Available online at www.sciencedirect.com _
JOURNAL OF

SCIENCE DIRECT?® .

@ Functional
" Analysis
ELSEVIER Journal of Functional Analysis 225 (2005) 247-262

www.elsevier.com/locate/jfa

Regular Carathéodory-type selectors under no
convexity assumptions

V.V. ChistyakoW, A. Nowalk® *

3Department of Mathematics, State University Higher School of Economics,
Bol'shaya Pecherskaya Street 25, Nizhny Novgorod 603600, Russia
binstitute of Mathematics, Silesian University, PL-40-007 Katowice, Poland

Received 1 February 2003; accepted 22 March 2005
Communicated by R. Howe
Available online 21 June 2005

Abstract

We prove the existence of Carathéodory-type selectors (that is, measurable in the first variable
and having certain regularity properties like Lipschitz continuity, absolute continuity or bounded
variation in the second variable) for multifunctions mapping the product of a measurable space
and an interval into compact subsets of a metric space or metric semigroup.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to obtain the existence of Carathéodory-type selectors
(i.e., measurable in the first variable and having certain regularity in the second variable)
for multifunctions of two variables with compact values.

By the axiom of choice, any multifunction with nonempty images admits a selector.
Usually one is interested in selectors satisfying some regularity properties such as, e.g.,
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continuity, measurability, etc. The fundamental result on the existence of continuous
selectors for convex-valued multifunctions was given by Mich2d]. The existence

of measurable selectors for multifunctions on a measurable space with closed val-
ues from a complete separable metric space was proved by Kuratowski and Ryll-
Nardzewski [22]. The study of Carathéodory selectors for multifunctions of two vari-
ables was initiated by Castaing [3,4] and Cellina [6], which was motivated by ap-
plications to differential inclusions. This adopts methods and results developed in
the theories of continuous and measurable selections (see Kucia [20] and references
therein). In those works the attention was paid to convex-valued multifunctions (re-
call that a continuous multifunction with nonconvex values might admit no continuous
selector [16,24]).

The existence of regular selectors (i.e., preserving the properties of multifunctions) for
nonconvex-valued multifunctions of one real variable which are Lipschitzian,
absolutely continuous or of bounded variation were treated by Belov and Chistyakov [1],
Chistyakov [7-12], Hermes [17], Mordukhovich [25], Qiji [26] ar&lgzak [28]. The
last author [28, Theorem 5] proved the existence of selectors for nonconvex valued
multifunctions of two variables which are continuous in the first variable and Lipschitz
continuous in the second variable.

Let F be a multifunction defined on the product of a measurable space and an
interval. In this paper, we are interested in finding those selectoFswfiich preserve
measurability in the first variable and regularity properties like Lipschitz continuity,
absolute continuity or bounded variation in the second varigble order to do this, we
introduce a new multifunction with nonempty values (according to the results described
in the last paragraph) which maps the measurable varigliiéo the set of regular
selectors of the one-variable multifunction— F(z, x), and then apply the graph-
conditioned measurable selection theorems due to Brown and Purves [2] and Leese [23]
(see also the survey by Wagner [29]). This approach to Carathéodory-type selectors was
proposed by Castaing in [4].

The paper is organized as follows. Section 2 contains preliminaries and the formula-
tion of the problem. In Section 3, we prove the existence of selectors for Carathéodory-
type multifunctions which are Lipschitz continuous or continuous and of bounded
variation in the second variable (Theorem 1). In Section 4, we endow the spaces of map-
pings of bounded variation and absolutely continuous mappings with the structure of a
metric semigroup (Theorem 2), which permits us to obtain, in Section 5, the existence
of selectors for Carathéodory-type multifunctions which are absolutely continuous or
of bounded variation in the second variable (Theorems 3 and 4). Some open problems
are enlisted at the end of the paper.

2. Preliminaries and statement of the problem

We begin with reviewing certain definitions and known facts needed for our results.
Let X be an interval (open, closed, half-closed, bounded or not) on the reaRline
and (Y, d) be a metric space with metrid.
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Given a mappingf : X — Y, the quantity (finite or not)

V() = Va(f. X) = sup{z d(fG). f(xiod) P = {xi}g

i=1

with the supremum taken over all partitios= {x;}i" ;, of X (i.e.m € N, {xo, x1, ...,
xmt C X andx;—1 < x;, i = 1,...,m) is called thetotal (Jordan) variation of f
on X If V(f) < oo, we say that the mappin§ is of bounded variationand write
f eBV(X,Y).

Recall that a mapping : X — Y is said to belLipschitzianif the following quantity,
called the fninimal Lipschitz constant of, fis finite:

L(f) = La(f, X) =sup{d(f(x), f(xX) ] 1x = x| :x,x" € X, x # x'};

in this case we writef € Lip(X, Y).

