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ABSTRACT. Let M., denote the moduli space of genus g stable alge-
braic curves with n marked points. It carries the Mumford cohomology
classes /;. A homology class in H,.(M,.,) is said to be k-zero if the
integral of any monomial in the k-classes vanishes on it. We show that
any k-zero class implies a partial differential equation for generating se-
ries for certain intersection indices on the moduli spaces. The genus
homogeneous components of the Witten—Kontsevich potential, as well
as of the more general Hodge potential, which include, in addition to
1-classes, intersection indices for A-classes, are special cases of these
generating series, and the well-known partial differential equations for
them are instances of our general construction.
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1. INTRODUCTION

Let ./\79 = /Wg;o denote the moduli space of stable genus g complex algebraic
curves, and let /\79;,1 be the moduli space of stable genus g curves with n marked
points. The spaces /ng carry natural line bundles £;, i = 1, ..., n; the fiber
of £; at a point (C;x1, ..., x,) is the cotangent line to C at the marked point x;.
As usual, we denote by ¢; € H*(My.,) the first Chern class of £;, ¥; = c1(L;).
Witten [7] suggests notation
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where the genus ¢ is determined from the dimension count
k1+-~-+kn:dim/\79m =3g9g—3+n,

provided ¢ is a nonnegative integer. He also introduces the generating function (the
Witten—Kontsevich potential)

F(ﬁ;to,tl,tg,...)ZFO(to,tl,...)—l—hFl(to,tl,...)—l—ﬁQFQ(to,tl,...)—|—---
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here the internal sums are taken either over all unordered tuples ki, ..., k, of
arbitrary length, or over all eventually zero sequences ly, l1, l2, ... of nonnegative
integers.

The Witten conjecture [7], now possessing a variety of different proofs, the first
one due to Kontsevich, states that the function F' is a solution to the KdV hierarchy
of partial differential equations. In particular, it is a solution to the first KdV
equation

PF 1 (0F\° hd'F )
Oto0ty 2\ 0t 12 9tg
In addition to the KdV equation, the Witten—Kontsevich potential satisfies the

string equation

oF i OF 3

- = tig1— + — 2
oty = o 2 @)
and the dilaton equation
OF  =2i+1 0F h
o =23 lan Tar

Together, all these equations determine the Witten—Kontsevich potential uniquely
(we refer the reader to the end of Sec. 4 for the proof of this well-known fact). It is
convenient sometimes to rewrite the dilaton equation for the genus g component F'Y
of the Witten—Kontsevich potential in the form

OF9 N, OF9 1
N FY
o e et T

55],17 (3)

where we denote by x4, = 2 — 2g the Euler characteristic of the curves used in the
definition of the moduli space M ; below, we make use of this form of the dilaton
equation.
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Respectively, the first terms of the KdV equation (1) acquire in the genus (that
is, with respect to the parameter 7) expansion the form
P2F0 1 (02F°\°
dtgdt, 2 ( o2 ) ’
0?F! 0*F0 92 F! 1 O*FO
otodty  Ot2 otk 12 oty
92F2  9PFO9°F? 1 (9°F'\® 1 9*F!
Oty ot2 otz 2\ o2 12 oty -

Here is a couple of examples of differential relations for the genus homogeneous

parts F'9 of the Witten potential obtained in a different way:
OFt  9?°F° OF! 1 O3 FO° (4)
oty OtZ Oty 24 ot
O*FO OF! 1 O FO (5)
ots oty 24 oty
Examples 3.7 and 3.8 give a geometric derivation of these relations.

The relations coming from KdV also are of topological origin. They are as well
related to the homology classes represented by linear combinations of boundary
strata in the moduli spaces M, . Below, we describe a systematic way to obtain
such relations, show how each one of them can be expressed in this way and extend
them to more general potentials.

The authors are grateful to the referee for useful comments.

