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1 Introduction

This article is devoted to study of possible geometric structures of attractors
of typical dynamical systems.

In the most simple cases, an attractor of a dynamical system is a union
of finite set of smooth manifolds. There are widely known examples of sys-
tems whose attractors are locally homeomorphic to a Cartesian product of a
Cantor set by a manifold (say, Smale-Williams solenoid map) or a “Cantor
book” (Lorenz attractor).

Recently, there emerged a few examples of locally typical dynamical sys-
tems having more complicated attractors. In particular, I [I5] introduced
the notion of a bony attractor, and Diaz with various co-authors [3], 4] [5]
introduced a similar notion of a porcupine horseshoe.

In [I5], bony attractors were found in a rather artificial space of step skew
products over a Bernoulli shift. Later in PhD thesis [I6] these results were
extended to the set of diffeomorphisms of the three-dimensional torus. In
this article, we extend the results to the set of diffeomorphisms of T? x S¢
for any sphere S?. We also simplify the proofs and fix some minor problems
found in the proofs.

In the next Section, we shall introduce the required notions and notation,
and formulate the main theorem. After that we shall prove the assertions of
main theorem one by one.

2 Required notions, notation and main theo-
rem

2.1 Maximal attractor and the likely limit set

First, recall two formalizations of the notion of attractor, the likely limit set
and the mazimal attractor.

Definition 1. Let F' : X — X be a continuous dynamical system. The
w-limit set w(zx) of a point x € X is the set of limit points of the positive
semi-orbit F™(z).

Definition 2 (Milnor, [I7]). The likely limit set of a dynamical system F :
X — X on a topological space equipped with a measure is the minimal
closed set Ay (F) such that F™"(z) — An(F) as n — oo for almost every
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point z € X. Equivalently, Ay (F') is the minimal closed set such that
w(z) C Ay (F) for almost every point x € X.

Definition 3. Given a dynamical system F : X — X, F(X) € X, the
mazimal attractor of F' is the intersection

AmaX<F) = ﬂ Fn(X)

n>0

It is easy to show that Ay (F') C Amax(F). Indeed, Apax(F) includes the
w-limit sets of all points x € X.

2.2 Main Theorem

Now we are ready to formulate the main theorem.

Theorem 4 (Main Theorem). There exists a non-empty open subset W of the
set of O? diffeomorphisms on X = T? xS such that for every diffeomorphism
G € U the following holds.

1. There exists a G-invariant topological fibration F¢ of X such that each
fiber is diffeomorphic to S¢.

2. For an uncountable set of fibers F¢(x) of F¢, the likely limit set Ay
intersects F¢(x) on a set with non-empty interior. For such fibers, we
shall say that the closure of the interior of Ayy N FE(x) is a bone.

3. The union of fibers that contain bones is dense in X.

4. For an uncountable set of fibers F¢(x) of F¢, the likely limit set Ay
intersects F¢(x) on a single point. We shall say that the union of these
points 1s the graph part of the attractor.

5. The graph part of attractor is dense in Ayr.
6. Ay = 0; moreover, the Hausdorff dimension of Ay is less than d + 2.

7. There exists a disk D C S such that G(T? x D) @ T? x D and the
mazimal attractor Amax = (V;59G'(T? x D) of the restriction of G to
T? x D coincides with Ay;.



2.3 (Partially) hyperbolic maps

Next, we shall need some notions from partial hyperbolic theory. For a more
detailed introduction, see [I§].

Definition 5. A smooth dynamical system F' : X — X on a manifold is
called partially hyperbolic in a broad sense if there exist © < A\, ¢ > 0 and
two invariant distributions £} C T, X and Ey C T,X, dF,(Ep") = Ep ),
such that T, X = E? & EY and

[dE

<ecp”, ||dFT" < e

Definition 6. A smooth dynamical system F' : X — X is called partially
hyperbolic in a strict sense if there exists C' > 0,

O< S <A< p<A<pus,, pup<lAz>1
and an invariant decomposition

T,X =Ei® B & EY, dF(Ey")=Ey!

such that for n > 0 we have
CTINJv]| < |dF™|| < Cuflvll, v e E*(x),
C X3 ||| < ldF™|| < Cugllvll, v e E(x),
Cglol < P ) < Clioll, v € B(a).