A mapping f:X — Y is said to be absolutely continuous(in symbols,
f € AC(X,Y)) if f € BV(X,Y) (this condition is redundant iX is compact)
and for eachs > 0 there exists a numbe¥(s) > 0 (depending orf, in general)
such that ifn € N, {a;,b;}!_; C X, a1 < b1<az < b2<---<a, < b, and } ;"
(bi —a;)<d(e), then Y"1 d(f (b)), f(a;i)) <e. We will also call the mappind (more
precisely)d(-)-absolutely continuousNote that LigX, Y) ¢ BV (X, Y) if X is bounded,
and AX,Y) Cc BV(X,Y).

Below C(X, Y) stands for the family of all continuous mappingis X — Y, endowed
with the compact-open topology (i.e. the uniform convergence on compact subsets of
X). It is known that ifY is a Polish space (i.e. complete and separable), theh £)
is metrizable by a complete metric and separable.

If A, B C Y are nonempty subsets, ti#ausdorff distanceD = D; between A and
B is defined by (e.g[5, Chapter II])

D(A, B) = max{e(A, B), e(B, A)},

where e¢(A, B) = sugdist(y, B) : y € A} and dist(y, B)=inf{d(y,y’) : y' € B}. It is
well known that the mappind (-, -) is a metric called theHausdorff metric induced
(or generatedl by d on the set of all nonempty closed bounded subsets afd, in
particular, on the set’(Y) of all nonempty compact subsets 6f Note also that ifY
is Polish, thenC(Y) is also Polish (se¢5, Theorem 11-9]).

Let E and Z be two nonempty sets. Anultifunction® from E into Z(in symbols,
® : £ = Z) is a mapping associating to each paird £ a nonempty subseb(r) C Z,
theimage of t unde®. By thegraph of ® we mean the set @b = {(¢,2) e ExZ:z €
®(r)}. A mappingg: E — Z is called aselector of® if Gr ¢ c Gr® or, equivalently,
if o(t) e ®() forall reE.

If X ¢ Ris an interval andY, d) is a metric space, a multifunctiof : X = Y with
compact images is said to b bounded variation on Xrespectively,Lipschitzian
on X or J(-)-absolutely continuous on)Xf it is of bounded variation (respectively,
Lipschitzian ord(-)-absolutely continuous) as a mappidg: X — (K(Y), D) in the
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above sense, wherB is the Hausdorff metric induced bg. For such a multifunc-
tion we will use the notationF € BV (X, K(Y)) (respectively,F € Lip(X, K(Y)) or
F € AC(X, K(Y))).
The following theorem gives sufficient conditions for the existence of regular selectors
for a compact-valued multifunction defined on an interval.

Theorem A. Suppose thatX ¢ R is an interval (Y,d) is a metric spaceD is
the Hausdorff metric on’C(Y) induced by dxp € X and yp € Y are fixed and
F:X — K(Y) is a given multifunction. We have

(i) if F is of bounded variationthen it admits a selectorf : X — Y of bounded
variation such that

d(yo, f(x0)) =dist(yo, F(x0)) and Vi(f, X)<Vp(F, X); @

(i) if F is of bounded variation and continuguthen it admits a continuous selector
f of bounded variation satisfyinfl);

(iii) if F is Lipschitzian, then it admits a Lipschitzian selector f satisfyjhgand such
that La(f, X)<Lp(F, X);

(iv) if Fis o(-)-absolutely continuoyghen it has ad(-)-absolutely continuous selector
satisfying(1).

Theorem A(i) is due to Chistyakov ([7, Theorem 9.1]; [8, Theorem 6.1(b)];
[9, Theorem 4] ifY is a Banach space, dith<oco and GrF is compact) and Belov
and Chistyakov ([1, Theorem 2] in the general case). Continuous selectors in Theo-
rem A(ii) and Lipschitzian selectors in Theorem A(iii) were established by Hermes
([17, Theorem 2] if dim¥ < o0), Kikuchi and Tomita ([19, Theorem 1] if diffi < oo
and F is convex-valued), Mordukhovich ([25, Theorem D1.8]Yifis a Banach space,
dimY <oo and GrF is compact) andSlezak ([28, Theorem 1] in the general case).
In addition, the existence of selectors of bounded variation in Theorem A(ii), (iii) and
property (1) was proved by Chistyakov [7, Theorem 9.2]; [8, Theorem 6.1(a), (c)];
[10, Theorem 13] and Belov and Chistyakov [1, Theorem 3(a), (b)]. Theorem A(iv) is
due to Kikuchi and Tomita ([19, Theorem 2] with continuous selectors, ¥im oo
and F convex-valued), Qiji ([26] if dimlf < oo0), Chistyakov ([8, Theorem 6.1(d)];
[11, Theorem 5.1] if din¥ <oo and GrF is compact) and Belov and Chistyakov ([1,
Theorem 3(c)] in the general case).