2. CALCULUS OF DESCENDENT POTENTIALS

Descendent potentials incorporate behavior of intersection indices as the number
of marked points increases and w-classes are added at the new points. It is a
common knowledge that they satisfy certain generalizations of the string and the
dilaton equation (see, for example, [6]). Below, we extend the name ‘descendent
potential’ to generating functions for intersection indices of i-classes, in spite of the
fact that these functions are not Gromov—Witten invariants of any actual variety.

In addition to genus homogeneous parts F'9 of the Witten—Kontsevich potential,
it is natural to consider their following generalizations. Pick a space N' = M.,
which is the moduli space of stable genus g curves with M marked points. We
will treat these M marked points as being “frozen”, add to them m “floating”
points that we denote by x1, ..., ,,, and consider the intersection indices of the
)-classes attached to these latter points. Let N, denote the space /Wg; M+m,
m=20,1,2,...,so that N'= Ajy. Introduce the generating function

o0
1
fN(to,tl,...):Z% > tkl...tkm/N YRk
ok ™

m=0 " k;

where ¢; = ¢1(L;) € H*(Mgnm4m) is the first Chern class of the line bundle of
cotangent lines to the curve at the point x;, ¢ = 1, ..., m. Hence, for g > 2, FY

coincides with fxr, where "= M.
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Knowing the function F¢9 allows one to determine immediately the functions far

for all N' = Mg,
Proposition 2.1. For N'= M.\, we have

oM 9
Iv = o

Proof. By definition, we have
ko+M _k to° 1!
_ 0 1 ~
N Z<7‘0 ] '”>gk0!k1!”'
k k
:8_M2<Tko+MTk1 ) ﬂi...:@ O
o) 0 U (kg 4+ M)V ke ! ot

This construction can be generalized. Namely, let 3 € H*(N') be a cohomology
class. Consider the generating function

(o]
Iplto, tr, o) = % D trot, /N T (BT,
m=0 """ K1,k m
where 7, : N;, — N = Nj is the morphism forgetting the m floating points. Such a
generating function is called the descendent potential defined by the moduli space N
and the cohomology class .
The t-classes at the M frozen points can be added to the expression for the

potential in the following way. Introduce notation U = agf;(’, and consider the
0
following sequence of vector fields in the variables ¢;:
0 0 0 0 0 1 0
Vo= Vi=— Uz, Vo=—-U—+-U>*—"— ..
T o T an oty T o Con 2 oty ’
k .
U0
Vi = 1) = —
* ;( VT B

The derivatives of the potentials with respect to the vector fields Vj have the
following geometric interpretation.

Proposition 2.2. Let N = Ny, and let 7o : N' — N_1 be the morphism forgetting
the last frozen marked point. For a cohomology class 81 € H*(N_1), set By =
n5B_1 and B = BoW*, where U is the 1-class assigned to the forgotten frozen
marked point. Then we have

Inig = Vifn_i8-.-

Proof. The proof is achieved by computing the class 7, (¥*) = (77, ¥)* and its
intersection indices with the monomials in the 1-classes. The argument is based
on the detailed study of the geometry of the moduli space N,,.

For two sequences of nonnegative integers rg, r1, ..., rs and Iy, ..., ls, we intro-
duce a cohomology class Ajoi(tm)iillars) o ppe (M) in the following way. This
class is supported on a union of codimension s boundary strata. A typical singular
curve in these boundary strata consists of s 4+ 1 irreducible components, namely,
a “principal” one, of genus g, and of s additional rational components attached to
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one another in the form of a “chain” or a “tail” (that is, the corresponding modular
graph is a chain). The tail of rational components is attached to the principal com-
ponent at the last frozen marked point, and the marking of this point is moved to
the opposite end component of the chain. Thus, all the rational components have
two points of intersection with other components, except for the last one, which, in
addition to the single point of intersection with the neighboring component, carries
also a point marked with the marking of the last frozen point.