The distributions £° and E* are always integrable. The corresponding
foliations are called stable and unstable. If E° is integrable as well, then the
corresponding foliation is called central.

2.4 Ilyashenko—Gorodetski—-Negut strategy

Recall that a skew product over a map A : B — B with fiber M is a map
F:X — X, X=BxM, of the form,

F(b,z) = (A(b), fo(x)),

i.e., a map preserving the vertical fibration {b} x M.
Consider a skew product F': X — X over a linear hyperbolic diffeomor-
phism A : T? — T?2. Suppose that F is partially hyperbolic in a strict sense
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with {b} x M, b € B, as central fibers. Moreover, suppose that the modified
dominated splitting condition holds,
) < A,
CO

(A . H@fb Hafb
co(
where A is the greater eigenvalue of A.

The following theorem is a particular case of Ilyashenko—Negut Theorem
[12] which is in turn based on the earlier research by A. Gorodetski and
Ilyashenko [6), 8 [7].

Theorem 7 (Yu. Ilyashenko, A. Negut, [12]). Let F be a C? skew product
over A : T? — T2, and F satisfies the assumptions stated above. Then for p

small enough and a C? diffeomorphism G : X — X which is p-close to F in
CY(X) the following holds.

e There exists a continuous map p : X — T2 such that poG = Ao p.

e The map H : (b,z) — (p(b,x),z) is a homeomorphism that conjugates
G to a continuous skew product G over A.

e The fiber maps g, of G are smooth and are C* O(p)-close to those of
F.

o The maps H, H™' and G are Hélder continuous in b with exponent

1-=0(p).

This theorem allows us to construct open sets of diffeomorphisms having
an interesting property. The strategy involves the following steps.

e Construct a skew product F' over a linear Anosov diffeomorphism that
has the properties we are interested in.

Consider a small perturbation G of F' in the space of diffeomorphisms.

Use Gorodetski-Ilyashenko—Negut Theorem to obtain a skew product
G conjugated to G.

Prove that G has the properties we are interested in.

Use the Holder continuity of p to show that G has these properties as
well.



This strategy introduced by Yu. Ilyashenko and A. Gorodetski in [7, [§]
and further developed in [6]. The strategy was successfully used by various
authors [9, 1], 10, 13] to obtain open sets of diffeomorphisms having non-
trivial properties.

2.5 Notation

We will frequently study the iterations of fiber maps. We will use the follow-
ing notation throughout this paper.

fon(@) = Ta (B (b, 2)) = frn-1y 0 -+ 0 fu();
My = fr-n@)n(M);

Amax = ﬂ Fn(X)v
n>0

My ={2|(bz)€ Anax } = [ | Mon.

n>0

3 Construction of U

Let A be the linear Anosov diffeomorphism given by the matrix (", "),

where m is a large natural number that we will choose later. Consider the
following Markov partition for this shift [I] (a description with picture is
available in [14] [16]).

First, let us split the torus into two parallelograms )1 and ()5 with sides
parallel to the eigenvectors of A as shown in Figure [I} This is a pre-markov
partition. Then take the image of this partition under A, and draw both the
original partition and its preimage under A in the same picture. One can
show that the intersections of the parallelograms of the initial pre-Markov
partition with their images under A form a Markov partition for A.

Let D be the unit disk in R?. We will fix the fiber maps over some
parallelograms of the Markov partition, then extend our map to other par-
allelograms.

Fix a regular simplex py...ps C D with side 0.5 whose center of mass is
located at the origin and a small positive number . Let f;, 0 <7 < d be the
linear contractions to p; with coefficient 1 —¢. Let f;,1 be a map such that

e the origin is a repellor for fui1, far1(0) =0, [|[Df(0)]| < 1;
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Figure 1: A pre-markov partition for m = 3

e f4.1 contracts outside a small neighborhood of the origin;
® max ||Dfd+1H <1l+e.