It is well known that a continuous compact-valued multifunction defined on an
interval need not have a continuous selector (see the/sirrgample of Michael [24]
or Hermes [16, Example 1]). Even a Hdolder continuous of any exponentoaO< 1
compact-valued multifunction on an interval may have no continuous selector (see
[13, Proposition 8.2]).

In order to formulate our main results, we introduce further terminology.

Let (T, M) be a measurable space with thdield M andZ be a topological space.
We denote byB(Z) the Borelo-field on Z.
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Recall that a mappingp:T — Z is said to bemeasurableif for each open
U c Z the inverse imagep X (U) = {t € T : ¢(t) € U} belongs toM. We say
that a multifunction® : T = Z is measurableif for each openU c Z the preimage
O (U)={teT:Pr)NU # I} belongs toM. If Z is metrizable and separable, and
® is measurable and closed-valued, thendGr M ® B(Z) (see e.g. Himmelber@l,
Theorem 3.5]), where\l ® B(Z) is the products-field of ¢-fields M and B(Z).

Denote byt and 9t*, respectively, the sets of infinite and finite sequences of positive
integers. LetF be a family of sets. We sag§ is a Suslin familyif for each function
A 0" — F the set defined as

U m A(o1,...,0y)

oeM n=1

is also in F (Christensen[14] says thatF is closed with respect to the Suslin
operation).

Recall that ac-field M is a Suslin family provided one of the following three
conditions is satisfied [21, p. 95]; [14, pp. 23-24]: () is complete with respect to
a o-finite measure; (ii)T is a topological space and1 is the family of all sets with
the Baire property; (iii)T is a locally compact topological space and is the family
of all subsets oflf measurable with respect to a Radon measurd.on

In order to prove the existence of regular selectors for Carathéodory-type multi-
functions corresponding to Theorem A we shall use the following graph-conditioned
measurable selection theorem:

Theorem B. (i) Let (T, M) be a measurable spacg be a Polish spaceand®: T = Z
be a multifunction. IfM is a Suslin family andGr® € M ® B(Z), then ® has a
measurable selector.

(i) Suppose that T and Z are Polish spacgg = B(T), and ® : T=2Z is a
og-compact-valued multifunction with Borel graph. Thénadmits a Borel-measurable
selector.

Theorem B(i) was given by Leese [23, Corollary to Theorem 7]; it is a generalization
of results of Yankov and von Neumann (see [29]). Theorem B(ii) is due to Brown and
Purves [2].

We shall also use the following projection theorem (see, e.g., [14, Theorem 1.3]):

Theorem C. Let (T, M) be a measurable space and Z be a Polish spacgélis a
Suslin family, then for eacd € M ® B(Z) its projectionProj; A belongs toM.

Let X c R be an interval,(Y,d) be a metric space anidbe a mapping from the
productT x X into Y. If x € X is fixed, we define the mapping(-,x) : T — Y by
fC,x)(@) = f(t,x) forallr € T, and similarly, ifr € T is fixed, we define the mapping
f@,): X —>Y by f(¢t, )x) = f(t,x) for all x € X. We say thatf:T x X — Y
is Carathéodory(Carathéodory—Lipschi)zif f(-, x) is measurable for alk € X and
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f@t,-) € C(X,Y) (respectively, f(t,-) € Lip(X,Y)) for all + € T; in other words,
this is expressed ad:is measurable in the first variablee T and is continuous
(respectively, Lipschitzian) in the second variables X. A similar definition applies
to a multifunctionF : T x X =Y with compact images.

We shall deal with the following problem (cf. Theorem A). Given a multifunction
F:TxX— K),xe€ X and¢:T — Y a measurable mapping, does there exist a
selectorf of F satisfying the condition

d (&), f(t,x0) =dist (¢(t), F(t,x0)) for all reT (2)

and the same regularity properties as the multifunckq.g., measurability in the first
variablet and Lipschitz continuity in the second variablg? Note that ifé is a (mea-
surable) selector of (-, xg), then condition 2) can be rewritten in the fornf (z, xg) =
&(t). The answers to the above question are contained in the three main theorems of
this paper, namely, Theorem 1 in Section 3 (corresponding to Theorem A(iii), (ii)) and
Theorems 3 and 4 in Section 5 (which are parametrized versions of Theorem A(iv), (i)),
and the selectors obtained fdt are calledregular. Section 4 is preparatory for
Theorems 3 and 4.