Now, taking the ¢ th intersection point of the irreducible components (counted
from the “principal” one), we assign the r;_; th power of the -class at this point
to the branch which is closer to the “principal” component, and the [; th power
of the w-class at the far branch, so that the “frozen” marked point at the last
irreducible component carries the r; th power of the 1/-class. The cohomology class
Aﬁ;(ll’”);'”;(lsms) is the product of these powers of the -classes, and its definition
will be completed if we say that the floating marked points can be distributed among
the irreducible components in an arbitrary way provided the stability conditions are
satisfied. It belongs to the cohomology group H?4(N,,), where d = s+ 1+ 7;.

It is easy to see that the class 7, U* = (7 ¥)* can be represented as a linear

ro;(L1,m1);0(LsyTs)
m .

combination of the classes of the form A For example, for k = 1,

we have Witten’s identity
W= AL — A%00) (6)

For k > 1, the assertion follows from the case k = 1 by induction (see below).
ro;(l1,r1)5e-5(Ls,ms)

The contribution of the summand A to the potential far. is
computed explicitly by the argument similar to that in the proof of Proposition 2.1:

o0

1 . o
Soai X tnetu [ m(B)AR Oty gk
m=0 ’ k1,eeskm Nm

_ afN71;571 ﬁ O*F°
Otr, % 04,0t
The expression on the right can be simplified by means of the equations of the
dispersionless KdV hierarchy that, for the genus zero potential FO, yield
aQFO Uk+l+1
oot, KU (k+1+1)

(7)

(recall that U = 92F°/0t3).

We conclude, therefore, that, for the cohomology class 3 = 75 (V*3_1) € H*(N),
the potential far,s is expressed as a linear combination of summands of the form
U'dfn 1.5, 1/O0tk—i, i =0, ..., k. It remains to compute the coefficients of this
linear combination.

Let us compute the product of AZitmiillars) o iho class (6) in a more
explicit form. Obviously,

1 Aro;(li,r1);e5(Lssrs) — Aro;(l1,r1);e5(ls,rs+1
AmA'n[z) 1 1) ( s) _A'n[z) 1 1) (s s ).
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The computation of the intersection with the divisor A?,;(O’O) is more involved.

Consider an irreducible component of the stratum representing A:ﬁ;(ll’”);”';(ls’rs)

and one of irreducible components of the divisor AS;(O’(’). If the divisor does not
contain the irreducible component in question, then the intersection is transversal;
it can be taken into account by adding an extra double point to the curve. If
the divisor contains the irreducible component in question, then multiplication by
the divisor is multiplication by the first Chern class of its normal bundle, which is
minus the sum of the -classes assigned to the two branches of the curve at one of
its singular points.

We conclude that the contribution of the i-th rational component to the potential

associated with the product A#A%;(ll’”);”';(ls’”) is given by the product

H2F° ?FO O?F° 92F°
Dty 10ty 01061 011,010 Dlodiy,
Ulitri+2

=G D DG DA D) = (i 2)) =0

In other words, only the principal component of the singular curve contributes non-
trivially to the resulting potential. Thus, making the induction assumption

k

fN;\Il"'ﬂo = Z(_l)

=0

zz 8f/\/'—1;671
1! tr_i

)

we conclude by induction that

i )
U* 8f,/\/,1; —1 aqu; —1 *F°
Peeoss, = S0 (S :

27T ot Bty Olodin_s

:zk:(_l)izaf/\/—l;ﬁ—l —zk:(—l)i Ukttt 8f/\/'—1;671
2 s, & Ak I ot
k+1

_Z(—l)iza‘f/\/—ﬁﬂ—l - Ukt 8fN—1§B—1 %(_1)72 k+1
_1,:0 il Otgyr—i (k+1)D Oty = i )

The first summand in the last expression is exactly the one we wish to obtain,
while the sum in the second summand is (1 — 1)**! = 0. This completes the proof
of Proposition 2.2. O

The notion of descendent potential naturally extends to the case where the base
space N is a product of moduli spaces,

N =My X oo X Mg ..