We also put fgio = far1-

For m large enough, we can choose 2d + 6 parallelograms of Markov
partition R;;, 1 =0,...,d+2, j = 1,2, such that

e Ry is of type (j,7);

e the distance between R;; and Ry j is at least = provided that i # i'.

Now we put fy(z) = fi(z) for b € R;;, and extend it to a skew product
on T? x D such that

e all fiber maps f;, are convex combinations of f;;
e [(b,z) is Lipschitz continuous in b with constant 20de;

e f, contracts in average,

/ log max || D f,(x)|| db < 0.
T2 z



Finally, in order to extend F' to a skew product F on T? x S? we attach
another disk D’ to D, and extend each fiber map f, by a uniformly expanding
map on D' B

We will show that a small neighborhood of F' in the space of C? diffeo-
morphisms of T? x S? satisfies all the assertions of the Main Theorem.

Theorem 8. There exists p such that the p-neighborhood of F constructed
above in C* topology satisfies all assertions of the Main Theorem.

Remark 9. The first assertion immediately follows from Ilyashenko—Negut
Theorem stated above. B
Below we shall prove that for every G € U, the maximal attractors of
G = G|r2«p satisfies all assertions of the Main Theorem, then prove that this
maximal attractor coincides with the likely limit set of G (and, hence, of G).
We prove most assertions of the Main Theorem for a wider class of dif-
feomorphisms. In this case, we formulate exact assumptions on G (or GG) not

using settings from Theorem [§

4 Existence of bones

The existence and density of the leaves containing bones will be based on the
following lemma.

Lemma 10. Let G : X — X, X = BxM, be a continuous skew product over
a hyperbolic diffeomorphism A : B — B. Let b € B be one of the periodic
points of A, A4(b) = b. Suppose that the iterated fiber map gy, has a domain
U C M such that U € goq(U). Then My, D U, and My has non-empty
interior for every point b’ € B of the unstable manifold of b.

Proof. The first assertion is trivial, gy gn(M) D Gbgn(U) = Gbgn—q(gb4(U)) D
gb,q(n,l)(U) D---DU, thus M, O U.

Let us prove the second assertion. Since U € ¢,4(U), there exists a
neighborhood V' C B, b € V, such that U € g; (U) for every b€ V. There-
fore, for a point b’ such that h~?*(}/) — b as n — oo, there exists ng such
that A=7(b') € V for n > ny. Due to the arguments from the first para-
graph of the proof, M-y D U, hence My = ga-ano@r),gng(Ma-amor)) D
gA*q"O(b’),qng(U>' []



Corollary 11. For each map G € U, the maximal attractor Ap.. includes
an uncountable set of bones, and the set of leaves that include bones is dense
i the phase space.

Proof. Consider the rectified map G. Since both rectangles R;11 and Rgy21
are of type (1,1), there is an uncountable set of periodic orbits that never
leave the union Rgi11 U Rgyo1. Clearly, each periodic point of this type
satisfies the assumptions of the previous lemma.

Finally, there exists an uncountable set B of periodic points of A such
that for any point & in the unstable fiber of a point b € B the maximal
attractor intersects {4’ } x D on a set with non-empty interior. O

5 Hausdorff dimension of the attractor

Lemma 12. Let A : T? — T? be a linear Anosov diffeomorphism with
eigenvalues \*', X > 1. Consider a continuous skew product G : X — X,
X =T? x M over A, where M is a d-dimensional manifold. Suppose each
fiber map gy is Lipschitz continuous,

dar(ge(m), go(m’)) < Ly dar(m, m'),
and the fiber maps depend Hélder continuously on the point in the base,
dar(gs(m), gy (m)) < Crr dr=(b, V).

Finally, suppose that the fiber maps contract in average,

Ly = exp </ log Ly, du) < 1.

Then dimg Apax < dim X. Moreover, dimyg Apna < dim X — e, where
e =¢e(a,b— Ly) is continuous in .