A few final remarks are in order. A functioff : R x R — R which is measurable
in the first and is of bounded variation in the second variable need not be Lebesgue
measurable: for instance, the characteristic function of the Sierpinski set (see Gelbaum
and Olmsted [15, Example 10.21]) is upper semicontinuous and of bounded variation
in each variable separately, but it is not Lebesgue measurable. On the other hand,
a mapping measurable in the first variable and continuous in the second variable is
product-measurable. More precisely, @, M) be a measurable spack,andY be
two metric spaces witlX separable, ang' : T x X — Y be measurable in the first and
continuous in the second variable. Theis M ® B(X)-measurable. Let us note that
assumptions orX andY can be weakened (see [20, Corollary 1, p. 315]).

3. Carathéodory-type selectors: part 1

The first main result of this paper is a theorem on the existence of Carathéodory—
Lipschitz selectors and Carathéodory selectors of bounded variation in the second vari-
able corresponding to Theorem A(iii) and (ii):

Theorem 1. Let (T, M) be a measurable spac& C R an interval (Y, d) a Polish
space D the Hausdorff metric onC(Y) induced by dxg € X fixed ¢:T — Y
a measurable mappingand F: T x X — K(Y) be a Carathéodory multifunction.
We have

(a) if either M is a Suslin family or T is Polish and1 = B(T), and F is Carathéodory
—Lipschitz then F admits a Carathéodory—Lipschitz selectpr7 x X — Y
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satisfying the inequality
Va(f(t,),X) <Vp(F(t,-),X) forall teT, (3

condition (2) and such thatL, (f(¢,-), X) <Lp (F(t,-), X) forall t e T;

(b) if M is a Suslin family andF (¢, -) € BV(X, K(Y)) for all + € T, then F admits
a Carathéodory selector f of bounded variation in the second variable satisfying
conditions(2) and (3).

Proof. (a) Define a new multifunctio® from T into C(X, Y) by

®(r) ={u € C(X,Y) : uis a Lipschitzian selector of'(¢, -) such that

d(&(t), u(xp)) = dist(E(r), F(t, x0)),
Las(u,X)<Lp(F(t,-),X) and

Vau, )< Vp(F(t,-),X)}, teT.

Because of Theorem A(iiiYp(r) # & for all t € T (if, for somer € T, Vp(F(t, ), X)
is not finite, the last inequality in the definition di(r) is redundant). Note that i :

T — C(X,Y) is a measurable selector @f, then the functionf:T x X — Y given
by f(t,x) = @()(x) is a required Carathéodory-Lipschitz selectorFofin fact, it
suffices to verify that the mapping(-, x) is measurable for each e X. Givenx € X
and Uy C Y open, we sel/ = {u € C(X,Y):u(x) € Uy}, so that

N Uy =t eT:p()(x) eUy)={t € T: @) € U} = o~ X(U).

SinceU is open in GX,Y) and ¢ is measurablep=1(U) € M.

Hence, we shall look for measurable selectors®ofin order to apply the graph-
conditioned measurable selection Theorems B(i) and (ii), we will show thak &r
M® B(C(X, Y)) and ® is compact-valued.

Note thatZ : T — R defined byi(t) = Lp(F(t,-),X), t € T, is a measurable
function. Indeed A(r) = supu(z, x, x"):x,x’ € X,x # x'}, whereu is a real-valued
function defined on the product df and X x X without the diagonal by the formula
w(t, x,x"y = D(F(t, x), F(¢t,x"))/|x — x'|, and so,u is measurable i and continuous
in (x, x). Consequently,

A1) = sup{u(t, x,x"):x, x' € X are rational andr # x'},

which proves thatl is measurable.
Letoa, 0,7, v:T xC(X,Y) > RU{oo} and f: C(X,Y) > RU {occ} be auxiliary
functions defined for € T andu € C(X, Y) by

oft, u) = sup{dist(u(x), F(t,x)):x € X},
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Bu) = supld(u(x), u(x"))/|1x — x'|:x, x" € X, x # x'},
o, u) = |d(&(1), u(xo)) — dist((1), F(t, x0))l,
v(t,u) = Vy(u, X) — Vp(F(t,-), X) if Vp(F(t,-), X) is finite, and
v(t, u) = 0 otherwise

y(t, u) = suga(t, u), o(t, u), f(u) — A@), v(t, u)}.

We have G = {(t,u) € T x C(X,Y):y(t,u)<0}. Now we show thaty is
M ® B(C(X, Y))-measurable and lower semicontinuousuin

The function(z, u, x) — dist(u(x), F(z, x)) is measurable in and continuous iru
andx. Thus, for each fixed € X itis M®B(C(X, Y))-measurable. We havgt, u) =
supld(u(x), F(t,x)):x € X is rationa} by virtue of the continuity inx. Consequently,

o is product-measurable. Note that for each fixed T, a(z, -) is lower semicontinuous,
being the supremum of continuous functians— dist (u(x), F(z, x)), x € X.