In this case, N, is the disjoint union of spaces of the form

Mgiingtmy X oo X Mg in,tm,

with mq + - -+ + m, = m and the natural forgetting maps.
Propositions 2.3-2.5 below are clear.
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Proposition 2.3. If N = N'"xN” and 8 =3 x 8" € H*(N), for 3’ € H*(N"),
B" e H*(N"), then
fN,B = fN';ﬁlfN”;B”'

This property shows that the space of power series in the variables tg, t1, to, ...
spanned by the descendent potentials is a subalgebra in the algebra of all power
series.

Let us denote

Flfl,..»,kr =Vi, ... Vi, F9.

By a differential polynomial in F we mean a polynomial combination of the func-
tions F; 1517~--7 koo for various k; and g. Propositions 2.1-2.3 show that any differential
polynomial can be treated as a descendent potential. Note that the vector fields
Vi do not commute, which reflects distinction between the -classes and their pull-
backs under the forgetful map, so that, generally speaking F} , # F} , , for
example.

The space M.y is stratified and the strata are marked by combinatorics of their
generic curves. The codimension of the stratum is the number of double points in
such a curve. Each of the species of the spaces N that we considered above can
be treated in one of the two ways. Namely, in addition to treating it as a separate
moduli space, we can also consider a mapping of this space into another moduli
space /Wg; p making it into a boundary stratum (or, more generally, a collection
of boundary strata) in the latter space. In this way, we can associate a descendent
potential to a collection of boundary strata in /Wg; m- The next two propositions
explain how the descendent potentials associated to the boundary strata can be
recovered from those associated to the moduli spaces.

Proposition 2.4. Let N' = Mg, .41 X Mg,in,t1, and let j: N — Mg, 4g0:n1+ns
be the mapping taking a pair of curves to the singular curve obtained by identifying
the last marked points in each of the two (whose range is thus a codimension one
boundary stratum in Mg, + gy, +n,). Then, for a B € H*(N), we have

Ive = Ix

g1+9g2in1+ng 3% (B) :

Proposition 2.5. Let N' = Mgy.,42, and let j: N — M1, be the mapping
taking a curve to the singular curve obtained by identifying the two last marked
points (whose range is thus a codimension one boundary stratum in Mgy1.,). Then,

for a 8 € H*(N), we have
N = IRy i o)

Consider a boundary stratum N in M,. Let 3 € H*(N) be a polynomial in
the 1)-classes assigned to the branches of the curve at singular points. Pushing the
class 8 forward to the ambient space, we can treat it as a cohomology class in ./Wg
supported on A. Let us denote the resulting class by 5 ~ [N].

Corollary 2.6. The generating function

by -t
o _ A B ke iy
g =I5 801 Z/Mw(ﬂgm D90 (Rt (hr, o Rl
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where summation is carried over all integers n and all unordered tuples (k1, ..., ky),
is a differential polynomial in F.

We call the stratum AN C M, the base space of the potential Fj.g.

Proof. More explicitly, let N = N be a disjoint union of products of moduli spaces,
and let j: ' — M. be a mapping to the moduli space making A into a union
of boundary strata. Then the class in the corollary has the form

B = j.(Uhrgk gk

where the k;-th power of the i-class denoted by \I!f‘ is assigned to the i-th frozen
marked point, i =1, ..., r.