Plan of the proof. Let n be a large natural number, § be a small positive
number. Consider a covering { B; } of the base by < §2 parallelogram
of size =< § with sides parallel to the eigenvectors of A. Since the fiber
maps contract in average, G"(X) intersects most vertical fibers on sets of
exponentially small diameter,

[L{bETZ } diam My, >L”}<e_5", where 8 >0, Ly < L < 1.
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Therefore, most parallelograms B; contain a point b € B; such that diam M, ,, <
L™ On the other hand, if ¢ is small enough, the restriction of G™ to
A7"(By) x M sends each horizontal plaque A™"(B;) x {m } to an “almost”
horizontal plaque, thus the projection of G"(X) N (B; x M) to M is included
by a small neighborhood of any M, ,,, b € B;.

Finally, for most parallelograms the set Mp, , has an exponentially small
diameter, and we can cover B; X Mp, , by < d~¢ balls of diameter §. For
the rest of parallelograms, we just cover B; x M by = §~¢ balls of diameter
0. m

Proof. Step 1. The image of a small horizontal plaque and the choice of
5. Let B be a small subset of T2, diam B = §, let n be a natural number.
Consider a horizontal plaque A™"(B) x { m } and its image under G™. Let us
estimate the size of this image in the vertical direction, i.e., the diameter of
the projection of G"(A™"(B) x {m }) to M. Take two points b, b’ € A~"(B).
Note that d(A*(b), A (b)) < A" for all i =0, ...,n — 1. Therefore,

dar(Gois1 (M), gy i+1(m)) < Ly dar(goi(m), giri(m)) + Cr(6A™),

where Ef = maxpep L. Substituting each inequality to the next one, we
have,

~ ~ C N
Q{9 (), g () < Ca(ON) (L Ly oo L7 < 2 L0,
L

QI3

Next, fix a number v < 1 and put ¢ := (ﬁ) . Then due to the previous
f
inequality,

n

C
Ar (Gon(m), gy n(m)) < =—2—1".
Ly—1

Step 2. Estimate on the diameter of Mp, ,,. Due to the previous inequal-
ity,

20
diam(Mp, ) < mindiam(M,,,) + = a_yn.
beB; Lf — ]_

Fix L € (Ly,1). Due to Special Ergodic Theorem (a version of Large Devia-
tion Theorem, see [19]), there exists § > 0 and C' > 0 such that

u{be']l‘2

1 n
— ZlogLAﬂ-(b) > log L } < CePn
n

i=1
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for n large enough. Therefore, for all but at most C'e™#"§~? parallelograms
B, we have
min diam(M,,,) < diam M x L",

beB;
thus 50
diam(Mp, ,) < diam M x L™ + = Hll/".
=

Step 3. Covering of G™(X). Let us construct a covering of G"(X) by
balls of diameter d. If B, satisfies the previous inequality, then we cover
By x Mp, , by 2 0 ¢max(L,v)" balls of size 6. Otherwise, we cover B; x M
by = 6~ balls of size . Finally, the number of balls of diameter § used in
this covering is at most

Co(072 x 6 Y max(L,v)" + e P"67% x 6% 3 Cpd 2 max(L?, v%, e P)",
therefore the Hausdorfl dimension of the maximal attractor is at most

—d—2 d ,d ,—B\n

dimp Apax < liminf log(Cp0 ™7 max(L, v, 7))
300 —logd

amax(dlog L, dlogv, —3)

long+alog)\—logy

=d+2+ <d+2=dimX.

Clearly, this inequality provides a lower bound for dim X — dimy A,,., that
depends only on « and b — L. O]

Corollary 13. For a diffeomorphism G € U, the Hausdorff dimension of the
mazximal attractor is less than d + 2.

Proof. Let us apply the previous lemma for the original example F'. Let gq
be the estimate on d 4+ 2 — dimpy A,,.x provided by the lemma.

Recall that the fiber maps of the rectified map G are C* close to those of
the original map F'. Therefore, for a small enough perturbation we have the
same upper estimate on L;. Hence, if the distance between F' and G is small
enough,

dimpg Anax(G) < a(d +2),

thus
dimy Apax(G) < a ' dimy A (G) < d + 2.
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6 Density of the graph

Lemma 14. For m large enough, for any G € W the graph part of the
attractor is dense in Ajax.