Similarly, for eachx, x’ € X, x # x/, the functionu — d(u(x), u(x"))/|x — x'| is
continuous. Thusf is lower semicontinuous.

The real-valued functiod is measurable ihand continuous i, and hence, product-
measurable.

The functionu — V;(u, X) is lower semicontinuous (sg8, Proposition 2.1(V7)]).
Since F is Carathéodory, the function — Vp(F(z,-), X) is measurable. In fact,
for each partitionP = {x;}/_, of X the sum} /", D(F(z,x;), F(t,x;_p) depends
measurably ort. Since the total variatiorVp(F(z, ), X) is the supremum of these
sums over all rational partitionB of X, it is measurable. We conclude that the function
v is M ® B(C(X, Y))-measurable and lower semicontinuousuin

In this way we have proved thatis product-measurable and lower semicontinuous
in u. Hence, G € M ® B(C(X, Y)).

If M is a Suslin family, then Theorem B(i) yields the existence of a measurable
selectorp of @.

Now assume thal is a Polish space and1 = B(T). We have already established
that Gr® € B(T) ® B(C(X,Y)). Note that this product-field coincides withB(T x
C(X,Y)), and so, the graph @b is Borel. Sincey is lower semicontinuous ia, ®(t) is
closed in GX, Y) for eachr € T. Givenu € ®(r) andx € X, we have:Ly(u, X) <A(),
and u(x) belongs to the compact sét(z, x). By the Arzela—Ascoli theoremp(z) is
a compact subset of (@, Y). An application of Theorem B(ii) completes the proof of
item (a).

(b) Let a multifunction® : T = C(X, Y) be defined by

O() ={u e C(X,Y) : uis a selector ofF (¢, -) such that

d(&(), u(xo)) = dist(E(r), F(t, xo)) and
Va(u, X\)SVp(F(t,-), X)), teT.
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By Theorem A(ii), the imageb(r) is nonempty for every € T. Since, as is already
shown, the functions, 6 and v from step (a) areM ® B(C(X, Y))-measurable, the
functiony : T x C(X,Y) — [0, co] defined by

y(t, u) = supa(t, u), o, u),v(t,u)}, t € T, u € C(X,Y),

is also product-measurable. Consequently, the grapl &r{(t,u) € T x C(X,Y):y
(t, u) <0} of @ is measurable. By Theorem B(ip, admits a measurable selectpr T x

X — Y. Now, setting f (¢, x) = ¢(r)(x), (t,x) € T x X, we obtain a Carathéodory
selectorf of F with desired properties. ]

We note that for multifunctionsF: T x X — K(Y) with T a topological space,
continuous selectors, which are Lipschitzian in the second variable, were established
by Slezak[28, Theorem 5].

Before we turn to parametrized counterparts of Theorem A(i), (iv), we are going to
study metric semigroups of mappings of bounded variation.

4. Macses of mappings of bounded variation

Recall (cf. [12]) that a triplaY, d, +) is called ametric additive commutative semi-
group (macs for short) if (Y, d) is a metric space(Y, +) is an additive commutative
semigroup andd is translation invariant, i.ed(y + y”,y' + y”) = d(y,y’) for all
v,y,y" €Y. Amacs(Y,d, +) is calledcomplete(respectively,Polish) if (Y,d) is a
complete (respectively, Polish) metric space.

Simple examples of macses are any normed linear sp#cg - ||) with metric
dy,y)=1ly—yl,y, y €Y, and a nonempty convex coré C Y (ie., K+ K Cc K
and AK C K, 2>0). The following example is more interesting. LE(Y) be the
family of all nonempty compact convex subsets of a real normed linear gfage||)
equipped with the Hausdorff metria generated by the nort||. SinceD is translation
invariant onK¢(Y) (cf. [27, Lemma 3]), the triplgc(Y), D, +) is a macs, where the
addition operation (the Minkowski sum) is defined Byt B ={a +b:a € A, b € B}
for A, B € K¢(Y). Recall also that ifY is a Banach (separable Banach) space, then
this macs is a complete (Polish) macs (see [5, Theorems [I-9 and 11-14]).

If (Y,d,+) is a macs, then, due to the translation invariancal @ind the triangle
inequality ford, for all u, v, p,q € Y we have

du,v) <d(p,q)+du+ p,v+q), 4)
du+p,v+q) <du,v)+d(p,q). (%)

Inequality 6) implies that the addition operatio:, v) — u + v iS a continuous
mapping fromY x Y into Y; more generally, ifu, - u, v, —> v, p, > p andg, — ¢
inY asn — oo, then lim,_ o0 d(u, + vy, pn +qn) =dw +v, p+q).