On the other hand, let Ny — N_; — --- — N_, be a sequence of morphisms
m  Ng = N;_1,1=0, =1, ..., —r+1, forgetting frozen marked points one-by-one.
Denote by 8y € H*(N') the cohomology class

Bo = Wmg (U5 m™ (7o (U)7) )
and set E = j«(Bo). Then the above propositions show that

fN7E — Vkl e Vk,,,f./\/—r?l

is a differential monomial. _

In general, the classes 8 and S do not coincide, unless k1 = --- = k,. = 0, since
U, # m}_,¥,. However, the difference between the classes 3 and E can be computed
explicitly. It is clear that the correction term is expressed as a linear combination of
similar classes supported on the strata of bigger codimension. Acting by induction,
we express the potential far.3 not as a single differential monomial, but as a linear
combination of several differential monomials, q.e.d. O

Let us associate to each stratum N C ./Wg; A the “virtual Euler characteristic”
XN =2 —2g— M.
It is easy to see that this number is independent of the particular space M g;m chosen
as the ambient space of the stratum (that is, increasing of the genus ¢ in the ambient
space forces decreasing of M by twice the same value). Moreover, it behaves nicely
with respect to the operations on these spaces considered in Propositions 2.1-2.5.
For example,
XN = XN = XN/XN7 = XN+ XN,

and so on. General descendent potentials Fir,g satisfy the string and the dilaton
equations similar to that for the genus homogeneous generating functions F'9:

Proposition 2.7. Each descendent potential Fyr.g with —xn > 0 satisfies the
string and the dilaton equations

_XNfN;,B-

fn;s _ iti-i-l Ofn.s Ofn;s _ iti
=0

Ofn ;B
Oto ot; oty 0

i=0 v

The proof repeats word-for-word the one for the potential F, see [7].
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3. BOUNDARY STRATA IN MODULI SPACES

In this section we convert the calculus of descendent potentials developed in the
previous one into a tool for producing partial differential equations for the genus
homogeneous parts F9 of the Witten—Kontsevich potentials and their generaliza-
tions.

The moduli space /\_/lg;n is endowed with the universal curve, w: 69;” — /ng,
which is a fiber bundle whose fiber over a point C' € M., is the quotient of the
curve C' modulo its automorphism group. The universal curve ég;n can be identified
in a natural way with the moduli space M, gin+1- The powers of the first Chern class
of the relative cotangent bundle of u are projected to certain cohomology classes
on M., called the r-classes, k; = u((c1 (T (w))"1) € H*(Myp), i =0, 1, ....

Proposition 3.1. The pushforward of any monomial in 1-classes, under the pro-
jection mp0: Mg, — Mg, is a polynomial of k-classes.

This statement can be proved by induction using the following induction step.

Lemma 3.2. Under the projection mp: My.ni1 — Mg, the direct image of any
monomial in Y and k-classes is a polynomial in 1 and k-classes.

The proof consists in an explicit algorithm for computing the action of .0
on the monomials, see, e.g., [3]. Denote by D; the part of the boundary divisor
in My.,,+1 consisting of singular curves having a rational irreducible component
with only two marked points z; and x,, 41 in it. Put

K =1 =c1(TV(mn)) + Dy + -+ Dy € H*(Mgini1).

Then ¢; = w5p; + D;, i =1, 2, ..., n, and kg = 7 ki, + K. Now express a given
monomial in - and k-classes in J\_/lgmH in terms of the pullbacks of those classes
in Mg.,. Taking into account the equations D; - D; = 0, for i # j, D; - K = 0,
D¥ = (74;)*~1D;, we represent this monomial as a linear combination of classes
of the form

* * k
mrx-D;and mha - K7

where z is a monomial in - and k-classes in M, g~ Now, by the projection formula,
in order to compute the action of 7, it suffices to know that

0, k=0
D =1, T K* = 20—2+n=—Xgn, k=1
Kk—1, k> 1.

The induction step is justified.

Remark 3.3. The above algorithm provides an explicit formula for the pushfor-
ward of any monomial in -classes entering it in powers 2 or greater:

k141 Bntl _
7rn;0*¢11+ d}n = Z Rl ---K|Is)
LU--Uls={1,....,n}
where, for a subset I = {i1, ..., 4} C{L, ..., n}, weput [I| =k;y +--+ ki,

Now we introduce the main notion of the paper.
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Definition 3.4. We say that a homology class in H.(Mg.r) is k-zero if the integral
of any monomial of k-classes over this homology class vanishes.