Proof. 1t is easy to show that the strong stable direction of F' has slope at

- O1) | (2@ |\ _20d
b\ T b\ T 9
fo =117 <A Bz D SAaoil-oe
Choose a strong stable cone field such that each line inside a stable cone
has slope at most 2ky. If the perturbation is small enough, this cone field is
invariant under G~!, hence the strong stable leaves of G have slope at most
2]60.

Consider the regular simplex J with vertices pj = 0.5p;. For m large
enough, 2k, < 0.01e, hence for every point = € J there exists i € {0,...,d}
such that f;(J) includes the 4kg-neighborhood of z. Next, if the perturbation
is small enough, then the same holds for all maps f;, b € R;;.

Now, let us prove that the graph part of Ap.x(G) is dense in Ay (G).
Consider a point (bg, mg) € Amax(G) and its small neighborhood V. Let 7, be
a small arc of the unstable leaf of A passing through p(by, mg), mo € Vi C
D be a small neighborhood of mg. Clearly, if both ~, and V,; are small
enough, V includes H'(vy, x Vis). Therefore, V contains the saturation )’
of this set by small arcs of the strongly stable leaves of G. Without loss of
generality, we may assume that p()’) is a parallelogram with sides parallel
to the eigenvectors of A.

Let N be a number such that the side of A= (p()’)) going in the stable
direction has length at least 2. Consider two cases.

Case 1. The preimages of {by} x Vi under G™, n > N, never in-
tersect T2 x J. In this case each inverse fiber map g;fn,l(bo) expands on

g;n(bo)’n(VM). Therefore, at most one point of {by } x Vj; belongs to the
maximal attractor of G. On the other hand, (by,mp) € Amax(G) and the
intersection ({bg} X D) N Apmax(G) is a connected set. Therefore, this in-
tersection is a single point, i.e., (b, mg) belongs to the graph part of the
attractor.

Case 2. There exists n > N such that G™({ by} x Var) N T? x J is not
empty. Denote by (by,m1) one of the points of ({by} x Viy) N G™(T? x J).
Consider the strongly stable leaf of G passing through H~1(by, m;). Let us
intersect this leaf with V', and take the connected component v, passing
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through H~*(by,m;). Let us prove that 7,, contains a point of the graph
part of Ajax.

Consider the preimage of ~,, under G". Note that po G™™ 0 7,, is a
segment on the strongly stable leaf of A passing through by of length at least
2. Cutting v, if needed, we can and will assume that po G~ o+, has length
exactly 2, hence the projection of G o v, to the fiber D has diameter at
most 4kg.

Since g;n(bo)ﬂ(ml) € J, there exists iy € {0,...,d} such that Gy(J)
includes the 4ky neighborhood of gzin(bo)’n(ml) for every b € R;,;. In partic-
ular, Gy(J) includes the projection of G=™ o v, to the fiber. Recall that the
length of po G™" o v, is equal to 2, hence this curve intersects both “unsta-
ble direction” sides of one of the pre-markov parallelograms. Therefore, this
curve intersects both “unstable direction” sides of one of the rectangles R; ;.
Finally, we obtain an arc mggﬂ) C 7ss such that gfnfl(%(ﬁ“)) C T? x J.
Due to the construction of the Markov partition and the choice of R;;, the
image of g—"—l(yﬁﬁ“)) under p intersects both “unstable direction” sides of
the same pre-Markov rectangle. Hence, we can apply the same construction
to 7§?+1) and n + 1, etc.

Finally, we obtain a sequence of arcs

s DTV DAl DL
such that (b,m) € 742" implies that G-""%(b,m) € T2 x .J and GA—n—F (p(bm))
is a contracting map with coefficient at most 1 —e. Let (b, m) be the unique
point that belongs to all these arcs. Then (b,m) € VN Anax(G) and all fiber
maps ga-n(p(bm)), 7 > IV contract. Therefore, (b,m) belongs to the graph
part of Apax(G). O

7 Coincidence of attractors

In previous sections, we proved that the maximal attractor Ap.x(G) has all
the properties stated in the Main Theorem for the likely limit set Ay;. In
this section, we shall prove that A,.x(G) = Aum(G) thus finishing the proof
of the Main Theorem.