Let X ¢ R be an intervalx? € X be fixed and(Y, d, +) be a macs.
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We endow the sets B\, Y) and AQ X, Y) with the pointwise addition operatiof
and a metricdy as follows:

dy(f,g) =dv(f. g, X) =d(f(x%), g% + Af, &), (6)

where

A, @) = A(f, g, X) =sup)_ d (f(xi) + g(xi-1), g(xi) + f(xi-1)) )

i=1

and the supremum is taken over all partitiops}?” , C X (m € N) of X. We note
that a metric of form §)—(7) on the space BN\, Y) (with (S, | - |) a Banach space,
X = [a,b]l, Y = Kc(S), d = Dy and + the Minkowski sum) was used by Za-
wadzka [30] for the characterization of set-valued Lipschitzian (Nemytskii) operators
of substitution mapping B¥X, S) into BV(X, Kc(S)).

The mapping A(-,-) is a translation invariant semimetric on BX¥,Y) (see
Theorem 2(a); the triangle inequality fa(-, -) is a consequence of (4) and the trans-
lation invariance ofd). Its main properties are gathered in the following:

Theorem 2. For any two mappings, fg € BV(X, Y) we have

(@) 1d(f(x), g(x)) —d(f(x"), g(xNI<d(f(x) + g(x), g(x) + f(x) <A(f, g) for all
X, x' € X;

(b) supcy d(f(x), g(x)<dy(f. g):

(©) if {fu};q, {gn}ooq CBV(X,Y) and f, — f, g» — g in metric d pointwise on X
as n — oo, then A(f, g) < liminf,— o A(fu, &n);

(d) V() = VQISAL, 9 <V () + V(g

(€) A(f, g, X) = A(f, g, X N (=00, x]) + A(f, g, X N[x, 00)).

Consequentlyif (Y,d,+) is a (complet¢ macs then (BV(X,Y),dy,+) is also a
(completg¢ macs. A similar assertion holds for the spa&€(X, Y).

Proof. 1. (a), (b) The first inequality follows from4}, and the second one is a conse-
quence of the definition oA(., ). Item (b) readily follows from the definition ofy
and item (a).

(c) Suppose that = liminf,_ .. A(fs, gn) is finite. Then there exists a subsequence
{ni}p2, of {n}>2, such thatZ = lim;_. oo A(fy. gn,)- The pointwise convergence of
fn, tofandg,, togask — oo and the continuity of the addition operationYryield,
for all x,x’ € X,

k'LmOO d (fur ) + g (), 8 (0) + fu 1)) = d (f(x) + g(x), g(x) + f(x)) .

From the definition ofA(f,,, g,) for any partition{x;}/" ; of X we have

d (fnk(xi) + &ny (xi—2, 8ny (x;) + fnk(xi—il)) gA(fnkv gnk)s ke N.

m
i=1
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Passing to the limit a& — oo in this inequality and then taking the supremum over
all partitions of X we arrive at the desired inequality.
(d) Applying @) for all x,x’ € X we have

d(f(x), f(x") <d (g(x), (") +d (f(x) + g, g(x) + f(x)

and so,V(f)<V(g)+A(f, g), which implies the first inequality. To obtain the second
inequality, it suffices to note frombj that, for allx, x’ € X,

d(f(x)+g(x), gx) + f(x)) <d (f(x), fF(x)) +d (gx), gx).

(e) Let us fixx € X and denote byA[f, g, P] the finite sum under the supremum
sign in (7) corresponding to the partitioR = {x;}"" , of X. If P, and P, are arbitrary
partitions of XN (—o0, x] and X N[x, oo), respectively, we sef’j =P;U{x}, j=12,
so thatP, U P, is a partition ofX. Consequently,

ALf.g. Pl + ALf. g. P2l < Alf.g. P+ Alf. g. Py
= Alf, g, PLU P2I<A(f, g, X),

which implies that the right-hand side in (e) does not exceed the left-hand side. In
order to prove the reverse inequality, I€t = {x;}i" , be a partition ofX. Clearly,
Alf, g, P] is less then or equal to the right-hand side in (exiE P or x < xg or

xm < x. S0, suppose that;_1 < x < x; for somek € {1,...,m}. By virtue of (4)

and the translation invariance df we get

d (f(xp) + g(xr—, g(xx) + f(-) <d (f (%) + g(xk—1, g(x) + f(xx-D)
+d (f (xx) + g (-0 + g(x) + f(x-0, g(xa) + f (- + f(x) + g(xx-1)
=d (f(x) + 8-, g(x) + fxx-1) +d (f (xx) + g(x), g(xx) + f(x)) .

It follows that

Alf, g, P1 < ALf, g, (i g U+ ALS g, ) U {x ), ]
< A(fv g,Xﬂ (_Oo,x]) +A(fv g,Xﬂ [.X, OO))

2. That BM(X, Y) is a macs follows from the above definition, item (b), and triangle
inequalities for and the translation invariancedif, -) and A(:, -).