In terms of this definition, the previous lemma can be reformulated as follows.

Corollary 3.5. If § € H*(Mgy.\) is k-zero, then the associated descendent poten-
tial f-/Wg-M'ﬁ is identically equal to zero.

Of course, all k-zero homology classes form a vector space, the annihilator of
the vector space of polynomials in the x-classes. Combining this corollary with the
assertions of the previous section, we obtain the following result.

Theorem 3.6. Let a cohomology class f € H*(Mg.nr) be represented as a linear
combination of summands, each summand being either the fundamental class of a
boundary stratum or the class of the stratum multiplied by a monomial in the -
classes associated to the branches at the singular points of the curves. If 3 is k-zero,
then equating to 0 the descendent potential fﬂg;M;,Bf which is a differential polyno-

mial in F, produces a partial differential equation satisfied by the functions F".

Example 3.7. In our example in Sec. 1, Equation (4) recovers the equality ¥ = 1§
in the (one-dimensional) space H?(Ma,1) = Ho(Mji.1), where § is the boundary
divisor in My,;. The left hand side equal to F{' = V1 F' represents the potential
associated with the class ¥, and the function %Fg,o,o from the right hand side is
the potential associated with the boundary divisor. It comnsists of genus 0 curves
with three marked points two of which are identified, whence the third ¢y-derivative
of F. An extra factor 1/2 leading to the coefficient 1/24 is due to the fact that the
natural mapping ./Wo;g - M 1,1 identifying two of the three marked points is two-
fold. Thus both sides of (4) represent descendent potentials of equal cohomology
classes on ./\71;1.

Example 3.8. Equation (5) relates descendent potentials associated to codimen-
sion 2, that is, of dim 1, boundary strata in the moduli space M. The boundary
OMy contains two codimension 2 strata distinguished by whether a typical curve
has one or two irreducible components. The left hand side corresponds to the
stratum with a separating contracted cycle; a typical curve in this stratum has
two irreducible components, namely, an elliptic curve intersecting a projective line
whose two points are glued to one another, whence the third ¢y-derivative of F°
times the first #o-derivative of F''. The right hand side in Eq. (5) corresponds to the
stratum without separating contracted cycle; a typical curve in this stratum is a
projective line with four distinct points glued in pairs, whence the fourth derivative
of FY.

The cohomology classes represented by these strata are independent in H*(My)=
Hy(My). However, there is a unique x-monomial, namely, x1, in H?(M,). There-
fore, the class k1 vanishes when integrated over a linear combination of these strata.
It follows that the descendent potentials of these strata are proportional.

The potentials in our considerations are associated to cohomology classes on

M.y In addition to the fundamental classes of the boundary strata and their
U-classes extensions, we will consider also monomials in the classes A\, = ¢ (A) €
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H?(Mg.n1), the Chern classes of the rank g Hodge bundle over M, 5. For such
a A-monomial 3, we introduce notation
B p 8

Fgﬂ_f/\/lg;,@’ Fkg seenrk

SRr

= Vkr e Vklfﬂg;ﬁ'
Example 3.9. Consider the following functions:

0 170 1 720 1 0 142 720 1l 70 113 170
Foo,  FoFo,,  FooFo,s Fooofoooe (Fo)Fo,,  FoFooFooo, (Fo)"Fpo0
1 172 1 2 1 2 12 12 1 2
Fooo1:  Firfoooe  Foafooe Fooito, Foloor, FooFor,  Fooofts

