Viennot, Interprétations combinatoires des nombres d’Euler et Genocchi, Séminaire de Théorie des Nombres, Année
1980-1981, exposé no. 11.
[20] G. Viennot, Interprétations combinatoires des nombres d’Euler et de Genocchi, Seminar on Number Theory, 1981/1982,
No. 11, 94 pp., Univ. Bordeaux I, Talence, 1982.
[21] G.Viennot, Une théorie combinatoire des polynomes orthogonaux généraux. Note de conférence, Université du Quebec a
Montreal, 1983.
[22] ]. Zeng, J. Zhou, A g-analog of the Seidel generation of Genocchi numbers, European J. Combin. (2006) 364-381.