Suppose thaty is complete. Let us prove that BX,Y) is also complete. Let
{fu);21 C BV(X,Y) be a Cauchy sequence:

Ay (fas f) = d(£2(x0), fn () + A(fu, f) = 0 a@s n, m — oo. ®)
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By item (b), the sequencgf,(x)};° , is Cauchy inY for all x € X, and so, since is
complete, there is a mapping: X — Y such thatd(f,(x), f(x)) - 0 asn — oo for
all x € X. By item (d) and 8), the sequencéV(f,)} >, is Cauchy inR, and so, it
is bounded and convergent. Taking into account the lower semicontinuii(-9f(e.qg.
[8, Proposition 2.1(V7)]) we find thaV (f) < liminf,_ - V(f,) < oo, that is,f is of
bounded variation oX. Iltem (c) implies

Ay, H<IMInf Ay, fo) < M dy(fu, f) €10,00), n € N.

Again, becausg f,}°° ; is Cauchy in BVX,Y), we have

lim sup A(fm f) < lim lim dV(fm fm) =0,
n—00 m—»00

n— o0

whence we conclude thaty (f,, f) — 0 asn — oc.

3. The same arguments as in step 2 apply for the spade& AQ). The only thing
we need to verify is that the limit is in AC(X, Y) provided{f,}>>; C AC(X,Y) is
Cauchy. Giverw € X andn € N, we setX, = X N (—oo, x], v,(x) = V(f,, X,) and
v(x) = V(f, X,). By item (d),

() —v(x] and |V, —v, X)I<AS, £, X) >0 as n—o0 (9
(the second inequality ir9§ will be proved later in this proof), and so, the sequence of
real absolutely continuous functiomg (cf. [8, Lemma 3.3]) tends te in the norm of
AC(X, R) which is given by|v|jac = [v(x®)|+ V (v, X). Since AGX, R) is a Banach
space,v € AC(X, R), which, in turn (cf. [8, Lemma 3.2]), giveg € AC(X, Y).

To prove the second inequality in (9), Iét;} ; C X be a partition ofX of the
form xg < x1 < -+ < xpm—1 < xp,. Applying items (e) and (d), we have

D A=) = = EiD| = Y IV (o, Ixicn, iD=V (f, [xio1, xiD)]

i=1 i=1
< D AU £ Ixie1, xiD) = Alfa, f, [X0, Xm])
i=1

< Alfus £ X).

It remains to take into account the arbitrariness of the partitioy” ,. [

5. Carathéodory-type selectors: part 2

Our next result deals with Carathéodory selectors which are absolutely continuous
in the second variable.
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Theorem 3. Let (T, M) be a measurable space witht a Suslin family X ¢ R an
interval, (Y,d,+) a Polish macsD the Hausdorff metric oriC(Y) generated by d
xo € X fixed ¢{: T — Y a measurable mappingnd F: T x X — K(Y) be a multifunc-
tion measurable in t and absolutely continuous inSuppose thatAC(X, Y), dy) is
separable. Then F has a selectpr T x X — Y measurable in,tabsolutely continuous
in x and satisfying condition§) and (3).

Proof. We argue in the same way as in the proof of Theorem 1. Let a new multifunction
®: T = AC(X,Y) be defined by

O(t) ={u € AC(X,Y) : uis a selector ofF (¢, -) such that

d(E(1), u(xo)) = dist(£(2), F (7, xo0)) and
Va(u, X)<Vp(F(t,),X)}, teT.

We know from Theorem A(iv) thatd has nonempty values. In order to apply
Theorem B(i), we have to prove that ®re M ® B(AC(X,Y)).
Let o, 0, v and y be the restrictions td" x AC(X, Y) of corresponding auxiliary

functions from the proof of Theorem 1(b). The graphdofs given by Grd = {(¢, u) €

T x AC(X,Y) : y(t,u)<0}. Since the topology of AKX, Y) generated by the metric
dy is stronger than the topology induced fron{XCY), the traces-field AC(X,Y) N
B(C(X,Y)) is contained inB(AC(X, Y)). Consequently, the functions, ¢, v and y
are M ® B(AC(X, Y))-measurable. Hence, the graph ®fis product-measurable.]

Remark 1. If X is a compact interval then the space ACR") is separable. In this
case thedy metric is generated by the norm

Ifllac = I1£ O] +/X £ ) lldx,

where || - || is the norm onR".