2
F22F01a F12F11a F02,27 F12,17 F()2,b>\1’ F02,71/\17 F37>\37 F37)\?'
This is a (far from being complete!) list of possible descendent potentials associated
with certain cohomology classes in H%(Ms) = Hg(M3). These include boundary
strata of codimension 3 as well as some classes of the same degree but supported
on the strata of smaller codimension. The cohomology group H%(M3) has dimen-
sion 10. It is spanned by the classes of 9 three-dimensional boundary strata and
by one extra class that can be chosen in many different ways, see [2]. The quotient
over the subspace of k-zero classes is even smaller, it only has dimension 3, since
there are three monomials of degree 3 in xk-classes, namely, k3, K1k, k3. It follows
that the potentials of the above list span a three-dimensional space of functions.
Checking the Taylor coefficients at monomials of small degree, we can recover the
linear dependencies between these potentials. For example, every potential of this
list can be represented as a linear combination of the first three ones:
L o

Fol,o,oF(?,o,o = ﬂ 0 FolF& - QF()I,OF&’
1 1
(F()1)2F84 = ﬂFOlF(g)E; - ﬂFOl,OFgAL’
F3,)\3 _ 31 FO
967680 Y’

3 _ 23 o 17 o 1
T 96768 % 30240° °7 % 756
A part of these relations are obvious formal corollaries of similar relations arising
from the smaller moduli spaces.

1 770
Fooko,-

As an additional example, let us recall the \g-conjecture by Faber and Pand-
haripande [4]. Tt states that

/.

m m 2g+n—3
11...1/)n"/\g< >bg

My, ..., Mp

provided that my + - +m, +g = 3g+n — 3 = dim M. Here A\, = ¢,(A) €
H?9(My,.,) is the top Chern class of the Hodge bundle, and b, is a constant de-
pending only on the genus g,

b 229=1 — 1| By|

9 22— (2g)1”

lE.g., we never use A2 because of Mumford’s identity )\% = 2)\o.
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Byg being the 2g th Bernoulli number. Similarly to the Witten conjecture, the
Ag-conjecture now also possesses a number of different proofs. From the point of
view of the present paper, it is equivalent to the following statement.

Proposition 3.10. We have

2 170
F92 — by agif.
oty?
Equivalently, the cohomology class Ay € HQH(MQ) is the sum of the codimension g
boundary class represented by a rational curve with g double points times by and a
Kk-zero class.

Indeed, the intersection indices of 1)-classes over the pull-backs of the above
mentioned boundary class are exactly as predicted by the Ag-conjecture.
This example served as a guiding one for the development of the present paper.

4. THE ALGEBRA OF DESCENDENT POTENTIALS

The geometric approach described in the previous sections allows one to deduce
partial differential equations for descendent potentials based on k-zero cohomology
classes. However, these equations, once written out, can be proved also in a variety
of ways. In this section, we describe a well-known approach for proving equations
for descendent potentials based on expressing them as polynomials in certain basic
generating series.

The Ttzykson—Zuber ansatz [5] is a presentation of the potential F9 as a polyno-

mial in a collection of particular explicitly given series in the variables ;. Namely,
82 FO
otg

the power series U = can be alternatively determined by the implicit func-

tional equation
2 3

U
U:to‘f‘tlU‘f‘tQ?‘f‘tg?"‘

Let us set

k) GF+2F0 /93 O\
U= e = g ()

UF o5t \ ot
(where the prime denotes the to-derivative) and
o .
UZ
where [, = Zti+k7.
i=0
The sequences Uy and T}, are defined for k& > 2.
Taking the derivative of the implicit equation for U with respect to tg, we obtain
1 ,, I

- U= ..
1-1 (1—1,)% ’

whence, in particular, 7o = Us.

U/

Proposition 4.1. The two sequences Uy and T} can be taken into one another by
a polynomial change.
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In addition to the equation 75 = Us that we already know, we also have
Ty = Us — 3U3
Ty = Uy — 10U,Us3 + 15U3
Ts = Us — 15U, Uy — 10U 4 105U3UZ — 105U,
and so on, and, conversely,
Us = Ty + 373
Uy = Ty + 1075 T3 + 15T
Us = Ty + 15Ty Ty — 10T + 1057375 — 10575, ...
In order to prove Proposition 4.1, introduce the differential operator D = %6%0.
The definitions immediately give
D(Uy) = Ugy1 — kURU,
D(Ty) = Try1 + 12Ty,
which, together with the fact that D satisfies the Leibnitz rule, imply an inductive

procedure to express one sequence of series polynomially in terms of the other one.