In order to prove the coincidence of attractors, we shall show that Ay (G)
cannot be disjoint with a fiber of the invariant fibration F¢. We shall need
the following lemma. It must be known for ages, but I failed to find a
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reference. A very similar result was proved (though not formulated as an
isolated statement) in [2, p. 215]. I would like to thank V. Kleptsyn
who pointed me to this book. The following proof essentially repeats the
last paragraph of the proof of Proposition 11.1 in this book, providing much
more details.

Lemma 15. Consider a dynamical system G : X — X partially hyperbolic
in the broad sense, see 9. Suppose that X > 1 and dim E¥ = 1. Consider a
closed set V C X such that G(V) C V. Then

o either uV =0,
e or V includes an arc of a stable leaf of G.

Proof. Suppose uV > 0. Take a Lebesgue point py of V. Near pg, take
a smooth 1-dimensional foliation such that the tangent lines to the leaves
belong to the stable cone field. Due to Fubini Theorem, the intersection of
V' with one of the leaves v has positive 1-dimensional Lebesgue measure.

Without loss of generality, we can assume that 0 is a Lebesgue point of
v~ 1(V). Take a small positive number ¢ such that

p(y (V) N (=0,0)) > 20(1 —e).

Let n(d) be the least natural number such that the image 75 of the curve
| (~s,5) under G is longer than one. Let ~} : (0,1(5)) — X be the curve s
parametrized by arc length. The Denjoy Distortion Lemma implies that the
distortion of the map G"® on ~((—4,6)) is bounded, hence

pls (V) > (1= Co)l(9).

Consider the family of curves 75, 6 — 0. Due to Arzela-Ascoli Theorem,
this family has a limit point in the space of C'-smooth curves. Denote by 7o
the limit curve parametrized by arc length. Clearly, 7, is an arc of a leaf of
the unstable foliation of G. Since V is closed, the inequality above implies
that (v (V)) = 1, hence V includes 7y. This completes the proof of the
lemma. O

Lemma 16. Let G : X — X be a smooth diffeomorphism partially hyperbolic
in the strict sense. Suppose that there exist a map p(X) : X — B and a
transitive Anosov diffeomorphism A : B — B such that
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e poG = Aop and preimages p~1(b), b € B are compact sets;

e the preimages p~t(b), b € B are leaves of the central foliation (in par-
ticular, the central distribution is integrable);

e the strongly unstable foliation has dimension one, and projects to the
unstable foliation of A.

Then the likely limit set Ayi(G) intersects each fiber p~'(b), b € B, by at least
one point.

Proof. Suppose that there exists b € B such that Ay (G) is disjoint with
p~1(b). Then Ay (G) is disjoint with a small neighborhood p~!(U), b € U C B
of this fiber.

Choose an open set U’ € U, and consider the set V' of points x € X such
that the positive semi-orbit of x never visits p~!(U"),

V={reX|¥m>0G"(z) U) =g X \p ' (U)).

n>0

Clearly, V is a closed set. The union V of all preimages G~"(V) is the set of
points x that visit p~!(U’) at most finitely many times. Since U’ € U, this
union includes the set of points x € X whose w-limit sets are disjoint with
p~H(U). .

Since An(G) Np~ ' (U) = @, the set V has full Lebesgue measure, hence
uwV > 0. Due to the previous lemma, V' includes an arc of a leaf of the
strongly unstable foliation, thus p(V') includes an arc v, of a leaf of the
unstable foliation of A. By definition of V', none of the curves A™(~,) intersect
U’ which is impossible. This contradiction proves the lemma. O

Finally, let us prove that in the settings of Theorem|[§] An(G) = Amax(G).
Due to Hirsch-Pugh—Shub and Ilyashenko-Gorodetski Theorems, G satisfies
all assumptions of the previous lemma, hence Ay (G) intersects each leaf
p~1(b) by at least one point. Therefore, Ay (G) includes the graph part of
Amax(G). Since the graph part of Ayax(G) is dense in Anax(G), Am(G) =
Amax(G).

Finally, we proved all assertions of Main Theorem.
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