Finally, we give a parametrized version of Theorem A(i). (&t d, +) be a macs
and F: T x X — K(Y) a multifunction. Suppose that: T — [0, co] is a measurable
majorant of the total variation of'(z, ), i.e., Vp(F(t,-), X)<v() for all r € T.
Similarly as in the previous proofs we define a new multifunctibn 7T =BV (X, Y)

by
O(t) ={u e BV(X,Y) : u is a selector ofF (¢, -) such that
d(C(t), u(xo)) = dist(c(r), F(t, x0)) and

Vau, X)<v(@)}, teT,
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and show thatd has a measurable selector. The spacgBVW) is considered with
the metricdy .

Theorem 4. Let (T, M) be a measurable space with a Suslin family X c R
an interval (Y, d,+) a Polish macsD the Hausdorff metric oriC(Y) generated by
d, xop € X fixed &:T — Y a measurable mappingand F: 7T x X — K(Y) be a
M ® B(X)-measurable multifunction such tha&t(z, -) € BV (X, K(Y)) for eachr € T.
Suppose thatd(T) = | J{®(¢) : t € T} is a separable subspace 8V (X, Y). Then F
admits aM ® B(X)-measurable selector Which is of bounded variation in the second
variable x and satisfies condition&) and V,(f(z, -), X) <v(t) for everyt € T.

Proof. Let Z be the closure ofb(T) in BV(X, Y). SuchZ is a Polish space. We are
going to prove that G0 € M ® B(Z). Leta, 0 : T x Z — [0, co] be defined as in
the proof of Theorem 1(a). Defing: T x Z — [0, co] by

y(t, u) = supo(t, u), (t,u), Va(u, X) — v(®)}.

Again Gr® = {(r,u) € T x Z : (¢, u) <0}.

Let f: T x X x Z — [0, oo] be given byf(¢, x, u) = dist(u(x), F(t, x)). Fixu € Z.
Being a function of bounded variation, has at most a countable set of discontinuity
points (cf.[8, Theorem 4.3]). Hence, it is Borel-measurable. Consequefitlyy) is
measurable inz, x). For each real numbar we have

{teT o, u)>r}={teT:p( x,u) >r for somex € X}

Proj;{(t,x) e T x X : B(t, x,u) > r}.

By the Projection Theorem C, the last set belongsMio and hencey is measurable
in t. Let us show that it is continuous m Givent € T anduj, up € Z, we have

|O((t,1/ll) _a(tau2)| g Sun'ﬁ(taxsul) _ﬁ(t7x7u2)| tX € X}

< supd(ug(x), uz(x)) : x € X}<dy (ug, uz).

Thus, o is M ® B(Z)-measurable. It is immediate thétis also product-measurable.
Finally, the function(¢, u) — Vy(u, X) — v(t) is M ® B(Z)-measurable. This is a
consequence of the measurability wfand the lower semicontinuity af — V (u, X).

It follows thaty is product-measurable, and Gre M ® B(Z).

By Theorem B(i),® has a measurable selector:T — Z. In order to complete
the proof, we show thayf : 7 x X — Y, given by f(t,x) = ¢(t)(x), is M ® B(X)-
measurable. LeW : Z x X — Y be the valuation function, i.eWy (u, x) = u(x). Note
that f (¢, x) = W(¢@(2), x). The valuationW is continuous inu and Borel-measurable
in x. Consequently, it i3(Z) ® B(X)-measurable. Thukis product-measurable, as the
superposition of¥ and measurable functiofr, x) — (@), x). O
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Remark 2. The assumption of the separability ®(7') is rather restrictive. Therefore
Theorem4 may be considered as the first step in the study of selectors of bounded
variation depending measurably on a parameter.

Some open problems

(1) It would be interesting to know whether Theorems 1, 3 and 4 hold for an arbitrary
measurable spacd’, M).

(2) In Theorem 3 we have assumed the separability of(&). Is this property
implied automatically by the separability &%

(3) Is it possible to obtain a parametrized version of Theorem A(i) under less re-
strictive assumptions than in Theorem 4?
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Note added in proof

(1) More general assertions than Theorem A above are presented in a recent paper
by V.V. Chistyakov, Selections of bounded variation, J. Appl. Anal. 10 (1) (2004)
1-82.

(2) A deeper insight into functions of two variables which are measurable in the first
variable and of bounded variation in the second variable (cf. the last paragraph
in Section2) can be gained from a recent paper by M. Balcerzak, A. Kucia,
A. Nowak, Regular dependence of total variation on parameters, Real Anal. Ex-
change 29 (2) (2003/2004) 921-930.

(3) Concerning the remark following the proof of Theorenwe should note also
that for multifunctionsF : T x X — K(Y) regular (and continuous) selections,
which are continuous in the first variable and are of bounded generalized Riesz
variation in the second varialbe, were obtained by V.V. Chistyakov, On multi-valued
mappings of finite generalized, variation, Mat. Zametki 71 (4) (2002) 611-632 (in
Russian) (English transl.: Math. Notes 71 (3—4) (2002) 556-575), cf. Theorem 15.
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