Theorem 4.2 (Itzykson—Zuber ansatz, [5]). For any g > 1, the series (U')2729F9
can be represented as a polynomial in the series Ty, Ty, T3, .... Moreover, this
polynomial is the restriction of the potential F'9 to the codimension 2 subspace
to =11 =0,
(U')?729F9(tg, t, ta, ...) = F9(0,0, Tn, T3, ... ).
Thus,
F? TS 29T Ty Ty

(U2 1440 5760 = 1152
F3  245TS  193TyTy 2057372  583T5  53T5Ty 1121757137y

(UH ~ 20736 6912 13824 ' 530608 = 6912 241920
60772  17T2Ts 5030375 71015 Ty
2903040 '~ 11520 ' 1451520 ' 414720 = 82944’

and so on. Proposition 4.1 now guarantees existence of polynomial expressions of
the same functions in terms of the series Uy:

2 U3 TUUs | U
(U2~ 360 1920 1152
F*  5U§ | 59U3Us  83U3U3 | 59U  83U3U,  1273UsUsUs

(UM% 648 3024 7168 64512 15120 322560
103U2  353U3Us  53UsUs  TUsUs Uz
483840 322560 161280 46080 + 82944’
and so on. This form of the Itzykson—Zuber ansatz is the Dijkgraaf-~Witten ansatz
[1]. In view of the definition of the functions Uy, these equations can be regarded
as partial differential equations on the components F'9 of the Witten—Kontsevich
potential equivalent to those considered in this paper.
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The Ttzykson—Zuber ansatz follows from the fact that the functions FY satisfy
the string and the dilaton equations. Since any descendent potential also satisfies
these equations, the same is true for descendent potentials as well.

Theorem 4.3. Any descendent potential far,z of Section 2 with —xn > 0 rescaled
by the factor (U")XN admits a polynomial expression in terms of the functions Ty
(whence in terms of Uy):

(U/)XNfN;ﬁ(t()v tla t?a .. ) = fN,ﬁ(Oa Oa TQ» T37 .. )

Another consequence of the Itzykson—Zuber ansatz is the result mentioned in the
introduction: the KdV, string, and dilaton equations (1), (2), (3) together deter-
mine the Witten—Kontsevich potential uniquely. Specialists know this fact for many
years but we were able to find only a single recent reference [3] containing the proof.
Here we reproduce the argument in [8] in a slightly simplified form. Let us make

a coordinate change replacing the coordinates tg, t1, to, ... with U, Z, to, t3, ...,
2 ;0 3 70

where U = [ = 8671“; and Z = 1_1]1 =U'= aag . The Ttzykson—Zuber ansatz 4.2
0 0

(which is a consequence of the string and dilaton equations) implies that under this
change the function F9, g > 2, becomes a polynomial in Z, with the monomials Z*
of degrees satisfying 29 — 1 < i < 59 — 5, whose coefficients are functions on the
remaining variables. (In fact, these coefficients are also polynomials in Io, I3, ...,
but we do not make use of this fact). In the new coordinates, the KdV equation
takes the form

) 1, 1
72209 = =) 9g® 0g®I T + — 0309, B9 =9y FY
97 22; 0" do -+12 0 ) o,
where 8y = Z2 + b(U) 232, b(U) = I = to + Uty + t4% + ... Tt defines
®9 inductively starting with ®!' = 5;(b(U)Z?). Induction uses inversion of the

operator Z 2%. Finding the inverse is based on the requirement that the result is a
polynomial in Z with monomials of prescribed degrees. Finally, inverting dy using
the string equation we find F9 from ®9.
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